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Talk of Prof. S. Hamid Hassanzadeh

How Degrees of Generators Control Resolutions

Abstract: Syzygy is the most computational and informative word in commu-
tative algebra. Sygygies determine the vector fields that leave a hypersurface
invariant. Successive syzygies determine the free resolution of an ideal. Syzygies
are full of geometry. In this talk, we show how knowing the degree of the genera-
tors of an ideal one can find bounds for the size of the syzygies and their degrees.
We introduce the Boij-Soderberg theory on the shape of the cone of Betti tables
and show how one may apply these results to study the space of vector fields.
This talk is based on a joint work with W. Alto and A. Simis

* Mathematics Institute, Federal University of Rio de Janeiro, Brazil

Email: hamid@im.ufrj.br



Talk of Prof. Shahriar Shahriari

The Combinatorics of Vector Spaces Over Finite
Fields

Abstract: Let V' be a finite dimensional vector space over a finite field and
consider the poset of subspaces of V ordered by inclusion. The combinatorial
properties of this partially ordered set often resemble those of the Boolean lattices,
the subsets of a finite set ordered by inclusion. Often the case of subsets is easier to
handle, but, there are situations where a combinatorial question is easier to answer
for subspaces. In this talk, we discuss two combinatorial problems in the poset
of subspaces: Can you partition the set of subspaces of V' into chains of almost
uniform size? Given a small poset P , what is the largest number of subspaces of
V' that do not contain a copy of P?

* William Polk Russell Professor of Mathematics and Statistics, Pomona College,
Claremont, California

Email: sshahriari@ponoma.edu
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Talk of Prof. Srikanth B. Iyengar

Non-Existence of Ulrich Modules Over Cohen-
Macaulay Local Rings

Abstract: Over a Cohen-Macaulay local ring, the minimal number of generators
of a maximal Cohen-Macaulay module is bounded above by its multiplicity. In
1984 Ulrich asked whether there always exist modules for which equality holds;
such modules are known nowadays as Ulrich modules. Over the years, Ulrich
modules have been found over various classes of rings, but a few months ago Ma,
Walker, Zhuang and I discovered two dimensional Cohen-Macaulay local rings
that have no Ulrich modules. Some of these rings are Gorenstein normal domains;
others are even complete intersection domains, though not normal. In my talk,
I will give an overview of this topic, culminating in the recent work, which is
available on the arxiv: https://arxiv.org/abs/2403.15566

* Department of Mathematics, University of Utah, USA

Email: iyengar@math.utah.edu



Talk of Prof. Amir Mafi

Properties of Polymatroidal Ideals

Abstract: Consider a polynomial ring R = K|z, ..., 2,| over a field K and let I be
apolymatroidal ideal of degree d. In this presentation, we delve into fundamental
concept related to polymatroidal ideals within the realm of combinatorial combi-
natorial commutative algebra. Our focus includes properties of astab (associated
prime stability) and dstab (depth stability) of polymatroidal ideals. Additionally,
we explore Cohen-Macaulay and sequentially Cohen-Macaulay matroidal ideals.

In the end we give some examples such that the astab and dstab are unrelated
and also we give some known problems and conjectures about this subject.

* University of Isfahan, Iran

Email: a_ mafi@ipm.ir



Talk of Prof. Amir Daneshgar

Categories for the Working Computer Scientist

Abstract: The first part of this talk is dedicated to usefulness of category theory
within and outside mathematics, reviewing some basic concepts and def- initions
in the field. The main objective for the rest of the talk is to try to convince
the audience that the statement “System Theory is a dual to Algebra” is true
in a very broad and general sense. This point of view will definitely give rise to
categorical presentations of many different system theoretic concepts within and
outside mathematics in terms of Co-algebras and other Co-structures.

Based on some well-known and ongoing contributions, we already know that
a large class of Dynamical Systems initiated in physics have already played the
role of motivating examples for a search for generalized alge- braic/categorical
structures. On the other hand, it is instructive to note that the concept of an
algorithm may be described as a discrete dynamical system satisfying some finite
presentability conditions. This shows that a large part of theoretical computer
science such as Theory of Computation as the core of the field containing Type
Theory and Theory of Formal Lan- guages and Automata as well as theory of
Intelligent and Complex Systems and formal theory of Networks and Distributed
Systems have categorical interpretations.

In the second part of this talk and based on well known contributions in the
field, I will mention some categorical approaches and their conse- quences in system
theory to serve as an introduction to the subject for the algebraists having some
interest in Computer Science. The last couple of slides will be on “What are the
main theoretical problems?” from this categorical point of view. I hope to be able
to show that the structure of a Closed Monoidal Category and a need for some
new Fixpoint-Limits play a central role.

* Sharif University of Technology, Iran

Email: daneshgar@sharif.ir



Talk of Prof. Victoria Gould

Coherency for Monoids and Purity for their Acts

Abstract: A monoid S may be represented via mappings of sets or, equivalently
and more concretely, by S-acts. A right S-act is a set A together with a map
A x S — A where (a, s) — as, such that for all a € A and s,t € S we have al = a
and (as)t = a(st). The monoid S itself and any right ideal of S, are right S-acts
under the monoid multiplication. Cyclic right S-acts are of the form S/p where p
is a right congruence. We say that S is right coherent if every finitely generated
subact of every finitely presented right S-act is finitely presented and weakly right
coherent if every finitely generated right ideal of S has a finite presentation.

Coherency properties are fascinating and somewhat elusive. They arise natu-
rally from several directions, including model theory and ring theory. The corre-
sponding notions of right coherency and weak right coherency for a ring R (where,
of course, S-acts are replaced by R-modules) coincide, essentially because every
cyclic R-module is determined by a right ideal. This is not the case for monoids
and we must develop new strategies.

This talk will examine coherency notions for monoids from several angles, in-
cluding the connection with other finitary conditions such as being right noethe-
rian, axiomatisability of classes of algebraically closed right S-acts and so-called
purity properties, which are related to injectivity of right S-acts. No prior knowl-
edge will be assumed and technical details will be kept to a minimum.

* University of York, Canada

Email: victoria.gould@york.ac.uk
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A Note on Codegrees and Taketa’s Inequality

Mahtab Delfani, Mohsen Ghasemi'* and Somayeh Hekmatara

IDepartment of Mathematics, Urmia University, Urmia 57135, Iran.
Email address: m.ghasemi@Qurmia.ac.ir

Abstract

Let G be a finite group and cd(G) will be the set of the degrees of the complex
irreducible characters of G. Also let cod(G) be the set of codegrees of the irreducible
characters of G. It has been conjectured by Isaacs and Seitz, that if G is solvable, then
dl(G) < |ed(G)], where dI(G) is the derived length of G. This inequality is named after
Taketa. In this note, we show that dI(G) < |cod(G)| in some cases and we conjecture
that this inequality holds if G is a finite solvable group.

Keywords: Codegree, Character degree, Taketa’s inequality
Mathematics Subject Classification [2010]: Primary: 20C20, Secondary: 20B15

1 Introduction and Preliminaries

Throughout this paper, G will be a finite group and cd(G) will be the set of the degrees of the
complex irreducible characters of G. The number cod(x) = |G : Ker(x)|/x(1) is called the codegree
of x. Also the set of codegrees of the irreducible characters of G is denoted by cod(G). This
definition for codegrees first appeared in [10], where the authors use a graph-theoretic approach
to compare the structure of a group with its set of codegrees. We follow [6] for group theoretic
terminologies and notations not defined here.

Taketa showed that the derived length dl(G) of the group G is bounded by the number |cd(G)|,
ie., dI(G) < |cd(G)| (see [6, Corollary 5.13]). The Isaacs-Seitz conjecture asserts that the Taketa’s
inequality holds for solvable groups. This conjecture is also known as the Taketa problem or
Taketa’s inequality. There has been much work done regarding this conjecture in the last two
decades. Moreover, T. Berger in [4] shows that this conjecture is true for groups of odd order. For
more results we refer the reader to [2,8,13].

By [1, Lemma 3.1, Theorem 3.4 and Theorem 3.5], we know that if |cod(G)| < 3, then
dI(G) < |cod(G)|. In this paper we show that if G is a nilpotent group then under some conditions,
dI(G) < |cod(G)|. Moreover, we show that if G has square free order then dl(G) < |cod(G)|. Also
we show that if cod(G) consists of power of p then dI(G) < |cod(G)|. Thus we may propose the
the following conjecture, inspired by Taketa’s inequality:

Conjecture: Let G be a finite solvable group. Then dl(G) < |cod(G)|.

Also we need the following results for our proofs.

Proposition 1.1. [3, Theorem 141.2] Let G be a nonabelian p-group all of whose nonabelian
mazximal subgroups have a cyclic center. Then one of the following holds:

*Speaker.
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(a) G is minimal nonabelian.
(b) G is a 2-group of mazimal class.

(¢) G =LZ(G), where L = Dg,Qg or Myn, n >3 (if p=2 then n > 4), and either Z(G) is
cyclic with Z(G) > Z(L) or G = L x (t), where t is an element of order p.

(d) G has exactly one abelian mazximal subgroup A of rank> 2, Z(G) is cyclic, and G possesses
exactly one normal abelian subgroup of type (p,p)( contained in A).

Proposition 1.2. [1, Lemma 3.1] Let G be a group. Then |cod(G)| = 2 if and only if G is an
elementary abelian group

2 Main Results

In this section, we investigate Taketa inequality for some groups. Also we prove Taketa inequality
for p-groups with the following assumption.

Assumption A. All maximal subgroup of each p-group have a faithful character.
We prove the following lemma which is crucial for some of our results.

Lemma 2.1. Let G be a p-group and |G| = p™, where p is prime and n > 1. Then by considering
assumption A we have dI(G) < |cod(G)].

Proof. If G is abelian group then clearly the assertion holds. Thus we may suppose that G is not
abelian group. Also if |cod(G)| = 2 then by Proposition 1.2, G is an elementary abelian group
and so dI(G) = 1 < |cod(G)|. Therefore in the following we assume that |cod(G)| > 3. Let H
be a maximal subgroup of index p in G. Thus H is normal in G and by our assumption Z(H)
is cyclic. If H is an abelian group then d(G) < dI(G/H) + dl(H) = 2 and so dI(G) < |cod(G)].
Thus we may suppose that H is nonabelian group. So G is one of the group in Proposition
1.1. For Case (a) we see that G' and G/G are abelian. Hence dI(G) < dI(G/G") 4+ dI(G") = 2
and the assertion holds. For Case (b), by [5, P. 194, Theorem 4.5], G is isomorphic to dihedral,
generalized quaternion or semidihedral group. Also by [5, P.191, Theorem 4.3], dI(G) = 2 and
hence dl(G) < cod(G) as wanted. For Case (c), we know that My~ has cyclic subgroup of index
p. Therefore it is easy to see that dl(Mp») < 2. Also clearly dl(Qs) = dl(Ds) = 2. Now if
G = L x (t), where t is an element of order p then dl(G) < dI(G/L) 4+ dI(L) < 3. Therefore
dI(G) < cod(G). Hence we may assume that G = LZ(G), where Z(G) is cyclic with Z(G) > Z(L).
We have G/Z(G) 2 L/L N Z(G). If L = Qg or Dg then dI(G) < dI(G/Z(G)) + dl(Z(GQ)) < 2
and the assertion holds. Also if L 2 M~ then since the center of M, has order p"~2 we have
dl(Mpn /Z(Mpn)) = 1. Therefore di(L/LNZ(G)/Z(L)/LNZ(G)) =1 and so dI(L/LNZ(G)) < 2.
Now dl(G) < d(G/Z(G)) + dl(Z(G)) = dI(L/L N Z(G)) + dI(Z(G)) < 3, as wanted. Thus the
assertion holds. Finally for Case (d), G has a unique abelian maximal subgroup A. Also by our
assumption, we see that A has a cyclic center and by the proof of Proposition 1.1, G is a 2-group
of maximal class. Now by Case (b) the proof is complete.

O

By the above lemma we show that dI(G) < |cod(G)|, where G is a nilpotent group.
Theorem 2.2. Let G be a nilpotent group. Then by considering assumption A, dI(G) < |cod(G)|.

Proof. If G is abelian then dI(G) = 1 < |cod(G)|. Thus we may suppose that G is not abelian.
Since G is nilpotent, it follows that G is the direct product of its Sylow p-subgroups. Let G =
Py x Py x---x P, where P; € Syl,,(G) and (|P;],|P;|) =1 for each 1 <4, j < n. By [12, Corollary
2.3] we know that cod(G) = cod(Py) X -+ x cod(P,). Also we know that dI(G) < max{dl(F;) |
1 < ¢ < n}. Thus dI(G) < dI(F;) for some Sylow P;, where 1 < j < n. Now by Lemma 2.1,
di(G) < dl(P;) < |cod(P})| < |cod(G)|. O

Theorem 2.3. Let G be a finite group and p be a fized prime. If cod(G) consists of power of p
then by considering assumption A, dI(G) < |cod(G)].
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We recall that a positive integer n is square-free if and only if in the prime factorization of n,
no prime factor occurs with an exponent larger than one.

Theorem 2.4. Let G be a square-free order. Then dl(G) < |cod(G)|.

Proof. Since G is square-free order, it implies that all Sylow subgroups of G are cyclic. Thus G
is cyclic group (see [7, Theorem 5.16]). Now by dI(G) < dI(G/G ) + dI(G' ) = 2 < |cod(G)|. O

The proofs of the following results are the same as the proofs of Proposition 2.7, Theorem 2.8
and Corollary 2.9 of [13].

Lemma 2.5. Suppose that C' is a class of finite solvable groups which is closed with respect to
taking quotient. Suppose there exists a group in C, say G, such that dI(G) £ |cod(G)| and also G
has the smallest possible order. Then G has a unique minimal normal subgroup, say N, such that

cod(G) = cod(G/N).

Proof. If G is abelian group then G = Z, and so dl(G) < |cod(G)|, a contradiction. Thus G is
nonabelian solvable group and G has minimal normal subgroup. Let M and N be two minimal
normal subgroups of G. Thus M NN = 1 and so G is isomorphic to a subgroup of G/M x G/N. By
our assumption we see that d1(G) < max{dl(G/M),dl(G/N)} < max{|cod(G/M)|,|cod(G/N)|} <
|cod(G)|, a contradiction. Thus G has a unique minimal normal subgroup, say N. Since G
is solvable, it follows that N is abelian. Thus dI(G) < dI(N) + dI(G/N) = 1+ dI(G/N) <
1+ Jcod(G/N)| < 14 |cod(G@)| < dI(G). Thus |cod(G/N)| = |cod(G)| and so cod(G) = cod(G/N),
as wanted. O

Theorem 2.6. Suppose that G is a solvable group and for all x,v € Irr(G), ker(x) = ker(v)) if
x(1) =(1) > 1. Then dI(G) < |cod(G)|.

Proof. Suppose that G is a minimal counter example to this theorem. By Lemma 2.5, G has
a unique minimal normal subgroup M and cod(G/M) = cod(G). If G is abelian then dl(G) <
lcod(G)], as wanted. Thus G # 1 and so M C G'. Therefore cod(G | M) C cod(G | G) C
cod(G) — 1. Let k € cod(G | M) such that k # 1. Thus there exists an irreducible character x
of G such that x(1) = k and M ¢ ker(x). On the other hand, k € cod(G) = cod(G/M) and so
there exists an irreducible character ¥ of G such that ¢ (1) = k and M C ker(¢)). By hypothesis
ker(x) = ker(¢)), a contradiction. O

By using the proof of the Theorem 2.4 we have the following result.

Corollary 2.7. Suppose that G is a solvable group in which distinct nonlinear irreducible characters
have distinct cod(G). Then dI(G) < |cod(G)|.

Finally we guess that if G is a finite p-group. Then witout considering Assumption A, Lemma
2.1 holds. So we may propose the following open question.

Problem 1. Suppose that G is a finite p-group. Could we say dl(G) < |cod(G)|?

3 Conclusion

In this note, we show that dI(G) < |cod(G)| in some cases and we conjecture that this inequality
holds if G is a finite solvable group.
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Abstract

In this talk we consider two various kinds of ideals: trace ideals and linked ideals
and study their connections. We show that some linked ideals are trace but the
converse does not hold any more, although, in some special cases it does.

Keywords: Trace ideals, Linked ideals, Reflexive modules.
Mathematics Subject Classification [2010]: Primary: 13C13,13C40, 13E05.

1 Introduction and Preliminaries

Let R be a non-trivial commutative Noetherian ring and M and N be two R-modules. The trace

of M in N is defined to be
Try(N) = Z Im(a).

a€EHomp(M,N)

The R- module X is said to be a trace module if it there are R- modules M and N such that
X =Trp(N). Also, the ideal a is called a trace ideal if it is the trace of an R- module in R, i.e.
there exists an R-module M such that a = Try;(R). Trace ideals is a main object of this paper.

Trace modules have long been useful technical tools in commutative algebra. For instance,
there are some characterizations of good classes of rings, such as semisimple, Gorenstein and
regular rings in terms of trace ideals. For example, it is proved that R is semisimple if and only
if every R-module is trace in its injective envelope. Also, the trace of a module implies some
properties of the module. For instance M is projective if and only if its trace ideal is idempotent
and recently, H. Lindo discussed the role of trace ideal of a module in studying the center of its
endomorphism ring, see [6]

Although, the theory of trace modules is a useful technical tool in commutative algebra, but
recently it has attracted new attentions as an interesting object in its own right, see [5], [6], [2]
and [3].

The other main object of this paper is linked ideals. Linkage theory is an important topic in
commutative algebra and algebraic geometry. It refers to Halphen (1870) and M. Noether (1882)
who worked to classify space curves. Following Peskin and Szpiro, two proper ideals a and b in a
Cohen-Macaulay local ring R is said to be linked if there is a regular sequence ¢ in their intersection
such that a = (¢r) :g band b = (¢) :r a. -

In [4], the authors introduced the concept of linkage of ideals over a module and studied some
of its basic properties. Let a and b be two non-zero ideals of R and M denotes a non-zero finitely
generated R-module. Assume that aM # M # bM and let I C anb be an ideal generating by
an M-regular sequence. Then the ideals a and b are said to be linked by I over M, denoted by
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a~ary b, it bBM =1IM :pp aand aM = IM :pr b. This concept is the classical concept of linkage
of ideals introduced by Peskin and Szpiro, where M = R.

In this paper we consider trace and linked ideals and study their connections. More precisely
we show that the ideals which are linked by zero ideal are trace and the converse holds in some
cases.

2 Main Results

We keep the notations and settings in the introduction throughout the paper.
Lemma 2.1 ( [5, Lemma 2.5]). Let M be a cyclic R-module. Then Try(R) = Anng(Anng(M)).

Proposition 2.2. Assume that a is an ideal which is linked by zero ideal on R. Then a is a trace
ideal.

Proof. Let x1,...,z, € R such that a = (x1,...,2,). Then, by the above lemma,

Tro(R) = > ala)
a€Hompg(a,R)

(3

= Z a(x;R)
a€Hompg(a,R) i=1

n
i=1 a€Homp(z;R,R)

= Z Try,r(R)
i—1

I
3

N

= Z Anng(Anng(z;R))

C Anng(Anng(a)).

By the assumption there exists ideal b such that a = Anng(b) and b = Anng(a), in other words
a = Anng(Anng(a)). So, by the above equation

a C Try(R) C Anng(Anng(a)) = a.
This implies taht a = Trq(R) is a trace ideal. O
The converse of the above statement does not hold any more, as we show in the next example.

Lemma 2.3 ( [7, Corollary 2.8]). A radical ideal a is linked if and only if a = ﬂpeAp for some
R-regular sequence ¢ and some A C AssR(g).

Example 2.4. Let R := % and a := (z,y). Then by [2, Example 6.10], a is a trace ideal,
while the above lemma shows it is not linked by zero ideal on R.

We recall that an R-module M is said to be reflexive if the natural homomorphism oy : M —
Homg(Hompg(M, R), R), where ap(m)(®) = ®(m), is an isomorphism. In the next proposition
we show, in spite of the above example, some trace ideals are linked.

Lemma 2.5 ( [6, Proposition 2.8]). Let M be a finitely generated reflexive R-module. Then
Anng(Try(R)) = Anng(M).

Proposition 2.6. Assume that M is a reflexive cyclic R-module. Then

(i) Tra(R) is linked by zero ideal on R.
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(i) For any finitely generated projective R-module P of positive rank Trag,p(R) is linked by
zero ideal on R.

Proof. (i) Since M is cyclic, by 2.1, Try(R) = Anng(Anng(M)) and by 2.5 Try(R) =
Anng(Anng(Tra(R))). This proves the claim.

(ii) By [1, Corollary 3.3], Trpye,p(R) = Tra(R) and the result follows by part (4).

3 Conclusion

Trace and linked ideals are two various kind of ideals and they have many applications in commu-
tative algebra and it is worth to find their relations. In this paper we show the ideals which are
linked by zero ideal are trace and the converse holds in some cases.
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Abstract

Let R be a standard graded k-algebra with maximal graded ideal m. The rate of
a graded R-module M denoted by rater(M), is a measure of the growth of the shifts
in the minimal graded free resolution of M. The notion of the rate for an algebra first
introduced by Backelin. The Backelin rate of the algebra R denoted by Rate(R) and
it coincides with the rate of m(1), the graded maximal ideal shifted by 1.

We study the rate of powers of the maximal ideal of R. If R is not artinian, we
show that rate(m®(s)) < Rate(R) < 2rate(m®(s)) for s > 0. We can consider m?*(s)
as a graded module over the Veronese subring R(®). Tt is proved that rate ) m*(s) <
[Rate(R)/c] for all ¢ > 1.

Keywords: Regularity, Rate, Minimal free resolutions, Koszul algebras

Mathematics Subject Classification [2010]: 13D02 (primary), 16W50 , 13D07
(secondary), 16W70, 16S37.

1 Introduction and Preliminaries

Throughout k denotes a field and R = ®;>0R; is a commutative standard graded algebra k. We
denote by m the homogeneous maximal ideal of R. Let M = @, ., M; be a finitely generated
graded R-module.

There are several invariants that we associate to M. For each i > 0, we set

(M) := max {j : Tor*(M, k); }

provided that Torf'(M,k) # 0, otherwise we set tf(M) = —oo. Indeed tF(M) is the maximum
degree of a mlnlmal generators of the i-th syzygy of M.
The Castelnuovo-Mumford regularity of M is defined by:

regp (M) :=sup {t*(M) —i:i >0},

The regularity can be infinite. For example if R = k[z]/(2?), then regy (k) = +o0.
The regularity plays an important role in the study of homological properties of M. Avramove
and peeva in [4] proved that reg (k) is zero or infinite. The algebra R is called Koszul if reg (k) = 0.
Another important invariant is the rate of graded modules. The Backelin rate of the k-algebra
R is defined as
Rate(R) :=sup {t/'(k) — 1/i —1:i >2}.
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The notion of rate for a k-algebra R is introduced by Backelin ( [5]) to study the Koszul property
of R. He used complex arguments about a latice of ideals derived from a presentation of R as
a quotient of a free noncommutative algebra to prove that the Veronese subring R(©) is a Koszul
algebra for all sufficiently large c.

The notion of rate is generalized in [1] for graded modules. The rate of a finitely generated
graded R-module M is defined by

ratep (M) := sup {tf(M)/i:i>1}.

This invariant is always finite (see [1]). The Backelin rate of the algebra R is denoted by Rate(R)
and is equal to rate®(m(1)), the rate of the unique homogenous maximal ideal of R which is shifted
by 1.

We always have Rate(R) > 1 and the equality holds if and only if R is Koszul. Indeed the rate
of a graded algebra R is an invariant that measures how far R is from being Koszul.

The goal of this paper is to study the rate of powers of the maximal ideal m. More precisely
we investigate upper bounds for m*(s) as a graded module (which is generated in degree zero) over
the subring R(®) and over R itself.

2 Main Results

We recall that throughout R is the standard graded algebra over a filed k with graded maximal
ideal of R.
In this section we study the rate of powers of the maximal ideal m. The first step in this

direction is the following lemma which provide upper bound for the maximal degree of generators
of

Lemma 2.1. Let R be a standard graded k-algebra with homogeneous mazimal ideal m. Then
ti(m*(s)) < ¢ (m(1)) (1)
for all integers s > 0 and i > 0.

Proof. We prove by induction on s. The case s = 1 is obvious. Let s > 2. Consider the exact

sequence

1

0—=m® ->m* ! sm*/m* -0

By applying Tor(, k), we get the exact sequence

Tor;+q (m*~!/m”®, k), — Tor; (m*, k); — Tor; (m*~ k),

for all 4 > 0. This yields the inequality

th(m*(s)) < max {tf; (m*~!/m®) tff (m*~1)}. (2)

Notice that m*~!/m* ~ k(—s + 1)" for some integer n and that ¢2 , (k) = tf(m). Now using 2 and
inductive hypothesis we conclude the assertion. O

If R is artinian, then there exists positive integer s such that m**! = 0 and m* # 0. Then m*
is isomorphic to k(—s)" for some integer r. It follows then Rate(R) = rate(m®(s)).

In the following result is about the asymptotic behavior of powers of maximal ideals when R
is not artinian.

Theorem 2.2. Let R be a non-artinian standard graded k-algebra with homogeneous maximal
ideal m. Then there exists sg > 0 such that

rate(m®(s)) < Rate(R) < 2rate(m’(s)) (3)

for all s > sq.
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The left inequality in 3 is obtained by applying Lemma 2.1. For the right inequality in 3 we
used the fact that there exists sg > 0 such that the natural map Tor;(m® k) — Tor;(m*~! k) is
zero for all i and all s > sg (see for example the proof of [3, Theorem 6.3.6]).

Definition 2.3 (Veronese submodules). Let ¢ and d be integers such that ¢ > 0and 0 < d < ¢—1.
Let M a finitely generated graded R-module.

(1) Define R := D;cz Ric, then R is a standard graded K-algebra and is a subring of R.
We refer to R(®), with this grading, as the ¢-th Veronese subring of R. Then M can be
consider as a finitely generated graded R(?-module via R(®) < R.

(2) We define M (¢ := Dz Micya, an R(©)-submodule of M. This called the (¢, d)-th Veronese
submodule of M. In the case d = 0, we denote M(©0) by M(©). Notice that M as a graded
R()-module decomposes in to the direct sum M = Do M(ed),

It is easy to see that (7)(5"1) is an exact functor from the category of graded R-modules to
the category of graded R(®-modules.

Let = be a real number, then we denote [z] to be the smallest integer larger than the x.

Theorem 2.4. Let R be a standard graded K-algebra and M be a finitely generated positively
graded R-module. Then

ratep (m°(s)) < [Rate(R)/c]

for all integers s,c > 1. Here [x] denotes the smallest integer larger than the real number x.

In particular
Rate(R(®)) < [Rate(R)/c]

for all integers ¢ > 1.
Corollary 2.5. Let be in the situation of the above theorem. Then the following hold.
(1) for all ¢ > Rate(R) and s > 1,
regpe (m*(s)) =0

(2) for all ¢ > Rate(R)
regpr(c) (R) =0

In particular reg e (R©©Y) =0 for all ¢ > Rate(R) and 0 < d < c— 1
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Abstract
Let R be a commutative Noetherian ring with non-zero identity, a an ideal of R,
M a finitely generated R-module, and n a non-negative integer. In this paper, we
prove that the top local cohomology module H‘;imR(M)fn(M) is an (FD.,,, a)-cofinite
R-module and the set {p € Assp(HIm#M="(A1)) : dim(R/p) > n} is finite. As a
consequence, we observe that if R is a semi-local ring, then SuppR(HgimR(M)fl(M))
is a finite set.
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1 Introduction and Preliminaries

Throughout, let R denote a commutative Noetherian ring with non-zero identity, a an ideal of R,
M a finite (i.e., finitely generated) R-module, X an arbitrary R-module which is not necessarily
finite, and n a non-negative integer. For basic results, notations, and terminology not given in this
paper, readers are referred to [2,3].

Hartshorne, in [5], defined an a-torsion R-module X to be a-cofinite if Ext'(R/a, X) is a finite
R-module for all ¢ and asked the following question:

Question 1.1. (see [5, First Question]) Under what hypotheses, is H: (M) an a-cofinite R-module
for all 47

We also have the following question as a related question to Question 1.1.
Question 1.2. (see [6, Problem 4]) Under what hypotheses, is Assz(H%(M)) a finite set for all i?

Even though Assgz(HY(M)) is not a finite set (and so, H: (M) is not an a-cofinite R-module)
in general (see [9, Section 4] and [7, Section 1]), H,(M) is an a-cofinite R-module (and hence,
Assp(H.(M)) is a finite set) in the case that i = dimp(M). In fact, the top local cohomology
module HE™ M) (M) is an a-cofinite Artinian R-module (see [8, Proposition 5.1]).

Recall that X is said to be an FD,, (or in dimension < n) R-module if there exists a finite
submodule X’ of X such that dimpg(X/X’) < n. We say that X is an (FD<,,, a)-cofinite R-module
if X is an a-torsion R-module and Ext’(R/a, X) is an FD.,, R-module for all i. Note that X is a
finite R-module if and only if X is an FD.¢ R-module, and so X is an a-cofinite R-module if and
only if X is an (FD.g, a)-cofinite R-module. Thus, it is natural to raise the following questions
as generalizations of Questions 1.1 and 1.2. In this paper, for a subset A of Spec(R), the set
{p € A:dim(R/p) > n} is denoted by A>,.
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Question 1.3. Under what hypotheses, is H.(M) an (FD_,, a)-cofinite R-module for all i?
Question 1.4. Under what hypotheses, is Assg(H4(M))s,, a finite set for all 47

In this paper, we study Questions 1.3 and 1.4. As a generalization of [8, Proposition 5.1], we
prove that H: (M) is an (FD_,, a)-cofinite R-module (and hence, Assg(H,(M))s,, is a finite set)
in the case that i = dimg(M) — n. In fact, the top local cohomology module HI™mr(MD)=m( 71y jg
an (FD<,, a)-cofinite D, 11 R-module. Here, the class of all R-modules X with dimp(X) < n is
denoted by D.,,. As a consequence, we show that Supp R(H‘;imR(M )_I(M )) is a finite set whenever
R is a semi-local ring. We also provide new proofs for previous results about cofiniteness of local
cohomology modules based on the main result of this paper.

2 Main Results

The following lemma is needed in the proof of the main result of this paper.

Lemma 2.1. Suppose that X is an arbitrary R-module with finite Krull dimension d. Then
HY™(X) is a Deyy1 R-module for all i < d. In particular, HY(X) is an FD.;y1 R-module for
all i < d.

