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COMPOSITION OPERATORS ACTING ON THE
POLYDISK

ALI ABKAR*®

Department of Pure Mathematics, Imam Khomeini International University, Qazvin
34149, Iran
abkar@sci.ikiu.ac.ir

ABSTRACT. In this paper we first discuss composition and differentia-
tion operators acting on the Hardy and Bergman spaces defined on the
open unit disk in the complex plane. We then discuss the same operators
on the polydisk in the n-dimensional complex space.

1. INTRODUCTION

Let D denote the open unit disk in C, and let ¢ be an analytic self-map
on D. Let X be a Banach space of analytic functions on D. The composition
operator C, : X — X is defined by C,(f) = f o . This operator was first
introduced by Erik Nordgren [2] where X was the Hardy Hilbert space H2.
Note that C, is a linear operator. Its properties like boundedness, com-
pactness, Hilbert-Schmidtness, complete continuity, as well as its spectral
properties depend on the symbol function ¢, and the Banach space X.

Let us begin with the Hardy space H2. An analytic function f belongs
to H? if

1 2 )
1 Fl7e = sup o= [ [f(re”)[Pdf < oo.
0<r<1 2T 0

2020 Mathematics Subject Classification. Primary 47B33; Secondary 30H20
Key words and phrases. Composition operator, differentiation operator, bounded op-
erator, compact operator.
* Speaker.
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ALI ABKAR

It is easy to se that the vectors {z" : n = 0,1,2,...} form an orthonormal
basis for H? and that for each fixed z € D, the linear functional ¢, : H2 — C
given by ¢,(f) = f(z) is bounded. Hence, by Riesz representation theorem
there exists a function K, (-) € H? such that

f(z) = ¢:(f) = (f.K), [eH

The function K, is called the reproducing kernel for the Hardy space. In-
deed, we have
1

:1—Ew

K, (w)

, z,w € D.

The Bergman space A2 = A%(D) consists of analytic functions f in the unit
disk for which

\N%=AU@W&@<%

where
dA(z) = n~ dx dy.
The inner product is defined by

()= [ F@5GEHAG)
It is easy to verify that the vectors
{Vn+1z":n=0,1,2,..}

form an orthonormal bais for A2, and

1
(1 —zw)?

is the reproducing kernel for A%(D). Therefore, each f € A%(D) can be
written as

K,(w) =

£6) = (K = [ ) RfwldA(w). = eD.
In C", the polydisk is defined by
D" ={(z1,...,2n) €C" 1 |z] < 1,1 <k <mn},
and the unit ball is defined by
By, ={2=(21,.,20) €C": 2> = 21> + - + |2 ? < 1}

Let H(B,,) denote the space of all holomorphic functions on the unit ball.
The Bergman space on the unit ball B, is defined as

A%(B,) = H(B,) N L*(B,, dv)

where dv(z) is the normalized volume measure on B,,.
Let T™ denote the distinguished boundary of D", and let S,, denote the
topological boundary of B,,. Let do denote the normalized Lebesgue measure
14



COMPOSITION OPERATORS

on T" or S,,. The Hardy space H?(D") consists of holomorphic functions on
the polydisk such that

sup / 1FrQ)Pda(c) < oo,

0<r<1

Similarly, the Hardy space H?(B,,) consists of holomorphic functions in the
unit ball such that
sup [ 17(¢)do(€) < x.
0<r<1Js,

Recall that in one complex variable, composition operator is defined by
Co(f) = f o ¢ where ¢ is an analytic self-map of the unit disk, and f is a
function in the Hardy or Bergman space. This notion can be generalized to
several complex variables but we will not discuss this generalization here.

For an analytic map ¢ : D — D, the operator C, is bounded on the Hardy
and Bergman space [5]. Moreover, C,, is compact on the Bergman space if
and only if

1—|z)?

lim — =
e T [o(2)2

2. MAIN RESULT

The composition-differentiation operator is defined by

Dy(f) = f"oe.
Note that Dy, is not bounded (on the Hardy and Bergman space) in general!
D, is bounded on H 2 if and only if

o 1=l
up
b 1= o ()]?

and D, is compact on H 2 if and only if

. 1— |z
im ———— =
=1 (1= [e(2)])?
We aim to generalize the one-dimensional composition-differentiation op-
erator Dy,(f) = f' o ¢ to several variables.
For a holomorphic function f, we consider the radial derivative of f as

< 00,

N, Of _
Rf(Z);Zkazk(z)’ z = (217"'72’71)'
If f(z) =3 72, fr(2) is the homogenous expansion of f, then we have
Rf(2) =)k fiu().
k=1

We now introduce the composition-differentiation operator

Eo(f) = ((Rf)eyp), [feHBn),

15



ALI ABKAR

and the higher order composition-differentiation operator
E,(f)=((R'f)op), t>0,fe H(B,),

where -
R'f(z) = K fi(2),
k=1

are fractional radial derivatives of f. The author has recently found con-
ditions on ¢ to ensure that the operator E:; is Hilbert-Schmidt [1]. Let
® = (p,1) where ¢ and 1) are two analytic self-maps of the unit disk. The
composition operator Cg : A2(D?) — A%(D) is defined by

Co(f)(2) = (fo®)(2) = [ (#(2),4(2)), z€D.

It is known that Cg is bounded; this was proved in [3] for the Hardy space,
and in [1] for the Bergman space.

Theorem 2.1. Let ¢ and v be analytic self-maps of the unit disk such that
lp¥lloo < 1, and define Eg : A*(D?) — A*(D) by

(Eof)(2) = (Rf o ®)(2) = (Rf)((2), ¥(2))

_ of of
= 0(2) 5 (0(2),9(2) + () 5~ (0(2), ¥ (2))-
Then Eg is bounded. Moreover, if C, and Cy are compact, then Eg is

compact.

REFERENCES

[1] A. Abkar, Hilbert-Schmidt composition-differentiation operators on the unit ball, Anal.
Math. Phys., 14 (2024).

[2] E. Nordgren, Composition Operators, Canadian Journal of Mathematics, 20 (1968),
442-449.

[3] K. J. Izuchi, Q. D. Nguyen and S. Ohno, Composition operators induced by analytic
maps to the polydisk, Canadian J. Math., 64 (2012), 1329-1340.

[4] Z. Saeidiki and A. Abkar, Composition operators on weighted Bergman spaces of poly-
disk, Bull. Iran. Math. Soc., 49, Artile 31, (2023).
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ON FIXED POINT THEOREMS AND EQUILIBRIUM
PROBLEMS

ALI FARAJZADEH

Department of mathematics, Razi University, Kermanshah, Iran
A.farajzadehaliQrazi.ac.ir, farajzadehali@gmail.com

ABSTRACT. In this paper, the definition of pseudomonotone due to
Brezis is extended to topological vector spaces. Then, three kinds of
variational inequality problems, by investigating the relationship be-
tween their solution sets, in the setting of topological vector spaces are
introduced and furthermore some existence theorems for being nonemp-
tyness, convexity and compactness of their solution sets of them, under
suitable assumptions are provided. Also Tychonoffs fixed point theorem
will be extended from locally convex spaces to topolological vector spaces
by using the notion of the quasi-pseudonorm. This class of spaces is be-
tween locally convex spaces and topological vector spaces. The method
for proving the main theorem is based on the Fan-KKM Lemma.

1. INTRODUCTION AND PRELIMINARIES

In 1922, Banach [1] proved the following theorem, which is well known as
”Banach’s Fixed Point Theorem”

Theorem 1.1. Let (E,d) be a complete metric space and T : E — E be a
contractive mapping (that is, there exists L € [0,1) such that

d(Tz,Ty) < Ld(z,y),
for all x,y € E). Then we have the following:
2020 Mathematics Subject Classification. 46L05
Key words and phrases. Quasi-norm, Equilibrium Problem, Radially continuous,

Monotone.
17



ALI FARAJZADEH

(1) T has a unique fized point z* € E;
(2) Furthermore, for each xo € E, the sequence {x,} defined by

Tp+1 = T.%'n,
for eachn > 0 converges to the fized point x* of T, that is, Tx* = x*.
In 1912, the Brouwer [1] fixed point theorem appeared:

Theorem 1.2. A continuous map from an compact convex subset of R™ to
itself has a fized point.

In 1930, Schauder [10] extended Brouwer’s fixed-point theorem from Eu-
clidean spaces to Banach spaces.

Theorem 1.3. Let C' be a nonempty closed convex subset of a Banach space
X. If f:C — C is continuous with a compact image, then f has a fired
point.

To generalize the underlying spaces in fixed point theory, in 1934, Ty-
chonoff [11] extended Schauder’s fixed point theorem from Banach spaces to
locally convex topological vector space.

Theorem 1.4. Tychonoff’s fixed point theorem. Let X be a Hausdorff
locally convex topological vector space. For any nonempty compact conver set
C in X, any continuous function f: C — C has a fized point. Meanwhile,
Schauder had the well-known conjecture.

Schauder’s Conjecture. Every continuous function, from a nonempty
compact and convex set in a Hausdorff topological vector space into itself,
has a fixed point.

In 1929, Knaster, Kuratowski, and Mazurkiewicz [7] (simply, KKM) ob-
tained the following so-called KKM theorem:

Theorem 1.5. Let A; (0 < i <n) ben+1 closed subsets of compact convexr
set Co{po,p1,-..,pn} of R™. If the inclusion relation

Oo{piovpilu"'apik}CAio UA“UUAZIN
holds for all piy,piy,-..,pi, (0 <k <n,0<1iy<i <...<i<n) then

Nizo Ai # 0.

A milestone on the history of the KKM theory was erected by Ky Fan [5].
He extended the KKM theorem to infinite dimensional spaces and applied it
to coincidence theorems generalizing the Tychonoff fixed point theorem and
a result concerning two continuous maps from a compact convex set into a
uniform space.

Theorem 1.6. [5] Let X be an arbitrary set in a topological vector space Y.
To each x € X, let a closed set F(x) in'Y be given such that the following
two conditions are satisfied:

(i) The convez hull of any finite subset {x1,xa,...,x,} of X is contained

in iz F(xi).
18



ON FIXED POINT THEOREMS AND EQUILIBRIUM PROBLEMS

(ii) F(z) is compact for at least one x € X. Then (,cx F(x) # 0.
This is usually known as the KKMF' theorem.

2. MAIN RESULTS

Theorem 2.1. Let X be a subset of a Hausdorff topological space, Y be
a nonempty set, and F :' Y — 2% be a set-valued mapping with nonempty
intersectionally closed values and for at least one y € Y , F(y) is relatively
compact. Assume that there exists a set-valued mapping G : X — 2% such
that family {G(x) : © € X} has finite intersection property and

G(F(y)) C F(y), Yy e Y.
Then () F(y) # 0.

yey

In 1994, Blum and Oettli [3] considered the following problem:
The Equilibrium Problem (EP) is the following: Find z* € C such that
f(z*;y) >0, for all y € C.

In 1966, Hartman and Stampacchia [0] introduced the following varia-
tional inequality:

Lemma 2.2. Let K be a compact convex subset in R™ and f: K — R" a
continuous map. Then there exists ug € K such that

(f(uo),v —ug) >0, Yv € K,
where (-,-) denotes the scalar product in R™.

Definition 2.3. Let C C X be a nonempty set and 7" : X = X*, a set-
valued mapping with C' C dom(T) = {z € X : T(x) # 0}. An element
Z € C is called a solution of

(a) weak variational inequality (WVI(T,C)), if for every y € C, there
exists 2*(y) € T(z) satisfying
(z*(y),y —x) =0.
(b) strong variational inequality (SVI(T,C)), if there exists z* € T'(7)
satisfying
(z*,y—x) >0 forall yeC.
Definition 2.4. Let X be a topological vector space and T : X = X* a
set-valued map. T is called B-pseudomonotone on a nonempty subset D of

dom(T) if, for every net {z;} in D such that ; — = € D, and for every
xf € T(x;), with limsup(z}, x; —x) < 0, one has that for every y € D, there

exists z*(y) € T'(x) such that (z*(y),z —y) < liminf(z}, z; —y).

Definition 2.5. [J] A single-valued map T': X — X* is said to be strictly
monotone if for any x # y

(T(z) = T(y),x —y) >0.
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Definition 2.6. [2] Let T : X = X* and D C dom(T'). We say that T is
radially continuous on D if its graph, that is Gr(T) = {(z,2*) € X x X* :
x* € T(x)}, satisfies the condition: for all z,y € D, t; € [0,1], t; — 0, if

(1=t)z+tyy,2z) € Gr(T), and =z — 2%,
then (z,z*) € Gr(T).

Proposition 2.7. Let X be a Fréchet space with dual X*, C C int(dom(T)),
C closed and convez, and T : X = X* be monotone, and radially continuous
on C. Then T is B-pseudomonotone on C.

Proposition 2.8. Let X be a topological vector space with dual X*, C C
dom(T), C closed and convez, and T : X = X* be radially continuous, and
locally bounded on C. If T is monotone on C, then T is B-pseudomonotone
on C.

Proposition 2.9. Let X be a topological vector space with dual X*, C C
dom(T), C closed and conver, and T : X = X* be a lower semicontinuous
mapping. If T is monotone on C, then T is B-pseudomonotone on C'.

Theorem 2.10. Let C be a nonempty, closed and convex subset of a Haus-
dorff topological vector space E, and T : C — 2F" a set-valued mapping. As-
sume that the bifunction induced by T, that is Gr(z,y) = SUP«cp(p) (2™, Y —
x), satisfies in the following assumptions:

(i) for ally € C the set {x € C : Gr(x,y) = 0} is closed;

(ii) there exist D, K C C, such that D is convex, compact and K is

compact, and for every x € C'\ K, there exists y € D,Gp(z,y) < 0.

Then, the solution set of (EP) for Gt is nonempty and compact.

Theorem 2.11. Let T : X = X* and C be a nonempty, closed and convex
subset of dom(T). Suppose that:
(i) T(z) is compact for every x € C;
(ii) T is closed;
(iii) there exist D, K C C, such that D is convez, compact and K is com-
pact, and for every x € C'\ K, there exists y € D, SUP 4+ 7 (a) (x*,y—
x) < 0.
Then the solution set of VI(T,C) is nonempty.

Theorem 2.12. If the set-valued mapping T : X = X* satisfies the hy-
potheses (i)-(iii) of Theorem A and the values of T are convex, then the
solution set of SVI(T,C) is nonempty.

By using Theorem 2.11, one can state another version of Theorem 2.12
as follows.

Theorem 2.13. Let the set-valued mapping T : X = X* be upper semicon-
tinuous with compact values. If T' satisfies the condition (iii) of Theorem
A and the values of T are convez, then the solution set of SVI(T,C) is

nonempty and compact.
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Theorem 2.14. Let T : X == X* be a closed set-valued mapping with
compact values, J : X — X* a continuous mapping, and C be a nonempty,
closed and convex subset of dom(T ). If there exist D, K C C, such that D
is convez, compact and K is compact, and for every x € C'\ K, there exists
y € D, such that
sup (x*,y —x) <0, (coercivity)
€T (z)+ad(x)

then, the solution set of VI(T + aJ,C) is nonempty and compact subset of
K. Moreover, if the values of T are conver, then all weak solutions of this
problem are strong.

Theorem 2.15. Let Cy,C be nonempty, closed and convex subsets of X,
and Ty, T : X = X* be set-valued mappings, and J : X — X* be a monotone
mapping such that
(i) Cx € dom(T}), and C U (U, Cr) € dom(T);
(ii) ax(J(x),zr) — 0, for each x € (), Ck, {xk} unbounded sequence of
Ui Cr and a, — 0;
(iii) if Uy Ck is unbounded, the following coercivity holds:
there exists T € (), C such that, for each unbounded sequence {x,}
Of Uk; Ck‘;

lim sup Gr(z, Z) < 0.
n

If xy, is a weak solution of VI(Ty, + ayJ,Cy), for every k € N, then {xy} is
bounded.

Theorem 2.16. Suppose that x € SVI(Ti + agJ,Ck), v, — x, and T is
closed and bounded on |J,, Cy, C C Cy, for all k € N. If, J is continuous
and for z; € Ty (), there exists wy, € T'(xy) such that 2} — wj — 0, then x
is a strong solution of VI(T,C).

Proposition 2.17. Let T : X =% X* be a set-valued B-pseudomonotone

map with compact and convex values. Then the set of strong solutions of
VI(T,C) is closed.

Proposition 2.18. Let T : X = X* be upper semicontinuous mapping with
compact values. Then S(T,C), the strong solutions of VI(T,C'), is closed.

Theorem 2.19. Let T : X = X* be a set-valued map satisfying the condi-
tions

i. T is B-pseudomonotone on C C dom(T);
ii. T(x) is compact and convez, for every x € C.

Then S(T,C) is closed.

Theorem 2.20. Let X be a compact subset of a Hausdorff topological space,
Y be a nonempty set, and f : X XY = R, g: X x X — R be two bifunctions
satisfying the following assumptions:
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(i) The set-valued mapping F : Y — 2% defined by
Fy) ={z € X: f(z,y) > 0},

s monempty values and intersectionally closed.

(ii) The family {{x € X : g(x,z) > 0}}.ex has finite intersection prop-
erty.

(iii) For every x,z € X and y € Y the following implicaion holds

9(z,2) 2 0, f(z,y) 2 0= f(z,y) = 0.
Then, there exists xy € X such that f(zg,y) >0, for ally €Y.

Jinlu [¢] introduced a type of pseudonorms and quasipseudonorms on
topological vector spaces, which is more general than seminorms. Then ex-
tended the Tychonoff’s fixed point theorem to more general Hausdorff topo-
logical vector spaces. These spaces were named as pseudonorm adjoint topo-
logical vector spaces, which equipped with families of quasi-pseudonorms.

Definition 2.21. [8] Let X be a vector space. A mapping p: X — R7 is
called a pseudonorm on X if it satisfies the following conditions:

Wi. p(x) > 0, for all x € X and p(0) = 0; Wa. p(—=z) = p(x), for all
x € X; Ws3. For any elements x1,x2 of X, and 0 < a < 1, one has

plazy + (1 — a)zs) < ap(e1) + (1 — a)p(a2).

It is clear to see that the condition W3 implies that for any finite set of
distinct elements x1,x9,...,x, of X, and positive numbers aq, as, ..., ay
satisfying Y ; a; = 1, one has

p <Z Oéi$i> < Z ap(x;).
i=1 i=1

Definition 2.22. [3] Let X be a vector space. A mapping q : X — R7 is
called a quasipseudonorm on X if there are a pseudonorm p on X and a
strictly increasing continuous function ¢ : Rt — RT such that

Wy. q(z) < p(p(z)), for all z € X;
Ws. ¢(0) = 0.
Here, ¢ is said to be adjoint with pseudonorm p and weighted function ¢.

Definition 2.23. A topological vector space (X, 7) is called a pseudonorm
adjoint topological vector space, if X is equipped with a family of 7-continuous
quasipseudonorms {gy } xea associated with a family of 7-continuous pseudonorms
{Pr}ren and a family of weighted functions {p}aren-

Theorem 2.24. Let (X,7) be a Housdorrf and total pseudonorm adjoint
topological vector space. Let C' be a nonempty compact convex subset of X.
Then every continuous mapping from C to itself has a fized point.

Definition 2.25. Let X be a vector space. A quasi-norm on X is a function
p: X — R satisfying
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(i) p(0) =

(ii) p(x) 2 Vo € X;

(iii) p(— :z:): p(z), Yz € X;

(iv) p(z +y) < p(z) +py), Yo,y € X;

(v) if tx,t € F, p(tpy —t) — 0 and ap,x € X, p(zx — x) — 0, then

p(tkl'k — tk) — 0.

If the quasi-norm satisfies p(x) = 0 if and only if z = 0, then it is said to
be total.

Remark 2.26. The topology of any topological vector space is generated by
a family of quasi-norms.

Theorem 2.27. Let X be a topological vector space, {pr}reca be a total
family of quasi-norms and quasi-convex. Let C' be a monempty compact
convex subset of X. Then every continuous mapping from C to itself has a
fixed point.
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ABSTRACT. In this article, we investigate lineability and maximal lin-
eability of the set of norm attaining operators and non-absolutely p-
summing operators between certain pairs of Banach spaces.

1. INTRODUCTION

In 1872 Weierstrass gave an example of a function that was continuous
everywhere but differentiable nowhere.

flz) = io: aFcos(brrr),
k=0

where 0 < a < 1, bis any odd integer and ab > 1—1—37”. After 1872 many other
mathematicians also constructed similar functions. H. A. Schwarz (1873),
M. G. Darboux (1874), U. Dini (1877), K. Hertz (1879), G. Peano (1890),
D. Hilbert (1891), T. Takagi (1903), H. von Koch (1904), W. Sierpinski
(1912), G. H. Hardy (1916), A. S. Besicovitch (1924), B. van der Waerden
(1930), S. Mazurkiewicz (1931), S. Banach (1931), S. Saks (1932), and W.
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Orlicz (1947). Banach (1931) showed that most continuous functions are
nowhere differentiable. Specifically, the set of all continuous but nowhere
differentiable functions on R is residual in C'(R), when endowed with the
topology of uniform convergence in compacta.

Theorem 1.1. (Gurariy [7]) The set of continuous nowhere differentiable
functions on [0, 1] contains (except for the null function) an infinite dimen-
stonal vector subspace.

Definition 1.2. Assume that X is a vector space ( over the scalar field R
or C ) and that p is a cardinal number. Then a subset A of X is called

(1) lineable, if AU{0} contains an infinite dimensional vector subspace,

(2) p-lineable, if A U {0} contains an p-dimensional vector subspace
(hence lineable means Ny-lineable),

(3) maximal lineable, if A is dim(X)-lineable.

Definition 1.3. If X is a topological vector space, then we say that A is

e spaceable, if AU{0} contains some infinite dimensional closed vector
subspace,

e maximal dense-lineable, if AU {0} contains a dense vector subspace
M of X with dim(M) = dim(X).

2. LINEABILITY OF NORM ATTAINING OPERATORS

Let £ and F be two Banach spaces, We denote the space of linear and
bounded operators from E to F' (resp. finite rank and compact operators)
by L(E, F) (resp. F(E,F) and K(E, F)).

An operator T' € L(E, F) attain its norm at ¢ € Bg (the unit ball of E) if

1T = ([T (o)l

Let us denote by NA™(E; F) the set of all operators from F to F' that
attain the norm at xg.

T is said norm attaining, if it attain its norm at some x € Bg. We write
NA(E, F) to denote the set of norm-attaining operators. If ' = R or C,
then we denote NA(E, F') by NA(FE).

Theorem 2.1. (E. Bishop and R.R. Phelps [1]) NA(E) is a dense subset
in B,

Theorem 2.2. (James, 1963) If E is reflexive, then NA(E) = E* ( NA(E)
is linear space).

The following theorem shows why the lineability of NA(F) is important.

Theorem 2.3. (Petunin-Plichko [11]) Let E be a separable Banach space,
W be closed subspace of E*, separating and W C NA(E) then W is an
isometric predual of E.

Example 2.4. o NA(co) = coo C ¢ (linear space, NA(cp) is line-
able).
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o NA(41) = {(&n) € loo : [énlloo = maxy, [€,]} is not linear space. If
choose ¢ = (—1,0,0,...),n = (1, %, %, ooy ot ), then §,m € NA(Ly)
but £ +n ¢ NA((y).

However, from Hahn-Banach Theorem, ¢y < NA(¢;) (NA(¢;) is space-
able).

In 2001, Godefroy [6] raised the following problem.

Problem 2.5. Given an infinite dimensional Banach space E, is NA(E)
always lineable? Or, at least, can F always be equivalently renormed to
make NA(FE) lineable?

Theorem 2.6. (Acosta, Aizpuru, Aron, and Garcia-Pacheco [1]) Let K be
an infinite compact Hausdor(f topological space. Then NA(C(K)) is lineable.

Problem 2.7. (Bandyopadhyay and Godefroy [3]) Given an infinite-dimensional
Banach space E, does NA(F) contain at least a 2-dimensional vector sub-
space?

Theorem 2.8. (M. Rmoutil, [10]) There is a Banach space E (= Reads space)
for which NA(E) does not contain 2-dimensional spaces.

Theorem 2.9. (M. Martin [8]) Given n € N, there is a Banach space E,
such that NA(E) contains n-dimensional spaces but not (n+1)-dimensional
spaces.

Theorem 2.10. (D. Pellegrino and E. Texeira [9]) Let E and F' be Banach
spaces so that F' contains an isometric copy of £y for some 1 < g < oo, and
let xg € Sg . Then NA®™(E; F) is lineable in L(E; F). In particular

e N(E,F) is lineable,
e L(E;F)\ N(E, F) is lineable if it is nonempty.

Theorem 2.11. o If xg € Sg, and F is any nonzero Banach space,
then (NA® (E,F) N FYE,F))U{0} contains an isometric copy of
F, so NA™(E,F)NFYE, F) is spaceable.
o If E is not reflerive and F is any nonzero Banach space, then
FYE,F)\ NA(E, F) is spaceable.

Theorem 2.12. If NA(E) contains a (closed) subspace of dimension equal
to u, then (NA(E, F)NFY(E,F))U{0} also contains a (closed) subspace of
dimension equal to u. Therefore if NA(E) is u — lineable, then NA(E,F)N
FYE,F) is also  — lineable.

Theorem 2.13. If xg € Sg and {z;* : i € N} C NA™(E) is a linearly
independent set in E* and F has a 1—unconditional basic sequence. Then
o NA®™(E,F)NF'E,F) is spaceable in L(E,F), for every i € N.
o NA®™(E F)N(N(E,F)\ F(E,F)) is spaceable in L(E, F).
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3. LINEABILITY OF NON p-SUMMING OPERATORS

Definition 3.1. Let 1 <p < oo and T : E — F be a linear operator. We
say that T is p-summing if there is a constant ¢ > 0 such that for every
m € N and for every z1, ...,z € E we have

Y ITzlP)r < esup{(3 (", 2)?)
=1 =1

S =

st € BE*}

The space of p-summing operators from E to F' is denoted by II,(E, F').
It is clear that II,(E, F) is linear subspace of L(E, F).
A Banach space E is super-reflexive if and only if X admits an equivalent
uniformly convex norm.

Theorem 3.2. (Davis and Johnson[l1]) If E is super-reflexive and F is
arbitrary, then the set IC(E, F) \ II,(E, F) is non-empty for all p.

Puglisi and Seoane-Sepilveda [16] raised the following problem.

Problem 3.3. If F is super-reflexive, F' is any Banach space and p > 1. Is
the set L(E, F)\II,(E, F') lineable?

Theorem 3.4. (Botelho, Diniz and Pellegrino [12]) Let p > 1 and E be su-
perreflexive. If either E contains a complemented infinite-dimensional sub-
space with unconditional basis or F' contains an infinite unconditional basic
sequence then K(E, F)\II,(E, F) is lineable (hence L(E, F)\II,(E,F) is
lineable).

Problem 3.5. (Botelho, Diniz and Pellegrino, 2009) Under what circum-
stances is L(E, F)\IIp(E, F) p-lineable for p > Ny, when E is a super-
reflexive Banach space?

Theorem 3.6. (Botelho, Diniz, Pellegrino and Teizeira [13]) Let p > 1
and E be superreflexive. If either E contains a complemented infinite-
dimensional subspace with unconditional basis or F' contains an infinite un-
conditional basic sequence then IC(E, F)NII,(E, F') (hence L(E, F)NIIL,(E, F))
15 c-lineable.

Theorem 3.7. (Kitson and Timoney [15]) If E is super-reflexive, for any
Banach space F', K(E, F)\ Ui<p<oo II,(E, F) is spaceable in K(E, F).

Hence, by using the fact that the dimension of every infinite dimensional
Banach space is at least ¢, we conclude that if F is a super-reflexive Banach
space the set (E, F)\ Ui<p<oo IIp(E, F) is c-lineable, for any Banach space
F.

Theorem 3.8. Let E be a super-reflexive Banach space and let one of the
following conditions be satisfied.
(a) E is separable and |F| = c.
(b) F has a ( Schauder) basis and |E| = c.
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Then KC(E, F)\ Ui<p<oo II,(E, F) is mazimal lineable in L(E, F).

Theorem 3.9. Assume that E is a super-reflezive Banach space, F' is a

Banach space satisfying that F(E,F) = K(E,F) and |E| = |F| = ¢. Then
IIC(E,F)| = ¢, and specifically, K(E, F)\ Ui<p<oo Hp(E,F) is mazimal
lineable in IC(E, F).
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ABSTRACT. This paper delves into the spectral properties and decom-
position techniques of an Unreduced anti-Hessenberg matrix. Such ma-
trices frequently emerge in graph theory and eigenvalue problems, where
their specific structure allows for efficient computation of critical matrix
properties. We provide a comprehensive analysis of the eigenvalues, de-
terminant, inverse, and various decomposition methods, including LU
and QR factorizations, as well as singular value decomposition (SVD).
Our results demonstrate the unique behaviour of this matrix in different
contexts and offer insights into its potential applications in numerical
methods and theoretical studies. Special emphasis is given to the impli-
cations of the matrix’s structure on its eigenvalue spectrum and stability.
The findings contribute to a deeper understanding of this matrix’s role
in mathematical modelling and computational techniques, making it a
valuable tool for researchers in applied mathematics and engineering
disciplines.

1. INTRODUCTION

Matrices come in various forms and have numerous applications in en-
gineering and different fields of science. Each matrix, based on its specific
properties, can serve diverse purposes. Therefore, studying and analyzing

2020 Mathematics Subject Classification. Primary 05C50; Secondary 05C76
Key words and phrases. Unreduced anti-Hessenberg matrix, Eigenvalues, Determi-
nant, Inverse.
* Speaker.
29



ALIMOHAMMAD NAZARI AND ATIYEH NEZAMI

the characteristics of matrices is of great importance [1, 2, 3]. We begin by
considering the following nonsingular matrix [1]:

1 1 1 1 1

1 1 1 1 -1

1 1 1 -2 0
A, =

1 1 e e 0 0 0

1 —~(n—=1) 0 -~ 0 0 0]

In this paper, we called matrix A,, an Unreduced anti-Hessenberg matrix.
This matrix play a significant role in various fields of science and engineer-
ing due to their computational efficiency and unique properties [1]. This
specific matrix structure often appears in graph theory, numerical linear al-
gebra, and eigenvalue problems, where it serves as a fundamental tool for
modelling and analysis. In this paper, we focus on matrix A,. Understand-
ing the spectral properties and decomposition techniques of such matrices
is crucial for solving complex problems efficiently. We aim to explore the
eigenvalues, determinant, inverse, LU and QR factorizations, and singular
value decomposition of this matrix, providing insights into its mathemati-
cal behaviour and potential applications. This study not only enhances our
understanding of the matrix’s inherent characteristics but also contributes
to the broader field of matrix analysis and its applications in computational
methods. In the next section, we will discuss the aforementioned properties
of this matrix. We will prove the first theorem and accept the remaining
theorems without proof.

2. MAIN RESULTS

Theorem 2.1. The determinant of matrix A, is given by the following
formula:

det(4,) = (=D zln!.

Proof. We will prove this theorem by induction. If matrix A,, is of order
n = 2, then its determinant is given by the following formula:

det(Ap) = (—1)lz)21 = (—1)'2 = —2.
Assume that the determinant of matrix A,, of order n = k — 1 is obtained
from the following formula:
k—1

det(Ap_1) = (D)L= Ik = 1)1,
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Now we will prove that the determinant of matrix A,, of order n = k is given
by the following formula:

det(Ag) = (—1)L2 (k).

Let k£ be an even number. For calculating the determinant of matrix A, we
expand it along the last row. Thus, we have

det(Ag) = —1 x det(Ap_1) + (—(k — 1)) x det(Aj_)
= () - = (k- (=D - 1)
= (k- k-1)
R NEIN

Similarity, the theorem is proven for when £ is an odd number. U

Theorem 2.2. The inverse of matriz A, is given by the following matriz:

-1 1 1 N
1 1 1 1 71
n(n —1) n(n —1) n(n —1) n(n —1) n
1 1 1 1 0
m=1)(n=2) (n—-1)(n-2) (n-1)(n—-2) n—1
Al =
1 1 1
@@ @@ @@ 0 0
1 1 1
@0 @0 3 0 0
1 1
L3 3 0 o0

Theorem 2.3. The eigenvalues of matriz A, are calculated as follows:
(1) If n be even:

Ai,nf(ifl) = j:\/ Z(n—l) +Z, 1= 1,2,"' y

(2) If n be odd:

-1
Nim—i = £+/i(n — 1) +1, i=1,2... 22

and

—1 —1 —1
/\n:\/n (n—n )+n + 1.

2
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Theorem 2.4. The singular value of matrix A, is follows the formula below:

0—1:\/7;7

1
Oivo = ——/(n—1i)3(n—i—1), i=0,1,--,n—2.
n-—1

Theorem 2.5. The QR decomposition of matriz A, is as follows:

Q= (A4.")"R,
e 0 _
0 1 n3(n —1)
n
0 0 L Jm=1¥m=2 o0 0 0
n—1
R= _
0 ", 0 0
0 0 é\/33><2 0
0 0 0 0 0 %\/23x1

Theorem 2.6. The LU decomposition of matriz A, is as follows:

1 0 0 00 1 0 0 0 0
0 0 0 0 1 110 0 0
0 0 0 1 0 1 0 1 00
P= , L=]. ;
0 1 00 1 0 0 1 0
0 1 0 00 1 0 0 0 1

1 1 1 1 1 1]

-n -1 -1 - -1 -1

0 0 —-(n-1 -1 -1 -1

U:

: -1 -1

0 0 0 0 -3 -1

0 0 0 0 0 -2
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ABSTRACT. Steffensen-Popovicio measure is investigated in plane. Sev-
eral properties and results introduce in this setting. Suitable examples
are also involved.

1. INTRODUCTION

The convex functions play important role in many mathematics topics, es-
pecialy in the optimization problems. The integral of a nonnegative convex
functions, in terms of an arbitrary measure, may not be necessarily non-
negative, but their integral in terms of Steffensen-Popoviciu measures are
nonnegative. Motivated by the above studies, we prove some inequalities by
Steffensen-Popoviciu measures in dimension 1 and 2.

We recall the definition of Steffensen-Popoviciu measure from [5]:

Definition 1.1. A Steffensen-Popoviciu measure on interval I = [a,b] is a
real Borel measure i on I such that

i) p(I) = [, du(x) >0,
ii) f; f(z)du(z) =0  for every nonnegative f € C.

It is clear that every finite positive Borel measure is a Steffensen-Popoviciu
measure.

2020 Mathematics Subject Classification. Primary 26A51; Secondary 26D99
Key words and phrases. Steffensen-Popovicio measure, co-ordinate convex function.
* Speaker.
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The following result from T. Popoviciu [6] and A. M. Fink [3] gives a
characterization of the Steffensen-Popoviciu measures. See also [, pl77],
for details.

Lemma 1.2. Let pu be a real Borel measure on interval [a,b] such that
wu([a,b]) > 0. Then p is a Steffensen-Popoviciu measure if and only if, it
verifies the following conditions

t b
/ (t —x)du(x) =0 and / (x —t)du(z) =0
a t
for every t € [a,b].

The measures
(% —1/6)%dx on [-1,1]

[(W)2+A] dr on |[a,b] ()\>_%)
{(%b—_aa—bp_ (sz__tb)] dz on |a,0] (|)\|g§)

are some examples of Steffensen-Popoviciu measures on intervals from [5].

2. MAIN RESULTS

In this section we introduce generalization of Steffensen-Popoviciu mea-
sure in case of two dimension and obtain some new inequalities by using
these measures.

Remark 2.1. Let I = [a,b] and g,h : I — R are two Lebesgue integrable
functions. Then

i) g(z)dx is a Steffensen-Popoviciu mesure on I if and only if

b
/ g(x)dz >0
and
b
[ @tz >0

for every nonnegative f € C.

ii) Let ¢ < h and let g(z)dz be a Steffensen-Popoviciu measure on
interval I. Then h(x)dz is also a Steffensen-Popoviciu measure on
interval I.

iii) Let p be a Steffensen-Popoviciu measure on interval I, f € C, i €
A(I) and i < f on interval I, then

/ ’i(e)dn(z) < / ' fe)dn(a).

Next theorem is an extension of Theorem 4 in [5].
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Theorem 2.2. Let f : [a,b] — R be a twice differentiable function whose
second derivative is an nonnegative continuous convex function. Then

/ sye > 1T 40 ) - )

—a
where \ >
Proof. Since f” is nonnegative convex function and for every A >

1
= _17
2 —a—0b, . . :
[(—— ) + A]dz is a Steffensen-Popoviciu measure on interval [a, b]
—a

b T —a—
0< [ F @I 4 N,

By integrating by parts the proof will be compelete. O

then we obtain

Fejér introduce the following celebrate inequality in [2]

Theorem 2.3. let f : [a,b] — R be a convex function and w : [a,b] — R

be a monnegative integrable and symmetric function to “—'H’, ie. w(r) =
w(a+b—1x). Then
a+b. [ f@ _ @)+ f
Y < < W2 T0), (2.1)
Ja ( )dx

The following inequality for convex functions can be obtained by replacing
w(x) by an appropriate Steffensen-Popoviciu measure in (2.1).

Theorem 2.4. Let f : [a,b] — R be a convex function. Then

L R S T (f 100

3 3 2

2
Proof. According to Remark 2.1, (hb%“;b) dx is a Steffensen-Popoviciu

2
n [a,b], then by replacing w(x) := <%) in (2.1), the proof will be
complete. O

Now we introduce the notion of Steffensen-Popoviciu measure in two di-
mensions setting. In this section D will denote a nonempty compact convex
subset of R, and let C(D) be the space of all two variable real-valued con-
tinuous functions on D and C be all of two variable real-valued continuous
convex functions on D.

Definition 2.5. A Steffensen-Popoviciu measure on D is a real Borel mea-
sure u on D such that
f f D du(z,y) > 0,
ii) ffo z,y)du(x,y) > 0 for every nonnegative f € C.
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Now we recall convex on the co-ordinates function in [1].

Definition 2.6. The function f : [a,b] X [¢,d] — R is called convex on the
co-ordinates if the partial mappings f, : [¢,d] — R, fz(v) = f(x,v) and
fy :la,b] = R, fy(u) = f(u,y) be convex for every = € [a,b] and y € [c, d]
respectively.

It is clear that every two variable convex function on a compact convex
area in R?, is convex on the co-ordinates function. See [1].

Definition 2.7. The function w : [a,b] X [¢,d] — R is called symmetric on
the co-ordinates if the partial mappings w, : [¢,d] = R, w,;(v) = w(z,v)
and wy, : [a,b] = R, wy(u) = w(u,y) be symmetric for every x € [a, b] about
%l and y € [c, d] about CLT'H’ respectively.

Now, by using the Theorem 1 in [7] and appropriate Steffensen-Popoviciu
measure, we can get the following inequality for convex on the co-ordinates
functions.

Corollary 2.8. Let f : [a,b] X [¢,d] = R be a convex on the co-ordinates
integrable function. Then

((b—a)g(d—c)yf(a;b’c;d)

b pd
o | [ e bR e aPdyd

- <<b —a)(d - c)>2 fla,c) + fa,d) + f(b,c) + f(b,d)
3 4

Proof. Let f : [a,b] X [¢,d] — R be a convex on the co-ordinates integrable
function. By [7, Theorem 1] we have

ath etd  Jp ) S@ywly)dyde
2 7 2 h f;fcdw(:c,y)dydx
fla,c) + f(a,d) + f(b,c) + f(b,d)
h 4

The measure ((M_(Z:SEZZ’L_C)C _d))2dyda; is a Steffensen-Popoviciu measure on

I

[a,b] X [¢,d]. Now assume that

o (2 —a—b)(2y —c—d) 2
U)(.Z',y) _( (b—a)(d—c) I
which is a nonnegative integrable and symmetric on the co-ordinates func-
tion on f : [a,b] X [¢,d], then

a+b c+d
2 7 2

I )
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fffmy 2xab)(2ycd))2dydm

b—a)(d—c)
X ff (2x22)2y)cd))2dydx
_ f@.0) 4 f(ad) + f(be) + F(b,d)
AN 4 N
Therefore
_ B 2
((b a)3(d c)> f(a—zl—b’c—;d)

1 b pd
< gaa=a ) | e —a— ey —e— i
o ((b—a)(d—c)>2 J(a.) + f(a,d) + f(be) + f(b,d)

= 3 4
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ABSTRACT. In this paper we prove some results on characterization of
e-approximations of downward sets in Banach lattice spaces.

1. INTRODUCTION

Let X be a normed linear space, W a non-empty subset of X and z € X.
Define
d(xz,W) = inf ||z —w|.
weWw

We recall a point wy € W is called a e-approximation to x from W if
|z — wol| = d(x, W) +¢

and also

Pye(z) ={weW : ||z —w|=dzW)+e}
It is clear that Py (z) is a closed and bounded subset of X. The concept of
g-approximation (or good approximation) has been studied by Singer [2]. In
[1], Alizadeh et.al obtained results about the e-simultaneous approximation
of downward sets in vector lattice Banach spaces. In this paper according
to the results obtained in [!], we prove some results on characterization of
e-approximations of downward sets in Banach lattice spaces.

2020 Mathematics Subject Classification. Primary 41A65; Secondary 46B42.
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One advantage of cosidering the set Py (z), instead of the set Py (z), is
the set Py () is always nonempty, for all € > 0.

A real vector space X is defined as an ordered vector space if it has an
order relation < (i.e., < is a reflexive, antisymmetric, and transitive binary
relation on X). A vector lattice space (or a Riesz space) is an ordered vector
space X with the additional property that for each pair of vectors x,y € X,
the sup{z,y} and the inf{x,y} both exist in X. As usual, sup{z,y} is
denoted by xVy and inf{x,y} by x Ay. Recall that a vector subspace S of a
vector lattice space X is said to be a vector sublattice, whenever S is closed
under the lattice operations of X, i.e., whenever for each pair z,y € S the
vector z V y and = A y (taken in X) belongs to S. A subset A of a vector
lattice space is called solid whenever |z| < |y| and y € A imply = € A.
A solid vector subspace of a vector lattice space is referred to as an ideal.
An element 1 € X is called a strong unit if for each x € X there exists
0 < A € R such that x < A1. Then for each x € X there exists 0 < A € R
such that |z| < A1. Using 1 we can define a norm on X by

|lz|| =inf{A >0 : |z| < A1}. (1.1)

Recall that a norm ||.|| on a vector lattice space is said to be a lattice norm
whenever |z| < |y| implies ||z|| < ||y||. A vector lattice space equipped with
a lattice norm is known as a normed vector lattice space. If a normed vector
lattice space is also norm complete, then it is referred to as a Banach lattice.
It is well known that X equipped with the norm (1.1) is a Banach lattice
which is called a Banach lattice with strong unit 1.

The closed ball with center at z and radius r defined on Banach lattice X
as follows:

Bxz,r)={yeX : |ly—z| <r}={yeX : z—r1<y<z+rl}

A nonempty subset W of an ordered vector space X is called downward

if
(weW,z<w)=zeW

A simple example of a downward set is a set of the form {y € X : y < g}
, where g € X. For another example, let f : X — R be an increasing
function, then its lower level sets S.(f) = {z € X : f(z) < ¢} for all c € R,
are downward.

Let ¢ : X x X — R be the function defined by

oz, y) :={A e R: A1 <z +y}, (1.2)

for all z,y € X. Since 1 is a strong unit, the set {A\ € R : A\1 < z + y} is
non-empty, closed and bounded from above by |z + y||.

The following theorems which are proved in reference [3], play a key role in
the results obtained in this paper.

Theorem 1.1. [3] Let W be a subset of X and ¢ be the coupling function

defined by (1.2). Then the following assertions are equivalent:
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(1) W is a downward set.
(2) For each v € X\W, we have

o(w,—x) <0, Yw e W.
(2) For each v € X\W, there exsist | € X, such that
o(w,l) <0< @(x,l), Ywe W.

Theorem 1.2. [3] Let W be a closed donward subset of X , xy € X. Let
yo € W and ro := ||zo —yol||. Assume that ¢ is the function defined by (1.2).
Then the following assettions are equivalent:

(1) yo € Pw(x).
(2) There exsits | € X such that
p(w,1) <0< (y,1), (1.3)

for allw € W and y € B(zo,ro). Moreover, if (1.8) holds with | = —yp,
then yo = min Py ().

2. MAIN RESULTS

Let W be a closed subset of X and x € X\W. In addition, suppose that
wo € intW N Py (z). Thus, there exists o > 0 such that

V={yeX : |ly—wo| <a} CcW.
Lemma 2.1. Let o be as above. Then, a < €.

Proposition 2.2. Let W be a closed subset of X and x € X\W. Then
Py.(z) CV={w—al : for some w € bdW and 0 < a < ¢}.

Corollary 2.3. Let W be a closed subset of X and © € X\W. Then
Pw(I) C bdW.

Proposition 2.4. Let W be a closed donward subset of X and x € X\W.
Then there exsits the least element wo := min Py ().

Proposition 2.5. Let W be a closed donward subset of X , v € X\W,
wo € Pywe(x) and ¢ be the function defined by (1.2). Then p(w, —wp) < €,
for allw e W.

Theorem 2.6. Let W be a closed donward subset of X , x € X\W, yo € W,
ro = ||z — yol|l and ¢ be the function defined by (1.2). Then the following
statements are equivalent:

(1) Yo € ng(x)
(2) There exsits | € X such that
p(w,l) < e < oy, 1), (2.1)

for allw € W and y € B(x,rg). Moreover, if (2.1) holds with | = —yo, then

yo = min Py (z).
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ABSTRACT. In this paper, some properties and characterizations of quasi-
multipliers on quasi-ideals of a Banach algebra has been taken into ac-
count. We apply our results to the quasi-ideals of the group algebra
M (G) and prove that M (G) is isomorphic to a subspace of QMg (L1 (G)™)
of all bilinear and separately continuous right generalized quasi-multiplier
of L1(G)*.

1. INTRODUCTION

The notion of a quasi-multiplier is a generalization of the notion of a multi-
plier on a Banach algebra and was introduced by Akemann and Pedersen [0]
for C*-algebras. McKennon [7] extended the definition to a general complex
Banach algebra A with a bounded approximate identity (b.a.i., for brevity)

as follows. A bilinear mapping m: A x A — A is a quasi-multiplier on A if
m(ab, cd) = am(b,c)d (a,b,c,d € A).

In this paper, we define the quasi-multipliers on quasi-ideals of a Banach
algebra and extend the notion of strict topology on the space QMg (A*) of
all generalized quasi-multipliers of A*.
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2. QUASI-MULTIPLIERS ON QUASI-IDEALS

Definition 2.1. A bilinear mapping m : A* x A — A* is called a right
generalized quasi-multiplier of A* if

m(a-&,0) =a-m(§,b) and m(&,ba) =m(&,b) - a (2.1)
hold for arbitrary £ € A* and a, b € A.

Let QM. (A*) be the set of all bilinear and separately continuous right
generalized quasi-multipliers of A*. It is obvious that QMg (A*) is a linear
space. Moreover, it is a Banach space with respect to the norm

[Im[| = sup{[[m(&,a)l[; &€ A%, acA, [[]|<1, [la]| <1}.

Let A be a general Banach algebra. Then a map T : A* — A* is called a
right generalized multiplier of A* if

T(a-§) =a-T(5),

for all € € A*,a € A. With M, (A*) we denote the space of all bounded
linear right generalized multipliers of A*.

Definition 2.2. A bounded approximate identity {e) : A € I} in a Banach
algebra A is said to be ultra*—approximate identity if, for all m € QMg,.(A*)
and £ € A*, the net {m(&,ey): A € I} is Cauchy in A*.

Theorem 2.3. Let A be factorable with an ultra®—approximate identity
{ex}. Then the mapping p : M,(A*) = QMg (A*), defined by

pT(é.va) = (Tf) ©a (T € MT(A*)a § € A*v ac A)a

is a bijective with norm ||p|| < 1. If {ex} is of norm one, then p is an
1sometry.

Let A be factorable with an ultra*—approximate identity. We may there-
fore use the Theorem 2.3 to define a multiplication in QMg,(A*) making it
a Banach algebra. We outline the details as follows.

Let m1, mg € QMg (A*). By virtue of the above Theorem, there exist
T, To € Mg, (A*) such that m; = pp, and ma = pp,. Then

My Op M2 = PTy Op PT, ‘= PTTh

gives a well defined multiplication.

Note that QMg (A*) becomes an A-bimodule, as follows: For any m €
QMg (A*) and a € A, we can define the products axm and mx*a as mappings
from A* x A into A* given by

(CL * m)(gv b) = m(§ - a, b)7
(mxa)(&b) = m(&ab), € A®, be A
It is easy to see that a * m, mxa € QMg (A*), so that QMg (A*) is an

A-bimodule.
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Definition 2.4. The strict topology 8 on QMg (A*) is defined by the semi-
norm

m — ||m * all (a € A, m e QMgy.(A")).

Let A and B be two factorable Banach algebras with an ultra*—approximate
identity, and let ¢ : B — A be a homomorphism such that ¢* : A* — B*
be onto. We define ¢ : QMg (A*) — QMg (B*) by [@(m)](¢*(£),b) =
©*(m(&, ¢(b))) for each £ € A* and b € B.

Theorem 2.5. Let A, B, v, 0" and © be as above and B4 and Sp denote the
strict topology 8 on QMg (A*) and QMg (B*), respectively. If o : B — A is
continuous, then so is ¢ : (QMgr(A*), a) = (QMgy(B*), BB) a continuous
homomorphism.

Proof. Let m,m' € QMy,(A*). By Theorem 2.3, there exist T,T" € M, (A*)
such that m = pp, m' = pp. So mo, m’ = ppp and

[B(m o, m)] (0" (€),6) = ¢ ((m o, m')(&, (b))
= ¢"(prr(&,9(b)) = ¢"(T'T(S) - (b))
On the other hand, ¢(m) = ¢(pr) and @(m’) = &(p7+) belong to QM,, (B*).

)
So there exist S,5" € Mgy, (B*) such that ¢(pr) = ps and @(pr/) = pg.
) -

This implies that ¢*(pr(S, (b)) = S(¢*(€)) - b and so p*(T(§) - (b)) =
S(¢*(&)) - b. Consequently,
[B(m)o,(m)](¢*(€),b) = psrs (7 (£), ) = S'S(9™(€))-b = ™ (T'T(£) (b))
hence @ is homomorphism.

Now, let us prove that ¢ is (84, Sp)—continuous. Let {m,} be a net in
QMg (A*) with mg —P4 m € QMy,.(A*). Let ¢ € B*, be arbitrary. There
exist n € A* with ¢*(n) = £. The continuity of ¢* implies that for each
b,c € B, we have

[1(@(ma —m) x0)(&; )| = [|p(ma —m)(& be)l| = [[@(ma —m) (¢ (n), be)]
= [l¢"(ma —m)(n, (be)))|| = 0.
That means @(mq) =28 3(m). O

Definition 2.6. A subalgebra A of an algebra B is called a quasi-ideal of
B if ABA C A.

Definition 2.7. Let A be a quasi-ideal of the algebra B, then there is a
linear mapping ¢p : B — QMg (A*) defined by, for each b € B

opb)(&,a) =&+ ba, forall &€ A", a€ A.
Note that for arbitrary a’ € A, we may define (¢ - ba, a’) = (£, a’ba).

Definition 2.8. The topology {¢5'(¥) : ¥ € Ba} on B, will be denoted
by w(p, ). A net b, in B is u(p _4)—converges to some b € B precisely when
lim, [|§ - boa — & -bal| =0 for all a € A, € € A*
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Theorem 2.9. Let A be factorable with an ultra®—approximate identity
{ea}. If A is a quasi-ideal of an algebra B, then the mapping ¢p is a
(u(B,a), Ba)-continuous homomorphism of B to QMg.(A*).

Proof. Let {b,} be a net in B with b, —"“®4 b. So by definition of
u(p,4)—topology there exist an index ag such that for all a,c € A, § € A*
and all o > «ag, we have

1(#8(ba) * a) (&, ) = (¢B(b) * a)(&, )| = [I€ - baac — £ - bac|| — 0.

That means ¢p(bs) =74 ¢5(b) and so ¢p is (u(B,a), Ba)—continuous.
Now, we show that ¢p is a homomorphism. Clearly, ¢p is additive. To
show that ¢p is multiplicative, let b;,bo € B be arbitrary. By Theorem
2.3, there exist T,.S € My (A*) such that ¢p(b1) = pr and ¢p(b2) = ps.
So £-bia=T(&) -aand £-bya = 5(&)-aforeach a € A, £ € A*. Also
by ([7] , p. 111), for each a € A and b € B, lim, eaba = ba and therefore
lim,, ||eqba — bal| = 0. Now, since A is a quasi-ideal of B, it follows that

[pB(b1) 0p dB(2)](€,a) = [prop psl(§;a) = pisT)(§;a) = S(T(E)) - a
= T(&) baa = liénT(ﬁ) cegboa = liglﬁ -bireqgboa

and hence
@5 (b1) 0p ¢B(02)](E, ) = dp(bi1b2) (&, a)l| = lm[€ - breabra — Ebrbaall

< li(l)rln ||€b1]|[|eab2a — boal] = 0.
That means ¢p is a multiplicative. O

Corollary 2.10. If the mapping ¢ is one to one. Then the algebra B may
be regarded as a subset of QMg (A*).

Example 2.11. Let G be a compact group and A = L1(G). Then the
equation

(Qu(&: f) = (Exp)x [ (ne M(G),§ € Loo(G), [ € L1(G)).
defines a linear isomorphism between M (G) and a subspace of QMg (A*).
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ABSTRACT. In this paper, we generalize the notion of quasi-multipliers.
We discuss the strict and quasi-strict topologies on the algebra Q Mg, (A™)
of all bilinear and separately continuous generalized quasi-multipliers of
A* and study their various properties.

1. INTRODUCTION

The notion of a quasi-multiplier is a generalization of the notion of a multi-
plier on a Banach algebra and was introduced by Akemann and Pedersen [(]
for C*-algebras. McKennon [7] extended the definition to a general complex
Banach algebra A with a bounded approximate identity (b.a.i., for brevity)

as follows. A bilinear mapping m : A x A — A is a quasi-multiplier on A if
m(ab,cd) = am(b,c)d (a,b,c,d € A).

In this paper, we extend the notion of quasi-multipliers and introduce several
notions of strict and quasi-strict topologies on the space QMg (A*) of all
generalized quasi-multipliers of A*.

Definition 1.1. A bilinear mapping m : A* x A — A* is called a right
generalized quasi-multiplier of A* if

m(a-&,0) =a-m(§,b) and m(&,ba) =m(&,b) - a (1.1)
hold for arbitrary £ € A* and a, b € A.
2020 Mathematics Subject Classification. Primary 47B48; Secondary 46H25
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Let QM. (A*) be the set of all bilinear and separately continuous right
generalized quasi-multipliers of A*. It is obvious that QMg (A*) is a linear
space. Moreover, it is a Banach space with respect to the norm

[lm[| = sup{[[m(&,a)l[; &€ A%, acA, [[]|<1, [la]| <1}.

Let A be a general Banach algebra. Then a map T : A* — A* is called a
right generalized multiplier of A* if

T(a-§) =a-T(),
for all £ € A*,a € A. With M, (A*) we denote the space of all bounded
linear right generalized multipliers of A*. It is obvious that for each a € A,

the right multiplication operator R,& = £ - a is a right generalized multiplier
of A*.

Definition 1.2. A bounded approximate identity {e) : A € I} in a Banach
algebra A is said to be ultra*—approximate identity if, for all m € QM,,(A*)
and £ € A*, the net {m(&,ex) : A € I'} is Cauchy in A*.

Theorem 1.3. Let A be factorable with an ultra®—approximate identity
{ex}. Then the mapping p : M,(A*) = QMg (A*), defined by

pr(&,a) = (T¢) a (T € My(A"), £ € A", a € A),

is a bijective with norm ||p|| < 1. If {ex} is of norm one, then p is an
1sometry.

Let A be factorable with an ultra*—approximate identity. We may there-
fore use the Theorem 1.3 to define a multiplication in QMg,(A*) making it
a Banach algebra. We outline the details as follows.

Let m1, ma € QMg (A*). By virtue of the above Theorem, there exist
T, To € Mg, (A*) such that m; = pp, and mo = pp,. Then

M1 Op M2 = PTy Op PT, ‘= PTLTy

gives a well defined multiplication.

2. Strict and quasi-strict topologies on QMg (A*)

Note that QMg (A*) becomes an A-bimodule, as follows: For any m €
QMg (A*) and a € A, we can define the products axm and mx*a as mappings
from A* x A into A given by

(a*m)(é”,b) = m(é'aab%
(mxa)(&,b) = m(C.ab), €A, be A

It is easy to see that a x m, mxa € QMg (A*), so that QMg (A*) is an
A-bimodule.
In the sequel, 7 denotes the topology on QMg (A*) generated by the
norm.
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Definition 2.1. The strict topology 8 on QMg (A*) is defined by the semi-
norm
m — ||m x all (a € A, me QMg (AY)).

Definition 2.2. The quasi-strict topology v on QMg (A*) is defined by the
seminorm

m = [m(&a)| (€A, ac A, me QMg (AY)).
Lemma 2.3. Let A be factorable, then v C 5 C 7.

Proposition 2.4. Let A be factorable with an ultra*— approzimate identity.
If A* factors on the right then the mapping

oA (A>T) — (QMgr(A*)aﬁ)
by
(¢a(a))(&,b) =& - ab

s a continuous monomorphism.

Proof. Let {an} be a net in A with a, =7 a € A. For each £ € A* and
b,c € A, we have
[(@a(aa) *b)(&, c) — (Pa(a) * b) (&, c)|| = [[(¢a(aa)) (&, be) — (Pa(a)) (&, be)l|
= || - agbc — & - abe|| — 0
Hence ¢4(aq) —? ¢a(a). Now, we show that ¢, is a multiplicative. Let
ai,ap € A. By Theorem 1.3, there exist 71, Ty € Mg, (A*) such that ¢4(a1) =
pr, and ¢4(a2) = pr,. Hence, for arbitrary £ € A*,b € A, we have
Tl(g)-bzﬁ-alb and Tg(g)'b:f'agb.
It follows
(9alar) op dala2))(€,0) = pryry (§,0) = To(T1(£)) - b = Th& - (azd)
=& a1azb = pa(ara2)(§,b).

Assume that ¢4(a) =0 for a € A. So for arbitrary £ € A* and b € A,
(€, ab) = 0 which implies that (mw(a),b- &) = (b- &, a) = (£, ab) = 0. Since by
the assumption, A* factors on the right, we conclude that a = 0. Thus, ¢4
is one to one. ([

Proposition 2.5. Let A be factorable with an ultra*—approzimate identity.
If A* factors on the right then ¢p4(A) is f—closed.

Proof. Let m € QMg (A*) with m € § — cl(¢a(A)). There exist a net {aq}
such that ¢4(as) = m. It follows from the definition of S—topology that
the net {ay} is 7—Cauchy. By completeness of A, there exist a € A such
that a,, —7 a. By Proposition 2.4, ¢4 is one to one and (7, 3)—continuous,
it is easy to see that a, —7 a iff p4(an) —® ¢a(a). Thus for each £ € A*
and y € A,

m(&,y) = limpa(aa) (€ y) = ¢aa)(E,v),

this implies that m = ¢ 4(a) and hence ¢ 4(A) is S—closed.
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O

Theorem 2.6. Let A be factorable with an ultra®—approximate identity.
Then (QMgr(A*),7), (QMg,(A*),T) and (QMgy.(A*), B) have the same bounded
sets.

Theorem 2.7. Let A be factorable with an ultra®—approzimate identity.
(1) Space (QMg.(A*),~y) is complete.
(it) If A has an approzimate identity with norm one, then (QMg,(A*), )
1s complete.

Proof. (ii) Let {mq}acr be a f—Cauchy net in QMg (A*). For each a € A,
the mapping T2 : A* — A* which is given by T2 () = mq(&, a) defines
elements in Mg, (A*). It is easy to show that pra = mgq * a. By definition
of f—topology, the net {pra}acr is Cauchy in the norm of QM (A*). By
Theorem 1.3, p is isometry and therefore {7} is a Cauchy net in the norm
of Mgy (A*). Now, since My.(A*) is complete, there exists T, € Mg, (A*)
such that ||T¢ — T,|| — 0. By virtue of the Lemma 2.3, the net {mq }aer is
y—Cauchy and by (i), the space QMg (A*) is y—complete. So there exist
m € QMg (A*) such that

liénma(ﬁ,a) =m(&a) forall € A® and a€ A
For each b € A,
p1.(€.5) = lim pry (€.) = lim(mo * a)(€,b) = lim mo (€, ab)
=m(&, ab) = mxa(&,b).

Consequently

[lma xa —m*al| = [lprg — pr, || = ||IT5" — Tal| = 0,
which implies that m is the S—limit of the net {mq}acr, i-e., @My (A*) is
complete in S—topology. O
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ABSTRACT. In this paper, we study order-isomorphisms between real
Holder-Lipschitz algebras. We first give some sufficent conditions that a
map T between these algebras be an order isomorphism. We next char-
acterize the structure of order isomorphisms 7" with certain properties
between these algebras. Finally, we prove that every order isomorphism
T between real Holder-Lipschitz algebras is an essential weighted com-
position operator.

1. INTRODUCTION

The symbol K denotes a field that can be R or C. Let X be a nonempty
set. We denote by Fc(X) the set of all complex-valued functions on X.
Then Fc(X) is a complex linear space. Let A(X) be a linear subspace of
Fc(X) over K. The pointwise order > in A(X) is defined by f > ¢ if and
only if f and g are real-valued functions in A(X) and f(z) > g(z) for all
x € X. A function f in A(X) is called positive if f(x) > 0 for all x € X.

Let X and Y be nonempty sets and let .A(X) and B(Y") be linear spaces
of Fe(X) and Fc(Y) over K, respectively, with the pointwise order >. A
map T : A(X) — B(Y) is called an order preserving map if T(f) > T(g) for
all f,g € A(X) with f > g. An order isomorphism from A(X) to B(Y) is

2020 Mathematics Subject Classification. Primary 46E05; Secondary 46J10, 47B65
Key words and phrases. Lipschitz involution, Little Holder-Lipschitz algebra, Order
isomorphism, Order preserving map.
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a bijective linear map T : A(X) — B(Y') such that T is an order preserving
from A(X) to B(Y) and T~! is an order preserving from B(Y) to A(X).

Let (X,d) be a metric space and let o € (0,1]. Then the map d* :
X x X — R defined by d*(z,y) = (d(z,y))*, =,y € X, is a metric on X and
the induced topology by d* on X coincides with the induced topology by d
on X. For a function f: X — K, the Lipschitz constant of f on (X,d%) is
denoted by L(x 4o)(f) and defined by

[f(z) — f(y)|
d*(z,y)

A function f: X — K is called a K-valued Lipschitz function on (X, d®) (of

order a on (X,d)) if Lx 4oy (f) < 0o. We denote by Lipg (X, d*) the set of

all K-valued bounded Lipschitz functions on (X,d®). Then Lipg(X,d®)

is a commutative Banach algebra over K with the Lipschitz sum norm

[ llLip(x,de) defined by

[ fllip(x,dey = [ fllx + Lix,ae)(f), (f € Lipg(X,d?)),

where ||f|lx = sup{|f(z)|: © € X}. These algebras are called big Holder-
Lipschitz algebras of order a on (X,d) over K. We denote by lipg (X, d*)
the set of all f € Lipg (X, d*) for which

L @) = 1)

d(z,y)—0  d*(z,y)

L(x,da>(f)zsup{ :w,yEX,fc#y}-

=0.

Then lipg(X,d®) is a closed subalgebra of Lipg(X,d®) under the norm
[lLip(x,d2)- The algebra lipg (X, d®) is called little Holder-Lipschitz alge-
bra of order a on (X, d) over K. It is known that

Lip(X,d*) C lip(X,d”) C Lip(X, d”)

whenever 0 < 8 < a < 1. The big Holder-Lipschitz algebra Lipg (X, d®)
and little Holder-Lipschitz algebra lipg (X, d*) were first introduced in [5].
It is clear that Lipg(X,d*) and lipg(X,d*) are order linear spaces with
the pointwise order >. It is known that Lipg(X,d) separates the points
of X. We also write Lip(X,d®) and lip X, d*) instead of Lip¢(X,d®) and
lipc (X, d%), respectively.

Order isomorphisms between big Holder-Lipschitz algebras of order 1
studied in [2, 6, 7, 8] .In [3], Jiménez-Vargas and Villegas-Vallecillos deter-
mined the form of all order isomorphisms 7" between little Holder-Lipschitz
algebras lipg (X, d*) and lipg (Y, p?), using an approach depends on the anal-
ysis of the support map associated with 7', where (X, d) and (Y, p) are com-
pact metric spaces and «, 5 € (0, 1).

For a topological space X, a self-map 7 of X is called a topological in-
volution on X if 7 is continuous and 7(7(z)) = « for all x € X. A subset
E of X is called T-invariant if 7(E) is a subset of E. Let X be a compact
Hausdorff space and let 7 be a topological involution on X. Then the map
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7% O(X) — O(X) defined by 7*(f) = for, f € C(X), is an algebra invo-
lution on C(X) which is called the algebra involution induced by T on C(X)
where C'(X) denotes the Banach algebra of all continuous complex-valued
functions on X with the uniform norm || - || x. Define

CX,7)={feCX):7°(f) =}
Then C(X,7) is a self-adjoint uniformly closed real subalgebra of C(X)

that contains 1x and separates the points of X. In addition, C(X) =
C(X,7)@iC(X,7) and ilx ¢ C(X, 7). This algebra was first introduced in

[4].

Let (X,d) be a metric space. A self-map 7 of X is called a Lipschitz
involution on (X,d) if 7 is a Lipschitz mapping from (X,d) to (X,d) and
7(7(z)) =« for all x € X.

Let (X,d) be a compact metric space, let 7 be a Lipschitz involution on
(X,d) and let 7* be the algebra involution induced by 7 on C(X). It is
shown [1, Lemma 2.4] 7*(lip(X, d®)) = lip(X, d*) for a € (0, 1). Define

lip(X,d*, 7) = {f € lip(X,d) : 7°(f) = f}

for a € (0,1). It is shown [I, Theorem 2.7] that if A = lip(X,d®,7) and
B =lip(X, d*) then A is a self-adjoint real subalgebra of C'(X, 7) and B that
separates the points of X, 1x € A, ilxy ¢ A, B= A®iA, A is areal Banach
algebra with the Lipschitz sum norm ||[|pip(x,qe) and Re f,ilm f € A for all
f € A. Note that Lip(X,d®, 1) = Lipg (X, d®) for a € (0,1] (lip(X,d, 1) =
lipp (X, d®) for a € (0,1)) if and only if 7 is the identity map on X. The
algebras lip(X, d*, 7) for a € (0, 1) were first introduced in [1] and are called
real little Holder-Lipschitz algebras of order o with Lipschitz involution.

2. MAIN RESULTS

In this section, we first give some sufficient conditions that a weighted
composition operator between real little Holder-Lipschitz algebras with Lip-
schitz involution be an order real isomorphism.

Theorem 2.1. Let (X, d) and (Y, p) be compact metric spaces and let T and
n be Lipschitz involutions on (X,d) and (Y, p), respectively. Suppose that
o, € (0,1), ¢ : Y — X is a Lipschitz homeomorphism from (Y, p?) to
(X,d*) with pon=Top onY and a is a nonvanishing positive function
in lip(Y, p%,n). Let T : lip(X,d*, 1) — lip(Y, p®, 1) be the map defined by

T(f)=a-(fop)  (fe€lip(X,d* 7))
Then the following assertions hold:
(i) T is well-defined, i. e., a-(fop) € lip(Y, p?,n) for all f € lip(X,d", 7).
(ii) T is an order real isomorphism from lip(X,d®, ) to lip(Y, p®,n). In
particular, T~ (h) = ——= - (ho ™Y for all h € lip(X,d*, ).

(i) [T(f)| = T(If1) for all f € lip(X, d* 7).
(iv) T(1x) = a and so T(1x) is a nonvanishing positive function on'Y.
53



ALIMOHAMMADI AND AHMADLOO

(v) T 1(1y) = GOS’% and so T~(1y) is a nonvanishing positive function
on X.

Let (X, d) and (Y, p) be compact metric spaces and let 7 and 7 be Lipschitz
involutions on (X, d) and (Y, p), respectively. Let z, = {z,7(x)} for x € X
and let y, = {y,n(y)} for y € Y. We denote by X, the set of all z, for
which z € X and by Y, the set of all y, for which y € Y. Let o, 3 € (0,1).

Now, we can obtain some properties of an order isomorphism 7T from
lip(X,d*, 1) to lip(Y,p%,n) with |T(iImf)] < T(Imf]|) for all
f € lip(X,d*, 7) and [T~ (iImh)| < T~ (|]Imhl|) for all h € lip(Y, p?, 1),
as follows.

Theorem 2.2. Let (X,d) and (Y, p) be compact metric spaces, let T and
1 be Lipschitz involutions on (X,d) and (Y, p), respectively, and let o, f €
(0,1). Suppose that T : lip(X,d™, 7) — lip(Y, p?,n) is an order isomorphism
with |T(iIm f)| < T(Im f|) for all f € lip(X,d*,7) and |T~'(iIlmh)| <
T=Y(|Imhl|) for all h € lip(Y,p%,n). Then T is a homeomorphism from
the real Banach space (lip(X,d%,7), ||"[|Lip(x,do)) to the real Banach space

(lip(Y, p°, 1), [ILip(v,p8))s T(1x) is a monvanishing positive function on'Y,
T~Y(1y) is a nonvanishing positive function on X and there exists a bijective
map ® :Y, — X; such that

0 T(Ny) = TOX)W@) for al y € Y, o € B(y,) and
f € lip(X,d, ) with f(z) € R.

(i) T7Y(h)(x) = T (1y)(2)h(y) for allz € X, y € & 1(x,) and h €
lip(Y, p°,m) with h(y) € R.

(ii) ®(yy) is a singleton whenever y € Y with n(y) =y and ®~1(z;) is
a singleton whenever x € X with 7(x) = x.

Applying Theorem 2.2, we can characterize the structure of order pre-
serving isomorphisms between lipg (X, d*)- algebras.

Theorem 2.3. Let (X,d) and (Y, p) be compact metric spaces and let v, 8 €
(0,1). suppose that T : lipg(X,d®) — lipg(Y, p?) is an order isomorphism.
Then T(1x) is a nonvanishing positive function on'Y, T~ (1y) is a non-
vanishing positive function on X and there exists a Lipschitz homeomor-
phism o from (Y,p%) to (X,d*) such that T(f) = T(1x) - (f o ) for all
f €lipg(X,d®) and T~ (h) = T (1y) - (hoyp™) for all h € lipg(Y, p?). In
particular, T(1x) = m and T-1(1y) = W.
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ABSTRACT. Convex analysis is a subset of mathematics that deals with
the study of convex sets, functions, and their properties. It plays a
significant role in optimization problems, especially within the field of
machine learning. As machine learning algorithms are often designed to
minimize or maximize an objective function while adhering to specific
constraints, understanding the principles of convexity can lead to more
effective algorithms and solutions.

1. INTRODUCTION

Convex analysis has emerged as a crucial area of study since the early
20th century, largely due to its applications in optimization problems, eco-
nomics, and various applied sciences. The works of mathematicians such as
Hermann Weyl and R. Tyrrell Rockafellar laid the foundational elements of
convex analysis, establishing key theorems such as the Separation Theorem
and duality principlesl. This area of mathematics continues to evolve, in-
tegrating ideas from functional analysis and topology. Convex analysis is a
branch of mathematics that studies the properties of convex sets and con-
vex functions. It plays a crucial role in optimization, economics, and various
fields of applied mathematics. Here are some key concepts.
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FIGURE 1. A geometric intuition behind convex functions.

1. Convex Sets: A set is defined as convex if for any two points within the
set, the line segment joining these points also lies within the set. Mathe-
matically,
Ve,ye S, X+ (1-NyesS, VYrelo1].
2. Convex Functions: A function f : R™ — R is called convex if its
domain is a convex set and it satisfies the following condition:

Ve,y € R", A€ [0,1]: fAz+ (1 —=Ny) < Af(x)+ (1 =N f(y).

This intuitive geometric property implies that the function curve lies above
the line segment connecting any two points on its graph(see figl).

2. MAIN RESULTS

The intersection of any collection of convex sets is convex.The closure of
a convex set is still convex. A convex combination of points within a con-
vex set remains in that set. If a function is convex, it has a unique global
minimum if it is continuous and defined over a convex set. Convex func-
tions are continuous on the interior of their domains, and their level sets
(i.e., sets where the function takes on a constant value) are also convex. In
convex functions, any local minimum is also a global minimum. This char-
acteristic is crucial for efficiency in finding optimal solutions. Also Convex
functions admit subgradients, enabling the formulation of optimization al-
gorithms that leverage this smoothness.Convex optimization problems are
a crucial area in mathematical optimization that focus on minimizing con-
vex functions over convex sets. These problems are well-structured in a
way that allows for efficient algorithmic solutions, often guaranteeing global
optimality under certain conditions.

minimize  fo(z)
x
subject to  fi(x) <0, i=1,...,m
hj(l’)zo, j:1,...,p.
Where:

e z € R" is the vector of variables,
e fo:R™ — R is the convex objective function,
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FIGURE 2. Supervised learning: A methodology for design-
ing a computer system f(.) with the help of a supervisor
which offers input-output pair samples, called a training data

set {(z®),y@)}m,

e f;: R™ — R represents the inequality constraints,
e hj : R" — R represents the equality constraints.

The least squares problem is a special case of convex optimization:
ming || Az — b||3, (2.1)

where A is a matrix and b is a vector.
Also, a linear programming problem can be formulated as:

minimize L

| (2:2)
subject to Az < b,

where ¢ is a vector of coefficients, and A and b define the inequality con-
straints.

Convex optimization is pivotal in various fields including economics, en-
gineering, and machine learning. Understanding its principles and applica-
tions is essential for solving complex optimization problems effectively. In
this section, we discuss its applications in machine learning [1].

3. MACHINE LEARNING

In this section, we will start investigating the field of machine learning and
the role of optimization therein. What we are going to do are three folded.
First of all, we will study what machine learning is and what the mission
of the field is. We will then explore one very popular and traditional way
to achieve the mission: Supervised learning. Lastly we will figure out
how optimization techniques are related to supervised learning. Machine
learning is about an algorithm which is defined to be a set of instructions
that a computer system can execute. Formally speaking, machine learning
is the study of algorithms with which one can train a computer system so
that it can perform a specific task of interest. The input, usually denoted
by z, indicates information employed to perform a task of interest. The
output, usually denoted by y, denotes a task result (see Fig2)[2].
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4. IMPORTANCE OF CONVEX OPTIMIZATION IN MACHINE LEARNING

Model Training: Many machine learning models, such as linear regres-
sion, logistic regression, and support vector machines (SVM), are formulated
as convex optimization problems. For instance, SVM aims to maximize the
margin between classes while minimizing a loss function, which is a convex
function.

Loss Function Minimization: Convex optimization helps in finding the
model parameters that minimize loss functions, which measure the differ-
ence between predicted and actual values. For example, in linear regression,
the objective is to minimize the mean squared error.

Efficient Algorithms

Guaranteed Convergence: Convex optimization comes with convergence
guarantees for various algorithms, notably gradient descent. If the objec-
tive function is convex and the learning rate is appropriately set, gradient
descent will converge to the optimal solution 1. Benefits in Practical Sce-
nartos

Robustness: Convex optimization problems tend to be less sensitive to
noise and perturbations compared to non-convex problems, making them
more reliable for real-world applications. This is crucial when dealing with
large and noisy datasets common in machine learning .

Broad Applicability: Convex optimization techniques are applicable across
numerous domains, including finance (portfolio optimization), engineering,
economics, and healthcare, showcasing their versatility.

But convex optimization is limited to convex problems [3].

5. CONCLUSION

Convex analysis stands as a cornerstone in the world of optimization and
machine learning. Its properties not only ensure the feasibility and effi-
ciency of algorithms but also guarantee robust performance across diverse
applications. Understanding convexity equips practitioners and researchers
with the tools necessary to tackle complex optimization problems prevalent
in today’s data-driven landscape. In fact Convex analysis provides a ro-
bust framework for addressing optimization problems that arise in various
machine learning applications.

REFERENCES

1. D. Bertsekas, A. Nedic, A. Ozdaglar, Convex analysis and optimization, Athena Scien-
tific, 2003 Mar 1.

2. S. Boyd, L.Vandenberghe, Convex Optimization, Cambridge University Press, 1. Cam-
bridge, 2004.

3. J. Nocedal, S.J. Wright, Numerical optimization, Springer, 1999.

59



-7 Mavember 2034
Avatollal Borapjerdl Universily

Boroujierd, Iran

STRONG CONVERGENCE THEOREM BY THE INERTIAL
SHRINKING PROJECTION ALGORITHM FOR
NONEXPANSIVE MAPPINGS IN HILBERT SPACES

SATTAR ALIZADEH"

Department of Mathematics, Marand Branch, Islamic Azad University, Marand, Iran
sattar.alizadeh10@gmail.com

ABSTRACT. In this paper, we present a new modified inertial shrink-
ing projection algorithm and prove a strong convergence theorem for a
nonexpansive mapping in a Hilbert space. Our results improve some
existing results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with the inner product (.,.) and the induced
norm ||.||. Suppose that C' is a nonempty closed and convex of H. A self
mapping S of C' is called nonexpansive if

Sz — Sy|| < ||z —yl, (z,yecC).

We denote by F(S) the set of fixed points of S.

It is well known that many of the most important nonlinear problems in
mathematics can be reduced to finding the fixed points of a certain operator,
and for many of these problems, contractive type conditions naturally arise.
The methods for finding the fixed points of such mappings are therefore a
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fundamental topic in mathematics and therefore of interest to many math-
ematicians. Thus, Many algorithms have been introduced by researchers.
These include the Mann iteration method [4] and the Ishikawa iteration
method [3]. The underlying space must be satisfied in appropriate prop-
erties in order to achieve convergence in these methods. In addition, it
is well known that we can prove only weak convergence of the sequences
generated by the Mann iteration process, even in Hilbert spaces. Also, in
Hilbert spaces, the Ishikawa iteration process for a Lipschitz pseudocon-
tractive mapping is convergent, while the Mann process is not. Also, in
Hilbert spaces, the Ishikawa iteration process is convergent for a Lipschitz
pseudocontractive mapping. The Mann process is not.

Recently, in order to obtain weak or strong convergence, authors have used
iteration methods in the framework of Hilbert spaces and Banach spaces,
see [1, 5] and references therein. In addition, in order to achieve a strong
convergence, many researchers have made extensive use of modified methods.

Let K be a closed convex subset of H and let Px be metric (or nearest
point) projection from H onto K (i.e., for x € H, Pk is the only point in
K such that ||z — Pgz| = inf{|lx — 2| : 2 € H}). Let x € H and z € K,
then z = Pgx if and only if:

(x —z,y — 2z) <0, (1.1)

forally € K
In 2008 Takahashi et al. [5] introduced an alternative projection method,
called the shrinking projection method. It is as follows:
Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. Let S be a nonexpansive mapping of C into H such that F(S) # 0
and let o € H. For C1 = C and u; = Pg, ¢, define a sequence u,, of C' as
follows:
Yn = Qply + (]— - an)Suru
Cnt1={2 € Cn: [|(yn — 2l < [Jun — 2[I},
unt+1 = Po, %0, n €N,
where 0 < a, < a < 1 for all n € N. Then, u, converges strongly to
20 = P F( S)l'O-
In 2018 Dong et al. [2] proposed modified Mann inertial algorithm for a
nonexpansive self-mapping S of a Hilbert space H with F(S) # 0:

xg, 1 € H chosen arbitrarily,

Wy, = Ty, + @ (Ty, — Tp—1),

vp = (1 = Bn)wn + BrSwn,
Co={2€H: |lyn— 2| < |lwn — 2|},
Qn={z€H: (x, — z,x, —x0) <0},

Tn+1 = Pe,ng, %o,
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for alln € {0}UN, where {a, } C [a1, a2, a1 € (—00,0], ag € (00,0], {Bn} C
[8,1], B € (0,1]. Then {z,} is strongly convergent to Pp(g)o.

(1)

2. MAIN RESULTS

In this section, by modifying the inertial shrinking projection algorithm,
we prove a strong convergence theorem for a nonexpansive mapping in a
Hilbert space.

Theorem 2.1. Let H be a real Hilbert space and S : H — H be a nonex-

pansive mapping such that F(S) # 0. Let {x,} be generated by the following
algorithm:

xo,x1 € H chosen arbitrarily,

Cy=H,

Up = Tp + apn(Tn — Tp_1),

Yn = Bnzn + (1 — Bn)Sun,

Zn = Ynn + (1 = 75)Sup,

Cnpr={u e Cn: |lyn —ull < flun —ull},
\Zn+1 = Po, 1 To,

for alln € N. Where oy, € (0,1) and {Bn}, {7} € [0,1] satisfy liniinf(l —
Brn) >0 and le Yn = 0. Then {x,} converges strongly to Pr(s)To-

Corollary 2.2. Let H be a real Hilbert space and S : H — H be a nonex-

pansive mapping such that F(S) # 0. Let {x,} be generated by the following
algorithm:

xg, 1 € H chosen arbitrarily,

Co = H,

Up = Ty + (g, — Tp—1),

Yn = Bntn + (1 = Bn)Sun,

Crs1={u € Cn: [lyn —ull < |lun —ull},
 Tnt1 = Po, 4, %o,

for all m € N. Where o, € (0,1) and {8}, € [0,1] such that liminf(1 —

n—oo

Bn) >0 . Then {zn} converges strongly to Pp(g)To-

Proof. Letting v, = 1 in Theorem 2.1, we get the desired result. (I
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ABSTRACT. In this paper, by introducing a new hybrid method, we
prove strong convergence theorems for families of generalized nonex-
pansive mappings related to this algorithm in Banach spaces. Using
these theorems, we obtain some new results for these mappings.

1. INTRODUCTION

Throughout this paper, N and R denote the sets of positive integers and
real numbers. Also, let E be a real Banach space with the dual space E*
and let C be a nonempty closed convex subset of E.

A self-mapping T of C is called nonexpansive if

[Tz =Tyl < |z —yll, (z,y €C).

We denote by F(T) the set of fixed points of T'.

The theory of nonexpansive mappings is an important topic that can have
a wide range of applications, see [2, 1] and references therein.

In recent years, many authors have proved weak or strong convergence
theorems for a number of nonlinear mappings by means of various iteration
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methods in the framework of Hilbert spaces and Banach spaces, see [2, 1]
and references therein.

Definition 1.1. Let E be a real Banach space with ||.|| and dual space
E*. We denote the weak convergence and the strong convergence of {x,} to
x € FE by x, — x and =, — x, respectively and denote by J the normalized
duality mapping from E into 2" defined by

Ju={a" € E": (z,2") = ||z = [|l2"|*},

for all z € E, where (.,.) denotes the generalized duality pairing between F
and E*.

Definition 1.2. Let C be a nonempty, closed convex subset of a smooth,
strictly convex and reflexive Banach space E. We denote by ¢ the function
¢ FE x E — R defined as follows:

o, y) = ll2|* = (z, Jy) + Ilyll*, Yo,y € E.
Observe that if F is a Hilbert space then ¢(x,y) = ||z — y||%.

Definition 1.3. Let C' be a nonempty, closed convex subset of a smooth,
strictly convex and reflexive Banach space E. The generalized projection
II¢ : E — C is a mapping that assigns to an arbitrary point € E the
minimum point of the functional ¢(z,y), i.e., llcx = xo, where z¢ is the
solution to the minimization problem

Let T be a self-mapping of C. A point p in C is said to be an asymptotic
fixed point of T' [1], if there exists a sequence {x,} in C such that z, — p
and ||z, — Tz,|| — 0. We denote by F(T) the set of all asymptotic fixed
points of T. Further, p € C is called a strongly asymptotic fixed point of
T if there exists {x,} C C such that z,, — p and lim,,_, ||z, — Tx,|| = 0.

We denote by F the set of strongly asymptotic fixed points of T. p € C' is
called a generalized asymptotic fixed point of T' [7], if there exists {z,} C C
such that Jx, — Jp and || Jz, — JTx,|| — 0. We denote by F(T) the set
of generalized asymptotic fixed points of S.

Definition 1.4. [3] Let C be a nonempty, closed convex subset of a smooth,
strictly convex and reflexive Banach space F such that JC is closed and
convex. To study the equilibrium problem, for the bifunction f : JCxJC —
R, we assume that f satisfies the following conditions:

(A1) f(a*,2*) =0 for all z* € JC;

(A2) f is monotone, i.e., f(z*,y*) + f(y*,z*) <0 for all z*,y* € JC;

(A3) for each z*,y*, z* € JC,

1&8 fltz" + (1 —t)z",y") < f(z",y");

(A4) for each z* € JC, y* — f(2*,y*) is convex and lower semicontinu-
ous.
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2. MAIN RESULT

In this section, by introducing a new hybrid method, we prove strong
convergence theorems for families of generalized nonexpansive mappings.

Theorem 2.1. Let C be a nonempty closed convex subset of a uniformly
smooth and uniformly convex Banach space E such that JC 1is closed and
convex. Let f: JC x JC — R be a bifunction satisfying (A1) — (A4). Let
{51, 52,53} and F be families of generalized nonexpansive self mappings of
C such that F(S1) N F(Se) NF(S3s)NF(F)#0, EP(f)yNF(F) # 0 and

F(T) = F(T) for all T € F. Let Cy, = C and {x,} C C be a sequence
generated by x1 = x

Up, € Gy, s.t. f(Jup, Jy) + %(un —p, Jy — Juy) >0, Yy e C,

Yn = QnZp + (1 — a) (W Sun + A Tupn + pnUuy),

Zn = BnYn + (1 - ﬁn)(’ynslxn + ApSowy, + MnS?)mn)a

Cni1={u € Cp : ¢(2n,u) < ¢(n,u)},

Tn+1 = Re, 7,

Jor alln € N, where R¢, ,, is the sunny generalized nonexpansive retraction

of E onto Cpy1 and {an}, {Bn}s {1}, { \n} and {un} are sequences in [0, 1]
satisfying the following conditions:

(i) liminf(1 —ay,) > 0; (i) lim B, =1; (i) Y+ An + i = 1;
n—oo n—oo
(iv) liminf v, A\, > 0, liminf v, u, > 0 and liminf A\, p, > 0
n—00 n—00 n—00
and ry, C (0,00) such that liminfr, > 0. Then, {x,} converges strongly to
n—oo

wo = RpF)nep(p), where Rrnpp(y) is the sunny generalized nonexpansive
retraction from E onto F(F) N EP(f).

Corollary 2.2. Let C be a nonempty closed convexr subset of a uniformly
smooth and uniformly convexr Banach space E such that JC is closed and
convex. Let f: JC x JC — R be a bifunction satisfying (A1) — (A4). Let
{51,552, 53} and F be families of generalized nonexpansive self mappings of
C such that F(S1) N F(S2) NF(S3)NF(F)#0, EP(f)yNF(F) # 0 and

E(T) = F(T) for all T € F. Let C; = C and {z,} C C be a sequence
generated by r1 = x

up € Cp s.t. f(Jup, Jy) + %(un — &y, Jy — Ju,) >0, Yy eC,

Yn = Ty + (1 — an) (Y Sun + A Tup + pnUuy),

Crt1 = {u € Cp : ¢(Yn,u) < d(xn,u)},

Tny1 = Re, 7,
Jor all n € N, where Rc,,, is the sunny generalized nonexpansive retrac-

tion of E onto Cpy1 and {an}, {7}, {\n} and {un} are sequences in [0,1]
satisfying the following conditions:

(i) liminf(1 —ay) > 0;  (i1) Yo + Ap + pin = 15
n—oo
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(iii) liminf~y, A, > 0, liminf v,y > 0, liminf A, p, > 0
n—o0 n—o00 n—o0
and r,, C (0,00) such that lini)inf rn > 0. Then, {z,} converges strongly to
n o

wo = RpF)nep(y), where Rrnpp(y) is the sunny generalized nonexpansive
retraction from E onto F(F) N EP(f).

Remark 2.3. Since, in a Hilbert space, ¢(x,y) = ||z — y||? for all z,y € H
and J is the identity mapping and a nonexpansive mapping 7' : C — H
with a fixed point is also a generalized nonexpansive mapping, so, we can
obtain the following new result for three nonexpansive non- self mapping
using Theorem 2.1 gives the desired result.

Theorem 2.4. Let C' be a nonempty closed convex subset of a Hilbert space
E. Let f : CxC — R be a bifunction satisfying (A1)—(A4). Let {S1,S2, S5}
and F be families of nonexpansive self mappings of C' such that F(S1) N
F(So)NF(Ss)NF(F)#0, EP(f)NF(F)#0. Let C; = C and {x,} C C
be a sequence generated by x1 = x

( fun,y) + = (Un — T,y —un) >0, Yy eC,
Yn = nTn + (1 — an)(WSxn + ATz + unUxy),

Zn = Bnyn + (1 = Bn) (mSTn + MTxn + pnUzy),
Cn={uecC:|zn—ul < lzn—ul},
Qn={ueC:(xy,—ux—xz,) >0},

Tn1 = Pc,nQ,,
for alln € N, where {an}, {Bn}, {1}, { \n} and {u,} are sequences in [0, 1]
satisfying the following conditions:

(i) Hminf(1 = an) > 0; (i) lim B =1; (i) Yo+ An + pin = 1
(iv) l%lni)ioréf YnAn > 0, I%Lni)ioréf Yntbn > 0 and linrr_1>i£f Anpin >0

and r, C (0,00) such that liminfr, > 0.Then, {x,} converges strongly
n—o0

to wo = Prapp(s)T, where Prapp(y) ts the metric projection from E onto
FNEP(f).
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ABSTRACT. This work discusses the existence of common fixed points
for a-admissible self-maps in Perov-type metric spaces. A theorem is es-
tablished based on these results, demonstrating the existence of solutions
for nonhomogeneous nonlinear integral equation systems, supported by
a relevant example that illustrates the applicability of the findings.

1. INTRODUCTION

Integral equations are essential for solving initial value problems in differ-
ential equations, which emerge from the mathematical modeling of various
scientific issues, such as epidemic spread, heat conduction, semiconductor
devices, energy storage in renewable and diesel generation systems, etc [1].
Numerous studies have examined solving integral equations, each has its
advantages and disadvantages. What is clear is that it is essential to con-
firm the existence of solutions for the integral equations before applying the
provided solution methods. One of the important tools in this context is the
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fixed point theory. Extensive research has presented the existence of solu-
tions of differential or integral equations systems using fixed point theory in
various metric spaces (See [1, 2, 5], and references therein).

This work presents some results about the existence common fixed point
of a-admissible selfmaps in Perov-type metric space. Then, a theorem is
presented via obtained results demonstrating the existence of solutions for
nonhomogeneous nonlinear integral equations systems, supported by an ap-
plicable example that highlights the results’ applicability.

2. MAIN RESULTS

Let X be an arbitrary nonempty set. Denote the usual component-wise
partial ordered space by (R, <). Consider each element v € R as vT =

(v', v, -+ ,v"). Then, for each v,w R, if v! <w! (v <), for1=1,2,--- 1,
then we have v <w (v<w), respectively. Perov-type generalized metric is a
mapping my: X x X — R, which satisfies all the usual axioms [3]. Consider

M, (R4 ) and I as the set of all rxr matrices with positive elements and the
identity rxr matrix, respectively. A matrix Q € M, (R ) is convergent to
zero when Q' — 0. Let S, T:X — X be two selfmaps and o : X x X — R*.
Then,

(i) S is called a-admissible if a(v,w)>1 implies a(Sv, Sw) >1;
(ii) The pair (S, T) is a-admissible if a(v,w)>1 implies a(Sv, Tw) > 1.

Theorem 2.1. Let (X,mp) be a complete Perov-type metric space, Q a

matriz in My (RT) convergent to zero, and S, T:X— X a pair of continuous

a-admissible selfmaps on X. Suppose that there exists v, € X such that

a(s, Sw) >1, and also for each v,w € X, there exists Ly, € Ay such that
a(v,w)mp(Sv, Tw) = QL

where

Ay ={mp(v,w), mp(v, Sv), my, (w, Tw),

(I+ Q)_lmp(v, Tw), I+ Q)_lmp(w, SU)}B

Then S and T have a common fized point.

= ol

Example 2.2. Let X=[-2,2], Q= ( ), and mp: X x X —R? defined by

w
= ol

4
mg(v,w):(lv —wl|,dlv —w|), (Vu,weX, d€]0, g])
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Define S, T: X — X and a(v,w): X x X =R+ by

v+3 ve[-2,-1], )
Sv=<v—-3 well,2], , Tw:{?’w we(—l,l),’
%U ve(—1.1). w else.
and
3 vwel-2,-1]x1,2],
a(v,w)=a(w,v)=<¢1 v,we(-1,1),
% else.

S and T satisfy the conditions of Theorem 2.1 and have the common fixed
point v*=0.

In the next, it is proved the existing of solution of a nonhomogeneous nonlin-
ear integral equations system by utilizing the obtained results in this work.
Let t1,t0 € R, t1 < tg, and X = C([tl,tg],R), where C([tl,tg],R) is the
space of all continuous functions from [t1, to] into R. Consider the following
nonhomogeneous nonlinear integral equations system:

{ + [ K(t, € 0(E))dg
+ 268, w(€))de,

where IC,G: [tl,tz] xR—R and v,w,x,y € X. Let mp:X? —R% is defined
by:

(Vt, & €t1, t2]),

my (v, w) = ([[v = wlloos v = wll), (Yo,weX), (2.1)
in which
t2
[v—wllo= sup [v(t) —w(t)l, IIU—WIh:/ [u(t) — w(t)|dt.
t€[t1,t2] t1

It is obvious that (X, mp(v,w)) is a complete Perov-type metric space. Define
the selfmaps S, T:X—X as fOHOWS'

Tw( =y(t f tg, )dg,

where K and G are bounded continuous functions.

(Vt, &€ t1, t2]), (2.2)

Theorem 2.3. Let X=C([t1,t2],R), Q= <q11 q12> €M, (Ry) convergent

dz21 22
to zero, the metric function my : X2 - Ri and selfmaps S,T: X — X are
defined by (2.1) and (2.2),respectively, and a(v,w) = a(v(t),w(t)), for all
v,wEX and t € [t1, ta], which may has different constant values on different
subintervals of [t1,t2]. Consider for each t,& € [t1,t2],

(0,606 - 9t 6w < - (P50 ix0) -y (23)

where y=min{qi1,q22}. Then S and T have a common fized point in X.
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Example 2.4. Consider the bellow integral equations system:

{ () =x(1) + o' (6 & v(€))de -
() =y (0) + i Gt & w(€))de,
inwhich for all t,£ € [0, §],
K06, 0(€) =520 (§ — (©), 0(1.6.€) =t(C2E —sn(@),
x(t):(%sin(t))z, y(t):gt.

It can be easily show that the equations solutions in (2.4) are
U(t):gsinz(t), w(t)=t,

v,w,x,y € C([0, §],R), and K and G are bounded continuous functions on
(0,%]. Figure 1 shows the common solutions (t=0, %) of v(t) and w(t) for
the system (2.4). Let

e, e i i i i L i
1 AW M LT EJd LI 4T LN CEOE ATET BT
1

FIGURE 1. Graphical show of common solutions for the system (2.4).

a(v(t),w(t)):{ ;/ﬁ tE[%) %]7

3 else.
9 1
for all v,weX, and Q= 1(;) 190 . Clearly, QeMa2(R;) is convergent to
10,

zero and it can be easily check that inequality (2.3) holds for t,£€[0, 7].
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ABSTRACT. This work aims to prove the existence of the solution for
homogeneous nonlinear integral equation systems based on an approach
of common fixed points for a-admissible selfmaps within the double
controlled Perov-type metric spaces. An applicable example highlights
the practical relevance of the findings.

1. INTRODUCTION

Integral equations have significant applications in medicine, science, and
engineering. Numerous studies have examined solving linear /nonlinear and
homogeneous/nonhomogeneous integral equations so far [3]. Verifying the
existence of solutions for the integral equations is crucial before applying
the proposed solution methods. One of the key tools in this context is fixed
point theory. Research has shown the varied approaches of the fixed point
theory for proving the existence of solutions for different integral systems
across various metric spaces (See [1, 2], and references therein).

This research introduces the double controlled Perov-type metric space and
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space, a-admissible selfmap, Homogeneous nonlinear integral equations system.
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discusses the existence of common fixed points for a-admissible selfmaps
within this space. A theorem is subsequently presented that shows the
existence of solutions for homogeneous nonlinear integral equation systems
based on this research outputs. Finally, an example is provided to illustrate
the practical applicability of the results.

2. MAIN RESULTS

Let X be an arbitrary nonempty set and (R, <) the usual component-wise
partial ordered space. Consider each element £ € R as €T = (¢4, €2, | &F).
For &, nelR, if £ <" (" <w"), for k=1, ,1, then we call {<n (£=<n).

Definition 2.1. Consider two functions oy, : X x X — Ry such that
0i(&,m) > 1, for each {,n€ X and j=1,2. The mapping A, : X xX =R, is
called double controlled Perov-type metric if for all £,n, (e X

(1) Ap(&m) =0, (Ap(&,m)=0 iff E=n);
(i) Ap(&,m)=Ap(n,&);
(Z”) AP(&: 77) j 01 (57 C)Ap(éa C) + UQ(C? n)AP(Ca 77)

(Perov-type metric is a mapping d : X x X — R, which satisfies all the
usual axioms [1]). The pair (X, A}) is called a double controlled Perov-type
metric space. The consepts of Cauchy and convergent sequence in a Ap-
metric space and completeness of space are defined similar to those in a
metric space. Clearly, Ap-metric space is the Perov-type b-metric space, if
oi(§,m)=b>1, for all {,neX and j=1,2.

Denote M, ;(Ry) and I as the set of r xr matrices with positive elements
and identity r xr matrix, respectively. A matrix Q€ M, (R} ) is convergent
to zero if Q¥ —0. Let mappings ®, ¥: X — X and a: X x X —R™. Then,

(i) @ is called a-admissible if «(&,n) > 1 implies a(PE, Pn) >1;
(ii) (P, W) is a-admissible if a(£, n) > 1 implies a(PE, Un) > 1&a(¥n, PE) > 1.

Theorem 2.2. Let (X,Ap) be a complete double controlled Perov-type met-
ric space, Q€ M, (R") convergent to zero, and (®,¥) a pair of continuous
a-admissible selfmaps on X. Assume that

(1) For any arbitrary sequences {&}i>0 and {nj}j>o0 in X,

| RA(Q™) - Ay(6, &)
3;8 (Jliglo o1 (&41, &+2) 02 (41, m0) Ri(Q) - Ap?&”gl) ) <1,

where Ri(QY) is the i-th row of the matriz QJ, fori=1,2,--- 1;
(ii) V&, neX, there exists L' € A'¢ 5p; a(§, 1) Ap(PE, Un) 2 QL¥¢ ), where

Aen={ Ap(€m), Ap(E, BE), Ay(n, ),

I+ 02(PE, Un)Q) M AR (&, ), (I + o1 (PE, Un)Q) ' Ap(n, <I>§)};
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(iii) There exists & € X such that a(&, &) >1
Then ® and ¥ have a common fixed point.

Example 2.3. Let X=[— 2,2] AT(Em) = (|§—77|%,|§—17|),foreachﬁ',né%,

11
and Q= (‘11 ?) Define functions o1, : X x X —RT by 01(5,7]):\/5 and

w
—
o

€ —nl7 (& m)el-3,—1)x(1,3],
V2 else,

The condition (i) satisfies for any {&}, {n,} CX, and A, is complete double
controlled Perov-type metric. Define ®, U: X —X & a({ n):X x X—=R* by

02(6,77)202(7775)2{

¢+3 ¢el-3,-1, ~(n+3) nel-3,-1],
PE=0E6-3 ¢e[l,3], . Un=<-(n-3) nel,d],
-&  £e(-1,1). -1 ne(=1,1).
% 57776[_%7_ ]X[Lg]:
a§,n)=an, =41 &ne(-1,1), E=n,

0 else.
® and ¥ satisfy all rules of Theorem 2.2 and £ =0 is common fixed point.

Let J=[t1,t2] CR and X=L2(J). Consider the bellow system:
{ £(6) = [ K(t,5,£(5))ds

n(t) = [2 G(t,s,n(s))ds,

where £,n€X and K,G:J?>xR—R. Define A '%X%%Ri by:

AL&n) = (VIE=nll, 1€ =nll2), (V& neX), (2.1)

1

where [[€ — |y = [ [6(t) — n(t)|dt and [|€ — nlla = ( [? |€(t) — n(t)[dt)*.
Ap(€,n) is complete double controlled Perov-type metric with o;(£,7) =+/2.
Theorem 2.4. Let X=L%(J), A,:X?> = R2 is the metric defined by (2.1),

a(&,m) =a(&(t),n(t)), for EneX and te]. Let Q= (:“ a”) € M (R )

21 a22

(Vt,s€J),

be convergent to zero such that

RO A6.6)
j=oo Ri(Q)) - Ap(&,&1)

<7 (v&7£1€%7 1:172)

OE(t) = [, K(t,5,£(s))ds,
Un(t)= [ G(t,s,n(s))ds,

inwhich K and G are bounded continuous. Let 6 =min{a3;, (£, n)ag} and

(5,66)) = Ot 515 < e g e (D). (22)
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Then ® and ¥ have a common fized point in X.

Example 2.5. Consider the following integral equations system:

£(0) = [ (e, €(5))ds,

1 (2.3)
n(t) = J;? G(t.s.n(s))ds,
where
22 D2 Cth2 g
’C(tvsaf(s))—m, g(t,s,n(s))—ﬁ@ ",

for all t,s € [%, %] It can be verify that the solutions of equations in the

system (2.3) are £(t) =4'"! and n(t) =t. Undoubtly, £,n€L?([1,3]), and
K,G are bounded continuous on [, 3]. Figure 1 shows that t = 1 is the

common solution of £(t) and n(t) for the system (2.3). Assume that

FIGURE 1. Graph of common solution of £(t) and 7(t) for the system (2.3).

a<s,n>=a<s<t>,n<t>>:{ VIT telf )

for all &,n€ X, Q= <V(§’-197 0%3>, and @, W : L2([3, 1)) — L2([2, 1)) are
defined by:
1 1
2 45In?2 2 t41751n 2 11
DE(t) = ———ds, Un(t)= ———ds, (Vt,s€ [7, f])
1oV2-1 1oyV2-1 4’2

One can easily verify that (2.2) holds for t,s €[, 3] and t=3 is a solution
of the integral equations system (2.3).
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ABSTRACT. In this paper, we present isomorphic classification of weighted
on two new subsets of complex plane. Also we obtain a necessary and
sufficient condition for boundedness of composition operators on these
spaces.

1. INTRODUCTION

For a holomorphic function f : O — C we define the weighted sup-norm
[fllo = sup | f(2) [ v(2)
z€0

and weighted spaces
Hy(0) ={f:0 —C:|f|lv < oo}
and
H,,(0)={f € H,(O) :| f(2) | v(z) vanishes at infinity}.
| f| v vanishes at infinity if for any € > 0 there is a compact subset K C O

such that | f(2) | v(z) <eforall z € O\ K.
Firstly consider the following set.

Cr={fweC:w#0, -r<arg w<n}=C)\ (—00,0].

2020 Mathematics Subject Classification. Primary 46E15; Secondary 46B03
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By a standard weight v on Cy we mean a continuous function v : Cp — (0, 00)
such that

v(s) <wv(r) if 0<s<r and lim v(r)=0. (1.1)
r—0+

Also we are deal with
Dp:=DnNCy :]D)\ [—1,0].

where D := {w € C: | w |< 1} is the unit disc.
Here by a standard weight v on Df we mean a continuous function v : C; —
(0, 00) which satisfies similarly relation (1.1) on Dy.

Definition 1.1. (a) A standard weight v : C; — (0, 00) satisfies (x)¢, if
kez v(22(+71D)

1

and satisies (sx)c, if

- U(22(k—1))
in —_
neN 2212 v(22(k—14n))
(b) A standard weight v : D — (0, 00) satisfies (%)p
k
U(5is)
sup ——2
keZ U(m)

< 1.

if

1
< 0

and satisfies (x*)p, if
2k
. U( 2k+2)
inf sup ok itn
neN ke v(5irngs)

<1.

Example 1.2. (a) For any w in C; we define v(w) = (Im(iw%))2 and
v2(w) = min(vy(w), 1). vy satisfies both (%), and (**)¢, while vy satisfies
only (*)c;-

(b) For any w in Dy we define vg(w) =| 2~ | and v4(w) = min(vs(w), 1). vs
satisfies both (%)p, and (s*)p, while vy satisfies only (x)p,.

By constructing two conformal maps from Cy and Dy onto the upper half-
plane respectively and using results of [2] and [3] we characterize isomorphic
classification of H,(Cy), Hy,(Cr), H,(Dr) and H,, (D). Besides we use re-
sults of [1] for obtaing a necessary and sufficient condition for boundedness
of composition operators.

2. MAIN RESULTS

As our main results on the isomorphic classifications of weighted spaces
H,(Cy), H,,(Cy), H,(Dg) and H,,, (D) we obtain

Theorem 2.1. Let v be a standard weight on Cy satisfying (x)c,. Then
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(i) Hy(Cy) is isomorphic to L if and only if v satisfies (xx)c;.
(ii) Hyo(Cy) is isomorphic to cy if and only if v satisfies (xx)c;,.

(iii) H,(Cy) is isomorphic to Hx(D) if and only if v does not satisfy
(xx)c,. Where Hoo(D) is the space of all bounded analytic functions
on the unit disc D.

Similarly for H,(Dr) and H,,(D;) we have

Theorem 2.2. Let v be a standard weight on Dy satisfying (x)p,. Then
(i) Hy(Dy) is isomorphic to L if and only if v satisfies (sx)p,.

(ii) Hy,(Dy) is isomorphic to co if and only if v satisfies (s*)p,.

(iii) Hy(Dyp) is isomorphic to Hoo(D) if and only if v does not satisfy
(%), .

For boundedness of composition opeartors on H,(Cy) and H,(Dp) we
present two following theorems:

Theorem 2.3. Let v and vy be standard weights on Cy such that v satisi-
fies (x)c,. Also suppose ¢ : C; — Cy is a nonconstant holomorphic
map. Then the composition operator Cy, : H,, (Cr) — H,,(Cy) (defined
by Cu(f) = f o) is a bounded operator if and only if

sup M < 00.

wety V1(p(Ww))
Theorem 2.4. Let v; and vy be standard weights on Dy such that v satisi-
fies (x)p,. Also suppose ¢ : Dp — Dy is a nonconstant holomorphic map.
Then the composition operator Cy : Hy, (Dr) — Hy, (Dy) is a bounded op-
erator if and only if

supM < 00.

weby V1(p(w))
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ABSTRACT. In this talk, we speak about a introducing a weaker than
its topology which is made by Matthews in partial metric spaces(PMS).
Some illustrated examples are included. Also, we also, focus in the
definition of partial metric space to improve it.