Proof. Assume by way of contradiction that HY™"(X) is not a D.;;; R-module for a non-negative
integer ¢ < d. Then dimR(Hgﬂ(X)‘) > 7 and so there exists a prime ideal p of Supp z(H (X)) such
that dim(R/p) > i. Therefore H‘L}i (Xp) # 0and d—i > dimpg, (X;). This contradicts [2, Theorem
6.1.2]. O

For an arbitrary R-module X, we denote the largest integer ¢ in which HL(X ) is not zero, is not
in Doy, and is not in FD,, by cd(a, X), cdp_, (a, X), and cdpp_, (a, X), respectively. It is well
known that cd(a, X) < dimg(X) and so cdp_,(a,X) < dimp(X) and cdpp_,(a, X) < dimp(X).
The following corollary generalizes this result.

Corollary 2.2. Suppose that n is a non-negative integer and that X is an arbitrary R-module.
Then cdp_, (a,X) < dimg(X) — n. In particular, cdep_, (a, X) < dimg(X) — n.

By Lemma 2.1 or Corollary 2.2, H,(X) is an FD.,, R-module for all i > dimg(X) — n. Let
X be an FD_,, R-module. The following proposition shows that HY™#(X)="(X) may not be an
FD.,, R-module. Even though H‘;imR(X)fn(X) may not be an FD_,, R-module, we prove in the
main result of this paper that it is an (FD.,,, a)-cofinite R-module.

Proposition 2.3. Suppose that n is a non-negative integer, X is an FD.,, R-module with finite
Krull dimension d > n, and p is a prime ideal of R with dim(R/p) = n and dimg, (X,) =d —n.
Then H‘;_"(X) is not an FD,, R-module (and so cdgp_, (p, X) = dimp(X) —n).

Proof. Assume by way of contradiction that H‘;_"(X ) is an FD.,, R-module. Then X, and
Hﬁl_{:(Xp) are finite Rp-modules which contradicts [2, Corollary 7.3.3]. O

Melkersson, in [8, Proposition 5.1], showed that the top local cohomology module HgimR(M) (M)
is an a-cofinite R-module. In the main result of this paper, we generalize Melkersson’s result [8,
Proposition 5.1] and prove that, for a non-negative integer n, the top local cohomology module
Hdmr()=n (A7) is an (FD.y, a)-cofinite R-module.

Theorem 2.4. Suppose that n is a non-negative integer and that X is an FD, R-module with
finite Krull dimension d. Then HI™™(X) is an (FD<,, a)-cofinite R-module. In particular, H"(X)
is an (FD.;, a)-cofinite R-module for all i < d whenever X is a finite R-module.

Proof. We can, and do, assume that X is a finite R-module. We argue by induction on d. Since
X is a finite R-module, there is nothing to prove in the case that d = 0. Suppose that d > 0 and
that d — 1 is settled. We can, and do, assume that I'y(X) = 0 from [2, Lemma 2.1.2 and Corollary
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2.1.7(iii)]. Thus a contains an element a which is a non-zerodivisor on X by [2, Lemma 2.1.1(ii)].
The short exact sequence
0— X %X — X/aX —0

induces an exact sequence
H{ D™ (X /aX) — HE™(X) — HE"(X)

of local cohomology modules. Since dimg(X/aX) < d—1, H4"D="(X/aX) is an (FD,,, a)-cofinite
D<py1 R-module by the inductive hypothesis and Lemma 2.1. Hence
0 i (x) a) is an (FD,,, a)-cofinite D<,+1 R-module from the latter exact sequence. Therefore

Homp(R/a, HI™"(X)) = Homg(R/a, (0 tga-n(xy @) is an FD<, R-module. Thus HI™"(X) is an
(FD<y,, a)-cofinite R-module by Lemma 2.1 and [11, Lemma 2.1]. O

Corollary 2.5. Suppose that n is a non-negative integer and X is an FD,, R-module with finite
Krull dimension d. Then the set Assp(HY™™(X))s, is finite. In particular, Assg(HE(X))>; is
finite for all i < d whenever X is a finite R-module.

Proof. This follows from Theorem 2.4 and [3, Exercise 1.2.28]. O

Concerning Question 1.1, in [8, Theorem 7.10], Melkersson proved that H;(M ) is an a-cofinite
R-module for all ¢ if dim(R) < 2. As an improvement of [8, Theorem 7.10], by [4, Corollary 5.2],
HE (M) is an a-cofinite R-module for all i whenever dimp (M) < 2. With respect to Question 1.3,
the author and Papari-Zarei, in [12, Corollary 3.2], proved that H’ (M) an (FD_,, a)-cofinite R-
module for all ¢ if dim(R) < n+2 which is a generalization of Melkersson’s result [8, Theorem 7.10].
As a generalization of [4, Corollary 5.2] and an improvement of [12, Corollary 3.2], the authors
in [10, Theorem 2.1] showed that H:(M) is an (FD.,,a)-cofinite R-module for all i whenever
dimg(M) < n+ 2. In the next corollary, we present a new proof of this result based on Theorem
2.4.

Corollary 2.6. Suppose that n is a non-negative integer and M is a finite R-module such that
dimg(M) <n+2. Then Hy (M) is an (FD<,, a)-cofinite R-module for all i.

Proof. From Theorem 2.4, for all i > 2, H;(M) is an (FD - djmy (ar)—i, a)-cofinite R-module and so
an (FD_,,, a)-cofinite R-module. Since M is a finite R-module, H)(M) is also an (FD,,, a)-cofinite
R-module. Thus HL(M) is an (FD.,,, a)-cofinite R-module by [1, Theorem 4.2]. O

Corollary 2.7. (see [8, Proposition 5.1]) Suppose that M is a finite R-module with finite Krull
dimension d. Then HY(M) is an a-cofinite Artinian R-module.

Proof. By putting i = 0 in Lemma 2.1 and Theorem 2.4, H%(M) is an a-cofinite D, R-module.
Therefore HY(M) is an a-cofinite Artinian R-module. O

Corollary 2.8. Suppose that R is a semi-local ring and X is an FD .1 R-module with finite Krull
dimension d. Then Suppp(HS™Y (X)) is a finite set.

Proof. By taking ¢ = 1 in Lemma 2.1 and Theorem 2.4, Hgfl(X) is an (FD.q, a)-cofinite Do
R-module. Therefore Suppp(HY™ (X)) is a finite set. O
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Abstract

Let R be a commutative Noetherian ring with non-zero identity and F a filtration
of Spec(R). We show that the Cousin functor with respect to F, Cgr(F,—) : Cx(R) —
Comp(R), where Cx(R) is the category of R-modules which are admitted by F and
Comp(R) is the category of complexes of R-modules, commutes with the formation
of direct limits. We observe that an R-module X is balanced big Cohen-Macaulay if
(R,m) is a local ring, mX # X, and every finitely generated submodule of X is a big
Cohen-Macaulay R-module with respect to some system of parameters for R.

Keywords: Cousin complexes, Cousin functors, Direct limits
Mathematics Subject Classification [2010]: 13D02

1 Introduction

Throughout R will denote a commutative Noetherian ring with non-zero identity. For basic results,
notations, and terminology not given in this paper, readers are referred to [2, 3, 6].

The notion of Cousin complex was introduced in [4] and it has a commutative algebra analogue
given by Sharp in [7]. In [10], Sharp generalized this concept to the Cousin complex for an R-
module X with respect to a filtration F of Spec(R) and denoted this complex by Cr(F, X). He
approved it as a powerful tool by characterizing Gorenstein rings, Cohen-Macaulay modules, local
cohomology modules, and balanced big Cohen-Macaulay modules in terms of Cousin complexes
(see [7, Theorem 5.4], [8, Theorem 2.4], [9, Theorem], and [10, Corollary 3.7]).

Let Cr(R) be the category of R-modules which are admitted by F and let Comp(R) be the
category of complexes of R-modules. In [1], the authors introduced the Cousin functor with respect
to F, Cr(F,—-) : Cr(R) — Comp(R). They used this functor to construct Cousin spectral
sequences Wlth respect to F and study the extension functors of Cousin cohomologies (i.e., the
cohomology modules of Cousin complexes). By using this functor, they also found some equivalent
conditions for vanishing of Cousin cohomologies and gave some results for modules with finite (i.e.,
finitely generated) Cousin cohomologies.

In this paper, we study Cousin functors and show that they commute with direct limits. As a
consequence, we observe that, in the case that R is local with maximal ideal m, an R-module X is
balanced big Cohen-Macaulay if mX # X and every finite submodule of X is a big Cohen-Macaulay
R-module with respect to some system of parameters for R.
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2 Main Results

A filtration of Spec(R) is a descending sequence F = (F;);>0 of subsets of Spec(R) with the
property that, for all ¢ > 0, each member of F; \ F;;; is a minimal member of F; with respect to
inclusion. We say that F admits an R-module X if Suppy(X) C Fp.

Suppose that F = (F});>o is a filtration of Spec(R) which admits an R-module X. The Cousin
complex Cr(F, X) for X with respect to F is of the form

dx® o dx\ oo dy? 9 dy? 1 di
0%, x & x —> -2 X —>X1 —>Xl
where, for all i > 0, X' = @,cp\p,,, (cokerd§;2) and d '(z) = {(z +Imdy?) /1}p€F_\F;+1

for every element x of X*~!; and satisfies

(P1) Suppp(X?) C Suppgr(X)NF;,

(P2) Suppp(Coker d’s?) C Suppp(X) N F;,

(P3) Suppgr(H *(Cr(F,X))) C Suppg(X) N Fi;1, and

(P4) the natural R—homomorphism Exit X' — @PGFi\FiJrl (X")p, where Exi () = {/1}per\Fipy
for every element x of X°, is an isomorphism

(see [7, Proposition 2.2 and Corollary 2.3], [10, Definitions 1.1, Definition 1.3, and Proposition 1.4],
and [5, Proposition 1.1 and Lemma 1.2]). We adopt the convention that X ! = X.

Bamdad and the author proved the following lemma and used it to introduce the Cousin
functor with respect to F, Cr(F,—) : Cx(R) — Comp(R), which is R-linear and covariant
(see [1, Theorem 2.2]).

Lemma 2.1. (see [1, Lemma 2.1]) Let F = (F;);>0 be a filtration of Spec(R) which admits R-
modules X and Y. Then for every R-homomorphism f : X — Y, there exists a unique morphism
of complezes Cr(F, ) = (f1)i>—2 : Cr(F,X) — Cr(F,Y) such that f~1 = f.

In the following theorem, we prove that the Cousin functor with respect to F preserves direct
limits.

Theorem 2.2. Let F = (F});>o be a filtration of Spec(R). Then the Cousin functor with respect
to F, Cr(F,—): Cr(R) — Comp(R), commutes with the formation of direct limits.

Proof. Assume that (A,=X) is a (non-empty) directed partially ordered set and that
({Xataen, {05 + Xo — Xpglaxp) is a direct system in Cx(R) with direct limit
(@Xa»{% : Xoc — linga}OéeA)' ({CR(-FvXOz)}DtGAv{CR(-Fv ¢g) : CR(F»XQ) —
Cr(F,Xgs)} a=p) is a direct system in Comp(R) because Cr(F,—) is a covariant functor. Set
(h_I)n Cr(F,Xa), {ta}aca) be the direct limit of the later direct system where

. At o o 2
hﬂCR(}—;Xa):O—)h_n}Xa%hgn(X) L —>1A1( W)L

Since (hAlXa, {¢a : Xo — lim Xo}aca) is the direct limit of ({Xa}taea, {05 : Xa — Xgla<p),
Cr(F, lim X «) is an object in Comp(R), Cgr(F,¢a) : Cr(F,Xa) —
CR(]:,hﬂ Xo) is a morphism in Comp(R) for all @ € A, and Cr(F, ¢)Cr(F,85) = Cr(F, da)
for all & < 5. Thus there exists a unique morphism

f=(fiz—2 : Iim Cr(F, Xo) — Cr(F,lim X,)

such that fi, = Cgr(F,ds) for all a« € A. Therefore we have the commutative diagram

a? a1 Fd _at z
0 ——lim Xoq ——lim(X,)" —— - ——lim(X,)’ —— -
S e
d;nXu dgxxa dy; 1 X o dln Xa dj; Xa
OHHﬂXai(li_n;Xa)ﬁHm = — (lim X, )—n;
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By using induction on i > —1, we prove that f? is an isomorphism. The case i = —1 is clear.
Suppose that i > 0 and that f7 is an isomorphism for all —=1 < j <i—1. Let p € F; \ F;41. By
(P1) and (P3),

i(fi_g)p | l(fi_l)% i(f%_
@z ), it en (A x)r

((lim Xo)2)y == ((lim Xo) )y > (lim X )Ty >0

is a commutative diagram with exact rows. Hence (f*),, is an isomorphism from the Five Lemma [6,
Proposition 2.72]. Thus

D U P tmxa)) — B ((limXa)),

pEF\F;41 pEF;\Fit1 pEF;\F;t1

is an isomorphism. On the other hand, since {x ) : (Xo)! — @pGFi\Fi+1((XO‘)i)P is an iso-

morphism for all a € A by (P4), g : @(Xa)i — @(@peFt\F¢+1((Xa)i)P) is an isomorphism.

Let v hﬂ(EBPGFi\F&l((Xa)i)p) - ®P€Fi\Fi+1 @((X“)i)p and /i : EBPEFi\Fi+1 lig((Xa)i)p —
GapeFi\FiH (lig(Xa)’)p be the natural isomorphisms. Thus

S | D U | (X — (lim X'

pEF\Fit1

. . . . % Z Z Z .
is an isomorphism. Since puv§; = gli_rg(Xa)f‘ and §(l~g x)ift = (®peFi\Fi+1(‘f )p)ﬁlg(xa)i, ftis an
isomorphism as we desired. [

Corollary 2.3. Let F = (F;);>0 be a filtration of Spec(R). Then the Cousin functor with respect
to F, Cr(F,—): Cr(R) — Comp(R), commutes with direct sums.

Corollary 2.4. Let F = (F;);>0 be a filtration of Spec(R) which admits an R-module X. Then
Cr(F,X) = lim o Cr(F,Xa), where X, is a finite submodule of X for all a € A.

Corollary 2.5. Let F = (I;);>o0 be a filtration of Spec(R) which admits an R-module X. Then,
foralli> -1, H(Cr(F, X)) & lim H'(Cr(F, X)), where X, is a finite submodule of X for
all o € A.

Corollary 2.6. Suppose that F = (F;)i>o is a filtration of Spec(R) which admits an R-module
X. Assume also that X = ligaeA X where, for all « € A, X, is a finite submodule of X such
that Cr(F, Xa) is exact. Then Cr(F,X) is exact. In particular, Cr(F,X) is exact if Cr(F,Y)
is exact for every finite submodule Y of X.

Let R be a local ring, X an arbitrary R-module, and ry,...,7, a system of parameters for
R. Recall that, X is said to be big Cohen-Macaulay with respect to r1,...,7, if r1,...,7, is a
regular sequence on X. Also, X is said to be balanced big Cohen-Macaulay if X is big Cohen-
Macaulay with respect to every system of parameters for R. It is well known that if X is a finite
big Cohen-Macaulay with respect to some system of parameters for R, then X is a balanced big
Cohen-Macaulay R-module.

Corollary 2.7. Suppose that R is a local ring with maximal ideal m and that X is an arbitrary
R-module such that mX # X. Assume also that X = li_n;aeA X, where, for all € A, X, is a
finite submodule of X and also is a big Cohen-Macaulay R-module with respect to some system
of parameters for R. Then X is balanced big Cohen-Macaulay. In particular, X is balanced big
Cohen-Macaulay if every finite submodule of X is a big Cohen-Macaulay R-module with respect to
some system of parameters for R.
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Proof. By assumptions, for all a € A, X, is a balanced big Cohen-Macaulay R-module. Thus,
from [10, Corollary 3.7] (or [1, Corollary 4.6]), for all & € A, the Cousin complex for X, with
respect to the dimension filtration (i.e., D(R) = (D;(R))i>o where D;(R) = {p € Spec(R) :
dim(R) — dimg(R/p) > i} for all ¢+ > 0) is exact. Hence the Cousin complex for X with respect
to the dimension filtration is exact by Corollary 2.6. Therefore, again from [10, Corollary 3.7]

(or [1, Corollary 4.6]), X is a balanced big Cohen-Macaulay R-module. O
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Abstract

In this paper, we define the basic concepts of module theory for A™, where A™ is
as a semimodule over a strongly algebraically closed A and we proved many similar
theorems in linear algebra for the space A™.
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1 Introduction and Preliminaries

Algebraically closed and existentially closed structures concepts have been studied extensively in
their general model-theoretic context. A neat summary of the model-theoretic notions used in the
sequel may be found in [11]. Specific classes of algebras considered are notably that of groups and
division rings. A structure M is algebraically closed if and only if every finite set of equations
with coefficients from M, which is solvable in some extension M’ of M - of the same type as M-
already has a solution in M. Existentially closed structures are defined analogously by allowing
also inequalities ( [7] , [8], and [10]). By studying subsemimodule generated by a set, we can find a
necessary and suffcient condition for consistency of a linear system with coefficients in a strongly
algebraically closed algebra.

Semimodules constitute a fairly natural generalization of modules, with broad applications in
the mathematical foundations of computer science, so the study of properties content modules that
apply in content semimodules is needed [9].

In this paper we obtain a structural criterion of semimodule theory over strongly algebraically
closed algebras and we extend some basic definition of linear algebra to concepts of strongly
algebraically closed algebras.

*Speaker.
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2 Main Results

We recollect the basic definitions and facts about formal concept analysis needed in this work. For
further details on this topics we refer the reader to [2], [4], [5], and [6]. Here we need to extend some
basic definition of linear algebra to concepts of strongly algebraically closed algebras. A notion
of order plays an important role in the theory of algebraic structures. The most important kind
of ordering in the general theory of algebras is a lattice ordering, which turns out to be definable
by identities in terms of of the least-upper-bound (the join) and greatest-lower-bound (the meet)
operations. A lattice is a poset P any pair of elements x, y have a g.l.b. or meet denote by = A y,
and a l.u.b. or join denote by x V y.

We say that a lattice L is complete, if every subset of L has a supremum. Let (L, <) be a
lattice with 0 and 1. We say that = has a complement in (L, <) if and only if there exists b € L
such that a Vb =1 and a A b = 0. This element b is called a complement of a in (L, <) and is
denoted by a. If @ exists for any a € L, then (L, <) is said to be a complemented lattice. A lattice
(L, <) is called distributive if and only if for all a, b, ¢ € L we have aA(bVec) = (aAb)V(aAc). Any
distributive complemented lattice is said to be a Boolean lattice and a Boolean algebra we mean
a Boolean lattice together with the unary operation of complementation or a Boolean lattice is a
complemented distributive lattice. A lattice L is called algebraically closed, if any finite consistent
system of equations with coefficients from L, has a solution in L. A system S with coefficients
in L is called consistent, if there is an extension K of L, such that S has a solution in K. One
can generalize this definition to an arbitrary class of lattices. Notice that we denote the lattice
operations by V and A.

Definition 2.1. [7] A lattice A in a class X is said strongly algebraically closed if every system
(not necessarily finite) of equations with parameters in A which has a solution in some extension
B € X, has already a solution in A.

Suppose A is a strongly algebraically closed algebra and consider A™ as Mat,x1(A), the set of
all n x 1 matrices over A. Suppose that A is a strongly algebraically closed algebra and Mat, x1(A)
is the set of all n x m matrices over the A. We can define a partial order relation on Mat, «1(A) as
follows: C' < D, cij < d;j;foralli=1,2,...,nand j =1, 2, ..., m, where C, D € Mat, «1(A).
One can see that (Mat,x1(A), <) is a strongly algebraically closed algebra where its supremum
and infimum are defined componentwise on Mat, x1(A) induced by the supremum and infimum of
strongly algebraically closed algebra A, respectively.

Theorem 2.2. Suppose A is a strongly algebraically closed algebra. Consider (A", V, <) as a
semimodule over semiring (A™, V, A\) with scalar multiplication N. Let D, X, y be m x n, n x 1,
and m x 1 matrices over A, respectively. The linear system DV X =y has a solution if and only
if y belongs to the subsemimodule generated by columns of D.

Let (L, <) be a lattice and m, n, k € N. By L™*™ denote the set of all (m X n)-matrices with
entries in L. We define the following partial order on the set L™*™, for all i = 1,, ..., m and
=1 ..., n

D < B ifandonlyif a;; <b;.

We know that if A is a strongly algebraically closed algebra, then
(a) D(BC) = (DB)C for all D € A™** B c AF*1 and C € A",
(b) D(CV F)=DCV DF and (D V B)C = DC V BC for all D, B € A™** and C, F € Ak*",

Definition 2.3 ( [3]). A near semiring is an algebra (R; +, -, 0, 1) of type (2, 2, 0, 0) such that
(i) (R; +, 0) is a commutative monoid;
(ii) (R; -, 1) is a groupoid satisfying - 1 = 2 = 1 -z (a unital groupoid);
(i) (o 4y)- 2= (2 2)+(y-2)
(iv) 2-0=0-2 =0;
for all z, y, z € R.
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We recall from [3] that a semiring is a near semiring such that (R; -, 1) is a monoid (i.e. - is
also associative) that satisfies left distributivity: = - (y + 2) = (z - y) + (x - 2), for all z, y, z € R.

We will have the following theorem:

Theorem 2.4. Let A be a strongly algebraically closed algebra and B, X andY are m xn, n x 1
and m x 1 matrices over A, respectively. The linear system BX =Y has a solution if and only if
b belongs to the subsemimodule generated by columns of B.

The following corollary coincides with the same in [12].

Corollary 2.5. Let A be a strongly algebraically closed algebra, D € A™*k B ¢ A™*" and
C € AkXn,

(1) The matriz equation DX = B is solvable if and only if D - (*D - B) = B.
(2) The matriz equation XC = B is solvable if and only if (Bt C)-C = B.

We recall from [1] that the smallest positive integer m such that D™ = D! for some t €
{1,, ..., m — 1} is said the index and denoted by index(D).

Definition 2.6. For any strongly algebraically closed algebra A, the poset Idempn(A4, .) is a lattice
in which the join (L) and the meet (1) are defined by the equalities

DUB=(Dv B)™e=AVE) DN B=(DAB)"

Corollary 2.7. Let D and B be matrices over a strongly algebraically closed algebra. If DB = BD,
then DUB =DV BV DB.
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Abstract

In this note we define and study the intersection graph of hyperrings and study
the interplay of hyperstructure-theoretic properties of hyperrings with graph-theoretic
properties of associated graph. We characterize the hyperring R for which the intersec-
tion graph associated to R is disconnected and obtain several necessary and sufficient
conditions on a hyperring R such that the intersection graph is complete.
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1 Introduction and Preliminaries

In the literature, there are many ways to associate graphs to algebraic structure. Associating a
graph with an algebraic structures allows to obtain characterizations and representations of special
classes of algebraic structures in terms of graphs and vice versa. One of the classical topics in the
theory of graphs is the intersection graph theory [10,11].

Let F = {s;;i € I} be a family of sets. The intersection graph , G(F), of this family is the
graph whose set of vertices is F, i.e., the vertices are s;,7 € I and the vertices s; and s;, (¢,j € I)
are adjacent (that is s; and s; are joined by an edge) if s; # s; and s; (] s; # @. For intersection
graphs, there is the following theorem:

Theorem 1.1 ( [9]). Every simple graph is an intersection graph, that is, for any simple graph G
there exists a family F of sets s;,i € I such that G is isomorphic to the intersection graph G(F).

Various graphs on algebraic structures related to intersection graphs have been defined by
many authors since 1964. Bosak [2] took the first step in this direction. In 1969, the intersection
graph of non-trivial proper subgroups of a finite group was defined and studied by Cs’ak “any and
Poll”ak [5]. Their works were continued by Zelinka [14]. He studied the intersection graph of
non-trivial subgroups of finite abelian groups. Chakrabarty et al [3] studied intersection graphs of
ideals of rings. Also he studied planarity of intersection graphs of the ring Z,.

In this note we consider the intersection graph of a family of nontrivial hyperideals of a hyperring
R. Let R be a hyperring and I*(R) be set of all non-trivial hyperideals of R. The intersection
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graph of hyperideals of R denoted by G(R), is a graph whose vertexes is the set [*(R) and two
distinct vertcies I and J are adjacent if I()J # (0). We notice that the relationship between
the intersection graph and algebraic hyperstructures have been already considered by Crosini,
Davvaz, Leoranu, krasner, Vougiouklis, and others [4,6,8,12]. First recall some definitions and
notations of hyperrings. Then we introduce the intersection graph of hyperideals of hyperrings
and characterize the hyperrings R for which the graph G(R) is disconnected and obtain several
conditions on a hyperring such that G(R) is complete.

Let H be a nonempty set and P*(H) the set of nonempty subsets of H. A hyperoperation on H
isamapo: HxH — P*(H). If o is a hyperoperation defined on H, then the couple (H, o) is called
hypergroupoid. If A and B are nonempty subsets of H, then we define Ao B = UaeA’beB aob, and
forx € H,{zx}o A and Ao{x} is denoted by xo A and Aox respectively. A hypergroupoid (H, o) is
called semihypergroup if for z,y,z € H , (xoy)oz = zo(yoz). An element e € H is called identity
(scalar identity ) if foralla € H, a € (eca)N(ace), ({a} = (eca)N(ace)). A semihypergroup (H, o)
is called hypergroup if for every x € H, z0 H = Hox = H. A subhypergroup (K, o) of (H,0) is a
nonempty subset K of H such that for all k € K, ko K = K ok = K. We say that a hypergroup
(H, o) is canonical hypergroup if, it is commutative, means Va,y € H, xoy = yox, and has a scalar
identity, which means that de € H,Vx € H,z o e = e o x = x, every element has a unique inverse,
which means that for each « € H there exists a unique ' € H, suchthat e e zoz !Nz lox
and finally if € yo z then z € y ! oz and y € 2 0 2%, Clearly, the identity of a canonical
hypergroup is unique. There are several kinds of hyperrings that can be defined on a nonempty
set R. In what follows, we shall consider the hyperring of krasner, multiplicative hyperrings and
general hyperrings and H,-rings [6]. Now, the following definition introduce hyperrings in general
form. A hyperring is a triple (R, +,.), where R is a nonempty set, (+) and (.) are hyperoperations
such that

1. (R,+) is a commutative canonical hypergroup;
2. (R,.) is a semihypergroup having 0 as a observing element,i.e., 0.a = a.0 = 0,for all a € R;
3. for all a,b,c € R, (a+b).c = (a.c) + (b.c),c.(a +b) = (c.a) + (c.b).

The hyperring (R,+,.) is called commutative if for all a,b € R,a.b = b.a. Let (R,+,.) be a
hyperring and A a nonempty subset of R. Then A is caled subhyperring of R if (A, +, .) is hyperring.

Let I be a subhyperring of R. Iis a hyperideal of R if a.x C I, for all a € R and = € I.

A hyperideal P is called prime if P # R and for z,y € R,x.y C P implies that x € Pory € P.

A hyperideal M of R is called maximal if M # R and there is no hyperideal I of R such that
M C I € R and finally a minimal hyperideal of a hyperring R is a non-zero hyperideal which
contains no other non-zero hyperideal. Every commutative hyperring with identity has at least
one maximal hyperideal and every proper hyperideal of a hyperring is contained in a maximal
hyperideal [1].

Definition 1.2. A hyperring R is called hyperfield if (R—{0}, .) is an abelian canonical hypergroup.

Definition 1.3. A hyperring R is called hyperintegral domain if for z,y € R, 0 € zy, implies that
rz=0o0ry=0.

Definition 1.4. Let (Ry,+,.) and (R2,+,.) be hyperrings. We define the map
D : (Rl X Rg) X (Rl X RQ) — P*(Rl X RQ)

such that

(a,b) @ (a/, V) ={(¢c,d)|[c€Ea+a',deb+ b}
and the map

®: (R1 X Rg) x (R x Rg) = P*(R1 X Ry)
such that

(a,0) @ (a/, V) ={(c,d)[c€a-da',deb-V}.
Then (R; x Ra,®,®) is a hyperring.
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Some Graphs Associated to a Hyperring via Hyperideals

Main Results

Throughout this note, R is a general commutative hyperring with idendity. The intersection graph
G(R) of hyperideals of R is a simple graph whose vertices are nontrivial proper hyperidals and
two vertices I, J are adjacent if I # J and I N J # {0}. Note that if R is a hyperfield, then G(R)
is the null graph which has no vertices .Extending statements to the null graph would introduce
unnecessary distractions, so we ignore the null graph, that is all hyperrings are assumed to be
nonhyperfields except when stated explicitly. We now find out conditions when the graph G(R) is
connected.

Theorem 1.5. The intersection graph G(R) of a hyperring R is disconnected if and only if R
contains at least two minimal hyperideals and every nontrivial hyperideal of R is minimal.

The above theorem is also true if the hyperideal is maximal.
Simple hyperring is a non-zero hyperring that has no hyperideal except the zero hyperideal
and itself.

Theorem 1.6. Let R be a commutative hyperring. Then the graph G(R) is disconnected if and
only if R is a direct product of two simple commutative hyperrings.

Corollary 1.7. Let R be a commutative hyperring with identity. Then the graph G(R) is discon-
nected if only if R is a direct product of two hyperfields.

Theorem 1.8. The graph of a hyperintegral domain (but not a hyperfield) is complete.

A graph is said to be embeddable in the plane, or planer, if it can be drawn in the plane so
that its edges intersect only at their ends. We will repeatedly use Kuratowski’s theorem [13] which
states that a graph is planar if and only if it does not contain a subdivision of K5 or K3 3. Let R
be a commutative hyperring with identity. Then

Lemma 1.9. If G(R) is planar, then any chain of hyperideals of R has length at most five.
Corollary 1.10. If G(R) is planar, then R is Noetherian and Artinian.

Lemma 1.11. If G(R) is null and R contains at least two proper nontrivial distinct hyperideals,
then R = Ry X Ry, where Ry, Ry are hyperfields.

Theorem 1.12. G(R; x R2) is planar if and only if one of G(R1), G(Rs2) is empty, and another
is empty or null with at most two vertices.

Corollary 1.13. G(R; X Ry X R3) is planar if and only if R; is a hyperfield fori=1,2,3
Let Max(R) be the set of all maximal hyperideals of R.

Corollary 1.14. If G(R) is planar, then |Max(R)| < 3.
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Abstract
In this paper, we classify (n 4 4)-dimensional nilpotent n-Lie algebras of maximal

class over an arbitrary field, when n > 3.
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1 Introduction and Preliminaries

The classification of n-Lie algebras is an important problem in the n-Lie (Filippov) algebra [5].
The algebraic classification of Filippov algebra is also discussed in the literature (for example,
see [1,3,5]).

An n-Lie algebra A is nilpotent if there exists a non-negative integer k such that A* = 0, where
A1 defines inductively as A = 1 and A*t! = [A% A, ... A] for i > 1. The smallest integer k
such that A**! = 0 is called the nilindex of A. An n-Lie algebra A of dimension d is maximal
class (filiform) if dim A7 /A7t =1 for j = 2,3,...,c and dim A/A? = n. For a given filiform n-Lie
algebra A, we have Z;(A) = A~ where Zy(A) = 0 and Z;(A)/Z;_1(A) = Z(A/Z;_1(A)) for all
i>1.

The filiform n-Lie algebras of dimension at most n + 3 are known. The only filiform n-Lie
algebras of dimension n + 1 and n + 2 are H(n,1) and A,, 42,1, respectively. The only filiform
n-Lie algebras of dimension n + 3 are A,, 434 and A, 435 (see [2]).

In this paper, we classify (n + 4)-dimensional nilpotent n-Lie algebras of maximal class over
an arbitrary field, when n > 3.

2 Main Results

In this section, we classify (n + 4)-dimensional nilpotent n-Lie algebras of maximal class. Let A be
a (n + 4)-dimensional nilpotent n-Lie algebra of maximal class with basis {ej,...,en14} and let
Z(A) = (ept4). Then A/{ey44) is a (n + 3)-dimensional nilpotent n-Lie algebra of maximal class.
By using Table 1, A/{e,+4) is isomorphic to A, 134 O Ay i3 5.

The structure of d-dimensional non-abelian filiform n-Lie algebras with d < n+3 over arbitrary
field are presented in the Table 1.

*Speaker.
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Table 1: The structure of d-dimensional non-abelian filiform n-Lie algebras with d < n + 3 over
arbitrary field.

Name Non-zero multiplication
H(n,1) [e1,...,en] = ent1
An,n+2,1 [61, ) en] = €n+1, [62, ) €n+1] = En42
Ann+34 [617...,6»,1]:€n+1,[627...,€n+1]:6n+27
’ ’ [62, ey €n,y €n+2] = €n+3
A s €1, en] = ent1,]€2, -y Eni1] = €nta,
TS, [62,...,€n,€n+2] = [61,63,...,€n+1] = €n+3

Lemma 2.1. Let A be a (n + 4)-dimensional nilpotent n-Lie algebra of mazimal class and let
Af(enta) = Ay nisa, then A is isomorphic to Ay pta10-

Proof. Let A/{en+a) = Ap nt3,4. In this case, the multiplication table in A can be written as

[617 .. ;en] = €n+1 + Q€Cpy4, [627 sy en—i—l] = €n+42 + Ben+47
[6’2, <o Eny €n+2] = €n4+3 + Yen+4, [Bz‘l, s 6@‘”] = Q.0 Entd,

where 1 < i3 < ... <4, <n+3,and {i1,...,in} #{1,...,n}{2,...,n +1},{2,...,n,n + 2}.
Regarding a suitable change of basis, A can be written as

[e1,..-,en] = e€nt1s]€2, - yni1] = €ni2, €2, €n,enia] = €nts,
[e1,- s €iynvnyenp1] = 5 enga, 250 <,

[e1,- 160y En,enys] = Qi mn3Cntds l<i<mn,

[€2y. .y iyeerynyCnil, nta] = Oy ioommasbntd, 2<i<n

Since e, 43 is not belong to Z(A),

at least one of QG 1 <i < nis not equal to zero.

Up to isomorphism, we have two possibilities: (a) If oo nnt3 # 0, A can be written as
follows:

[61,...,(3”}:6”4_1, [e2a-~-aen+1]:en+2;
[62, .- ~76na€n+2] = €n+3, [627 cee 76n76n+3] = Q2 ... nnt+3€nt4,
le1, . €5 vn enpr] =y 5 enta, 2<i<n.
If Qo= 0, 2 <1 <n, we have the following algebra:
A={e1,...,enta:[e1,-..,€n] =e€nt1,[€2,. . Ent1] = €nia,
[627 ey €ny en+2} = €n+43, [627 ceeyEny en+3] = en+4>~

This algebra denoted by A,, 5, 4+4.12. Otherwise, without loss of generality assume that a1 3. » #

0.
Regarding a suitable change of basis,
A={e1,...,enta:[e1,-..,€n] =€nt1,[€2,... Ent1] = €nia,
[627 ey €Eny en+2} = €n+37 [627 ce3Eny en+3] = [617 €3y, en+1] = en+4>-
This algebra is denoted by Ay, ;44,13
(b) If a1.3,... n.nts3 # 0, by a suitable change of basis, the following algebra is estimated.
Anntaia = (€1, npa i [€1,. . €] = €npr,[€2, .05 enp1] = enga,

[627 ey €Eny €n+2} = €n+33 [637 ey €n+2} = [ela €3,...,€n, en+3] = en+4>-
O

Lemma 2.2. Let A be a (n + 4)-dimensional nilpotent n-Lie algebra of mazimal class and let
Af(enta) = Apntss, then A is isomorphic to Ap pta.10-

The following theorem is an immediate consequence of lemmas 2.1 and 2.2.

Theorem 2.3. The (n + 4)-dimensional nilpotent n-Lie algebras of mazimal class for n > 2 over
an arbitrary field are Ay n14,:, for 12 <i < 16.

oY



Classification of (n 4 4)-Dimensional Nilpotent n-Lie Algebras of Maximal Class

References

[1] R. Bai, G. Song and Y. Zhang, On classification of n-Lie algebras, Front. Math. China., 6 (4)
(2011), 581-606.

[2] H. Darabi, M. Eshrati and B. Jabbar Nezhad, On the multiplier of filiform Filippov algebras,
Results. Math., 76 (190) (2021).

[3] H. Darabi and M. Imanparast, On classification of 9-dimensional nilpotent 3-ary algebras of
class two, Bull. Iranian. Math. Soc., (47) (2021), 929-937.

[4] H. Darabi, F. Saeedi and M. Eshrati, A characterization of finite dimensional nilpotent Filippov
algebras, J. Geom. Phys., (101) (2016), 100-107.

[6] V.T. Filippov, n-Lie algebras, Sib. Math. Zh., 26 (6) (1985), 126-140.

of



28th Tranian Algebra Seminar lrl,.r";\,-““ r-‘”'j._,.#
University of Maragheh

=10 duly 20624 LR W PR

algebra28-00380017

On Homological Classification of Monoids by Condition
(Psc)

Hossein Mohammadzadeh Saany!, Morteza Jafari®> and Mehrnaz Pirasteh®*

L3Department of Mathematics, University of Sistan and Baluchestan, Zahedan, Iran.
Email address: Pirasteh.Mehrnaz@gmail.com

2Department of Science, Farhangian University of Sistan and Baluchestan, Zahedan, Iran.

Abstract

In 1997, Golchin and Renshaw presented Condition (Pg) and showed that this
condition implies weak flatness, but the converse is not true in generally. In this
paper, we present Condition (Ps.) as a generalization of Condition (Pg). We see also
that Condition (Ps.) implies weak flatness, but the converse is not true. For left PSF'
monoids we show that the converse is also true.
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1 Introduction and Preliminaries

Throughout this paper, we use S to denote a monoid and 1 denotes its identity. A non-empty set
A is called a right S-act, usually denoted by Ag (or simply A), if S acts on A unitarian from the
right, that is, there exists a mapping A x S — A, (a,s) — as, satisfying the conditions al = a
and (as)t = a(st), for all a € A and all s,t € S. Left S-act can be defined dually. From now on
by S-act we mean right S-act. We refer the reader to [3,4], for basic definitions and terminologies
related to semigroups and acts over monoid.

An element s of S is called right e-cancellable, for an idempotent e € S, if s = es and kerps < kerp,
(pz is the right translation on S, for every x € S, that is, p, : S — S,t — tx, for every t € S). S
is called left PP if every principal left ideal of S is projective as a left S-act. S is called left PSF
if every principal left ideal of S is strongly flat as a left S-act. This is equivalent to saying that S
is right semi-cancellative, that is, whenever su = s'u, for s,s’,u € S, there exists r € S such that
u=ru and sr = s'r (see [1,5]).

2 Main Results

In this section we present Condition (Ps.) and show that this condition of acts can be transferred
to their coproduct and vice versa. Also we show that Sg and the retract of every act satisfy
Condition (Ps.). We see also that Condition (Ps.) implies weak flatness, but the converse is not
true. For left PSF monoids we show that the converse is also true.

*Speaker.
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Definition 2.1. An S-act A satisfies Condition (Ps.) if as = a't, for a,a’ € A and s,t € S, implies
the existence of a” € A and u,v,r,r’ € S, such that ar = o"ur, a’'r’ = a"vr’, rs = s, 7't =t and
us = vt.

In the following theorem, all statements are easy consequences of the definition.

Theorem 2.2. The following statements are true:
(1) Sg satisfies Condition (Ps.).
(2) ©g satisfies Condition (Ps.) if and only if S is right reversible.
(3) For an idempotent monoid, Conditions (Pr) and (Ps.) are equivalent.

(4) Let A = [1,c; As, where each A; is an S-act. Then A satisfies Condition (Ps.) if and only
if each A; satisfies Condition (Ps.).

(5) Let {B; |i € I} is a chain of subacts of A and every B;, i € I, satisfies Condition (Ps.),

then | J,c; Bi satisfies Condition (Ps.).

(6) If A satisfies Condition (Ps.), then every retract of A satisfies Condition (Ps).
Theorem 2.3. The following statements are true:

(1) Condition (Ps.) implies weak flatness.

(2) For left PSF monoid S, Condition (Ps.) and weak flatness property are equivalent.

(3) If S be left PP, then for every S-act we have:

(Pg) <= (Ps;) < weakly flat.

In the following examples, we show that Condition (Ps.) is incomparable with flatness.

Example 2.4. [flatness # Condition (Ps.)] For a proper right ideal I of S, and any a,b,c & S set
A(I) := ({a,b} x (S\I))U ({c} x I) Then A(I) is a right S-act. By [4, Proposition 3.12.19], A(I)
is flat if and only if I satisfies Condition (LU).

Now consider the monoid S with multiplication table

8 0 — O
o oo olo
8 0 = Ol
8 0 o o0
SO R OR

and let I = eS = {0,e}. It is easy to check that A(I) is flat.But, A(I) does not satisfy Condition
(Pse).

From the above example, we deduce that weak flatness does not imply Condition (Ps.).

Example 2.5 ( [2, Example 2]). [Condition (Ps.) # flatness] Let U = {a,b}, V = {c,d} be left
zero semigroups and let S = UUV. Extend the multiplications in U and V to S by letting a and b
be left zero elements for S and cU = {a}, dU = {b}. It is shown in [2], that all right S*-acts satisfy
Condition (Pg) but not all right S'-acts are flat. On the other hand, Condition (Pg) implies
Condition (Ps.). Hence all right S'-acts satisfy Condition (Ps.) but not all right S'-acts are flat.

I\
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3 Classification of Monoids by Condition (P;.)

In this section we present some results on homological classifications. We start with questions
where all acts satisfy Condition (Ps.).

Theorem 3.1. The following statements are equivalent:
(1) All S-acts satisfy Condition (Ps.).

(2) S is reqular and satisfies Condition (R).
(R) : for any elements s,t € S, there exists w € SsN St such that wp(s,t)s.

Proof. (1) = (2). By part (1) of Theorem 2.3 and [4, Theorem 4.7.5], all S-acts, are weakly flat.
But, S is regular and satisfies Condition (R).

(2) = (1). Since every regular monoid is left PP, so by [4, Theorem 4.7.5] and part (3) of
Theorem 2.3, the result follows. O

For fixed elements u,v € S, define a binary relation P, , on S as follows:
(x,y) € P,y < ux=vy(z,y€es).

For s,t € S, let ps+ = ker A\; V ker \; and for any right ideal I of S, let p; denote the right Rees
congruence on S, i.e., for x,y € S,

(x,y) €pre (x=y)V(z,y €I), L(z,y) = {(a,b) € S x S| ax = by} .
Note that L(z,y) is either empty or a subact of g(S x S). Similarly we define
R(z,y) = {(a,b) € S x S| za = yb}.

Therefore P, , = R(u,v), for every u,v € S.

Theorem 3.2. The following statements are equivalent:
(1) All fg-weakly injective S-acts satisfy Condition (Ps.).
(2) All cofree S-acts satisfy Condition (Ps.).

(3) for all s,t € S, there exist u,v,r,r’" € S such that rs = s, 7't = t, (s,t) € Py, (or
(s,t) € Pyrvr) and the following conditions hold:

(Z) Pur,vr’ g Pr,s O st O Pt,r/
(i) ker A\, N (1S x 1S) C pss
(731) ker Ay, N ('S x 1'S) C ps.
Proof. Implication (1) = (2) is obvious, because cofree = fg-weakly injective.
(2) = (3). Let s,t € S, S1, 52 be two sets such that |S1| = |S2| =|S| and o : S — Sy,
B : S — Sy are bijections. Put X = S/usy U Sy U S;. Define the mappings
f,9:9 — X as follows:

[y]ug . if there exists y € S; x = sy

alr) ifxeS\sS
and

[y]us , if thereexistsy € S; v =ty

B(x) if xz e S\tS.

oy
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Note thay f, g is well- defined. According to our definition of f and g, we clearly have fs = gt. By
the assumption, the cofree S-act X* satisfies Condition (P;.), and so, there exist u, v, 7,7’ € S and
amap h:S — X, such that fr = hur,gr’ = hvr',rs = s,7't = t,us = vt. Clearly from us = vt,
we have (s,t) € P, (or by rs = s,r't = t, and us = vt we have (s,t) € Py ). One could show
that the statements (4), (i¢) and (iii) are true.

(3) = (1). Suppose that A is fg-weakly injective, and that as = a't, for a,a’ € A and s,t € S.
By the assumption, there exist u,v,r,7’ € S such that rs = s,7't = t,us = vt and conditions
(1), (i1), (i4i) are true. Define a mapping ¢ : urS Uvr’'S — A by

arp dpeS: z=urp
p(r) =
ar'q JqeS: xz=uwvrgq.
Note that ¢ is well-defined. It is clear that ¢ is an S-homomorphism. Since A is fg-weakly
injective, there exists an S-homomorphism ¢ : Sg — A such that ¥|ursuvrs = ©. Put a” = ¥(1).
Then ar = p(ur) = Y(ur) = Y(D)ur = o”’ur and o'r’" = p(vr’) = Y(vr') = P(1)vr’ = a’vr’, that
is, A satisfies Condition (Ps.). O

By the proof of Theorem 3.2, we conclude that the above theorem is true for (weakly) injective
S-acts.
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Abstract

Let R be a commutative ring, and let C' be a semidualizing R-module. We in-
troduce the notion of finitely presented C-injective modules, finitely presented C-flat
modules, weak C-injective modules and weak C-flat modules. Some properties of these
modules are investigated.
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1 Introduction and Preliminaries

Throughout this paper R is a commutative ring and all modules are unital. The notion of semidual-
izing modules, defined next, was first introduced by Foxby [1]. Then Vasconcelos [9] and Golod [3]
rediscovered these modules using different terminology for different purposes.

Definition 1.1. An R-module C is called semidualizing if C is super finitely presented, the natural
homothety homomorphism x& : R — Hompg(C,C) is an isomorphism, and the Ext7'(C,C) =

A free R-module of rank one is semidualizing. If R is Noetherian and admits a dualizing module
D, then D is a semidualizing. Note that this definition agrees with the established definition when
R is Noetherian, in which case condition (i) is equivalent to C' being finitely generated. An R-
module is C-projective (resp. C-flat or C-injective) if it is isomorphic to a module of the form
P ®g C for some projective R-module P (resp. F' ®@g C for some flat R-module F' or Homg(C, I)
for some injective R-module I). We let Po(R), Fo(R) and Zo(R) denote the categories of C-
projective, C-flat and C-injective R-modules, respectlvely The Auslander class with respect to C
is the class Ac(R) of R—modules M such that: Tor®(C, M) =0 = Ext%(C,C ®p M) for all i > 1,
and the natural map VC M — Hompg(C,C®pr M) is an isomorphism. The Bass class with respect
to C is the class Bo(R) of R-modules M such that: Ext%(C, M) = 0 = Tor(C, Homg(C, M)) for
all i > 1, and the natural evaluation map £§; : C ® g Hompg(C, M) — M is an isomorphism.

Let C be a semidualizing R-module. In [4], it is shown that the class Pc(R) is precovering.
So, one can iteratively take precovers to construct an augmented proper Pc-projective resolution
for any R-module M, that is, a complex X* = -.- = C®r P, - C ®r Py — M — 0 which is
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Hompg(Pc(R), —)-exact. The truncated complex X =--- - C ®g P - C ®r Py — 0 is a proper
Pc-projective resolution of M. Dually, in [4] it is proved that the class Z¢(R) is enveloping. So,
for an R-module N one can construct an augmented proper Lo -injective coresolution, that is, a
complex Y+ =0 — N — Homg(C, I°) — Hompg(C,I') — --- which is Homg(—,Zc(R))-exact.
Also, in [4] it is shown that the class Fo(R) is covering. Similarly for an R-module M one can
construct an augmented proper Fc-flat resolution.

Definition 1.2. Let C' be a semidualizing R-module, and let M and N be R-modules. Let J be
a proper Zg-coresolution of N. For each i, set Extly,r (M, N) := H_;(Homg(M, J)). Let G be a
proper Fo-resolution of M. For each i, set: Tor] “M(M, N) := H;(G ®g N).

2 Main Results

The notion of F' P-injective modules (resp. F'P-flat modules) is introduced in [7], as a generalization
of injective modules (resp. flat modules). Recently, the weak injective modules (resp. weak flat
modules) are introduced in [2] as a generalization of F'P-injective modules (resp. F'P-flat modules).
In this section, we introduce the notion of relative F'P-injective modules and weak injective modules
with respect to the semidualizing R-module C. Also, we introduce the notion of relative F'P-flat
modules and weak flat modules and investigate some properties of these modules.

Definition 2.1. Let C' be a semidualizing R-module.

(1) An R-module M is called weak C-injective (resp. finitely presented C-injective) if
Ext}\,lzc (F,M) = 0 for any super finitely presented R-module F' (resp. for any finitely
presented R-module F').

(i) An R-module N is called weak C-flat (resp. finitely presented C-flat) in the case that
TorfcM(N ,F) = 0 for any super finitely presented R-module F' (resp. for any finitely
presented R-module F).

Theorem 2.2. Let C' be a semidualizing R-module. Then the following statements hold.

(i) Let R be a weak C-injective R-module, and let M be a super finitely presented R-module
such that M* = Homp(M, R) is super finitely presented R-module and M* € Ac(R). Then
M s reflexive.

(it) Let R be a generalized coherent ring, and suppose that every super finitely presented R-module
belongs to Ac(R). Then R is weak C-injective if and only if every super finitely presented
module is reflexive.

Proof. (i) Let M be a super finitely presented R-module. Then there exists the exact sequence
P, — Py - M — 0 such that Py and P; are finitely generated projective R-modules. Assume
that N = Coker((Py)* — (P1)*). Then we have the exact sequence 0 — M* — (Py)* — (P)* —
N — 0. Therefore, N is super finitely presented and N € Ag(R) by [6, Corollary 3.1.8]. On
the other hand, we have the exact sequence 0 — Exth(N,R) — M — M** — Ext}(N,R) — 0,
by [5, Lemma 2.2]. By [8, Corollary 4.2], Exth(N, R) = Ext}\,lzc (N,R) = 0, since R is a weak
C-injective R-module. Also, Ext% (N, R) = Exti,,zc (N, R) = 0. So, we get the assertion.

(ii) “ = 7 Let R be a weak C-injective R-module, and let M be a super finitely presented
R-module. By assumption, M* is a super finitely presented R-module, and M* € Ac(R). Then
M is reflexive by (i), as desired.

“ «< 7 Let M be a super finitely presented R-module. It is sufficient to prove that
Extz(M,R) = 0. By [8, Theorem 4.2], Extj,z (M, R) = Extp(M,R), since M and R be-
long to Ac(R). As the proof of item (i), we can get the exact sequence 0 — M* — (Py)* —
(P1)* = N — 0, where Py and P, are finitely generated projective R-modules. Since R is a gen-
eralized coherent ring, we get that NN is super finitely presented and N € A (R). Note that M,
Py, P1, and N are reflexive, by assumption. Therefore, the exact sequence P, - Py - M — 0
implies that M = Coker((P;)** — (Py)**) = Coker((P1) = (Fp)). By [5, Lemma 2.2], we have the
exact sequence 0 — Ext}%(M, R) - N — N**. Since N is reflexive, we get that Ext}%(]\/[, R) =0,
as desired. O



Results on Relative Weak Injective (Flat) Modules

In the following, we show that if R is self weak C-injective, then every super finitely presented
module M € A¢(R) is Gorenstein projective, provided some special conditions.

Theorem 2.3. Let C be a semidualizing R-module, and let R be a weak C'-injective module. Then
every super finitely presented module M € Ac(R) is Gorenstein projective, provided that M* is a
super finitely presented module and M* € Ac(R).

Proof. Let M € Ac(R) be a super finitely presented module such that M* € Ac(R) be a super
finitely presented module. Then there exists the long exact sequence - -+ — F,, — --- — F}; — Fy —
M* — 0 of R-modules such that F; is finitely generated projective for each ¢ > 0. For each i > 0,
we set K; = Ker(F;y; — F;). Then K; is a super finitely presented module and K; € Ac(R),
by [6, Proposition 3.1.7]. By [8, Corollary 4.2], we have Extk(K;, R) = EXt}\AIC(Ki,R) =0,
since R is weak C-injective. Therefore, we have the long exact sequence 0 — M™** — Fj —
Ff = ... = Fy — ---. By Theorem 2.2, M is reflexive, so we have the long exact sequence
0=+ M — Fy — Ff = -+ = FY — ---. On the other hand, M is a super finitely presented
R-module. Then there exists the long exact sequence --- - P, — --- - P - Py - M — 0 of
R-modules such that P; is finitely generated projective for each i > 0. So we get the following
complete projective resolutionof M -+ - P, = --- > P > Py = Ff > Ff = - = Ff —> .-
where M = Ker(Py — Fj). Assume that L is an arbitrary cosyzygy of this sequence. Then
L € Ac(R), and L is a super finitely presented R-module. Therefore, by [8, Corollary 4.2], we
have Exty (L, R) = Ext}\AIC (L,R) = 0, since R is weak C-injective. This means that for every
projective R-module @, Hompg(—, Q) leaves this sequence exact. So, M is Gorenstein projective,
as desired. O

3 Conclusion

The notion of a “semidualizing module” is a central notion in relative homological algebra. Among
various research areas on semidualizing modules, one sometimes focuses on extending the “abso-
lute” classical notion of homological algebra to the “relative” setting with respect to a semidualiz-
ing module. In this paper, we investigate some properties of relative weak injective modules (resp.
weak flat modules).
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Abstract

Let R be a commutative Noetherian ring, and let C' be a semidualizing R-module.
For R-modules M and N, the notions gradep_ (M, N) and gradez (M, N) are intro-
duced as the relative setting of the notion grade(M,N) with respect to C. Some
properties of the notions gradep (M, N), grader_ (M, N), and grade(M, N) are inves-
tigated.
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1 Introduction and Preliminaries

Throughout this paper R is a commutative Noetherian ring and all modules are unital. A finitely
generated R-module C is called semidualizing if the natural homothety homomorphism y& : R —
Homp(C, C) is an isomorphism and Extil(Q C) = 0. An R-module D is called dualizing if it is
semidualizing and has finite injective dimension. This notion goes back at least to Foxby [2]. For
a semidualizing R-module C, we set

Pc(R) ={P ®r C| P is a projective R-module},
Ze(R) = {Hompg(C, I)| I is an injective R-module}.

The R-modules in Po(R), and Zo(R) are called C-projective, and C-injective, respectively.
When C' = R, we omit the subscript and recover the classes of projective, and injective R-modules.
For any R-module M one can iteratively take precovers to construct an augmented proper Pc-
projective resolution. Let M and N be R-modules. Let L be a proper Po-resolution of M, and let
J be a proper Zo-coresolution of N. For each i, set

Ext%_ (M, N) := H_;(Hompg(L, N))
Exty (M, N):=H_;(Hompg(M,J)).
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These functors are studied in [4] and [5]. We define
grade(M, N) = inf {i| Ext(M,N) # 0},
gradep,. (M, N) = inf {i| Ext}_(M,N) # 0},
grades,, (M, N) = inf {i | Ext?_(M,N) #0} .

In this paper, some properties of the notions grade(M, N), gradep (M, N), and grader_ (M, N)
are investigated.

2 Main Results

Throughout this section, let C' be a semidualizing module.

Theorem 2.1. Let M and N be finitely generated R-modules. Then the following statements hold.
(i) grade(M,N) = inf{depthy Ny |p € Suppy(M)}.
(i7) gradep, (M, N) = inf{depthp (Homp(C,N)y)|p € Suppr(M)}.

(i7i) gradez, (M, N) = inf{depthp ((C ®r N)y)|p € Suppr(M)}.

Proof. (i) Tt is proved in [6, Theorem 1.2].
(i1) By [5, Theorem 4.1], Exty_ (M, N) = Ext(Homp(C, M), Hompg(C, N)), for every i > 0.

Hence
gradep (M, N) = grade(Homp(C, M), Homg(C, N))
= inf{depthp (Hompg(C,N)y)|p € Suppy(Hompg(C, M))}
= inf{depthp (Hompg(C,N),)|p € Suppr(M)}.
(791) It is proved in the same argument of (ii). O

For a finitely generated R-module M, the grade of M is denoted by grade M and defined by
grade M = grade(M, R).

Corollary 2.2. Let M be a finitely generated R-module. Then grade M = grade(M,C) =
gradep (M, C) = gradez_ (M, R)

Proof. Note that depthp Cy = depthy R, for every p € Supp r(M). Now, the assertions follow
from Theorem 2.1. O

The Pc-projective dimension of an R-module M is
Pe-pdgp(M) = inf{sup{n|X,, # 0}|X is a proper Pc-projective resolution of M}.

The Z¢-injective dimension, denoted Zo-idg(—) is defined dually. Let M be a finitely generated
R-module. Then

(1) M is called C-perfect if grade M = Po-pdg(M).
(#) M is called Go-perfect if grade M = Ge-dimp(M).

If C = R, we use the term perfect (G-perfect) instead of R-perfect (Gr-perfect). In [6], the authors
proved some properties of G-perfect modules similar to the classical properties of perfect modules.
In the following, we investigate some properties of C-perfect and G¢-perfect modules.

Proposition 2.3. Let M # 0 be a finitely generated R-module. Then the following statements
hold.

(1) grade M = grade(Homp(C, M)).
(74) grade M = grade(C ®@r M).

Al
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(#i1) M is perfect if and only if C @g M is C-perfect.
(iv) M is C-perfect if and only if Hompg(C, M) is perfect.
Proof. (i) By Corollary 2.2, we have
grade M = gradep (M, C)
= grade(Homp(C, M), R)
= grade(Homp(C, M)).
So, we get the claim.
(#4) By Corollary 2.2, we have
grade M = gradez (M, R)
= grade(C ®@gr M, C)
= grade(C ®r M).
Therefore, we get the assertion.
(79t) By [5, Theorem 2.11], Po-pdp(C @g M) = pdg(M). So, we get the result by item ().
(iv) By [5, Theorem 2.11], Po-pdr(M) = pdg(Hompg(C, M)). Therefore, M is C-perfect if and
only if Homp(C, M) is perfect by item (3). O

Theorem 2.4. Let M be a Ge-perfect R-module such that grade M = n. Then Extir(M,C) is
G¢-perfect R-module of grade n.

Proof. The proof is by induction on n. If n = 0, then the assertion holds by [3, Proposition 5.1.4].
Now let n > 0. Then there exists an R-regular element x such that M = 0. By [1, Lemma
3.1.16], gradep ,p M = gradeg ;,gp(M,C/xC) = n — 1, and Gg/zc-dimpg/,r(M) =n —1. So M

is G /zo-perfect as an (R/xR)-module and hence by induction hypothesis Ext%ﬁR(M, C/zC) is

G /zo-perfect of grade n — 1. Therefore, we get the result by [1, Lemma 3.1.16]. O

Proposition 2.5. Let R be a local ring, and let M be a finitely generated R-module such that
Geo-dimg M < oo. Then the following statements hold.

(1) If M is Cohen-Macaulay, then M is G¢-perfect.
(#4) If R is Cohen-Macaulay and M is G¢-perfect, then M is Cohen-Macaulay.

Proof. (i) Note that

Ge-dimp(M) = depthR — depth i (M)
= depthR — dimgp M
= depth i (Hompg(C, C)) — dimg(M)
< gradep (M, C).
Also, gradep (M, C) = grade M. So, we get the assertion.
(#i) It is proved similarly. O

Proposition 2.6. Let R be a local ring, and let C be a dualizing R-module. A finitely generated
R-module M is Cohen-Macaulay if and only if it is G -perfect.

Proof. Note that R is a Cohen-Macaulay ring, since R has a dualizing module C'. Also, G¢-dimg(M)
< o0 by [3, Proposition 6.4.6]. Now the assertion follows from Proposition 2.5. O
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3 Conclusion

Tt is shown that for a Go-perfect R-module M of grade n, the R-module Ext’y (M, C) is Go-perfect
of grade n. Also, it is shown that a finitely generated R-module M is Cohen-Macaulay if and only
if it is G¢-perfect, provided that C' is dualizing for the local ring R.
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Abstract

Valdis Laan introduced Condition (PW P). Then Golchin and Mohammadzadeh
introduced Condition (PW Pg), such that Condition (PW P) implies it but the con-
verse is not true in general. In this paper at first we introduce a generalization of
Condition (PW Pg), called Condition (PW Ps). Then will give some general proper-
ties and a characterization of monoids for which all right acts satisfy this condition.
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1 Introduction and Preliminaries

In this paper at first we introduce a generalization of Condition (PW Pg), called Condition (PW Ps)
and will give some general properties also we show that Condition (PW Pg) implies Condition
(PW Ps) but the converse is not true. Then, we will give a characterization of monoids S over
which all right S-acts satisfy Condition (PW Pg).

2 Characterization of Monoids by Condition (PW Ps) of Right
Acts

Recall from [1] as follow:
The right S-act A satisfies Condition (PW Pg), if for all a,a’ € A, s € S,

as =a's = (3a” € A)(3u,v € S)(Je, f € E(S))
(ae = a"ue,d' f = a"vf,es = s = fs and us = vs)

Definition 2.1. The right S-act A satisfies Condition (PW Py), if for all a,a’ € A, s € S,

as =a's = (3a"’ € A)(Bu,v,r, 7" € 5)
(ar = a"u,a'r = a"v,rs = s =1's and us = vs).