1. INTRODUCTION

After introducing partially metric spaces by Matthews in [3] many papers
are written specially in fixed point theory which all of them turn on p(a, a) is
not zero. In this paper we make a weaker than its topology and we remove
the condition p(x,z) < p(x,y) in the following main definition of partial
metric. For more detail refer to [1, 2].

Definition 1.1 ([3]). Let X be a nonempty set and p: X x X — RT be a
self mapping of X such that for all z,y, z € X the followings are satisfied:

pl v =y <= p(r,z) = p(z,y) = p(y,y),
p2 p(x,z) < p(,y),

p3 p(z,y) = p(y, z),

pd p(x,y) < p(z,2) +p(2,y) — p(z, 2).

2020 Mathematics Subject Classification. Primary 47H10; Secondary 5/H25
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Then p is called partial metric on X and the pair (X, p) is called partial
metric space (in short PMS).

Note p on X generates a Tp topology 7, on X, whose base is a family of
open p-balls
{Bp(z,e) :x € X,e >0}
where
Bp(z,¢) ={y € X : p(z,y) < p(z,v) + ¢},
for all x € X and € > 0.

2. MAIN RESULTS

Now we introduce new definition of partially metric.

Definition 2.1. Let X be a nonempty set and p: X x X — R be a self
mapping of X such that for all z,y, z € X the followings are satisfied:

pl p(z,x) = p(z,y) =p(y,y) < ==y,

p3 p(xv y) = p(:l/vx):

p4 p(z,y) < p(x,2) +p(z,y) — p(z, 2).
Then p is called partial metric on X and the pair (X,p) is called partial
metric space.

Put
d(z,y) = p(z,y) — min{p(z,z),p(y,y)} + klp(z,z) —p(y,y)|.  (2.1)
Proposition 2.2 ([1]). d is a metric on X.
If we define weak topology 74 by the balls
Bfj(r,e) = {y € X : d(w,y) < e},
for every k € (0,1). Then 74 is Tp.

Theorem 2.3 ([1]). Balls BX(z,¢) for every x € X and e > 0 makes a base
for topology 74.

Corollary 2.4 ([1]). Let (X,p) be a complete partially metric space. T a
self mapping on X and

p(Tx, Ty) — min{p(Tz, Tz), p(Ty, Ty)} < l(p(x,y) — min{p(z, ), p(y,y)}),

for some l € [0,1) and for every x,y € X. Then T has a unique fized point
on X.
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ABSTRACT. Let X be an infinite-dimensional complex Banach space.
For an operator T' € L(X) and a vector x € X, let Jr(z) denote the
set of all points y € X such that x, — « and T**z,, — y for some
sequences {zn} C X, {kn} C N and kny1 > kn. If Jr(z) = X, z #0,
then T is called a J-class operator. In this paper, we show that J-class
is preserved under isomorphism, Furthermore, to get more familiar with
J-class operators we will give a nontrivial example of J-class operator
on £2(N).

1. INTRODUCTION

Assume that X is a complex Banach space and T is a linear continuous
operator on X. If for every nonempty open subsets U,V of X, there exists
a positive integer n so that T"(U) NV is nonempty, then T is called tran-
sitive. If the underlying space is considered as a separable Banach space,
then transitivity is equivalent to hypercyclicity. To clarify the notion of hy-
percyclicity, note that if for an z € X, orb(T,x) = {T"z; n = 0,1,2,---}
is a dense subset of X, then x is called a hypercyclic vector for T" and in
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this case T is called a hypercyclic operator. It is well known that X is an
infinite-dimensional separable Banach space if and only if there exists a hy-
percyclic operator on it, [5]. Therefore every non-separable Banach space is
ignored in the hypercyclicity. Thus the authors in [3] proposed J(z) for an
operator T and a vector x in Banach space X as following;:

Jr(xz) = {z € X : there exist a sequence {z,} C X and a strictly
increasing sequence of positive integers {my}, such that z, — x
and T™" z, — z}.

Note that, an operator T is called a J-class operator if there exists a
non-zero x € X such that Jp(x) = X and every hypercyclic operator is
an example of the J-class operators. It worth to mention that, there exist
many J-class operators on the non-separable infinite Banach spaces ¢*°(N),

[3]. Also note that, an equivalent definition for the set Jr(x) through the
open sets was introduced, [2]. To be precise;

Jr(x) ={z € X : for every pair of neighborhoods U, V of x, z
respectively, and every N € N, there exists an integer
n > N such that T"U NV # ¢}.

More information can be seen in [1], [1] and [7].

In the following, we will show that J-class is preserved under isomorphism.
Furthermore, to get more familiar with J-class operators we will give a non-
trivial example of J-class operator on £?(N).

2. MAIN RESULTS

_ It is well known that, if a hypercyclic operator T is isomorphic to f, then
T is also hypercyclic; that is, hypercyclicity is preserved under isomorphism.
Hence It is natural to raise the following question;

Question: Is the J-class preserved under isomorphism?

The answer to this question can be seen in the following theorem.

Theorem 2.1. Let T' be a J-class operator on X and also let T' be isomor-
phic toT on'Y. Then T is a J-class operator.

Proof. Assume that J(z) = X,z # 0 and S : ¥ — X is a linear and
continuous isomorphism and T := S7IT'S. We want to show that S~1z is
a J-class for T or equivalently Jz(S ~12) =Y. Thus for an arbitrary y € Y’
there exist some sequences {x,} C X and a strictly increasing sequence of
positive integers {m,} such that

Tp —x and Tz, — Sy.

Hence "
S~ 'z, — S 'z and T™ S lz, =S, — vy

Therefore the proof is completed. O
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To get more familiar with J-class operators we give a nontrivial example
of J-class operator on ¢2(N) in the following.

Example 2.2. Consider weighted backward shift operator 7" on £2(N) given
by:
3 454
T(zb 2%, ) = (222, iw?’, §x4, cee).
Also let Y be the set of finite sequences with entries z € C that Re(z) €
Q, Im(z) € Q. Since Y is dense in ¢?(N), so there are strictly increasing
sequence {2k}, sequence {1} C Y that

zp = (21,0,23,0,--- ,2%710,0,---),
zr — 0 as k — oo and T%z;, = 0. Now, for the random member
Y= (y1707y370,... ’y2mﬂ,0,07...) cyY
and k > 1, we set;

1 3 2m+1
y 3y (2m+ 1)y
= Oa"'voa aOa aoa"'a—aoa 07
wa() = Q0 5770 5 20k +m) + 1 )
2k—times

Clearly, for every k € NU{0}, war(y) belongs to Y and the sequence {way(y)}
is a sequence in ¢2(N). Since

2 .
|rw2k<y>\12:f| Iy < A Syl
2k + (2k +1)

so wo(y) — 0, as k — oo. Note that for n > 1:

1 1
Tn<$1,$2,$37"') — <(n+1)xn+l, §<n+2)xn+27 3(n+3) n+3 >7

thus
1 2k +3 3
T =((2k+1 ! 3,0, -
wanls) = (26 152 0. D
2k+m)+1,, 2m+1 .
( )( )y 0,0, ) =

em+1) 2k rm +1

Hence all conditions of the J-class Criterion in [1] holds and Jr(0) = ¢?(N)
and consequently [3, Proposition5.13] implies that Jy(z) = ¢3(N) for some
nonzero z € (2(N).
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ABSTRACT. The main aim of the following text is to classify all expan-
sive weighted generalized shift operators on ¢” spaces.

1. INTRODUCTION

If T is a nonempty set and ¢ : I' — I is arbitrary, for arbitrary set X,
let’s call 0, : XU — X with 0,((2i)ier) = (zo0))ier (for (z:)ier € XT),
a generalized shift, which has been introduced for the first time in [2], as a
generalization of one—sided shift and two—sided shift. Now suppose X is a
vector space over field F' and choose weight vector a = (a;);er € F', then one
may consider weghted generalized shift 0,4 : X' — XU with 0 4((2;)icr) =
(@i (i) )ier (for (zi)ier € XT), weighted generalized shifts are a common
generalization of weighted shifts and generalized shifts, they are known as
weighted composition operators too. Let’s refer the interested reader to [1].

Consider nonzero cardinal number 7, CT is a vector space over C in a natural
way. Forp € [1,400) let (P(1) = {x € C" : ||z||, < +o0} and equipp (P(T)
with norm || ||p.

For metric space (Z,D) we call a homeomorphism f : Z — Z expansive
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if there exists € > 0 such that sup{D(f"(z), f"(y)) : n € Z} > € for each
distinct x,y € Z.

Ezxpansive generalized shifts on Cantor sets have been studied in [3]. In this
text we study expasivity of “suitable” weighted generalized shifts. .

2. MAIN RESULTS

In this section suppose T is a monzero cardinal number, @ : T — T is arbi-
trary, p € [1,400) and to = (W, )aer € CT,
Remark 2.1. For p € [1,+00), the following statements are equivalent []:
® Tun(lP(T)) CLP(7),
® 0,w(fP(7)) CP(7) and oy [ep(r): £F(T) — £P(7) is continuous,
o sup{[[(wa)aep-1(g)llp : B € 0(T)} < +oc.
For a € T suppose mq, : lP(T) : P(1) — C is the projection map on the a’s
coordinate. And e, = (0g,a)scr Where 6q.q =1 and 5o =0 for § # a.
Lemma 2.2. If 0, (0P(7)) C £P(7), then the following statents are equiva-
lent:
(1) 0w ler(r): €P(T) — £P(T) is a homeomorphism,
(2) ¢ : 7 — T is bijective and
0 < inf{|wy|:a e 7} <sup{|wy|:aeT} < +o00.

Proof. (1) = (2): Suppose oy [w(r): ££(7) — £P(7) is a homeomorphism,
then for each € 7 we have (since oy w [¢p(r): €F(T) — £P(7) is surjective):
C = m(tP(1)) = mo(0pn(£7(7)))

= {mg((waZy(a))acr) : (Ta)aer € £/(T)}

= {m9m¢(9) D (Ta)aer € (1)} = {gz 1 2 € Ty (F(T))} = 10yC
so g # 0. If ¢ is not one—to—one then there exist distinct A, u € 7 such
that p(u) = @(\) =: ¥ agin using surjectivity of oy [gw(r): €P(T) — £P(7)
we have:

CxC mu(x), ma(x)) € P(T1)}

Tu(2), TA(2)) 1 & € 0w (7))}
Tu(@emw(9)), ™A (0o (y))) 1y € £7(7)}
0 Y()s PAYo(N)) © (Ya)aer € £F(T)}
= {(wuyy, 0ayp) 1 (Ya)aer € (1)} = (0,,103)C
which is a contradiction, hence ¢ : 7 — 7 is one-to-one. Since oy [¢r(r) 18

one-to—one we have (0)acr = Ty ((0)acr) # Tpw(€s) = T ((00,0)acr) =
(Wabp(a)p)acr = X Wg, thus o~ 1(0) # @ and ¢ : 7 — 7 is onto.
acp=1(0)
Thus ¢ : 7 — 7 is bijective. By Remark 2.1, sup{|w,| : a € 7} < 4o0.
One can verify easily oy [e_,,l(T): Ou-1y ler(r) Where b = (m—i)aen agin by
89
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Remark 2.1, sup{]é| ta € T} < 400 hence inf{|to,|: € 7} > 0.
(2) = (1): Use Remark 2.1. O

Theorem 2.3. Suppose oy [w(r): F(T) — (P(7) is a homeomorphism,
then the following statements are equivalent:
(1) o [er(r): €P(T) — £P(T) is expansive,
(2) there exists € > 0 such that for each nonzero vector v € (P(T),
Sup [0 () |y : 1 € Z} > ¢,
(3) for all nonzero vector x € £P(7), sup{||oy; (z)||p : n € Z} = 400,
4) T := sup({|m(p_1(9) . "mso—n(g)‘ :n > 1} U {|1/(m(p(9) . 'm@n(g))‘ :
n>1}) = +oo, for each 6 € 7.

Proof. (1) = (2): It is evident by the definition of expansivity.

(2) = (3): Choose € > 0 such that for each nonzero vector = € P(r1),
sup{[|og o (2)||p : » € Z} > &, thus for all nonzero vector x € P(7) and
5 > 0 we have ¢ < sup{|[0% o (52)l, : 1 € Z} = ssup{|[o2 (@)l : 1 € Z}.
Therefore /s < sup{||o}} ,(7)||p : n € Z}, so sup{||o}; ()|l : n € Z} =
+00.

(3) = (4): Suppose (3) is valid. For each # € 7 and r € (0,1) there exists
m € Z(\{0}) such that 1 < [[o7,(reg)||,- We have the following cases:
Case I m > 1. In this case

L < logw(res)lly = [[(roat0y(a) - - 10um—1(a)dpm(a),6)acrlp

T"m@fm(g)mcp—m-u(g) s mv,_l(e)\ < rT .

Case II. m = —k < —1. In this case for v = (vy)aer = (1/104)aer Wehave
(note that oy re_z’l(r): Tp1 rgp(T))

—k k
L < logw(res)lly = llog-1 o (res)llp

= H(Tbar’@*l(a) cee U¢7k+1(a)5<pfk(a)79)agq—|’p

- H(T/(mam@’l(a) T mc;f’“*l(a))dcp*k(a)ﬁ)aGT"p
= T’l/(mwk(g)mwk—lw) s m(p(g))‘ <7rT.

Using the above two cases 1/r < T for all r € (0,1), thus 7" = 4o0.

(4) = (3): Suppose (4) is valid and x = (x4 )aer € ¢P(7) is a nonzero vector.
Choose 6 € T such that zy # 0. We have the following cases:

Case A. sup{[ro,-1(g) -+ W -ng| : n > 1} = +oo. For M > 0 there ex-
ists n > 1 such that |zgw,-1(9) - W0 -n@)| > M. Using a similar method
described in Proof of “(3) = (4)” (Case I) we have:

M > \xet%—l(e) : "mgp_"(e)’ = Hog,m(xeee)llp
= [|(0aty(a) **  Wun-1(0)Ta0gn (a),0)acr|[p
> H(mo&mgo(a) T mcpnfl(a)xap"(a))aepr = Ho'g,m(x)HP

Therefore in this case sup{Ha&m (x)||p : n > 1} = +o0.
Case B: sup{[1/(r0,g) - Wyn(g))| : m > 1} = +00. For M > 0 there exists
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n > 1 such that |zg/(rw,@) - 10,n@E))| > M. Using a similar method de-
scribed in Proof of (Case A), M > [|o, ()|, Thus in this case sup{HJfZ’m (x)]]p :
n< -1} = +oo.

Use Case (A) and (B) to obtain (3).

(3) = (2): It is evident.

(2) = (1): Use the fact that o, w [¢p(r): () — £P(7) is linear. O
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ABSTRACT. The aim of this work is to investigate some basic properties
of the extended limit sets of a sequence of bounded linear operators
{T}o2, . Afterwards, we characterize the hypercyclicity of {1, }n2; C
B(X) based upon these sets.

1. INTRODUCTION

Let X be a separable Banach space over the field of complex numbers C.
By X* we denote the dual space of X. Throughout this paper the interior
of a set A C X is denoted by A°.

A sequence of operators {1,,}°°; C B(X) is called hypercyclic if there
exists a vector z € X such that the set {T},x : n € N} is dense in X. In such
a case, x is called a hypercyclic vector for the sequence of operators {77,}5° ;.
A vector x € X is called eyclic for {T,,}72, whenever span{T,,z : n € N}
is dense in X. We say that an operator T' : X — X is hypercyclic if the
sequence of its iterates {17} is hypercyclic.

A sequence of operators {T),}>° ; C B(X) is called topologically transi-
tive if for any pair U,V of nonempty open subsets of X, there exits n € N
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such that
T, (U)NV #10.

For more detail see [2, 4, (]

Definition 1.1. Let 7' € B(X) and let + € X. The extended limit set
of x, denoted by Jp(z) consists of those vectors y in X for which there
exist a strictly increasing sequence of positive integers {k,} and a sequence
{zn} C X such that z,, — = and Thng, — y. An operator T is called J-class
operator whenever Jr(z) = X for some nonzero vector x € X.([3])

Definition 1.2. Let {7,,}32,; C B(X) and = € X. The limit set of  under
{T}72y, denoted by L7, 1(z) consists of those vectors y € X for which
there exists a strictly increasing sequence of positive integers {k,} such that
Ty, x = y-([1])

In this work, we study the dynamics of a sequence of linear operators
by using the extended limit sets. It turns out that the extended limit sets
are strongly related to the hypercyclicity and being J-class of a sequence of
linear operators.([1])

2. MAIN RESULTS

Lemma 2.1. Let v, — x and y, — y for some x,y € X. If yx € Jyp,3 (k)
for every k =1,2,3, ..., then y € Jp,1(x).

Lemma 2.2. Let {T,,}22, C B(X) such that T, — T uniformly on X
for some T' € B(X). If Thy € Jip\(Thx) for every n = 1,2,3,... and for
arbitrary v,y € X, then Ty € Jyp, 1 (Tx).

Lemma 2.3. Let {T,,}°2, be a sequence of mutually commuting operators
in B(X). For all x € X, the sets Jyr,y(x) and L,y (v) are closed. More-
over, for any S € B(X) commuting with the sequence {T),}>2, we have
SJ{TH}(JJ) - J{Tn}(Sx) and SL{TH}(.T) - L{Tn}(SZ’).

Corollary 2.4. Let {T,,}32, be a sequence of invertible and mutually com-
muting operators in B(X). Then, for every | € N and z € X,

T iy (Tix) = Jir,y (2).

Proof. Choose | € N and z € X arbitrarily. By Lemma 2.3, we have
Jiry(w) € TZ_IJ{TR}(TZx). For the reverse inclusion, pick an arbitrary vec-
tor y € TZ_IJ{Tn}(TZZC). According to the definition of the extended limit
set J{Tn}(Tll‘), there are a strictly increasing sequence of positive integers
{k;} and a sequence {z;} in X such that x; — Tjz and Ty,z; — Ty as
i — 00. Hence Tl_laci — x and TkiTl_lmi = Tl_lTkixi — y as ¢ — 0o. That
is, y € Jyr,}(7) and the proof is completed. O

Proposition 2.5. Let {T,,}°°, be a sequence of invertible operators in
B(X). Then y € Jp,y(x) if and only if x € J{_Tln}(y) for every x,y € X.
93



THE EXTENDED LIMIT SET OF A SEQUENCE OF LINEAR OPERATORS

Theorem 2.6. For {T,,}°°, C B(X) assume that sup,, | T,,|| < oo. Then
Jiry () = Lyg,1 () for every x € X.

Proof. Note that the inclusion Lz y(z) € Jyg,y(z) holds trivially. Now
suppose y € J{Tn}(x). Then there exist a strictly increasing sequence of
positive integers {k,} and a sequence {z,} in X such that z,, — = and
T, xn — y. Put M = sup,, ||T,,||. Thus we have

[T,z =yl < NThpz = Thpall + | Thp 20 — vl
< Mlzn =l + [Tk, 20 =yl = 0
as n — 0o. Therefore, y € L{Tn}(x) and the the proof is complete. (I

Remark 2.7. By the Banach-Steinhaus theorem, the assumption sup,, |15, || <
oo is equivalent to saying that for every x € X, each orbit {T,,x : n > 1}
is bounded. Hence, the original assumption of the above theorem can be
replaced by the latter.

Theorem 2.8. Let {T,,}5°, C B(X). Then the set H = {z € X :
Jir,y () = X} is closed and connected. Moreover, if {T,} is a mutually
commuting sequence of surjective operators then T, H C H for any m € N.

Proposition 2.9. Let {T,,}5°, C B(X) and let the set H, = | J;_ {z € X :
Jr,(z) = X}. Then ;2 TnH, C Hy. Moreover, if {T,}5° 1is a mutually
commuting sequence, then \Ji2, T;Jr,y(x) € Jyr,3(Sz) for some S € B(X)
which commutes with the sequence {T}22 ;.

Theorem 2.10. Let {T},}°2, C B(X) be a mutually commuting sequence

of surjective operators. Thg flollowz'ng are equivalent.
(i) The sequence {T,,} is hypercyclic;
(ii) The equality Jyr,\(z) = X holds for every v € X;
(i) The set H={x € X : Jyp,}(x) = X} is dense in X;
(iv) The set H = {x € X : Jy1,)(x) = X} has nonempty interior.

Proof. To prove that (i) implies (ii), let x,y € X be arbitrary. Remind that
the set of all hypercyclic vectors for {1} is a G5 and dense set in X, see
[?] for more details. Hence there exists a sequence of hypercyclic vectors
{x,} such that x,, — z. However in view of the hypercyclicity definition,
being the set {T,x : n € N} dense in X, one may find a strictly increasing
sequence of positive integers {ky,} such that T}, x, — y. This means that
y € Jyp,y(7) and so Jyg,y(7) = X.

The implication (i7) = (4i7) is trivial. Moreover, applying Lemma 2.1 makes
sure that (¢i7) implies (7).

Now we show that (iv) implies (i¢). Fix o € H° (the interior of H) and
let y € X be an arbitrary. Since y € X = Jyr,}(x) there exist a strictly
increasing sequence of positive integers {k,} and a sequence {z,} in X such
that z,, — x and T}, x, — y. Without loss of generality we may assume
that x, € H for every n € N. Indeed, this can be done in sake of the
our assumption that x € H°. By Proposition 2.8 we may now claim that
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Ty, xn, € H for every n € N. But H is closed and T}, z, — y therefore,
y € H.

To prove the implication (i) = (i), let {B;} be a countable open basis for
the relative topology of X. By Baire category theorem and the hypercyclic
vectors description ([?]) it is sufficient to show that the set |J°°, T, 1 (B;)
is dense in X for every j. In fact, the set of all hypercyclic vectors for {T,,}

equals

(o] o

N U7 (B).

j=1n=1
Now consider the equivalent definition of Jy7, () described in Remark ?7.
Let z € X and let a neighborhood U of z and Bj; be given. Since Ji7,1(z) =
X, there exists y € U and n € N (arbitrarily large enough) such that
T,y € Bj or, equivalently, y € T, 1(Bj). This fact completes the proof,
since U was chosen arbitrarily. U

Example 2.11. A historical example of hypercyclic operator is due to S.
Rolewicz ([5]) who proved that for any A € C, the multiple of the backward
shift A\B : (2(N) — ¢(%(N) defined by AB(z1, 22, x3,...) = (Az2, \x3, x4, ...)
is hypercyclic whenever |\| > 1.

Consider the sequence T}, : £2(N) @ ¢2(N) — ¢>(N) @ ¢*(N) defined by
T, = (2I @ 2B)" where B is the backward shift on ¢?(N) and [ is the
identity map. Let z € £2(N) be a nonzero hypercyclic vector for 2B. Note
that the operator 21 @ 2B is not hypercyclic itself but is J-class. Now we
prove that Jy7, (0@ z) = ?2(N) @ £2(N). For if, let 2@ 2’ € (2(N) @ ¢*(N) be
an arbitrary vector. Then by the hypercyclicity of 2B, there exists a strictly
increasing sequence of positive integers {k, } such that (2B)*»2 — 2/. Define
Ty 1= 2% @ x. Then z,, » 0® z and Ty, x, — z @ 2. From this we deduce

that Jy7,3(0® z) = 2(N) & £*(N).
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ABSTRACT. In this paper a version of Jensen’s integral type inequality
for strongly preinvex functions is given.

1. INTRODUCTION

Convexity plays a crucial role in many fields of mathematics. In recent
years, considerable efforts have been done to extend the concept of convexity
and its applications. Jensen’s inequality play an important role in convex
analysis and probability theory, etc see [5]. Many inequalities can be ob-
tained from it. A function f: I C R — R, is said to be strongly convex with
modules A > 0 if

fltz+ (1= t)y) < tf(2) + (1 —1)f(y) = M1~ t)(z —y)*,
for every z,y € I and t € [0,1]. Strongly convex functions were introduced
by Polyak [7] which have useful properties and applications in generalized

convex optimization theory. The integral type of Jensen’s inequality in set-
ting of strongly convex functions introduced in [1] as follows

d d
fom) < 5 [ fa@ydo = 2 [ g@) ~mpae. ()
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where m := ﬁ fcdg(x)dx and ¢ is an integrable function on [c,d] with
a < g(r) < band f is a strongly convex with modules A > 0 on [a,b].
In recent years, many papers which dealing with refinements of Jensen’s
inequality for important generalized convex functions have been appeared
in the literature, see [1, 3, 4, 5, 6] and references therein.

An important generalization of the class of convex functions is that the
class of preinvex functions was introduced in [9, 10] by Weir and Mond and
Weir and Jeyakumar and then applied it to the establishment of the suffi-
cient optimality conditions and duality in nonlinear programming. There
have been some works in the literature which are investigated by preinvex
functions (e.g. see [2, &, 9] and references therein). First we recall some
notions from invexity analysis which will be used in sequel. A set S C R is
said to be invex with respect to the map n: 5 x S — R, if

y+tn(x,y) €8S. (1.2)

for every x,y € S and ¢ € [0, 1]. It is obvious that every convex set is invex
with respect to n(x,y) = x — y, but there exist invex sets which are not
convex. Recall that for x,y € S the n—path P, is a subset of S defined by

Ppy ={x+1tn(y,x)| 0 <t <1}

Let S C R be an invex set with respect to 7 : S xS — R. Then, the function
f S — R is said to be preinvex with respect to n, if we have

fly+in(z,y)) <tf(x)+ (1 —1)f(y). (1.3)

for every x,y € S and t € [0,1]. Every convex function is preinvex with
respect to the map n(z,y) = z — y but the converse does not holds. Recall
that the mapping n: S x S — R is said to be satisfies the conditions C if

n(y,y +tn(z,y)) = —tn(z,y),
n(z,y +tn(z,y)) = (1 —t)n(z,y).

for every x,y € S and ¢ € [0,1]. From conditions C' we have

n(y +tan(z,y), y + tan(z,y)) = (t2 — t1)n(x, y). (1.4)

Integral Jensen’s inequality for preinvex functions defined on invex subsets
of real line is introduced in [0] as follows;

Theorem 1.1. Let S C R be an invex set with respect ton : S xS — R
and n satisfies conditions C. Suppose that f : S — R is a preinvex function.
Assume that g : J — R is an integrable function for some interval J C R.
Let c,d € J, ¢ < d be such that for every x € [c,d], g(x) € Py( or Py,) for
a:= g(c),b:=g(d)( or b:= g(c),a := g(d)). Then the following inequality
holds
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f (dic/cdg(ﬁﬁ)dfc)

< 7)(517 ) /Pab fog(m)dx( or n(al, D I fog(x)dx),

provided that fog is integrable, where fP , s denoted for integral over Pgy.

(1.5)

Now we recall the notion of strongly preinvex functions.

Definition 1.2. Let S C R be an invex set with respect ton: S x § — R.
Then, the function f : S — R is said to be strongly preinvex respect to 7,
with modulus ¢ > 0 if

Fly +tn(z,y)) < tf(x) + (1 =) f(y) - ct(l - t)(n(z,y))*. (1.6)
for every z,y € S and t € [0, 1].

Note that every strongly preinvex function respect to an 7 is preinvex
with respect to 7, but the converse is not true in general. Moreover while
n(z,y) := = — y then strongly preinvexity reduce to strongly convexity of
functions. The main purpose of this paper is investigate some generalized
versions of integral Jensen’s inequality in setting of real valued strongly
preinvex functions.

2. MAIN RESULTS

Our goal in this section is to establish an analogue of the classical Jensen
inequality in setting of strongly invexity of functions. We start with the
next result which is an improvement of proposition 1.1.2 in [1], is useful in
our investigations.

Theorem 2.1. Let S C R be an invex set with respect ton : S xS — R.
Suppose that f is a real valued function on S. Then,

(i) If f : S — R is a strongly preinvezx function with modulus ¢ > 0 and
n satisfies condition C' then, the restriction of f to any n—path in S is a
strongly convex function with modulus c.

(ii) If for every x,y € S, f(z + n(y,x)) < f(y) and the restriction of f to
any n—path in S is a strongly convex function with modulus ¢ > 0, then f
is a strongly preinvex function with modulus ¢ on S.

By combining Theorem 2.1 and Proposition 1.1.2 in [!] we obtain the
following result.

Proposition 2.2. Let S C R be an invex set with respect ton : S xS — R.
Suppose that n satisfies condition C. Then,

(i) If f : S — R is a strongly preinvez function with modulus ¢ > 0 then the
restriction of the function g : S — R defined by

g(u) = f(u) - eu?,
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to each n—path in S is a convex function.

(i) If for every xz,y € S, f(x +n(y,z)) < f(y) and the restriction of the
function g : S — R defined by g(u) := f(u) — cu?, to each n—path in S is a
convex function then, f is a strongly preinvex function with modulus c.

Finally, we are in a position to establish the next theorem which is an im-
provement of Jensen’s integral type inequality in strongly preinvex functions
setting.

Theorem 2.3. Let S C R be an invex set with respect ton : S xS — R
and n satisfies conditions C. Suppose that f : S — R is a strongly preinvex
respect to n, with modulus X > 0. Assume that g : J — R is an integrable
function for some interval J C R. Let ¢,d € J, ¢ < d be such that for every
x € [e,d], g(x) € Py( or Py) for a := g(c),b := g(d)( or b := g(c),a :=
g(d)). Then the following inequality holds

f(m) — xm?
1 Ao
< s o, foo@e == [ gy o)
1 Ao
( OTU(G, B I fog(x)dx — d—c/c 92(1')d$>,

provided that fog is integrable, where fP , i denoted for integral over Py,

where m = 7 fcdg(x)dx.
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ABSTRACT. In this paper, we show that every classical inner product
on a linear space induces the fuzzy inner product and it consequences
fuzzy norm at the point of view of Bag and Samanta. We prove the
Cauchy-Schwarz inequality on fuzzy Hilbert spaces.

1. INTRODUCTION

The idea of fuzzy norms on a linear space first introduced by Katsaras
[7] in 1984. R. Biswas [3] and A. M. El-Abye and H. M. El-Hamouly [0]
tried to give a meaningful definition of fuzzy inner product space and asso-
ciated fuzzy norm function with those definition are restricted to the real
linear space only. P. Mazumder and S. K. Samanta introduced the defi-
nition of fuzzy inner product space in point of veiw of Bag and Samanta
fuzzy norm[!]. Recently, B. Daraby and et al. [1] studied some properties
of fuzzy Hilbert spaces and they showed that all results in classical Hilbert
spaces are immediate consequences of the corresponding results for Felbin-
fuzzy Hilbert spaces. Also by an example, they showed that the spectrum
of the category of Felbin- fuzzy Hilbert spaces is broader than the category
of classical Hilbert spaces [5].
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2. SOME PRELIMINARIES

Definition 2.1. [1]. Let U be a linear space over the field F'. A fuzzy subset
N of U x R is called a fuzzy norm on U if for all z,u € U and ¢ € F, the
following conditions are satisfied:

(N1) Vt € R with t <0, N (z,t) = 0;

(N2) (Vt e R,t>0,N (z,t) =1) iff x = 0;

(N3) Vt e R,t >0, N (cz,t) = N(x, ‘C‘) if ¢ # 0;

(N4) Vs,t e Ryz,u € U N (x4 u,s +t) > min{N (z,s),N (u,t)};

(N5) N (z,.) is a non-decreasing function on R and lim;_,oo N (x,t) = 1.

The pair (U, N) will be referred to as a fuzzy normed linear space.

Theorem 2.2. [1] Let (U,N) be a fuzzy normed linear space. Assume fur-
ther that,

(N6) Vi > 0, N (z,) > 0 = z = 0.
Define ||z|la = A{t >0: N (x,t) > a}, a € (0,1). Then {|.]|o : @ € (0,1)}

is an ascending family of norms on U and they are called - norms on U
corresponding to the fuzzy norm N on U.

Definition 2.3. [8] Let U be a linear space over the field C of complex
numbers. Let p: U x U x C — I = [0,1] be a mapping such that the
following hold:

FIP1) for s,t € C,pu(xz +y, 2, |t| + |s]) > min {p (x 2, |t) 1 (y, 2, s b
FIP2) for s,t € C, u (=, y, |st|) > mln{,u (z, 2, |s?) 1 (., [t%) }5

( (z,z,t) = 1,¥t > 0) iff z = 0;
(xz,z,.) : R — I is a monotonic non-decreasing function on R and
limy oo p (, x,t) = 1.

(
(FIP2)

(FIP3)

(FIP4) p (ax,y,t) = u(az,y, |a|), a(#£0)eC,teC;
(FIP5) u(x,z,t) = 0,Vt € C\RT;

(FIP6)

(FIPT) p

We call p fuzzy inner product function on U and (U, ) fuzzy inner product
space (FIP space).

Theorem 2.4. [3] Let U be a linear space over C. Let p be a FIP on U.
Then

_ w(x, z, %) ifteR,t>0,
N(x’t)_{ 0 ift <0,
is a fuzzy norm on U. Now if u satisfies the following conditions:
(FIP8) (u (x, x,t2) > 0,Vt > 0) =x =0 and

(FIP9) for all x,y € U and p,q € R,

p(e+y.z+y,2¢%) Nn(z—yz—y,20%) > p(z,2,0%) N\w (.0, 4%)
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then ||z]lo = A{t > 0: N (z,t) > a},a € (0,1) is an ordinary norm satis-
fying parallelogram law. By using polarization identity, we can get ordinary
inner product, called the (., .)o-inner product, as follows:

1 1. . .
(@ y)a =7 (lz+ylla = e =ylo)+3i (lz+iyls = llz = iyla) , Yo € (0,1).

3. MAIN RESULTS

Proposition 3.1. Let (U, i) be a FIP space satisfying (FIP8) and (FIP9).
A fuzzy inner product space (U, u) with its corresponding norm N satisfies
the Schwartz inequality

[z, 9)al < lzllallylla VYo e (0,1].

Proof. At the first, we show that for all a € (0,1), (z, ) = ||z[/2.
According to the definition of a-fuzzy inner product by supposing x = y we
have:

1 ? . )
(@ 2)a = Lo +alf—llo—2ll2) + 5 (o +iz]§ = [lz = iz]?)

1 i , .
= (llzlg = 0) + (1 +llg — 11 —ll)
= J=l2.

Therefore (x,z), = ||x||2. Let x,y € U be arbitrary, in the special case
where y = 0, the corollary is trivially true. Now assume that y # 0. Con-

sidering A\ € C and by A = ﬁyﬁ”ﬁ; for all a € (0,1), we have:

0

IN

lz = AyllZ

= (z,2)a — (A\Y, T)a — (T, AY)a + (AY; AY)a
= (2,2)a = MY, 2)a — M2, 9)a + AN Y, Y)a
= )2 = Mz, y)a = Mz, y)a + M yll5

(=, m)al®  [{z9)al® | [z 9)al®

= ll2 -
“ lylIZ ly[l3 lyll3
—_ H‘TH2 o |<$,y>a|2
“ lylIZ
Therefore 0 < [2]2 — K&%0F 1 foliows th < O
erefore 0 < ||z2 TP t follows that [(x,y)a| < [|z]lal|Y]a-
(6%

Example 3.2. Let (U, (., .)) be a real inner product space. Define a function
w:UxUxC—|[0,1] by

i .
wa,y ) =4 Yt e < lafl ]y,
ift e C\R".

0
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Hence, we conclude that every classic inner product induces the fuzzy
inner product.

Definition 3.3. Let (U, u) and (V, 1) be two fuzzy Hilbert spaces satisfying
(FIP8) and (FIP9) where p is the same fuzzy inner product. Let T be a
fuzzy bounded linear operator from U to V. If there exists an operator T*
from V to U such that for all o € (0,1)

<T$,y>a = <'T7T*y>a7 Vo € Uay € V7
then the operator T™ is called fuzzy adjoint of T

Theorem 3.4. If T : (U, N1) — (V, Na) is a strongly fuzzy bounded oper-
ator, where (U, N1) and (V, N2) are fuzzy normed linear spaces that N1 and
Ny induce from fuzzy inner products on U and V respectively, then there
exists T* : (V,Na) — (U, N1) such that for all x € U,y € V and for all
a€(0,1)

(0, () = (T*(@), ) - (3.1)

Theorem 3.5. Let (U, u) be a fuzzy Hilbert space satisfying (FIP8) and
(FIP9) and a € (0,1). Let T be a fuzzy operator on (U, ). Then T* is also

a fuzzy linear operator on (U, u) and following properties hold:
i) (T*)" =T;
i) (Th +T2)" =17 + T5;
iii) (\T)* = \T*, VA €C;
) (ST)* =T*5*.

Corollary 3.6. Let (U, ) be a fuzzy Hilbert space satisfying (FIP8) and
(FIP9) and a € (0,1). Let T be a fuzzy operator on (U, ). Then

IT*Tlla = ITT* o = |72
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ABSTRACT. In this paper, we will prove the existence of a non trivial
solution for a nonhomogeneous nonlinear equation via minimization on
the Nehari manifold.

1. INTRODUCTION

1.1. A radial problem in RY. A first case of lack of compactness takes
place when one works in unbounded open sets. For simplicity we treat
the case where Q = RY, with N > 3, by studying the following problem.
Consider the p-Laplacian problem
{ —Apulz \%V_Qu +AMu|T?u  inRN (1.1)
ue HY(RY)

andlet l<p< Nandp<qg<r<p*=][l, NN—ZJ],AGR,Q,TG(Q,Q*). A
weak solution of (1.1) is a function v € H'(RY) such that

/]Vu\p_ZVquda::/\u|r_2uvd:c+)\/]u\q_2uvdx Vv € HY(RY).

RN RN RN
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A problem like (1.1) is not compact. A natural attempt to overcome this
problem is to guess that translational invariance is the only reason for
the failure of compactness, and to try work in a space of functions where
translations are not allowed. This is possible in this case because the
problem is also invariant under rotations, so that one can try to work in
spaces of radial functions. We define D, = {u € DY2(R™)|u is radial },
H, = {uc H' (RN) |u is radial }.

Lemma 1.1. Let p € (2,2*). Then the embedding of H, into LP(RYN) is
compact.

Proof. See Lemma 3.1.4 [5]. O

The energy functional and the Nehari manifold define for this problem
and prove the existence of a nontrival solution via minimization on the
nehari manifold. We recall that the functional associated to it is I(u) =
1 1 A : ; 1,

5({ |VulPdx — ;s{ lul" dx — ggj; |u|!dzx, defined and differentiable on W;,”(€2).

Recall that I is unbounded below, one again we restrict I to a suitable
set in order to get red of this problem. Now we use the set N' = {u €

WiP@) : w0, Iwu = 0} = {u € WoP@) s u # 0, Julf1,) =

J lul"dz + X [ |u|?dz}. This set is called the Nehari manifold. Thus, I(u) =
o) )

1_1 P 1_1 r
1.2. Main results.
Lemma 1.2. The Nehari manifold is not empty.

Proof. For every not identically zero u € WO1 P(2), one sees immediately
that tu € N for some t > 0. Indeed, tu € N is equivalent to

tue N & Htu||];/017p(m —/|tu|rdw+)\/|tu\qda:,
Q Q

Pl gy = [ #lulde+ A [ ofufta,
0

Q Q
\\u‘|€V&,p(Q) = /trp]u\rdx—i-)\/tqpmlqu.
Q Q
By the Mean Value Theorem we have 3t > 0 s.t f(t) =0, let f(¢t) = At" P+
Bt?™P — C and lim f(t) = —C, lim f(t) = lim ¢"P = 4o00. Thus,
t—0+ t—+4o00 t—+o00
3t > 0 s.t f(t) = 0. Thus Nehari manifold is not empty. |

It is obvious, we have m = inf I(u) > 0.
ueN

Lemma 1.3. The level m is attained by a monnegative function, namely

there exists u € N, u(z) > 0 a.e, such that I(u) =m.
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Proof. We first show that we can take a minimizing sequence for m in

N N H,. To this aim, let {v;}, € A be a minimizing sequence. As usual

we can assume vg > 0. Let wp = v, € H, be the nonnegative radial

functional given by Theorem 3.1.5 [5]. We have ||wi||’ = [ |[VvilPdz <
N

R

[ IVoPde = [ |op|"de + X [ |oplPde = [ |vp|"dz + X [ |vg|Tde =
RN RN RN RN RN

[ Jwg|"dz 4+ X [ |wg|? dz. Hence if we set y(t) = I'(twy)twy, = tP|Jwg|” —
RN RN

t" [wgl, — A wg|] . By lemma 1.2, there exists ¢; € (0, 1] such that y(tx) =0,
that is, tywg € N. We obtain m < I(tpwy) = ti(%—%)“wkﬂp—{—t’é(%—%) |wg]).
< (3= Dyl + (& = 1) ful? < (&= Doyl + (4 = 1) o7 = I(wy). This
implies that {t{pwg}r is minimizing sequence for m and tywy, € H,, as we
had claimed. In the sequel we set uy = trpwg. Of course, uy > 0, and we
can assume that, up to subsequence uz, — u in H'(RY). By Lemma 1.1 we
obtain uy, — w in LP(RN) and in L"(RY), and, again up to subsequences,
ug(z) — wu(x) almost every where, so that u(z) > 0 a.e and v € H,. We
now prove that weak limit u belongs N and I(u) = m. Then we have by

weak lower semicontinuity,

1 1 A
1) =l = [l de =2 [ Juptas
p r q
Q Q
1 1
< lim inf(= |Jug|]? — /\uk\TdSC - A/|Uk|qd$)
k—oo D r q
Q Q
= lim inf I(ux) =m (1.2)
k—oo

|ullP < lim inf [Jug||P = lim inf(/|uk|rd:r+)\/|uk|qu).
k—oo k—oo
Q Q
Since u, € N, we have ||ul|’ = [ |ug|"dz+ X [ |ug|?dz. By (1.2) it cannot be
Q Q

|ug|l — 0, and therefore [ |ug|"dz 4+ X [ |ug|?dx cannot tend to zero, thus,
Q Q
by strong convergence, [ |ug|"dx + X [ |ug|?dz # 0, which shows that u # 0.
Q Q

passing to the limit we obtain

ul? §/|uk|rd:v+)\/|uk|qdm. (1.3)
Q Q
If
Jull” = / gl dz + A / gl tde, (1.4)
QO 0

then v € N and shows that u is the required minimizer. Since (1.4) holds,
we only have to treat the case where ||ul|” < [ |ug|"dx + X [ |ug|?dz. We
Q Q
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now show that if this happens, we reach a contradiction. Indeed, take t > 0
such that tu € N, namely. Since we have by lemma 1.2, we deduce that
0 <t<1. But tu € N, so that

1 1 1 1
== = ull’ + " (= = =) [ul;
P q q T
1 1 1 1
< (==l + (= =) |ul"
(p q)H I (q ) lul;
1 1 1 1
< lim inf (= — 2)[|ug|? + lim inf (= — =) [ug]”
< lim in (p q)HUkll +lim in (q =) lug];
i inf((C )+ (-~ ) ) = lim inf ()
= lim inf((= — ~)||u — — ) |ugl’) = lim inf I(ug) = m.
k P q F q klr k k
This contradiction proves that [[ul|’ = [ |ug|"dz + X [ |ug|?dz, therefore
Q Q
u € N. By the weak lower semicontinuity of the norm it is straightforward
to deduce that I(u) < lilgn inf I(ux) = m, and the lemma is proved. O
—00
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ABSTRACT. In this paper, using the Bregman distance, we introduce a
new projection-type algorithm for finding an element of the set of fixed
points of a resolvent operator in a reflexive Banach space.

1. INTRODUCTION

Let f: X — (—o00, 0] be a Gateaux differentiable function. The bifunc-
tion Dy : domf x int domf — [0, +o0] defined by

Dy(y,x) := f(y) — f(z) = (y — 2, Vf(x)), (1.1)

is called the Bregman distance with respect to f.
For all z € X, we have

N N
Df (Z,Vf*(ZtZVf(.I'Z))) < Ztin(Z,:L'i), (1.2)
=1 =1

where {z;} C X and {t;} C (0,1) with ©¥,¢; = 1.
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The equilibrium problem for a bifunction g : C' x C' — R satisfying the
condition g(z,z) = 0 for every z € C is stated as follows

Find y* € C such that g(z,y") <0, (1.3)

for all z € C. The set of solutions of (1.3) is denoted by EP(g).
Throughout this paper, the conditions B1-B4 are the same as [3]. The

resolvent of ¢ is the operator Resé : X — 2¢ defined by [5].
Resle ={z € C: o(z,y) + (Vf(z) = Vf(x),y —2) >0, VyeC}.

If f: X — (—o00,00] be a Gateaux differentiable and strongly coercive
function and ¢ satisfies conditions B1-B4. Then dom Res{; = X (see [,

Lemma 1]).

2. MAIN RESULTS

Theorem 2.1. Let C' be a nonempty closed convex subset of a real reflexive
Banach space X, and let f : X — R be a strongly coercive Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convezr on
bounded subsets of X. Let o : C x C — R be a bifunction satisfying B1-B4
and F(Resfg) # 0. Let {x,} be a sequence generated by xg = x € C, Cy = C
and

v =V (anVf(ry) + (11— an)Vf(Resixn)),
u, € C' such that

O(tn,y) + (Vf(un) = Vf(vn),y —un) 20, ¥V yeC, (2.1)
Cnt1={v e Cy: D¢(v,up) < Dy(v,zp)},
Tptl = rojénH:v.

where {a} C (0,1).

Then, the sequence {xy,} converges strongly to roj; £ U

(Resl,)

Proof. We first prove that F (Resi) and C,, both are closed and convex
subset of C for all n > 0. In fact, it follows from [5, Lemma 2] that EP(p)
is closed and convex. Furthermore, it is obvious that Cy = C' is closed and
convex. Suppose that C,, is closed and convex for some n > 1. Since the
inequality Df(v,uy,) < D¢(v, ) is equivalent to

(Vf(zn),v—an) = (Vf(un),v —un) < f(un) — f(2n).

Therefore, we have

Cn+1 = {'U eCy: <vf(-73n)a U — $n> - <Vf(un),v - Un) < f(un) - f(xn)}

Therefore C), 41 is closed and convex.
Now, we prove that F (Resfg) C Cp, for all n > 0. Indeed, it is obvious

that F(Res{,) C Cyp = C. Assume that F(Resé) C Cyp. From (1.2), [5,
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Lemma 2] and fact that u, = Res)(v,), we have
D(u,upn) = Dy(u, Resf;(vn)) < D¢(u,vy,)
=Dy(u, Vf*(onV f(2n) + (1 — an) Vf(Reslan))
<anDg(u,xn) + (1 — an)Dy(u, Res{;a}n)
<anDg(u,xn) + (1 = an)Dy(u, xn) < Dy(u, xy). (2.2)

Hence, u € Cy 11, i.e., F(Resf;) C C,, for all n € NU{0}. Therefore, {x,}
is well defined.
It follows from [3, Lemma 2.6] that

Df(uvxn) = ‘Df(uvj T‘Ojénfﬁ) < Df(u7$) - ‘Df(j TOjénx,I) < Df(u,$),

for all n > 0 and v € F(Res{,). This implies that D¢(u,z,) is bounded.
From [3, Lemma 2.5], we conclude that the sequence {x,} is bounded. Since
f : X — R is uniformly Frechet differentiable and bounded on bounded
subsets of X, it follows from [/, Proposition 2.1, p. 474] that V f is uniformly
continuous and bounded on bounded subsets of X. Hence, {Vf(zy)} is
bounded. Since ;41 € Cpy1 C Cp, then Dy(zp,x) < Dy(xpq1,x) for all
n > 0. Therefore, D¢(x,,x) is nondecreasing. So, the limit of Df(xy,x)
exists. Since

D¢(xps1,2n) = Df(ns1, % ) < Dy(xpg1,x Df(ﬁrojéna:,:n)
_Df(anrla ) (.%'n, )>
for all n > 0. we have lim, o Df(Znt1,2,) = 0. Now from z,41 €

Ch+1, we have Df(xpi1,un) < Df(@nt1,2n) for all n € NU {0}. Hence,
limy, 00 Df(@n41,un) = 0. By [2, Lemma 2.1.2] and boundedness of {z,},

we obtain limy, o0 || Znt1 — Zn|| = limy 00 ||Tn+1 — un|| = 0. Therefore,
nh_}rgO |xn, — unl| = 0. (2.3)
Hence,
Tim [IV£ (@) = V()| = 0. (2.4)
It follows from [I, Theorem 1.8] that
Tim |f(za) - £(un)] = 0. (2.5)

From the definition of the Bregman distance, we obtain that

Dy(v,zn) = Dy(v,un) =f(un) = f(an) + (Vf(un) = Vf(@n),v — un)

+(Vf(n), on — un), (2.6)
for all v € F(Resg). From (2.3)-(2.6), we obtain that
lim (Df(v,2n) — Dy(v,up)) = 0. (2.7)

n—o0
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Now, by u, = Resévn and [5, Lemma 2], for all v € F(Resi) we have that
D¢ (up,vn) = Df(Resg;vn, vp) < Dy(v,v,) — Dy (v, Resévn)

< D¢(v,zp) — Df(v,Resf;vn) = Dy¢(v,xn) — Df(v,vp). (2.8)

It follows from (2.7) that D¢ (uy,v,) = 0. Therefore, from [2, Lemma 2.1.2],

we conclude that limy, oo ||un, — v, || = 0. It follows from [1, Proposition 2.1,
p. 474] that
Tim [V () — V(0] = 0, (2.9)

Since {x, } is bounded, there exists a subsequence {z,,, } of {x,} such that

Zn,, — =*. Then from (2.3), we conclude that u, — z*. Since u,, = Resypvp,
then we have

so(un,y) + <vf(un) - vf(vn)’y - un> >0, Vyed.

Now, substituting n,, instead of n in the above, we conclude that

@(unm7y)+<vf(unm)_vf(vnm)7y_unm> 207 vyec
By (B2), we obtain

<Vf(unm) - Vf(vnm),y - unm> > _So(unmv y) 2 ¢<y7unm)7 (2'10)
for all y € C. Now, we know from (B4) that ¢(z,.) is convex and lower
semicontinuous. Hence, letting m — oo, we conclude from (2.9) and (2.10)
that ¢(y,q) < 0 for all y € C. Then from (1.3), ¢ € EP(¢). So by the
condition (iii) of [5, Lemma 2|, we have that q € F(Resf;).

U
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ABSTRACT. The main goal of this paper is to discuss the famous in-
equalities from positive definite matrices to sector matrices in a more
general setting. For instance, we show that if f is an operator convex
function on (0,00) and @ is a unital positive linear map on B(H), then,
for every A € S,

cos®()R(f(A)) < K (h,2)Rf(D(A)) < K(h,2) sec’(a)RD(f(A)),

where h = % whenever 0 < mI < RA < MI.

1. INTRODUCTION

Let H be a complex Hilbert space and let B(H) be the C*—algebra of
bounded linear operators acting on H. An operator A € B(H) is positive
definite (resp. positive semi-definite) if (Az,x) > 0 (resp. (Az,x) > 0)
holds for all non-zero x € H. If A is positive semi-definite, we denote A > 0.
Let PS,P C B(H) be the sets of all positive semi-definite operators and

positive definite operators, respectively.
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An operator A € B(H) is called accretive if RA > 0 in its Cartesian (or
Toeplitz) decomposition A = RA + iZA, where RA = %, TA = A_QA* .

Let M, denote the set of n x n complex matrices. The numerical rang of
A € M, is defined by

W(A) ={z"Az : 2 € C", 2"z = 1}.

When talking about accretive matrices, we need to introduce sectorial ma-
trices. A matrix A € M, is said to be sectorial if W(A) C S, for some
0 < a < 3, where S, denote the sector regions in the complex plane as
follows:

So={2€C:Rz>0,|Zz| < (Rz)tan(a)}.

The study of sector matrices, we refer the reader to [2, 5, 3]. A linear
map ® : B(H) — B(H) is called positive if ®(A) > 0 whenever A > 0. If
®(I) = I, where I denoted the identity operator, then we say that ® is
unital. We know that if ® is a positive linear map, then ®(RA) = R®(A)
and ®(ZA) = Z®(A). This shows that W (®(A)) C S, if W(A) C Sy. In
particular, if A € S,, then so is ®(A).

2. MAIN RESULT

Let A and B be two positive definite operators on a Hilbert space H and
® be a unital positive linear map on B(#). Ando [!, Theorem 3] showed the
following property of a positive linear map in connection with the operator
geometric mean.