Clearly, Condition (PW Pg) implies Condition (PW Pg) but the converse is not true, see the
following example.
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Example 2.2. Let S; = {a'li € N,a'a’ = a¥}, Sy = {b'|i € N,b'b/ = b7}, S3 = {d'|i €
N\ 1,d'd? = d¥}, (I,<) be a totally ordered set which has no the maximum and minimum
element, and Sy = {h"*|i € I,m € N} such that

I = {Zzw L
i 1=3.

Let T = S1 U Sy U S3U Sy such that a™b™ = b™a™ = a"d™ = d™a™ = b™d" = d"b™ = ™",
a"hit = hi'a™ = 0" = b"h" = h'0" and d"h}" = h7'd™ = d". Clearly T is a semigroup. Let
S = T! and J = S,. Obviously A(J) satisfies Condition (PW Ps). Now we show that A(J)
does not satisfy Condition (PW Pg). Since (a?,7)d® = (b%,2) = (a?,y)d?, and e = 1 is the only
idempotent such that ed® = d*, there must be a” € A(J) and u,v € S such that (a?,2) = a"u,
(a®,y) = a"v and ud® = vd3. But (a?, ) = a”u implies a” = (1,7) and u = a? or a” = (a?, ) and
u = 1, which in every case, (a?,y) # av, for every v € S.

Recall from [2] that the right S-act @ is injective (Inj), if for any monomorphism ¢ : A — B
and any homomorphism f : A — Q there exists a homomorphism f : B — Q such that f = fu.
Tt is called (fg-) weakly injective ((fg-)WI), if it is injective relative to all embeddings of (finitely
generated) right ideals into S.

For elements u,v € S, the relation P, , is defined on S as
Py, ={(z,y) € S x Sluz = vy}.

Theorem 2.3. For any monoid S the following statements are equivalent:

1. All fg-weakly injective right S-acts satisfy Condition (PW Pg);

2. all weakly injective right S-acts satisfy Condition (PW Pg);

3. all injective right S-acts satisfy Condition (PW Ps);
4. all cofree right S-acts satisfy Condition (PW Pg);
5

. (Vs €8) (Fu,v,r,r" € S)(rs=s=1's Aus = vs) and the following conditions hold:
(t) Pyo C PpsokerAgo P
(ii) ker A, C ker A,
(791) ker A, C ker Ay

Proof. Implications (1) = (2) = (3) = (4) are obvious, sine cofree = Inj = WI = fg— W1I.
(4) = (5). Let S; and S5 are the separate sets, where |S1| = |S2| = |S|and a: S — S, 8: 5 = S
are bijections. Put X = (S/ker \s) U S; U Sy, for s € S and define the mappings f,g: S — X as
follows:

() [Y]ker , if there exists y € S; z = sy
) =
a(z)  ifzeS\sS

[Y]ker », if there exists y € S; © = sy

B(zx) if ze€5\sS

Let sy1 = sy, for y1,y2 € S. Then (y1,y2) € ker A5, and 50, [y1]kerx, = [y2]ker 5., that is, f(sy1) =
f(sy2). So f is well-defined. Similarly, g is well-defined. Since fs = gs, and X% = {h: 5 — X}
satisfies Condition (PW Pg), there exist mapping h : S — X, u,v,r,7’ € S such that fr = hu,
gr' = hv, rs =s=1r's and us = vs. Let (I1,l2) € Py, for l1,lo € S, then

f(rly) = (fr)ly = (huw)ly = h(uly) = h(vlz) = (ho)ly = (gr')la = g(r'ls).

Y
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Thus there exist y1,y2 € S such that rl; = sy; and r'ls = sys, and so f(rl1) = [y1]kerr, and
9(r'l2) = [y2]ker A, , Which imply sy; = sya. Also

rly = syr = (l1,91) € Prs
sy = sy2 = (y1,y2) € ker Ay = (I1,12) € P s oker Ay 0 Py v
sy2 =1'ly = (ya,12) € Ps

that is, P, , C P, s o ker A; o Ps ,, and so () is proved.
Now let (t1,t2) € ker A\, for t1,t2 € S. Then ut; = uts and so

flrtr) = (fr)ty = (hu)ty = h(uty) = h(uta) = (hu)te = (fr)ta = f(rts).

From definition f, we consider two cases as follows:
Casel. If rty,rto € S\ 85, then a(rt;) = a(rty), which implies (¢1,t2) € ker A,..
Case2. If rty,rty € sS then there exist y1,y2 € S such that rt; = sy; and rt; = sys. Therefore
f(rty) = f(rty) implies rt1 = sy; = sy2 = rto, that is (t1,t2) € ker A,..
Similarly, (444) is proved.
(5) = (1). Suppose that A is a fg-weakly injective right S-act and as = a's, for a,a’ € A and
s € S. By assumption, there exist u,v,r,r’ € S such that rs = s = r’s, us = vs and conditions
(1), (4¢) and (é4¢) hold. Define
p:ruSUvS — A
x’%{afp, dpeS: x=up
a'r'q dqeS: x=nvq

First we show that ¢ is well-defined. If there exist p,q € S such that up = vq, then (p,q) € P, .
By (%), there exist y1,y2 € S such that (p,y1) € Prs, (y1,y2) € ker As and (y2,¢q) € Ps,s. Thus
rp = sy1, sy1 = syz and sys = r'q. Therefore arp = asy; = a’sy; = a’sys = a’r’q. If there exist
p1,p2 € S such that up; = ups then (py1,p2) € ker Ay, and so by (ii), rp1 = rpa, which implies
arpy = ae1py. If there exist ¢1,¢2 € S such that vg; = vge, by (iii), similar to the pervious case,
a'r'q1 = a’r’'qa. Thus, ¢ is well-defined, and obviously it is a homomorphism. Since, by assumption,

A is fg-weakly injective, there exists a homomorphism ¢ : S — A such that ¢¥|,suss = ¢. Let
a” =1(1). Then

that is, A satisfies Condition (PW Pg). O

3 Conclusion

Condition (PW Pg) implies Condition (PW Pg) but the converse is not true. Also so far there is
no characterization of monoid for which (fg-weak, weak) injectivity or cofreeness imply Condition
(PW Ps). But we have shown it.
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Abstract

One of the interesting topics in hyperstructures is relation between hyperstructures
and graphs. This helps us to study some properties of hyperstructures by associated
graph. The purpose of this note is the study of Cayley graphs associated to a general
Krasner hypermodule. In this note first we associate two Cayley graphs to every
general Krasner hypermodule and then we study the properties of these graphs. Also,
the relationship between two associated graphs will be expressed.

Keywords: General Krasner hyperring, General Krasner hypermodule, Unit element,
Torsion element, Cayley graph

Mathematics Subject Classification [2010]: Primary: 16Y99,97K30, 20N20, Sec-
ondary: 16D80, 05C60

1 Introduction and Preliminaries

First time, the hyperstructure theory was introduced in 1934 by the French mathematician F.
Marty [4]. He introduced the notion of hyperoperations and then hypergroups which are a gen-
eralization of groups. These led to many types of hyperrings, for example, general hyperrings,
multiplicative hyperrings and Krasner hyperrings. The general hyperring is obtained by consider-
ing both addition and multiplication as hyperoperations. The multiplicative hyperring is obtained
by considering the multiplication as a hyperoperation, while the addition is a binary operation.
The Krasner hyperring [3], a well-known type of hyperrings, was introduced in 1983 by M. Kras-
ner. The Krasner hyperring is obtained by considering the addition as a hyperoperation and the
multiplication as a binary operation. Hyperrings have been the starting point for the study of
hypermodules, which were considered by R. Ameri, P. Cosini, B. Davvaz, J. Zhan and others, the
general Krasner hyperrings and general Krasner hypermodules defined in [1]. The Cayley graph
introduction by Arthur Cayley in 1878 is a useful tool for connecting between group theory and
the theory of algebraic graphs. In the last 50 years, the theory of Cayley graphs has been grow-
ing into a substantial branch in algebraic graph theory [2]. The definition of Cayley graphs of
semihypergroup (or hypergroup) was introduced in [5], where some properties of Caley graphs of
semihypergroups were studied. In this note we define Cayley graphs associated to an arbitrary
general Krasner hypermodule and then we study the properties of these graphs.

First recall some notions of the general Krasner hyperrings and the general Krasner hyprmod-
ules, defined in [1].

*Speaker.
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Let R be a nonempty set and P*(R) denotes the set of all nonempty subsets of R. Every map
+r : R x R — P*(R), is said to be a hyperoperation and hyperstructure (R,+p) is called a
hypergroupoid. For all nonempty subsets A, B of R and x € R, define

A+r B =Ugeapen(a+rb), r+r A= {z}+r A, A+px=A+gr{z}.

Recall that a hypergroupoid (R, +g) is called semihypergroup, if for all z,y,z € R, (t4+ry)+rz =
2+ r(y+rz) and a semihypergroup (R, +g) is called hypergroup, if for x € R, x+rR = R+rx = R
(reproduction axiom). A hypergroup (R, +g) is called canonical hypergroup provided that

(i) it is commutative, which means that for all z,y € R, z +ry =y +r x ;

(ii) there exists a unique element O € R such that for all; x € R, Ogp +r x = {z};
(iii) for all x € R, there exists a unique element —z € R such that O € (x +r (—2));
(iv) for all z,y,2 € R,z € y+r z implies y € x +r (—2) and z €  + 5 (—y).

and we will denote it by (R,+g,0g). A system (R,+g,0gr,-r) is called a general Krasner
hyperring whenever

(i) (R,+r,0r) is a canonical hypergroup;
(ii) (R,-g) is a semihypergroup such that for allz € Rx-g0g = O0g ‘gz = {Og};

(ili) 2 r(y+r2) C(x-gry)+r (v r2)and (y+r2) -rx C (y-rx)+r(2-r2) forall z,y,z € R.

A general Krasner hyperring (R, +g,0r, r) is called commutative (with unit element), if for all
z,y € R, x-py = y-gx (if there exists an element 1 € R such that forallz € R, 1-gz = z-gl = {x}).
For a given general Krasner hyperring (R, +g,Og, ‘r), a canonical hypergroup (A, +4,04) together
with a left external multiplication % : Rx A — P*(A), is called a left general Krasner hypermodule
over general Krasner hyperring R (we say that it is a general Krasner hypermodule and denote it
by (A, +4,04,x)), if for all r,s € R and for all a,b € A,

(i) r*(a+4b) C(rxa)+a (r*b);
(ii) (r+rs)*xa C (rxa)+a(s*a);
(iii) (r-rs)*a Crx*(sxa);

(iv) Op*a=1{04}.

A map f: A — B is called a good R-homomorphism of general Krasner hypermodules if,
for all z,y € A and for all » € R, f(x +ay) = f(z) +B f(y) and f(r *a ) = rxp f(z). A
good R-homomorphism f is called a good R-monomorphism, if f is a one to one map, a good
R-epimorphism, if f is an onto map and a good R-isomorphism, if f is a bijective map.

A homomorphism from a general Krasner hyperring (R, +g, -g) into a general Krasner hyper-
ring (S, +s,-s) is a function f : R — S such that f(x +ry) C f(x) +s f(y) and f(x -ry) =
f(x)-r f(y), for all z,y € R. A homomorphism f from (R, +g,g) into (S,+s,-s) is said to be
a good homomorphism if f(x +ry) = f(z) +s f(y), for all ,y € R. An isomorphism from
(R,+R,-r) into (S,+s,-5) is a bijective good homomorphism from (R, +g, g) onto (S,+s,-s)-
The general Krasner hyperring (R, +g,-r) and (S, +g, s) are said to be isomorphic.

Now, we recall some definitions of graph theory which are needed in this note.

Let X be a graph with the vertex set V(X). A graph in which each pair of distinct vertices is
joined by an edge is called a complete graph. The categorical product of G and H is the graph,
denoted by G x H, and vertex set V(G) x V(H), such that vertices {g, h} and {¢, '} are adjacent
precisely if {g,¢'} € E(G) and {h,h'} € E(H).
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2 Main Results

First, we introduce the notion of weak unit and torsion element and after using it, we associate
two Cayley graphs to a general Krasner hypermodule.

let R be a general Krasner hyperring with nonezero unit and (A, + 4, *) be a general Krasner
hypermodule. Then I'(A) = {a € A: 04 € r*a forsomeOp #r € R} and U(R) ={b€ R:Ja €
R1g € b-ra} are the set of torsion elements of A and the set of weak unit elements, respectively.
The torsion-unitary Cayley graph of A is a graph with elements of A x R as vertices and two
distinct vertices (a,r), (b, s) are adjacent if (a,r) — (b,s) C T'(A) x U(R). This graph is denoted
by I'r(A). The torsion Cayley graph of A, denote by I'T'g(A), is the graph whose vertices set is A
and in which {m,n} is an edge if m —n C T'(A).

Theorem 2.1. Let (A,+4,%) be a general Krasner hypermodule. Then:
(i) If Tr(A) is complete graph then A =0 and U(R) = R\ Og;
(i) IfT'(A) =0, A=0, U(R) = R\ Or then I'r(A) is complete graph.

Theorem 2.2. Let (A,+4,%4) and (B,+p,*p) are general Krasner hypermodules over a general
Krasner hyperring R and ITr(A) 2 TTr(B). Then I'r(A) 2 T'r(B).

Example 2.3. According to example 4.3 of [1], (R, +g, *) is a general Krasner hypermodule over
general Krasner hyperring (R, +g, -r), where +g, -, * is defined by the following tabeles:

+r |0 1 a R|0 1 a «x[0 1 a

0 0 1 a 010 O 0 010 O 0

1|1 {0,a} 1 1101 a 1]0 1 a
a 1 {0,a} a |0 a {0,a} a|0 a {0,a}

Clearly, I'(R) = {0,a} and U(R) = {1}. Cayley graphs I'T'r(R) and I'g(R) are as in follows:

I'(R) I'T(R)

Theorem 2.4. Let (A, +4,%4) and (B,+B,xp) are general Krasner hypermodules over general
Krasner hyperring (R, +r,0r, r, 1r) and a : A — R be good R-monomorphism andU(R) = R\Og
and Tr(A) 2T r(B) and TTg(A) is a graph that does not have loop. Then TTr(A) 2 TTg(B).

Definition 2.5. ( [1]) Given a collection {4;} of general Krasner hypermodules, the direct prod-
uct [[,c; Ai is just the product of the underlying sets A; with general Krasner hypermodule
hyperstructure given by componentwise hyperaddition and left external multiplication, i.e., for all

(ai)iej, (a;)i.g[ S HieI A;and r € R,
(ai)ier +' (a;)icr = {(ci)ier : ¢i € a; + az,i € I},
r+ (a;)ier = {(ti)icr : t; €T xay,i € I}
The direct sum @, ; A; is a subhypermodule of the direct product [];.; A; consisting of elements

(a;)ier such that all but a finitely many a; are zero.

Definition 2.6. ( [1]) Let (A,+4,%) be a general Krasner hypermodule over general Krasner
hyperring R. It is called a trivial general Krasner hypermodule, if for all » € R and for all a € A,
we have |r*a| = 1.

Definition 2.7. Let (A, + 4, %) be a general Krasner hypermodule over general Krasner hyperring
R. Tt is called an ultraassociative general Krasner hypermodule, if for all » € R, a,b € A,

rx(a+ab)=(r+a)+a(r=b).
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Now, by the above definitions we have the following propositions.

Proposition 2.8. Let (A,+4,*4) and (B, +p,*p) are general Krasner hypermodules. Then there
exists a bijective homomorphism from T'r(A@ B) onto TTg(A) x T'r(B).

Proposition 2.9. If in the above proposition, R is a commutative Krasner hyperring and A, B
are trivial ultraassociative general Krasner hypermodules. Then

Tr(AE@D B) 2 ITk(A) x Tr(B).

3 Conclusion

The torsion-unitary Cayley graph and torsion Cayley graph of a general Krasner hypermodue is
presented and the properties of these graphs were studied.

References

[1] M. Hamidi, F. Faraji, R. Ameri and Kh. Ahmadi-Amoli, Normal injective resolution of general
Krasner hypermodule, Journal of Algebraic Systems 10 (1), 121-145. (2022).

[2] E. Konstantionova, Some problems on Cayley graphs, austral. J. Combin. (25) (2002), 73-78.
[3] M. Krasner, A class of hyperrings and hyperfields, Int. J. Math. Math. Sci., (2) (1983), 307-312.

[4] F. Marty, Sur une generalization de la notion de groups, 8th Congress Math. Scandinaves,
Stockholm. (1934).

[6] Kh. Shamsi, R. Ameri and S. Mirvakili, Cayley graph associated to a semihypergroup, Algebraic
Structures and Their Applications, (2020), 29-49.

\Al



28Lh Traniam Algebrs Semimar M;_, L-' ,.- r-.--'"
Uhniversity of Warasheh

01T July 2024 VEY ale Yoot

algebra28-00500052

0)93 rﬁb)Lﬁ \ uL’Lw.? L d)l&ﬁ 9 g",.;g..,o 6;5\_," e U;ifj«’ﬁ‘ 6};5\_’" J:JGB
olaaly ¥ 4t VFo Y-V For Lass Jl o5 dawse

olaly Y el iy 5 isal slsl oliazsh 5 ol Giyan 5 Giisel JS oolsl eebliy Gispal adyl el IS
aminnassert.2329@Qgmail.com

T &gajx SsrSI 555k 5 18 3 G ol B eaSs
S 9 2SI 6.);":’.):‘3{3 dlis ool 53 ol s oL, iy r"’)l:i \ obles s
Sosd o5, rnjb s olisal 2l N bl oy dslas 5 Emne 5,550
ty J\ wl.n)‘ 4.4...» CJL = J..al; d"‘-’” s w;)\fe (SRIRP rj.s A.E.w}..n
&,JJ 6..4\4) wJ r.bJJL dLvd U‘)}"“u‘“‘b LdjLo‘ wl.> s O}”J\u“‘} U)A)‘u..w
JL@._? uu‘uﬁ)\swu\ﬂb Y«:.?L’ Vfo¥-\¥o YMJ[MJ)(}}QE.«I‘W
S 53) VS ez L,E.fuj,,;o\,;@/(u{.% S g 5 wlms LUS 53) WS
o 5> SIS (6550500 gy b oIS 09 S Ol (Slmy WS 0 5 wlis

Jols el Gimo G303l (0303l 5 D303y 03) bl go i) - whaso sl
Ao Y&/o (Y4 /e c/\°/°)3 (/\\/° YA/o (Nolo (Y&/o c/\\/°)@lﬁl.; l.sJ\}wc,g
t ool esluslin) Gl (Sl 51 baedl Jlssuos sl ol a3g (A0
‘_gLMj)f CJ\J.M u..i'L.A J.ALO.’:‘ &S sls OL’:‘J ct‘d ool v Zes ) J.E;...A 6LhajJ§
J;\ u‘)}h‘w‘.} U YW G Y| B 1 VR I CURCIU ) F PR I g u,..a\»)
U‘ b)}?)b ..\4‘4.\.9)50)@_! .)j? 6;.‘5.)\4 BEl g.)l&u.b‘ 6)3\.4.9)‘ éwlﬁj‘ 6\.&&3;} J)‘.}

Llesls olis (i w,....:.; L5J.‘.‘S'>li BYN) .u\asjfwl.us B

FURVIN

wlal 5 Sk (sl wmd (gosh S sbunls S cul oy oKl lelbl 5,58

el 2y a8 4 sl 3 S St 5 0 lal Coge 50350 Js20 Lles ) SV
b el s 85 4 dose pl 53 (s DY 5 0ud Sl sy cpl 5150 EIPSTS
250 50,550 5 el (b 3 ez 6 SL Lo ) 30306 (63,500, 0l 4 (S5 2SI
5 s il baesld laanin 5 mle 6 SHG L ol 250 5 b 52 s (oS 2
L 25 uijjj).s s SLE Cibaxis c.sb'TGaUé.’s sbul gl u..ijjjdbk:m Sos sl s L)..,ra
Oy Cus g L:or:.,...:...; O.“s\ VN J.U'}AT).: Lg\»;_,.fwks‘o\ﬁ\)ﬁ S Lg\.a:r:.m:..» [\] 34h o0
Sl GIOLD s 5 ol (S0l Cote s 53 by o Fisal sl b o s
63 b amsa 1A gmitils JLast s gloly wix b e wile oleylnl b1 aols ddas ¢ 55

2020 Mathematics Subject Classification. Primary: 13HXX, 05EXX; Secondary:
16WXX, 05EXX.

ng:f:b” cﬂdbl.ux 9 c‘_é&‘biﬂ\ 6.);":’. 6.&.150\?5\5

\A¥



e dslas 5 e Cons 5L (S Sl (6,50 L4t ol e
x5 [Y] Cealoas 0T 31 o0 28 slital Corgo s § 55l el 430 ctliiion 13 B3
b o 53 590l st 4 s DL | 5 MBI (6558 5,508 35)L plys 4 (K355
S ol o s 5 el @3l 855 1y iisel 3 s 281 olgie 4 oS Cel a8l Jle
Wlsn 6oL o5 1y (Soa SN S5l Ol 5 SUS wls sm g sad olasl sla el
SS9 6L § 5 ol xS oge Sl b il waytd ) 3k sl bl bug S
St 3 6L s S ol iel Blual b conlie g Jals 2,05 »
ek 1l ol ba gy 5 Vyiomn JUESH L 88 pm molizl s 5 Lol ks 55 pal Cilisee
(Oloser (S5 8l L) 355 w3ls B590) (20 a5 S5 on 63,500 S0 5 Wan3ly 5 slas
5 oMbl gl s ¢(Ologon e (S9SN (5,85L) 235 (> b (53,8 Ssalass Dlalllas gl L
sp 1y Slosle s Shee b g oas a5 ayls BLoy (6358 (6,0 Blaal b & was slas e
Sl b 5 5 ol 5 5m 5) Gaasal Jsol 1 eslizeal b (S S 65k ki o
(FLUL) oo 5l aslinal b (5w 51 (650 55 0ol riran aS(on @13 1) Glasan b 5 Olosen
4 S SN bl wiz 5l (gl S ik 5,5 8L Sos (gm 515 (LT Sl (550
gleallel (b YoV ¥l s sSesy Sl olasle wwbige (228 (g0l Olez o shalsh osb
Sl s cale by S 4 Sl s sl sl Ll Sl (S S0 s S ol
et b b aol B S Jlale e 4 (S 28U (6,500l sad s G815 il pol s
el sad €5l g0 (65518 Sl aslinad b olgmisls (sl sliws anns 4 e 5 Wi
oo 5 als Gl anss ok 51y (e s IS (sl saly sy 55l U (S S0 5L
el sl sre plo & S Slel sl lins > iy G S Gkl 4l oS i
Ol b sloluyuiz sbadasa ool 51 aslinl [¥] xS o ra:\,e 2505 e s 9L cany3 5593 93,5

bl:g‘\ > Y @‘)E d_,.a‘)‘ sslinl ng u..’;LE; (e gl (D g O gy Sl JU.’L;\
B sl s il eid L) 5lse & 5 b 1] Sl s S 080,60 5 03550 5 s
oo )90 Sosd LSL, ) r“’éj\:’ V oblas s dslas 5 o (650 S35 sx5b
L 6‘4?-4‘)3 wL«‘ w‘ﬁ VR )‘JB IR 8 ‘J O‘Mb Y 4:9\3 \on_\f')rM dl.w rﬁ.}
0233k Vbl s dolan 5 o Comn (50 (S3sSI (S0L LT 2tS g 5 5

s e 3 09> dhangie 0y SG5d LSL, )

GSG5ed Sogy 5 Syed canal> .Y
SV ¥o¥ hass Sl o5 dlangin w33l Jl oy 5 253 Olisalsls Jols gims gl anels
O‘jl.&‘b L/'NXLSJLG'? L}u):wb)b 6\@)’? 6;43}‘6) &j)bé}é WL?)‘ .C,\..:\ O‘Mb T?b \on

Sl WS 93) oS 05 5 ol US ez 5 (6] ey US55 5 €lms LS 53) iulesT s S
% uLx’L." (4‘\)"“?. w%j) 9

kg Iyl Y

0503131 cpm 2 S Sl S 45 05518 g3l 3590 ol slag s Sl 51

S35 b boygasl shsme -t sslizal (g5l 5o o8 5 03031t 03 08) oo Sty
€y pps dhamgie @23l Jlo ) plles LS Eolio 5l Gl sl 5 Ol il (5L (25 5]
Sl vy o3 Qg gy Jols pail 55 S 2 lsal (dolae 5 s Joad) Sondsbs
Cogon 28 (Hhb wSpe Sl Jlse o 51 el VB e Ol osls b sl il
Jold dslas 5 > Eine) Cﬂ-égf@)%_u“ﬁ A slesl s O}A}‘utg 5o 2 sl s osesl i
o3l 5 o OLld ) 5 (a0l (gloos S i 51 lagysasl olsims (2las (ol s

meyre & Clarlk

\A1



o dslan 5 e 55k (S8 5L S ol e

© VY Ol — 358 bl s 5l sl b bpsasl e 5 bosesl i bl s sl
455J.A‘C~a.>4g (/\\“/0 AV/e YA/o (Y4/o c/\°/°) 9 (A\/° YA/o (Ae/o (Y&/e c/\\/°) oS
G s Y

o15855 8 olyea WS Fl*" sz s JvﬁLw‘T 03,5 Olyes WS rl*"JLP JvﬂWTLS‘J?‘ sl
(i Blasl o,y dlds e b aasobasl plidas s Ol plaal; ¥ el oyl )

oo 5135 s b b sl s 4o g el s b o sl il b 5 (S Sl S0
3l Slyl3le 5 ¢ Ol etle (2550l S8 5 (85500 03,28 ) ezl (32501 (S50 13!
Bl s o & by e (iS5 Lol e s 158 5 03 28 Slio byl 5 (5L,
SUT olosl clans S (sl dolan 5 e Eimen S5 S, @223k ) obles o gl (5
x5l w35 5 Oligl 2l G 5 D8 i 5 (Jelotisn i |y s oles Lol 5l ey s S

s o9y Oled 45015855 8 5550 53 -5la 0 2ls 8) 4 OTwL»‘ 2 BLs S s 1y (o S
-rﬁ\asﬁ&s el O 6)3\;.5 shesla) a3 ny

sl 0
o3 dolan 5 sz Son (550 (SN (S LT ¢ Sl Sl Ole 3 el 403
[AQ}»}T)’\ J..ab qu’“" 4l (s J:J:L? (93 AL...:):A 5595 ;5\3_,:.9 Ls"tii Ly r‘“ﬁti \ obles

Jolis il b s oo ol 4 bt 5 02 5yls SPSS L1k s (0silm 5 0905l0t)
s bM\CA«b‘Q B3] @L’b S ol el J.Sl.we 6LkbﬁJ§t Q):}) J\ uy)‘w )‘ LUA)‘M

’sz‘bs;such‘u‘ T ‘g)\&b\d\ﬁ‘ ‘u:i"':‘“‘ N ‘ Lm); ‘

ISAAR R AR IS

ooo/o ** had )
/ vayn | evr SO
kx P < oo *P <o)

el 56158 sl S slagp Sl S5l 4 Ly e tats ) e

35 )l ngmg 098 93 o P <00 cla.d).s Solssrn Dl S ams oo lis ) Jsu @\:.:

sy M= o) A 058 o 1 sty M = YAR el 2.8 ik caslin

Sosd ol ) 033k ) pbla oys dslas 5 i Conn (5,500 L (S5 28U (6,00 ol
GV [y PPV JE IR LRV W SsJ\:GS,bLJErp o oo 0y

SrSams 5 S F
Olbar s dolan 5z Cone (1 S0L 2 (S80S 650k 5B G ol 453 53
2800l w45 3 S LS 13 s 350 090 dangie nyss S5 2L by sk JLu )
Lol S50 ol 5 Dls,l 5 Ml 655k 51 oyl sal 230 a3l la oo ol b bl
by el 252y panits lilasly S5 2L, a3l ) Obles ass dlas g s Zxee s

Dbl s dolan 5 ez s 53 1 035004230 (680 )lin (S92 (xSl gty 01500
o8 Ll5on Db 5 DLW (glagg 5l 5 aslial riomen ooy ul 33l b (L, a3l )

Yo



o dslan 5 e 55k (S8 5L S s e

9> Sty 305800 sloul Eel sgn el pl S WS sloul Gl gl 550 53 dslae 5 e Eons 51 (600
pabige Soxd ool dy a3l ) pblas [os & o g0l 5D

&l

Lzl S0 6k Conan s (U5l (B sn 005 5 OLLSE Calg LS gtz sl )

A oles (\YAY) £ oo s r,l.c 5 obls,l y okl (_g),TO.’«a wllad (o, sKasls Sy xS
Yo-va vy gl

. B. Beatty and C. Ulasewicz, Faculty perspectives on moving from blackboard to

the moodle learning management system, TechTrends 50 (4) (2006), 4, 36-45.

. A. Bete, Open learning and distance education, New York, Rutledge, Betes

(2008), 9.

. Y. J. Katz, Attitudes affecting college students’ preferences for distance learning,

Journal of computer assisted learning 18 (1) (2002), 2-9.

\id



28th Tranian Algebra Seminar o I,.r".e\.-"‘“ r"’"'j._,-f
University of Maragheh

=10 duly 20K24 LR i PR

algebra28-00520061

On Non-Commutative Graph of a Polygroup

Reza Ameri! and Mohammad Reza Fadaei®*

!Department of Mathematics, University of Tehran, Iran.
Email address: rameriQut.ac.ir

2Department of Mathematics, University of Tehran, Iran.
Email address: mrfadaei@ut.ac.ir

Abstract

In a classical algebraic structure, the composition of two elements is an element,
while in an algebraic hyperstructure, the composition of two elements is a set. A
polygroup (P, o) is an special type of a hypergroup, which satisfies the axioms similar
to a group. In this regards we associate to P a graph I'p, whose vertices are elements
of P\ ((P), where {(P) is the center of P; and x connected to y by edge in case
Toyw # yrw, where w is the heart of P. In this regards, we obtain some properties of
graph I'p, and study the relationship between the graph properties I'p and algebraic
properties of P. In particular, we prove if {(P) # P, then dim(I'p) =2 and I'p is a
connected graph.