O(ALB) < (A)1P(B). (2.1)
Inequality (2.1) is extended to an operator mean o in Kubo-Ando theory as
follows:

®(AoB) < ®(A)o®(B),

In particular for the weighted geometric mean, we have

(A1, B) < ©(A)1,2(B), (2.2)

where v is a real number in (0,1]. A complementary inequality to inequality
(2.2), is the following important inequality[]:
Let 0 <mil <A< Ml and 0 < mol < B < Mol and 0 < v <1, then

K (h,v)(A)t,®(B) < ®(At, B), (2.3)
where h = % and K (h,v) is the generalization Kantorovich constant
defined by

h” —h (v—1)(h"—-1)\"
K(h,v) = .
() <u—1><h—1>( o — )

The special case, K (h,2) = K(h,—1) = (IZ}?)Q is called the Kantorovich
constant. The generalization Kantorovich constant K (h, v) has the following
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properties:
K(h,v) = K(h,1—v)
0< K(h,v)<lforO<wv<1,
and K (h,v) is decreasing for v < % and increasing for v > % therefore for

1
allv € R, K(h) = K(h,3) = 20 < K(h,v).
14+h2
Now, we state another complementary inequality to (2.2) with respect to

R(A, B) as follows:

Proposition 2.1. Let A and B be two positive definite operators in P, then
K (R(A, B2,v) ®(A),0(B) < B(A4, B). (2.4)

The inequality (2.4) with v = %, becomes the following inequality,

1
2R(A, B)2
— " _P(A)iP(B) < ®(ALB). 2.5
Lh i ) A8 < B(415) (25)
Next, we recall the Kadison’s Schwarz inequalities
B(A%) > @(A)?, @A) > (A)! (2.6)
and two complementary inequalities to them, whenever 0 < m < A < M:
(m+ M)? (m + M)?

D(A)? > (A%, (AT > e(ATh). (2.7)

AmM AmM
The following inequality unifies Kadison’s Schwarz inequalities into a single
form.

®(BA™'B) > ®(B)®(A)"'®(B). (2.8)

If0<m < A, B < M, then the following inequality is a complementary
inequality to (2.8)

(m+ M)?

AmM

The similar to the proof of Proposition 2.1, we give another complementary
inequality to (2.8) with respect to R(A, B) as follows:

®(B)®(A)"'®(B) > ®(BA™'B). (2.9)

(1+ R(A, B)?)?

4R(A, B)
To compare the inequalities (2.3) with (2.5) and (2.9) with (2.10), the
following examples show that neither Kantorovich constants in (2.3) and

(2.9) nor Kantorovich constants in (2.5) and (2.10) are uniformly better
than the other.

®(B)®(A)"'®(B) > ®(BA™'B). (2.10)

?) (l) 4 0} Clearly, miI = %I <

1
3 0 3
2 0

2
A <2 = Ml and mol = %I < B<4I = MsI. Then A~'1B = [O 3] and
2

Example 2.2. Let A = [ } and B = [
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1
B71A = [(2) g}, therefore R(A,B)? =4 < h = % = 48. Consequently,
3
K(R(A,B)% 1) > K(h,3) and K(R(A, B)?,2) < K(h,?2).

Example 2.3. Let C' = [ ] and D = [1 g} Clearly, miT = 3557

2

IN

C < 3B1 — MiI and mel = I < D < 2 = MyI. Then C~'D =
B N\ 2
[_11 42} and D~I1C = F }], therefore R(C, D)? = <w> > h =
2 2
MM, _ (3+V5)?
mimo 2 :

Consequently, K(R(C,D)?, 3) < K(h,3) and K(R(C,D)?,2) > K(h,2).

Theorem 2.4. If f is an operator convex function on (0,00), ® is a unital
positive linear map on B(H) and A € B(H) with 0 < mI < A < MI, then

K(h,2)f(®(A)) = ©(f(4)) = f(2(A)), (2.11)

_ M
where h = ..
Corollary 2.5. If f is an operator convex function on (0,00) and ® is a

unital positive linear map on B(H). Then, for every A € S,
cos®()RD(f(A)) < K(h,2)Rf(P(A)) < K(h,2) sec’(@)RP(f(A)),
where h = % whenever 0 < ml < RA< MI.

Corollary 2.6. Let A,B € S,. Then
K (R(RA,RB)?,v) R (®(A)f,®(B)) < sec*(a) (®(Af,B)), (2.12)
where 0 < v < 1.
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ABSTRACT. In this study, we demonstrate that for an operator mono-
tone function f : (0,00) — R and an accretive matrix A € M,, the
expression f(A) can be written as:

f(A) =a+bA+ /w M+ A) " du(N),

0
where b > 0, a € R, and p is a positive measure on the closed positive
half-line [0, co) satisfying the condition [ H%‘du()\) < oo.

We also show that if f : (0,00) — (0,00) be an operator monotone
function and A € Sy, then for any unitarily invariant norm |[||.]|],

1S RA < MRS (A < sec(@)[[[f(RA)]]]

1. INTRODUCTION

Let H be a complex Hilbert space and let B(H) be the C*—algebra of
bounded linear operators acting on . An operator A € B(H) is positive
definite (resp. positive semi-definite) if (Az,x) > 0 (resp. (Az,z) > 0)
holds for all non-zero x € H. If A is positive semi-definite, we denote A > 0.
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Let PS,P C B(H) be the sets of all positive semi-definite operators and
positive definite operators, respectively.
An operator A € B(H) is called accretive if RA > 0 in its Cartesian (or
Toeplitz) decomposition A = RA + iZA, where RA = %, TA = A_QA* .
Let M, denote the set of n x n complex matrices. The numerical rang of
A € M, is defined by

W(A) ={2"Az : 2 € C", 2"z = 1}.

When talking about accretive matrices, we need to introduce sectorial ma-
trices. A matrix A € M, is said to be sectorial if W(A) C S, for some
0 < a < 3, where S, denote the sector regions in the complex plane as
follows:

So={2€C:Rz>0,|Zz| < (Rz)tan(«a)}.
The study of sector matrices, we refer the reader to [1, 5, 4]. A linear
map ® : B(H) — B(H) is called positive if ®(A) > 0 whenever A > 0. If
®(I) = I, where I denoted the identity operator, then we say that ® is
unital. We know that if ® is a positive linear map, then ®(RA) = RP®(A)
and ®(ZA) = Z®(A). This shows that W (®(A)) C S, if W(A) C Sy. In
particular, if A € S,, then so is ®(A).
The operator norm ||A|| of A € M, is defined by

[All = sup{(Az,y) : z.y € C", [[z]| = [ly| = 1}.

Recall that a norm |||-||] on A € M, is unitarily invariant if || [UAV||| = ||| A]||
for any A € M, and for all unitary matrices U,V € M,. The study of
norm inequalities involving operator monotone functions has always been
of interest, we refer the reader to [I, 2, 3]. Recently, Bedrani et al. [I]
showed that when f : (0,00) — (0,00) be an matrix monotone function
with f(1) =1 and A € S,,

F(R(A)) < R(f(A)) < sec®(a) f(R(A)). (1.1)

We extend relation (1.1) from the setting of positive matrix monotone func-
tions to real matrix monotone functions.

2. UNITARILY INVARIANT NORMS
Let A be an accretive operator on B(#), then
R(Sp(A)) € R(W(A)) € R(W(A)) = W(R(A)).
It is trivial if A, > 0 and v € R, then ——2—— < 1. Therefore, if A

O =

be an accretive operator on B(#), then

A+ 4] =sup § ] e S

A+ w

A
= sup tw=p+1w e Sp(Ah) y <1.
{ A+ p)? +02 ( )}
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Theorem 2.1. Let f: (0,00) — R be an operator monotone function and
A e M, be accretive matriz. Then

f(A) = a+bA+/oo M+ A) " tdu(N), (2.1)
0

where b > 0, a € R and pu is a positive measure on the closed positive half-line
[0, 00) with [ 1%\d,u()\) < 0.

Proof. Tt is known that every operator monotone function f on (0,00) has
a special integral representation as follows [2, (V.53)]:

F(t) = a+ bt + /OOO /\)\thdu(/\), (2.2)

where a,b are real numbers, b > 0, and p is positive measure with
1J%\du(/\) < 00. This representation shows that f has the following ana-

lytic continuation on complex plane except on (—oo, 0],

<Az
= b
f(z)=a+ z—i—/o P

dp(N). (2.3)

Since 7 (/\iz) = ‘;\\iiﬁg, the function defined above in (2.3) maps the upper
half-plane into itself.
z| - A+ 1D (|R=| +|Z=])

A4+ Rz

A+1
)\<)\+Rz<\)\+z|:>’( +1) < M < 0.
Atz

Therefore,

<Az [+ A
/0 /\+zd'u(>\)_/0 N g 1) <o

This implies that if D is a diagonal matrice, then
f(D)=a+bD+ /OOO AD(X\ + D)~ tdu(N).
If A is diagonalizable, then A = V~'DV and
fA) = f(VIDV) =V f(D)V =a+bA + /OOO AN+ A) ().

Now, for a general accretive matrix A, let (D)) be a sequence of digonal-

izable matrices converging to A (by density of diagonalizable matrices), in

the operator norm. From D, — A, we get (Az,z) = lim(D,z,z) and
n

R(Az,z) = lim, R(Dypz,x). Therefore without losing generality, we can
assume that the sequence (D)) is accretive diagonalizable.
Since |[(A(A 4+ A)~1)|| < 1, the following inequalities hold

IADn,(A+ D)™t = XAN+ A)7|
= |IAA+Dp) [Du(A+ A) — (A + Dp)A](A + A) 7|
= A+ Dn) (D — AN+ A) 7 < A+ D) Dy — A AN+ A) 7|

< || Dn — Al|.
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This implies that
/oo AD, (A + Dy,) " tdu(N) — /OO M+ A Hdu(N).
Consequentlt})f f(Dy) — f(A). Therefore if(’) A € M, is accretive, then
f(A) =a+bA+ /OOO AN+ A) " Hdu(N).

O

Proposition 2.2. Let f : (0,00) — R be an operator monotone function
and A € M, be accretive matriz, then for any unital positive linear map ®
on M, the following inequalities hold

Rf(®(A)) = f(RR(A)) = f(R(RA)) = 2(f(RA)), (2.4)
and

R (f(A)) < sec?(a) Rf (B(A)).

Corollary 2.3. Let f: (0,00) — (0,00) be an operator monotone function
and A € So. Then for any unitarily invariant norm |||.|||,

IIFRAN] < IRF(AI| < sec(@)][[f(RA]]].
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ABSTRACT. Let M, denote the algebra of all n X n complex matrices.
Let A, B be positive definite matrices in M,, and ||| - ||| be a unitarily
invariant norm on M,,. We establish some estimates of the right hand
side of some Hermite-Hadamard type inequalities in which Bernstein
functions are involved. Furthermore, if f is a Bernstein function on
(0,00), we obtain a bound for |||f(A) — f(B)||| in terms of |||A — B]||,
as follows

11 CA) = B < max{|[f (A I (B)II} A = Bl

for all positive definite matrices A, B in M,,.
We also show that if A, B, X € M, such that A and B are positive
definite and f is a Bernstein function on (0, c0). Then

I1F(A)X = Xf(B)]| < max {[[ /(D] I F (B} I|AX - XBJ||.

These results extend and unify some known results for operator mono-
tone functions; a subclass of Bernstein functions.

1. Introduction and Preliminary

Theory of functions has played a major role in advancements of mathe-
matical inequalities among real numbers and Hilbert space operators. Among

2020 Mathematics Subject Classification. 26D10, 47A68, 26D15.
Key words and phrases. Operator monotone functions, unitarily invariant norms, Bern-
stein functions.
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the most useful functions are those called convex functions. Recall that a
function f:J — R is said to be convex on the interval J if

S =Nz +Ay) < (1 =N f(x) + Af(y),
for all z,y € J and A € [0, 1]. We notice that a convex function satisfies the
weaker inequality

FI =Nz + X y) <max{f(z), f(y)};z,y e JO0<A<SL

Functions satisfying the latter inequality are usuall called quasi-convex func-
tions. Clearly any monotone function (increasing or decreasing) is quasi-
convex.

Differential calculus has its own impact on the study of convex and mono-
tone functions. Recall that a twice differentiable function is convex if and
only if f” > 0, while it is increasing if and only if f/ > 0.

Extending these notions, completely monotone and Bernstein functions
were defined analogously. In the sequel, the notation C* refers to the class
of infinitely differentiable functions on the open interval (0,00). Recall that
a completely monotone function is a function f : (0,00) — R satisfying
(—=1)kf®) > 0 for all k € N. A function whose negative is completely
monotone is called a Bernstein function. Thus, a Bernstein function satisfies
(=1)F1f#) >0k e N.

We notice that a completely monotone function is decreasing and convex
while a Bernstein function is increasing and concave.

When A is Hermitian, 0(A) € R and A = UD(\;)U* for some uni-
tary matrix U and a diagonal matrix D()\;); whose diagonal entries are the
eigenvalues \; of A. Now if f: J — R is a real valued function defined on
an interval J that contains o(A), for some Hermitian matrix A, we define
F(A) = UD(f(A)U™.

A function f : J — R is said to be operator monotone if f(A) < f(B)
whenever A, B € M, are Hermitian such that A < B. Thus, operator
monotone functions preserve the order among Hermitian matrices. On the
other hand, f is said to be operator convex (operator concave) if

FU(L=XNA+AB) < (2)(1 =) f(A)+Af(B),

for all Hermitian matrices A, B with spectrain J and all 0 < A < 1. For some
fundamental results on operator convex (operator concave) and operator
monotone functions, see [2, 1].

It is well known that an operator monotone function on (0, 00) is neces-
sarily a Bernstein function, [2, Problem V.5.6., page 148].

The following monotonicity property, which follows immediately from the
definition, will be useful in our analysis:
If X € M,, is Hermitian with spectrum o(X), and f, g are continuous real
valued functions on an interval containing o(X), then

f)>g@), teo(X)= f(X)=>g(X).

For more details about this property, the reader is referred to [1].
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2. Quasi-convexity and operator monotone functions

We begin our main results by presenting certain properties of the deriva-
tives of a Bernstein function. In the sequel, the following integral represen-
tation of Bernstein functions will be crucial.

Proposition 2.1. [5, Theorem 3.2] Let f : (0,00) — R be a Bernstein

function. Then positive numbers «, B exist such that

flz)=a+ Bz + /Ooo (1—e™) du(t), (2.1)

for some positive measure p on (0,00) satisfying

/O " min{1, £}du(t) < oo,

The first result is about operator quasi-convexity of the derivative of a
Bernstein function.

Theorem 2.2. Let f be a Bernstein function on (0,00). Then the norm of
™ is quasi-convex on M}, forn =0,1,2,---. That is

11 =) A+ wB)|| < max{||f™ (A, |/ (B}, (2.2)
for all positive definite matrices A, B and 0 <v < 1.

In [2, Theorem X.3.4], it is shown that an operator monotone function f
on (0, 00) satisfies

IIDFAI < IF (A, A € M,

for any unitarily invariant norm ||| - ||| on M,,.
The following result extends this inequality to the class of Bernstein func-
tions; a wider class than that of operator monotone functions.

Theorem 2.3. Let f be a Bernstein function on (0,00) and ||| - ||| be a
unitarily invariant norm on M. If A € M}, then

DA< 1 (A]-

Since the operator norm is a unitarily invariant norm, Theorem 2.3 implies
the following.

Corollary 2.4. Let f : (0,00) — R be a Bernstein function. Then f € DU,

We emphasize that this corollary extends [2, Exercise X.3.5].

3. Applications

As an important application of the results in this paper, we find bounds
for || f(B) — f(A)|| in terms of || B — A||, which is one of the central problems
in perturbation theory.
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Theorem 3.1. If f is a Bernstein function on (0,00). Then, for every
unitarily invariant norm |||.||| and every positive definite operators A, B

11£(B) = f(AN] < max{[f'(AIL £ BB = Alll. - (3.1)

If f is an operator monotone function (therefore a Bernstein function)
on (0,00) and if A, B € Mt are such that A > aly and B > aly for
the positive number a, then by [2, Theorem X.3.8], the following inequality
holds

I£(B) = F(AI < f(@) 1B — Al (3:2)

for every unitarily invariant norm ||| - ||| on M,,.

Remark 3.2. Let A,B € M} and X € M,,. If f is a completely monotone
function on (0, 00), Aujla in [, Theorem 2.1] showed that

IIf(A)X = XF(BI| < | (m(A, B)]||AX - X B||,

for every unitarily invariant norm ||| - ||| on M,,, where m(A, B) is the
smallest among the eigenvalues of A and B.

By the same method used in the proof of [I, Theorem 2.1], we can prove
that if A, B € M}t X € M,, and f is a Bernstein function on (0, o), then

1F(A)X = X (B < max {|f' (AL I/ (B} IIAX = XB||.  (3.3)
Since f’ is a decreasing function, we have
f'(m(A, B)) = f'(min{ao, bo}) = max{f'(ao), f'(bo)}
= max {[|f'(A)[|. |F(B)I} -

Consequently, (3.3) is a generalization of [3, Theorem 1].

REFERENCES

1. J. S. Aujla, Some norm inequalities for completely monotone functions-I1I, Linear Al-
gebra Appl., 359 (2003), 59-65.

2. R. Bhatia, Matriz analysis, Springer-Verlag, New York, 1997.

3. A.G. Ghazanfari, Refined Heinz operator inequalities and norm inequalities, Oper. Ma-
trices, 15 (1) (2021), 239-252.

4. J. E. Pecari¢, T. Furuta, J. Mi¢i¢ Hot and Y. Seo, Mond-Pecari¢ Method in operator
inequalities, Element, Zagreb, 2005.

5. R. L. Schilling, Z. Song and R. Vondracek, Bernstein Functions Theory and Applica-
tions,Studies in Mathematics 37, De Gruyter, 2010.

123



bea T

The 8" Seminar on Functional Analvsis and its Applications < s

-7 Mavember 2034
Avatollal Borapjerdl Universily

Boroujierd, Iran

A NEW VERSION OF EKELAND’S VARIATIONAL
PRINCIPLE AND EQUILIBRIUM PROBLEMS

M. GHOBADI*AND A.P. FARAJZADEH

Department of Mathematics, Razi University, Iran/67149-Kermanshah
ghobadimahmood83@gmail.com; farajzadehali@gmail.com

ABSTRACT. In this paper, a new version of Ekeland’s variational princi-
ple by using the concept of 7-distance for bounded from below functions
which are not necessarily lower semicontinuous is provided. This new
version will be applied to establish an existence theorem for a solution
of the quasi-equilibrium problem in the complete metric spaces. Also,
we deal with equilibrium problems without convexity assumptions ei-
ther for the domain or for involved bifunctions. Our approach is based
on the concepts of cyclically monotone and cyclically antimonotone for
bifunctions.

1. INTRODUCTION

The first appearance of equilibrium problems as we understand them
now is due to Muu and Oettli. A quasi-equilibrium problem is an equi-
librium problem where the feasible set in moving depending on the consid-
ered point. This kind of problems encompasses many relevant problems like
quasi-optimization problems. Ekeland’s variational principle was first ex-
pressed by Ekeland, which was inspired by the Bishop-Phelps Theorem pro-
vides one of the most powerful tools in modern nonlinear analysis. Convexity
and generalized convexity and closure of the set C, monotonity, cyclically
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monotonity and cyclically antimonotonity, together with some continuity
for the function h, were the most used conditions in dealing with the ex-
istence of the solutions of equilibrium problems [I, 2]. In order to avoid
any assumption of convexity both for the domain C and for the bifunc-
tion f, some authors proposed a different approach in which the existence
of solutions for equilibrium problem is obtained assuming the inequality

f(z,y) > h(y) — h(z).

Definition 1.1. [3] Given a nonempty subset C' of a topological space X,
a function h : C' — R is said to be:

e lower semicontinuous (upper semicontinuous) if for each z € C
and each A € R such that h(z)> )\, there exists a neighborhood V,
of & such that h(y)> A, for all y € V, N C (if —h is lower semi-
continuous) or equivalently for any net {z,} C C, zo, — x implies
h(z) < liminf, h(zs) (h(z) > limsup, h(z,)).

e transfer lower continuous (transfer upper continuous) if for each
x,y € C such that h(z)>h(y), there exists w € C' and a neighbor-
hood V, of z such that h(z)>h(w), for all z € V, N C (if —h is
transfer lower continuous).

e transfer weakly lower continuous (transfer weakly upper contin-
uous) if for each x,y € C such that h(z)>h(y), there exists w € C
and a neighborhood V;, of x such that h(z) > h(w), for all z € V,NC

(if —h is transfer weakly lower continuous).

Theorem 1.2. [3] Let C be a compact and nonempty subset of a topolog-
ical space X and h : C — R be a function. Then, the set arg mingh (set
arg maxch) is nonempty and compact if and only if h is transfer lower con-
tinuous (transfer upper continuous).

Theorem 1.3. [3] Let C be a compact and nonempty subset of a topolog-
ical space X and h : C — R be a function. Then, the set argminch (set
argmaxch) is nonempty if and only if h is transfer weakly lower continuous
(transfer weakly upper continuous).

Given a nonempty subset C' of a topological space X, it is a basic fact
from real analysis that every function h : C' — R (not necessarily lower
semicontinuous) admits a lower semicontinuous regularization h : C — R U
{—o0} which is defined by h(z) = liminf, ., h(y) = supy infyevnc h(y),

where U runs all neighborhoods of z. It is easy to verify that Epi(h) :=

Epi(h), the closure in C x R.

Definition 1.4. [1] For a given nonempty set C, a bifunction f : CxC — R
is said to be cyclically antimonotone (cyclically monotone) on C' if for
all n € N and all g, z1,...,2, € C, with x,11 = 20, > f(@i, Tit1) > 0
(> f(wi,zip1) < 0) or equivalently there exists a function h : ¢ — R
such that f(z,y) > h(y) — h(z) (f(z,y) < h(y) — h(z)).
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Definition 1.5. Let (X,d) be a metric space. Then a function p: X x X —
R is called a 7-distance on X if

(1) p(x, 2) < p(z,y) +ply,2) Vo,y,2z € X;

moreover, there exists a function 1 : X x Rt — RT which is concave and
continuous in its second argument and satisfying the following conditions:
(2) n(z,0) =0 and n(z,t) >t Vee X, teRt;
(3) limy, z,, = « and limsup,, {n(zn, p(2n, Tm)) : m > n} = 0 imply

p(w, ) <liminf p(w,z,) Yw € X;
(4) lim sup{p(zn, Ym) : m > n} = 0 and lim,, n(z,, t,) = 0imply lim,, n(y,, t,) =

0
(5) limy, n(2n, p(2n, xn)) = 0 and limy, 7(zn, p(2n, Yn)) = 0 imply lim,, d(zy, yn) =
0

)

Note that if d is a meter then it is 7-distance, by taking p = d and
n(z,t) =t.

2. EQUILIBRIUM AND QUASI-EQUILIBRIUM PROBLEMS

Let C be a nonempty subset of a topological space X and f: Cx(C — R,
be a given bifunction. We denote by EP(f,C) (MEP(f,C)) the solution set
of the equilibrium problem (Minty equilibrium problem)

Find x € C such that f(z,y) >0 (f(y,z) <0), Vy e C.

Remark 2.1. If f(x,y) < h(y) — h(x) for some function h : C' — R (f is
cyclically monotone), then

EP(f, C) C argmingh C MEP(f, C). (2.1)

Given a subset C' of a complete metric space (X,d), a bifunction f : C' x
C — R and a set-valued mapping K : C = C, we denote by MQEP(f, K)
the solution set of the so-called Minty quasi-equilibrium problem

Find x € C such that x € K(z) A f(y,z) <0, Vy € K(z).

Remark 2.2. Given f and K as the above, If f(z,y) < h(y) — h(z) for some
function h : C'— R (in other words, f is cyclically monotone), then

argminch N Fix(K) C MQEP(f, K). (2.2)

3. MAIN RESULTS

The next result provides an existence result for MQEP and it extends
Theorem 4.2 [1].

Theorem 3.1. Let C be a nonempty closed subset of a complete metric
space (X,d), let K : C = C be a set-valued mapping, and f: C x C — R
be a bifunction. Assume that there exists a T-distance p on X. Assume that
the following conditions hold.
(i) Fix(K) is compact and nonempty;
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(ii) there ezists a bounded from below function h : C'— R such that arg minch =
argmingh, in other words, h is transfer lower continuous ([1], Proposition
2.3) and f(z,y) < h(y) — h(z), Vz,y € C. Suppose that for each € >0
and each xy € X with p(xzo, o) = 0 the following implication holds: for all

z € C, h(z) + ep(x,20) < h(z0) = Jy € K(2),h(y) + ep(z,y) < h(x).
Then, the set MQEP(f, K) is nonempty.

Theorem 3.2. Let C be a compact and nonempty subset of a topological
space X and f: C'xC — R be a bifunction. If there exists a transfer weakly
lower continuous function h : C — R with

f(z,y) = h(y) — h(z), Yo,y € C.
then, the set EP(f,C) is nonempty.

Corollary 3.3. Let C be a compact and nonempty subset of a topological
space X and f: C'x C — R be a bifunction. If there exists a transfer weakly
lower continuous function h : C' — R with

fla,y) < hly) — W), Yo,y € C.
then, the solution set of MEP(f,C') is nonempty.

Now, we provide a link between the set of solutions of the equilibrium
problem and of the Minty equilibrium problem.

(A) Let C be a nonempty subset of a topological space X and f : CxC —
R be a bifunction. for all z,y € C' and U a neighborhood of x, there exist
z€ U and t € (0,1] such that tf(z,y) + (1 —t)f(z,2) > 0.

Theorem 3.4. [2] Let C be a topological space and f : C x C — R be a
bifunction satisfying condition (A). Assume that, for each y € C, the set
F(y) ={z € C: f(z,y) < 0} is open. Then, every solution of the Minty
equilibrium problem is a solution of the equilibrium problem.

Theorem 3.5. Let C be a compact and nonempty subset of a topological
space X and f : C'xC — R be a bifunction satisfying condition (A). Assume
that

(i) there exists a transfer weakly lower continuous function h : C' — R with
f(xay) < h(y) - h(.%'), VZE?ZJ € C;

(ii) f is upper semicontinuous with respect to its first argument.

Then, the equilibrium problem has a solution.
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ABSTRACT. In this paper, In the following we give an iterative algorithm
for fixed point problems in the Banach space. We show that the iterative
algorithm of this paper is under weaker conditions and stronger results
with respect to Ishikawa algorithm.

1. INTRODUCTION

Ishikawa’s algorithm supports an iterative approach to problem-solving.
This iterative process is particularly important for fixed point problems, as
they may involve multiple feedback loops or recursive relationships that re-
quire repeated analysis and refinement of the problem structure. Ishikawa’s
algorithm focuses on identifying the root causes of the fixed point problem,
rather than just addressing the symptoms. Hence, in this paper, we give a
new generalization of Ishikawa algorithm for finding the fixed point.

Let A be a nonempty subset of a Banach spaces X. We recall that a self-
mapping 7" : A — A is said to be nonexpansive provided that ||T'z — Ty|| <
|z — y|| for any x,y € A. It was announced that if X is a uniformly convex
Banach space and A is a bounded, closed and convex subset of X, then the
nonexpansive mapping 7' has a fixed point.
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Lemma 1.1. ([3]) Let {a,} C [0,00), {bn} C [0,00) and {c,} C [0,1) be
sequences of real numbers such that ap+1 < (1 —c¢p)apn + by, ¥Yn € N and

o @] o
ch = 00,an < 0.
n=1 n=1
Then, lim,,_,o a, = 0.
Theorem 1.2. [1] If E is a convexr compact subset of a Hilbert space H,

T is a Lipschitzian pseudo-contractive map from E into itself and x, is any
point in E, then the sequence {x,} converges strongly to a fizved point of T,
where x, s defined iteratively for each n N by

Yn = anTxy, + (1 — o)y,

Tp4+1 = 5nTyn + (1 - ﬁn)yna ne€Nxye X,
where 0 < ap, < B, <1 for all n, limy, o B, =0, and 220:1 By = o0.

2. MAIN RESULTS

In the following we give an iterative algorithm for fixed point problems
in the Banach space. We show that the iterative algorithm of this paper
is under weaker conditions and stronger results with respect to Ishikawa
algorithm.

We denote by A the family of functions © : X — (0, 00) so that:

(1) If ©(x) = O(y), then z = y;
(7i1) for each sequence {p,} C X, lim ©(p,) = O(p) iff lim p, = p;
n—oo n—oo
Example 2.1. Let X be a norm space. It is clear that f(t) = elll is an
clement of A. Other examples are f(t) = e Il f(t) = cosh||t|, f(t) =

h In [l
S, F@) =1+ (14 ll), () = Sl and f(e) = ellle!.

A function g|.j : RT — RT is defined as follows
a ifa>1,
af = 1
haf - ifa<1.
a
Definition 2.2. Let X be a vector space and F': X — X such that
O(Fx O(x
(), O
O(Fy) ©(y)
where a € (0,1). Then we say F' is a ©-contraction mapping.

Theorem 2.3. Let X be a Banach space. and let F' : X — X be a O-
contraction. Then F has a unique fixed point uw € X. Furthermore, for any
x € X we have

e, zye X

nh_)rgo F'(xz)=wu
with o
10(F"x)O(u) ™' < 10(2)(O(Fa)) ™ 1=
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Theorem 2.4. Let X be a Banach space. A mapping F : X — X be an
O©-contraction mapping, 0 < a < 1 and xog € X. We define a sequence
{zp,} C X by

G(yn) = @(Fxn)an(_)(l‘n)l_ana
O(zn41) = O(Fyn) O (yn) ',

where n € N, 0 < oy, < B, < 1, limyy00 B = 0 and Y o2 |y = 00. Then
the sequence {x,} is convergent strongly to p € X such that Fp = p.

The Theorem 2.4 is under weaker conditions and stronger results with
respect to Theorem 1.2. Because (i) It does not need Hilbert space and (i)
the condition Y 7, anB, = oo replaced by > >° | @, = co. On the other
hand, we show in the next section that the algorithm of Theorem 2.4 has
more convergence rate with respect to the Ishikawa algorithm

Now, in the following we will consider and compare two algorithms in the
following by an example. Algorithm 1 is the Ishikawa algorithm defined by

Yn = apFx, + (1 - Oén).’En,

Tny1 = BnFYn + (1 — Ba)Yn,
algorithm 2 is the algorithm of Theorem 2.4 defined by

@(yn) = G(Fl'n)an@(l;n)l_an»

O(zn+1) = O(Fyn)O(yn)' =P,
where n € N, zg € 4, 0 < oy, < B, < 1, limy 0 B, = 0, and > 07 | @y =
xO.
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ABSTRACT. In this research, we study the existence results for a couple
system of boundary value problem with fractional order. The hybrid
fixed point theorem of Dhage for the sum of three operators are used
for proving the main results. An example is provided to illustrate the
theory.

1. INTRODUCTION

Fractional differential equations (FDEs) have been got proper attention
from many researchers because of their usability to model complex phenom-
ena of real world process [I,5]. Due to the large numbers of applications
of FDEs in sciences and engineering, plenty of research papers have been
written in this area.
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This paper deals, with the existence and uniqueness of solutions for
boundary-value problem (BVP) of FDE

o C ﬁx _ , Yy v
°p { Dw((t%vf(ltx%t)>(t))] A

Opt [ PPN — - (1, T (1))

O (t, 27 1z (t))

(1.1)

B CDBz(t)—f(t,T7z(t)) _
2(0) = 0, [ GO L:o =0
CDVy(t)—h(t, Iyt
y(O) =0, [ <I>y((t,)In7(1m(t)Z)/( ))} t=0 =0,

for t € J := [0,1], Where “D*, ¢DF “DI and “D? denote the Caputo frac-
tional derivatives of orders «, 3,0 and 7, respectively, a, 8 € (1,2],d,v €
(0,1], Z¥,Z" denote the Riemann-Liouville fractional integrals of orders v, 7,
respectively, v € (1,2] and n € (2,3], f(O,I”a:(O)) = 0, h(O,I"a:(O)) =
0,0,V € C(JxR,R\{0}) and f,g,h,z € C (J x R). We place the BVP of
coupled in banach space C (J , R).

2. MAIN RESULTS

In this section, we recall some definitions.

Definition 2.1 ( [3]). The Riemann-Liouville fractional integral of order
a > 0 for a continuous function f : (0,00) — R is given by

Ta(t) = iy [ (r =) Ll 2.1)

Definition 2.2 ( [3]). T1lhe Caputo fractional derivative of order oo > 0 for
a continuous function f : (0,00) — R defined by

Cpa T am)™
Lemma 2.3 ( [3]). Let a,5 > 0,z € Cla,b] then for all t € [a,b], we
have (a) I®TPx(t) = I Px(t); (b) “D*Tx(t) = z(t); (c) CDTPx(t) =
TP (t).

Lemma 2.4 ( [1]). The following result holds for fractional differential
equations: T'°Ds(w) = ¢(w) + Ao + Mw + Aow? + -+ + A\p1w™ L, for
NERI=1,2-.n—1.

Lemma 2.5 ( [1]). The general solution of the fractional differential equa-
tion “Da(t) = 0 is x(t) = Ao+ At +Xot? 4+ -+ X\ 1t" "L, where \; € R, i =
1,2,--- ,n—1.
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Lemma 2.6. The unique solution of the hybrid fractional integro-differential
problem 1.1 is given by

—w) 6 1 v— T s, IV x(s a—
(t ) w,T lx(w)) </0 9(s.272(s)) II‘(a)( ))(T— s) 1d5> dw

. /0 f(wvrf(”ﬂfv)(w))(tiw)ﬂ—ldw

0= [ S5 oz aw) ([ ERED - )

+Ah@§g»@_@vmw

an

The following hybrid fixed point theorem of Dhage for three operators in
a Banach algebra, due to Dhage, will be used to prove the existence result
for 1.1.

Theorem 2.7 (hybrid fixed point theorem [2]). Let S be a nonempty, closed
convex and bounded subset of a Banach algebra E and let A,C : E — E and
B: S — E be three operators satisfying:

(a) A,C are Lipschitzian with Lipschitz constants L and L¢, respec-

tively,

(b) B is compact and continuous,

(¢) x=AzBy+Cr =z € S,VyeS, and

(d) LaMp+ L¢ < 1, where Mp = ||B(S)|| = sup {||Bz|| : = € S}.
Then the operator equation x = AxBy + Cx has a solution in S.

We need the following assumptions in the sequel.

(Hy) The functions f,g,h,z : J x R — R are continuous and there exist
two positive functions ¢, v, =, ¢ with bound ||¢|[, [|¥], ||Z|| and |||,
respectively, s.t

cJand z,y € R.
(H2) We have

_ P ¢ _
Az — Az < (rerbiters + romiie ) Ie - 2,

= 14l =]l =
Icz - call < (rorlilern + reriie ) e - 2l
(H3) There exist a function p € C (J ,R+) and a continuous nondecreas-
ing function A : [0,00) — (0,00) s.t [¥(t,z(t))| < p(t)A(|z]) and
[@(t,2(t))| < p(t)A(J]).
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Theorem 2.8 (Existence). Assume that hypotheses (Hy)-(Hs) holds. Then
the BVP 1.1 has a solution defined on J.

Example 2.9. Consider the following BVP

CD3/2 °D¥2g (t)— (t 13/21(0) _ elsin |I3/2:v(t)\
U (t,I'2a(t)) T VBl4215
Cpl/2 CDY2y(t)— (tvIS/Qy(t)) _ e~tcos|T'2x(t)|
O(t,1%2x(t)) - 80 ) (2:3)
_ CDY2u(t)— £ (2722 (t)) B :
.T(O) - 07 |: ‘l/(t 11/2:1:(15 ) =0 - 07
CDY2y(t)—h (tz5/2 ®)
\ y(O) =0, |: (t,I3/2 ) o =0,
Clearly, a = 8 = % € (1,2, 6 =~ = % € (0,1, v = 5 € (1,2] and

3

2

i 3

n = % c (2’3] We take g(t,IVl'(t)) — M’ @(t,zﬁ/?x(t)) =

) V814215 )
& sin \I%x(t)\,f(t,l”x(tg) = IR0 gy Ty (p)) = s IEuO]
2(t, T Ma(t)) = s lL2e0Ol and W (t, TV2a(t)) = g sin [T2(t))].
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ABSTRACT. For a separable Hilbert space H, an E-frame is a sequence
that its E-transform is a frame for H where E is an invertible infinite
matrix mapping on the Hilbert space @, , H. This is a generalization
of the notion of frames for H. In this paper, we have stated some results
about this concept. Specially we show that an ordinary frame can be
an E-frame under certain conditions.

1. INTRODUCTION

The concept of frames for Hilbert spaces was first introduced by Duffin
and Schaeffer [1]. It reintroduced by Daubechies, Grossman, and Meyer
and attracts mathematicians from then on [3]. Frames have very important
properties which makes them very useful in several area of mathematics,
physics, and engineering. Many generalizations of frames have been pub-
lished so far. In one of this generalizations, Talebi and Dehghan [5] have
introduced the concept of E-frames for a separable Hilbert space and study
some properties of them.

In this paper, we give some results on E-frames. Throughout this paper,
we assume that # is a separable Hilbert space. A countable family {f}32,
in H is called a frame for H if there exist constants 0 < A < B < oo such

2020 Mathematics Subject Classification. Primary 47B35; Secondary 30H05
Key words and phrases. Frame, E-frame, Hilbert space, Matrix mapping.
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that -
AllFIP < STICA R < BIFIP (FeH). (1.1)

k=1
A and B are called the frame bounds.
For the sequence (H,)5 ; of separable Hilbert spaces, suppose that

Do = {Uhialf e 2 D107 < o).
n=1 n—1

We can define a well defined inner product < , > on @, | Hy defined by

[e.@]
<{fn}zo:17 {QN}rOLO:1> = Z <fn7 gn>-
n=1
It is well known that @, ; H,, is a Hilbert space with respect to this inner
product which is called the Hilbert space direct sum of (H,,)22; [2]

Let X and ) be two sequence spaces and E = (E,, j)nr>1 be an infinite
matrix of real or complex numbers. We say that £ defines a matrix mapping
from X into Y, if for every sequence x = {z,}3% in X, the sequnce Fz =
{(Bx)p}22, is in Y, where

oo
(E‘r)n:ZEn,kxk? n = 1,2,....
k=1
Using the matrix mapping concept, the authors in [5], have introduced a

new notion of frames which is called E-frame. Let E be an invertible infinite
matrix mapping on @, ; H. Then for each {fi}32, € Doy H,

E{fe}rzy = {iEnkfk}

k=1 n=1

[e.9]

Definition 1.1. [5] The sequence {f;}72, is called an E-frame for #H if
there exist constants 0 < A < B < oo such that

o0
2
AN <SS (ESED P <BIFE  (Fem). (2
n=1
If just the right inequality in (1.2) holds, then {fx}?2, is called an E-
Bessel sequence for H with E-Bessel bound B. One can easily check that
for given constant B > 0, the sequence {f;}72, is an E-Bessel sequence if
and only if the operator T defined by
oo
T : P(N) i— M, T{cx}32, = Y er(B{fi}p21),,
n=1
is a bounded operator from ¢?(N) in to H with ||Tg| < v/B. We call T the

pre E-frame operator. Its adjoint, the analysis operator, is given by
o0

Ti:H — P(N), Thf = {(f, (E{fk}zol)n>} - (1.3)

n=
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Composing T and T}, the E-frame operator

Sg:H—H,Sef= Z (fs (B{f32), ) (B{fu}2),,

n=1
is obtained. Sg is bounded, invertible, self-adjoint and positive [5]. This
leads us to the following reconstruction formulas for all f € H
[e.9]
f=_(F (B{SE u}in) ) (B{f3R2A) (14)
n=1

f - Z <fa (E{fk}zi1)n>(E{Silfk}iozﬁn’

2. MAIN RESULTS

Theorem 2.1. Let {f;}72, be an E-frame for H with bounds A and B.
Assume that D : H — H is a bounded invertible operator on H. Then
{Dfp}22, is an E-frame with bounds A||D~1||~2 and B|/D|>.

Lemma 2.2. If {fi}?2, belongs to @, | H, then it is a Bessel sequence.

Remark 2.3. Suppose that E = (E, j)nk>1 is an infinite complex matrix
which defines an operator on £2(N) equipped with the condition that

S Bl < oo (2.1)

n=1k=1
First note that for any sequence {ck}zo | in (N),

ZE 1Cle <ZZ\Enk\ Z\Ck\

k=1 n=1 k=1

Hence 2.1 implies that E is bounded. This makes that {Ek7n}k=1 and
{En 32, belongs to (2(N) for all n € N.

Now we define a matrix mapping £ on @, | H using E as follow

IB{e}iallzz = Z

n=1

00 00 00 o0
E-PH—PH ; E{filiz= {Z En,kfk} : (2.2)
n=1 n=1 k=1 n=1
The above discussion together with Lemma 2.2 and [1, Corollary 3.2.5] makes
E well-defined. Moreover for any sequence {f}7°, in €, ; H we see by
assumption that
>

n=1

oo

Z Enkfr
k=1

Thus E{ fr 172, belongs to @, ; H and our aim is achieved. Therefore any
infinite complex matrix which defines an operator on /2(N) and satisfies 2.1
induces a matrix mapping on @, ; H.
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Motivated by Remark 2.3, in the next result, we prove a classical frame
can be an F-frame.

Theorem 2.4. Suppose that E = (E,, )n k>1 i an infinite invertible com-
plex matriz which defines an operator on (2(N) and satisfies 2.1. Suppose
that {fx}32, is a frame for H with bounds A and B. Then {fi}3, is an
E-frame with bound ||E||*?B and CA, for some C > 0.

Theorem 2.5. Let {f}?2, be a Bessel sequence on H. Suppose that E =
(Enk)nk>1 15 an infinite complex matric satisfying the conditions of theorem
2.4. Then {f1}32, is an E-Bessel sequence if and only if E(T*f) € £2(N),
where T* is the analysis operator of {fi}72 .
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ABSTRACT. In this article we want to take advantage of the notion of
CMTS to present new contractive conditions and making use of our new
contractions to formulate new results related to FP of a mapping that
satisfies a set of conditions.

1. INTRODUCTION

The fixed point (FP) theory technique is widely used by scientists to
prove the existence of solutions to problems in science involving integral
equations or diferential equations. So, the appeal of fixed point theory to
a large number of scientists is understandable. After Banach launched and
proved Banach’s contraction theorem, many mathematicians extended this
well-known theorem into more general forms either by enhancing Banach’s
contraction into more general forms or by extending metric space (MS) into
new ones, such as cone MS, G-MS, partial MS and so on. One of the
important generalizations of MS is the idea of b-MS introduced by Baktain
[1] and Abdeljawad et al. [9] used the idea of partial b-MS to enhance some
known FP results. Shatanawi et al. made use of ordered relations to present

2020 Mathematics Subject Classification. Primary 37C25, Secondary47H10
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a new type of Banach’s contraction theorem. Rasham et al. established
a generalization of Banach’s contraction theorem on fuzzy metric spaces.
Also, Gupta at el. initiated several fixed point results in the setting of fuzzy
metric spaces. Gamal et al. took the advantage of weakly compatible maps
to present new fixed point findings via various contractions in multiplicative
metric spaces and to examine some applications. Meanwhile, other authors
introduced diferent types of contraction conditions, and to examine some
applications in their obtained results, see for example. In the last few years,
Kamran et al. [2] presented a good idea to extend the concept of b-MS in
a clever way based on a control function with domain [1; +1) and named
their concept “extended bmetric spaces (EbMS)”. Recently, Mlaiki et al.
[3] extended the idea of b-MS to a new idea, which they named “controlled
metric type space (CMTS)” by inserting a control function 6(u,l) in the
triangular inequality of the definition of the metric space in a luminous way.
Also, Mlaiki et al. [3] provided an example showing that the concept of a
CMTS is not an EbMS. For more results in extended b-metric spaces and
controlled metric spaces.
From now on, F' stands for a non-empty set.

Definition 1.1. [1] For b > 1, the function v : F' x F' — [0, 00) is called a
b-metric if Vv, l, s € F', we have

(1) v(v,]) =0<=1l=w,

(2) v(v,1) = v(l,v),

(3) v(v,l) <blw(v,s) +v(s,1)].
The pair (F,v) is called a b-MS.

The above concept has been generalized by two diferent ways. The first

way was given by Kamran et al. [2] as follows:

Definition 1.2. [2] Consider the function 6 : F' x F' — [1,00), and the
function v : F' x F' — [0,00) is called an extended b-metric if Yov,l,s € F,
we have

(1) v(v,]) =0 <=1 =,
(2) v(v,l) =v(l,v),
(3) v(v,l) < O(v,l)[v(v,s)+v(s,1)].

The pair (F,v) is referred to as an EbMS.

For some examples on EbMS, see [2]. The second way for generalizing
the b-MS was given by Mlaiki et al. [3] as follows:

Definition 1.3. [3] Consider the function 6 : F' x F' — [1,00), and the
function v : F' x F' — [0,00) is called a controlled metric type if Vv, l,s € F,
we have

(1) v(v,)) =0 <= 1l=w,

(2) v(v,1) = v(l,v),

(3) v(v,1) < O(v,s)v(v,s)+6(s,Dv(s,1).
The pair (F,v) is called a CMTS.
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In the present work, we will establish and prove some fixed point theo-
rems for mappings that satisfy a set of conditions in controlled metric type
spaces introduced by Mlaiki et al. Our technique in constructing our new
contraction conditions is to insert the control function 6(u,l) that appears
on the right hand side of the triangular inequality of the definition of the
controlled metric spaces in the right hand side of our proposed contraction
conditions.

2. MAIN RESULTS

From now on, CCMTS is a complete controlled metric type space, and
CbMS is a complete b-metric space with constant b.

Theorem 2.1. On CCMTS (F,v), assume there exists r € (0,1] such that
Q : F — F satisfies
o(@QL Qv) < 0L v)o(l, ),
for all Yv,l € F. Assume limy_,o0 SUpO(lit1,lm)0(liz1,live) exists and less
1 A
than —, where l; = Q'ly for lg € F. Also, suppose that for any Yv,l € F,
r

we have lim;_s 4 oo supf(v, Q1) and lim;_, ;o supf(Q'l,v) exist and are finite.
Then, ) has a FP in F.

Theorem 2.2. On CCMTS (F,v), assume there exists r € (0,1] such that
Q : F — F satisfies
v(Ql, Qu) < ro(l,v)v(l,v).
for all for all¥l,v € Q. Suppose that for anym € N, lim;_ o0 sup(l;, 1,n)0(li, liv1)
erists and is less than e where l; = Q'ly for lg € F. If 0 is continuous in
its variables, then Q has a FP in F.

The uniqueness of the FP in Theorem 2.1 or 2.2 can be obtained if an
appropriate condition is added.

Theorem 2.3. On CCMTS(F,v), assume there exists r € (0,1] such that
Q : F — F satisfies
v(QL, Qu) < ro(l,v)v(l,v)
for alll,v € F. Assume that im;_, oo supf(l;, 1,,)0(l;, liv1) exists and is less
1 .
than —, where l; = Q'ly forly € Q. Moreover, assume that for anyl, so € M,
r ,
lim; o0 sup(l, Q'ly) exists and is finite, or 0 is continuous. If l,s € F, we
have lim;_, o0 supd(Q'v, Q') exists and is less than —, then T has only one
r

FPin Q.

The following known result can be obtained immediately from our Theo-
rem 2.3 by simply defining 8 to be the constant function b.

Corollary 2.4. On CbMS (F,v), assume there exists r € (0,1] with b*r < 1
such that Q : F — F satisfies v(Ql, Qu) < rbu(l,v), for all l,v € F. Then,
Q has only one FP in F.
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Theorem 2.5. On CCMTS(F,v), assume there exist r,a € [0, 1] (both are
not 0) and h € [0,1) such that Q : F — F satisfies

0(QL Qv) < r6(1,v)u(l,v) + ad(l, Qv (1, Q1) + hv(v, Qu),
for alll,v € F. Also, suppose that for any m € N,

. 1—h
Jliglo supd (L1, lm)0(Lj 11, liv2) < e

where l; = Q'ly for lg € F. Moreover, assume that for any v € F, we have
lim sup;— 1000 (v,1;) exists and is finite, and lim sup;_,4o0(l;,v) exists, is

1
less than 7 and is finite. Then, T has a FP in F.

In our next result, we assume that 6 is continuous in its variables.

Theorem 2.6. On CCMTS (F,v), assume there exist r,a € [0,1] (both are
not 0) and h € [0,1) such that Q : F — F satisfies

v(QL, Qu) < (1, v)u(l,v) +ad(l, QU)v(l, Q) + hv(v, Qu),
for alll,v € F. Also, suppose that for any m € N,

. 1—h
Jlgglo supl(lj41,lm)0(lj41,liv2) < T a’

=

where l; = Q'ly for lg € F. Also, suppose for v € Q, we have 0(v, Qv) <
. If 0 is continuous in its variables, then QQ has a FP in F.

The uniqueness of FP can be achieved in Theorem 2.5 or 2.6 if a suitable
condition is added.

Theorem 2.7. On CCMTS(F,v), assume there exist r € (0,1], a € [0,1]
and h € [0,1) such that Q : F — F satisfies

v(QL, Qu) < ro(l,v)v(l,v) + ab(l, Q)v(l, Q) + hv(v, Qv).
for all l,v € F. To the addition of all conditions in Theorem 2.4 or 2.5,
suppose Q satisfies limy_,o supf(Q'l, Q'v) < %, for all l,v € F. Then, Q
has only one FP in F.
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ABSTRACT. In this paper, we introduce the notion of the orthogonal sets
and then we give an extension of Banach fixed point theorem. Finally, we
study the existence and uniqueness of solution for a first-order ordinary
diferential equation.

1. INTRODUCTION

The purpose of this paper is to introduce the notion of orthogonality of
sets which contains the notion of orthogonality in normed spaces (see [l]
and [2]). By using this concept, we discuss an analogue of [3] in orthogonal
sets. The main result of [3] is the following theorem:

Theorem 1.1. Let X be a partially ordered set such that every pair x,y € X
has a lower bound and an upper bound. Furthermore, let d be a metric on X
such that (X, d) is a complete metric space. If F' is a continuous, monotone
mapping from X into X such that

o there exists k € (0,1) with d(F(x), F(y)) < kd(z,y), Yz >y,
e there exists xo < F(xg) or xg > F(xg).

2020 Mathematics Subject Classification. 47TH10, 54H25.
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Then F is a Picard operator (briefly, PO), that is, F' has a unique fized
point x* and lim,_,oo F™(x) = z* for each x € X.

In this paper, we introduce the notion of the orthogonal sets and give a
real generalization of Banach’ fixed point theorem. As an application, we
find the existence of solution for a first-order ordinary differential equation.
Banach’ fixed point theorem and other fixed point theorems do not work to
prove this problem.

We start our work with the following definition, which can be consider
the main definition of our paper.

Definition 1.2. Let X # () and 1L € X x X be an binary relation. If |
satisfies the following condition:

Jzo : (Vy,yLlzo) or (Vy;zoly),

then it is called an orthogonal set (briefly O-set). We denote this O-set by
(X, 1).

2. MAIN RESULTS

In this section, we prove the main theorem of the present paper. To this
end, we need the following definitions:

Definition 2.1. Let (X, 1) be O-set. A sequence {zp}nen is called an
orthogonal sequence (briefly, O-sequence) if

(Vn,xpnLapi1) or (Vn,Von1Lay,).

Definition 2.2. Let (X, Ll,d) be an orthogonal metric space ((X,L) is
an O-set and (X,d) is a metric space). Then f : X — X is said to be
orthogonally continuous (or L-continuous) in a € X if, for each O-sequence
{an}tnen in X with a,, — a, we have f(a,) — f(a). Also, f is said to be
1 -continuous on X if f is 1-continuous in each a € X.

We can not prove the following problem about the continuity of functions
on inner product spaces:

Let X be an inner product space with the inner product (.,.). Define x Ly
if (z,y) =0. Let f: X — X be L-continuous on X. Is f continuous on X7
We cannot prove the above problem for X = R" and its inner product.

Definition 2.3. Let (X, L, d) be an orthogonal set with the metric d. Then
X is said to be orthogonally complete (briefly, O-complete) if every Cauchy
O-sequence is convergent.

It is easy to see that every complete metric space is O-complete and the
converse is not true. In the next example, X is O-complete and it is not
complete.

Definition 2.4. Let (X, L, d) be an orthogonal metric space and 0 < A < 1.
A mapping f : X — X is called an orthogonal contraction (briefly, |-
contraction) with Lipschitz constant A if, for all z,y € X with z Ly,

d(fz, fy) < Md(z,y).
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Definition 2.5. Let (X, L) be an O-set. A mapping f: X — X is said to
be L-preserving if f(z) L f(y)if z L y . Also, f : X — X is said to be
weakly L-preserving if f(z)Lf(y) or f(y)Lf(x) if zLy.

Now, we are ready to prove the main theorem of this paper which can be
consider as a real extension of Banach contraction principle.

Theorem 2.6. Let (X, L,d) be an O-complete metric space (not necessarily
com- plete metric space) and0 < A < 1. Let f : X — X be L-continuous, 1 -
contraction with Lipschitz constant A and 1 -preserving. Then f has a unique
fized point x* € X. Also, f is a Picard operator, that is, lim f"(x) = z* for
allx € X.

Now, we show that our theorem is a real extension of Banach’s contraction
principle.

Corollary 2.7. (Banach’s contraction principle) Let (X,d) be a complete
metric space and f: X — X be a mapping such that, for some X\ € (0,1],

d(f(z), f(y)) < Ad(z,y)
for allx,y € X. Then f has a unique fized point in X.

In following, our purpose here is to apply Theorem 2.6 to prove the exis-
tence of a solution for the following diferential equation:
u (t) = f(t,u(t)),a.et € I =[0,T), 2.1)
u(t) =a,a > 1, '
where f : I x R — R is an integrable function satisfying the following
conditions:
(cl) f(s,z) >0forallz>0and s €I,
(c2) there exists a € L'(I) such that

[f(s,x) = f(s, )] < als)]z -y
forall t € I and x,y > 0 with zy > (z V y), where z Vy = x or y.
Note that f : I x R — R is not necessarily Lipschitz from the given
condition (c2). For example, the function

s, <

)

f(Sv'T) =

pO| N |

0, z=>
satisfies the conditions (c1) and (c2) while f is not continuous and mono-
tone. Also, for s # 0,
1 1 2
£ (s, 5) - f(8,§)| =55 756~ 8|§ - §|-
Theorem 2.8. Under these conditions, for all T > 0, the differential equa-
tion (2.1) has a unique positive solution.