Keywords: Polygroup, Fundamental relation, Fundamental group, Noncommutative
graph.
Mathematics Subject Classification [2010]: Primary: 20N20, Secondary: 05C25

1 Introduction and Preliminaries

Finding the relationship between hyperstructures and properties of its associated graphs is an
interesting topic in the last years. There are many papers on assigning a graph to a ring or a
group and investigation of algebraic properties of ring or group using the associated graph, for
instance see, ( [4], [3]). Also, in algebraic hyperstructure theory, some authors study the relations
between an algebraic hyperstructure, such as a semihypergroup, hypergroup or a hyperrings, and
their associated graphs( for more details see [6,7,10, 14, 16]).

In this paper we consider the class of polygroups as an important subclasses of hypergroups,
which were studied by Comer [5]. In this paper we consider a polygroup P and associate to P a
graph I'y = (H, E), via the heart of a P. In this regards, we introduce various kinds of graphs to a
(resp. hypergroupoid) hypergroup via the relation /3, and its transitive closure 5*, which is called
the fundamental relation. Precisely, consider a hypergroupoid (H, o), we associated to H a graph
'y = (H, E), with vertices as the elements of H, and z is adjacent to y if  and y belongs to a
finite hyperproduct of the elements of H. In this regards, we investigate the relationship between
graph properties of I'y and algebraic properties of H. In particular, we study the relationship
between algebraic properties of a given semihypergroup(resp. hypergroup) H and study the graph

*Speaker.
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properties of I'yy. A hyperstructure (or hypergroupoid) is a nonempty set H with a hyperoperation
o defined on H, that is, a mapping from H x H into P*(H), the family of all non-empty subsets of
H. If (x,y) € H x H, its image under o is denoted by x oy, or xy. If A, B are non-empty subsets
ofH then Ao B is given by Ao B = J{zoy|z € A,y € B}. x 0 Ais used for {x} o A and Aoz for
Ao {x}. Generally, the singleton a is identified with its member a. The structure (H, o) is called
a semihypergroup if ao (boc) = (aob)oc for all a,b,c € H, and a semihypergroup (H,o) is a
hypergroup if x o H = H ox = H,Vx € H, which is called the reproduction axiom. This axiom
means that for any x,y € H there exist u,v € H such that y € zou and y € vox.

Definition 1.1. [9] A polygroup is a hypergroup (P, .,e,—1), where e € P, —1, is an unitary
operation on P and the following axioms hold for all z,y, z € P, the following hold:

(i) ex =z.e=ux;
(i) r €yoz=y€aozl = zcyloum.

A polygroup P in which z.y = y.x for all z,y € P, is called commutative polygroup. An
exhaustive review updated to 1992 of hypergroups theory appears in [6]. Also, for a good review
of polygroups refer to [9]. A recent book and [7] contains a wealth of applications of algebraic
hyperstructures. Let H and K be hypergroups, a function.

For all n > 1, we define the relation 8, on a semihypergroup H, as follows:
aﬂnb — El(xla s 7xn) € Ha {aa b} C H?:l Lis and ﬂ = UnZana
where 81 = {(z,2) | * € H}, is the diagonal relation on H. Suppose that §* is the transitive
closure of 3, the relation 3* is a strongly regular relation [12].

Theorem 1.2 ( [11]). If H is hypergroup, then 8 = B*.

2 Main Results

The kernel of the canonical map ¢ : P — P/f* is called the core , or the heart of P and is
denoted by wp (or w). For any group G, the subgroups Z; for ¢ € {0,1,2,...} is defined by (here
abbreviate Z;(G) as Z;) Zy = {e}, where e is the identity element of G, and for ¢ > 0, Z; is the

subgroup of G corresponding to Z(%-) by the correspondence theorem ZLZA =7 (%) Clearly,

Zi—1
[Zi,G] C Z;_1. The sequence of subgroups Zy C Z; C Zs C ... is called the upper central series of
G. its i-th term Z; is called the i-th center of G. A group G is said to be nilpotent if Z,,,(G) = G
for some integer m; in the case, the smallest integer ¢ exists such that Z.(G) = G, it is called the
class of G. It is easy to see that x € Z; if and only if [z,y1,...,u:] =1L, y€ G .
Let G be a group and Z(G) be its center. A graph I', whose vertices are the elements of G\ Z(G)
and x connected to y by edge in case xy # yx, was first considered by Paul Erdés. We denote
by V(G) the set of all vertices of I'¢. A path p is a sequence vpejv;...e5v, whose terms are
alternately distinct vertices and distinct edges, such that for any ¢, 1 < ¢ < k, the ends of e; are
vi—1 and v;. In this case p is called a path between vy and vg. The number k is called the length
of p. If vg and vy, are adjacent in I’ by an edge €11, then pU{exy1} is called a cycle. The length
of a cycle defined the number of its edges. The length of the shortest cycle in a graph I is called
girth of T and denoted by girth(T"). If v and w are vertices in I', then d(v, w) denotes the length
of the shortest path between v and w. The largest distance between all pairs of the vertices of
I is called the diameter of I, and is denoted by diam(I"). A graph is connected if there is a
path between each pair of the vertices of I'. A subset S of the vertices of a connected graph I is
called a cut set if T\\S is not a connected graph. For a graph I" and a subset S of the vertex set
V(T), denoted by Nr[S] the set of vertices in I" which are in S or adjacent to a vertex in S. If
Nr[S] =V(T'), then S is said to be a dominating set.
In the sequel first we define center of a polygroup, then we associate a graph to a polygroup, and
we study some properties of this graph. Let P be a polygroup and ((P) denotes its center. We
will associate to every polygroup P, a graph I'p, whose vertices are the elements of P\ ((P) and
x connected to y by edge in case xyw # yaxw. We denote by V(P) the set of vertices of graph I'p.
Let {z | zyw = yaw for all y € P }, we show that this set ia a subpolygroup of P. Also, a
new definition for the center of P is obtained, which it is denoted it by ((P). Also, the notions
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of upper central series of a polygroup P, and centralizer an element z in P are introduced. In a
polygroup P, the commutator of two elements x,y € P is defined by [z,y] = {t | t € 2~ 'y lay}.
If AC P, then [A,y] = {t | t € A~'y~1Ay}. Therefore, [[z,y],y] = {t | t € [z,y] 'y [z, y]y}.
And inductively is defined as [z,,y] = [T;n-1y],y] = {t | t € [zn—1y) 'y H2sno1y]y}. Also,
A® ={t|textAx}.

Theorem 2.1. Let P be a polygroup. Then 8*(xy) = B*(yx) if and only if xyw = yrw.

Definition 2.2. Let P be a polygroup. Define ((P), center of P by

¢(P) = {z|zryw = yaw,Vy € P}.
Theorem 2.3. If P is a polygroup, then ((P) is a normal subpolygroup of P.
The next result immediately follows from Theorem 2.1.
Corollary 2.4. Let P be a polygroup. Then x € ((P) if and only if 8*(x) € Z(P/B*).
Definition 2.5. Let P be a polygroup.
(i) ¢o(P) = w; and
(i) Gu(P) = {&] 2yCa_1(P) = yoCu 1 (P), Y,y € P}, for n > 1.
Note that w C {1(P) C ..., which is called the ascending central series of P.

Theorem 2.6. Let P be a polygroup and x € P. Then for all y € P, on has

B*(xy)Zn(P/B") = B*(yx) Zu(P/B") = 2yCa(P) = ya(u(P).
Moreover, © € (,q1(P) if and only if *(x) € Zn11(P/5%).

Definition 2.7. For two polygroups P, H, the graphs I'p, "'y are isomorphic( I'p = I'y) if there
is a one-to-one correspondence ¢ : P\((P) — H\((H) preserving edges, i.e. z,y € P\((P),
ryw # yaw if and only if () £ $(y)p(@)w.

Theorem 2.8. Suppose P and H are polygroups and ((P) # P,{(H) # H. IfTp = Ty, then
ILpxa ZThxp, for any two commutative polygroups A, B with the same order.

Definition 2.9. For two polygroups P, H, their associated graphs I'p, 'y are isomorphic, and
we write(I'p = T'y) if there is a one-to-one correspondence mapping ¢ : P\((P) — H\((H)
preserving edges, i.e.

z,y € P\((P),zyw #yrw &  p(@)p(y)w # p(y)e(r)w.

Theorem 2.10. Let P and H be polygroups with ((P) # P,{(H) # H. IfT'p = T'y, then
I'pua 2T y«p, for any two commutative polygroups A and B of the same order.
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Abstract

Let R be a commutative ring with identity and M be a unitary R-module. This
article introduces the concept of P-semiprime submodules which are a generalization
of semiprime submodules and characterizes a certain class of semiprime submodules.
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1 Introduction and Preliminaries

In this paper, all rings are commutative with identity and all modules are unitary. For the sake of
completeness, we begin by giving some notions and notations which will be used throughout the
paper.

Prime submodules play an important role in module theory over commutative rings with iden-
tity, where a proper submodule P of an R- module M is called prime, if whenever rm € P for
r € R, m € M implies either m € Porr € (P:g M) = {s € R|sM C P}. The notion of the prime
submodule has been widely studied in many papers. See, for example, [5], [7].

Let K be a proper submodule of an R- module M. If there exist a prime submodule of M
which contains K, then the intersection of all prime submodules containing K is called the radical
of K and is denoted by rad(K), see [3], [6] . Also, the envelope of K, denoted by E(K), is defined
as E(K) ={a € M|a=1rm for somer € R,m € M and r"m € K for some positive integer n}.

A proper submodule S of M is said to be semiprime; if r?m € S where r € R and m € M then
rm € S, see [4], [10]. By definition, every prime submodule is semiprime, but the converse is not
true in general. For example, the proper submodule 6Z of the Z-module Z is semiprime. However,
2x3€Z,but 2¢ 7Z and 3 ¢ Z.

Let C' be a multiplicatively closed subset of R. Then there is a surjective map from the set of
all the semiprime submodules S of M such that (S :g ) N C = () for some x € M to the set of all
the semiprime submodules of the Rc -module M¢.

Let {S;} be a non-empty family of semiprime submodules of M. Then ().S; is a semiprime
submodule of M . Furthermore, if A = (JS; is totally ordered (by inclusion), then A is also a
semiprime submodule whenever A # M.

The torsion subset of an R-module M, denoted by T (M), is defined as

T(M)={m € M|rm =0, for some nonzero elemen r € R} = U Ann(r).
reR

Note that T'(M) is not a submodule of M in general.
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An R-module M is called multiplication, whenever for every proper submodule N of it there
exists an ideal I of R such that N = IM. [ is called presentation ideal of N. Examples of
multiplication modules are every ring, every cyclic module, every ideal in a Dedekind domain,
see [1]. Tt can be shown that N = (N : M)M. Clearly, M is a multiplication module if and only
if for each m € M , Rm = (Rm :g M)M, that is,

M = EmeMRm = EmeM(Rm ‘R M)M

Proposition 1.1 ( [9]). Let M be an R- module and S be a semiprime submodule of M. Then
(N :p M) is a semiprime ideal of R.

The converse of Priposition 1.1 is not true in general. Let R=7 , M = Z&Z and S = ((9,0)).
Then it is clear that (S :g M) = 0. Since Z is an integral domain, (S :g M) is a prime ideal and
hence a semiprime ideal of Z. But S is not a semiprime submodule of M. Because, 32 x 2 € S but
3x2¢8.

It was shown [9] that if M is a multiplication R-module, then a proper submodule N of M is
semiprime if and only if (N :g M) is a semiprime ideal of R.

Proposition 1.2 ( [9]). If M is a finitely generated R- module, then every proper submodule of
M is contained in a semiprime submodule.

Theorem 1.3 ( [4]). Let M be a Noetherian R-module with T (M) # M. Then T(M) is a union
of semiprime submodules of M.

We recall that if M is a multiplication R-module and K; = IM, Ko = JM, for some ideals
and J of R, are submodules of M then the product of K; and K, denoted by K; K>, is defined
by IJM.

Proposition 1.4. Let M be a multiplication R- module and F' a prime submodule of M. If K1, Ks
are submodules of M such that K' Ko C F for some positive integer n, then K1 C F or Ko C F.

Proof. Suppose that K7'Ks C F', but Ky Z F. Since M is multiplication, there exist ideals I, J of
R such that K; = IM and Ky = JM. Therefore, K'Ko = I"JM C F. Hence, I"J C (F :g M).
Now, (F :g M) prime implies that I C (F :g M) or J C (F :g M). Since I Z (F :g M) we get
JC(F:g M). O

We follow [2] and [8] for terminologies and notations not defined here.

2 Main Results

The purpose of this section is to generalize the notion of semiprime submodules.

Definition 2.1. The semiprime submodule S of an R-module M is calles P-semiprime whenever
(S :g M) = P is a prime ideal of R.

Lemma 2.2. Let P be a prime ideal of the ring R and S be a P-semiprime submodule of a finitely
generated R-module M. Then

{m € M|rm € S for somer € R— P}
18 P-semiprime.

Theorem 2.3. Let P be a prime ideal of the ring R and S be a P-semiprime submodule of an
R-module M. Then
E(S)+ PM C rad(S).

Proof. Since S is a semiprime submodule of M, we get E(S) = S is a submodule of M. So,
E(S)+ PM = S+ PM. Now, let N be an arbitrary prime submodule of M containing S. For
each x € PM we get © = X(p;m;), where p; € P, m; € M. Hence, p; € (S: M) and S C N
implies that p;M C N. Therefore, ¥(p;m;) € N which means PM C N. Since N is an arbitrary
prime submodule of M containing S, we concclude that PM + S C rad(S). O
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Theorem 2.4. Let P be a prime ideal of a ring R and M be an R-module. Let
P ={m € M|rm € PM for somer ¢ P}.
Then P =M or P is a P-semiprime submodule of M.

Proof. Let P # M and r € R— P, m € M where r>m € P. So there exists z ¢ P such that
x(r?m) € PM. Now, P prime 1mphes that "~ 1r"~1 & P, that is, rm € P.
Now let r € P. So for any m € M, rm € PM. Let r>m € P. Hence rm € PM C P shows
in any case P is a semiprime submodule of M. It remains to prove that (P:gM)=P. P#M
implies that there exists m € M — P. Let r € (P :g M) so rm € P, therefore there exists a ¢ P
such that ram € PM. If r ¢ P then ra ¢ P. But this is a contradiction, because this implies that
m € P. Therefore 7 € P and so (P :g M) C P. From PM C P we find that (P :zr M) = P.
O
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Abstract

As it is well known from universal algebra, for every type F, there exist algebras
over [F, which are free, i.e., do not satisfy any identities or, alternatively, satisfy the
universal mapping property for the class of F-algebras. In this regards, consider a type
F of the generating set, they are, up to isomorphisms, unique and equal to algebras
of term functions, or equivalently, there is a forgetful functor, from the category of
F-algebras to Sets, the category of sets, has a left adjoint. We will prove that this
result does not extend to multialgebras, in fact in this category the free multialgebra
do not exists on arbitrary set.

Keywords: Multialgebra, Free multialgebra, Category of multialgebras, Algebras of
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1 Introduction and Preliminaries

One of the important approach to multialgebras, which is called also hyperalgebras, is from ab-
stract algebraic logic. However, these logics can be semantically characterized by means of non-
deterministic algebraic structures such as Nmatrices, RNmatrices and swap structures. These
structures are based on multialgebras, which generalize algebras by allowing the result of an oper-
ation to assume a non-empty set of values. This leads to an interest in exploring the foundations
of multialgebras applied to the study of logic systems. It is well known from universal algebra
that for a type I, there exists algebras of type F, which are absolutely free, meaning that they
do not satisfy any identities or, alternatively, satisfy the universal mapping property for the class
of F-algebras. At the following we will show that this result does not extend to multialgebras.
Not only multialgebras satisfying the universal mapping property do not exist, but the forgetful
functor, from the category of F-multialgebras to category sets, Sets, does not have a left adjoint.
A multialgebra or a hyperalgebra (H, (8;,| 4 € I)) is a set H with together a collection (5;,| i € I)
of hyperoperations on H.

In the sequel H is a fixed nonvoid set, P*(H) is the family of all nonvoid subsets of H, and for
a positive integer n we denote by H™ the set of n-tuples over H (for more details see [1-9,11-13]).
For a positive integer n an n-ary hyperoperation  on H is a function §: H® — P*(H). Also,
we say that n is the arity of 8. A nullary hyperoperation on H is just an element of P*(H); i.e. a
nonvoid subset of H. A hyperalgebraic system or a multialgebra (H, (B;,| i € I)) is the set H with
together a collection (8;,| i € I) of hyperoperations on H. A subset S of H is closed under the n-ary
hyperoperation g if (z1,...,z,) € S™ implies that S(x1,...,x,) € S. A subset S of a multialgebra
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H = (H,(B;,]| i€ I))is a submultialgebra of H if S is closed under each hyperoperation 3;, for all
i € I. The type of H is the map 7 from I into the set N* of nonnegative integers assigning to each
i € I the arity of 3;. Instead of 7(i) we write n;. Two multialgebras of the same type are similar.
For a nullary operation 3 set 8 = 3. It is easy to see that H = (P*(H),(B,,|i € I)) is an algebra
of the same type as H. Whenever possible we write a instead of the the singleton {a}; e.g. for a
binary hyperoperation o and a,b,c¢ € H we write ao (boc) for {a}o ({b}o{c}) = J{aoulu € boc}.
An equivalence relation on A compatible (resp. strongly compatible) with a multialgebra H on A
is congruence (resp. strongly congruence) of H. Denote by Con(H) ( resp. Cons(H)) the set of
all congruences (resp. strongly congruences) of H.

Definition 1.1. Let H = (H, (3;,| i € I)) and H = (H, (8;,] i € I)) be two similar multialgebras.
A map h from H into H is called a

(i) A homomorphism if for every i € I and all (aq,...,a,,) € H™ we have that
h(ﬁi((ah SR a’nz))) - Bi(h(al)v ) h(a’m))v
(ii) a good homomorphism if for every i € I and all (ay,...,a,,) € H™ we have that

h(Bi(a1, ... an,))) = Bi(h(ar), ..., h(an,)).

Definition 1.2. A universal algebra(or algebra) is a multialgebra whose hyperoperations are
singleton valued(i.e. | 8(a1,...,a,) |= 1 are called operations.

Proposition 1.3. Let H be a multialgebra and S C H. If a € Sg™(S), then there is a finite set T
such that T C S and a € Sg™(T).

Note that on the contrary of universal algebra, for multialgebras, there are various kinds
of categories of multialgebras, since there are various kinds of homomorphisms of multialgebras,
such as homomorphisms, good homomorphisms, multivalued homomorphisms, good multivalued
homomorphisms and etc.. The author in [1] introduced and studied the category of hyperalgebras
and investigate its relationship to category of algebras. In the following for technical reason we
consider multialgebras together multivalued homomorphisms as morphisms. Denote this category
by MA. Then the following hold:

(1) The objects of MA are multialgebras of a fix type;

(2) For the objects A, B of MA, the set of all morphisms from A to B, are all multivalued
homomorphisms from A to B, and is denoted by Hom(A, B).

(3) The composition gf of morphism f : A — B and g : B — A is defined by gf : A —
C(gf(z) — g(f(x)), where (go f)(a) = Ubef(a) g(b), Vae A

(4) For any object A, the morphism 14 : A — A(x — x), is the identity morphism.

Note that in the part (2) in above if Hom(A, B) is replaced by Hom,(A, B), the set of all strong(
or good) multivalued homomorphisms, then a new category will be obtained, which it is denoted
by MAg. In fact, MAg < MA is a subcategory of MA, is denoted by MAg, which is not a
full subcategory. Moreover, if we replace (resp. strong)multivalued homomorphisms with (resp.
strong)homomorphisms we obtain new categories of multialgebras denoted (resp. mAg) mA. The
subcategory relations between these categories is as follows:

mAgs < mA < MAg < MA.

2 Main Results

As it is well known the study of free algebra is an important topics in this field. Thus a free algebra
over K must belong to K. However, in a class K, there need not be any free algebra. However,
under some condition for a class K, the free algebra exists. for example if K is an equational
class, then all free algebras over K exist. But we will prove that for the classes of (nontrivial)
multialgebras the free multialgebra dose not exist( for instance see [12]). At the following we
introduce the notion of free multialgebras.
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Definition 2.1. Let K be a family of multialgebra of type F. Given a set X of variables defined
the congruence 0 (X) on T(X) by

Ok (X) =[x (X),

where
.(X) = {p € Con T(X); T(X)/pp € IS(K)}.

Define F(X), the weak free multialgebra over X, by
Fr(X) = T(X)/0(X), X = X/0x(X).

For x € X we write T for z/0x(X) and let p = p(z1,...,2,) € T(X), we write p for
ka(X)(.’fh...,.’fn). B

If X is finite, say X = {1,...,2,}, we often write Fg(71,...,7,) for Fx(X). Note that
Fx(X) is the universe of Fg (X).

Remark 2.2. (1) Fg(X) exists if and only if T(X) exists if and only if X # &, or Fy # .
(2) If Fg(X) exists, then X is a set of generators of Fx(X) as X generates T(X).

(3) If Fo # @, then the algebra Fg (&) is often referred to as an initial object by category
theorists and computer scientists.

(4) If K = @ or K consists solely of trivial multialgebras, the F(X) is a trivial multialgebra
as O (X) = V.

(5) If K has nontrivial multialgebra A and T(X) exists, then X N (z/0,(X)) = {z} as distinct
members z,y of X can be separated by some homomorphism « : T(X) — A. In this case

| X| = |X].

Theorem 2.3. Let A, B,C be multialgebras and o : A — B, : A — C be two multivalued
homomorphism. If ker 8 C kera and 8 is onto, then there exists a multivalued homomorphism
v:C — B, such that a =~y o 3.

Definition 2.4 (See [12]). Let K be a class of multialgebras of type F and I(X) be a multialgebra
of type F which is generated by X. If for every A € K and for every (multivalued) map a: X — T
there is a maximum homomorphism (with respect to inclusion of homomorphisms) 5 : I(z) — A,
which extends « (i.e., B(x) = a(z) for z € X), then we say I(X) has the quasi universal mapping
property for K over X, X is called a set of free generators of I(X), and I(X) is said to be freely
generated by X.

Theorem 2.5 (See [12]). Suppose K be a family of multialgebras of type F and suppose T(X)
exists. Then Fx(X) has the quasi universal mapping property for K over X, that is for every
(multivalued) map o : X — I there is a mazimum homomorphism( with respect to inclusion of
homomorphisms) 8 : I(x) — A, which extends « (i.e., B(x) = a(x) for x € X).

Theorem 2.6. Let K be a family of multialgebra of type F and Fr(X), Fr(Y) be two K-quasi

free multialgebra over X, Y. If | X| = |Y| and T(z) ewists, then Fr(X) = Fg(Y).

Corollary 2.7. If K is a class of multialgebras of type F and A € |K|, then for sufficiently large
X, Ae (HFg(X)).

Open Problem. Consider the fundamental functor
F:MA — A,

from category of multialgebras of type F to category of algebras, which assign to every multialgebra
A its fundamental algebra A/a*( for more see [4]). What objects in MA are preserving under F'?
for example dose this functor is continuous? or preserve direct products and weak free objects?

AF



R. Ameri

References

1]

=Y

(=2

R =N

R. Ameri, On categories of hypergroups and hypermodules [Italian journal of pure and applid
mathematics, 6 (2003), 121-132.

R. Ameri and I.G. Rosenberg, Congruences of multialgebras, Multivalued Logic and Soft Com-
puting, 15 (5-6) (2009), 525-536.

R. Ameri and M.M. Zahedi, Hyperalgebraic systems, Italian.

R. Ameri and T. Nozari, A connnection between categories of (fuzzy) multialgebras and (fuzzy)
algebras, Italian Journal of Pure and Applied Mathematics, 6 (1999), 21-32.

S. Burris and H.P. Sankappanavar, A course in universal algebra, Springer verlage, 1981.
G. Gratzer, universal algebra, 2nd edition, Springer Verlage, 1970.
P. Corsini, Prolegomena of hypergroup theory, Second ed., Aviani Editore, 1993.

P. Corsini and V. Leoreanu,Applications of hyperstructures theory, Adv. Math., Kluwer Aca-
demic Publishers, 2003.

C. Pelea, I. Purdea and L. Stanca Fundamental relations in multialgebras and Applications,
European Journal of Combinatorics, 44 (2015), 287-297.

[10] C. Pelea, On the fundamental relation of a multi algebra, Ttalian journal of pure and applid

mathematics, 10 (2001), 141-146.

[11] H.E. Pickett, Homomorphism and subalgebras of multialgebras, Pacific J. Math, 10 (2001),

141-146.

[12] H. Shojaee and R. Ameri, Various kinds of freeness in the categories of Krasner hypermodules

, International Journal of Analysis and Applications, 16 (6) (2018), 793-808.

[13] T. Vougiouklis, Hyperstructures and Their Representations, 115, Hadronic Press, Inc., Palm

Harber, USA, 1994.

AY



28th Tranian Algebra Seminar o f.e\.-*‘“ r"’"'j._,-#’
University of Maragheh

=10 duly 20K24 LR i PR

algebra28-00560035

Grey Injective S-Acts

Masoomeh Hezarjaribi' and Zohreh Habibi?*

! Department of Mathematics, Payame Noor University (PNU), Tehran, Iran.
Email address: Masoomeh.hezarjaribi@pnu.ac.ir

2Department of Mathematics, Payame Noor University (PNU), Tehran, Iran.
Email address: Z_habibi@pnu.ac.ir

Abstract

In this paper, we introduce the concept of grey injective S-act and strongly grey in-
jective in the category of grey S-acts over monoids. We study some properties of these
notions and prove that the category of grey S-acts over a commutative monoid has
enough strongly grey injective S-acts. Also, we investigate the Skornjakov’ Theorem
for grey S-acts.
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1 Introduction and Preliminaries

Injectivity is one of the notions which is studied in several categories. Many authors studied
the concept on this notion. For more see, [1], [2], [9], [11], [10]. The Grey system is one of the
most important scientific achievements in the field of how to use uncertain information, which was
presented by Deng [4]. For example see, [3], [8], [13]. In this paper, we define grey injective S-acts
and study some properties of this notion. Also, we show that any grey S-act on a commutative
monoid can be embedded into grey injective S-act. We recall the following definition needed in
the sequel.

We recall from [13], the deﬁnition of grey numbers. Let R be set of real number and g% be a
union set of closed or open intervals g* UZ" (a7, af], which i = 1,2,3,--- ,n, n is an integer and
0<n < oo, al ,aZ € R and a+ <a; < a < at_l For any mterval [ al], pi is probability
for g € [a; , q; ] If the following condltlons hold for

1’1

(i) p; > 0 if and only if [ai—,a;"]egi
( )pz_01fand0nlylf[w 1]¢g

(i) 7 yps =1

*Speaker.
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then we call g a grey number represented by ¢g*. ¢~ =in areg* a; and g*zsupaj cgt aj' are called
the lower and upper of g*.

If g— = g, then ¢gF is a white number. It is clear that the special case of the grey set is the
white set and the fuzzy set is the special case of the white set. If we replaced the characteristic
function with a fuzzy membership function, then the white set become a fuzzy set. We recall the

grey lattice operation from [12], which for grey numbers % = [z, 2%] and y* = [y, y*] , the
Join and Meet of these grey numbers are defined as & Vv y* = [ min {27,y ™}, max {zT,yT}] and
r¥ Ayt = [max {z7,y~}, min {zF,y*}], respectively. Now according to the definition of Join

and Meet, the partial order < on grey set (X, x4) is shown as below:
F <yt = 2t <yTandy <z~

We recall from [5], category GSet, in which objects are grey sets and, morphism between two grey
sets A = (U, x) and B = (V, uu), which x : U — D[0,1]* and p : V — D[0,1]*, is a function f
such that x*(z) < ut(f(z)) and lower u~(f(z)) < x~ (), for any = € U,where D[0, 1]* is the set
of all grey numbers within the interval [0, 1].

Let S be a monoid. A (right) S-act is a non-empty set A together with a map A x § —
A, (a,s) — as, such that for all a € A,s,t € S, (as)t = a(st) and al = a. A non-empty subset
B C A is called a subact of A if bs € B for all b € B and s € S. An element 0 in an S-act A is
said to be a zero or fized element if s = 0 for all s € S. Let A and B be two S-acts. A mapping
f: A — Bis called an S-homomorphism if f(as) = f(a)s, for all a € A, s € S. The category of
all S-acts and homomorphisms between them is denoted by Act-S. We recall category Acty-S in
which all monoids contain zero 0.

From [6], the category Act — GS, in which, the objects are the function x4, which is called
(right) grey S-acts, such that there exists a characteristic function x : A — D[0,1]* from S-act
with the following properties:

(1) xh(a) < xh(as), x4(as) < x4(a) for anya € A, s € S.

(i) x4(0a) =1 and x4 (04) = 0.

(iii) If we consider S as an S-act, x&(1s) =1, x5 (1s) = 0.
The morphisms between two grey S-acts x4 and pp, which is called G.S-morphism and denoted
by 7: XA — pp is an S-homomorphism f : A — B such that x7;(a) < p5(f(a)) and pz(f(a)) <
Xa(a), for any a € A.
A GS-morphism JN”: XA — 71 is (an epimorphism) a monomorphism if and only if f is an
(epimorphism) a monomorphism. A GS-morphism ]N”: XA — 7 is an isomorphism if f is an

isomorphism, and for any a € A, xa(a) = ns(f (a)). Define Im(f) = {f(a)la € A}.
Throughout this paper, unless otherwise stated, all monoids have zero 0 and all S-acts are centered.

2 Main Results

In this section, we study injective objects in the category of grey S-acts and investigate Skornjakov’
Theorem for grey S-acts. We show that the product of the family of grey S-acts is grey injective
S-act if and only if any of this family is grey injective S-act. Also, we define the notion of strongly
grey injective S-act and show that any grey S-act can be embedded into strongly grey injective
S-act.

Definition 2.1. Let x4 and vp be two grey S-acts. Then x4 is a grey subact of vg (vg is
extension of ya) if A is a subact of S-act B and for any a € A, x%(a) < v (a), which is denoted
XA 2 VB.

Also, we call a grey S-act x4 is a strongly grey subact of grey S-act vp if A is subact of B
and VB, = XA-

Definition 2.2. Consider two grey S-acts x4 and vg. We said x4 is inclusion of grey S-act vp,
denoted by xa C vp, if A C B and x%(a) < vi(a) for any a € A.

A4
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Definition 2.3. A grey S-act ¢ is called a grey injective S-act if for any grey monomorphism f:
x4 — vp and for any grey G.S-morphism ¢: x4 — p¢ there exists a GS-morphism h: vg — uc
such that J, f =g. Tt is called strongly grey injective S-act, if it is injective respect to all inclusions
of strongly grey subacts into grey S-acts.

Clearly, if puc is a grey injective S-act, then C' is an injective S-act. However, the conversely
is not true, always.

Example 2.4. Consider monoid S = {0, 1} and characteristic function x5 : S — D[0, 1]* which
x(s) = t} for any s € S. Consider the following diagram

VA —— pup
Fi
Xs

Since S is injective by [7], there exists an S-homomirphism & : B — S such that hja = f.

Clearly, % is a GS-morphism and so xgs is a grey injective S-act.

We recall a grey S-act x4 is said to be cyclic, abbreviation C-grey S-act, if there exists z € A
+
such that x4 = (z) which x4(z) =] and

tgt a€z(S—0)
-4 gt

(we)(a) = % a¢ xS
t(lJ a=204

Lemma 2.5. A grey S-act is grey injective if and only if it is injective relative to the inclusions
of grey subacts.

In the following, we prove the Skornjakov’ Theorem for grey S-acts. For more about this
theorem, see [7].

Theorem 2.6. (Skornjakov’ Theorem For Grey S-acts) A grey S-act ug is grey injective S-act
if and only if it is injective relative to all inclusions into C- grey S-act and all inclusions to grey
cyclic S-acts.

Definition 2.7. Consider grey S-act v4 and element a € A. We recall S-homomorphism A, :
S — A such that A,(s) = as for any s € S. Let A = {As}aca. Clearly, As is an S-act
with mapping Aa x S — Aa, (A, $) = Ags,, which (Ag.8)(t) = Ao(st), for any A\, € A,;s € S.
Now let S be a commutative monoid and define grey function n : Ay — DI[0,1]* such that
n(Aa) = V{\(as))|s € S}, for any A\, € A. We show that n, , is a grey S-act. Consider A\, € A4 and
t € 5. We have n(\,) = V{A(as))|s € S} < V{A((as)t)|s € S} = V{A(a(ts))|s € S} = n(As.1).

Theorem 2.8. Let ug be a grey S-act on a commutative monoid. Then the grey S-act na, is a
strongly grey injective S-act.

Theorem 2.9. Let Sbe a commutative monoid. Any grey S-act can be embedded into strongly
grey injective S-act.

Proposition 2.10. Let {x;, |i € I} be a family of grey S-acts. The grey S-act [[;c; Xia, 15 a
grey injective S-act if and only if for any i € I, X.,, is grey injective S-act.

Theorem 2.11. (i) Any grey injective S-act is a retract of its extension.

(i) If grey S-act, on a commutative monoid, is a retract of its strongly grey extension, then it
is strongly grey injective S-act.
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Abstract

In this paper, we study the intersection of polynomial ideals with parametric co-
efficients using the concept of Grobner systems. Expanding on the intersection of
polynomial ideals with numeric coefficients, we introduce the notion of an intersection
system for two (or more) parametric polynomial ideals by decomposing the parameter
space into a finite set of cells, and for each cell, we can compute the intersection of the
mentioned ideals. Additionally, we provide an algorithm for computing this system
and implement it in Maple.
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1 Introduction and Preliminaries

When considering the intersection of two polynomial ideals I, J C R = K|z, ...,x,], finding a
Grobner basis for the intersection can help simplify calculations and make it easier to analyze the
properties of the ideals. One common method for finding the Grébner basis of the intersection of
two polynomial ideals I and J is to introduce a new indeterminate ¢, and one uses an elimination
ordering such that the first block contains only ¢ and the other block contains all the other variables
(this means that a monomial containing ¢ is greater than every monomial that does not contain
t). With this monomial ordering, a Grobner basis of I N J consists of the polynomials that do not
contain ¢, in the Grobner basis of the ideal. More precisely, If I = (f1,..., fm) and J = (g1, ..., gn)
are two polynomial ideals in R, then INJ = (¢tf1,...,tfm, (1 =8)g1,..., (1 —t)gn) NK[z1, ..., 4]
This intersection has been computed by using Grébner bases. Grobner basis is a useful generator,
a key computational tool for studying polynomial ideals introduced and developed by Buchberger
in 1965 (see his PhD thesis [1]). Many engineering and scientific problems can be represented by
a suitable set of polynomials with parametric coefficients and need to be analyzed repeatedly for
different parameter values. Therefore, this article focuses solely on the intersection of parametric
polynomial ideals which has not, to our knowledge, been explored in the literature. The following
example shows that the mentioned traditional approach for computing the intersection may not
be used for such ideals.

Example 1.1. Let us consider I = (az(z — 1),y*(cy —a + 2)) and J = {(z — b)?y?®) are two
polynomial ideals in K|a, b, c][z,y] where a,b,c € C are parameters and z,y are variables. The

intersection of I and J is computed by the function PolynomialIdeals:-Intersect(I, J) of
Maple 18:

(3 (ab®z? — 2abx® + az® — ab’x + 2abx? — ax?), y* (b%c — 2bex + ca?) — 2 (ab? + 2abx — ax? + 2b% — 4bx + 222))

ay
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By substitution of @ = 2,b = 0 and ¢ = 0 in the above I N .J we have (2x*y® — 223y®). However,
this is wrong for these values since when I|,—2p—0.c—0 = (2z(z — 1)) and J|a—2.p=0.c=0 = (2y3)
we obtain I N J|a—2p=0.c—0 = (z3y> — 22y3).

One may be interested in determining the values of parameters s.t.
cInJ)=oc()No(J])

where o : K[a] = K’ D K is a specialization involving parameter assignments. To achieve this, we
introduce the concept of an intersection system for two (or more) parametric polynomial ideals and
present an algorithm for its computation. In this process, we utilize the notion of Grébner systems.
This concept, along with its algorithms, was initially introduced by Weispfenning [5], representing
an extension of Grobner bases to polynomials with parametric coefficients. Essentially, for a
parametric ideal, calculating its Grobner system allows us to divide the parameter space into a
finite set of cells. Each cell is associated with a set of polynomials. Given specific parameter
values, we can identify the corresponding cell and the set of polynomials within it, which forms
a Grobner basis of the ideal for those particular parameter values. First, let’s recall the concept
of Grébner bases and so refer to [2,3] for further details. Let R = K[x] be the polynomial ring
over the field K on x = z1,...,2,. Below, we denote a monomial z{* --- 2% € R by x* where
a = (a1,...,a,) € N™ is a sequence of non-negative integers. A monomial order on R is a total
order < on the set of all monomials which has the following two properties:

1. For all o, 8,7 € N, if x* < x” then x*t7 < xA*7,
2. The constant monomial is the smallest; i.e., 1 < x* for all € N™.

A classical example of a monomial ordering is the lexicographical monomial ordering, denoted by
<Jex- For two monomials x®, xB e R, we have xB <jew x@ if the left-most non-zero entry of a — 3
is positive. Let f € R and < be a monomial order on R. The leading monomial of f is the greatest
monomial (w.r.t. <) appearing in f, where we denote it by LM(f). The leading monomial ideal
of I = {(f1,..., fx) C R is defined to be LM(I) = (LM(f)|f € I). A finite subset {¢g1,...,9x} C I
is called a Grébner basis for I w.r.t. < if LM(I) = (LM(g1),...,LM(g)).

Now consider S = K|a,x| where K is an arbitrary field, a = a4,...,a,, is a sequence of
parameters and x = x1,...,Z, is a sequence of variables. Let <y be a monomial order on the
variables and <, be a monomial order on the parameters. The product of <5 and <, gives rise to
an ordering on S, denoted by <y a which is defined as follows: For all o, 5 € N” and v, € N™,
x%aY <xa xPa’ = x* <, xPor (x* = x’and a” <, a°%).

Definition 1.2. Let F C S = K]a, x] be a finite set and G = {(G;, N;, W;)}_, be a finite triple
set where NV;, W; C Kla] and G; C S. The set G is called a Grobner system for (F) w.r.t. <xa if
for any ¢ and for any homomorphism o : K[a] = K’ D K, we have

e 0(G;) C K'[x] is a Grobner basis for o((F)) C K'[x] w.r.t. <x
e o(p)=0 VYpe N, C Kla
e g(q) #0 Yqge W, C Kla]

The GES-GVW-CGS algorithms [4] is one of the most efficient algorithms for computing Grébner
systems.

2 Main Results

In this section, we introduce the concept of an intersection system for two (or more) parametric
polynomial ideals, and we describe an algorithm to compute it.

Definition 2.1. Let I and J are two parametric polynomial ideals in S = K[a,x]. A finite triple
set L = {(N;,W;, L;) le is called an intersection system of INJ if for each ¢ and any specialization
o : K[a] = K’ D K satisfying the parametric constraint (N;, W;), we have o(L;) = o(I) N o (J).

ay
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Based on this definition we can present the INTERSECT algorithm to compute an intersection
system. In doing so, Let I = (f1,...,fm) and J = (g1,...,9,) are two polynomial ideals in
S = Kla, x]. We consider the ideal

H=(tfi,.  tfm, (L =t)g1,..., (1 = t)gn) C S[t] = Kla, 1, X]

and compute a Grébner system of H w.r.t. the monomial order a <je, X <je, t (the lexicographical
order in which ¢ is greater than the x and a). The polynomials of this system which do not contain
the variable ¢t will form a system (a Grobuner system) of 1N J.

Algorithm 1 INTERSECT

Require: I =(f1,..., fm) and J = (g1,...,¢s) : two polynomial ideals in S = K|a, x]
Ensure: An intersection system of I N J
<tf17'- tfmv( )917”'7(1 )gn>
L = {(Nl, Wi, L;)}_, a Grébner system of H with respect to a <jep X <jex t
for (N;,W;,L;) € L do
if L; # {1} then
L; .= L; nK[a, x]; (Eliminate those elements of L; contains the variable t)
end if
end for

Return {(N;, Wi, L)},

Theorem 2.2. INTERSECT algorithm terminates in finitely many steps and is correct.

Proof. The termination of the INTERSECT algorithm is ensured by the termination of Grébner
system computations. The correctness of the algorithm stems directly from the standard method
for computing the intersection of two ideals in R = K]x]; the polynomial ring with constant
coefficients [3, page 187, Theorem 11]. More precisely, let us consider (N;, W;, L;) as a triple of
Grobner system L at the i-th step of the execution of the for-loop. If L; # {1} then since all
parameters in L; are non-zero, we can apply the Elimination Theorem [3, page 116, Theorem 2.
Therefore any L; is the intersection of I and J satisfying the parametric conditions (N;, W;). O

Example 2.3. Let us consider I = (az(z—1),y*(cy —a+2)) and J = ((z—b)?y?) in Kla, b, c|[z, y]
the mentioned ideals at example 1.1. Using our Maple implementation of the INTERSECT algorithm,
we obtain the following intersection of I N J as follows:

b2eyt — 2bcxy® + cayt + 20%y3 — dbay® + 22°%y°))
,al, [1], b2y3 — 20y + 22y3))
cl,a,a — 2], ab?y? — 2abzy® + ax?y® — 207y + 4bxy® — 222y3))

([a], [d], [
& {
([e,a — 2], [b,b— 1], [b222y® — 2ba3y> + :c4y3 — bzxy?’ + 2b22y3 — 239°))
([ [
([ [
([e, [

)

x
a? — 2a),[a,b,c,b — ] ab?cy? — 2abcxy® + acx?y3))
ab* — 2ab® + ab2 —2al,[a,c], [ab’cy® — 2abcxy® + acx®y?))
e, bt — 263 + b, a — 2] 1], y3(—20322 + 203z + 3b%x? — 3b%x — 2b2? + 23 + 2bx — 2?)])

([ 1, [ab?c(b — 1)%(a — 2)], [b2ey? — 2bcxy* + ca’y* — ab?y® + 2abxy® — ax?y>+
20%y% — dbxy® + 2223, ab’2y® — 2abx3y® + axtyd—
ab’xy? + 2abz?y? — axdy?))

([ab* — 2ab® + ab?], [a,c,a — 2], [b2ey* — 2bczy* + eyt — ab®y® + 2abzy® — ax?yP+
20293 — dbxy® + 222y3, —2abdx2y? + 2ab3xy® + 3abia?y?
3ab’xy® — 2abz?y® + axdy? + 2abzy® — ax?y?)).

For instance, if a = 2,b = 0 and ¢ = 0 then the seventh branch corresponds to these values
of parameters (these values satisfy (N,, W7)). Therefore, G7|a—2,p=0c—0 = [y>(—2b%z? + 2b3z +
3b%2% — 3b%x — 2bx? + 23 + 2bx — 1?)]| a=2,p=0,c—0 Will be the intersection for the ideal I |,—2 p—0,c—=0N
J la=2,b=0,c=0. This means that for any specialization ¢ holding (N7, W7) we have o(I) No(J) =

0(G7). Consequently, I|q=2p=0,c=0 N J]a=2,b=0,c=0 = (y> (x> — 2?)).
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It is worth noting that a similar method can be applied to compute the intersection of more
than two polynomial ideals with numeric coefficients [2, Proposition 6.19]. The following theorem
is a generalization of this proposition in parametric coefficient cases.

Theorem 2.4. Let I1,1s, ..., I, be parametric polynomial ideals of S = K[a, x| and let
J = <t1]1, - ,tTL», 1-— Z:=1t1'> C K[al, ey Oy Ty ey Ty b1y ,t,«] = K[a, X, t]

where t = t1,...,t, are new variables. Assume that L := {(N;,W;, L;)}._, be a Grébner system
of J with respect to a <jey X <jeq t. Then, the polynomials in this system that do not include the
variables t; will constitute a system (a Grébner system) for Iy N IoN---N1,.
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Abstract

It is well-known that the Baer Criterion for injectivity of R-modules, for a ring R
with unit, is not true in a general category, even in a general abelian category. In this
paper, we prove some results analogous to the Baer Criterion for injectivity in abelian
categories and Grothendieck categories. In particular, we generalize the known fact
that G-injectivity is the same as injectivity, if G is a generator in a Grothendieck
category. Furthermore, some Baer type theorems for general abelian categories is
proved. Fianlly, equivalent conditions to satisfying a classical kind of Baer criterion
are found in (locally presentable) abelian categories.

Keywords: Injectivity, Baer criterion, abelian category, Grothendieck category.
Mathematics Subject Classification [2010]: 18E10, 18G05, 16D50.

1 Introduction and Preliminaries

Let R be a ring with unit. If a left unitary R-module A is R-injective (Definition 1.1), then it is
injective. This is known as Baer criterion (see [2]). One of the important consequences of the Baer
criterion is that the category of R-modules has enough injectives and the other its main result is
that for the case where R is a principal ideal domain, the injective R-modules and so particularly
injective abelian groups, are characterized as divisible ones.

Although the Baer criterion is not true in general, seeking for Baer criterion type results for
injectivity of objects in some categories of algebraic systems, abelian categories and localic topoi
have been investigated in many papers (see for example, [3], [4], [5], [6], [7], [9], [12], [14], [15]). As
the original Baer criterion was proved for unital modules and since abelian categories are natural
generalizations of the category of R-modules, we decided to consider the Baer type criterions in
abelian categories.

It is known that if G is a generator in an Grothendieck category, then G-injectivity is equivalent
to injectivity (see for example lemma 1 [10]). In Section 2 of [13], we generalize this fact by showing
that G-injectivity for a generator G is equivalent to having no proper essential extension (Theorem
2.1). Then, it is concluded that F-injectivity is equivalent to injectivity, where F' is the free object
over the singleton set (Theorem 2.3).

*Speaker.
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A general Baer type criterion has been proved in [11] (see [11], Theorem 9.5.5)) for abelian
categories. In Section 3 of [13], we also investigate a situation such that the conditions of this
theorem are fulfilled and so a Baer criterion type result obtains for abelian categories (see Theorem
3.2). Moreover another Baer criterion type result for abelian categories is proved by utilizing Freyd-
Mitchell’s Embedding Theorem (see Theorem 3.3).

Finally, in Section 4 of [13], introducing the notion of satisfying the classical Baer criterion,
an equivalent condition to have it being satisfied is found for both abelian categories and locally
presentable abelian categories. Following those results, it is concluded that the subcategory of
injective objects of a Grothendieck category is accessibly embedded in it(Theorem 4.3).

In this paper the results that we proved in [13] are briefly mentioned. The most basic notions
of abelian categories needed in this paper are mainly from [8] and [13]. We just recall the following
definitions.

Definition 1.1 ( [13, Definition 2.1]). Let A be a category and A be an object of A. An object E
is said to be A-injective, if for each monomorphism i : B — A and for each morphism f: B — E
there exists a morphism f: A — F such that foi= f.

Definition 1.2 ( [13, Definition 2.2]). 1. Let A be a category. An object K is said to be
injective with respect to a morphism m : A — A provided that for each morphism f: A —

K, there exists a morphism f : A — K such that f om = f.
2. If M is a class of morphisms in a category A then an object K is said to be M-injective

provided that K is injective with respect to each morphism in M.

Definition 1.3 ( [13, Definition 4.1]). If there exists an object A in a category A such that A-
Injectivity coincides with injectivity, then we say that the category A satisfies the classical Baer
criterion.

2 Baer Criterion in Grothendieck Categories
In this section we generalize the Baer criterion for Grothendieck categories as follows.

Theorem 2.1 ( [13, Proposition 2.6]). Let A be an abelian category with a generator G. If an
object A is G-injective, then A has no proper essential extension.

As a corollary of the above theorem, we have “If A is an abelian category with a generator G
in which injectivity coincides with not having proper essential extension, then in A, G-injectivity
coincides with injectivity.” Therefore, as a corollary of Theorem 2.1, we have:

Theorem 2.2 ( [13, Corollary 2.7]). If A is a Grothendieck category with a generator G, then in
A, G-injectivity coincides with injectivity.

Theorem 2.3 ( [13, Corollary 2.8]). Let A be a Grothendieck category which is concrete and F' be
the free object over the singleton set. Then an object A is F-injective if and only if it is injective.

3 Some Baer Type Criterions for Injectivity in Abelian Cat-
egories

In this section we prove some Baer criterion for abelian categories. First, we prove a Baer criterion
in abelian categories with generator. Notice that in the proof of this we do not use any equivalent
version of axiom of choice. for more details see [13] proof of theorem 3.5.

Theorem 3.1 ( [13, Theorem 3.5]). Let A be an abelian category and G be a generator of A.
If My is the class of monomorphisms [ such that Codomain (f) = G and Ms is the class of
monomorphisms g such that Codomain (g) is finitely generated, then an object A is M1-injective
if and only if it is Ma-injective.
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Now, we give situation such that the conditions of theorem 3.10 [13] are fulfilled and so a Baer
criterion type result obtains for abelian categories.

Theorem 3.2 ( [13, Theorem 3.10]). Let A be an abelian category and Ay a subcategory of A such
that Ay admits small filtrant inductive limits and the inclusion functor i : Ag — A commutes with
such limits and M C Mor(Ag). Suppose that any morphism in Ao is monic and pushout transfers
M-morphisms. Furthermore, assume that M is right cancellable and if s : U -V, u:U — X is
a pullback forv:V =Y, f: X =Y with f € Mor(Ap), s € M such that s is an isomorphism,
then f is an isomorphism. Then any Y € A which is M-injective is Mor(Agp)-injective.

Theorem 3.3 ( [13, Proposition 3.11]). Let A be an small abelian category and
L C Fun(A, Ab) be the category of left exact functors. If L has a representable injective co-
generator I and the image of Freyd-Mitchel’s embedding is a Serre subcategory of the associated
R-Mod, then an object A is B-injective if and only if it is injective, where Hom4(B,—) = I.

4 Classical Baer Criterion in Abelian Categories

In this section we study classical Baer criterion in locally presentable abelian categories. For the
basic concepts cencerning locally presentable categories one can see [1].

Theorem 4.1 ( [13, Proposition 4.2]). If A is an abelian category, then the classical Baer criterion
holds in A if and only if there exists a set M of monomorphisms such that M-injectivity coincides
with injectivity.

Now, we characterize locally presentable abelian categories which satisfy the classical Baer
criterion.

Theorem 4.2 ( [13, Proposition 4.6]). For a locally presentable abelian category A which has
enough injectives, the following are equivalent: (i) The classical Baer criterion holds in A. (ii)
The subcategory of injective objects is accessibly embedded in A, that is, there exists a regular
cardinal A such that the subcategory of injective objects is closed under \-directed colimits.

Now, by using Theorem 4.2 and Theorem 2.1, we can prove the following theorem.

Theorem 4.3 ( [13, Corollary 4.7]). If A is a Grothendieck category, then the subcategory of its
injective objects is accessibly embedded in A.

Theorem 4.4 ( [13, Example 4.8]). Let R be a unitary ring and A a regular cardinal such that
A > cardR. Then the subcategory of injective modules in R-Mod is closed under \-directed
colimits.

Acknowledgment

Our thanks goes to Prof. M. Mehdi Ebrahimi for his helpful conversations during this work.

References

[1] J. Adamek and J. Rosicky, Locally Presentable and Accessible Categories, Cambridge Univ.
Press 1994.

[2] R. Baer, Abelian groups that are direct summands of every containing abelian group, Bull.
Amer. Math. Soc. (46 (10)) (1940), 800-807.

[3] B. Banaschewski and E. Nelson, On the non-ezistence of injective near-ring modules, Canad.
Math. Bull. (20 (1)) (1977), 17-23.

[4] K.R. Bhutani, Injectivity and injective hulls of abelian groups in a localic topos, Bull. Austral.
Math. Soc. 37(1) (1988), 43-59.

VoY



M. Mahmoudi and A. Mehdizadeh

[5] P. Dupont, Rings and modules in a localic topos, Bull. Soc. Math. Belg. Sr. B (41 (1)) (1989),
63-71.

[6] M.M. Ebrahimi and M. Mahmoudi, Baer Criterion for injectivity of projection algebras, Semi-
group Forum (71 (2)) (2005), 332-335.

[7] M.M. Ebrahimi, M. Mahmoudi and Gh. Moghaddasi, On the Baer criterion for acts over
semigroups, Comm. Algebra (35 (12)) (2007), 3912-3918.

[8] J.P. Freyd, Abelian categories, Harper and Row, (1964).

[9] V. Gould, The characterisation of monoids by properties of their S-systems, Semigroup Forum
(32 (3)) (1985), 251-265.

[10] A. Grothendieck, Sur quelques points dalg‘ebre homologique, Tohoku Math, J. 9.2 (1957),
119-221.

[11] M. Kashiwara and P. Schapira, Categories and Sheaves, Grundlehren der Mathematischen
Wissenschaften 332, Springer, (2006).

[12] M. Kilp, U. Knauer and A. Mikhalef, Monoids, Acts and Categories, de Gruyter, (2000).

[13] M. Mahmoudi and A. Mehdizadeh, Baer criterion in abelian categories, Asian-Europian jour-
nal of mathematics, (17 (01)) (2024).

[14] P. Vamos, Ideals and modules testing injectivity, Comm. Algebra (11 (22)) (1983), 2495-2505.

[15] X. Zhang, U. Knauer and Y.M. Wang, Various notions of weak injectivity over Clifford semi-
groups, Semigroup Forum (76 (2)) (2008), 357-3-67.

VoY



28th Tranian Algebra Seminar o I,.r".e\.-"‘“ r"’"'j._,-f
University of Maragheh

=10 duly 20K24 LR i PR

algebra28-00610059

Minimaxness and Cominimaxness of Local Cohomology
Modules

Jafar A’zamil* and Ghader Ghasemi 2

!Department of Mathematics, Faculty of Sciences, University of Mohaghegh Ardabili, P. O. Box
55619-911367, Ardabil, Iran.
Email address: jafar.azami@gmail.com

2Department of Mathematics, Faculty of Sciences, University of Mohaghegh Ardabili, P. O. Box
55619-911367, Ardabil, Iran.
Email address: gghader790@Qgmail.com

Abstract

Let I be an ideal of a commutative Noetherian ring R. It is shown that the
R-modules Hi(M) are I-cominimax, for all finitely generated R-modules M and all
i € Np, if the R-modules H}(R) are I-cominimax with dimension not exceeding 1, for
all integers ¢ > 2.

Keywords: Local cohomology module, Minimax module,I-cominimax module
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1 Introduction and Preliminaries

Throughout this paper, R denotes a commutative Noetherian ring (with non-zero identity) and I
will denote an ideal of R. The symbol Z denotes the set of integers; in addition, N (respectively
Np) will denote the set of positive (respectively non-negative) integers. For each R-module L, the
set of minimal elements of AsspL with respect to inclusion is denoted by mAssy L; also, Asshg L
denotes the set {p € AssgL : dim R/ p = dim L}. We denote Supp R/I = {p € SpecR: p 2 I} by
V().

For an R-module M, the ith local cohomology module of M with support in V(I) is defined as:

Hi(M) = ling Ext%(R/I™, M).

n>1

We refer the reader to [6] or [11] for more details about local cohomology.

Recall that for an R-module M, the notion cd(I, M), the cohomological dimension of M with
respect to I, is defined as: _
cd(I,M) =sup{i € Ng: H;(M) # 0}

and the notion ¢(I, M), which for the first time was introduced by Hartshorne, is defined as:

q(I, M) = sup{i € Ng : H:(M) is not Artinian},

*Speaker.
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with the usual convention that the supremum of the empty set of integers is interpreted as —oo.
These two notions have been studied by several authors (see [3,4,8-10,12,13]).

In the sequel the symbol € (R, I)com denotes the category of all I-cominimax R-modules and
C1(R, I)com denotes the category of all R-modules M € € (R, I)com such that dimM < 1. An
R-module M is called a-cominimax if the support of M is contained in V(a) and Ext’(R/a, M) is
minimax for all ¢ > 0. The concept of the a-cominimax modules is introduced in [2]. Also, through-
out this paper, let .#’(R) denote the class of all ideals I of R such that H:(M) € € (R, I)com, for
all finitely generated R-modules M and all i € Ny.

Recall that the I-transform functor, denoted by Dy(—) is defined as:

Dy(-) = lim Hompg(I™, —).
n>

=

In general, the R-module D;(R) has an R-algebra structure (see [6, Exercise 2.2.3]). In fact, with
this structure Dr(R) is a commutative ring with identity. Also, it is well known that if D;(—) is an
exact functor then Dy(R) is a finitely generated R-algebra. But, in general we don’t know when
the ring D;(R) is Noetherian.

Throughout this paper, for each pair of the sets X and Y, the expression X C Y means that
X is a subset of Y and the expression X C Y means that X CY and X # Y. For an Artinian R-
module A, the set of attached prime ideals of A is denoted by Attr A. Also, for any non-nilpotent
element = of R and any R-module M, the localization of M at the multiplicatively closed subset
S ={1,,z,2% 23,...} of R is shown by M,. For each ideal I of a Noetherian ring R and each
R-module M, we denote the submodule (J;—,(0 :as I™) of M by I';(M). Furthermore, for any
ideal I of a commutative ring T, we denote the set of minimal prime ideals over I by Min I. Also,
we show set of all maximal ideals of a ring T' by Max (7). Finally, for any ideal J of T', the radical
of J, denoted by Rad(J), is defined to be the set {x € T : 2™ € J for some n € N}. For any
unexplained notation and terminology we refer the reader to [6,7,14].
Let R be a Noetherian ring and I be an ideal of R. Recall that a subcategory .# of the category
of all R-modules is said to be a Serre category if in any short exact sequence of R-modules and
R-homomorphisms, the middle module is in .# if and only if the two other modules are in ..
Let €1(R,I) be the Serre category of all I-torsion R-modules M with dim M < 1. We want to
emphasize at the outset, that two categories ¢ (R, I) and €' (R, )., are different. In fact always
EL (R, I)com is a proper subcategory of €1 (R, I). Now, for any R-module N, we define the notation
cl(I,N) as the greatest integer i such that H:(N) is not in ¢ (R,I) if there exist such i’s and
—oo otherwise. Finally, we recall that in [3] the notion ¢(I, V) is defined as the greatest integer 4
such that H:(N) is not an Artinian I-cofinite module if there exist such i’s and —oo otherwise.

Lemma 1.1. Let I be an ideal of a ring R. Assume that M and N are two finitely generated
R-modules such that Supp M C Supp N. Then the following statements hold:

1. ct(I,M) < cY(I,N).
2. q(I,M) < q(I,N).
3. q(I,M) <q(I,N).
4. cd(I,M) < cd(I,N).

Proof. (1) Considering the fact that €*(R, I) is a Serre category, the assertion follows immediately
from [3, Theorem 2.3].

(2) See [8, Theorem 3.2].
(3) See [3, Theorem 2.6].

(4) See [9, Theorem 2.2].
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Lemma 1.2 (See [1, Lemma 2.3]). Let I be an ideal of a ring R and .4 be a Serre subcategory of
the category of R-modules. Let n € Ny and M be an R-module such that Ext%(R/I, Hi{(M)) e A,
for all0 <i < n and all j € No. If the R-modules Ext};,(R/I, M) and Extyt (R/I, M) are in M,

then the R-modules Homp(R/I, H}(M)) and Extp(R/I, H} (M)) are in A .

Lemma 1.3 (See [5, Proposition 2.6]). Suppose that I is an ideal of a ring R such that T'r(R) =0
and q(I,R) < 1. Let N be a finitely generated R-module. Then the R-modules Tor(N, D;(R))
are Artinian and I-cofinite, for all i € N, and the R-modules Ext),(R/I, N @ Di(R)) are finitely
generated, for all j € Ny.

2 Main Results

Theorem 2.1. Let I be an ideal of a ring R such that T1(R) = 0 and HY(R) € €* (R, I)com, for all
integers © > 2. Then, for each finitely generated R-module N and each integer i € N, the R-module
Tor/*(N, D;(R)) is I-cominimaz and the R-modules Ext}(R/I, N @g D;(R)) are minimaz, for all
J € Np.

Theorem 2.2. Let I be an ideal of a ring R such that H{(R) € €Y (R,I)com for each integer
i>2. Then I € J'(R).
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Abstract

Let (R, m, k) be a commutative Noetherian local ring and I be an ideal of R. In
this paper we are going to introduce a new invariant for any non-zero finitely generated
R-module M of dimension n, which is shown with Ag(M). Then we will obtain an
upperbound for Ag(M) and some other results concerning the A\p(M).
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1 Introduction and Preliminaries

Throughout this paper, R will always denote a non-trivial commutative Noetherian ring with
identity. For an R-module M, the i*" local cohomology module of M with respect to an ideal I is
defined as

Hi(M) = lim Exth(R/I™, M).

5
n>

-

For each R module L ,we denote by Asshr(L) the set {p € Assp(L) : dim? = dimL} . For any

ideal b of R, we denote {p € Spec(R) : p D b} by V(b) and the radical of b, denoted by /b, is
defined to be the set {z € R: 2™ € b for some n € N}. Recall that, for an R- module M, the set
MinAssg(M) is defined as

{p € Assp(M) : #q € Assp(M),q G p}.