2 1 1
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ABSTRACT. In this paper, the concept of controlled *-g-fusion frames
is introduced in Hilbert C*-modules. The equivalent condition for con-
trolled *-g-fusion frame is established using the operator theoretic ap-
proach. Some characterizations of controlled *-g-fusion frames are found
out. Moreover, the relationship between *-g-fusion frames and controlled
*.g-fusion frames are established.

1. INTRODUCTION

The concept of frames in Hilbert spaces has been introduced by Duf-
fin and Schaeffer [3] in 1952 to study some deep problems in nonharmonic
Fourier series. After the fundamental paper [2] by Daubechies et al., frame
theory began to be widely used, particularly in the more specialized context
of wavelet frame and Gabor frame [1]. Frames have been used in signal
processing, image processing, data compression, and sampling theory. The
controlled frame was introduced by Balazs et al [1]. with the aim to im-
prove the efficiency of the iterative algorithms constructed for inverting the
frame operator. Controlled frames in Hilbert C*-modules was introduced
by Rashidi-Kouchi and Rahimi [5].
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2. MAIN RESULTS

2.1. Basic definitions and Preliminaries. Let A be a unital C* -algebra,
let J be countable index set. Throughout this paper H and L are countably
generated Hilbert A— modules and Hj, j € J is a sequence of submodules of
L. For each j € J , End’(H, Hj) is the collection of all adjointable A—linear
maps from H to H; , and End’(H, H) is denoted by End%(H). Also let
GL*(H) be the set of all positive bounded linear invertible operators on H
with bounded inverse. Throughout this paper, we assume that A is a unital
C*-algebra and H is a Hilbert A-module.

Firstly we give the definition of %-G-fusion frame in Hilbert C*-modules.

Definition 2.1. Let {W,};csbe a sequence of closed submodules orthogo-
nally complemented of H, {v;};cs be a family of weights in A, ie., each v,
is positive invertible element from the center of A and A; € End*(H, H;)
for each j € J. We say that A = {W;, Aj,v;}jes is a *-g-fusion frame for H
if there exist two strictly nonzero elements A and B in A such that

A(f, A" <> w3 (A Pw, f, A P, f) < B(f, f)B (2.1)
JjeJ
forall fe H
The constants A and B are called the lower and upper bounds of the
*_g-fusion frame, respectively. If A = B thenA is called tight *-g-fusion
frame and if A = B = 1 then we say A is a Parseval *-g-fusion frame. The
operator S : H — H defined by Sf = ZjeJ UJZPWjA;AjPij for all f € H.
Is called *-g-fusion frame operator.

Now we define the notion of (C, C) -controlled *-g-fusion frame in Hilbert
C*-modules.
Definition 2.2. Let (C,C) € GL*(H), {W;},e be a sequence of closed sub
modules orthogonally complemented of H, {vj}jc; be a family of weights
in A, ie., each v; is positive invertible element from the center of A and
Aj € Endy(H, Hj) for each j € J. We say that A, = {Wj,Aj,vj}es is a
(C, C) controlled *-g-fusion frame for H if there exist two strictly nonzero
elements A and B in A such that

AU YA <S03 (A Py, CF A Pw,Cf) < B(f, [)B*  (2.2)
jed

for all f € H The constants A and B are called the lower and upper bounds
of the (C, C) controlled *-g-fusion frame, respectively. When A = B, the
sequence A,s = A = {Wj,Aj,vj}jes is called (C, C) controlled tight *-g-
fusion frame, and when A = B =1, it is called a (C, C) controlled Parseval
*_g-fusion frame . If only upper inequality of the above inequality hold, then
Ay is called an (C, C) controlled *-g-fusion bessel sequence for H.

Suppose that A, be a (C, C’) controlled *-g-fusion bessel sequence for
H. The bounded linear operator T(ac») : 12(H; — H define by
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Tioo){fitjen) =Y _vi(C.C) )2 Py, A% f; (2.3)
JjeJ

for all {f;}jes € b({H;}jes) )
is called the synthesis operator for the (C, C')-controlled *-g-fusion frame

A, - The adjoint operator T(E,C’) :H — 15({Hj}jes) given by

Tie,6)(9) = {viAi P, (C, C) 26} (24)

is called the analysis operator for the (C, C’)—controlled *_g-fusion frame
Ape - When Cand C commute with each other, and commute with the

operator Pyy; A¥A; Py, , for each j € J, then the (C, C’)—controlled *_g-fusion
frame operator S(C o) H — H is defined

Scey = TeoyTieed = D viCPwA A P, Cf (2.5)
JjeJ
for all f € H. And we have

(S fs 1) =Y 03 (A Pw,C f, A Pw, Cf) (2.6)
jeJ
for all f € H.
From now we assume that C' and C' commute with each other, and com-
mute with the operator Py, A7A; Py, , for each j € J

Lemma 2.3. Let A4 be a (C, C’)—contmlled *-g-fusion frame for H. Then
the (C, C’)—contmlled *-g-fusion frame operator S(C &) is positive, self-adjoint
and invertible.

We estabilish an equivalent definition of (C, C')-controlled *-g-fusion frame
operator.
Theorem 2.4. Let ZJEJ E (A Py, Cf, AjPy, C'f) converge in norm A, Aye
{Wj,Aj,v5} e is a (C, C) controlled *-g-fusion frame for H, if and only if

IAT P ) < 1D o (A Pw, CF A P, CHI < IBIE ) (2.7)
JjeJ

for all f € H and strictly nonzero elements A, B € A.

When C = ' we say that the sequence {Wj, Aj,vj}jes is a C%—controlled
*_g-fusion frame for H.
Theorem 2.5. Let C € GIT(H) The {W;,Aj,vj}jes is a *-g-fusion frame
if and only if The sequence Ac.c = {Wj, Aj,vj}ies is a C*- controlled *-g-

fusion frame for H.
149



SEDIGHEH HOSSEINI

Proposition 2.6. Let {W;, Aj,vj}jcs is a *-g-fusion frame for H with
frame operator S and let C,C' € GLT(H). Then {W;,Aj,v;}jecs is a (C, C)—
controlled *-g-fusion frame for H.

Theorem 2.7. Let C,C € GLT(H), and C,C commute with each other and
commute with Py, ATA; Py, , for each j € J. Let ACC = {Wj, Aj,v;}jes
is a (C, C’)-contmlled *_g-fusion bessel sequence for H with bound B, then
the operator T ¢, & : ls({Hj}jes) = H given by

s 1 *
Tioe){g5tier) = > v;(CC)2 Py, Asg;
jeJ
for all {gj}jes € lo({Hj}jes) is well defined and bounded operator with,
T, 0l < 1B

Proposition 2.8. Let {W;, Aj,v;}jer be a (C, C”)-C’ontrolled *_g-fusion frame
with bounds A and B with operator frame S ¢ 4. Let 6 € End(H) be in-

jective and has a closed range. Suppose that 0 commute with C, C and Py,
forallj € J. Then {W;,\;0,v;}icr is a (C, C)-Controlled *-g-fusion frame
for H.

Lemma 2.9. Let {W;, A;,v;}ics be a (C,C)-Controlled *-g-fusion frame
with bounds A and B. Let § € End’(L,H) be injective and has a closed
range. Suppose that 0 commute with AjPWjC’ and A;Py,C for all j € J.
Then {W;,0A;,v5}jer is a (C, C)-Controlled *-g-fusion frame for H.

Theorem 2.10. Let (H,A,(.,.)4) and (H,B,{(.,.)B) be two Hilbert C*-
modules and let ¢ : A — B be a *~homomorphisme and 6 be a map on
H such that (0f,09)8 = p({f,g)a) for all f,g € H. Suppose that ACC =
{W;,Aj,vj}ies is a (C,C)-Controlled *-g-fusion frame for (H,A,(.,.)4)
with frame operator S and lower and upper bounds A and B respectively.
If 0 is surjective such that OA; Py, = AjPw,0 for each j € J and 6C = C0
and 0C = C0
Then {W;,Aj,v;}jer is a (C, C)-Controlled *-g-fusion frame for (H, B, {.,.) )

with frame operator Sp and lower and upper bounds A and B respectively

and (Spbf,09)8 = ¢((Saf,g)a)-
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ABSTRACT. This note includes a general version of Bessel multipliers
for controlled Bessel sequences in Hilbert spaces. In fact, by combining
analysis, an operator on ¢2, and synthesis, we reach so called general-
ized Bessel multipliers. Because of their importance for applications,
we investigate some properties of them. Moreover, some necessary or
sufficient conditions for the invertibility of such operators are presented.

1. INTRODUCTION

In [3], Schatten provided a detailed study of ideals of compact operators
using their singular decomposition. He investigated the operators of the
form Y, r Aigi ® fi, where {f;}ier and {g;}ier are orthonormal families. In
[1], the orthonormal families were replaced with Bessel and frame sequences
to define Bessel and frame multipliers. These are operators that combine
analysis, a multiplication with a fixed sequence (called the symbol) and syn-
thesis. Multipliers have important applications for signal processing and
acoustics. Recently, the concept of multipliers has been extended and intro-
duced for continuous frames, fusion frames, p-Bessel sequences, generalized
frames, controlled frames, Banach frames, Hilbert C*-modules and etc. In
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this paper, by replacing the fixed multiplicative operator by a bounded and
linear operator U on ¢2(I) and give a generalization of the controlled Bessel
multipliers. Moreover, some new results are presented.

2. NOTATION AND PRELIMINARIES

In this section, we collect the basic notation and some preliminary results.
Throughout the paper, H is a separable Hilbert space and I is an at most
countable index set. Let B(H) be the set of all bounded and linear operators
onH. For U € B(H),the notations U* is the adjoint operator of U. We define
GL(H) as the set of all bounded and linear operators on H with a bounded
inverse. Given 0 < p < oo, we define the Schatten p-class of H, denoted
Sp(H), as the space of all compact operators U on H for which singular
value sequence {\;};c1 belongs to ¢2(I). It is proved that S,(H) is a two
sided x-ideal of B(H).

Definition 2.1. Let C,C’ € GL(H) and F = {f;}ier be a sequence in H.
Then, F is called a (C,C")-controlled frame if there exist two constants
0 < A < B < oo such that for every f € H,

AIFIP <D LCENC fi £) < BIFIIP (2.1)

i€l

If only the right inequality in (2.1) holds, then we call F' a (C, C")-controlled
Bessel sequence. We call the (C, C)-controlled Bessel sequence and (C, C)-
controlled frame, C?-controlled Bessel sequence and C?-controlled frame,
respectively.

Let F = {fi}ier be a C?-controlled Bessel sequence in H. Then, the
analysis operator Top : H — £2(1) is defined as

Terf ={{f,Cf)}, (f €H).

Clearly, the operator Top is bounded and linear and it’s adjoint, which is
called the synthesis operator, is defined as

Top : (1) = H, Tep{aiticr =Y aiCfi, ({aikicr € (1)).
iel

Definition 2.2. Let C,C’ € GL(H) and F = {fi}icr be a sequence in H.
Then, F is called a (C, C")-controlled Riesz basis if F' is complete and there
exist 0 < A < B < oo such that for every {a;}ic1 € (1),

A ail? <1 aiCfil> < B laif*.
i€l 1€l 1€l

Now, we remember the concept of multipliers for controlled Bessel se-
quences, which is defined, of course by one contoroller operator, in [2].
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Definition 2.3. Let m € ¢>°(I) and F = {f;}ic1 and G = {g; }se1 be two C?
and C'? controlled Bessel sequence in H, respectively. Then, the operator
M, crqycr) : H — H defined as

My, craycm f =Y milf,Cf:)C'gi, (f €M),
1€l
is called the (C, C”)-controlled Bessel multiplier operator with symbol m. It
is clear that
Mm,(C’G),(CF) == Té/GmmTCF,
where 9, : £2(1) — ¢2(I) is the mapping given by

M fai} = miai, ({ai}icr € €(1)).

3. MAIN RESULTS

In this section, we introduce the concept of generalized controlled Bessel
multipliers and investigate some properties of them.

Definition 3.1. Let U € B(¢3()) and F = {f;}ic1 and G = {g;}ic1 be
two C? and C'? controlled Bessel sequences in #, respectively. Then, the
operator M(cigyucr) : H — H defined as Mcayucry = T¢nqgUTer is
called the generalized (C,C")-controlled Bessel multiplier.

In the first proposition, we summarize some properties of M(c/q)u(cF)-

Proposition 3.2. Let F = {fi}ic1 and G = {gi}ic1 be two C? and C"
controlled Bessel sequences in H with upper bounds B and B’, respectively,
and M(ciqyu(cr) be the Bessel multipliers associated with F' and G.

o Mcrayu(cr) s a bounded and linear operator with ||Mciayucr)ll <
VBB'|U]|.

o IfU € S,(3(1)), then M(crayu(cr) € Sp(H). The converse is true
only if F' and G are two (C,C")-controlled Riesz bases.

The following proposition provides some conditions under which the un-
derlying controlled Bessel sequences of a generalized (C, C’)- controlled Bessel
multiplier become controlled frames.

Proposition 3.3. Assume that F = {f;}ic1 and G = {g; }ic1 are two C? and
C" controlled Bessel sequences in H. Moreover, suppose that there exists

A > 0 such that for every f € H, A|f||* < ‘(M(C'G)U(CF)f, f)‘ Then, F
and G are C? and C"* controlled frames in H, respectively.

The next result gives a necessary and sufficient condition for invertibility
of the generalized multiplier.

Proposition 3.4. Let {fi}icr and G = {g; }ic1 be two C? and C"* controlled
Riesz bases in H. Then the multiplier Mcrqyu(cr) s invertible if and only

if U is invertible.
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Proposition 3.5. Suppose that{f;}ic1 and G = {g;}ic1 are two C? and C"
controlled Bessel sequences in H. If Mciqyucr) is invertible, then F and
G are C? and C” controlled frames in H, respectively.
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ABSTRACT. In this paper, we investigate conditions which a weakly hy-
percyclic composition operator acting on the space of holomorphic func-
tions.

1. INTRODUCTION

Let X be a Banach space of analytic functions on the open unit disk U
of the plane and ¢ be a self map of the open unit disk. The composition
operator Cy, : X — X is defined by C,, (f) (2) = f (¢ (2)) for every f € X
and z € U.

Let E be a topological vector space, then a continuous linear mapping T :
X — X is called weakly hypercyclic provided there exist some z € E such
that the set

Orb(T,z) ={\T"z : n>0, A€ C}

is weakly dense in . The first example of hypercyclic operator in the space
of entire functions, by Birkhoff [1] in 1929. He showed the hypercyclicity of
the translation operator, while Maclane [1] proved in 1952 the hypercyclicity
of the differentiation operator. Hypercyclicity on Banach spaces started in
1960 by S. Rolewicz [5] who show AB is hypercyclic whenever B is unilateral
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backward shift( on [P and ¢p) and |A] > 1. Weakly hypercyclic acting on
some function spaces has been invested in [2], [3]. We see that although the
weakly hypercyclicity of composition operator follows by a corollary from
[7] but our proof is direct, simple and independent. Our attention in the
present paper is the weakly hypercyclic properties for a composition opera-
tor acting on a Banach space of analytic functions on the open unit disk.

2. MAIN RESULTS

In the following, we consider the consider the composition operator C,
acting on a Banach space of analytic functions and we will investigate the
weakly hypercyclicity of C,,.

The Banach space X under consideration satisfy the following axioms:
Axiom 1. X is a subspace of the space of all analytic functions on the open
unit disk U.

Axiom 2. ze X C X and 1 € X.

Axiom 3. For each A € U, the linear functional of evaluation at A, ey, is
bounded on X.

Theorem 2.1. Let X C C(U) and ey € X* for all X\ € U. If ¢ has
boundery fized point, then Cy is not weakly hypercyclic.

Proof. Let w be a boundery fixed point of . since the functional e, € X*,
for all f € X we get

<f7 C:;ew> = (wa) €w> =fo QO(U)) = <f’ €w>-
Thus C;ew = ey and so 1 is an eigenvalue of C;. But it is well known that

the point spectrum of the adjoint of a weakly hypercyclic operator is empty,
hence C can not be weakly hypercyclic. O

Corollary 2.2. Under the conditions of Theorem 2.1, C7, is not hypercyclic.

Corollary 2.3. Under the conditions of Theorem 2.1, AC7, can not be weakly
hypercyclic for all A € C.

Proof. In the proof of Theorem 2.1, substitute Cj by ACg. O

Theorem 2.4. Let X C C(U) and ey € X* for all\ € U. If ¢ has boundary
fized point, then ACy, is not weakly hypercyclic for all X € C.

Now we want to investigate Banach spaces satisfying the conditions of
the above theorems. for this let {8(n)}52_. be a sequence of positive
numbers with 3(0) = 1 and 1 < p < co. Consider the space of sequences
f={f(n)}>__ such that

o0

AP = 1115 = D [Fn)PB(n)? < oo

n=—oo
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The notationf(z) = 32°° ___ f(n)z" shall be used whether or not the series

n=—oo
converges for any value of z. these are called formal Laurent series and LP([3)

denotes the space of such formal Laurent series. Note that when n ranges

on NJ{0}, they are called formal power series and are denoted by H” ().

These are reflexive Banach spaces with the norm ||-||3. The following lemma

has been proved in [0].

Lemma 2.5. For 1 < p < oo, the dual of dual of HP(S3) is th(ﬁ%) where
P P

Ly L1 and 85 = {(B(n)" .

Proposition 2.6. Let 1 < p < oo and 3+, = 1. Then H?(8)* = HI(B7"),

where B~ = {871(n)}>,

Proof. Define L : Hq(ﬂ ) — HY(B~™Y) by L(f) = F where

= ()"
n=0

and
= f(n)BP(n)="
n=0
Then
>0 f qﬁpq
1 )982 (n) = || £]|°
1 a1 Z Zlf )87 ( ”fHHp(g%)
Thus L is an isometry. It is also surjectve. because if
=Y F(n)z" € HI(B™),
n=0
then L(f) = F, where
—, F(n)
flz)= z".
&= 50
Hence Hp(ﬂg) and H9(371) are norm isomorphic. Since
HP(B)* = H(B™),
the proof is complete. O

Example 2.7. It is well known that a complex number A is a bounded point
Evaluation on H” (8) iff { 5 }n where L 4+1 =1 ([29,30]).1f lim,, %522 — 1,
then each function in H () is analytic on the open unit disk U, so clearly
the Banach space HP([3) satisfies the axioms 1, 2, 3. We know that in the
case p = 2, the classical Hardy space, Bergman and Dirichlet spaces are
weighted Hardy spaces with (n) = 1 and S(n) = (n + 1)_% and B(n) =
(n+ 1)% respectively. So in the special case, Hardy, Bergman and Dirichlet
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spaces are examples satisfying the axioms 1, 2, 3. Furthermore, note that
under the condition Y 7, qul)p < 00, we have

ex € HP(B)" = HI(B™)

for all A in the closed unit disk. Indeed, in this case , the spaces HP(3)
are small and consist of functions that are continuous on the unit circle. A
necessary condition for the operator C, to be hypercyclic on H?(3) is that
 is univalent and this condition guarantees boundedness of the composition
operator Cy, on some small weighted Hardy spaces [¢]. By above discussions
together with the earlier results, we can conclude the following theorem.

Theorem 2.8. Let 1 < p < 00, ¢ be a univalent self map of U and
ST am < oo. Then AC, can not be weakly hypercyclic on HP(f3) for

n=0 (n)P

all X € C.
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ABSTRACT. Let A be a Banach algebra, and let I be a closed rtwo-sided
ideal of A. In this note, we present some conditions which guarantee that
approximate [-weak amenability of A. In particular, as an povital result,
we show that weak™-approximate 3-I-weak amenability of A follows that
approximate [-weak amenability.

1. INTRODUCTION

Let A be a Banach algebra, and let X be a Banach A-bimodule. Then
the dual space X* is a Banach A-bimodule by the following actions

<a'f,£>:<f,£'(l>, (f-a,§>=<f,a-£>, (CLEA,fGX,fGX*)
A derivation D : A — X is a bounded linear map that satisfies
D(ab) = D(a)-b+a-D(b) (a,be A).

Moreover, a derivation D is called inner if there exists an element & € X
such that

Da)=a-{—&-a (a€A).
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In addition, a derivation D is approxzimately inner if D is the strong limit of
a net of inner derivations; that is, there exists a net (£,) C X such that

D(a):liéna-fa—ga-a (a € A).

Note that (£,) is not necessarily bounded. The same strategy as Lemma
1 in [2] shows that D is approximately inner if and only if it is weakly
approximately inner; that is, D is the weak limit of a net of inner derivations.
Banach algebra A is called amenable if H'(A, X*) = {0} for all Banach
A-bimodule X, where H'(A, X*) is defined as [1]. This means that each
continuous derivation from A into dual of every A-bimodule is inner.

A Banach algebra A is called weakly amenable (resp. approzimately weakly
amenable) if every continuous derivation D : A — A* is inner (resp. approxi-
mately inner). Let I be a closed two-sided ideal of a Banach algebra A. Then
A is called approzimately I-weakly amenable (resp. I-weakly amenable) if
every continuous derivation D : A — [* is approximately inner (resp.
inner). Moreover, A is called approzimately ideally amenable (resp. ide-
ally amenable) if A is approximately I-weakly amenable (resp. I-weakly
amenable) for every closed two-sided ideal I of A; see [1] and [5] for more
details and examples.

For a Banach algebra A and a closed two-sided ideal I of A, it is known
3-I-weak amenability of A follows that A is I-weakly amenable. So, A is
ideally amenable if H'(A,I***) = 0 for each closed two-sided ideal I of
A. We next give this statement holds in the approximate case with fewer
conditions.

Definition 1.1. Let A be a Banach algebra and I be a closed two-sided
ideal of A. Then A is called weak*-approximately 3-I-weakly amenable if
for each continuous derivation D : A — I***, there is a net (¢,) C I"™**

such that a - 1o — Yy - a SN D(a) for all a € A.
We now state the following result as a main tool in this note.

Theorem 1.2. Let A be a Banach algebra and let I be a closed two-sided
ideal of A. Suppose A is weak*-approximately 3-I-weakly amenable. Then
A is approximate I-weakly amenable.

As some immediate consequences of Theorem 1.2, we have the following
corollary.

Corollary 1.3. Let A be a Banach algebra.

(a) If A is weak*—approzimately 3 — I—weakly amenable for every two-
sided closed ideal I of A, then it is approximately ideally amenable.

(b) If every continuous derivation D : A — A** is approzimately inner
in w*-topology, then A is approximately weakly amenable.

Note that if A is a reflexive Banach algebra, then the converse of the
above results is true.
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Theorem 1.4. Let A be a Banach algebra and for every closed ideal J of A
such that J = AJ U JA, A* is weak* — approzimately 3— J—weakly amenable.
Then A is approximately ideally amenable.

Theorem 1.5. Suppose that A be an (approximately) ideally amenable Ba-
nach algebra and let J be a non-closed ideal of A. Let

(a) J is a Banach algebra under a norm || -||; such that fora € A, b e J
we have
[labll.; < flall [[bll, [[ball; < llal| [|bl].7,
(b) J has an approximate identity which also an approzimate identity for
A.
Then J is (approxzimately) ideally amenable.

We end the work with the following theorem.

Theorem 1.6. Let I be a closed two-sided ideal in A and let A be a ideal
of A™* with bounded approximate identity. If A** is weak*—approrimately
3 — I—weakly amenable, then A is approrimately I—weakly amenable.
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ABSTRACT. In this paper, we establish several numerical radius inequal-
ities for 2 x 2 operator matrices, which improve on existing ones. Ap-
plications of our inequalities are also provided.

1. INTRODUCTION

Let B(H) denote the C*-algebra of all bounded linear operators on a
complex Hilbert space H. For A € B(H), we denote by |A| the absolute value
operator of A, that is, |A| = (A*A)%, where A* is the adjoint operator of A.
The numerical radius and the operator norm of A are defined respectively
by

w(A) = sup |(Az,z)| and |Al| = sup |Az]|.
llell=1 llell=1
It is well known that the numerical radius, i.e., w(.) defines a norm on
B(H), which is equivalent to the usual operator norm ||.||. In fact, for any

A€ B(H),

1
Sl < () < )14,
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A general 2 x 2 operator matrix in B(H @ #H) is an operator of the form

é g], where A, B,C,D € B(H). The operator [61 10)] is called the
: A B 0 Bj. .
diagonal part of { C D}’ and [ c 0} is the off-diagonal part.

In [3], it has been shown that if T = [gl 10)} € B(H® H), then
T 1 T *|7 T * |7
W(T) < g max{[[|A]" + [A"["|l [IIDI" + D"} (1.1)
. . 0 B
for r > 1. Bhunia et. al. [1] proved that if S = [C’ O] € B(H & H), then

1 * *
W3(8) < 5 max {|B* + [CPI, 1B +1C* |1} (12)

In this paper, we derive some upper bounds for the numerical radius of di-
agonal parts and off-diagonal parts of 2 x 2 operator matrices. In particular,
our results refine the inequalities (1.1) and (1.2).

2. MAIN RESULTS

We first recall that if & : [0,00) — [0,00), then h is called doubly convex
if h is convex in the usual sense and

h(a'~'Y) < Rt (a)h(b), a,b>0, 0<t< 1.
To prove our numerical radius inequalities , we need the following lemma.

Lemma 2.1. [{] Let A, B,C,D € B(H), Then

@ ol p|)=maxela)w(D)

o) (g o) = bl

Theorem 2.2. Let T = é 10)] € B(HDH) and f, g be two non-negative
continuous functions on [0,00) such that f(t)g(t) =t (t > 0) and let h :
[0,00) — [0,00) be an increasing doubly convex function. Then, two partial

isometry U and V exist such that

h(w(T)) < %max {h (w(£(1ADUg(IAD)) , h{w(f(IDNVa(ID*()) }
+ imaX{Hh(g?(lA*l)) +h(FIANL I8(? (D) + R (FADD)II} -

In particular, for allr>1 and 0 <t <1,
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W'(T) < 5 max {w (JALU|A|'),w" (|D['V| D7)}

il A

+ 1 maX{H‘A*Fr(lft) + |A’2r‘tH7 H‘D*’%(lft) + |D‘2rtH} )

Remark 2.3. By letting ¢t = % in the above inequality, it is easy to sea that
the above inequality refines inequality (1.1).

Theorem 2.4. Let S = g ]g € B(H®H) and f, g be two non-negative

continuous functions on [0,00) such that f(t)g(t) =t (t > 0). Then

w(s) < \fmaX{Hf(ICDgQ(\C!)f(ICD +9(IB* (1B Dg(1Bz,
Hg(!C*I)fQ(!C*I)g(IC*I)+f(|B|) (1B F(IBN]2}

1
+ 5 max {[|g*(1B*)) + /*( 2(1C*) + 248D ||} -

In particular, for all 0 <t <1,
V2 viod . 1
w(8) < = max {[||C]* + B2, [[IC*]* + | BI*]|* }

1
" . max{|HB*|2(1—t) i |C|2t”? H|C*|2(1—t) + ’B|2tH} '

Remark 2.5. By letting ¢t = % in the above inequality, it is easy to sea that
the above inequality refines inequality (1.2).
Corollary 2.6. Let A, B € B(H. Then
1,y V2 1 « w121
w2(B"A) < == max{[||A]* + [BI*[|, [[[A** + [ B2}

1 *
+ 7 max{[|| Bl + Al 147} + [ B[]}

In particular, if A and B are normal, then

2
. V2 11
oy < (St 1+ fim )
which is clearly smaller than the upper bound given in [2], namely

w(B*A) 7H1A12+1B| -

164



HOSNA JAFARMANESH

REFERENCES

. P. Bhunia, S. Bag and K. Paul , Bounds for zeros of a polynomials using numerical
radius of Hilbert space operators, Annals of Functional Analysis, 12 (21) (2021).

. S. S. Dragomir, Power inequalities for the numerical radius of product of two operators
in Hilbert spaces, Sarajevo J. Math., 5 (18) (2) (2009) 269-278.

. M, Hajmohamadi, R. Lashkaripour and M. Bakherad, Some generalizations of numer-
ical radius on off-diagonal part of 2 X 2 operator matrices, J. Math. Inequal., 12 (2)
(2018), 447-457.

. F. Kittaneh, A numerical radius inequality and an estimate for the numerical radius of
the frobenius companion matriz, Studia Math., 158 (2003), 11-17.

165



-7 Mavember 2034
Avatollal Borapjerdl Universily

Boroujierd, Iran

BEST PROXIMITY POINT OF CYCLIC G-p-WEAK
CONTRACTIVE MAPPINGS IN GRAPHICAL METRIC
SPACES

SOMAYE JALALI'*AND KAMAL FALLAHI?

1 Department of Mathematics, Payame Noor University, Tehran, Iran
somi_63Q@yahoo.com
2 Department of Mathematics, Razi University, Kermanshah, Iran
k.fallahi@razi.ac.ir; fallahil361@gmail.com

ABSTRACT. The main purpose of this paper is to show the existence of
best proximity points for a famous class of contractive mappings, named
cyclic G-p-weak contractive mappings, in graphical metric spaces. As
an application, some consequences are also considered for the special
graphs, which can demonstrate the importance of the main theorems.

1. INTRODUCTION

In 2006, Eldred and Veeremani [3] showed the existence of best proximity
point of contractive mappings on uniformly convex Banach spaces. Suppose
that A, B # () are two subsets of a metric space (X, d), d(A, B) = inf{d(a,b) :
a€ Abe B} and F: A— B. The best proximity point of F is each point
a € A, where d(a,Fa) = d(A,B). In 2009, Suzuki et al. [8] proved the
existence of such point of cyclic contractive mappings in a metric space
by virtue of an UC (stands for unconditionally Cauchy) property. Note
that a mapping F : AUB — AU B is called cyclic, introduced by Kirk
et al. [7], whenever F(A) C B and F(B) C A. Also, the pair (A,B)
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is said to have UC property if for {a,} and {a],} in A and a {by} in B,
hm d(an,by) = hm d(al,,by) = d(A, B) implies hrn d(a,a),) =0. In 2011-
2()12 Abkar and Gabeleh obtained the partlally ordered version of these
results. On the other hand, in 2008, Jachymski [6] introduced a graphical
metric space, a metric space (X,d) endowed by a graph G = (V,E) in
which V is vertex set and E is edge set containing all loops, and extended
several concepts and fixed point theorems. Regarding all concepts mentioned
above, we prove the existence of best proximity points for cyclic G-p-weak
contractive mappings in graphical metric spaces. For this, we need some
notations and definitions. Suppose that F : X — X is a mapping.

e Cr={acX:(Fma,Fa) € E(QG) for m,n=0,1,---}.

e Take W the class of all continuous and nondecreasing functions ¢ :

R=% — R=0 in which ¢ is positive on (0, +00) and ¢(0) =0

Definition 1.1. ([6]) A mapping F : X — X is orbitally G-continuous on
X when FPnq — b implies F(Fbra) — Fb for each a,b € X and positive
sequence {b,} so that (F’na, Fo»tla) € E(G) for every n € N.

Definition 1.2. ([6]) G is named a C-graph on X if a € X and {a,} is a
sequence in X' so that a, — a and (ap+1,a,) € E(G) for all n € N, then
there is {agp, } of {a,} so that (as,,,a) € E(G) for each i € N.

2. MAIN RESULTS

Definition 2.1. Let (X,d) be a graphical metric space. A mapping F :
AUB — AU B is said to be a cyclic p-contractive mapping when

d(Fa, F?b) < d(a, Fb) — ¢(d(a, Fb)) + ¢(d(A, B)) (2.1)
for any (a,b) € A x A with (a,b) € E(G), where ¢ € .
The following is the first main result of this paper.

Theorem 2.2. Assume that A, B # () are two closed subsets of a graphical
metric space (X,d), F : AUB — AU B is a cyclic G-p-weak contractive
mapping on A and F? keeps the edges of G on A, i.e. (a,b) € E(G) implies
(F2a, F?b) € E(Q) for each a,b € A. Moreover, suppose that Cx|4 # 0 and
an+1 = Fay. If G is C-graph on A and {ag,} has a convergent subsequence
in A, then F possesses a best proximity point in A.

Proof. Using the partially ordered version of the proof of this theorem men-
tioned by Abkar and Gabeleh [1, 2] and replacing the hypothesises of graphs,
we can prove the existence of a best proximity point by a well-known way
of computations in graphical best proximity point theory. ]

The following corollaries for the special choices of graphs can be immedi-
ately obtained from 2.2. First, take G = GGy where Gy is a complete graph,
i.e. Go is a graph in which V(Gp) = & and E(Gp) = X x X.
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Corollary 2.3. Assume that A,B # () are two closed subsets of a graphical
metric space (X,d) and F : AUB — AUB is a cyclic Go-p-weak contractive
mapping on A. Moreover, suppose that any1 = Fan. If Go is C-graph on
A and {az,} has a convergent subsequence in A, then F possesses a best
prozimity point in A.

Second, suppose that (X, <) is a partially ordered set. Now, take G a
graph on A" in which V(G1) = X and E(G1) = {(a,b) € X x X : a < b}.

Corollary 2.4. [2, Theorem 3.4, Abkar and Gabeleh (2012)] Assume that
(X, <) is a partially ordered set, A, B # () are two closed subsets of a graphi-
cal metric space (X,d), F : AUB — AUB is a cyclic G1-p-weak contractive
mapping and F? is nondecreasing on A. Moreover, suppose that xy € A
with xog < F2xg exists and any1 = Fan. If Gy is C-graph on A and {as,}
has a convergent subsequence in A, then F has a best proximity point in A.

Next, take G2 a graph on X in which V(G3) = X and E(G2) = {(a,b) €
X xX:a<borb<a}l,ie aandbare comparable members of X.

Corollary 2.5. Assume that (X, <) is a partially ordered set, A, B # 0 are
two closed subsets of a graphical metric space (X,d) and F : AUB — AUB
is a cyclic Go-p-weak contractive mapping. Also, suppose that if a and b
are comparable for a,b € A, then F2a and F>b are comparable. Moreover,
assume that xo € A exists such that o and F?xo are comparable and An+1 =
Fay. If Gy is C-graph on A and {as,} has a convergent subsequence in A,
then F possesses a best proximity point in A.

Ultimately, assume that € > 0 is fixed and recall that a,b € X are said to
be e-close whenever d(a,b) < e. Define the e-graph G, by V(G;) = & and
E(G:) ={(a,b) € X x X : d(a,b) < €}.

Corollary 2.6. Assume that A, B # () are two closed subsets of a graphical
metric space (X,d) and F : AUB — AUB is a cyclic G.-p-weak contractive
mapping. Also, suppose that if a and b are e-close for a,b € A, then F?a
and F?b are e-close. Moreover, assume that xo € A exists such that g
and F2xq are e-close and a,+1 = Fayn. Setting just o(f) = (1 —t)f with
t€(0,1) and f > 0 in Theorem 2.2, we have next theorem.

Theorem 2.7. Assume that A,B # () are two closed subsets of a graphical
metric space (X,d) and F : AUB — AU B is a cyclic G-weak contractive
mapping on A, i.e. d(Fa, F?b) < td(a, Fb)+(1—1t)d(A, B) for every (a,b) €
A x A with (a,b) € E(G) in which t € (0,1). Also, suppose that F? keeps
the edges of G on A, Crla # 0 and ant1 = Fay. If G is C-graph on A and
{agn} has a convergent subsequence in A, then F possesses a best prozimity
point in A.

Corollary 2.8. [I, Theorem 4.1, Abkar and Gabeleh (2011)] Assume that
(X, <) is a partially ordered set, A,B # () are two closed subsets of a graph-
ical metric space (X,d), F : AUB — AUDB is a cyclic Gy-weak contrac-

tive mapping. Also, suppose that F? is nondecreasing on A, xg € A with
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ro < Flwg ewists and an.1 = Fan. If G is C-graph on A and {az,} has a
convergent subsequence in A, then F possesses a best proximity point in A.

The following is the second main result of this paper.

Theorem 2.9. Assume that A, B # () are subsets of a graphical metric
space (X,d), A is complete, both (A,B) and (B,.A) have the UC property,
F : AUB — AUB is a cyclic G-p-weak contractive mapping on both A (and
B) in which F and F? keep the edges of G on A. If either F is orbitally G-
continuous on A or G is a C-graph on A, then F possesses a best proximity
point A whenever ag € A with ag € Cr exists.

Proof. Again, using the partially ordered version of the proof of this theorem
mentioned by Abkar and Gabeleh [1, 2] and replacing the hypothesises of
graphs, we can prove the existence of a best proximity point by a well-known
way of computations in graphical best proximity point theory. (I

Remark 2.10. Note that we can obtain some consequences from Theorem
2.9 regarding special graphs similar to discussion mentioned for the first
main result. For example, if we take G = (G1 in Theorem 2.9, we can obtain
Theorem 3.5 of Abkar and Gabeleh [2]. Again, if we put ¢(f) = (1 —1)f,
then we obtain Theorem 4.3 of Abkar and Gabeleh [1].

It is not difficult to construct a few examples to demonstrate the validity
of the main results and also to develop some applications to demonstrate
their effectiveness. For example, one can refer to the examples of Abkar
and Gabeleh’s papers [1, 2] or Fallahi et al’s works [1, 5]. Moreover, we
can obtain integral version of contractions mentioned above as some new
applications that left to the reader.
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ABSTRACT. In this paper, we examine the just-infinite dimensional C*-
algebras. More precisely, we describe a classification of just-infinite C*-
algebras in terms of their primitive ideal space along with some results.

1. INTRODUCTION

A C*-algebra A is said to be primitive if it admits a faithful irreducible
representation on some Hilbert space. It is said to be prime if, whenever [
and J are closed two-sided ideals in A such that INJ = 0, then either I = 0,
or J = 0. It is easy to see that every primitive C*-algebra is prime, and it is
a non-trivial result that the converse holds for all separable C*-algebras; cf.
[, Proposition 4.3.6]. However, there are (complicated) examples of non-
separable C*-algebras that are prime, but not primitive, see [2]. A closed
two-sided ideal I in a C*-algebra A is said to be primitive if I # A and I
is the kernel of an irreducible representation of A on some Hilbert space.
The primitive ideal space, Prim(.A), is the set of all primitive ideals in A.
A closed two-sided ideal I of A is primitive if and only if the quotient A/
is a primitive C*-algebra. In particular, 0 € Prim(A) if and only if A is
primitive.
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A (C*-algebra A is said to be residually finite dimensional (RFD), if it
admits a separating family of finite dimensional representations. The finite
dimensional representations can be taken to be irreducible and pairwise
(unitarily) inequivalent.

Assume that {m;};cr is a family of irreducible and pairwise inequivalent
finite dimensional representations of a C*-algebra A. Let k; be the dimension
of the representation 7;, and identify the image of m; with M}, (C). We then
get a *-homomorphism

Uy = @ﬂ'i A — HM]%((C)
i€l i€l
Note that Wy is injective if and only if (),; Ker(m;) = {0}, which again
happens if and only if {Ker(m;) : i € I} is a dense subset of Prim(.A4).
The purpose of this note is to investigate just-infinite dimensional C*-
algebras, defined to be infinite dimensional C*-algebras for which all proper
quotients by closed two-sided ideals are finite dimensional.

2. MAIN RESULTS

The following lemma holds:

Lemma 2.1. A C*-algebra A is RFD if and only if Prim(A) contains a
dense subset P such that A/I is a full matriz algebra, for each I € P.

Definition 2.2. A unital C*-algebra A is said to be strictly residually fi-
nite dimensional (strictly RFD) if there exists an infinite family {m; : A —
M, (C) }ier of irreducible, pairwise inequivalent, finite dimensional represen-
tations of A such that the map

Uy = @ﬂ'i A — HMkz(C)
) el
is surjective, for each infinite subset J of I.

Proposition 2.3. A unital separable C*-algebra A is strictly RFD if and
only if there exists an infinite subset P of Prim(A) such that each of its
infinite subsets is dense in Prim(A), and such that A/1 is finite dimensional,

for each I € P.

Definition 2.4. A C*-algebra A is said to be just-infinite if it is infinite
dimensional, and for each non-zero closed two-sided ideal I in A, the quotient
A/I is finite dimensional.

Lemma 2.5. Every just-infinite C*-algebra is prime.

Remark 2.6. Note that no commutative C*-algebra is just-infinite, since no
commutative C*-algebra other than C is prime. This also shows that no
commutative C*-algebra has a just-infinite quotient.

The primitive ideal space of a just-infinite C*-algebra turn out to be
homeomorphic to one of the Ty-spaces in the following class:
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Example 2.7. For eachn € {0,1,2,...,00}, consider the Ty-space Y, defined
to be the disjoint union Y,, = {0} U Z,,, where Z, is a set with n elements, if
n is finite, and Z,, has countably infinitely many elements, if n = co. Equip
Y,, with the topology for which the closed subsets of Y,, are precisely the
following sets: ),Y},, and all finite subsets of Z,,. In the following take Z,
to be {1,2,...,n},if 1 <n < oo, and Z to be N.

Lemma 2.8. Let A be a separable C*-algebra. The following hold:
(i) Prim(A) is homeomorphic to Yy, for some n € {0,1,2,--- 00} if
and only if the following three conditions hold:
(a) A is primitive,
(b) A/I is simple, for each non-zero primitive ideal I in A,
(c) If Prim(A) is infinite, then (\;ep I = 0, for each infinite subset
P of Prim(A).
(ii) If Prim(A) is infinite and A satisfies (b) and (c), then it automat-
ically satisfies (a). If A =1 is finite dimensional, for each non-zero
I € Prim(A), then condition (b) holds.
(iii) If A is just-infinite, then Prim(A) =Y, n € {0,1,2,--- ,00}.

The just-infinite C*-algebras are classified as follows(see [3]):

Theorem 2.9. Let A be a separable C*-algebra. Then A is just-infinite if
and only if Prim(A) is homeomorphic to Yy, for some n € {0,1,2,...,00},
and each non-faithful irreducible representation of A is finite dimensional.
(If n = 0, we must also require that A is infinite dimensional; this is auto-
matic when n > 1.) Moreover:

() Prim(A)=Yy if and only if A is simple. Every infinite dimensional
simple C*-algebra is just-infinite.

(8) Prim(A) =Y, for some integer n > 1, and A is just-infinite, if and
only if A contains a simple non-zero essential infinite dimensional
ideal Iy such that A/l is finite dimensional. In this case, n is equal
to the number of simple summands of A/Iy.

(7) The following conditions are equivalent:

(i) A is just-infinite and Prim(A)= Y,

(ii) A is just-infinite and RFD,

(iii) Prim(A) is an infinite set, all of its infinite subsets are dense,
and A/I is finite dimensional, for each non-zero I € Prim(A),

(iv) Prim(A) is an infinite set, the direct sum representation @, p
is faithful for each infinite family {m;}ier of pairwise inequiva-
lent irreducible representations of A, and each non-faithful ir-
reducible representation of A is finite dimensional.

The following results follows immediately from Proposition 2.3 and The-
orem 2.9:

Corollary 2.10. Fach separable RFD just-infinite C*-algebra is strictly
RFD.
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Note that not all strictly RED C*-algebras are just-infinite, see [3, Section
4.3].

Corollary 2.11. The primitive ideal space of a separable just-infinite C*-
algebra is countable. Moreover, any RFD just-infinite separable C*-algebra
has countably infinitely many equivalence classes of finite dimensional irre-
ducible representations.
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ABSTRACT. In this work, heat transfer in a longitudinal rectangular fin
with temperature-dependent thermal properties and internal heat gen-
eration is studied and more accurate results obtained in respect of the
previous investigations. The advanced heat transfer models have been
used to study the effects of thermo-geometric parameters, coefficient of
heat transfer and thermal conductivity parameters on the temperature
distribution, heat transfer and thermal performance of the longitudinal
rectangular fin. It is applied a novel intelligent computational approach
for searching the solution. In order to achieve this aim, the govern-
ing equation is transformed into an equivalent problem whose boundary
conditions are such that they are convenient to apply reformed version
of Chebyshev polynomials of the first kind. These Chebyshev polynomi-
als based functions construct approximate series solution with unknown
weights. The mathematical formulation of optimization problem con-
sists of an unsupervised error which is minimized by tuning weights via
interior point method. The trial approximate solution is validated by
imposing tolerance constrained into optimization problem.
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1. INTRODUCTION

Fins, at a very high frequency of occurrence, are encountered in many
engineering applications to enhance heat transfer. Many researchers have
assigned their works to the heat transfer treatment of the fins [1]. Consider
the following energy equation

(1+480)0" + 8 (0')° — M0+ + M?Qr0+ M?Q =0, 0<z<1, (1.1
subject to the boundary conditions

6'(0) =0, at the tip, (1.2)
6(1) =1, at the base. (1.3)

The problem (1.1)-(1.3) has been exactly solved for some special cases.
It has been very recently studied also numerically by applying Galerkin’s
method of weighted residual.

There are many techniques well-described in the literature which can be
applied to solve the problem (1.1)-(1.3), some of them are semi-analytical
methods such as Adomian decomposition method [2], homotopy pertur-
bation method, differential transformation method and homotopy analysis
method [3], and some of them are numerical ones such as finite difference
method and spectral collocation method. While the main deficiency of the
semi-analytical methods is being convergence hardly, the numerical methods
in general works perfect, the convergence is still problem though.

In this article, the main aim is to propose a new intelligent computational
approach to obtain solution for the non-linear second-order boundary value
problem (1.1)-(1.3). First, we transform the governing equation into an
equivalent problem whose boundary conditions are [—1,1]. In this way,
they are convenient to apply reformed version of Chebyshev polynomials of
the first kind. Then we optimize Chebyshev polynomials of the first kind to
construct approximate series solution with unknown weights. Furthermore,
it is set up an optimization problem based on unsupervised error as objective
function subject to a tolerance as constraint. This optimization problem
is minimized by tuning weights via interior point method. Therefore, the
current method is mostly convergence in according to both numerical and
semi-analytical methods, hence, as a result, the method is more efficiency.

2. HIGH ORDER DERIVATIVES OF BASIS FUNCTIONS

Chebyshev polynomials are very useful as orthogonal polynomials on the
interval [—1, 1] of the real line. These polynomials have very good properties
in the approximation of functions so that appear frequently in several fields
of mathematics, physics and engineering.

2.1. Basic Properties of Chebyshev Polynomials. The Chebyshev poly-
nomials of the first kind, known as T),(z) = cos (n arccos z), can be obtained
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by means of Rodrigue’s formula
INEY d” nol
To@) = ——2 12 (12" %, n=0,1,2,---. (21
@)= eV P ) T 21)
The Chebyshev polynomials of the first kind can be developed by means of
the generating function too, as follows:

1 -tz
1— 2tz +12 ZT (2.2)

The first two Chebyshev polynomials Tn(x) =1 and 7, (z) = x are known
from (2.1), all other polynomials T, (x),n > 2 can be obtained by means of
the recurrence formula

Toii1(x) = 22T (x) — T (). (2.3)
Theorem 2.1. (Slevinsky-Safouhi) Let G(z) be a function kth differ-

entiable and with the term (%)kG(Zﬁ) welldefined. The term Z];%f can be
expressed by:

k d k
At p2i—k '
e ] (2.
=)
3. PROPOSED METHOD

By the change of variable z — %1’ + %, the boundary value problem (1.1)-
(1.3) can be rewritten as

4322 +480-— @0 =+ 48( 9) — M?*9™ T M2Q(1 ++6) = 0, (3.1)
0(1) =1,0/(-1) = 0. (3.2)

Define T;,, n > 1 as
To(z) = Tp(z) — (1) 2z + (—1)" 0?2 -1, n>1, (3.3)

Definition 3.1. Define a approximate series solution of order M as

M A~
= Z anTy (), (3.4)
n=1

and consider the number of N regularly distributed nodal points in inter-
val [—1, 1], namely z;,7 = 1,2, ..., N, then we define the unsupervised errors
as the sum of mean squared errors:

e(N,a) =

1 N M ) M R M R M R
v 2{4 > an Ty (i) + 480 anTu(w:) + 1) > an Ty (2:) + 480D Ty (2:))?
j— = n=1 n=1 n=1
M

2
—M?( Zan (i) + D)™+ M2y anTn( )+1)+M2Q} , (3.5)
n=1
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Now, define the following optimization problems
min e(N, )
subject to €(N,a) —e <0, (3.6)

where ¢ is a given tolerance. In our approach, the interior point method (IPM) is
used for tuning of weights of the approximate series solution (3.4).
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ABSTRACT. In this work, we investigate the existence and uniqueness
of a common fixed point of almost contractions via simulation functions
in b-metric spaces. Moreover, some results and examples are given to
support the availability of the obtained results.

1. INTRODUCTION

In the paper of Czerwik [1], the notion of b-metric space has been in-
troduced and some fixed point theorems for single-valued and multi-valued
mappings in b-metric spaces proved. Successively, this notion has been rein-
troduced by Khamsi and Hussain [5], with the name of metric-type space.
Many researchers have been keeping their interest in finding the existence of
fixed points of single-valued self-maps and set-valued mappings in b-metric
space, we refer [2, 7].

Definition 1.1. [1] Let X be a non-empty set. A functiondp : X x X — R
is said to be a b-metric if the following conditions are satisfied:

i) dp(z,y) >0 for all x,y € X and dp(z,y) = 0 if and only if z =y,

2020 Mathematics Subject Classification. Primary 47H10; Secondary 47TH25
Key words and phrases. complete b-metric space, common fixed point, simulation
function.
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ii) dp(x,y) = dp(y,x) for all z,y € X,
iii) there exists p > 0 such that dy(z,t) < pldp(x,y) + dp(y,t)] for all
x,y,t e X.

In this case, the pair (X, dy, p) is called a b-metric space. Clearly, for p =1,
b-metric space is a metric space.
Definition 1.2. Let (X, dp, p) be a b-metric space and {z,} C X a sequence
i) {xn} € X converges to a point z € X if lim dy(zy,x) =0,
n—oo
ii) {z,,} € X is Cauchy if, for each ¢ > 0, there is some n(¢) € N such
that dy(zy, zm) < € for all m,n > n(e),

iii) (X,dy,p) is said to be complete if every Cauchy sequence is conver-
gent in X.

In [7], 10'lo’ et al. extended the fixed point theorems for four mappings
in b-metric space.

Theorem 1.3. [7] Let (X, dy, p) be a complete b-metric space. Let h,k, M, N :
X — X be given mapping satisfying for each x,y € X,

db(hxa ky) <
1
where § is a non-negative number such that § < % . We suppose the following
hypotheses:
i) {h, M} and {k, N} commuting,

ii) h,k,M and N are continuous,

iii) hX C Nz and kX C M X,
Then h,k, M and N have a unique common fized point.

dmax{d(Mz, Ny),d(hz, Mx),d(Ny, ky)

In the following, we explain the concept of simulation function, which
plays an essential role in proving the fixed point theorems of this work.

Definition 1.4. Let ¢ : [0, +00[x[0, +00[— R be a function. Therefore  is
named a simulation function if it satisfies the following conditions:

Cl) g(aaﬁ) < B - Oé,fOI' all 0476 >0
¢3) if {a} and {B,} are sequences in (0,+o00) such that lim «, =

n—-+0o
lim S, > 0 then limsup {(an, 8,) < 0.
n—+00 n—+00
In the beginning, the simulation function was defined by khojasteh et al.
[6] as a mapping ¢ : [0,4+00[x[0,4+00[— R satisfying ((0,0) = 0 besides
the conditions (¢1) and ({2) of Definition 1.4. In this work, a impproved
definition of Argoubi et al. [1] is used.

Example 1.5. Let ¢ : [0, +00[X[0, +00[— R be the function defined by
1, if(a,8) =(0,0),
(0,8) = fle. ) = (0.0

| A8—a, otherwise,
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where X €]0,1[. Then ( is a simulation function with ¢(0,0) > 0.
The following theorem is the main result of [(].

Theorem 1.6. Let (X,d) be a complete metric space and h: X — X be a
Z-contraction with respect to a certain simulation function (, that is,

C(d(hxz, hy),d(z,y)) > 0, for all z,y € X.
Then h has a unique fixed point.

More research on fixed point results via the simulation function can be
found in [3].
In [9], Olgun et al. proved the following theorem in complete metric space.

Theorem 1.7. [9] Let (X, d) be a complete metric space and h: X — X be
a mapping. Suppose that there exists a simulation function ¢ such that

<(d(hxa hy),L(a:,y)) >0 fOT‘ all T,y € X7

where
1
L(z,y) = max{d(z,y),d(z, hx),d(y, hy), i[d(a:, hy) + d(y, hx)]}.
Then h has a unique fized point.

Recently, Babu et al.[3] extended the above theorem for two functions in
b-metric space.

Theorem 1.8. [3] Let (X,dy,p) be a complete b-metric space and h,k :
X — X be a mappings. Suppose that there exists a simulation function
such that

C(ptdy(hx, ky), L(z,y)) >0 for all z,y € X,

where
1
L($, y) = max{db(x, y)7 db(fl?, h.’IJ), db<y7 ky): ?p[db(x7 ky) + db(y7 hl’)]}
If h or k is continuous, then h and k have a unique common fized point.