The reader is referred to [1] for more details about local cohomology. Recall that, for an R-module
M, the cohomological dimension of M with respect to I is defined as

Cd(I,M):=Sup{i€Z : Hi(M)#0}.

*Speaker.
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Also for any proper ideal I of R, the arithmetic rank of I, denoted by ara([l), is the least number
of elements of R required to generate an ideal which has the same radical as I.

Theorem 1.1 (Non-Vanishing Theorem). Assume that (R, m) is local and let M be a non-zero
finitely generated R-module of dimension n. Then H: (M) # 0.

Proof. See [1, Theorem 6.1.4]. O

As an application of Theorem 1.1, the following set
{I: H}(M) # 0 and I is a proper ideal of R}

is not empty. In the following Definition we introduce an invariant, called Ag(—), which is base of
our paper.

Definition 1.2. Let (R, m) be a Noetherian local ring of dimension d and M be a non-zero finitely
generated R-module of dimension n. The invariant Ag(—) relative to M is defined by

Ar(M) = sup {dim]; L HP (M) # 0} .

2 Main Results

Theorem 2.1. Let (R,m) be a Noetherian complete regular local ring of dimension d and M a
non-zero finitely generated R- module of dimension n. Then Agr(M) =d —n.

Theorem 2.2. Let (R,m) be a Noetherian local ring and M, N be two finitely generated R-modules
such that Supp M = Supp N. Then Ar(M) = Ar(N).

Theorem 2.3. Let (R,m, k) be a Noetherian local ring of dimension d and M # 0 be a finitely
generated R-module, of dimension n. Then

Ar(M) < Ag(M @pg R) < 1+ dimj m/m? — n.
Theorem 2.4. Let (R, m) be a Noetherian local ring and

0 L M N 0

be an exact sequence of non-zero finitely generated R- modules. Then
Ar(M) < Max {Ag(L), Ar(N)}.

Theorem 2.5. Let (R,m) be a Noetherian local ring of dimension d and M be a non-zero finitely
generated R-module of dimension n. Then

an(a1) = sup {3n (£) s € Asshr0n)}.

Theorem 2.6. Let (R, m) be a Noetherian local ring of dimension d > 1 and Ag(R) = 0. Then
|Asshr(R)| = 1.

Theorem 2.7. Let (R, m) be a Noetherian local ring of dimension d > 1. Suppose that ara(p) < d
for all p € Spec(R) \ {m}. Then Ar(R) = 0.
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Abstract

Let R be a commutative ring with identity. The intersection graph of ideals of a
ring R is an undirected simple graph denoted by I'(R) whose vertices are in a one-to-
one correspondence with non-zero proper ideals and two distinct vertices are joined
by an edge if and only if the corresponding ideals of R have a non-zero intersection.
Let M be a unitary R-module and let R x M be the idealization of M in R. In this
paper, we obtain necessary and sufficient conditions on a ring R and a module M such
that T'(R x M) is planar. In fact, we prove that I'(R x M) is planar if and only if
Max(R) = {m;,my}, m;y Nmg = 0, meM = 0 and dimp/m, (M) = 1 or M is a simple
module and R has only one non-trivial ideal.

Keywords: Idealization, Intersection graph
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1 Introduction and Preliminaries

One of the classical topics in the theory of graphs is the intersection graph theory. Let R be a
commutative ring and M be a unitary R-module. The intersection graph of ideals of a ring R is
an undirected simple graph denoted by I'(R) whose vertices are in a one-to-one correspondence
with non-zero proper ideals and two distinct vertices are joined by an edge if and only if the
corresponding ideals of R have a non-zero intersection. The intersection graph of ideals of a ring
R was introduced [6] and studied in several papers, see [1,2,8,9].

Idealization of M in R, denoted by R x M, is the ring whose additive structure is that of the
external direct sum Ré M and whose multiplication is defined by (r,m)(r’,m’) := (rr’,rm/ +r'm)
for all 7,7 € R and all m,m’ € M.

Other area of interest in recent years is the theory of idealization of M in R, see [3,4,7]. In [8],
authors studied idealization by combinatorial methods and investigated the ideals in R x M using
graph-theoretic concepts. In this paper, we study the graph-theoretic properties of the intersection
graph of idealization and we are especially interested in the planarity of the intersection graph of
idealization.

Throughout this paper, all graphs are simple with no loops and multiple edges. Let G be a
graph with vertex set V(G) and edge set F(G). For distinct vertices x1,...,z, € V(G), 1 —x2 —

-« —x, denotes a path from z1 to x,. A cycle of length n is a path of the form 1 —xo—- - —x, — 1
where x; # x; when ¢ # j and denoted by C),. A graph in which each pair of distinct vertices is
joined by an edge is called a complete graph. By K,,, we mean the complete graph over n vertices.
A graph is bipartite if its vertex set can be partitioned into two subsets X and Y such that every
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edge has one end in X and one end in Y. By K, 4, we mean the complete bipartite graph which
|X| =rand |Y]| =s. If r =1, then it is called star graph. Let S C V be any subset of vertices
of G. Then the induced subgraph on S is the graph whose vertex set is S and edge set contains all
edges of E(G) connecting pairs of vertices in S and denoted by (S). A cligue of G is a complete
subgraph of G and the number of vertices in the largest clique of G, denoted by w(G), is called
the clique number of G.

A graph is said to be planar if it can be drawn in the plane so that its edges intersect only at
their ends. A subdivision of a graph is a graph obtained from it by replacing edges with pairwise
internally-disjoint paths.

All over the paper let S := R x M. We denote the set of all mazimal ideals of R by Max(R).
The non-zero module M is called a simple module if the only submodules of M are 0 and M.

2 Main Results

A simple characterization of planar graphs was given by Kuratowski in 1930 [5, Page 153].
Theorem 2.1. A graph is planar if and only if it contains no subdivision of K33 or Ks.

A natural question that arises is that under which conditions the intersection graph of ideal-
ization is planar? We study this question in this paper.

The next theorem provides a characterization for the planarity of the intersection graph R x M
when R is a field.

Theorem 2.2 ( [10]). Let S = F x M, where F is a field. Then T'(S) is planar if and only if
dian(A4) 522.

A maximal ideal of S is of the form m x M for a maximal ideal m of R [3, Theorem 3.2]. It
follows that all maximal ideals of S make a clique with 0 x M and one has the following lemma.

Lemma 2.3 ( [10]). Let S = Rx M. Then w(I'(S)) > |Max(R)| + 1.
Using the above lemma, one can show that I'(S) is not planar whenever |Max(R)| > 3.
Lemma 2.4 ( [10]). Let S = R x M and assume that |Max(R)| > 3. Then T'(S) is not planar.
In the next two lemmas, we consider the case where |Max(R)| = 2

Lemma 2.5 ( [10]). Let S = R x M and assume Max(R) = {my, ma} such that m; Nmy # 0.
Then T'(S) is not planar.

Lemma 2.6 ( [10]). Let S = R x M and assume Max(R) = {my,ma} such that my Nmy = 0.
Then the following statements hold.

1. If myM # 0 and mgM # 0, then T'(S) is not planar.
2. If miM # 0, moM =0 and dimp,m, (M) > 2, then I'(S) is not planar.
8. IfmyM # 0, moM = 0 and dimp/m, (M) = 1, then I'(S) is planar.

Example 2.7. Let S = Z,, x M where M = Z,,/pZ,,. We have Max(Z,,) = {m1, ma} where
my = qZp, and my = pZp,. It is obvious that myM # 0,meM = 0 and dimy, (M) =1. Then
S has four non-trivial ideals and it is a planar graph, by Lemma 2.6.

pa/PLpq

In the sequel, we consider |Max(R)| = 1.

Lemma 2.8 ( [10]). Let S = Rx M and assume that R has only one non-zero proper ideal m and
that M is a simple R-module. Then T'(S) is planar.

Proof. By [8, Theorem 11], T'(S) is a star graph so it is planar. O

The minimal number of generators of a module M will be denoted by p(M). In the following
lemmas, we consider the values of p(m) carefully.

RN
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Lemma 2.9 ( [10]). Let S = R x M and assume that (R, m) is a local ring such that p(m) > 3.
Then T'(S) is not planar.

Lemma 2.10 ( [10]). Let S = R x M and assume that (R,m) is a local ring such that p(m) = 2.
Then T'(S) is not planar.

We use the following simple lemma in the continue.

Lemma 2.11 ( [10]). Assume (R,m) is a local ring such that m = (r) and r* = 0. Then all
non-trivial ideals of R are m,m? and m3.

Lemma 2.12 ( [10]). Let S = R x M and assume that (R,m) be a local ring such that m = (r).
Then T'(S) is not planar unless that m®> = 0 and M is a simple module.

Combining the above lemmas, we get the following theorem.

Theorem 2.13 ( [10]). Let S = R x M. Then T'(S) is planar if and only if Max(R) = {my, ma},
my Nmy = 0, meM = 0 and dimp/m, (M) = 1 or M is a simple module and R has only one
non-trivial ideal.
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Abstract

Let R be a commutative ring with identity. The intersection graph of ideals of a
ring R is an undirected simple graph denoted by T'(R) whose vertices are in a one-to-
one correspondence with non-zero proper ideals and two distinct vertices are joined by
an edge if and only if the corresponding ideals of R have a non-zero intersection. Let
M be a unitary R-module and let R x M be the idealization of M in R. In this paper,
we study some graph-theoretic properties of the intersection graph of idealization. We
determine the set of ideals of the Zy»> X Zy,> and Z,q X Z,4, for distinct prime numbers
p and q.
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1 Introduction and Preliminaries

One area of interest in recent years is to associate graphs on algebraic structures. Associating a
graph to a ring is a research subject in this area and has attracted considerable attention. Let R
be a commutative ring and M be a unitary R-module. The intersection graph of ideals of a ring R
is an undirected simple graph denoted by I'(R) whose vertices are in a one-to-one correspondence
with non-zero proper ideals and two distinct vertices are joined by an edge if and only if the
corresponding ideals of R have a non-zero intersection. The intersection graph of ideals of a ring
R was introduced [6] and studied in several papers, see [1,2,9,10]. Idealization of M in R, denoted
by Rx M, is the ring whose additive structure is that of the external direct sum R@® M and whose
multiplication is defined by (r, m)(r’,m’) := (rr/,rm’ + r'm) for all r,»’ € R and all m,m’ € M.

This construction introduced in 1956 by Nagata [11] and has been extensively studied, see
[4,7,8].

Other area of interest in recent years is the theory of idealization of M in R, see [3,5,7]. In this
paper, we study some properties of idealization Z,, in Z,, where Z, is the ring of 1ntegers modulo
n. We determine the set of all ideals of the Z,> X Z,> and Z,, X Zyq, for distinct prime numbers p
and q.

Throughout this paper, all graphs are simple with no loops and multiple edges. Let G be a
graph with vertex set V(G) and edge set E(G). For distinct vertices 1, ..., 2z, € V(G) Ty — Ty —

-« —x,, denotes a path from x1 to z,. A cycle of length n is a path of the form T1—Tg—++ —Tp—T1
where x; # x; when ¢ # j and denoted by Cj,. A graph in which each pair of distinct vertices is
joined by an edge is called a complete graph. By K,,, we mean the complete graph over n vertices.

WY



N. Shirmohammadi

2 Main Results

There is a closed relation of an ideal L of R x M with some ideal of the form I x N where [ is an
ideal of R and N is a submodule of M.

Lemma 2.1. Let L be an ideal of R x M. Then there exist an ideal I, of R and a submodule Ny,
of M such that I, x Ny, is an ideal of S and L C I, X Np.

In fact, one has I, = {r € R|[3m € M;(r,m) € L} and N, = {m € M|3r € R;(r,m) € L}.
The next theorem determines the ideals of the idealization S = Z,> X Z,2, for each prime
number p.

Theorem 2.2. Let S = Z,> X Zy»>, where p is a prime number. Then the non-trivial ideals of S
are 0 X pZy2, 0 X Zyp2, Pz X plip2, DLz X L2 and Lg := {(ips, jp+1) | 0 < i,5 < p—1} for each
1<s<p-—1.

Proof. Assume that L is an ideal of S. Then, by Lemma 2.1, there exist an ideal Iy, of Z,> and a
submodule Ny, of Zy,> such that L C Iy, x Np. If I =0, then L =0 X Np, =0x 0, L = 0 X pZ,>
or L = 0 X Zy, by [9, Lemma 2]. Assume now that I, # 0. Hence I, = Z,> or I}, = pZy. If
I, =72, then L = Zy,2 X Zy2, by [9, Lemma 2].

So we may assume that I, = pZ,>. There is an element m € Z,> such that (p,m) € L.
Hence (0,p) = (p,m)(0,1) € L; so that one has 0 x pZ,2 C L C I, x N, = pZ,> x Nr. Thus
pZy: C Np and we have Ny = pZ,» or Nj, = Z,>. Assume first that N; = pZ,2. This gives
0 x pZy,2 C L C pZy2 x pLy which yields p| |L| [p®. These imply that L = 0 x pZ, or
L = pZy> X pZy>.

Assume now that Ny = Z,>. This in conjunction with 0 x pZ,> C L gives 0 X pZy> C L C
pZy2 X Zye which yields p| |L| |p3; so that |L|= p? or |L|= p?. If |L|= p?, then L = pZ,2 X Zyq.
In the rest of the proof, we assume that |L|= p*. Since N = Zy2, one has an element r € Zy»
such that (r,1) € L and then r € I}, = pZ,2. If r = 0, then (0,1) € L. Thus 0 x Z,2 C L and
L =I5, X Zy> = pZy> X Zy2, by [9, Lemma 2|, which is a contradiction. So we can assume that
0 # r € pZ,> and r = ps, for some 1 < s < p—1. Hence (ps,1) € L. If thereis 1 < s’ <p—1 such
that s # s’ and (ps’,1), then (p(s — s’),0) € L. Since s — s is invertible element in Z,2, one has
(s=5)710)(p(s—5),0) = (p,0) € L. Thus L contains the set pZ,2 x 0. On the other hand, we
know that 0 x pZ,> C L, so we have pZ,> X pZ,> C L which implies L = pZ,> X pZ,>.

Therefore, we can assume that there is only one element 1 < s < p — 1 such that (ps,1) € L.
On the other hand, we know that 0 x pZ,> C L, i.e., (0,jp) € L, for all 1 < j <p — 1. By adding
the element (ps, 1) to these elements, we get {(ips,jp+1i) |0 <i,5 <p—1} C L. Tt follows from
|L|= p? that L = {(ips,jp+1i) | 0 <i,j < p—1} = L,. Note that one can check easily the L is
an ideal of S. Assume that (ps,1) = (ips’,jp+1i) for 1 < s # s <p—1. So we have 1 = jp + i
(mod p?) and this implies that i = 1. On the other ps = ips’ in conjunction with i = 1 yields
that p | s — s’ which is a contradiction. Therefore (ps,1) € Ly \ Ly for 1 < s # ¢’ <p—1. This
completes the proof. O

It was shown in [9, Lemma 8] that I'(Z, x Z,) = K3, for each prime number p. The following
corollary which is an immediate result of Theorem 2.2, gives us the structure of the graph I'(Z,2 x
Lyp2).

Corollary 2.3. Let S = Z,2 X Z,2, where p is a prime number. Then I'(Zy2 X Zy2) = Kpi3.

P

The following theorem determines the ideals of S = Z,q X Z,,, for distinct prime numbers p
and q.

Theorem 2.4. Let S = Zypq X Zypq, where p and q are distinct prime numbers. Then the non-trivial
ideals of S are 0 X pZypg, 0 X qZpg, 0 X Zpq, plipg X Dlipg, Dlipg X Lpg, @Lipg X Lipg and qZing X qlpg.

Proof. Assume that L is an ideal of S. Then by Lemma 2.1, there exist an ideal I, of Zp, and a
submodule Ny, of Zpq such that L C Iy, x Np. If I; =0,then L=0x N, =0x 0, L = 0 X pZy,,
L=0xqZpg or L =0 Zypg, by [9, Lemma 2]. If I;, = Zq, then L = Zpq X Zyq, by [9, Lemma 2.
So we may assume that I, = pZ,, or I, = qZ,, and, by symmetry, it is sufficient to determine the
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ideal L for which I = pZ,,. Since p € Iy, there is an element « € Z,, such that (p,z) € L. So
(0,p) = (p,x)(0,1) € L and, hence one has 0x pZ,, € L C I, X Ni, = pZpq X Ni. Thus pZ,q; € N,
and this implies that Ny, = pZ,, or Ni, = Zp,.

Assume first that Ny = pZ,,. Then we have g| |L| |¢* and so |L|= q or |L|= ¢*. If |L|= g, then
L =0 x pZpq which contradicts I, = pZp,. If |L|= ¢?, then L = pZ,q, X pZpq.

Assume now that Nj, = Z,,. In this case, we have 0x pZ,, C L C pZp, X Z,q. Hence q |L] |pg®.
If |L|= g, then L = 0 x pZ,,.

Assume next that |L|= pg®. Since Np = Zpq, one has an element r € I, = pZ,, such that
(r,1) € L. If r =0, then (0,1) € L; so 0 X Zpq C L and L = Iy, X Zpq = pZpg X Zpq, by [9, Lemma
2]. If 0 # r € pZyq, then r = ps, for some 1 < s < pg — 1. Thus we have (ps,1) € L. On the other
hand, we know that 0 x pZ,, C L, i.e., (0,jp) € L, for all 1 < j < ¢ — 1. By adding the element
(ps, 1) to these elements, we have {(ips,jp+1i) |0<i<pg—1 and 0<j <q—1} C L. This
implies that L = {(ips,jp+1) |0<i<pg—1 and 0<j <q—1} = pZyg X Zp,.

Assume finally that |L|= pq. Since N1, = Zpq, one has an element r € pZ,, such that (r,1) € L.
If r =0, then (0,1) € L; 80 0 X Zpy C L and L = Iy, X Zpg = pZpg X Zpg, by [9, Lemma 2], which
is a contradiction. If 0 # r € pZ,,, then r = ps, for some 1 < s < pg — 1. Similar above argument,
we can see {(ips,jp+14) |0<i<pg—1 and 0<j<g—1} C L, which is a contradiction, since
\L|= pq.

Similarly, for Iy, = qZpq, we have L = qZpq X qZpq, L = 0 X qZpq or L = qZpq X Zpq and we
are done. O

As an immediate result, we obtain the structure of the graph I'(Z,q X Z,,).

Corollary 2.5. Let S = Zpg X Zpq, where p,q are distinct prime numbers. Then we have I'(Zpq X
Zpg) =2 K7\ Cy, where Cy := 0 X pZpg — qZLpg X qZpg — PLpg X PLpg — 0 X qZpg — 0 X pZp,.
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Abstract

Let R be a commutative ring with identity. The intersection graph of ideals of a
ring R is an undirected simple graph denoted by I'(R) whose vertices are in a one-to-
one correspondence with non-zero proper ideals and two distinct vertices are joined
by an edge if and only if the corresponding ideals of R have a non-zero intersection.
Let M be a unitary R-module and let R x M be the idealization of M in R. In this
paper, we investigate the interplay between the algebraic properties of R x M and the
graph-theoretic properties of I'(R x M). Under some conditions on the ring R and
the module M, we determine the exact form of ideals of R x M and characterize all
rings R and modules M for which I'(R x M) is a star graph.

Keywords: Idealization, Intersection graph
Mathematics Subject Classification [2010]: Primary: 13A15, Secondary: 05C75

1 Introduction and Preliminaries

There are a lot of papers on assigning a graph to a ring and many authors have studied ring-
theoretic properties in terms of graph-theoretic properties. Zero-divisor graphs, annihilating-ideal
graphs and intersection graphs are examples of such definition, see for instance [1,2,4,8,9]. When
one assigns a graph to an algebraic structure numerous interesting algebraic problems arise from
the translation of some graph-theoretic parameters such as clique number, chromatic number,
independence number and so on.

Let R be a commutative ring with identity and let M be a unitary R-module. Idealization of
M in R, denoted by R x M, is the ring whose additive structure is that of the external direct sum
R @& M and whose multiplication is defined by (r,m)(r',m’) := (rr’/,rm’ + +'m) for all r,7’ € R
and all m,m’ € M. Note that if N is a submodule of M, then 0 x N is an ideal of R x M and
0 X M is nilpotent ideal of R x M of index 2. Idealization introduced by Nagata in 1956 [13] and
has been extensively studied, see [6,7,11].

intersection graph of ideals of a ring R is an undirected simple graph denoted by I'(R) whose
vertices are in a one-to-one correspondence with non-zero proper ideals and two distinct vertices
are joined by an edge if and only if the corresponding ideals of R have a non-zero intersection.
The intersection graph of ideals of a ring R was introduced in 2009 [10] and studied in several
papers, see [2,3,12,14].The main purpose of this paper is to investigate the intersection of ideals
in R x M using graph-theoretic concepts. Also, we will characterize when the intersection graph
of the idealization is a star graph.
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Throughout this paper, all graphs are simple with no loops and multiple edges. Let G = (V, E)
be a graph with vertex set V' and edge set E. For two distinct vertices z, y € V, d(x,y) denotes
the length of a shortest path from z to y, if such a path exists; otherwise, d(x,y) = co. A graph
in which each pair of distinct vertices is joined by an edge is called a complete graph. By K, we
mean the complete graph over n vertices. A graph is bipartite if its vertex set can be partitioned
into two subsets X and Y such that every edge has one end in X and one end in Y. A complete
bipartite graph which | X| = r and |Y| = s is denoted by K, . If » = 1, then it is called star graph.
Let S C V be any subset of vertices of G. Then the induced subgraph (S) is the graph whose vertex
set is S and edge set contains all edges of E(G) connecting pairs of vertices in S.

2 Main Results

First, we give some algebraic results of idealization which will be useful in the rest of the paper.

Let I be an ideal of R and N be a submodule of M. It was shown in [5, Theorem 3.1] that
I x N is an ideal of S if and only if IM C N. The following lemma provides a closed relation of
any ideal L of S with some ideal of the form I x N. In continue, we will use this lemma frequently
throughout the paper.

Lemma 2.1. Let L be an ideal of S. Then there exist an ideal I of R and a submodule N of M
such that I x N is an ideal of S and L C I x N.

Proof. Set I = {r € R|3m € M suchthat (r,m) € L} and N = {m € M|3r € R such that (r,m) €
L}. Tt is not hard to see that I is an ideal of R, N is a submodule of M and L C Ix N. Now, we show
that I x N is an ideal of S. Let i € I and m € M. It is enough to show that im € N, by [5, Theo-
rem 3.1]. There is n € N such that (¢,n) € L and so (¢,n)(1,m) = (i,n+im) € L C I x N. Thus
im € N and the result follows. O

In the rest of the paper, the ideal I and the submodule L which are obtained in Lemma 2.1
will be denoted by I, and Np, respectively.

It was shown in [5, Theorem 3.1] that the ideals of R x M containing 0 x M are of the form
J x M for some ideal J of R. In the third part of the next lemma, we determine the exact form
of J. Also, the following lemma is useful in the paper.

Lemma 2.2 ( [15]). Suppose that L is an ideal of S. The following statements hold:
(i) If I =0, then L =0 x Np,
(i) If I, = R, then L= R x M,
(iii) IfOx M C L, then L=1, x M.

In the sequel, we will characterize when the intersection graph of the idealization is a star
graph.

Lemma 2.3 ( [15]). Let S = F x M, where F is a field. Then the proper ideals of S have the
form 0 x N where N is a submodule of M.

Theorem 2.4 ( [15]). Let S = F x M, where F is a field. Then T'(S) is a star graph if and only

It was shown in [5, Theorem 3.2] that the maximal ideals of R x M have the form m x M
where m is a maximal ideal of R. Next, we will use this statement without referring.

Lemma 2.5 ( [15]). T'(S) = K; if and only if S = R X R where R is a field.

Now we continue the characterization, when R is not a field. First, we determine the ideals of
S when R has only one non-zero proper ideal and M is a simple R-module. Also, the following
lemma is needed to state the main theorem of this section.

Lemma 2.6 ( [15]). Let L be a non-zero ideal of S. Assume that R has only one non-zero proper
ideal m and M is a simple R-module. Then the following statements hold.
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(i) IfOx M C L, then L=0x M orL=mx M orL=Rx M.

(i) There exists a non-zero element r in R and a non-zero element x in M such that m = (r),
=0, M =Rz and 0: 2z =m.

(iii) If 0 x M & L, then L=m x 0 or L = ((r, sz)) where s is a unit element of R.
(i1ii) If ((r,sx)) N {(r,s'z)) # 0 where s,s" are unit elements of R, then ((r,sx)) = (r,s'x)).

Example 2.7. Let S = Z4 x 2Z4 and L be an ideal of S. Assume first that 0 x 2Z4 C L. Then
L =0x2Zyor L =274 x 2Z4 or L = Z4 X 2Z4 by Lemma 2.6 (i). Suppose that 0 x 2Z4 ¢ L.
Then L = 27Z4 x 0 or ((2,2s)), where s = 1 or s = 3 by Lemma 2.6 (i4). But s =1or s =3
creates only one ideal {(2,2)).

Theorem 2.8 ( [15]). Let R not be a field. Then I'(S) is a star graph if and only if R has only
one non-zero proper ideal and M is a simple R-module.

Corollary 2.9 ( [15]). Let I'(S) is a star graph. Then the order of T'(S) is at least 4.
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Abstract

The main purpose of this research is to express the applications of group theory,
especially Lie groups and discrete groups. These groups are of great importance in
the study of many applied sciences and nonlinear mechanics and mathematical models
based on some classes of differential equations and integral equations. In addition,
by introducing the theory of discrete groups and its fundamental properties, we will
express some of the applications of these groups in solving practical problems.

Keywords: Discrete group, Differential equations, Integral equations

Mathematics Subject Classification [2010]: Primary: 35C05; 92F05; 34L30;
47E05; 35D35.

1 Introduction and Preliminaries

The group analysis is the most popular theoretical and analytical method for solving differential
equations. In this section, we introduce some useful transformations by using the concept of
the discrete group theory and its applications in exact solution of differential equations. Note
that, all of these transformations are invertible and this invertibility allows us to avoid some
lengthy computations for the conversion of the initial and boundary condition. Also, under these
transformations, the solution of the transformed equation can be converted into the solution of the
reference equation [5]- [6].
Let D be a class of ordinary differential equation and

D(x7 y’ a) = 07

be an equation in this class, where a is a vector parameters. We shall seek the transformations F;
that are closed in the class D(z,y,a) =0 , i.e., they change only the vector a:

F; : D(z,y,a) — D(t,u,b;).

If each F; has an inverses, then the collection {F;} defines a discrete transformation group on the
class D(z,y,a) = 0.

All the existing methods of exact solution of ordinary differential equations can be condition-
ally divided into two groups:

*Speaker.
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(I) a search for transformation of the original ordinary differential equations in class D to
some other class of ordinary differential equations D, which belongs to one of the standard
classes of ordinary differential equations having known solutions;

(IT)  a search for a transformation leaving the original ordinary differential equation in D in-
variant, that is, transformation into ”itself”, that gives independent information about the
solution.

The discrete group method does not operate with a single equation as in the applications of
the Lie method, but operates with a class of equations D, depending on a vector a of parameters
containing the investigated equation; but contrary to approach (I), one considers the transforma-
tions of the given class D which are closed in themselves on a chosen class of ordinary differential
equations.

In the literature, there are two methods for searching discrete group transformations, namely,
point transformations and Backlund transformations. Therefore, discrete group transformations
are related to point and Backland transformations. In this article, we have introduced a number
of useful transformations based on Backland and point transformations. We show that these
transformations have all the properties of the discrete group.

The class of generalized Emden-Fowler equations

y' () = Ax"y™(y,)', (1)

is determined by a three-dimensional parametre vector a = (n,m,[) € R3. Application of RF —
pair(X, X) to the generalized Emden-Fowler equations (1), we obtain a transformation

g: (na m?l) — (%_17_%4'_1a 2n:n+1> ) (2)
_1
y;/c = i1 b Ué = y_m,
-1
Y= uél) i) = $n+§, L (3)
x unHt t= (v)
where ¢3 = F and
g_l (n7mal) — <_ml+17_ia %) ) (4)
Yl w7, uy = ",
1 —_
y= 7, — WP )
1
r= ()t t= ymt
which defines the group
Gs{gl ¢° = E},

where E unity (the identity transformation). For further details see [3,6] and references therein.
The parameter subspace a = (n,m,0) defines the set of classical Emden-Fowler equations. It
is well known that the point transformation

S:(n,m,0) — (—m —n —3,m,0), (6)
U 1
= — €r= —
y t? t?
which defines the group
GQ{s] S? = EY.

It is not hard to show that for n = 1, the transformation T} represents a composition Sg~*

2ml+3l—3m -5 1
Sglle:(17m7l)—>(_ me = 7l 270)7

(m+1)(1—2)

AR



Some Applications of Discrete Groups in Nonlinear Mechanics

= (9, W= ()P — 25k Aaym,
y= t @, u= y "), (7)
r = tu, —u, t= y ™ L
where g~ and S are defined in (4) and (6) respectively. For further details see [?] and references
therein.

Theorem 1.1. The class of generalized Emden-Fowler equations a = (1,m,l) admits a general
group
G2{s] 5* = B} @ Go{g| " = B} ~ Do{(S.971)] (47) = 5 = B},

which is mazximal in the Backlund transformation class defined by means of the RF — pair method
[3]. This group may be given by the graph depicted in figure 1. The graph represented in figure 1
is valid for all values m and [, except for the singular points m = —1 and | = 2.

[

S T e
A > T a1

Figure 1: Group Ds
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Abstract

In this paper, we obtain homogeneous geodesic vectors of square-root metric F' =
va(a+ f) on 5-dimensional generalized symmetric spaces of type 7 with A # 0 on
some Lie algebras.
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1 Introduction

In [1], the author introduced the notion of generalized symmetric spaces or regular s-spaces. Let
(M, F) be a connected Finsler manifold. A symmetry at € M is an isometry of (M, F') for
which z is an isolated fixed point. A s-structure on (M, F) is a family {s; },cn such that for each
x € M, s, is a symmetry at x € M. We note that an s-structure is called regular if for any two
points x,y € M, sz 058, = s, 05, and z = s,(y). We call the s-structure {s;}en of order k if
(s2)* = idys for all z € M and k is the minimal number with this property. If (M, F) admits an
s-structure of order two then it is a usual symmetric Finsler space [4].