In this work, by generalizing the ideas in [3] and [7] , we defin generalized
contractions and prove the existence and uniqueness of the common fixed
point for four non-self-mappings in b-metric space.

2. MAIN RESULTS

Theorem 2.1. Let (X,dy, p) be a complete b-metric space and h,k, M, N :
X — X be given selfmappings. If there exists simulation function ¢ such
that

<<p4db(h’x7 ky),L(fL’,y)) >0 forall T,y € X (21)
where
L(z,y) =
1
max{db(Mm, Ny)7 db(hl‘ﬂ Mx)a db(Ny7 ky)? ?p[db(MCL', ky) + db(hxa Ny)]}
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We suppose the following hypotheses:

i) M and N commute with h and k, respectively,
ii) h X C Nz and kX C M X,
iii) h,k, M and N are continuous,
Then h,k, M and N have unique common fixed point.

Remark 2.2. By setting M = N = I in Theorem2.1, the main result of [3],
Theorem 1.8, is obtained.

Theorem 2.3. Let (X,dy, p) be a complete b-metric space and h,k, M, N :
X — X be given selfmappings. If there exists simulation function { and a
nonnegative number s < % such that

C(dy(hz, ky),sL(x,y)) > 0 forall z,y € X (2.2)
where
L(z,y) =
max{dy(Mz, Ny),dy(hx, Mx),dy( Ny, ky), ;p[db(Mw, ky) + dp(hz, Ny)]}

We suppose the following hypotheses:

i) M and N commute with h and k, respectively,
ii) h X C Nz and kX C MX,
iii) h,k, M and N are continuous,
Then h,k, M and N hav unique common fixed point.

Remark 2.4. Theorem 2.1 of [7] can be easily concluded using Theorem 2.3
and property (; of simulation function (.
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ABSTRACT. In this paper, we first extend the definition of pseudomono-
tone Brezis in topological vector spaces. Then, we introduce three
kinds of variationational inequality problems in the setting of topolog-
ical vector spaces by investigating The relationship between their so-
lution sets. By using the KKM theory some existence theorems for a
solution of the introduced variational inequality problems are provided.
The convexity and compactness of the solution sets of the variational
inequality problems under suitable assumptions are given. Finally, it is
shown that all weak solutions of this problem are strong by using the
B-pseudomonotonicity and Sion lemma.

1. INTRODUCTION

In order to investigate the existence of solutions of VI(T, C'), we will focus
on a notion of monotonicity property for the operator 1" that was introduced
by Brézis for single-valued operators in 1968 (see [1]), called in the sequel
B-pseudomonotonicity.

Let X be a real, topological vector space, with dual X*, and write (z,z*) in
place of z*(z) for x € X and z* € X*. We should be topologized in such a
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way that the canonical bilinear form (.,.) is continuous on X x X* (we can
consider, X* with weak*-topology).

Definition 1.1. Let C' C X be a nonempty set. Given a set-valued map
T:X = X* with C Cdom(T)={z e X : T(z)#0}. An element z € C
is a solution of
(a) variational inequality (VI(T,C)), if for all y € C,
sup (z*,y —z) >0.
z*e€T(z)
(b) weak variational inequality (WVI(T,C)), if for every y € C, there
exists z*(y) € T'(z) satisfying (z*(y),y — ) > 0.
(c) strong variational inequality (SVI(T,C)), if there exists z* € T'(Z)
satisfying (z*,y —z) >0 for all y € C.

Remark 1.2. If T' has weak*-compact values for all z € C, then the continu-
ouse functional f : X* — R with mapping f(z*) = (z*,y — ) = (y — z)(z*)
with VI(T,C) is equivalent to finding z € C, such that, for every y € C,
there exists z*(y) € T'(z) satisfying (z*(y),y —z) > 0. In this case, Z is said
to be a weak solution of VI(T,C). If 2*(y) can be chosen independently of
y € C, then Z is said to be a strong solution of VI(T,C'). Note that, by the
Sion minimax theorem, every weak solution is a strong solution in case T' is

weakly*-compact and convex valued on C.

Definition 1.3. [1] Let X and Y be a topological vector space and B be the
unite ball of Y, we shall say that a set-valued map T from X to Y is upper
semi-continuous at xg € X if, for alle > 0, there exists a neighbourhood
N(zo) of zg such that T'(x) C T(xg) + B for all x € N(xp). it is upper
semi-continuous if it is upper semi-continuous at all points zg € X.

The following definition extendes of defintion of B-pseudomonotone given
in [3].
Definition 1.4. We say that 7' : X == X* is B-pseudomonotone on a

nonempty subset D of dom(T) if, for every net {z;} in D such that z; —

z € D, and for every =} € T(x;), with limsup(z},2z; — ) < 0, one has
%

that for every y € D, there exists *(y) € T'(z) such that (z*(y),z —y) <
liminf(x}, z, — y).
(2

It is obvious that the solution set of VI(T,C) associated to (T, C) equals
to finding the set of all elements:

(EP) € C such that Gp(z,y) >0 for all y € C,

where Gr : C x C — R U {400} given by

Gr(x,y)= sup <z*,y—x>,
z* €T (z)
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It is clear that the solution set of (EP) for G equals to (| F(y), where
yeC

F:C — 2% with F(y) = {x € C : Gp(z,y) > 0}. In the other words,
(Z € NyecF(y) & Gr(z,y) >0 VYyel).

The following result plays a crucial role in proving existence theorems for
(EP).

Theorem 1.5. [5] In a Hausdorff topological vector space, let Y be a con-
ver set and ) # X C Y. For each v € X, let F(x) be a relatively closed
subset of Y such that the convex hull of every finite subset {x1,x2,...,xn} of
X is contained in the corresponding union \J;—, F(z;) (that is KKM prop-
erty). If there is a non-empty subset Xo of X such that the intersection
Neca F(x) is compact and Xg is contained in a compact conver subset of

Y, then (,ex F(x) # 0.

2. MAIN RESULTS

The following result provides sufficient conditions which under them the
solution set of (EP) for Gr is nonempty and compact. Further, it has an
important role in next theorem.

Theorem 2.1. Let C' be a nonempty, closed and conver subset of a Haus-
dorff topological vector space E, and F : C' — 2 with mapping F(y) = {x €
C : Gr(z,y) > 0}, be satisfying the following assumptions:
(i) for ally € C the set {x € C : Gr(x,y) = 0} is closed;
(ii) for all x € C the set {y € C : Gr(x,y) < 0} is convex;
(iii) there exist D, K C C, such that D is convex, compact and K is
compact, and for every x € C'\ D, there exists y € K,Gr(z,y) < 0.

Then, there exists T € C' such that Gp(Z,y) = 0 for ally € C.

Now, we are ready to present our main theorem which is a generalization
of reflexive Banach spaces to Hausdorff topological spaces (Theorem 2 in [3])
by omitting the B-pseudomonotonicity and a weaker coercivity condition.
Moreover, our assumptions guarantee the solution set of VI(T,C) is compact
and convex.

Theorem 2.2. Let T : X = X* and C be a nonempty, closed and convex
subset of dom(T). Suppose that:
(i) T'(z) is weak*-compact for every x € C;
(ii) T is closed;
(iii) there ezist D, K C C, such that D is convez, compact and K is com-
pact, and for every x € C'\ D, there exists y € K, SUP T () (x*,y—
z) < 0.
Then, the solutions of VI(T,C) is nonempty, convex and compact.
Remark 2.3. 1t is straightforward, by using the B-pseudomonotonicity and

Sion Lemma, to show that all weak solutions of this problem are strong.
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Now, we going to state different version of Theorem 4 in [2] from reflexive
Banach spaces to Hausdorff topological vector spaces by reducing the use of
Hausdorff distance properties, moreover, our assumptions are guaranteed to
hold for weak solutions.

Theorem 2.4. Let Cy,C' be nonempty, closed and convex subsets of X, and
Ty, T : X = X* be set-valued mappings, and J : X — X* is a monotone
mapping, such that
(i) Cx € dom(T},), and C U{J, Cr} € dom(T);
(ii) ax(J(z),xr) — 0, for each x € (), Ck, and {x1} unbounded sequence
Of Uk Ck, o — 0;
(iii) if Uy Ck is unbounded, the following coercivity holds:
there exists & € (), Ci such that, for each unbounded sequence {x}
of Uy, Chs

limsup Gr(zk, ) < 0.
k

If xy, is a weak solution of VI(Ty + ayJ, Cy), for every k € N, then, {zx} is
bounded.

Example 2.5. An example that has weak solution, is not strong solution.
by considering X = R and C' = [—1, 1], with mapping T'(z) = R — {0}.

Now, we provided conditions leading to the weak convergence of a se-
quence of strong approximate solutions of VI(T; + aiJ,C)) to a weak
(strong) solution of the original variational inequality VI(T,C).

Proposition 2.6. Let T : X = X* be a set-valued B-pseudomonotone
mapping with compact and convex values. Then the set of strong solutions

of VI(T,C) is weakly closed.

Theorem 2.7. Let T : X == X* be upper semi-continiuos mapping with
compact values. Then S(T,C) is closed.

Theorem 2.8. Let T : X =% X* be an operator satisfying the conditions

i. T is B-pseudomonotone on C C dom(T);
ii. T'(x) is weakly compact and convez, for every z € C.

Then S(T, C) is weakly closed.
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ABSTRACT. In this paper, the concept of (T, «)-duals for g-frames is
considered and studied, where T is an invertible operator on a separable
Hilbert space and « is an integer. Mainly, we focus on direct sums and
tensor products of (7, )-duals.

1. INTRODUCTION

Let H be a separable Hilbert space and let I be a finite or countable index
set. A family F = {f;}ier € H is a frame for H, if there exist two positive
numbers A and B such that

AILFIP < DIl < BIFIP,
el

for each f € ‘H. A and B are the lower and upper frame bounds, respectively,
(see [5, 3]).

One of the most important generalizations of frames is g-frame introduced
in [9].

For each i € I, let H; be a Hilbert space. In this paper, L(H,H;) is the
set of all bounded operators from H into H; and L(H,H) is denoted by
L(H).
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Definition 1.1. We call A = {A; € L(H,H;) : i € I} a generalized frame
or a g-frame for H with respect to {#; : @ € I} if there exist two positive
constants A and B such that

AFIZ <D IAFI1P < B,
el
for each f € H. If only the second inequality is required, we call it a g-Bessel
sequence with upper bound B.

Note that

i My = {{fz-}z-g\fi e Ho | (Fidierl? = S IAIP < oo}

il

with pointwise operations and the inner product defined by

{fitier Agitier) =D (fir i)
el
is a Hilbert space. If H; = H for each i € I, we denote ®;crH; by (2(I,H).
A g-Bessel sequence I' := {I'; € L(H,H;) : i € I} is called an alternate
g-dual or a g-dual for a g-Bessel sequence A if

F=) Tikif =) ATif,
iel iel
for each f € H.

For a g-Bessel sequence A := {A; € L(H,H;) : i € I} the synthesis
operator is Tx : ®ierHi — H, Ta({fitier) == D ;c; A} fi and its adjoint
operator which is T{(f) = {Aif}ier is called the analysis operator of A.
The operator Sy is defined by Sy := TAT. If A is a g-frame, then Sy is
invertible.

Direct sums and tensor products of g-frames have been studied recently
(see [1, 6, 7] and the references therein). In the present note, we obtain some
results for the tensor product and direct sum of (T, «)-duals for g-frames,
mostly, the obtained results for duals in [0, 7] and for a-duals in [3] are
generalized to (7, «)-duals.

2. MAIN RESULTS
First, we recall the next definition from [4].

Definition 2.1. Let {f;}icr be a frame in a Hilbert space H. Then, a
frame {g; }ics is called a generalized dual for { f;};cr if there is an invertible
operator on H like T such that

F=>(Tfg)fi VfeH.
i€l

We recall the following definition from [2].
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Definition 2.2. Let v € Z and let A = {A; € L(H,H;) : i € I} be a g-
frame. A g-frame I' = {I"; € L(H,H;) : i € I} is called an a-dual of {A;}ier
if Y e AT f = S{f, for each f € H.

Now, we state the definition of (T, «)-duals of a g-frame.

Definition 2.3. Assume that T is an invertible operator on a Hilbert space
H. Let « € Z and let A = {A; € L(H,H;) : i € I} be a g-frame. A
g-frame I' = {I'; € L(H,H;) : i € I} is called a (T, a)-dual of {A;}ier if
Yoict NI f = S} f, for each f € H.

In this paper I, J and I, for each 1 < k < n, are finite or countable index
sets. H, Hj, Hr, Hrj, Hix) and H;y,); are separable Hilbert spaces for each
jed, ke {1,...,?1} and Z(k') € I. (I’j = {Aij S L(’Hj,,Hij) S I},
U, o= {Ty € L(H;,Hy) : i € I}, W = {Aygy € L(Hi, Ha) Yitkyer»
U =Ty € L(Hi, Hi) Vickyer,» @ @F) s

Ay ® ... ® Ny € L(@p—1Hi, Hi) @ -+ @ Hign)) Fa(1),i(n)) (T .. x 1)

k
and q>§, ) = {Ai(k)j € L(ijaHi(k)j)}i(k)elk-

Recall that if Hy, is a Hilbert space for each 1 < k < n, then the (Hilbert)
tensor product ®y_,Hy = H1 ® ... ® H, is a Hilbert space. The inner
product for simple tensors is defined by (®}_; fx, ®}_19x) = I}_1 (fr: 9x),
where fi, gr € Hy. If U is a bounded linear operator on Hj, then the tensor
product ®}_, Uy, is a bounded linear operator on ®}_; Hy. Also (®}_,Up)* =

iy Up and || ©F_, Upll = T, [Tkl

Tensor products have important applications, for example tensor products
are useful in the approximation of multi-variate functions of combinations
of univariate ones.

Now, the next result for (7, «)-duals of g-frames are obtained.

Theorem 2.4. Let Ty, be an invertible operator on a Hilbert space Hy, for
each k € {1,...,n}. Suppose that ®*) s and TF) % gre g-frames. If Tk s q
(T, a)-dual of ®F) | for each k € {1,...,n}, then ®’,§:1\I/(k) is a (@) _ T, a)-
dual of ®Z:1<I>(k).

The next result, obtained in [3], is a special case of the above theorem.

Corollary 2.5. Suppose that ®*)’s and W) s are g-frames. If O*) s
an a-dual of ®*), for each k € {1,...,n}, then ®Z:1\Il(k) is an a-dual of
@p_ k),

Let ®; = {A;j € L(H;,Hij;) : i € I} be a g-Bessel sequence for H;, j € J,
with upper bound Bj; such that B := sup{Bj : j € J} < co. Then {®;};c;
is called a B-Bounded family of g-Bessel sequences or shortly B-BFGBS.

Let ®; = {Aj; € L(H;,Hi;) : i@ € I} be an (A4;, Bj) g-frame for H;,
j € J, such that A :=inf{A;:je€ J}>0and B:=sup{B;:j € J} < .
Then we say that {®;},c is an (A, B)-bounded family of g-frames or shortly
(A, B)-BFGF.
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Theorem 2.6. Let {®;}jc; and {¥;}jc; be BFGF. Assume that T is an
invertible operator on H; with sup;¢ s ||Tj|| < oo and infe; ||Tj_1|]_1 >0. If
VU, is a (T}, a)-dual of ®;, for each j € J, then @je V; = {®jeslyj i€ I}
is a (®jesT}, o)-dual for @c P = {Bjeslij i€ I}.

The following corollary, obtained in [8], is a special case of the above
theorem.

Corollary 2.7. Let {®;}jc; and {¥;}jcs be BFGF. If ¥; is an a-dual of
O, for each j € J, then ®jesV; = {@®jesl; i € I} is an a-dual for
Djes®j = {Djeshij i € I}
Corollary 2.8. Assume that T](k) is an invertible operator on Hy;, for
each 1 < k < n and for each j € J such that sup;¢; HTj(k’)H < oo and
-1
infjcs ||T](k) |7t > 0. Let {@gk)}jej and {\Ifg.k)}jej be BFGF, for each
1 <k <n andlet <I>§.k) be a (Tj(k),a)-dual of \Ilg.k), for each j € J and
ke {1,...,n}. Then ®Z:1(@jej(1)§-k)) is an ( Zzl(ﬂéjeﬂ“j(k)),a)-dual of
" k
Oy (@sesT}).
By considering T](k)
2.10 in [4].

= Idy,,, we get the next result which is Corollary

Corollary 2.9. Let {@;k)}jej and {\Ilgk)}jej be BFGF, for each1 <k <n
and let <I>§-k) be an a-dual of \Ifg-k), for each j € J and k € {1,...,n}. Then
®Z:1(@jej<1>§-k)) is an a-dual of ®Z:1(@jeJ\IJ§k)).
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ABSTRACT. Let So( 0 < o < %) denote the set of all complex matrices,
01,02 be matrix means and A, B,C € S,. We are investigating some
inequalities, specifically if

R ((Ac1B)o2(Ac10)) < cos*(a) R (Acy(BaaC));
then

R ((AoiB)os (AogiC)) > cos’(a) R (Aoi(BosC)).
We also prove some results for the norm, determinant, and largest sin-
gular value of the above adjointation inequality mentioned above.

1. INTRODUCTION

A matrix A € M, is said to be accretive if in its Cartesian or Toeplitz

decomposition, A = RA+ iZA, RA > 0, where RA = %, TA = AE;‘A*3

and A is called accretive—dissipative if R A and ZA are both positive definite.
The numerical range of A € M, is defined as

W(A) ={z"Az : 2 € C", ||z| = 1}.
The sector region S, is defined as follows:
Sa={2€C:Rz>0, |Iz|<(Rz)tan(a)}.

2020 Mathematics Subject Classification. 4TA63, JTA64, 15B485
Key words and phrases. Inequality mean, Matrix mean, Sector matrix.
* Speaker.
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If W(A) C S, for some 0 < o < §, A is called a sectorial matrix and is
denoted by A € S,,.
A matrix mean o is defined by an matrix monotone function
f:(0,00) = (0,00) with f(1) =1 as
AcB = Al/Qf(A_1/2BA_1/2)A1/2,
for positive invertible matrices A and B. The function f that satisfies the
conditions is called the ”representing function” of ¢. The matrix mean with

representing function f(t~1)~! is called the adjoint of o and denoted by o*.
In other words

Aoc*B = (A" leB™H! for invertible A and B.
Lemma 1.1. ([1]), Let A,B € S,. Then AcB € S, and
RAGRB < R(AoB) < sec*(a) (RAGRB).

Lemma 1.2. ([1]), Let f : (0,00) — (0,00) is an operator monotone func-
tion with f(1) =1 and A,B € Sy for some 0 < o < 5. Then

F(RA) < R(f(A4)) < sec’(a) f(RA)

Lemma 1.3. ([5]), Let « > 1. If f : (0,00) — (0, 00) is operator monotone
function, then f(at) < af(t).

Lemma 1.4. ([3]), Let 01 and oy be nonzero connections. Then the follow-
ing statements are equivalent:

(7,) AO’1<BUQC> S (AO’lB)O'Q(A(Tlc) fOT all A,B, C Z 0.
(1) Aoj(Bo3C) > (AoiB)oy(AoiC) for all A,B,C > 0.

2. MAIN RESULTS

In Lemma 1.4, Chansangiam established equivalent inequalities for posi-
tive matrices. Now we will prove the following theorem for sector matrices.

Theorem 2.1. Let o1 and oy be nonzero connections and A, B,C € S,. If
R ((Ao1B)oa (A C)) < cos?(a) R (Ao (BayC)),

then
R ((AotB)os (AciC)) > cos*(a) R (Aot (Baoi(C)).

Theorem 2.1 is extension of (2) = (1) of [3, Theorem 3|.

As a special case, if A is accretive-dissipative, then e T A € Sg.
Corollary 2.2. Let 01 and oo be nonzero connections and A, B and C' be
accretive-dissipative. If

AR ((Ao1B)oa(Ac1C)) < R (Ao1(Boy()),
then

4R ((Ao1B)ay (AUT%)I) > R (Ao1(BayC)).
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Proposition 2.3. Let o1 and o9 be nonzero connections and A, B,C € S,.
If f : (0,00) — (0,00) is an operator monotone function with f(1) =1, such
that
R ((Ao1B)oa(AciC)) < cos?(a) R (Acy(BayC)),
then
R (f((AoiB)o3 (A0iC))) = cos’(a) R (f(Ao}(Ba3())).

A norm ||.|| defined on M, is said to be unitarily invariant if [|[UAV|| = || A]|
for any A € M, and for all unitary matrices U,V € M,,.

Next, by applying the following lemma, we get the norm version of
Theorem 2.1.

Lemma 2.4. ([2]), Let A€ S,. Then
IRAJl < 1] < sec(a) [RA].
for any unitarily invariant norm ||.|| on M.
Theorem 2.5. Let o1 and o9 be nonzero connections and A, B,C € S,,. If
R ((Ao1B)oa(AciC)) < cost(a) R (Ao (BoaC)),
then
I(AoiB)o; (AaiC)|| > cos®(a)|| Aot (BazC)l.

The determinant version of Theorem 2.1 is obtained through the following
lemma.

Lemma 2.6. ([1]), If A€ S,, then
det(RA) < |det(A)| < sec"(a) det(RA).
Theorem 2.7. Let o1 and oy be nonzero connections and A, B,C € S,. If
R ((Ao1B)oa(AciC)) < cos*(a) R (Ao (BoyC)),
then
|det (Aot B)os (AgiC)) | > cos”(a)|det (Aci(Ba3C))|.
Using the following lemma, Theorem 2.9 can be derived.
Lemma 2.8. ([0]), Let A€ S,. Then
N (RA) < 5;(A) < sec?(a) \j(RA), j=1...,n,

where s; and A\j denote the jth largest singular value and eigenvalue of a
matrix.

Theorem 2.9. Let o1 and oy be nonzero connections and A, B,C € S,. If
R ((Ao1B)oa(AciC)) < cos?(a) R (Ao (BayC)),

then
sj ((AoiB)o3 (AciC)) > cosG(a)sj (Ao (Bo3C)).
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It is well known that the numerical radius w(A) of A € M, is defined by
w(A) = sup{(Az,z) : x € C", ||z| = 1}.

When A € Sy, we have w(A) = ||A]|, and therefore w(RA) = ||RA||. Bedrani
et al. [1] showed that if A € S,, then

wW(RA) <w(A) <sec(a) w(RA). (2.1)
By inequality (2.1) and Theorem 2.1, we obtain the following theorem.

Theorem 2.10. Let o1 and o9 be nonzero connections and A,B,C € S,.
If
R ((Ao1B)o3y(AciC)) < cos*(a) R (Ao (BoyC0)),

then
w (Aot B)os (AaiC)) > cos’(a)w (Ao (Bo3C)) .
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ABSTRACT. In this manuscript, we first introduce («, 8)—generalized
hybrid mappings in the framework of convex metric spaces, next we
show that if S a self-mapping of a nonempty closed convex subset D of
a uniformly convex complete metric space (M, p, W), then S has at least
a fixed point if and only if there is some z in D such that the sequence
{S™(2) }nZ1 is bounded, moreover; if D is bounded, then the fixed points
set of S is nonempty, closed and convex.

1. INTRODUCTION AND PRELIMINARIES

In 1970, Takahashi [3] introduced the notion of convexity in metric spaces
and proved that normed spaces and convex subsets are convex metric spaces.
He also presented some examples of convex metric spaces which are not
embedded in any normed/Banach spaces. Let D be a nonempty subset of a
Hilbert space H, and let .S be a self-mapping of D. The set of all fixed points
of S is denoted by F(S) := {x € D : S(x) = z}. The mapping S is called
nonezpansive if ||S(z) — S(y)||d < ||x —y|| for all z,y € D. The mapping S is
said to be firmly nonexpansive if ||S(x) — S(y)H2 < (z—y,S(z)— S(y)) for
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Key words and phrases. Asymptotic center, Convex metric space, Fixed point, Uni-
formly convex metric space .
* Speaker.
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all z,y € D; see [3]. In 2008, Kohsaka and Takahashi [5] introduced a new
class of nonlinear operators which contains the class of firmly nonexpansive
mappings in a Hilbert space. They were called nonspreading mappings, as
follows.

2|8(z) = SWII* < lla = SWI* + lly — S(x)|?

for all z,y € D. In 2010, Takahashi [9] introduced the class of hybrid
mappings in Hilbert spaces which is defined as follows. The mapping S is
said to be hybrid if

3118(z) = SWII* < lla = yll* + |z = SWI* + lly — S(=)]”

for all z,y € D. In 2010, Aoyoma et al. [2] given the class of A-hybrid
mappings in a Hilbert space. This class of mappings contains the classes
of nonexpansive mappings, nonspreading mappings and hybrid mappings as
follows. The mapping .S is said to be A-hybrid if there exists an A € R such
that

L+ N8(@) = S = Az = S@)* < (1 = Nllz = ylI* + Aly - S()]”

for all z,y € D. We observe that 0-hybrid, 1-hybrid and %—hybrid are
nonexpansive, nonspreading and hybrid, respectively. In 2010, Kocurek et
al. [1] given a more extensive class of nonlinear operators than the class of \-
hybrid mappings as follows. The mapping S is called an («a, 3)-generalized

hybrid if there are «, 8 € R such that
al|S(z) = SW)* + (1 = )Allz = SW)* < BIS(x) —yl* + (1 = B)|lx -y

for all z,y € D. It is obvious that an (1 + A, A)-generalized hybrid mapping
is an A-hybrid mapping. One can easy to show that the class of («, f)-
generalized hybrid mappings includes the classes of nonexpansive mappings,
nonspreading mappings, hybrid mappings and A-hybrid mappings.

The purpose of this manuscript is to study the existence theorems for
(a, B)- generalized hybrid mappings in uniformly convex complete metric
spaces which are more general than Hilbert spaces.

Before going to the main results, let us recall some notations, definitions
and results which will be need in the sequel.

Throughout this paper, we denote by R and N the set of all real num-
bers and the set of all positive integers, respectively‘. Let D be a nonempty
subset of a metric (M, p), and S be a mapping from D into itself. Let
m € M,r > 0. The closed ball centred at m with radius r is denoted by
B[m;r] and is as follows,

Blm;r] :={x € M : p(x,m) <r}.
The distance m from D and the set of all fixed points of S are denoted by
dist(m, D) and F(D), respectively and are as follows,

dist(m, D) := {p(z,m):x € M} and F(S) :={zx € D : S(z) = z}.
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The mapping S is called nonexpansiveif p(S(z),S(y)) < p(z,y) for all
xz,y € D. The map S is called quasi-nonezpansive if F(S) is nonempty
and p(S(z),p) < p(z,p) for all z € D,p € F(S). S is said to be an («, 5)-
generalized hybrid mapping if

ap®(S(z),S() + (1 — a)p*(z, S(y)) < Bp*(S(x),y) + (1 = B)p*(x,y)
for all 2,y € D, where o, 3 € R and p?(z,y) := (p(z,y))>.

Let D be a nonempty subset of a metric space (M,p) and {z,} be a
bounded sequence in M. Define the function r,(., {z,}) : M — R™ by

ro(x,{zy}) = limsup p(z,, x) for every z € M.
n—oo

The infimmum of r,(., {x,}) over D is called the asymptotic radius of {z,}
with respect to D and denoted by 7,(D,{z,}). A point w in D is called an
asymptotic center of the sequence {z,} with respect to D if

ra(u, {zn}) = ro(D, {zn}).
The set of all asymptotic centers of {x,,} with respect to D is denoted by
Zao(D,{xn}).
The concept of convexity in a metric space was introduced by Taka-
hashi [3] and is as follows.

Definition 1.1. Let (M, p) be a metric space and let I = [0,1]. A mapping
W: M x M x I — M is said to be a convex structure on M, if

p(z, W(z,y,A)) < Ap(z,2) + (1 = A)p(z,9)
for all z,y,z € X and A € I. The metric space (M, p) together with a convex
structure W is called a convex metric space and denoted by (M, p,W). A
nonempty subset D of M is said to be convex if W(z,y,A) € D for all
z,y € D and A € I

Let M be a convex metric space. Takahashi [3] proved that the open
balls and the closed balls are convex subsets of M. If {Dq}aecs is a family

of convex subsets of M, then [\ D, is a convex subset of M (see [3, 1] for
acJ
more details). All normed spaces and their convex subsets are convex metric

spaces, but there are some examples of convex metric spaces which are not
embedded in any normed space (see [3]).

Definition 1.2. Let (M,p, W) be a convex metric space. A real-valued
function f on a nonempty convex D of M is called convex if it satisfies

for each z,y € D and A € I.

Definition 1.3. (see [7]) A convex metric space (M, p, W) is said to have
property (C) if every decreasing sequence of nonempty bounded closed con-
vex subsets of M has nonempty intersection.
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Definition 1.4. (see [0]) A convex metric space (M, p, W) is called strictly
convex if

1
p(a,W(l‘,y,§)) <r
for all z,y,a € M with p(z,a) = p(y,a) =r, z #y and r > 0.

Definition 1.5. (see [7]) A convex metric space (M, p, W) is said to be
uniformly convex if for any r > 0, € € (0, 2], there exists a = a(e) € (0,1)
such that for all z,y,z € X with p(z,2) < 7, p(z,y) < r and p(z,y) > re,
we have

p(2, W (z,y, 5)) < (1~ a).

It is obvious that uniform convexity implies strict convexity.

The following example can be found in [7].

Example 1.6. (i) Uniformly convex Banach spaces are uniformly convex
complete metric spaces.
(ii) Let H be a Hilbert space and M be a nonempty closed subset of the unit
sphere of H such that if z,y € M, A € I, then

Az +(1—=Ny)/[[Ax+ (1 =Nyl € M and diam(M) < /2/2,

where diam(M) is the diameter of M.
Put p(z,y) = cos (< x,y >) for each z,y € M, where <,> is the inner
product in H. The mapping W defined by

A+ (1 =Ny
W A) =
(@) = B =l

for all (z,y,\) € M x M x I, is a structure on M, and (M,p, W) is a
uniformly convex complete metric space .

We will need the following lemma and theorem.

Lemma 1.7. (see [3]) Let M be a convexr metric space. Then for all x,y €
M, and X\ € I, the following statements hold:

(i) p(z,y) = p(x, W(x,y, ) + p(y, W(z,y,\)).
(i) p(z, W (x,y,\)) = (1 = N)p(z,y) and p(y, W(z,y,\)) = Ap(z,y).

Theorem 1.8. (see [7]) Let M be a uniformly convex complete metric space.
Then M has property (C).

2. MAIN RESULTS
In this section, we suppose that D is a nonempty subset of a convex metric
space (M, p, W) and S is a self-mapping on D.
The proof of the following lemma is clear.
Lemma 2.1. If the mapping S is (o, B)—generelaized hybrid with F(S) # 0,

then S is quasi-nonexpansive.
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Lemma 2.2. Suppose that the set D is closed and convex and M is strictly
convex. If the mapping S is («, B)—generelaized hybrid, then the fized point
set of S is also closed and convex.

Proposition 2.3. Let D be a closed conver subset of M and S be an
(v, B)—generelaized hybrid with o € R ~ (0,1),8 € I. Then Zo(D,{zy})
is closed, convex. Moreover; it is S-invariant if the sequence {S™(x)} is
bounded for some x € D.

The following theorems are main results of this section.

Theorem 2.4. Let D be a closed convex subset of a uniformly convex com-
plete metric space (M, p, W) and S be an («, 3)—generelaized hybrid with
a€R ~(0,1),8 € I. Then the set of fixed points of S, namely F(S), is
nonempty if only if there exists z € D such that the sequence {S™(z)} is
bounded. Moreover; it is closed and convex.

The following theorem is a direct consequence of the above theorem.

Theorem 2.5. Let D be a closed convex bonded subset of a uniformly convex
complete metric space (M, p, W) and S be an (a, B)—generelaized hybrid with
acR~(0,1),8 €. Then F(S) is nonempty, closed and convez.

REFERENCES

1. R. P. Agarwal, D. O’Regan and D. R. Sahu, Fized Point Theory for Lipschitzian-type
Mappings with Applications, Springer, New York, 2003.

2. K. Aoyama, S. Iemoto, F. Kohsaka and W. Takahashi, Fized point and ergodictheorems
for A-hybrid mappings in Hilbert spaces, J. Nonlinear convex Anal, 11 (2010), 335-343.

3. F. E. Browder, Convergence theorems for sequences of nonliner operators in Banach
spaces, Math. Z, 100 (1967), 201-225.

4. P. Kocourek, W. Takahashi and J.-C. Yao, Fized point theorems and weak conver-
gencetheorems for generalized hybrid mappings in Hilbert spaces, Taiwanes J. Math, 14
(2010), 2497-2511.

5. F. Kohsaka and W. Takahashi, Fized point theorems for a class ofnonlinear mappingsre-
lated to mazimal monotone operators in Banach spaces, Arch. Math. (Basel), 91 (2008),
166-177.

6. M. Moosaei, The structure of fixed points set of a type of generalized nonexpansive
mappings in conver metric spaces, Thai. J. Math, 19 (2) (2021), 315-324.

7. T. Shimizu and W. Takahashi, Fized points of multivalued mappings in certain convex
metric spaces, Topol. Methods Nonlinear Anal, 8 (1996), 197-203.

8. T. Takahashi, A convexity in metric spaces and nonexpansive mappings I, Kodai Math.
Sem. Rep, 22 (1970), 142-149.

9. W. Takahashi, Fized point theorems for new nonlinear mappingsin a Hilbert space, J.
Nonlinear convex Anal, 11 (2010), 79-88.

198



&

| Al 67 November 2024

Avatollal Borapjerdl Universily

Boroujierd, Iran

STRONG CONVERGENCE OF EXTENDED PROXIMAL
POINT ALGORITHMS

SIROUS MORADI*AND BEHZAD DJAFARI ROUHANI

Department of Mathematics, Faculty of Sciences, Lorestan University, Khorramabad,
6815144316, Iran
moradi.sQlu.ac.ir, sirousmoradi@gmail.com
Department of Mathematical Sciences, University of Texas at El Paso, El Paso, Texas
79968, USA
behzad@math.utep.edu

ABSTRACT. In this paper we consider an extended proximal point al-
gorithm with errors for amaximal monotone operator in a real Hilbert
space, previously studied by Boikanyo and Morosanu, and Kanzow and
Shehu. Also, we give a necessary and sufficient condition for the common
zero set of finite operators to be nonempty, and by showing that in this
case, this iterative sequence converges strongly to the metric projection
of some point onto the set of common zeros of operators.

1. INTRODUCTION AND PRELIMINARIES

In 1970, Rockafellar [1] proved that the subdifferential of a proper, convex
and lower semicontinuous function is a maximal monotone operator. The
proximal point algorithm (PPA) was introduced by Martinet [2] for minimiz-
ing a convex function on R™. One of the most effective iterative methods for
approximating the zeroes of a maximal monotone operator is the proximal
point algorithm (PPA) which was initiated by Martinet [2] and subsequently
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improved by Rockafellar [3]. By assuming A=1(0) # 0, in 2010, Boikanyo
and Morosanu [4] studied the convergence of a PPA with errors for a max-
imal monotone operator A. In this paper, we significantly improve their
results by giving a necessary and sufficient condition for the zero set of A to
be nonempty, and by showing that in this case, this PPA converges strongly
to the metric projection of u onto the zero set of A, without assuming the
boundedness of the error sequence.

Let H be a real Hilbert space with inner product (.,.) and norm |.||. An
operator T': D(T) C H = H is said to be monotone if its graph G(T) is a
monotone subset of H x H. It is clear that if 7" is monotone, then its inverse
defined by 71 := {(y, ) : (z,y) € G(T)} is also a monotone operator. We
say that T is maximal monotone if T" is monotone and the graph of T is not
properly contained in the graph of any other monotone operator. It is known
that in Hilbert space, this is equivalent to the range of the operator (I +T)
being all of H, where I is the identity operator on H, i.e. R(I +T) = H.
Also it is clear that T is maximal monotone if and only if 77! is maximal
monotone.

For a maximal monotone operator T', and for every ¢ > 0, the operator
Jiy + H — H defined by JI'(z) := (I + tT)~'(x) is well defined, single
valued and nonexpansive on H. It is called the resolvent of T'.

Consider the following set valued problem:

findx € D(T) suchthat0 € T'(x). (1.1)

One of the most effective iterative methods for solving problem (1.1) is
the proximal point algorithm (abbreviated PPA). The PPA generates an
iterative sequence (z,,) as follows:

Tpi1 = JWTn (T + €n), (1.2)

for all n > 0, where z¢p € H is a given starting point, (v,) C (0,+00) and
(en) is a sequence of computational errors.

Recently, Boikanyo and Morosanu [4] considered the sequence generated
by the following algorithm:

Tpt1 = apu+ (1 — an)JﬂTn(a:n) +en, n>0 (1.3)

where zg,u € H, a,, € (0,1), 5, € (0,+00), for all n > 0. They showed
that if 771(0) # 0 and o, — 0, B, — 400, Y ooy = oo and either

Yono llen]| < oo or ”;—’;H — 0, then (z,,) converges strongly to an element of
T-1(0) which is nearest to w.

In this paper, we first introduce our regularization method which provides
also an affirmative answer to an open question raised by Boikanyo and Mo-
rosanu [4, p. 640], concerning the design of a PPA where lim,,_, 1+ ||en]| =0
and the sequence (¢;,) is bounded. Also our method will provide us with a
second affirmative answer to the open question of Boikanyo and Morosanu.
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2. MAIN RESULTS

In the following theorem, we give a necessary and sufficient condition
for the zero set of T' to be nonempty, in which case we show the strong
convergence of the sequence generated by (2.1).

Theorem 2.1. Let T : D(T) C H = H be a mazimal monotone operator.
For any fized xo,u € H, let the sequence (x,,) be generated by

Tn+1 = Jg;((l —tp) Ty + tau + ey), (2.1)

for all m > 0, where t, € (0,1), ¢, € (0,400) and e, € H for all n > 0.
Then the following statements hold:
(i) If

m
lim sup Z(l — 1) (1 — tg1).. (1 — t) < 00, (2.2)

limy, s o0 €y = +00 and (e,) C H is bounded, then T~1(0) # 0 if and only
if Uminf, oo (||Znt1]] + [|znl]) < 00 if and only if (xy,) is bounded.
(i3) If F :=T=1(0) # 0, then for every sequence (t,)5; C (0,1), (cn)S2, C

llexl
tn

(0,00) and (e,) C H where (2.2) holds, limy,— o0 ¢, = +00 and limy,_, 4
0, we have that the sequence (x,) converges strongely to Pru.

Remark 2.2. If (¢,)5%; € (0,1) and liminf, ¢, > « for some a € (0, 1),
then we clearly have:

limsup Y (1 = t5)(1 = tgr1)ro(1 = tm) < 00, (2.3)
m—r0o0 k—1

However, from (2.3) we cannot conclude that liminf,,_, 4 t, > « for some
a € (0,1). For example, if ¢, = m then the condition (2.3) holds, but
limnﬁoo trn - 0.

Therefore, the following corollary is a direct consequence of Theorem 2.1.

Corollary 2.3. Let T : D(T) C H = H be a mazimal monotone operator.
For any fized xo,u € H, let the sequence (x,,) be generated by

Tp4+1 = ng((l - tn)xn + thu + en)7 (24)

for all n > 0, where t, € (0,1), ¢, € (0,400) and e, € H for all n > 0.
Then the following statements hold.
(i) If iminf, , ~t, > a for some a € (0,1), lim, 400 cp = 400 and
(en) C H is bounded, then T—(0) # 0 if and only if liminf, oo (||Tpy1] +
|lznl|) < oo if and only if (x,,) is bounded.
(i) If F := T=(0) # 0 then for every sequence (t,)°%, C (0,1), (cn); C
(0,00) and (e,) C H whereliminf, ,~ t, > « for some a > 0, limy, 4o ¢, =
+00, and lim,,_, 1~ ||en|| = 0, we have that the sequence (x,) generated by
(2.4) converges strongly to Ppu.
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Alike of above corollary, we can prove a similar theorem for the scheme
(1.3) considered by Boikanyo and Morosanu [4].

The following examples show that without additional assumptions, we
cannot replace the condition limy,_, . ¢, = +00 with the boundedness con-
dition for (c,). In the first example 7-1(0) = (), and in the second one

T-1(0) # 0.

Example 2.4. Let T : R — R be defined by Tx = 1. Obviously T is
a maximal monotone operator. By taking ¢, = 1, ¢, = 0, t, = % for all
n >0, zg=0and v = 0 we have z,11 = %xn — 1 (the sequence (x,)
is generated by (2.1)). Then (z,) is a decreasing sequence, and obviously
lim,, s oo T, = —2, but 7-1(0) = 0.

Example 2.5. Let T : R — R be defined by Tx = z + 1. Obviously T
is a maximal monotone operator. By taking ¢, = 1, e, = 0, t, = % for
alln > 0, zg = 1 and u = 0 we have z,11 = %azn — % (the sequence ()
is generated by (2.1)). Then (z,) is a decreasing sequence, and obviously
limy,—s o0 Tn, = 52, but 771(0) = {-1}.

In the following theorem, we give another necessary and sufficient condi-
tion for the zero set of T to be nonempty, and show the strong convergence
of the corresponding PPA.

Theorem 2.6. Let T : D(T) C H = H be a maximal monotone operator.
For any fived xo,y0,20,u € H, let the sequences (zy), (yn) and (z,) be
generated by

Tpn41 = Jg;((l - tn)xn + thu + en)7 (25)
Yn+1 = ch;((l - tn)yn)a (2'6)
Zn+1 = Jg‘((l - tn)zn)a (27)

for all n > 0, where t, € (0,1), ¢, € (v,+00) for some v € (0,400), and
en € H for all n > 0. Suppose that

lim sup Z(l — ) (1 — tgaq)-.(1 — ty) < 0. (2.8)

Then the following statements hold:

(i) If (eyn) is bounded, then (xy) is bounded if and only if (yy) is bounded.
Also if (yn) is bounded then (z,) is bounded too.

(ii) If (en) is bounded, limy, o t, =0 and

> ftn = tna| < o0 (2.9)
n=1

then F = T~Y(0) # 0 if and only if (z,,) is bounded.

(i5i) If limy ooty = 0, limy, 0o ”i—:“ = 0, the inequality (2.9) holds and

F=T7Y0) #0, then s—lim,, o ¥, = Pr(0) and s—lim, o yn = Pr(0).
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Remark 2.7. The above theorem provides another affirmative answer to the
open question raised by Boikanyo and Morosanu [4, p. 640].

3. APPLICATIONS

We can apply the main results to find a minimizer of a function f. Let f :
H — (—00,+0o0] be a proper, convex and lower semicontinuous function.
Then the subdifferential 0f : H = H defined as follows:

Of(z) ={CeH: fly)— f(z) = ((y—2),Vy € H}. (3.1)
We know that 0f as a proper, convex and l.s.c. is maximal monotone. Also
zeargminf :={z € H: f(z) < f(y),Yye H} <= 0€0f(z). (3.2)

Therefore the proximal point algorithm for df(z) provides a scheme for
approximating a minimizer of f. Following we present one of these applica-
tions.

Theorem 3.1. Let H be a real Hilbert space and f : H — (—o0, +00] be
a proper, conver and lower semicontinuous function. For any xo,u € H,
let the sequence (x,) be generated by (2.1) for T = Of, where u € H,
(tn)o2y € (0,1) and (cn)22q C (0,00) such that (2.2) holds and ¢, — +00 as
n — +o00. Suppose that (ey)22 C H is a sequence with limy_, H‘::” = 0.
If (xy,) is bounded, then argminf # () and (x,) converges strongly to Ppu,
the metric projection of u onto F := df~(0) = argminf.

4. FUTURE DIRECTION

As a future direction for research, since numerous other PPA have been
developed and their convergence studied by many authors, it might be inter-
esting to investigate the possibility of implementing the ideas and methods
developed in this paper to these other PPA, as well as extending these meth-
ods to more general spaces, such as Banach and metric spaces.
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ABSTRACT. In this talk, we introduce the concept of the implemented
Hilbert modules. We closely examine the concepts of regularized ternary
dynamical systems of Hilbert modules and show that ternary derivations
are appeared as the infinitesimal generator of regularized ternary dy-
namical systems. Let X and Y be full Hilbert modules over C*-algebras
A and B, respectively. We bring forward a one to one correspondence
between the groups TU(X) and TU(Y) to show that each regularized
ternary dynamical system on X implements a regularized ternary dy-
namical system on Y.

1. INTRODUCTION

Let X be a Banach space. A one parameter family {a;}er of bounded
linear operators on X is called a regularized one parameter group if there
exists an injective bounded linear operator ¢ on X such that g = ¢ and
capts = g for every t,s € R. For convenience, we say that such a regu-
larized one parameter group is a c-one parameter group. A c-one parameter
group {ay}ier is called strongly continuous if %gr(l) a(x) = e(z), for each

x € X. The infinitesimal generator § of a c-one parameter group {oy }icr is

2020 Mathematics Subject Classification. Primary 46L08; Secondary 47D03, 46L57
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a mapping 6 : D(8) € X — X such that §(z) = ¢! %ir% at(m)t—c(x) where
—
D) ={z e X: 71in% M exists in the range of c}.
—

The notion of regularized semigroups was introduced by Davies and Pang
in 1987 [3]. Trivially, if ¢ is the identity operator on X, then a regularized
one parameter group is nothing than a one parameter group in the usual
sense (see [3, p. §]).

One parameter groups of bounded linear operators and their extensions
are of more considerable magnitude because of their applications in the the-
ory of dynamical systems. The classical C*-dynamical systems are expressed
by means of strongly continuous one parameter groups of x-automorphisms
on C*-algebras. On the other hand, the infinitesimal generator of a C*-
dynamical system is a closed densely defined *-derivation.

As an extension of C*-algebras it can be pointed to Hilbert C*-modules.
A (left) Hilbert C*-module over a C*-algebra A is an algebraic left A-module
X equipped with an A-valued inner product (.,.) which is A-linear in the
first and conjugate linear in the second variable such that X is Banach space
with respect to the norm ||z|| = ||(z, x) ||% The Hilbert A-module X is called
fullif Ax := span{(x,z) : z,y € X} is dense in A. Note that Ay is an ideal
in A, called the range ideal of X. We denote by (X, X) the closure of Ay and
call it the support of X. Therefore, X is a full Hilbert A-module if (X, X)
is equal to A. The referred to [1] for more details on Hilbert C*-modules.

Recently, some generalized notions of derivations have been investigated
in the the setting of Hilbert C*-modules. For instance it can be pointed to
“ternary derivation” .

A ternary derivation is a densely defined linear map § of X into X such
that 6((z,y)2) = (z,9)d(2) + ({6(x),y) + (x,6(y)))z for each z,y,z € D(J)
where D(9) is a ternary subalgebra of X in the sense that D(d) is invariant
under the ternary product (z,y,z) — (z,y)z (i.e. (z,y)z € D(J) for every
x,y,z € D(6)). As an example, let § be an adjointable operator with the
adjoint —4. Then, ¢ is a ternary derivation.

In each case of generalization of derivations, a noted point drawing the at-
tention of analysts is trying to represent a suitable dynamical system whose
infinitesimal generator is exactly the desired extended derivation as well as
being an extension of a C*-dynamical system. Some approaches to prepar-
ing new dynamical systems and their applications have been explained in
[1, 5, 6, 7] and references therein.

In the remainder of this section, we introduce some important classes of
operators between Hilbert modules. Let Let X and Y be Hilbert modules
over C*-algebras A and B, respectively.

Let ¢ : A — B be an injective morphism of C*-algebras. A surjective
map T : X — Y is called p-unitary if T is a p-morphism in the sense that
(T(2), T(y)) = o ((2,y)) for all a,y € X.
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It is notable that each p-unitary map T is necessarily a linear operator, a
p-module map and an isometry. Moreover, if N is a full Hilbert B-module,
then ¢ is surjective and so it is an isomorphism (see [2, Remark 2.9]).

Following [1], we call a bijective linear map T': X — Y a ternary isomor-
phism it T((z,y)z) = (T'(x),T(y))T(z) for all z,y,z € M. As an example
of a ternary isomorphism, let T': M — N be a p-unitary operator. Hence,
T is a bijection and T'((z,y)z) = p({z,y))T(z) = (T'(z),T(y)(T(z) for all
x,y,z € M. We denote by TU(X) the group of all bounded ternary auto-
morphisms of X onto X.

In the present paper, we introduce the concept of the implemented Hilbert
modules. We closely examine the concepts of regularized ternary dynamical
systems of Hilbert modules and show that ternary derivations are appeared
as the infinitesimal generator of regularized ternary dynamical systems. Let
X and Y be full Hilbert modules over C*-algebras A and B, respectively.
We bring forward a one to one correspondence between the groups TU (X)
and TU(Y') to show that each regularized ternary dynamical system on X
implements a regularized ternary dynamical system on Y.

2. MAIN RESULTS

In the following Theorem, we apply an isomorphism between C*-algebras
A and B, and a bijection between two different Hilbert A-modules to con-
struct a Hilbert B-module.

Theorem 2.1. Suppose that X and Y are Hilbert A-module, ¢ : A — B
is a linear isomorphism of C*-algebras and T : X — Y is a bijective linear
operator. Define the module action b.y := T(o~1(b).T 1 (y)) on Y. Then, Y
equipped with the inner product (z,w)p = @({T~1(2), T~ (w))a) can also
be regarded as a Hilbert B-module. Moreover, if X is a full A-module, then
Y s a full Hilbert B-module.

We call the above alternative Hilbert B-module Y the Hilbert B-module
implemented by (p,T) or briefly the implemented Hilbert B-module and de-
note it by Y1), Trivially, the map T in the implemented Hilbert B-module
Y (@T) is a p-unitary. Consequently, 7" is a ternary automorphism.

The next result establishes the converse of Theorem 2.1.

Theorem 2.2. Let (X, be a full Finsler A-module, let Y be a Finsler B-
module, and let T : X — Y be a bijective linear operator. If there ex-
ists a map ¢ : A — B such that a.x = T~ (p(a).T(x)) and o({x,y)a) =
(T(x), T(y)p (a € A, z,y € X ), then ¢ is a x-isomorphism of C*-algebras
if and only if Y is full.

the following theorem shows that each ternary derivation of a Hilbert
A-module X defines a ternary derivation of a Hilbert B-module Y by a
p-unitary 7': X — Y.
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Theorem 2.3. Let ¢ : A — B be an injective morphism of C*-algebras
and let T be a p-unitary from a Hilbert A-module X to Hilbert B-module
Y. Suppose that 61 : D(61) € X — X is a ternary derivation. Then, the
mapping o2 : T (D(61)) C Y — Y defined by o2 (T(x)) := T (61(x)) is a
ternary derivation.

The next result is an immediate consequence of the preceding theorem.

Corollary 2.4. Let X be a Hilbert A-module and let Y1) be the imple-
mented Hilbert B-module. Then, each ternary derivation of X defines a
ternary deriation of Y(®T),

The following theorem establishes a one to one correspondence between
terenary automorphisms groups of possibly different full Hilbert modules.

Theorem 2.5. Let ¢ : A — B be an isomorphism of C*-algebras and T be
a p-unitary from a full Hilbert A-module X to a full Hilbert B-module Y.
Then, the map ® : TU(X) — TU(Y) defined by ®(S) = TST~! is a group
isomorphism.

Definition 2.6. Let ¢ be a ternary automorphisms on a full Finsler A-
module X. A regularized ternary dynamical system is a mapping t —
from the additive group R into the group TU(X) of ternary automor-
phisms on X for which ap = ¢ and cay1s = apas for every t,s € R,
and }gr(l) ar(x) = c(x) for each z € X. We define the infinitesimal gener-

ator § of a regularized ternary dynamical system {a;}icr as a mapping
§: D) € X — X such that §(x) = ¢! limM where D(J) =

t—0
o (x) — c(x
{z € X :lim Mexists}.
t—0 t
The following theorem shows that ternary derivations of Hilbert modules
are appeared as the infinitesimal generator of regularized ternary dynamical

systems.

Theorem 2.7. Let {oy}icr be a regularized ternary dynamical system on
a full Hilbert A-module X and 01 be its generator. Then, D(d1) is a dense
ternary subalgebra of X and 61 is a ternary derivation.

Now, we are ready to present the following main result.

Theorem 2.8. Let X and Y be full Hilbert modules over C*-algebras A
and B, respectively. Suppose that ¢ : A — B is an injective morphism
and T : X — Y s a surjective o-morphism. If {ay}ier is a regularized
ternary dynamical system on X with the infinitesimal generator 61, then
{at}ier implements a regularized ternary dynamical system {TS;T 1}icr
on Y. Moreover, the map dy (introduced in Theorem 2.3) is its infinitesimal
generator.
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ABSTRACT. In this talk, we introduce the concept of inner unitary op-
erators on Hilbert C*-modules to demonstrate the definition of approx-
imately inner generalized dynamical system. As an application, we pro-
vide the existence of a class of non-approximately inner generalized dy-
namical systems.

1. INTRODUCTION

A Hilbert C*-module over a C*-algebra A is an algebraic left A-module
M equipped with an A-valued inner product (.,.), which is A-linear in the
first and conjugate linear in the second variable for which M is a Banach

space with respect to the norm ||z| = H(x,x}”é The Hilbert module M is
called full if the closed linear span (M, M) of all elements of the form (z,y)
(xr,y € M) is equal to A. The referred to [3] for more details on Hilbert
C*-modules.

The classical C*-dynamical systems are expressed by means of strongly
continuous one parameter groups of linear x-automorphisms on C*-algebras.
If {¢1}ier is a C*-dynamical system on a C*-algebra A, then there exists
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a closed densely defined linear operator d given by d(a) = %iﬂé got(at)—a’
H

where D(d) = {a € A: %ir% ('Ot(az_aexists}. The mentioned operator d is
—>

called the infinitesimal generator of {¢;}icr. A subset D of D(d) is called a
core for d if for each a € D(d), there exists a sequence {a,} in D such that
an, — a and d(a,) — d(a).

A linear functional w on a unital C*-algebra A is called a state if ||w|| =1
and w is positive in the sense that w(aa*) > 0, for each a € A. Suppose
that d is the infinitesimal generator of a C*-dynamical system {y;}ier on
a unital C*-algebra A. A state w on A is said to be a ground state for
{pt}ter if —iw (a*.d(a)) > 0 for all a in a core D of d. A C*-dynamical
system {p;}1er on A is called approximately inner if there exists a sequence
{hn} of self-adjoint elements of A such that nh_)rrolo eithn (@) = t(a), where

Qpithn (@) 1= ethmge=ihn (¢ € A). Powers and Sakai proved in [7] that if
{¢t}ter is an approximately inner C*-dynamical system on a unital C*-
algebra A, then there exists a ground state w for {¢;}ier.

Let d be the infinitesimal generator of a C*-dynamical system {p; }1er on
a C*-algebra A. It is known that d is a x-derivation of A. Therefore, the the-
ory of C"-dynamical systems concerns the theory of derivations. Recently,
various generalized notions of derivations have been investigated in the con-
text of Banach algebras and Banach modules. One of them is “generalized
derivation” which is defined as follows.

A linear mapping J from a dense subspace D(0) of a full Hilbert A-module
M into M is called a generalized derivation if there exists a mapping d from
a dense subalgebra D(d) of A into A for which D(§) is an algebraic left D(d)-
module, and d(a.x) = a.6(x) 4+ d(a).z for each a € D(d), and = € D(9).

The method has been used in [1] shows that d is a derivation. For conve-
nience, we say that such a generalized derivation ¢ is a d-derivation.

In each case of generalization of derivations, a noted point drawing the at-
tention of analysts is trying to represent a suitable dynamical system whose
infinitesimal generator is exactly the desired extended derivation as well as
being an extension of a C*-dynamical system. Some approaches to prepar-
ing new dynamical systems and their applications have been explained in
[1, 4, 5, 6] and references therein.

In the remainder of this section, we introduce an important class of op-
erators between Hilbert modules.

Let M and N be Hilbert modules over C*-algebras A and B, respectively.
Suppose that ¢ : A — B is a linear *-homomorphism. A map T : M — N
is called ¢-morphism if (T'(x),T(y)) = ¢((z,y)) for all x,y € M. It is easy
to see that if T' is a ¢-morphism, the T is necessarily a linear operator and
a ¢-module map in the sense that T'(ax) = ¢(a)T(z) (a € A, xz € M).

A surjective map T : M — N is called unitary if there is an injective
linear *-homomorphism ¢ : A — B such that T is a ¢-morphism.
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Let ¢ : A — B be an injective homomorphism of C*-algebras and let
T : M — N be a ¢-morphism. It is known from [2, Remark 2.9] that T is
an isometry. Thus, each unitary operator of Hilbert modules is an isometry.
Moreover, if N is a full Hilbert B-module, then ¢ is surjective and so it is an
isomorphism of C*-algebras. We denote by U (M) the group of all unitary
operators from full Hilbert module M onto M.

In 2005, Abbaspour, Moslehian and Niknam [1] applied unitary operators
to provide an extension of C*-dynamical systems on Hilbert modules as
follows.

Let M be a full Hilbert A-module. A generalized dynamical system is
a group homomorphism ¢t — «; from the additive group R into the group
U(M) of unitary operators on M for which %g% ay(z) = x for each x € M.

We define the infinitesimal generator d of a generalized dynamical system
{at}ter as a mapping 0 : D(6) € M — M such that §(x) = 711]0% at(ch—x,
.

where D() = {x € M : lim Memist&}.
t—0 t

It has been proved that in [1] that if {a4}ier is a generalized dynamical
system on M with the generator d, then there is a (unique) C*-dynamical
system {¢; }ter, which we call it the associated C*-dynamical system, on A
and a (unique) derivation d of A such that oy is a surjective pi-morphism
(t € R), and d turns ¢ into a d-derivation.

2. MAIN RESULTS

We begin this section with the definition of “inner unitary operator” as
follows.

Definition 2.1. Let A be a C*-algebra and M be a Hilbert A-module. A
linear operator oo : M — M is called inner unitary if there exists a unitary
element u € A such that « is a surjective ¢, -morphism, where ¢, (a) = uau*

(a € A).

Example 2.2. Let A be a C*-algebra and take M := A. Then, M is a
Hilbert A-module via < a,b >= ab*. Suppose that 0 is a linear *-automorphism
on A and v is an arbitrary unitary element in A. Define a : A — A by
a(z) := 6(v)x. Then, by putting u := 6(v), it follows that u is a unitary
element of A and « is an inner unitary operator.

Inspiring some ideas of [(], we present the concept of approximately in-
nerness for generalized dynamical systems.

Definition 2.3. A generalized dynamical system {a;}ier on M is said to

be approzimately inner if one can approximate it by a sequence {ap, ¢ }ier

of uniformly continuous one parameter group of inner unitaries on M in

the sense that there exist a sequence {h,} of self-adjoint elements of A
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and a sequence {ay+}ter of uniformly continuous one parameter group of
surjective @,itn, -morphisms such that lim a,+(z) = ay(x) for all z € M.
n—oo

The following theorem provides a conditin under which the C*-dynamics
associated with a generalized dynamical system has a ground state.

Theorem 2.4. Let {ay}icr be an approximately inner generalized dynamical
system on M. Then, one can correspond a unique approzimately inner C*-
dynamical system {p;}1er on A which turns oy into a @i-morphism (t € R).
Consequently, {¢1}ier has a ground state.

In the rest of the paper, we are going to construct a generalized dynamical
system which is not approximately inner. For this aim, let M; be a Hilbert
module over C*-algebra A; (i = 1,2). Put, M := My x M, and A := A; x A,.
Then, M is a Hilbert A-module. Suppose that {ai};cg is a generalized
dynamical system on M; with the infinitesimal generator §; (i = 1,2), and
define the map o : R — U(M) by a; := af @ o2, where of ® a?(z,y) =

(o (@), 07 (1)) -

Theorem 2.5. {ay}icr is a generalized dynamical system on M and the
mapping 6 : D(81) x D(62) € M — M defined by 6 := &1 @ dy is its infini-
tesimal generator.

Theorem 2.6. {a;}cr is approzimately inner if and only if so is {ai}ier
(i=1,2).
Now, we are ready to present the following main result.

Theorem 2.7. Let {a}}icr be a generalized dynamical system on My such
that its associated C*-dynamical system on A1 has no ground state. Then,
for each generalized dynamical system {a?}icr on Ma, {oi}ier can not be
approrimately inner.
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ABSTRACT. In this article, we will find a new method for obtaining
Gram-Schmidt orthonormalization algorithm. In fact, we first obtain
the QR factorization according to sum of rank one matrices, and then
we conclude in the Gram—Schmidt orthonormalization procedure.

1. INTRODUCTION

We have always used the row-by-column multiplication method to calcu-
late the product of two matrices. That means if A and B are two matrices
and A x B is defined, then:

al alby albe ... alb,
t t t t
a abb abby ... ahb
2 2Y1 292 2Y%q
Ax B= . X [bl b2 bq]nxq = . . .
¢ t t t
m mxn ambl amb2 . ambq mxgq

which a! is the i-th row of matrix A and b; is the j-th column of matrix B.
However, it is possible to see the multiplication of A x B in another way. If
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b
bh
A:[al as ... an],B: | then
by,
b
by
A x B= [al as ... an]mxn ; =a1b§+a2b§+---+anb%
¢
"l nxq

which a; is the i-th column of matrix A, and b; is the j-th row of matrix
B and a;b! is a m x n rank one matrix. In fact, by doing this, we express
A X B as the sum of n rank one matrices. It is called column-row algorithm.
We now use this idea and write the non-singular matrix A as the sum of
n rank one matrices in the form of aibf. We find a ay;, bﬁ such that a;s be
orthonormal and b;s be the rows of an upper triangular matrix. This task
yields QR factorization. For more information refer to [1], [2] and [3].

2. QR FACTORIZATION:

We can reach to QR factorization of matrix A with this algorithm:
assume q; is the i-th column of A= [al as ... an] ;
a
(1) 11 = HQIH , 41 = —L ) Ti = in

11

put A= qrt + [0 A(Q)}.

Here, ¢; is perpendicular to all columns of A®):

(00 @gAD] =gA—rt=0=gla® =0. 1<i<n—1.

In which agz) corresponds to the i-th column of A®).
(2
(2) put 2 = o L rh=qb[0 A@)].
o™
we have A = qirl + qorl + [0 0 A®] or [0 AP] = gorl +
0 0 A®)].

All columns in A®) are perpendicular to qi, go.

(3) By continuing this algorithm, we will have:

"
t
¢ t ¢ "2
A=qri+er+. . qrh=[n @ ... @ |.|=QR
™
R is an upper triangular matrix 7'}; = qi [O 0 ... 0 A(k)].

A®) is a n x (n— (k—1)) matrix, so R is an upper triangular matrix.
Due to the way of construction of ¢;s, q1, ¢o, ..., ¢, are unitary and
pairwise perpendicular, then @) is an orthogonal matrix.
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The above algorithm can be rewritten as follows:
Algorithm 1:

input : A = [al as ... an] , Q1 = @
lax]]
C = A
forl=1ton
fork=1lton
rt=q [O 0 ... 0 C[l:n k‘n]]
end
B = 22:1 %‘th‘
C=A-B
Gt = Cri1
=
1Cra
end
d
i
T2
output : QQ = [ql qQ .. qn} , R= :
h
C
According to ¢ = HCliﬂH , it is seen that only column I + 1 of matrix A
I+1
is needed. If put w = Cjy1 , it means w = aj41 —byy1(byyq is the (I4+1)—th
w
column of B) and because ¢;+1 = W then
w

lwllgr = ayr — b = wlldba = ghar — @by , 1< 5 <1

= qlarn = ¢Sl airflin = D darflin

= =] ggj i = i = Ga, 1< <1

Moreover

lwll@+1 = ar41 — b1 = Hw||CJf+1QI+1 = Qf+1az+1 - QfH [22:1 Qirﬂl-&-l =
|w]| = qzt+1Ql+1 - [Eé:l qf+1qz‘7"f]l+1 = 1141 = v

Therefore, it has been shown that Algorithm 1 could be transformed as fol-
lows:

Algorithm 2:

input : A = [al as ... an];

a
G =—7,711 = |lai]|
llax ]

forl=1ton
fork=1tol
T+l = QL0141
end
l
b= 5-17j+145
w=a1—b
Tl4+1,01+1 = [|w]|
w

Q1= —
[EgRSwasy|
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end
output : R = (r5) , Q = [ql g ... qn].
Algorithm 2 is same the well-known algorithm of GramSchmidt applied to
the columns of matrix A.
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ABSTRACT. Inspired by the recent work by Furuichi et. al., we give
several inequalities for sector matrices which refine the obtained results
by Liu et. al and Lin.

1. INTRODUCTION

Let M, be the set of all n x n complex matrices. For A € M,,, the
conjugate transpose of A is denoted by A*. We say A € M, is accretive,
if its real part which defined by RA = % is positive definite. For two
Hemitian matrices A, B € M,,, we use A > B to mean A — B is positive
semidefinite. For 0 < a < §, S, denote the sector regions in the complex
plancas S, = {z € C: Rz > 0,[z| < (Rz) tan a}. Recall that the numerical
range of A € M, is defined by

W(A) ={z"Az : 2 € C", 2"z = 1}.
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A matrix A € M,, whose numerical range is contained in a sector region S,
is called a sector matrix. For A, B € M,,, we have the following inequality:

1 —1\ —1
(A e ) <ap<tl (L.1)

which is well khnow as the AM-GM-HM inequality. Liu et. al [2] and Lin
[1] extended the inequalities (1.1) to sector matrices as follows:

-1 —1\ —1
cos? aR (A;B> < R(AEB) < sec® aR <A —g B) . (1.2)

Our main topic in this paper is to refine the inequalities (1.2).

2. MAIN RESULTS

The authors [, Eq.(2.6)] showed that if 0 < o <1 and 0 < z < 1, then
[e% 2
Ya(x)z® < (1 — ) + ax, where Yo (z) = 1+ % When o = 1,
we get
r+1
2 b

[N

Y1 (x)x

<

(2.1)
where w%(ac) =14+ "%

Lemma 2.1. Let A, B € M,, with 0 < sA < B < tA for positive real
numbers 0 < s < t. Then

A+ B
min {41 (5), 91 (1)} A48 < 5= (2.2)
Proof. If we apply (2.1) for strictly positive matrix X, then
. 1 X+1
in Py (@) X2 < ——. (2.3)

Note that s < A"3BA"3 < t. By setting the operator A"2BA"% in (2.3)
instead of X, we have

1 _1 _1
) 1. .1\ AT2BA 241
s (o)} AT
If we multiply the both sides of (2.4) by Az we get (2.5). O

Remark 2.2. Let A)B € M,, and 0 < m < A, B < M. We can show that
0< ;A< B< %A. By considering s = 7; and t = % in Lemma 2.1, we
have

vsmap < 2TE (25)

_m
where h = a

Remark 2.3. Since 1/1% (h) > 1, (2.5) is considerable refinement of (1.1).

To prove our main result, we need to recall the following Lemmas:
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Lemma 2.4. ([1, 3]) Let A € S,. Then we have R(A™1) < R71(A) <
sec?()R(A™Y). The first inequality holds for an accretive matriz A € My,.
Lemma 2.5. ([0]) If A, B € M, be accretive and 0 < X\ < 1. Then
RAGRB < R(Af\B).
Theorem 2.6. Let A,B € S, with0 <m < RA,RB < M. Then
Al 4+ B! A+ B
2 2 '

-1
cos® aw% (h)R ( ) < R(AEB) < sec? ayiH(h)R <

(2.6)

Proof. When A = %, [6, Lemma 5] follows R(AfB)& < sec’ aR(A)iR(B).
On the other hand, applying (2.5) for R(A) and R(B), we get

ReeR(B) < v R (457

where h = ;. From two inequalities above, we obtain the second inequality

of (2.6) as claimed. If we first apply Lemma 2.5 for special case \ = % and

for A=! and B! replacement A and B and then use the second inequality
of (2.6), we obtain

RADER(B™Y) < R(AEB™Y) < sec avry ()R (W> ,

2
SO

RAHIR(B™) < sec?ayi ()R < 5

By the operator monotone decreasing of the reverse, we get

A~ 4 B—l)

Al 4+ Bl>

RAERE ) 2 cos? vy (i (4

or

(2.7)

_ - Sy (AT + BT
sec? mﬁ%l(h)(?R(A HR(B~1H)"t > p! (2>

Compute
-1 —1\ 1 -1 -1
R <A;B> <yt <A+B> (by Lemma 2.4)

R(A™)R(B™) ™ by (2.7)
RATR(BY)

—~~ o~~~

< sect arpTH(h)R(AEB) (by Lemma 2.5). (2.8)

]
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Remark 2.7. From 7' (h) < 1(¢1(h) > 1), it is apparent that the inequal-
3 2
ities in (2.6) are better than ones in (1.2).

Note that |||, denote any unitarily invariant norm on M,,, which satisfies
| X||w = [UX V]|, for any unitary matrices U,V and any X € M,.

Lemma 2.8. ([7]) Let A € S,. Then
[R(A)[lu < [[Allu < secal|R(A)||u.

The following Theorem is an application of (2.6) for norms.
Theorem 2.9. Consider A, B as defined in Theorem 2.6. Then
‘(A—1+B—1>1 A+ B

2

2
Proof. From Lemma 2.8 and the left-side of the inequality (2.6), we can see

that
Al 1\ ! Al 1\ !
(") ()

cos® oa/zé (h)

< 4B, < sec® aviy (1) H
2

u

(2.9)

< seca < sec” Oﬂh_l (h) | R(AEB) ||
2

< sec? alﬁ?(h)HAﬁBHu-

From Lemma 2.8 with the right-side of the inequality (2.6), the second
inequality of (2.9) is similar. O

Remark 2.10. Since ¢% (h) > 1, the inequality (2.9) refine [2, Eq. (3.6)] and
[, Eq. (14)].
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ABSTRACT. Let X and Y be infinite-dimensional complex Banach spaces,
and B(X) (resp. B(Y)) be the algebra of all bounded linear operators
on X (resp. on Y). For an T € B(X), let 0., (T) denotes the Weyl
domain in the spectrum. We characterize surjective maps 1 and o
from B(X) onto B(Y) satisfy

ow(p1(T)p2(S)) = 0u(TS)
for every T, S € B(X).

1. INTRODUCTION

In recent years, there has been considerable interest in studying nonlin-
ear preserver problems. These problems involve maps between algebras that
leave invariant certain properties or subsets or relations without assuming
any algebraic condition like linearity or additivity or multiplicativity. The
first result of this kind is due to Kowalski and Stodkowski [1] and dates back
to 1980. One of the most famous problems in this direction is Kaplansky’s
problem [3] asking whether every surjective unital invertibility preserving
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linear map between two semisimple Banach algebras is a Jordan homomor-
phism. Throughout this paper, X is an infinite-dimensional complex Ba-
nach spaces, and the dual space of X is denoted by X*. For an operator
T € B(X), the adjoint, the null space and the range of T' are denoted by
T*, ker(T) and R(T), respectively. Recall that an operator T' € B(X) is
called upper (resp. lower) semi-Fredholm if R(T") is closed and ker(T") (resp.
%) is finite dimensional. The operator 7" is called semi-Fredholm if it is
either upper or lower semi-Fredholm and 7' is Fredholm if it is both upper

and lower semi-Fredholm. If T is a semi-Fredholm operator, then the index,
ind(T), is defined by

ind(T) = dim(kerT) — codim(R(T)).

Obviously, any Fredholm operator has a finite index. An operator T € B(X)
is called a Weyl operator, if it is Fredholm of index zero. The Weyl domain
in the spectrum of 7' € B(X) is defined by

ow(T)={N€o(T) : T — X is a Weyl operator}.

Several authors have studied the linear maps which preserve Fredholm
or semi-Fredholm domain (see [1, 5, 6]). Shi and Ji [6] combined the spec-
trum with semi-Fredholm or Fredholm domain and described additive maps
on B(X) preserving the intersection of semi-Fredholm or Fredholm domain
with the spectrum. In [5] Hajighasemi and Hejazian characterised the form
of maps preserving the semi-Fredholm domain, the Fredholm domain and
the Weyl domain in the spectrum.

In this paper, we investigate the form of all maps ¢; and 9 from B(X)
onto B(Y) such that, for every 7" and S in B(X), the Weyl domain in spec-
trum of T'S and ¢1(T")p2(S) are the same.

For a vector x € X and f € X*, let x ® f stands for the operator of
rank at most one defined by (z ® f)y = f(y)z for every y € X. Note that,
(r® f)* = f ®Z, where & denotes the canonical image of x in X**. We
denote Fj(X) the set of all rank-one operators on X and N;j(X) be the set
of nilpotent operators in F;(X). It is clear that z ® f € Ny (X) if and only
if f(z) = 0. Note that every rank one operator in B(X) can be written in
this form, and that every finite rank operator A € B(X) can be written as
a finite sum of rank one operators; i.e., A = " | z; ® f; for some z; € X
and f; € X* i =1,2,...,n. We denote by F(X) the set of all finite rank
operators in B(X).

The first lemma is an elementary observation that gives the spectral do-
mains of any rank one operator.
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Lemma 1.1. (See [5, Remark 1.1].) Let x € X and f € X*. We have
_ [0 if f(x)=0,
weoD={ {wy ¥ 7o

The following result characterizes in term of the spectral domains when
two operators are the same.

Lemma 1.2. (See [, Lemma 2.1].) Let A,B € B(X). The following
statements are equivalent.

(1) A=B.

(2) ow(AR) = 0w(BR) for all R € B(X).

(2) ow(AR) = 0w(BR) for all R € F1(X)\N1(X).

The third lemma gives a spectral characterization of rank one operators
in term of the spectral domains oy,(.).

Lemma 1.3. ([5, Lemma 2.2].) For a nonzero operator R € B(X), the
following statements are equivalent.

(a) R has rank one.

(b) ow(RT) contains at most one element for all A € B(X).

(c) ow(RT) contains at most one element for every rank two operator A €

B(X).
2. MAIN RESULTS

The following lemma is a useful observation needed to establish the lin-
earity of surjective maps preserving o(.).

Lemma 2.1. Let A,B € B(X). For two vectors z,y € X and a linear
functional f € X™*, the following statements hold.

(1) ow((z+y) @ f) = ow(r @ f) + 0wy @ f)
(2) ow((A+ B)R) = 0w(AR) + 0w(BR) for all R € F1(X).

Proof. The proof is easy with Lemma 1.1.

The followig theorem is the main result of this paper.

Theorem 2.2. Let p1 and p2 be maps from B(X) onto B(Y') which satisfy
O'w(gpl(A)Vb(B)) = Uw(AB)v (AaB € B(X))

Then there exist two linear bijective mappings P: X — Y and Q:Y — X
such that p1(A) = PAQ and 2(A) = QAP for all A € B(X).

Proof. The proof of it will be completed after checking several claims.
Claim 1. ¢; is injective and ¢1(0) = 0.
Claim 2. ¢ preserves rank one operators in both directions.
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Claim 3. ¢; is linear.

Claim 4. ¢ and @1 have the desired forms.
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ABSTRACT. Frames and the similar systems in Hilbert spaces which help
us to represent any signal or vectors in terms of elementary elements
plying very important role in functional analysis and its applications.
Recently, quaternions and quaternionic Hilbert spaces have attracted
the attention of many mathematicians and signal engineers, and every
day new applications of them occur in the mathematical community.
In this article, we discuss and reproducing generative systems such as
frames, continuous frames, and fusion.

1. QUATERNIONIC HILBERT SPACES

Quaternions can be considered as the combination of a real scalar and a
3D vector that has real coefficients. This vector forms the imaginary part
of the quaternion. Birkhoff and von Neumann in their celebrated seminal
work on Quantum Logic in 1936 [1], Quantum Mechanics may alternatively
be formulated on a Hilbert space where the ground field of complex numbers
is replaced for the division algebra of quaternions. Nowadays, the picture
is more clear on the one hand and more strict on the other hand, after the
efforts started in 1964 by Piron [1] and concluded in 1995 by Sol‘er [(].
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Irish mathematician William Rowan Hamilton introduced quaternions in
1843. He aimed to extend the idea of complex numbers, which represent
points in plane (with addition and multiplication properties), to points in
space. While points in space are represented as coordinates of triplets,
adding and subtracting them was known, but multiplying and dividing
them posed a challenge unlike complex numbers. The great breakthrough in
quaternions finally came, when Hamilton carved the formula for the quater-
nions given by

i’ =42 =k =ijk=—1.

Quaternions are used in pure as well as applied mathematics, especially
in calculations involving three-dimensional rotations, as seen in computer
graphics, crystallographic texture analysis, robotics and physics. Rotations
represented using quaternions are more concise, effective, and numerically
stable for computation as compared to representations using matrices. In
modern terms, quaternions are a four dimensional non-commutative exten-
sion of the complex numbers over the set of real numbers. It was the first
non-commutative four-dimensional associative normed division algebra over
the real numbers, and therefore a ring, being a skew-field.

Quaternions are a four dimensional non-commutative extension of the
complex numbers over R and are generally denoted by H. The set of quater-
nions H contain elements of the form

q=qo+iq1 +Jg2 + kg3, qo,q1,92,93 € R.

These elements, called quaternions, form a four-dimensional vector space
over R under component-wise addition and component-wise scalar multipli-
cation with basis set {1,4,j, k}. Moreover, the product of any two quater-
nions (also called Hamilton product) is determined by the multiplication of
the basis elements and the distributive law. Within the set H, 0 represents
the null element, while 1 represents the identity element with respect to
multiplication. This enables H to form a non-commutative ring with unity,
thereby forming a skew field.

For any ¢ = qo + iq1 + jg2 + kqs € H. qp is called the real (or scalar
part) and iq; + jgo + kqs is called the imaginary (or vector part) of q. The
conjugate of ¢ is given by q := qo — iq1 — jg2 — kq3. The norm of ¢ is defined
as lq| = Vq@ = g5 +ai + & + a3

For any non-zero quaternion ¢ = qo + iq1 + jq2 + kg3 € H. , there exists
a unique inverse ¢~ ! given by ¢! = %

Right quaternionic vector spaces are basically right modules over the ring
H. The formal definition of a right quaternionic vector space is as follows:

Definition 1.1. [5] A right quaternionic vector space Hy is a linear vector
space with the right multiplication of scalars which satisfies the following
properties:

(i) (h1+ h2)q = h1q+ haq, hi1,ha € Hy,q € H.

(ii) h(p+q) = hp+hq, he Hu,p,qe H.
226



INTEGRAL MEANS

(iii) h(pq) = (hp)g, h € Hm,p,q € H.

Definition 1.2. [5] A right quaternionic pre-Hilbert space (or right quater-
nionic inner product space) Hyis a right quaternionic vector space endowed
with the inner product (.|.) : HgHy which satisfies the following properties:
(i) <h‘h1 + h2> = <h‘h1> + <|h2>, h,hi, he € Hy.

(ii) (h|h) >0, h#0.
(
(

iii) <h1|h2> = <h2’h1), hl,hz c HH
iv) (hilh2q) = (h1lh2)q, h1,he € Hp,q € H.

A right quaternionic Hilbert space is a right quaternionic pre-Hilbert
space which is complete with respect to the norm induced by the above
defined inner product. Define the quaternionic norm ||.|| : Hyg — H* on Hy

by [[B]l = v/ (hlh).

2. FRAMES IN COMPLEX AND QUATERNIONIC HILBERT SPACES

Traditionally, most of the mathematical and analytical topics have been
studied on complex or real Hilbert spaces. In the last few decades, many
concepts of functional analysis and operator theory on quaternion Hilbert
spaces have been investigated and studied, and by using the ideas in complex
or real Hilbert has tried to generalize those concepts in quaternion Hilbert
spaces, and interestingly, almost similar proofs have been presented for most
of the relevant. theorems. In this category, we intend to study and examine
the concept of frames and continuous frames in these spaces.

Frames for Hilbert spaces have been first introduced by Duffin and Scheaf-
fer in the study of some problems in nonharmonic Fourier series in 1952, [3].
A discrete frame is a countable family of elements in a separable Hilbert
space which allows for a stable, not necessarily unique, decomposition of an
arbitrary element into an expansion of the frame elements.

The many applications of frames in Hilbert spaces have led to the intro-
ducing of new generalizations of the theory of frames, such as fusion frames
[2], continuous frames, g frames, woven frames, K-frames, semi-frames and
etc.

Recall that for a Hilbert space H and a countable index set I, a family of
vectors {f;}ier C H is called a discrete frame for #H, if there exist constants
0 < A < B < +o0o such that

ANfIP <Y KF £l < BIFIP,  f e,
el
the constants A and B are called frame bounds. The frame { f;};c; is called
tight if A = B and Parseval if A = B = 1. The frame decomposition is the
most important frame result. It shows for the frame {f;};cs, every element
in H has a representation as an infinite linear combination of the frame
elements; i.e., there exist coefficients {c;(f)}ier such that f =3, ;¢c;(f)fi,

where f € H is arbitrary.
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The notion of frames has been extended to quaternionic Hilbert spaces
by S. K. Sharma and S. Goel [7].

Definition 2.1. Let V(Q) be a right quaternionic Hilbert space and {u; }ier
be a sequence in Vz(Q). Then {u;}iep is said to be a frame for Vz(Q) if
there exist two finite constants with 0 < A < B < oo such that

Allul> <Y~ [(ului)? < Bllul?,  u € Vr(2).
i€l
Definition 2.2. Let {VViR}ie 1 be a sequence of right closed subspaces of a
right separable quaternionic Hilbert space Vr(Q) and {w;};c; be a family
of weights i.e. w; > 0,i € I. Then {(W, w;)}ics is called a fusion frame
(frame of subspaces), if there exist constants 0 < A < B < 8called fusion
frame bounds such that

Allull* <Y~ wfllmyr@)[[* < Bllul*, Yu € Va(Q)
i€l
Inspired by the above ideas, the concept of continuous frames for quater-
nionic Hilbert spaces can be presented as follows.

Definition 2.3. Let (€, 1) be a measure space with positive measure p and
Vr(Q) be a right quaternionic Hilbert space. A weakly-measurable mapping
F : Q — V() is called a continuous frame for Vi(Q) with respect to (€2, i)
if there exist constants 0 < A < B < oo such that

Allull? < /Q [(ul F(w))Pdp(w) < Bllul®,  u € V().

The constants A and B are called continuous frame bounds. This mapping
I is called tight continuous frame if A = B and if A = B = 1 it called
a Parseval continuous frame. The mapping is called Bessel if the second
inequality holds. In this case, B is called Bessel constant.
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ABSTRACT. We consider functions f(z) = z+ > anz" that are analytic

)
@)

Also, upper bounds for the second symmetric Teoplitz determinants for
the classes of almost starlike functions of order « are given.

in the unit disk and satisfy in the inequality Re

>a, 0<a<.

1. INTRODUCTION

Let A denote the class of functions of the form
o0
f(z) :z+2anz” (1.1)
n=2

which are analytic in the open unit disc U= {z: 2z € C: |z| < 1}. Further,
by S we shall denote the class of all functions in A which are univalent in
U.

Toeplitz determinants are closely related to Hankel determinants [3]. Toeplitz
matrices have constant entries along the diagonal. Toeplitz matrices have
some applications in pure and applied mathematics[(].
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Thomas and Halim in [5] introduced the symmetric determinant T;(n) for
analytic functions f of the form (1.1) defined by,

(07%9) Ap+1 ce Opdg—1
Ap+1 (479 cee Ond4q—2
Ty(n) = ' ' ' ' geN\1, neN.
Gp4qg—1 Optq—2 --- (479

The study of exact upper bound of |T;(n)| for different subclasses of analytic
functions has attracted some authors. The Toeplitz determinant T,(n) for
class S of univalent functions was studied and improved by Ali et al[l] and
[4]-

Let Q be the family functions w(z) in the unit disc U satisfying the conditions
w(0) =0, |w(2)| <1 for z € U. Note that f(z) < g(z) if there is a function
w(z) € Q such that f(z) = g(w(2)). [2].

In this paper, we find sharp upper bounds of |T>(1)| and |T2(2)| for the
almost starlike functions.

Suppose that P denote the class of analytic functions p of the type

p(z) =1+ Z 2", (1.2)
n=2

To prove our main results, we need following lemmas and theorems.

Lemma 1.1. If p € P and of the form (1.2), then for n € N ={1,2,...},
the following sharp inequality hold

lea] < 2. (1.3)

Lemma 1.2. If p € P and of the form (1.2), then

29 = & + (4 — ),

for some x, with |x| < 1.

2. MAIN RESULTS

In the section by using of subordination method sharp upper bounds of
initial coefficients, |T5(1)| and |T5(2)| for the almost starlike functions are
obtained.

The class consisting of almost starlike functions order of «,(0 < a < 1)
denoted by S*(a).

Especially the class S*(0) = S*.

Definition 2.1. A function f(z) given by 1.1 on U is said to be in the class
S*(a), if the following condition is satisfied:

f(z)
Re 7102 > a,

where z € U, 0<a<1.
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2.1. Estimation of coefficient bounds for the function class S*(a).
Theorem 2.2. If the function f(2) in S*(a) is given by (1.1), then
(i) : |ag| < 2k,

(i4) : |as] < %k(? +8k),

where k = |a — 1| and 0 < a < 1.

Proof. Let f(z) € S*(a), by using of subordination method and lemma 1.1,
proof of the theorem 2.2 is completed. O

Corollary 2.3. If the function f(z) in S*(0) is given by (1.1), then
(1) : |ag] <2,
(7) : las| <5

2.2. Upper bound of |T3(1)| for the class S*(a).
Theorem 2.4. Let f(z) € S*(a) be given by 1.1. Then

To(1)] < 1+ 4K,
where k =|a—1| and 0 < a < 1.

Proof. From defnition of subordination, using triangle inequality and by

applying lemma 1.1, this completes the proof of the theorem. O
Corollary 2.5. If the function f(z) € S*(0) is given by (1.1), then
T2(1)] <5,

Theorem 2.6. Let f(z) € S*(a) be given by 1.1. Then
T (2)| < k*(4 + 48k + 2),
where k = |a — 1| and 0 < ar < 1.

Proof. From defnition of subordination and by applying lemmas 1.1 and 1.2,

this completes the proof of the theorem. O
Corollary 2.7. If the function f(z) € S*(0) is given by (1.1), then
|T5(1)| < 54,

3. CONCLUSION

In this paper, we have introduced a new class S*(a), where (0 < a < 1),
and have worked on the estimation of coefficient and upper bound of second
toeplitz determinant. readers and interested scholars can extend our work
further by working on higher order toeplitz determinant.
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ABSTRACT. In this paper, we investigate a class of optimal control prob-
lems via fractional integro-differential equations. Also, we apply the Ritz
method for solving this problem. By this method, the given problem is
reduced to the problem for solving a system of algebraic equations using
shifted Legendre polynomials basis functions. An approximate solution
for this problem is obtained by solving the system. Finally by a example
will be showing the accurately and applicability for this method.

1. INTRODUCTION

The fractional calculus defines integrals and derivatives of non-integer
order. Let @ > 0 be a real number and n € N be such that n — 1 < a < n.
Here we follow [3]. The left and right Caputo fractional derivative of order
« are defined by

1

CD2y (@) = iy [ @ 0 (1.1)

2020 Mathematics Subject Classification. 49K05, 49M30, 33F05
Key words and phrases. Optimal control problem, Integro-differential equations, Poly-
nomial basis functions, Ritz method.
* Speaker.
233



M. ROSTAMI

and

n b
C na (71) n—a—1_(n)
D = — t— t)dt 1.2
CDpy () = poey [ G- T a1
respectively. Here I' is the well-known Gamma function.

In this paper, we consider the following problem

1
Min J = / J (t,z(t),u(t))dt, (1.3)
0
subject to dynamic control system and and the initial boundary condition
ng‘a:() ftx(t —|—f0 (t, s,z (s),u(s))ds, 0<t<I,
2@ (0) =z, 1—0,1,..., -1,
(1.4)

where OC D¢ denotes the fractional derivative of Caputo type of order «,
n—1l<a<n.

2. PRELIMINARIES

In this section we consider shifted Legendre polynomials and we study
the approximation of functions with the use of these polynomials.

Let pp(z) be the shifted Legendre polynomials of order m which are
defined on the interval [0,1] and can be determined with the following re-
currence formula

po(z) = 1, P (@) =201,
2m +1 m

(2.1)
The orthogonality of shifted Legendre polynomials is expressed by the rela-

tion . ) . '
/0 pi (z) pj (x) de = { Slﬁ ZZ;:]] (2.2)

We consider f(z) be an arbitrary continues function on [0, 1], then we can
express it in the shifted Legendre polynomials form,

N
f(z)~ Py (x) = cipj (), (2.3)
§=0
where the coefficients c¢;, for shifted Legendre polynomials are obtained from
following relation

1
_(2j—|—1)/0 p; (2) f () da, =01, N (24

Lemma 2.1. Let p(x) be a polynomial which satisfies the following condi-
tions
p®(0) = i, 0<Ek<n. (2.5)
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then p(x) has the following form

N

p(x) = Z c;jx"p; (x) + H (x), (2.6)
j=0

where, N € Zt, ¢; € R, p; (z) shifted Legendre polynomials and H(z) is the
interpolating polynomial which satisfies the above conditions.

3. SOLVING THE PROBLEM

In this section, we apply the presented method for solving the optimal
control problems of fractional integro-differential equations. We refer the
interested reader to [I] for more information. There are many direct tech-
niques for solving the various optimization problems such as Ritz method
and Epsilon-Ritz method. For more study we can see the report [5]. Now
we consider the following problem (1.3) subject to dynamic control system
and and the initial boundary condition (1.4).

By using the hermit interpolation method, we obtain polynomial H (t),
then,

N
oy ()= at"p(t)+ H (b)), (3.1)
=0
and

M
ung (8) =Y épr (). (3-2)
=0

Obviously zy (t), satisfy in the initial boundary conditions (1.4). Substitut-
ing (3.1) and (3.2) in (1.3) and (1.4), we achieve

1
J[Co,cl,...,CN,éo,él,...,éM] —/0 j(t,a:N(t),uM(t))dt
and
G(t) =Dy an (t)— f (t,an (1), unr (t))—/o g(t, s,z (s),un (s))ds = 0.

Now, we collocate function G (¢) at points s;, 1 < ¢ < k, which are the roots
of the shifted Chebyshev polynomials of degree k on [0,1]. We have

Gi(si) = CD? o (8i)—f (si, 2N (8i) s um (Si))—/:i g (si;s,xn (s),um (s))ds =0,

and
Frnar =7 +AG,

which A = (A, Ag, -+, Ax) and G = (G1,Ga, -+, Gi) ™.
By calculating the F J]i, > We obtain an algebraic function of unknowns ¢
for1 <l < Nand¢jforl<j<Mand forl <i < k. According to
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differential calculus, there exists the following system of equations, as neces-
sary conditions of optimization for the functions, which should be satisfied
by optimizing the unknown coefficients

0F =0, 1<I<N,

7

oL =0, 1<j<M,

oF _ 0, 1<i<k.

Then we achieve the following algebraic system of equations and by solving
the above system, with Newton iterative method we can determine optimiz-
ing values of the coeflicients.

4. APPLICATIONS AND NUMERICAL RESULTS

In this section, we apply the method presented in this paper to solve the
one test examples. The table of absolute error shows that this method is
useful for solving optimal control problems of fractional integro-differential
equations.

Example 4.1. Consider the optimal control of minimizing

1 2
J = / |:(.’L‘ (t) — et2> + (u(t) — (2t +1))*| at,
0
subject to the following non-linear Volterra integral equation:

{ §Dpa (t) = u(t) —a(t) +t(2t+1) [T etz (s)ds,
z(0) =1,

where a € (0,1] and ¢ € (0, 1].

The analytical solution for o = 1 is given by z (t) = e’ u(t) =2t+1and
J = 0. The numerical values of the cost function J with o = 1 and different
values of N and M and k = 5 are reported in Table 1 and are compared
with the solutions derived by another methods.

Methods J
method in [2] with (k =2, M = 6) 3.2956 e—9
method in [1] with (k =1, M = 6) 1.1559 e—8

Present method with (N =4, M =1) | 2.5315 e—7
Present method with (N =6, M = 1) | 3.8947 e—10
Present method with (N =8 M = 1) | 5.9660 e—15
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ABSTRACT. In this paper, in the setting of metric spaces, we intro-
duce the notion of semi-cyclic ¢-contraction as generalization of cyclic
-contractions. Then we study the existence, convergence and unique-
ness of the best proximity points for such mappings by using the UC
property. Also, we have furnished iterative algorithms to determine the
best proximity points. The presented results extend and improve some
recent results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Let metric space (X,d) and non-empty subsets A and B of it. A self
mapping 7' : AU B — AU B is said to be cyclic provided that T'(A) C B
and T(B) C A. A point z € AU B is called a best proximity point for T
if d(2,Tz) = d(A, B), where d(A,B) = inf{d(a,b) : a € A, b € B}. If
d(A,B) =0, z is called a fized point of T.

In 2006, Anthony Eldred and Veeremani [2] introduced cyclic contraction
mappings on uniformly convex Banach spaces and studied the existence of
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the best proximity point of them. The cyclic self mapping T on AU B, is
said to be a cyclic contraction if

for some A € (0,1) and every z € A and y € B.

Theorem 1.1. [2] Let A and B be nonempty closed and conver subsets of
a uniformly conver Banach space. Suppose self mapping T on AU B, be a
cyclic contraction map, then there is a unique best proximity point z in A.
Further, if zo € A and zp41 = Tz, for each n > 0, then za, converges to
this best proximity point.

Since then, the problem of the existence of a best proximity point for
cyclic mappings, has been studied by many authors; see for instance [3—0]
and references therein.

In 2009, cyclic p-contraction mappings as a generalization of cyclic-
contractions, were introduced and studied by Al-Thagafi and Shahzad [!]
on uniformly convex Banach spaces. The cyclic self mapping T on A U B,
is said to be cyclic p-contraction if ¢ : [0,400) — [0,4+00) is a strictly
increasing map and

d(Txz, Ty) < d(z,y) — p(d(z,y)) + (d(4, B)),

for all x € A and y € B. The authors presented the following existence
theorem.

Theorem 1.2. [l] Let A and B be nonempty convex subsets of a uniformly
convex Banach space X such that A is closed. Let self mapping T on AU B,
be a cyclic p-contraction map. Then T has a unique best prorimity point
x in A which is the only fived point of T? in A and the sequence {T%"zy}
converges to z for every starting point zg € A.

In this paper, in the setting of metric spaces, we introduce a new class
of contractions on A U B. Then we study the existence, convergence and
uniqueness of the best proximity points for such mappings with the UC
property. Also, we have furnished iterative algorithms to determine the
best proximity points. Our results, while generalizing some recent results
in [1].

2. MAIN RESULTS

Let I be the identity map. We introduce a new class of contractions to
establish our main results.

Definition 2.1. Let A and B be nonempty subsets of the metric space
(X,d). Let T' : A— B and Ty : B — A, (11,T>) is said to be a semi-cyclic
-contraction if there exists a strictly increasing map ¢ : [0, +00) — [0, +00)
such that
(a) d(Tyz, ToyTha') < (I —)(d(z, T1a")) + ¢(d(A, B)) for all z,2’ € A;
239



BEST PROXIMITY POINTS FOR SEMI-CYCLIC ¢-CONTRACTIONS

(b) d(Toy, Ty Toy') < d(y,Thy') for all y,y' € B.
The following useful result will be needed later.

Lemma 2.2. Let A and B be nonempty subsets of the metric space (X, d).
Let Ty : A — B and Ty : B — A, (Th1,T») be a semi-cyclic @-contraction.
For zy € A define zony1 := Tizoy and zopyo := Tozopt1 for each n > 0.
Then

lim d(zp, zn4+1) = d(A, B).

n—oo

Theorem 3 of [I] and Proposition 3.1 of [2] are special cases of Lemma
2.2.

Lemma 2.3. Let A and B be nonempty subsets of the metric space (X, d).
Let Ty : A — B and Ty : B — A, (T1,T») be a semi-cyclic @-contraction.
For zg € A define zon11 := Tizon and zopto := Tozon11 for each n > 0. If
{zan} has a convergence subsequence in A, then there exists z € A such that
d(z,Thz) = d(A, B). Further, if (A, B) has the UC property, then every best
prozimity point of Ty in A, is a fized point of ToTy in A.

Theorem 4 of [I] and Proposition 3.2 of [2] are special cases of Lemma
2.3.

Lemma 2.4. Let A and B be nonempty subsets of the metric space (X,d)
such that (A, B) has the UC property. Let Ty : A — B and Ty : B — A,
(Th,Ts) be a semi-cyclic p-contraction. For zy € A define zop11 := Thzop
and zop49 := Tozont1 for each n > 0. Then d(zan, 22n+2) — 0 as n — oo.

Theorem 5 of [1] is a special case of the next lemma.

Lemma 2.5. Let A and B be nonempty subsets of the metric space (X,d)
such that (A, B) and (B, A) have the UC property. Let Ty : A — B and
Ty : B — A, (T1,T2) be a semi-cyclic p-contraction. For zg € A define
Zont1 = Th2on and zopio := Tozont1 for each n > 0. Then for every e > 0
there exists a positive integer Ny such that for all m > mn > Ny

d(zom, zon+1) < d(A, B) + €.

Lemma 2.6. Let A and B be nonempty subsets of the metric space (X,d)
such that (A, B) and (B, A) have the UC property. Let Ty : A — B and
Ty : B — A, (T1,T2) be a semi-cyclic p-contraction. For zg € A define
Zont+1 = Thizan and zopio = Tazopt1 for each n > 0. Then {z2,} is a
Cauchy sequences.

Next theorem is our main result in this article which is an extension of
Theorem 1.2.

Theorem 2.7. Let A and B be nonempty subsets of the metric space (X, d)

such that (A, B) and (B, A) have the UC property and A is complete. Let

Ti:A— Band Ty : B — A, (Th,T3) be a semi-cyclic o-contraction. For

zo € A define zon+1 := T122n, and 2zopyo = Tozont1 for each n > 0. Then
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(i) 11 has a unique best proximity point z in A;

(ii) z is a unique fizved point of ToTy in A;

(iii) the sequence {z2,} converges to z.;

(iv) Tiz is a unique best proximity point Ty in B and {zon+1} converges
to Thz.

The next theorem is a generalization of Theorem 6 of [1].

Theorem 2.8. Let A and B be nonempty subsets of the metric space (X, d)
such that A is complete. Let Ty : A — B and Ty : B — A, (Th,T5) be a semi-
cyclic @-contraction. If d(A, B) = 0, Then there exists a unique fized point
z € A such that {z,} converges to z for every zo € A, where zop+1 := T1 22,
and zop+2 := Thzony1 for each n > 0.
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ABSTRACT. In this article, in the setting of metric spaces we introduce
the notion of noncyclic Geraghty contraction maps. We give new condi-
tions for existence, convergence and uniqueness of fixed points for such
mappings and iterative algorithms to determine of fixed points of them.
Presented results extend and improve some recent results in the litera-
ture.

1. INTRODUCTION AND PRELIMINARIES
Let ® denote the set of all functions 3 : [0, +00) — [0, 1) satisfy
B(t,) — 1 implies t, — 0, as n — oo.

In 1973, Geraghty presented an extension of the Banach contraction princi-
ple as below.

Theorem 1.1. [2] Let (X, d) be a complete metric space and " : X — X be
a self-mapping such that there exists B € ® for which

d(Tz,Ty) < B(d(z,y))d(z,y), Vz,y€X.
Then I' has a unique fixed point.
2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25
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Let A and B be nonempty subsets of a metric space (X, d). A self mapping
I': AUB — AUB is called noncyclic provided that I'(A) C A and I'(B) C B.
To generalize the obtained fixed point result’s Geraghty to noncyclic maps,
we use the property UC was introduced by Suzuki et al. [5] and proved
the existence of the fixed points for noncyclic contraction type mappings in
metric spaces.

In the sequel, we recall some definitions and facts will be used hereafter

Definition 1.2. ([5]) Let A and B be nonempty subsets of a metric space
(X,d). Then (A, B) is said to satisfies property UC, if for all sequences
{zp},{z),} CAin F and {y,} C B, we have

limy, 00 d(Zn, yn) = dist(A, B), N
limy, 00 d(2,, yn) = dist(A, B),

. ! _ .
nh_}n(go d(xn, z,) = 0;

It was announced in [1] that every nonempty, closed and convex pair in
a uniformly convex Banach space X has the property UC. It is obvious
that if A and B are nonempty subsets of a metric space (X,d) such that
dist(A, B) = 0, then (A, B) satisfies the property UC.

Lemma 1.3. [0, Lemma 2] Let A and B be nonempty subsets of a met-
ric space (X,d). Assume that (A,B) has the property UC. Let {z,} and
{yn} are sequences in A and B respectively, such that one of the following
equalities holds

lim sup d(zp,,yn) = dist(A, B) or lim sup d(xm,,y,) = dist(A, B).

m—r0o0 n>m n—oo m>n

Then {xy} is a Cauchy sequence.

2. MAIN RESULTS

To establish our main results of this section, we introduce the following
class of noncyclic contraction type mappings.

Definition 2.1. Let A and B be nonempty subsets of a metric space (X, d).
A mapping I' : AUB — AUB is said to be a noncyclic Geraghty contraction
whenever

(i) T(A) C Aand I'(B) C B ;
(i) 3B € ®; d*(lx,Ty) < B(d*(x,y))d*(z,y), V(z,y) € AxB,
where d*(z,y) = d(x,y) — dist(A, B) for all (z,y) € A x B.

Lemma 2.2. Let A and B be nonempty subsets of a metric space (X,d)
and let T : AUB — AU B be a cyclic Geraghty contraction map [3]. Then
T? is a noncyclic Geraghty contraction map.

The following useful lemmas are efficient to prove the main result of this

section.
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Lemma 2.3. Let A and B be nonempty subsets of a metric space (X, d) and
letT': AUB — AUB be a cyclic Geraghty quasi-contraction. For xg € A,
define xp1 := Lz, and for yo € B, define y,+1 := L'y, for each n > 0.

le d(xn, yn) = dist(A, B).

Lemma 2.4. Let A and B be nonempty subsets of a metric space (X,d)
such that (A, B) has the property UC. LetT': AUB — AUB be a noncyclic
Geraghty quasi-contraction. For xzg € A, define x4 := L'z, and foryo € B,
define yp+1 := L'yn for eachn > 0. Then d(xp, xni1) = 0 and d(Yn, Ynt1) —
0 as n — oo.

Lemma 2.5. Let A and B be nonempty subsets of the metric space (X,d)
such that (A, B) and (B, A) have the property UC. LetT': AUB — AUB
be a noncyclic Geraghty quasi-contraction. For xg € A, define xpy1 :=Txy,
and for yo € B, define yni1 := Uy, for each n > 0. Then for every € > 0
there exists a positive integer Ny such that for all m > mn > Ny

(T, yn) < dist(A, B) + e.
Now we are ready to state our main results in this section.

Theorem 2.6. Let A and B be nonempty subsets of the metric space (X, d)
such that d(A,B) = 0. LetT': AUB — AUDB be a noncyclic Geraghty
quasi-contraction. For xg € A define xp+1 := Lz, for each n > 0. Then T’
has a unique fixed point t € AN B and z, — x as n — o0.

Theorem 2.7. Let A and B be nonempty subsets of a metric space (X,d)
such that (A,B) and (B, A) have the property UC and A is complete. Let
I': AUB — AUB be a noncyclic Geraghty quasi-contraction. For xg € A,
define 41 = l'xy, for each n > 0. Then there exists a unique fixed point
r € A such that x,, — x.

Corollary 2.8. [1] Let A and B be nonempty subsets of a metric space
(X, d) such that (A, B) and (B, A) have the property UC and A is complete.
LetT': AUB — AU B be a noncyclic mapping such that

d(Tz,Ty) < cd(x,y) + (1 — c)d(A, B),

for all x € A and y € B where ¢ € [0,1) is constant. For xy € A, define
Tnt1 := Lz, for each n > 0. Then there exists a unique fized point x € A
such that x,, — x.

Corollary 2.9. Let A and B be nonempty subsets of a metric space (X,d)
such that (A,B) and (B, A) have the property UC and A is complete. Let
I': AUB — AUB be a cyclic Geraghty quasi-contraction. For xg € A, define
Tpy1 = Lxy for eachn > 0. Then there exists a unique best proximity point
of T in A that is a fized point of IT? and x2, — x.
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ABSTRACT. In this paper, we study conformable Sturm-Liouville operators of
order a (0 < a < 1), with eigen-parameter dependent and a jump conditions.
Also, we examine the asymptotic form of solutions, eigenvalues and eigenfunc-
tions of the problem. Finally, we provide some examples to better understand
the problem.

1. INTRODUCTION

In 2014, Khalil et al. in [3] define a new well-behaved (local) simple fractional
derivative called the conformable fractional derivative(CFD) depending just on the
basic limit definition of the derivative. Unlike other definitions of fractional deriv-
ative such as Riemann-Liouville, Caputo, etc., this definition enables us to prove
many properties similar to derivatives of integer order. For more information about
the CF derivative, refer to [1, 2]. However, the CF derivative has its drawbacks.
Its derivative has some disadvantages and some unusual properties, e.g. The zeroth
derivative of a function does not return the function.

In this part, we will present some necessary definitions and properties related to
conformable fractional calculus theory which can be found in [1, 3].
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Definition 1.1. For the function b : [0,00) — R and « € (0, 1], the CF derivative
is defined by:

D°h(7) = lim Mz +0r7 %) — hir) D®h(0) = lim D°h(r).  (1.1)

5—0 ) TT—0%
for all 7 > 0. If h is differentiable, then
Df() = 7' 7Rh/ (7). (1.2)
Definition 1.2. For the function & : [0,00) — R and « € (0, 1], the CF integral is
defined by:

Jah(v)/OT h(t)dat:/Tto"lh(t)dt. (1.3)

0
So that the above integral is the Riemann improper integral.

2. MAIN PROBLEM AND SPECTRAL PROPERTIES
Let us consider the following boundary value problem

Loy := —D*D%y +qy = \y (2.1)

Li(y) :== Ay(0) — hD%y(0) =0, La(y) := Ay(w) + HDy(7) = 0 (2.2)
with the jump conditions

Di(y) :==y(p+0) —ay(p—0) =0,

Dy (y) := D*y(p+0) —bDy(p — 0) — cy(p — 0) =0, (2.3)
where ¢(z) is real-valued function in L![0,7]. We also assume that h, H, a, b,
c and p are real numbers and ab = 1. For the reader’s convenience, we use the

notation L, = L(q(z);h; H;p), for the problem (2.1)—(2.3). To obtain a self-
adjoint operators, we define the weighted inner products as follows

n 1 1 f(z) 9(x)
(F,G)n :=/ fgdeaz + - fig1 + = foge, F=| fi |, G=| a1 |. (24)
0 h H f2 o

In order to obtain a new eigenvalue problem using space H := L2 (0,7) ® C? with
the operator

Ay H—H.

Next we introduce

Ri(y) :==y(0), Ry(y) :=hD%(0), Ra(y):=y(m), Ry(y) := HDy(m).

In this space we construct with domain

(@) .
TR S £,D°F € AC([0.p) U (p. ), £f € L(0,7)
domtda) =) F= LA W= R, o= R, Dilh) = Dal) =0,

by
Lf f(z)
AF = Ry(f) with F = | Ri(f) | € dom (A,).
—R5(f) Ro(f)
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By construction the eigenvalue problem of the foolowing form

y(x)
ALY = )Y, Y:=|Ri(y) | €dom(A,).
Ry (y)

It is easy to see that this problem is equivalent to the eigenvalue problem (2.1)—(2.3).

Lemma 2.1. If0 < a < 1, then the operator A, is self-adjoint on L% ((0,7);w) @
c2.
Especially, the eigenvalues of A, and consequently L, are real and simple. As-
sume that u(z, ) and v(z, \) are solutions of (2.1) with
w(0,\) =h, D%u(0,\) =X, v(m,\)=—H, D%(m,\) =AM\, (2.5)

and the transmission conditions (2.3), respectively. Note that the equation (2.1)
with initial conditions (2.5) has a unique solution. These solutions are the entire
function in A € C for z € [0,d) U (d, n]. Similarly, we can write

AN = Wa(u(X),v(A) = Li(v(N)) = —w(m) La(u(N)), (2.6)

whereW,, is the modified conformable Wronskian. The function A(X) is called the
characteristic function. All roots A, of A(X) are the eigenvalues of L.

3. ASYMPTOTIC FORMULAS FOR EIGENDATA

In this section, we study the asymptotic forms of solutions and eigenvalues. For
these aims, we prove some lemmas and theorems as follows.

Theorem 3.1. Let A = p? and 7 := |Imp|. The asymptotic forms of solutions and
the characteristic function for PDCFSLP (2.1)- (2.3) as |A| — oo, are established
as follows:

p?cos (La®) + p [qr(x)sin (£2) + 1 [ q(t) sin (£ (z* — 2t*)) dat]

(2) = +0 (exp (£2%)), 0<z<p,
u(z, A) = p? [b1 cos (22®) + by cos (£(2p® — 2®))] +p {fl(x) sin (g:ﬂa)
+ fa(z) sin (E(Qp —mo‘))} —|—O(exp (gxo‘)), p<z<m,
(3.1)
—p3sin (La%) + p* [q1 () cos (La®) + & [ q(t) cos (£ (z* — 2t*)) dqt]
Du(z, \) = 10 (’eXp(T a))’ O<z<p,
p? [~bysin (£2%) + bysin (2(2d™ — 22))] + p? [f1(z) cos (L2?)
—fa(z) cos (£(2p* — )] 4+ O (pexp (a *)), d<z<m,
(3.2)
where

;/ 4(t)dat — h, f1<>—b1(§/:q<t>dat—h)+;’l

1 P c a-+b a—2>b
- $)dat Dot —h) =<, by = b .
< 2/0q +/0 q(t) ) 5 b1 5 2 5
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The characteristic function satisfies

A(N) =w(m) [p4 (b1 cos <§7r“> + by cos (g(on‘ - ﬂ'a))) +p? [fwl sin <§7r“)

Fwy sin (§(2da - wa))} Yo (exp (;wa)ﬂ : (3.3)

where
1 [ c
wy = by (H h+ */ (J(t)dat> +35
2 J, 2
1 [ P c
wo=0by | H—h—= q(t)dat + | q(t)dat ) — <. (3.4)
One can see that from Valiron’s theorem [1] and the above calculations, we
obtain:
Theorem 3.2. The eigenvalues A, = p2 of the (2.1)—(2.3) satisfy
pn = ar " %n 4+ O0(1) as n — oo. (3.5)
Example 3.3. Consider the following problem (2.1)—(2.3) with ¢(z) =0, h=H =
1 and a = 1 with one jump point p = 7. The eigenvalues are presented in Table

1. We use the fzero function in MATLAB R2015a to compute the zeros py,  of
the function A(M).

TABLE 1. Eigenvalues and asymptotic results for Example 3.3.

Pr,a Cn,a

n a=07 a=08 a=09 o=0.99 a=07 a=08 a=09 «a=0.99
2 1.2747  1.3266 1.3520 1.3501 0.646 0.657 0.670 0.674
3 2.2651 2.2556  2.2608 2.2801 0.765 0.745 0.747 0.759
4 3.5339 3.5366  3.4232 3.3073 0.895 0.876 0.848 0.826
10  9.2301  9.6384  9.3520 9.6268 0.935 0.955 0.926 0.961
20 19.3728 19.7019 19.5224  19.4549 0.973 0.976 0.967 0.971
30 29.2630 29.4561 29.8097 29.5722 0.985 0.983 0.984 0.988
40 38.9354 39.7493 40.0483 39.5571 0.986 0.984 0.988 0.988

We compared the eigenvalues with first term of asymptotic form (3.5) as (.o =
—Li—~. The eigenvalue and ratio ¢, are presented in Tables 1. According to

asymptotic form (3.5), the values of ¢, o must be tend to one, that hold for results
of (.o in Tables 1.

REFERENCES

1. T. Abdeljawad, On conformable fractional calculus, J Comput Appl Math., 279 2015, 57-66.

2. A. Atangana, D. Baleanu, and A. Alsaedi, New properties of conformable derivative, Open
Math., 13 2015, 889-898.

8. R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, A new definition of fractional deriva-
tive, J Comput Appl Math., 264 2014, 65-70.

4. H. Mortazaasl and A. Jodayree Akbarfam, Trace formula and inverse nodal problem for a
conformable fractional Sturm-Liouville problem, Inverse Probl. Sci. Eng., 28(4) 2020, 524-
555.

249



"‘} The 8" Seminar on Functional Analysis and its Applicatings  J-=trse

| @ ; | f-T Movember 2024
b

Avatollal Borapjerdl Universily

Boroujierd, Iran

INVERSE CONFORMABLE STURM-LIOUVILLE
PROBLEMS BY THREE SPECTRA WITH JUMP
CONDITIONS

MOHAMMAD SHAHRIARI*

Department of Mathematics, Faculty of Science, University of Maragheh, P.O. Bozx
551386-553, Maragheh, Iran
shahriari@maragheh.ac.ir

ABSTRACT. In this manuscript, we consider the fractional conformable
Sturm-Liouville problem (CFSLP) with finite numbers of transmission
conditions at an interior point in [0, 7]. Also, we study the uniqueness
theorem for inverse second order of fractional differential operators by
applying three spectra with a finite number of discontinuities at interior
points. For this aim, we investigate the CFSLP in three intervals [0, 7],
[0,p], and [p, 7] such that p € (0,7) is an interior point.

1. INTRODUCTION

Sturm-Liouville problem is one of the most important problems in math-
ematics, physics and engineering. This problem arises in the modeling of
many systems in vibration theory, quantum mechanics, hydrodynamics, and
ete. [8].

There are two types of CFSLP: direct and inverse problems. In direct
problems, the eigenvalues, eigenfunctions, and other properties are esti-
mated from the known coefficients [5]. The inverse spectral problem can

2020 Mathematics Subject Classification. Primary 34B20, 34B24; Secondary 47A10,
26A33
Key words and phrases. Conformable Sturm—Liouville problem, internal discontinu-
ities, three spectra.
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be considered as three aspects: existence, uniqueness, and reconstruction
of coefficients with special property of eigenvalues and eigenfunctions, (see
[0, 7] and the references therein). The main purpose of this manuscript is
to study the inverse CFSLP by using three spectra.

In 2014, Khalil et al. in [1] define a new well-behaved (local) simple
fractional derivative called the conformable fractional derivative(CFD) de-
pending just on the basic limit definition of the derivative. Unlike other
definitions of fractional derivative such as Riemann-Liouville, Caputo, etc.,
this definition enables us to prove many properties similar to derivatives of
integer order. For more information about the CF derivative, refer to [1, 2].
However, the CF derivative has its drawbacks. Its derivative has some dis-
advantages and some unusual properties, e.g. The zeroth derivative of a
function does not return the function.

In this part, we will present some necessary definitions and properties
related to conformable fractional calculus theory which can be found in

[1, ]
Definition 1.1. For the function h : [0,00) — R and « € (0,1], the CF
derivative is defined by:

D°h(r) = lim h(TJr‘w_a)_h(T), Dh(0) = lim D%h(r). (1.1)

6—0 4 770t

for all 7 > 0. If & is differentiable, then

Df(t) = 17N (7). (1.2)
Definition 1.2. For the function h : [0,00) — R and a € (0, 1], the CF
integral is defined by:

Jah(r):/OT h(t)dat:/Tto‘lh(t)dt. (1.3)

0
So that the above integral is the Riemann improper integral.

Let us consider the following three CFSLPs

boy := —DD +qy = Ny (1.4)
with
Bi(y) := D%y(0) + hy(0) = 0,
By (y) := D%y(m) + Hy(w) =0,
subject to the following jump conditions
Ur(y) :== y(pr +0) — bry(pr — 0) =0,
Vi(y) :== D% (px, + 0) — cx D*y(px, — 0) — dyy(pr, — 0) = 0, (1.7)
by = —D*D% + qry = \y (1.8)
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with
Bi(y) =0, Bs(y) :=D%(p) + Hiy(p) =0, (1.9)
subject to the following jump conditions
Ur(y) =0, Vi(y)=0, for k=1,2,...,p—1, (1.10)
and
loy == —D*D + g2y = Ny (1.11)
with
Bu(y) := D%(p) + Hay(p) = 0, Ba(y) =0, (1.12)
subject to the following jump conditions
Up(y) =0, Vi(y)=0, fork=p+1,2,...,m—1, (1.13)

where D is the CF derivative of order 0 < o < 1, q(x) € LL[0,7], ¢1 =
qljo,p), and g2 = q|(px are real valued functions. Also, h, H, Hi, Ha, by,
Ck, di, and pg, k = 1,2,...,m — 1 (with m > 2) are real numbers. The
parameter A is the spectral parameter. In this paper, we suppose that
b >0, p0=0<p1 <p2 < ... < Pp1 < P = 7.

In this section, we assume that p = ps for 1 < s < m — 1. As well as,
we use the notations Lo = L(q(x); h; H;px), L1 = L(q1(z); h; Hy;pk), Lo =
L(qa2(x); Ho; H; py) for the problems (1.4)—(1.13). Using the jump conditions
(1.7) in the transmission point p = ps, (1 < s < m—1), we must have d; = 0
and

Hy = %Hl, for Hy € (0,00). (1.14)

2. Uniqueness result

In this section, we study the inverse CFSLP of the reconstruction of a
boundary value problem Lg from its spectral characteristics. For this pur-
pose, we consider three boundary value problems L;, (i = 0, 1,2), from three
spectra {\,, fn, Vn}n>0. To prove the uniqueness theorem, we use an adap-
tation of this technique, firstly it was discussed by F. Gesztesy and B. Simon
in [3].

Theorem 2.1. If )\, = )\n, fn, = fin, and vy, = Uy forn >0, and r(z) =
#(x), h="h, and H = H, and if {11}, 25 and {v,}> are pairwise disjoint,
then L = L.

Assuming by = ¢s = 1 in Eq. (1.14) we have H; = Hs. From this
assumptions, the main result (Theorem 2.1) can be extended to the case
DE (ps -1 szrl)'

Corollary 2.2. Let A\, = )\n, Pn = [n, and v, = Uy for n > 0, and
r(z) = #(x), h = h, H = H, by = 1, andcs—l and if {pn} 2 and

(v }25 are pairwise disjoint, then L = L.
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Let b = ¢ =1,d; =0 fori=1,2,...,m —1in Egs. (1.7), then our

CFSLP changes to the continuous case equation.

C0r01~1ary 2.3. If A\, = S\n, Pn = fin, and vy, = Uy for n > 0, h~: ﬁ,
H = H, and if {n} 2] and {v,} 25 are pairwise disjoint, then L = L.

[y
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ABSTRACT. In this article, Using the method of sub-super solutions and
comparison principle, we study the existence of positive solutions for an
ecological model. This model describes the steady states of a logistic
growth model and the dynamics of the fish population with grazing,
natural predation and constant yield harvesting.

1. INTRODUCTION

In this paper, we are interested in the existence of positive solutions for
the p-Kirchhoff-type problems
au —bu'" !t —¢
—M( |, |Vul|?dz) Au = ¥ e

u=0 x € 0f)

(1.1)

where M : [0,00) — (0,00) is a continuous and increasing function, ¢ >
0, a,b > 0, Q is a bounded domain with smooth boundary, Au = div(Vu)
is the Laplacian operator , 1 < and a € (0,1).

Here u is the population density and ‘“‘_bx# represents logistics growth.
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This model describes grazing of a fixed number of grazers on a logistically
growing species (see [11]). The herbivore density is assumed to be a con-
stant which is a valid assumption for managed grazing systems and the rate
of grazing is given by 5. At high levels of vegetation density this term
saturates to c¢ as the grazing population is a constant. This model has also
been applied to describe the dynamics of fish populations ([12]). In the case
of the fish population the term .5 corresponds to natural predation.

Problem (1.1) is called nonlocal because of the term —M( [, |Vu|"dx)
which implies that the first two equations in (1.1) are no longer pointwise
equalities.it is well known that the Kirchhoff type systems has a mechanical

and biological motivation[3, 13]. In this article, we are motivated by the
ideas introduced in [7, 9, 11] and properties of Kirchhoff-type operators in
[4, 5], we study problem (1.1) in semipositone case (i.e., lim+f(s) = —00;
s—=0
—bs? " 1—¢,
[f(s) = #2=5——==5; see [(]).

Using sub-supersolution techniques, we prove the existence of a positive
solution for the problem.
To precisely state our existence result we consider the eigenvalue problem

{—A¢:A¢ zeQ,

¢ =0, x € 00. (12)

Let ¢ be the eigenfunction corresponding to the first eigenvalue A; of (1.3)
such that ¢(z) > 0 in ©Q and ||¢[|cc = 1. It can be shown that % < 0 on
0. Here n is the outward normal. Let m,d > 0 and p > 0 be such that:

pu<op<lae—Qs, (1.3)

Vo2 > ma € 0, (L4)

with Qs := {z € Q|d(x,0Q) < §}. This is possible since |V¢|?> # 0 on 9Q
while ¢ = 0 on 992. We will also consider the unique solution e € WO1 2(Q)
of the boundary value problem

—Ae=1, z €,
e=0, x € 0.

to discuss our existence result, it is known that e > 0 in €2 and % < 0 on
0.

2. EXISTENCE RESULTS

In this section, we shall establish our existence result via the method of
sub-supersolution. A function w is said to be a subsolution of (1.1), if it is
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in Wol’Q(Q) such that

—M</va¢|2dx>/9w.vmdx

ap) — b7t — c]
< [ [

and z is said supersolution of (1.1), if it is in VVO1 2(€2) such that

- M </ |Vz|2dx> / Vz - Vwdz
9) Q
_ py—1
S/ {az bz c] wdz,
Q z*

for all w e W = {w € C§°(Q)|w > 0, = € Q}. Then the following result
holds:
Then the following result holds:

Lemma 2.1. ([1, 2, 8]) Suppose there exist sub and supersolutions ¢ and z
respectively of (1.1) such that ¥ < z. Then (1.1) has a solution u such that
P <u<z.

Now we state our main result.

Theorem 2.2. Let there exist constants My > 0 and My, > 0 such that
My < M(t) < My for allt € [0,00). Given a,b> 0,1 <, and o € (0,1),
there exists a constant ¢y = ci(a,b, a,7v,Q2) > 0 such that for ¢ < ¢1, (1.1)
has a positive solution.

Remark 2.3. In the nonsingular case (o = 0), positive solutions exist only
when a > A\; (the principle eigenvalue) ([9, 10]). But in the singular case,
we establish the existence of a positive solution for any a > 0.
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ABSTRACT. In this article, we first introduce the (F, ¢, ¥)-proximal con-
traction mappings and then present theorems on the existence and
uniqueness of the ¢-best proximity point of these mappings. Further-
more, sufficient conditions to ensure the existence of a unique solution
for a variational inequality problem are also discussed.

1. INTRODUCTION

Let A and B be nonempty subsets of the metric space (X,d). Also,
suppose that f : A — B is non-self mapping. If d(A4, B) = inf{d(a,b) :
a € A,b € B} and d(a, fa) = d(A, B), then a is called the best proximity
point. When a mapping does not have a fixed point, studying the best
proximity point theory is a suitable way to obtain optimal approximate
solutions. Therefore, optimization theory is developed with the theory of
the best proximity points. If the mapping under study is self-mapping, the
best proximity point is the fixed point. Therefore, the best proximity point
theorems also act as a natural extension of fixed point theorems. Interesting
best proximity point theorems with different control functions and various
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spaces can be seen in [3]. The existence and convergence of the best point
of proximity has been investigated by al-Taghfi and Shahzad in [I]. In
this article, we first introduce the (F, ¢, )-proximal contraction mappings
and then present theorems on the existence and uniqueness of the ¢-best
proximity point of these mappings.

2. PRELIMINARIES

Let X be a nonempty set and ¢ : X — [0, oo|, then we denote the center of
the function ¢ by Zy = {x € X : ¢(x) = 0}. Let A and B be two nonempty
subsets of a metric space (X, d); the following notions will be used all over
the article.

Ap={a € A:d(a,b) =d(A, B),for some b € B},
By ={b € B :d(a,b) =d(A, B),for some a € A}.
Best(T) ={z € A:d(z,Tx) = d(A, B)}.

Definition 2.1. [1] An element z* € A is said to be a ¢-best proximity
point of the non-self mapping 7': A — B if * € By (T) () Zy.

Let (X, d) be a metric space. We denote the set of functions F' that satisfying
in the following conditions by F.
F1) max{a,b} < F(a,b,c), a,b,c € [0,00).
F2) F(0,0,0) = 0.
F3) F is continuous.
Here are some simple examples for member functions of F:
1) F(a,b,c)=a+b+c, a,b,c € [0,00).
2) F(a,b,c) = max{a+ b} + ¢, a,b,c € [0,00)
Also we denote the set of all functions 1 : [0,00) — [0, 00) satisfy in the
following conditions with ¥
1) 1 be non-descending,
P2) B 9" (t) < oo, t > 0.
In 2017, Isik and his colleagues [!] provided the following definition and
proved some theorems on these mappings.

Definition 2.2. Let A and B be two nonempty subsets of a metric space
(X,d), ¢ : A — [0,00) be a given function and F' € F. Then, T : A — B is
(F, ¢)-proximal contraction, if there exists k& € (0, 1) such that

{ le(éi’, %3 _ iﬁéﬁ: g; implies F(d(u,v), é(u), $(v)) < kF(d(x.1), 6(x). (1)).

for all u,v,z,y € A

3. MAIN RESULTS

In this section, we present the concept of (F,¢,1))-proximal contraction
mappings and investigate the existence and uniqueness of the ¢-best prox-
imity point for these mappings.
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Definition 3.1. Let A and B be two nonempty subsets of a metric space
(X,d). Consider ¢ : A — [0,00) and F € F. Then, T : A — B is (F, ¢,))-
proximal contraction, if there exists 1) € ¥ such that

{ ) Z iy ) implies Fld(u,) 6(u).6(0)) < 6(Fd(a.1). (). 60)

for all u,v,z,y € A
Theorem 3.2. Let A and B be two nonempty subsets of a metric space

(X,d) and non-self mapping T : A — B satisfies in the following conditions

Ag is nonempty and closed,

T(Ao) C Bo.

¢: A —[0,00) is lower semi-continuous;
T is a (F, ¢,)-prozimal contraction

1
2
3

~— — — —

4

Then T has a unique ¢-best proximity point z* € A. Moreover for each
r € X, we have lim,,_,oo T"x = x*.

Corollary 3.3. Let A and B be two nonempty subsets of a metric space
(X,d). If the following assumptions hold, then there exists a unique x* €
A such that Beo(T) N Zy = {z*}. Moreover, for each x € X, we have
limy, oo T"x = x*.

1) Ao is nonempty and complete with respect to the topology induced by

d;

2) T(Ao) C Bo.

3) ¢: A—[0,00) is lower semi-continuous;

4) T : A — B is an (F, ¢)-proximal contraction.

The following is an example of a theorem.

Example 3.4. Let X = {0,1,2,3,...},A={0,1,3,5,...} and B ={0,2,4,6,...}.
We consider the meter d as follows:

Tty r#y,
d(:v,y)Z{O v ey

Let F': [0,00) — [0,00), ¢ : A — [0,00) and 9 : [0,00) — [0,00) be defined
by F(a,b,c) =a+b+¢, ¢(x) =z and ¢(z) = (1/2)x. So, it is clear ¢ € F
and Zg = {0}. Define T': A — B by

-1 3,5,7, ...
T(l‘): € me{ 9 9y ) }7
0 z=0,1.

Then here Ag = {0}, By = {0} and d(A, B) = 0. Let us consider d(u, Tx) =
d(A,B) =0 and d(v,Ty) = d(A,B) =0, so u =v = Tx = Ty = 0 therefore
x,y € {0,1}. By distinguishing four cases, we have T is a (F), ¢, 1)-proximal
contraction. So, by an application of Theorem ,we conclude Bey(T) N Zy =

{0}
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We mention that by H we denote a real Hilbert space, with inner product
< .,. > and induced norm || . ||. Let K be a nonempty closed and convex
subset of H and S : H — H be an operator. We consider the following
variational inequality problem: Find u € K such that < Su,v —u >> 0 for
all v € K. We use the theoretical results concerning the metric projection
operator Py : H — K see [, (]; and recall that for each u € H, there exists
a unique nearest point Pxu € K satisfying the inequality || v — Pgu ||<||
u—w |, for all v € K.

Lemma 3.5. Let S : H — H. Then, u € K is a solution of < Su,v—u >>
0, for allv € K, if and only if u = Pg(u — ASu), with A > 0.

Theorem 3.6. Let ¢ : K — [0,00) is lower semi-continuous and P (Ix —
AS) : K — K, with A > 0, is a (F,$,¢)-prozimal contraction; then the
above problem admits a unique solution u* € K such that Fiz(Pgx(Ix —
ANS) N Zy = {u*}. Moreover, for each uy € K, there exists a sequence
{un} € K such that un+1 = Pg(un, — A\Suy,) for every n € N U {0} and
limy, o0 Upn = u*.

Proof. We consider the operator T': K — K defined by Tz = P (xz — \Sx)
for all z € K. By the previous Lemma, u* € K is a solution of < Su*,v —
u* >> 0 for all v € K if and only if u* = Tu*. Now, T satisfies all the
hypotheses of Theorem 3.4 by setting A = B = K. It now follows from
Theorem 3.4 that the fixed point problem u = T'u admits a unique solution
u* € K, which means that Fiz(T) is a singleton. O
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ABSTRACT. We state some basic results on Moore-Penrose inverse of
conditional type operators on L*(X). For instance, we show, polar de-
composition of T'. In addition, we determine a lower and upper bounds
for the numerical radius of T and T'.

1. INTRODUCTION

Let (X,3, ) be a complete o-finite measure space. For any complete
o-finite subalgebra A C ¥ the Hilbert space L?(X, A, fy.4) is abbreviated
to L?(A) where p, is the restriction of y to A. We denote the linear
space of all complex-valued Y-measurable functions on X by L°(X) and
LY(X) = {f € L%X) : f > 0}. The support of a measurable function f is
defined by o(f) = {x € X : f(zx) # 0}. All sets and functions statements
are to be interpreted as being valid almost everywhere with respect to u. For
each nonnegative f € LY9(X) or f € L?(X), by the Radon-Nikodym theorem,
there exists a unique A-measurable function E(f) such that

/Afduz/AEA(f)du,
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where A is any A-measurable set for which [ 4 fdu exists. Now associated
with every complete o-finite subalgebra A C %, the mapping E4 : L*(X) —
L*(A) uniquely defined by the assignment f — E“(f), is called the condi-
tional expectation operator with respect to A. Put E = E#4. The mapping
E is a linear orthogonal projection. Note that D(FE), the domain of F, con-
tains L2(X) U {f € L°(X) : f > 0}. For more details on the properties of F
see [, 7,

Given a complex separable Hilbert space H, let B(H) denotes the linear
space of all bounded linear operators on H. N (T) and R(T") denote the null-
space and range of an operator T, respectively. Recall that for T' € B(H),
there is a unique factorization T' = U|T|, where N (T) = N (U) = N(|T)),
U is a partial isometry; i.e. UU*U = U and |[T| = (T*T)"/? is a positive
operator. This factorization is called the polar decomposition of T'. It is a
classical fact that the polar decomposition of T* is U*|T*|. Associated with
T € B(H) there is a useful related operator T' = |T|Y/2U|T|"/2, called the
Aluthge transform of T'. For important properties of Aluthge transform see

[3, 1.

Let CR(H) be the set of all bounded linear operators on H with closed
range. For T € CR(H), the Moore-Penrose inverse of T', denoted by T, is
the unique operator T1 € CR(H) that satisfies following:

TT'T =T, T'TT=T" (TT"* =TT, (T'"T)* =T'T. (1.1)

We recall that T exists if and only if T € CR(H). The Moore-Penrose
inverse is designed as a measure for the invertibility of an operator. If
T = U|T)| is invertible, then T~! = T, U is unitary and so |T| is invertible.
For other important properties of T see [1, 2].

The numerical range W(T') of an operator T' € B(H) is defined by W(T') =
{{(Tz,x) : ||z|| = 1}. Also, w(T") = sup{|A| : A € W(T')} denote the numeri-
cal radius of T.

2. MAIN RESULTS

Lemma 2.1. Let w € L%(X), 0 < v € L% A) and let A :== MzEM,, €
B(L*(X)). Then for each p € (0,00) and f € L*(2),

AP(f) = @B (jw? P E(wf).
Proof. [0]. O
Lemma 2.2. Let T = M, EM, be a weighted conditional operator on L*(X).

Then the following assertions hold.

(a) T € B(L*(X)) if and only if E(Jw|*)E(ju|?) € L®(A), and in this
case ||T|| = | E(lw[?) E(jul)[| .
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(b) Let T € B(L*(%)), 0 <u € LX) and v = u(E(\w|2))% If E(v) > 6
on o(v), then T has closed range.
(c¢) Let U|T| be the polar decomposition of T. Then

1) = () ) xsuEGd)

XSnG :
o0 = (sriagm) w20
where where S = a(E(u)), G = o(E(w)) and f € L*(%).

(d) The Aluthge transformation of T is

7iy) = Studan).,  fe )
Proof. [0]. O

From now on, we assume that u,w € LS)F(E), T = M,EM, € B(L*(X))
and K := SN G, where G = o(E(w)) and S = o(E(u)).

Proposition 2.3. T € CR(L*(X)). Then Tt = M__ xx _ T*.

E(u?)E(w?)
Proof. Tt is easy to check that T satisfy all equations in (1.1). O

Proposition 2.4. Let T € CR(L*(X)) and let U;|T"| be the polar decom-
position of TT. Then

T (f) = <W>%wmwm

Proof. [0]. O

Now, we determine a lower and upper estimates for the numerical radius
of TT.

Proposition 2.5. Let T,T € CR(L%(X)). Then

1E(w) E(w)[leo < w(T) < [V Eu?)E(w?)]|oo;

1 E(u)E(w) / dp
du <w(Th < | ——E
w5, mpn <4 < [, VE@) )
where B is the largest A-measurable set contained in K with pu(B) < co.

Proof. [0]. O

The following is an example of this propositon.
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Example 2.6. Let X = [—3, 1], du = dz, ¥ be the Lebesgue sets, and let
A C ¥ be the g-algebra generated by the symmetric sets about the origin.

Then for each f € D(E), E(f)(x) = LEHCD put u(z) = 22 + 5, w(z) =

cosx and T' = MyEM,. Then K = B = X, E(u) = 5, E(w) = cosuz,
E(u?) = 42% + 25 and E(w?) = cos?(x). Note that
uy/ E(w?) = (22 + 5)(cos z) > 3.9;

125 cos &

B(u) E(uw) _ 125cosw > 5cos 5
VE@?)  V4r?+25 /26

So by Lemma 2.2, T, T € CR(L?(X)). Also, it is easy to check that

>24.5.

E(u)E(w) . 2 5 cos xdr B '
/[1»1] Wdu - / (422 + 25)(cos2(x)) = 0.2060;

= I\J\b—‘

= 0.2074;

/2,2] VFE u2 (w?) / \/x2+4 (x2+9)
1T = H\/ 422 + 25)(cos?(x)) |00 = 53

1
7)) = gl = 02235
B(u?)B(w?)

1T = | E(uw)loc = 5.
Thus, |T|| = ||T|| = w(T) and by Proposition 2.5 we have

1
0.2060 < w(TT) < 0.2074 < ||TT|| < Fw(T).
of the text but before the references.
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ABSTRACT. In this paper, we study fixed point approximations for map-
pings in geodesic spaces, and we prove some stability results in fixed
point theory for contraction mappings in geodesic spaces. we also con-
sider some extention theorems for these spaces.

Let(X,d) be a metric space. A geodesic path joining z € X toy € X

(or, more briefly, a geodesic from z to y) is a map ¢ from a closed interval
[0,]] € R to X such that ¢(0) = z,¢(l) =y, and d(c(t), c(to)) = |t — o] for
all t,ty € [0,1]. In particular, ¢ is an isometry and d(z,y) = [. The image
a of ¢ is called a geodesic (or metric) segment joining x and y. When it
is unique this geodesic is denoted [z,y]. The space (X,d) is said to be a
geodesic space if every two points of X are joined by a geodesic, and X is
said to be uniquely geodesic if there is exactly one geodesic joining x and y
for each z,y € X. A subset Y C X is said to be convex if Y includes every
geodesic segment joining any two of its points.
A geodesic triangle A(z1,z2,23) in a geodesic metric space (X, d) consists
of three points in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for geodesic
triangle A(z1, 2, x3) in (X, d) is a triangle A(x1, 22, 23) := A(T1, T2, T3) in
the Euclidean plane E? such that dpe (T, Y;) = d(wi,y5) for 4,5 € {1,2,3}.
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A geodesic metric space is said to be a CAT(0) space if all geodesic triangles
of appropriate size satisfy the following comparison axiom.

Let A be a geodesic triangle in X and let A be a comparison triangle for
A. Then A is said to satisfy the CAT(0) inequality if for all z,y € A and

all comparison points T,y € A,
d(l‘, y) < dIE2 (Ev ?)

Definition 0.1. Let X be a CAT(0) space and A C X. We say X is convex,
if for all z,y € A we have [z,y] C X.

Definition 0.2. let X be a CAT(0) space and A C X. A is called geodesi-
cally bounded if A does not contain a geodesic ray.

we give some basic properties of metric segments in C' AT'(0) spaces.

Remark 0.3. ([6]) Let X be a CAT(0) space and let =,y € X such that
x # y and s,t € [0,1]. Then (1 —t)z@Pty = (1 — s)z P sy if and only if
s=1.

Lemma 0.4. ([6]) Let X be a CAT(0) space and let z,y € X such that
T #y. then

(1) [z,y] = {(1 = t)z @ ty|t € [0,1]}.
(2) d(z,2) +d(z,y) = d(x,y) if and only if z € [x,y].
(3) The mapping f : [0,1] — [z,y], f(t) = (1 — t)x & ty is continuous
and bijective.
Lemma 0.5. ([0]) Let X be a CAT(0) space. then
forall x,y,z € X and t € [0,1].

Lemma 0.6. ([1]) Let (X,d) be a CAT(0) space, p,q,z,y € X andt € [0,1].
Then

d((1 =t)p@tq, (1 —t)r @ ty) < max{d(p,x),d(q,y)}

Fixed point theorems in CAT'(0) spaces have been developed in several
recent papers including [2, 3, 4, 5]. The existence of fixed points for nonex-
pansive mappings in a complete C'AT'(0) space was proved by Kirk ([2]) as
follows:

Theorem 0.7. Suppose K is a nonempty, bounded, closed and convex subset
of complete C AT (0)space and suppose f : K — K is nonexpansive. Then
f has a fized point.

Theorem 0.8. Let K be a bounded closed convexr subset of a complete
CAT(0) space X. Suppose f: K — X is nonexpansive mapping for which

inf{d(z, f(z)):x € K} =0

Then f has a fized point in K.
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1. MAIN RESULTS

Let K C X be a nonempty, compact and convex subset of a complete
CAT(0) space (X,d). Consider

A:={A: Ais a contraction sel fmap on K with Fixz(A) # (0},
with
p(A, B) = sup{d(Az,Bzx) : x € K}
for every A, B € A. Then (A, p) is a complete metric space.

Definition 1.1. Let K C X be a nonempty, compact and convex subset of
a complete CAT(0) space (X,d). A map A : K — K is said to have the
stable fixed point property if there exist x € Fix(A) such that

Ve>030 >0> (Be A, p(A,B) <) =
dze€ K 3 (Bz=2z,d(z,x) <e¢).

Theorem 1.2. Let K C X be a nonempty, bounded, closed and convex
subset of a complete CAT(0) space (X,d), x € X, and A € A. Soppose
A: X —[0,1] be a continuous map. Define B on K by Bz = A(z)x & (1 —
A(2))Az. Then B is contraction and Bz € K for all z € K.

Theorem 1.3. Let A € A and € > 0. then there exists 6 > 0 such that for
each B € A satisfying p(A, B) < 0 and each x € K satisfying Bx = x, there
exists y € Fixz(A) such that d(x,y) < e.

Example 1.4. Put X := R, K := [0,1] and Az = z for all z € K so
Fiz(A) = K. and let Ayz = (1 — 2)z and B,z = min{z + 2,1} for all n.
Therefore Ay, B, — A and Fiz(A,) = {0} and Fiz(B,) = [1 - 1,1].

This example shows that in general the answer to our question is negative.
Nevertheless, we show in this paper that for a typical A € A the answer is
positive.

Theorem 1.5. Let (X, d) be a geodesically bounded normal complete C AT (0)
space, A € A, € >0 and x € Fix(A). Then there exist B € A and 6 > 0
such that p(A, B) < e and Bz =z for each z € K satisfying d(z,x) < 6.

Theorem 1.6. Let (X, d) be a geodesically bounded normal complete C AT (0)
space, A€ A, e >0 and z € Fiz(A). Let B € A and § > 0 be as guaranteed
by theorem (1.5). Then for each C € A which p(C,B) < ¢, there exists
y € K such that Cy =y and d(y,z) < p(B,C).

Theorem 1.7. Let (X, d) be a geodesically bounded normal complete C AT (0)
space. Then there exists a subset F of A which is a countable intersection of
open subsets of (A, p) so that for each A € F, A have the stable fized point
property.
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ABSTRACT. In this paper, we investigate generalizations of symmetric
bi-derivations on L§°(G)*. For k € N, we prove that if B : L§"(G)* X
L& (G)* — L (G)* is a symmetric bi-derivation such that [B(m, m), m"*] €
Z(Lg°(Q)*) for all m € LEF(G)*, then B = 0. Also, we characterize
symmetric generalized biderivations on group algebras.

1. INTRODUCTION

Let G denote a locally compact abelian group with a fixed left Haar
measure A. We know that L'(G) and L>(G) are Banach algebras. Consider
that L>°(G) is the continuous dual of L'(G). We denote by L (G) the
subspace of L*°(G) consisting of all functions g € L>°(G) that vanish at
infinity. For every n € L§°(G)* and g € Li°(G) we define the functional
ng € L§°(G)* by

(ng, o) = (n,g9%)
in which (¢, %) = (g, ¢ * ) and

% h(z) = /G S0y 2)dA(y) (1.1)
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for all ¢,7 € Li(G) and x € G. We equippe L{°(G)* to the first Arens
product ”-” defined by the formula (m.n, g) = (m, ng) for all m,n € LF(G)*
and g € L§°(G)*. Then Li°(G)* is a Banach algebra with the mentioned
product. For more information of Lg°(G)* see [1]. The notion of symmetric
bi-derivations is investigated in [I, 8]. Let A be an algebra and B(.,.) :
A x A — A be a symmetric bi-linear mapping; that is, B(z,y) = B(y, z),
B(ax,y) = aB(z,y) and B(x +y,2) = B(z,2) + B(y, z) for all z,y,z € A
and a € C . The mapping f : A — A defined by f(z) = B(z,z) is called
the trace of B. We say that B is called a symmetric bi-derivation if we have

B(zy,z) = B(x,z)y + xB(y, 2) (1.2)

for all z,y,z € A. Also, B is called a symmetric generalized bi-derivation if
there exists a symmetric bi-derivation B of A such that

B(xy,z) = 2B(y, 2) + B(z, 2)y (1.3)

for all x,y,z € A. A symmetric generalized bi-derivation B associated with
a symmetric bi-derivation B is denoted by Bg. For k € N, a linear mapping
T: A— Ais called k-(skew) centralizing if

[T(x),z"] € Z(A) (T'(x) oz € Z(A)) (1.4)
for all x € A, in a special case, if for every x € A
[T'(x),2"] =0 (T(z) oz =0));

then T is called k-( skew) commuting, where Z(.A) is the center of A, [z, y] =
xy—yz and zoy :=z.y+y.x forall z,y € A. If, k =1, T is called (skew)
centralizing and (skew) commuting, respectively. Symmetric bi-derivations
on rings have been introduced and studied by Maksa [5]. Vukman [9] proved
that if B: Rx R — R is a symmetric bi-derivation such that for every x € R

[ (x), 2], 2] € Z(R);

then B = 0, where R is a noncommutative prime ring of characteristic not
two and three. He conjectured that if there exists k € N such that for every
x € R we have f.(z) € Z(R); then B = 0, where

fir1(z) = [fi(z), x]

for i > 1 and fi(x) = f(z). In [3], Deng gave an affrmative answer to the
Vukman’s conjecture. For related results on symmetric bi-derivations on
Banach algebras see [7]; see also [2] for study of generalized bi-derivations.

The mapping B(.,.) : Li°(G)*xX L (G)* — LF(G)* defined by B(m,n) =
r.m.n is a nonzero bi-derivation. These facts lead us to investigate sym-
metric bi-derivations on Li°(G)*. In this paper, we first study symmetric
bi-derivations on L{°(G)* and prove that they map Li°(G)* x LF(G)* —
LF(G)* into the radical of LG (G)*. We also show that if B : LF(G)* x
LF(G)* — L§°(G)* is a symmetric bi-derivation and f is k-centralizing for
some k € N | then B is zero map. In the case that, B is a symmetric
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generalized bi-derivation, we prove that there exists 6 € L5°(G)* such that
B(m,n) =m.n.0 for all m.n € LF(G)*.

2. MAIN RESULTS

In the sequel, we use the symbols D, for symmetric bi-derivations. The
following result is an analogue of [I, Proposition 2.1.] for bi-derivations.

Lemma 2.1. Let Dy,Dy : L§°(G)* x LF(G)* — L§°(G)* be symmetric
bi-derivations. Then Dy + Dy maps LF(G)* x L§°(G)* into the radical of
L(G)".

Proof. For every m € L§°(G)* we define the mapping A,, : L§°(G)* —
Lgo(G) by

Ap(n) = D(m,n). (2.1)

For every m € L§°(G)*, Ay, is a derivation on L§°(G)* and hence A,, maps
LF(G)* into its radical for all m € LF(G)*; see [6]. Since D;(L°(G)* x
LE(G)*) = U,, Amn(L(G)*), i = 1,2, then D; maps L§°(G)* x L§°(G)*
into the radical of L§°(G)*. O

Theorem 2.2. Let D1, Dy : L (G)* x L§°(G)* — Li°(G)* be symmetric
bi-derivations, and let f and g be the trace of D1 and Doy, respectively. Then
the following are equivalent.

(a) there exists k € N such that f(t") = g(t*) =0 for allt € LF(G)*;
(b) there exists k € N such that f + g is k-commuting;

(c) there exists k € N such that f + g is k-centralizing;

(d) there exists k € N such that f + g is k-skew commuting;

(e) there exists k € N such that f + g is k-skew centralizing;

Proof. Let k € N and t € LP(G)*. We obtain (f + g)(t") = D(t",t") +
D(t5,t5) = f(t)(t*72) + g(¢)(t**2). Also, we obtain

f@)2% = (f(2),t%), g(t)-t" = (g(t), %) (2.2)
]

Corollary 2.3. Let D1,Dy : L (G)* x L§(G)* — LF(G)* be symmetric
bi-derivations, and let f and g be the trace of D1 and D4, respectively. Then
the following assertions are equivalent.

(a) f+g is (skew) centralizing;

(b) there exists k € N such that f + g is k-(skew) centralizing;
(c) for every k € N, f+ g is k-(skew) centralizing;

(d) Dy + Dy = 0.
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Corollary 2.4. Let Let Dy : L (G)* x LP(G)* — L§°(G)* and Dy :
LFE(G)* x LF(G)* = LF(G)* be symmetric bi-derivations, f and g be the
trace of D1 and Do, respectively. Then the following assertions are equiva-
lent.

(a) f+ g is commuting;

(b) f+ g is centralizing;

(¢) f+ g is skew commuting;
(d) f

) D

d
(e

+ g is skew centralizing;
1+ Dy =0.
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ABSTRACT. In this paper we compare the (approximate) diagonals of
Lau product Banach algebras A x¢ B and these notions of two Banach
algebras A and B, where 0 is a homomorphism from B to A.

1. INTRODUCTION
Definition 1.1. [1] Let A be a Banach algebra.
(i) An element m € A®A is called a diagonal for A, if
a-m=m-a, aoAm=aq, (a € A).
(ii) A bounded net {m,}, in A®A is called an approzimate diagonal for
A if
aAm, — a anda-my —my-a — 0, (a€A).

Let A, B be Banach algebras and 6 € o(B), where o(B) is the set of all

nonzero characters on B. Then the direct product A x B equipped with the
algebra multiplication

(a,b) xg (¢,d) = (ac+ 6(d)a + 0(b)c,bd), (a,ce€ Ab,de B),
and with the ['-norm ||(a, b)|| = ||a||+]b]| is a Banach algebra which is called
the Lau product of A and B and is denoted by A xy B.
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Bhatt and Dabhi [2] replaced the character by a homomorphism in Lau
product and presented a new type of the mentioned earlier product. Let
6 : B — A be an algebra homomorphism with ||| < 1. Then, A x B
equipped with the algebra multiplication

(a,b) xg (¢,d) = (ac+ ab(d) + 0(b)c,bd), (a,c€ A b,de B),

and with the I'-norm turns into a Banach algebra which is denoted by A xB.

2. DIAGONALS OF LAU PRODUCTS

Proposition 2.1. Let A and B be Banach algebras, such that one the fol-
lowing is satisfied.
(i) 8 € Hom(A, B) with ||0]] < 1;
(ii) 8 € o(B).
Then, A xg B has a diagonal, whenever A and B have diagonals.
Proof. Take the bounded nets (ap)n, (¢n)n in A and (by)n, (dy)y, in B such

that mgq => " ap ® ¢ and mg =Y~ | b, ® dy, are diagonals for A and
B, respectively. If § eHom(.A, B) that ||| < 1, set

M5 = Y ((an = 0(ba), b)) @ ((en — 0(dn), dn)),
n=1
and in the case that 6 € o(B), put
myy,5 = i ((an — 0(bp) A qm g, bn)) ® ((Cn —0(dp)Am g, dn))
n=1
It is easily verified that m 44,5 is a diagonal for A xg B. (|

The next proposition may be considered as a converse of Proposition 2.1.

Proposition 2.2. Let A x¢ B has a diagonal. Under the following condi-
tions, A and B have diagonals.

(1) 8 € Hom(A, B) with ||0]] < 1;
(2) A is unital and 0 € o(B).

Proof. Let max,B = Y poq(an,bp) ® (cn,dy) be a diagonal for A xg B. If
6 €eHom(A, B) that ||#|| < 1, define

ma =Y (an+0(bn)) ® (cn+0(dn)) and mp = > b, @ dy,
n=1

n=1

and moreover in the case where § € o(B) and e 4 is an identity for A, consider

my = Z (an =+ e(bn)e.A) @ (Cn + e(dn)eA)a mpg = Z bp, ® dy.
n=1 n=1
Clearly, m 4 and mpg are diagonals for A and B, respectively. O
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3. APPROXIMATE DIAGONALS OF LAU PRODUCTS

In the following example we present an approximate diagonal for the
Cartesian product A and B according to the approximate diagonals for these
Banach algebras.

Example 3.1. Let (na), and (kg)z be the approzimate diagonals for
A and B, respectively. Then, they may be considered as follows: n, =
32 al™ @ with 2 18] 18] < 00 and kg = 3 b @ df

with Y 7 HbSLB)H Hd%g)H < 0o. Suppose that 6 : B — A be the zero map.
Then, (Mg g)a,p is an approzimate diagonal for A xo B = A x B, that

mas =y (a),b)7) @ (e, dP).
n=1

Conversely, let (my)q be an approximate diagonal for the cartesian product
Banach algebras A x B, that

mo, =Y (al?, b)) @ (¢, di).
n=1

Then, (n.), and (ka)

o are approzimate diagonals for A and B, that

no =Y aPed?, ka=) bt ed.
n=1 n=1
Theorem 3.2. If AxyB has an approzimate diagonal and one the following
is satisfied, then A and B have approximate diagonals.
(i) 8 € Hom(A, B) with ||0]] < 1;
(ii) A is unital and 6 € o(B).
Proof. Let the bounded net (m,), be an approximate diagonal for A xy B
such that m, = Zf;l(a,(f‘), bq(la)) ® (cﬁla), d;a)).
Suppose that (i) holds. Therefore, the bounded net (Zflozl b & dga)>
is an approximate diagonal for B. Also, the bounded net
<Z;’L°:1(a£la) + O(bga))) ® (csla) + H(dffé)))> is an approximate diagonal of A.
e
Assume that (ii) is given. Let e4 be the identity of A. Then, the nets
(na)a and (ka)a are approximate diagonals for A and B, respectively, where

[0}

na =) (af) +0(b5)ea) ® () +0(dM)en) and ka = )0 @ i)
n=1 n=1
d
For more details in proof see [3]. The next result is the converse of The-
orem 3.2.

Theorem 3.3. Suppose that A and B have approzimate diagonals. Under

one of the following assertions, A xg B has an approzimate diagonal.
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(i) 6 € Hom(A, B) with ||0]] < 1;
(i) A is unital and 0 € o(B).
Proof. Let (nq),, be an approximate diagonal for A and (kg) 5 be an approxi-
mate diagonal for B. Then,n, =Y 7| a! e where > |]a£La)|| ||C7(1a) | <

0o and kg = S22 b @ d with S22 [|pV]] 14| < .
If (i) is valid, Consider

n=1

Clearly, (mq g)q,g is an approximate diagonal of AxgB. For (ii), we consider
o = 3 (o) — 00D )b @ () — 0P e, dY).
n=1
Similar to the above, one can show that the bounded net (m, ), 3 is an
approximate diagonal for A xg B. O

Example 3.4. Let A := M, be the Banach algebra of complex nxn matrices
of dimension n?. Then A is unital, with the identity e := Y ", e;;. Define
M = %223‘:1 eij ® eji. Then, M is the unique element of ARA that is a
diagonal for both A and A°P. Let § € Hom(A, A) with ||0]] < 1. Then

> (eij — 0(ei), i) ® (eji — O(esi), i)
is only common diagonal for A xg AP and AP xg A. If 6 € o(A), then

1 n
~ D (e = Ole)es e)) @ (i — Oejile i)

1,j=1

1
n .
i

is only common diagonal for A xg AP and AP xg A.
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ABSTRACT. Evidence theory, also known as Dempster-Shafer theory,
is a powerful framework for reasoning under uncertainty with multi-
ple sources of evidence. This paper presents a comprehensive compar-
ative study of different combination rules within the evidence theory
framework. We focus on evaluating the performance of common rules,
including Dempster’s rule, Yager’s rule, Dubois and Prade’s rule, and
the Smets’ rule of combination. We analyze their theoretical proper-
ties, computational aspects, and effectiveness in handling conflicting ev-
idence. The paper concludes with a discussion of the advantages and
limitations of each rule, offering practical recommendations for choosing
the most suitable combination rule based on the characteristics of the
evidence sources and the specific application context.

1. INTRODUCTION

In many real-world applications, decisions must be made based on infor-
mation from multiple, often conflicting, sources. Evidence theory provides
a robust framework for representing and combining uncertain information
from multiple sources, taking into account both belief and uncertainty. This
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Key words and phrases. Evidence theory, Combination Rules, Dempster’s rule.
* Speaker.
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paper delves into the core of evidence theory: combination rules. We aim
to provide a comprehensive comparison of the most commonly used rules,
facilitating the informed selection of the appropriate rule for diverse appli-
cations.

2. PRELIMINARIES

Definition 2.1. [1] If ® = {0,602, --6,} is a finite complete set of » mutu-
ally exclusive elements, it is called a Frame of Discernment (FOD). Set ©
is a FFOD, and its power set constitutes a set of propositions. If a function
m : 22 — [0,1] satisfies the following formula:

m(2) =0
>ogm(S) =1
the mass function m is a Basic Probability Assignment (BPA). In this defi-

nition, m(S) is the basic probability number of proposition S, and indicates
the belief assigned to S.

Definition 2.2. [3] Let m be a BPA on FOD @, if Bel : 2® — [0,1]
statisfies; Bel(S) = 3" pcgm(B),S € 2® then, Bel(S) is called the belief
measure of proposition S.

PI(S) is the plausibility function that is defined as follows:

PI(S)=1-Bel(S)= > m(B)
BNS#o

PI(S) is the degree to which you do not disagree with proposition S.

Definition 2.3. [2] Suppose m and mg are two BPAs for ®. Then Demp-
ster’s Rule defined as:

(m1 @ mz)(a) = K713 by, by € 2€b; N by = amy(b1)ma(b2), where K is a
normalization constant given by K = 1= by, by € 2901 N by = amy (by)ma(bs).

Combination rules in evidence theory combine evidence from multiple
sources, represented by their respective BP As, to produce a new BPA that
reflects the combined knowledge. The choice of combination rule signif-
icantly impacts the results, and understanding their strengths and weak-
nesses is crucial for effective information fusion.

3. MAIN RESULTS

In this section, the comparison of composition rules in evidence theory
is discussed in terms of properties Local Computation Availability (LC'A),
Neutral Element Commitment(N EM), Possibility Reservation(PR), Con-
vergence toward Certainty (CT'C), Invariance of Iterated Indifference Evi-
dence (II1FE) and Weak Specialisation (IWS) [2]. The combined rules are
taken from articles [5], [1], [1], [3], [0].

279



A COMPARATIVE STUDY OF COMBINATION RULES...

TABLE 1. Comparison of combination rules

Definition LCA NEM PR CTC IIIE WS
Dempster yes yes no  yes yes  yes
Yager yes yes no no no no
Dubois-Prade no yes yes  yes yes  yes
Smets yes yes no no no no
Murphy no no yes  yes yes  yes
Ma, Jiang yes yes no  yes yes  yes
Zhang yes yes yes  no yes  yes
Mixing yes yes yes  yes no yes
Inagaki no yes - - - -
Disjunctive Consensus Pooling  no yes yes - - -

Due to the fact that in various articles, Dempster’s Rule, Yager’s Rule,
Dubois-Prade’s Rule and Smets’ Rule have been used abundantly, we eval-
uate the performance of the combination rules using a set of benchmark
scenarios, including;:

(1) Conflict handling:** How well does the rule handle conflicting evi-
dence from different sources?

(2) Computational complexity:** How computationally expensive is the
rule to implement?

(3) Sensitivity to noise:** How robust is the rule to noisy or inaccurate
evidence?

(4) Interpretability:** How easily can the results of the combination rule
be understood and interpreted?

The results of the comparison of the combined rules based on the above
questions showed that:
Dempster’s Rule, combines evidence by normalizing the joint probability of
focal elements and are well-defined. Also, it is prone to counterintuitive re-
sults with high conflict and potentially biased towards conflicting evidence.
Therefore, Dempster’s rule is mathematically elegant and widely used, but
its performance degrades with high conflict.
Yager’s Rule Combines evidence based on the conjunctive combination of
focal elements. It’s advantages is handles conflict gracefully, avoids counter-
intuitive results. Also, it’s limitations is less mathematically rigorous than
Dempster’s rule, potentially overly conservative. Hense, Yager’s rule is more
robust to conflict but might be overly conservative.
Dubois - Prade’s Rule combines evidence based on the intersection of fo-
cal elements, taking into account uncertainty. It’s advantages are handles
conflict without normalization and provides a more nuanced representation
of uncertainty. It’s limitations are can be computationally intensive, might
not be as widely adopted as other rules. So, Dubois-Prade’s rule offers a
nuanced approach to conflict but can be computationally intensive.
Smets’ Rule of Combination (also known as the Transferable Belief Model)
280



FARNAZ YAQUB AZARI AND ILDAR SADEQI

combines evidence by distributing conflicting mass to the set of all possi-
ble hypotheses. It’s advantages are handles conflict without normalization,
allows for belief functions to express ignorance. Their limitations are less
intuitive than other rules, requires a different interpretation of belief func-
tions.So, Smets’ rule is well-suited for applications where ignorance and
conflict are expected and a different interpretation of belief functions is ac-
ceptable.

4. CONCLUSION

This comparative study provides a comprehensive overview of the most
commonly used combination rules in evidence theory. By understanding
their strengths and limitations, researchers and practitioners can choose
the appropriate rule for their specific application. This will facilitate the
effective fusion of multi-source information for decision making in various
domains.
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