One of the family of Finsler metrics is the (a, §)-metrics. The notion of («, 5)-metrics are
introduced by Matsumoto. If F' = « + 3, then we get the Randers metric. Suppose (M = %, F)
be a connected homogeneous Finsler space, G is a connected transitive group of isometries of
M and H is the isotropy subgroup at a point o € M. We note that any homogeneous Finsler
manifold M = G/H is a reductive homogeneous space. Then for Lie algebras g and h of G and
H respectively we have a reductive decomposition g = m @ h such that Ad(H)m C m. In this
paper we study homogeneous geodesics of left invariant square-root metrics on five dimensional
generalized symmetric spaces.

*Speaker.
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2 Preliminaries

Definition 2.1 ( [4]). Let M be a (connected) smooth manifold. A Finsler metric on M is
a function F' : TM — [0,00) such that F' is C* on the slit tangent bundle TM\{0} and the
restriction of F' to any T, M, x € M, is a Minkowski norm. The pair (M, F) is called a Finsler
space. Also for Finsler space (M, F) we have the following bilinear symmetric form g, (u,v) =

2
%a‘?atfﬂ(x, y + su + tv)|s=t=0-

Let o = \/a;j (z) y'y7 be a norm induced by a Riemannian metric a and 3 (z,y) = b;(z)y’ be
a 1-form on an n-dimensional manifold M. Let b := ||5(z)|l« = v/a(x)b;(x)b;(x) and the function
F is defined as F = agp(s),s = g, where ¢ is a positive C*° function on (—bg, bg) satisfying
@ (s) = s¢' (s)+ (b* — s%) ¢ (s) > 0 and |s| < b < by. Then F is a Finsler metric if ||3(z)||o < bo
for any € M. A Finsler metric in the form F' = ap(f/a) is called an (a, §)-metric. A Finsler
space having the Finsler function F = y/a(a + ), is called a square-root space. It is known that
for an arbitrary 1-form 8 on a Riemannian manifold (M, a) there exists a unique vector field X on

M such that a(y, X(x)) = B(x,y) for every x € M,y € T, M. So we can write square-root metric

as F(.T,y) = \/a(yzaym) + a(ymyyz)d(Xma yx)‘

Now consider the Chern connection on 7*T'M whose coefficients are denoted by I‘;k Let

v(t) be a smooth regular curve in M with velocity field V. Suppose W (t) := W'(t) a?ci be a
vector field along . Then the covariant derivative Dy W with reference vector V' have the form

(dd—v‘;i + Wivk (F;k)(%v)] %H(t)- A curve ~(t) with the velocity V' = 4(t), is a Finslerian geodesic

if Dy (%) = 0 with reference vector V.

Definition 2.2. Suppose (G/H, F) be a homogeneous Finsler manifold with a fixed origin o. Let
g and h be the Lie algebra of G and H respectively and g = m + h a reductive decomposition.
Therefore, a homogeneous geodesic through the o € G/H is a geodesic (t) of the form ~(t) =
exp(tZ)(o) for every t e Rand 0 # Z € g.

In Riemannian setting the authors in [2], proved that a X € g — {0} is a geodesic vector if and
only if
([X,Y]m, X)) =0, VY €m, (1)

After this, the second author in Finsler setting shown that:

Lemma 2.3 ( [3]). Suppose (G/H,F) be a homogeneous Finsler space with a reductive decompo-
sition g = h +m. Therefore, Y € g — {0} is a geodesic vector if and only if gy,, (Y, Y, Z]m) =0
for every Z € m where the subscript m indicates the projection of a vector from g to m.

3 Homogeneous Geodesics of Generalized Symmetric Space
of Type 7 with A # 0

The 5-dimensional homogeneous generalized symmetric spaces M of type 7 indeed are real matrix
groups as follows:

et 0 0 0 T
0 e M 0 0 y
teM 0 et 0w
0 —te™ 0 e ™M o
0 0 0 0 1

We note that, M is also R?(x,y,u,v,t), equipped with a Riemannian metric
@ = dt* + e M (tdx — du)® + >N (tdy + dv)? + a* (e~ M da® + e Mdy?) + 2v(dydu — dxdv),

where A\, a,7 € R, A > 0,a > 0 and 72 < d?.
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Geodesic Vectors of Square-Root Metric on Generalized Symmetric Space of Type 7 with
A # 0 on Some Lie Algebras

In this paper we assume that A # 0. From [1] we have h = 0. In the following, there exists a
basis { X1, X2,Y1,Ys, W} of g such that for [,] we have [1]:

W, X1] =AX1+ Xs, W, Xo]=AXse, [WYi]=-A\Y1-Y;, [W,Y3]=-XYs, [W,W]=0,
and the other multiplication are zero. Also for @ we have:
a(X1, X1) =a(y, Y1) =d?,  a(Xo, Xo)=a(Ys,Ys) =a(W,W) =1,

a(Xla}/Q) == Zi(X?aH) =7.

Now we construct an orthonormal frame field {e1, es, €3, €4, €5}, by setting

X1 Y1 —vXo a?Ys +vX4
= —, = Xo, = ——, = — =W. 2
€1 a €2 2, €3 2 — 2 €4 aa® -2 €5 (2)

By using the above definition of Lie bracket and equations (2) we have:

e
le1,e5] = —Ae1 — f, le2, e5] = —Aea,

[ l veq n 2v)es 2y ey yea
€3,€5] = — -
a\/a2 _ ’72 \/a2 pY [a2 — ’YQ av/a? — 72

Now we consider homogeneous geodesics of left invariant square-root metrics defined by the
Riemannian metric @ and vector field X = 2?21 x;e; on H-dimensional generalized symmetric
spaces of type 7 with A # 0. By using the definition 2.1 and some computations, for the square-
root metric we have:

+ )\64.

€4 _
= + Aeg + o les, e5] =

- 3)

La(y,v)a(u,y)a(X,y)  1a(u,v)a(X,y) +a(X,v)a(u,y) + aly, v)aly, u)
2

N
—~

e

N
—~
&
<
~—

[N

So for all z € m, we have:

+ (X [y, )V, v) @

gy(ﬁ% [y’ Z]) = d(yv [ya Z])

So from equation (1) and lemma 2.3, Y € g is a geodesic vector of (M, F) if and only if

5 5 5 5
a (Z Yiei, [Z yi%&j]) =0 and a (Z Tieq, [Z Yiei, €; ) =0, (5)
i—1 =1 i=1 i=1

for every j =1,2,3,4,5. So we get:
J=1: alysy1 +ysy2 =0 and alysz1 +ys22 =0, j=2: Aysy2 =0 and Aysxs =0,

. 29 1
j=3: y5<x\y3+272y2+y4—32y1>:0 and
as —v a av/a® —y
29
Ys (/\.%‘3 + 27 2.132 + —Ty4 — Z 21‘1) =0,
a? —~ ar/a? —
29
J=4:ys (Ay4— 27 =YL — ;y 2y2> =0 and
a? — ar/a® —y
29
Ys | ATq — R il T2 0,
2 2 2 2
as —y ay/a= —y
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1
ji=5: Ay1 + yz — Y5 + 3 (Ays + Y2+ “Ya— “yl)
-

—72 a+/a?

()\y4 — y1 — 5 2y2> =0, and
av/a? —

Axq + J)Q) )\ygl‘g + Y3 A\x3 +

1
To 4+ —Tq —

_ 2 S S
/a2 — 2 a ay/a? — 2 !
Y
+yq | Ay — > 0,
< ﬁ \/—

Now for y5 # 0, from the above equations we have y; = yo =ys =ys =0 and 1 = x5 = 23 =
x4 = 0. if y5 = 0 and X = z5e5 then we have

1 29\ 1
-1 </\y1 + yz) — M5 +ys | Ays + _ 7 Yo+ —ys — +y1
a a2 — 2 a av/a? — 42

=0.

29\
+ys | Aya — 7 Y1 — 7 Y2
/a? — 2 ar/az — 2

Therefore, we proved that Y = Z _1 ¥i€; is a geodesic vector of a generalized symmetric space
of type 7 with A # 0 equipped with a left invariant square-root metric defined by Riemannian
metric a and vector field X = Zle x;e; if and only if

4
Y = yses + w565, or Y = Zyiei and the equation (6) holds.
i=1

Theorem 3.1. Let (M, F) be a 5-dimensional generalized symmetric spaces of type 7 with A # 0
equipped with a left invariant square-root metric defined by the Riemannian metric a and vector
field X = zse5. Then'Y € g is a geodesic vector of (M, F) if and only if Y is a geodesic vector of
(M, a).

Proof. From equation (4), lemma 2.3 and equation (1) we get assert. O
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Abstract

In this talk, we delve into the notion of flatness in S-acts where S is a monoid,
inspired by module theory. While in some cases like in acts with unique zero over a
monoid with zero, flatness coincides to the exactness of the tensor functor analogous
to modules, we show that flatness is weaker than the exactness of the tensor functor
in general acts over monoids. It is proved that for a right S-act Ag, the tensor functor
Ag ® g— is exact if and only if Ag is flat as well as indecomposable. We investigate
conditions under which exactness of the tensor functors Ag ® s— and Cs ® s— in a

Rees short exact sequence Ag N Bs -%+ Cg is transferred to Bs ® g— and vice
versa. Some classifications of monoids based on the exactness of the tensor functor of
their corresponding acts are also presented.

Keywords: S-Act, Flat, Tensor functor, Rees short exact sequence

Mathematics Subject Classification [2010]: Primary: 20M30, 20M15, Secondary:
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1 Introduction and Preliminaries

Monoid actions on sets, denoted as S-acts, have permeated various mathematical domains. Over
the past thirty years, significant attempts have been made in understanding the properties of S-acts.
Kilp et al. [4] offered a comprehensive survey of this field in 2000. In module theory, an R-module
Mp, is classified as flat if the tensor functor Mz ® gr— is exact, indicating preservation of short exact
sequences or, equivalently, preservation of all monomorphisms. The concept of flat acts, defined
based on the preservation of embeddings by the tensor functor of acts, was initially introduced by
Kilp [5] in 1970. The discussions on the flatness of S-acts up to 2000 were extensively compiled
in [4]. Chen [1] introduced the notion of exact sequences for S-acts to investigate projectivity
within the category of S-acts through exact functors. Furthermore, Chen and Shum [2] delved into
the split Rees short exact sequences of S-acts, uncovering outcomes distinct from known results
concerning split short exact sequences of modules. It is a natural question whether the flatness of
acts corresponds to the exactness of the tensor functor. While this correspondence holds true in
the category of acts with a unique zero over a monoid with zero and also in the category of unitary
acts with a unique zero over a semigroup with zero (see [3,6]) like modules, a unique scenario arises
in general acts over monoids. Specifically, in the category of right S-acts over a monoid S, flatness
is demonstrated to be strictly weaker than the exactness of the tensor functor. We thoroughly
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characterize acts Ag for which Ag ® g— is exact as flat as well as indecomposable ones and identify
certain classes of such acts. Additionally, we investigate conditions under which exactness of

As®s— and Cs ® g— in a Rees short exact sequence Ag S, Bg L5 Cg is transferred to Bs ® g—
and vice versa. Furthermore, we obtain some classification of monoids S through exactnes of the
tensor functor of S-acts.

Let S be a monoid. A non-empty set A is called a right S-act (or right act over S), usually
denoted by Ag, if there exists a mapping A x S — A, (a,s) — as, satisfying the conditions
(as)t = a(st) and al = a, for all a € A and s,t € S. The notion of a left S-act denoted by sA
can be analogously defined. An element 6 € A is said to be a zero of Ag if s = 6 for all s € S.
The one-element S-act is denoted by ©g. A non-empty subset B C Ag is called a subact of Ag if
bs € B for all s € S and b € B. In this case, Bg is called an extension of Ag. Each non-empty
set A can be made into an S-act with trivial action: as = a for all a € A and s € S. Let Ag
and Bg be two S-acts. A mapping f : As — Bg is called a homomorphism if f(as) = f(a)s for
all a € Ag,s € S. We denote the category of all right S-acts with homomorphisms between them
by Act-S. Also the categories of all left S-acts with homomorphisms and all sets with maps are
denoted by S-Act and Set, respectively. In these categories, monomorphisms (epimorphisms) are
exactly injective (surjective) morphisms, and isomorphisms and bijective morphisms coincide.

A non-empty subset I of a monoid S is called a (left) right ideal of S if (SI C I) IS C I.
A monoid S is called (left) right reversible if every two (right) left ideals of S have a non-empty
intersection.

Let As be an S-act. An equivalence relation p on Ag is called a congruence on Ag if apa’
implies that aspa’s for a,a’ € Ag, s € S. Let p be a congruence on Ag. The factor act Ag/p =
{lal, | @ € A} is given by the action [a],s = [as], for every a € A, s € S. Moreover, the canonical
epimorphism w, : Ag — Ag/p is defined by m,(a) = [a],. The diagonal relation {(a,a) | a € A}
and the universal relation A x A on Ag are denoted by A4 and V4, respectively. Any subact
Bg C Ag defines the Rees congruence p, = Vg U Ay on Ag and the resulting factor act is
denoted by Ag/Bg. In the case that A is a set and B C A, the equivalence relation p, on A
is called the Rees equivalence and the factor set is denoted by A/B. Let f : As — Bg be a
homomorphism. Then the kernel congruence ker f on Ag is defined by a(ker f)a’ if and only if
f(a) = f(d') for a,a’ € Ag. If A and B are sets and f : A — B is a map, then ker f is an
equivalence relation on A called the kernel equivalence.

Let Ag be a right S-act and gB be a left S-act. The tensor product As ® sB can be taken as
the factor set (A x B)/p, where p is the equivalence relation on the set A X B generated by all pairs
((as,b), (a,sb)) fora € A,b e B,s € S. The [(a,b)], is denoted by a®b. Let Ag be an S-act. Recall
that the tensor functor As ® gs— : S-Act — Set mapping each left S-act B to the set Ag ® ¢B
and each homomorphism f : B — B’ to the map 14 ® f : As ® sB — As ® ¢B’ defined by
(14® f)a®b) =a® f(b) for any a € A,b € B, is a covariant functor. If this functor preserves all
monomorphisms, then Ag is called flat; and if it preserves all embeddings of (principal) left ideals
into S, then Ag is called (principally) weakly flat.

The reader is referred to [4] for more information and undefined terms and notations about
acts over monoids. Throughout S stands for a monoid.

A sequence of S-acts and homomorphisms (or sets and maps) of the form

"'—>A,1E>A0£>A1 £>A2£>A3—)

is said to be ezact at A,, provided that Vinys, , UAy4, = ker fp,, in which Viyy,  UA,4, isin
fact the Rees congruence (equivalence) p,, . on A,. Clearly, the inclusion Ay, C ker f,, always
holds. The above sequence is called ezact if it is exact at A; for every integer i. An exact sequence
Ay LN Ay EEN Asz at A is called Rees short left exact if fi is a monomorphism, Rees short right
exact if fo is an epimorphism, and Rees short exact if it is Rees short left and right exact (see [1,2]).
A functor between two concrete categories is said to be (left, right) ezxact if it preserves all Rees

short (left, right) exact sequences.
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2 Main Results

It is well-known that the tensor functor is always right exact in the category of modules. There is
the same situation in the category of acts with a unique zero over a monoid with zero and also in
the category of unitary acts with a unique zero over a semigroup with zero (see [3,6]). In contrast
to these categories, the following example shows that the tensor functor is not necessarily right
exact in the category of acts over monoids.

Example 2.1. Let S be a monoid. Take the S-act Ag = ©g L Og = {#1,05}. Then the tensor
functor Ag ® ¢— is not right exact.

Remark 2.2. As stated in [6, Example 4], analogously to the case of modules, the tensor functor
of acts is not left exact in general.

Definition 2.3. Let Ag be an S-act. Then we say that the tensor functor Ag ® g— is exact if it
preserves Rees short exact sequences, that is, for any Rees short exact sequence ¢ B L> sC L5 ¢D

in S-Act, the sequence Ag ® gB h&; As® sC 1% Ags ® gD is Rees short exact in Set, i.e. 1® f
is injective, p,, 4, = ker(1 ® g) and 1 ® g is surjective.

Note that the functor Ag ® ¢— preserves all epimorphisms. So in the above definition, the
surjectivity of 1 ® g, and also the inclusion A4 g.0 C ker(1 ® g) always hold.

Theorem 2.4. Let Ag be an S-act. Then Ag ® g— is exact if and only if Ag is flat and indecom-
posable.

As in the case of modules, a sequence Ag L> Bg % Cg is called left (right) split if there
exists a homomorphism [’ : Bg — Ag (¢’ : Cs — Bg) with f'f =14 (99’ = 1¢), where 14 is

the identity map on A. Note that left and right splitting of a sequence Ag S, Bg -%5 C'g means
that Ac and Cg are retracts of Bg, respectively.

Proposition 2.5. Any right split Rees short exact sequence of S-acts is left split.

Theorem 2.6. Let Ag i> Bg N Cys be a right split Rees short exact sequence and Bg is
injective (projective), then Ag and Cg are injective (projective).

Proposition 2.7. Let Ag be an S-act.

(i) If for each extension Bg of Ag, the S-act Bg/Ag is projective, then S contains a left zero
and Ag is injective.

(i) If Bs is an injective extension of As for which the S-act Bg/Ag is projective, then Ag is
injective.

Proposition 2.8. Let Fg be a free S-act. Then Fs ® g— is exact if and only if Fg = Sg.

Lemma 2.9. Let a sequence Ag N Bs %5 Cg in Act-S satisfy Py = kerg and let g be
surjective. If Ag and Cg are indecomposable, then so is Bg.

Theorem 2.10. Let Ag L> Bs L Cs be a left split Rees short exact sequence and Ag ® s—
and Cs ® gs— are exact. Then Bs ® g— is exact.

Corollary 2.11. Let Ag L Bs -5 Cs be a right split Rees short exact sequence. Then Ag® g—
and Cg ® g— are exact if and only if Bg ® s— is exact.

Theorem 2.12. For any monoid S the following statements are equivalent:
(i) For any indecomposable right S-act Ag, As ® s— is exact.
(ii) All right S-acts are flat.
(iii) S s regular and satisfies Condition
(R)  for any s,t € S there exists w € SsN St such that wp(s,t)s.
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An S-act Ag is called strongly flatif the functor Ag®g— preserves pullbacks and equalizers. It is
well-known that Ag is strongly flat if and only if it satisfies Conditions (P) and (E) (see [4, Theorem
3.16.8)).

Theorem 2.13. For any monoid S, the following statements are equivalent:
(i) For any right S-act Ag, if Ag ® s— is exact, then Ag is strongly flat.
(ii) All flat right S-acts are strongly flat.
(i) S = {1}.

Theorem 2.14. For any monoid S, the following statements are equivalent:
(i) For any right S-act Ag, if As ® s— is exact, then Ag is reqular.

(ii) All flat right S-acts are regular.

(iii) All weakly flat right S-acts are regular.

(

(

1
1

iv) All indecomposable weakly flat right S-acts are regular.
v) Every element of S different from 1 is a right zero.
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Abstract

Within the context of nominal sets, the notion of support allows us to associate
each nominal set X with a preorder relation <. This particular preorder is commonly
referred to as the support-preorder. In this paper, our focus lies in investigating and
describing the behavior of trivial morphisms within the category of support-preordered
nominal sets.

Keywords: Nominal set, Support-preordered nominal set, Trivial morphism.
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1 Introduction and preliminaries

Nominal set theory provides a mathematical framework for studying semantics, modifying vari-
ables, and much more in computer science. Indeed, Fraenkel presented nominal sets in [4] as an
alternative model of set theory in 1922. In this context Mostowski studied further, which is why
nominal sets are sometimes referred to as Fraenkel-Mostowski sets. In the 1990s, Gabbay and
Pitts [7] rediscovered nominal sets for the computer science community, and this notion sparked a
lot of interest in semantics [1,2,5,6,8].

Every nominal set can be viewed as a preordered set equipped with the support preorder rela-
tion based on the notion of support. Here considering support-preordered nominal sets, we define
and the notion of trivial morphism and charactrize and characterize such morphisms. Additionally,
we explore the concepts of prekernel and precokernel, investigating when a morphism possesses a
prekernel (or precokernel).

Suppose D is a set, then a permutation 7w of D is a bijective map from D to itself. The
permutations of D with composition and identity form a group, called the symmetric group on the
set D and denoted by SymD. A permutation © € SymD is finitary if the set {d € D|nd # d} is a
finite subset of . The set of all finitary permutations is denoted by Perm(ID) and clearly it is a
subgroup of symmetric group on D. We fix a countable infinite set D whose elements are denoted

*Speaker.
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by a,b,c,... and called atomic names. A a Perm(D)-set is a set X equipped with an action of the
group Perm (D), Perm(D) x X — X mapping (7, z) to mz subject to the rules:

(1) w1 (mex) = (mome)x, and (2)idx = x,

for every my,my € Perm(D) and every x € X. Perm(ID)-sets are the objects of a category, denoted by
Perm(D)-Set whose morphisms are equivariant maps, i.e. maps subject to the rule f(nz) = 7 f(x),
for all z € X, m € Perm(D). A subset Y of a Perm(D)-set X is called equivariant if ny € Y, for
all m € Perm(D) and y € Y. An element z of a Perm(D)-set X is called a zero element if mz = z,
for all m € Perm(D). The set of all zero elements of the Perm(D)-set X is denoted by Z(X). A
Perm(ID)-set all of whose elements are zero is called discrete. Given a Perm(D)-set X, a set of
atomic names D C D is a support for an element = € X if for all 7 € Perm(D) and for every d € D,
m(d) = d implies mx = z. Given a Perm(D)-set X, we say an element x € X is finitely supported,
if there is some finite set of atomic names that is, a support for the element x.

Example 1.1. Given a Perm(D)-set X, the power set of X, P(X), with the action Perm(D) x
P(X) —» P(X),(m,S) ~ {mzx:x €S} is a Perm(D)-set. A set of atomic names D supports
S € P(X) if and only if

Vr € Perm(D),Vd € D w(d) =d=V a2 €S mxesf.

Definition 1.2. [9] A nominal set is a Perm(ID)-set all of whose elements are finitely supported.
Nominal sets are the objects of a category, denoted by Nom, whose morphisms are equivariant
maps and whose compositions and identities are as in the category of Perm(ID)-Set.

Remark 1.3. Suppose X is a nominal set and € X. Intersection of two finite supports of z is
a (finite) support of z, [9, Propositions 2.1 and 2.3]. So each x € X has the least (finite) support
which is denoted by supp . z, and when there is no possibility of error, we denote it by suppz. In
fact, suppz = ({C : C is a finite support of z}.

Example 1.4. (i) The set D is a nominal set with the natural action 7d = 7(d).

(ii) The action of Perm(D) on D extends pointwise to action of Perm(D) on tuples D™ and
D). So, the sets D* = {(d1,da,...,d,) € D" | d; € D} and D" = {(dy,do,...,d,) € D" | d; #
d; for i # j} are nominal sets.

Notation 1.5. We will frequently write P, (X) for the set consisting of all finitely supported
subsets of a given nominal set X. By Fix C' we mean the set {m € Perm(D)| ma = a, for everya €
C}, where C C D. We also denote by P,(D) the set consisting of all finite subsets of D, and by
P._..(D) the set consisting of all subsets of D with finite complement.

cof

2 Trivial Morphisms in the Category spNom

Every nominal set together with the support-preorder given in Definition 2.1 can be considered as
a preordered set. We direct our attention to the category spNom of support-preordered nominal
sets, in this section, with a view to investigating the properties of its objects and morphisms.

Definition 2.1. By the support-preorder on a nominal set X, we mean the binary relation < on
X defined by:
T 2y < suppx C suppy.

Since < is a preorder (i.e. reflexive and transitive), the pair (X, <) is called a support-preordered
nominal set or briefly sp-nominal set.

It can be easily seen that the support-preorder is equivariant (or action preserving); meaning
that:
T] X T2 = X1 X TTa,

for each z1,22 € X, 7 € Perm(D).
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Lemma 2.2 ( [3, Lemma 3.4]). Let X be an sp-nominal set and x,x’ € X. Then, there exists
with mx <z’ or ma' < x.

Definition 2.3. Suppose X and Y are two sp-nominal sets. An equivariant map f: X — Y is
called support-preorder preserving or for convenience sp-preserving whenever f(x1) < f(z2), for all
1 R x9 € X.

In [3], we consider the category of support-preordered nominal sets and sp-preserving maps
between them denoted by spNom.

Lemma 2.4 ( [3, Lemma 3.13]). Suppose X and Y are two sp-nominal sets, f : X — Y is an
sp-preserving map, and v € X with supp f(z) # 0. Then, supp f(x) = supp .

Definition 2.5. (i) An sp-preserving map f : X — Y is called trivial if for each z, 2’ € X with
x 2 2’ we have f(z) = f(a').
(ii) Suppose f: X — Y is an sp-preserving map. We say that an sp-preserving map k : X; — X
is a prekernel of f if the following properties are satisfied:
(1) fk is a trivial morphism.
(2) Whenever A : A — X is an sp-preserving map, and f\ is trivial, then there exists a

unique sp-preserving map X : A — X7 such that A = k).

(iii) Suppose f: X — Y is an sp-preserving map. We say that an sp-preserving map p: Y — Y3
is a precokernel of f if the following properties are satisfied:

(1) pf is a trivial morphism.
(2) Whenever A : Y — Y’ is an sp-preserving map, and Af is trivial, then there exists a

unique sp-preserving map A; : Y1 — Y’ such that A = A\p.

Theorem 2.6. An sp-preserving map f : X — Y is trivial if and only if f(x) = 0 for some
0 € Z(Y) or there exists a presentation X = |J,.; Perm;(D)z; such that suppz; = suppz; and
Imf = Perms(D)({dy,...,dn}) for somen € N.

il
Theorem 2.7. An sp-preserving map f : X — Y has a prekernel if and only if we have at least
one of the following cases:

(i) f is trivial.

(i) Z(X) #0.

(iii) there is a unique n € N° such that ITmf|, = ({d1,...,dn}) for some equivariant subset X,
of X.

Theorem 2.8. Every sp-preserving map [ : X — Y has a precokernel.
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Abstract

The concept of triangular normed fuzzy implicative filters (T-fuzzy implicative
filters) is introduced in BE-algebras. Some sufficient conditions are established for
every T-fuzzy filter of a BE-algebra to become a T-fuzzy implicative filter.
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1 Introduction and preliminaries

In 2007, H. S. Kim and Y. H. Kim ( [5]) introduced the notion of a BE-algebra. In 2011, S. S.
Ahn et al. ( [1]) investigated fuzzy BE-algebras and characterized fuzzy BE-algebras in terms
of level subalgebras of fuzzy BE-algebras. Since filters are important substructures and play an
important role in algebraic structures, A. Borumand Saeid et al. ( [2]) defined various filters of
BE-algebras and they have shown the relationship between them. In 2013, G. Dymek and A.
Walendziak ( [3]) discussed some properties of fuzzy filters in BE-algebras. In 2013, M. S. Rao
( [7]) introduced the notion of implicative fuzzy filters and studied the properties of these filters in
BE-algebras. In 2023, Y. B. Jun ( [4]) introduced the notion of positive implicative Lukasiewicz
fuzzy filters in BE-algebras and investigated the relationship between fuzzy positive implicative
filter and positive implicative Lukasiewicz fuzzy filter in BE-algebras. In this paper, the notion of
T-fuzzy implicative filter in a BE-algebra is introduced, and some of the properties of these filters
is studied. It is shown that every fuzzy implicative filter in a BE-algebra is a T-fuzzy implicative
filter, but the converse is not true. Further, some sufficient conditions are derived for a T-fuzzy
filter of a BE-algebra to become a T-fuzzy implicative filter. An extension property of T-fuzzy
implicative filters is also studied.
In the following we recall some aspects which are necessary in the sequel.

Definition 1.1 ( [5]). An algebra (X, *,1) of type (2,0) is called a BE-algebra if it satisfies the
following properties:

(1) zxzx =1,
(2) xx1=1,
*Speaker.
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(3) 1xz=ux,
(4) zx(yxz)=yx*(xx2z2), forall x,y,z € X.
Theorem 1.2 ( [5]). Let (X,*,1) be a BE-algebra. Then we have the following:
(1) zx(yxx) =1,
(2) zx((z*xy)*xy)=1.
We introduce a relation < on a BE-algebra X by x < y implies = *xy = 1.

Definition 1.3 ( [5]). Let (X, *,1) be a BE-algebra. A non-empty subset F' of X is called a filter
of X if, for all z,y € X, it satisfies the following properties:

(1) 1€ F,
(2) x € Fand x xy € F imply that y € F.

Definition 1.4 ( [8]). For any set X, a fuzzy set in X is a function u: X — [0,1].

Definition 1.5 ( [3]). Let X be a BE-algebra. A fuzzy set p of X is called a fuzzy filter if it
satisfies the following properties:

(1) p(1) = p(x),
(2) w(y) > min{p(x), u(x xy)}, for all z,y € X.

Definition 1.6 ( [3]). Let u be a fuzzy set in a BE-algebra X. For any o € [0,1], the set
to = {z € X | u(x) > a} is called a level subset of X.

Definition 1.7 ( [7]). A fuzzy set p of a BE-algebra X is called a fuzzy implicative filter of X if
it satisfies the following properties:

(1) p(1) = p(z),

(2) pwlx=*z)>min{p(x = (yx2z2)),pulxxy)}, foral z,y,z € X.

Definition 1.8 ( [6]). Let I = [0,1]. Then by a t-norm T, we mean a function T : I x I — I
satisfying the following:

(1) T(,1) =,
(2) y < z implies T(z,y) < T(z, z),
(3) T(x,y) = T(y, ),

4) T(x,T(y,2)) =T(T(x,y),2), for all z,y,z € I.

A few t-norms which are frequently encountered are T,,,, Prod and min defined by T,,(x,y) =
maz{z +y — 1,0}, Prod(z,y) = zy and

x if x <y,
y if y <.

min{z, y} = {

For any t-norm T on I, it can be easily observed that T'(«, 8) < min{«, 8} for all o, 5 € I.
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Some Results in T-Fuzzy Implicative Filters of BE-Algebras

2 Main Results

In this section, the notion of triangular normed fuzzy implicative filters is introduced in BE-
algebras. Some sufficient conditions are derived for every triangular normed fuzzy filter of a
BE-algebras to become a triangular normed fuzzy implicative filter.

Definition 2.1. A fuzzy set p of a BE-algebra X is called a fuzzy filter of X with respect to a
t-norm T (simply called T-fuzzy filter) if it satisfies:

(1) (1) > ),

(2) uly) > T(u(e), ple 5 ), for all 7,y € X.

Definition 2.2. A fuzzy set p of a BE-algebra X is called a fuzzy implicative filter of X with
respect to a t-norm T (simply called T-fuzzy implicative filter) if it satisfies:

(1) u(1) > p(x) for all z € X,

(2) plx*z) > T(p(z* (y*2)), p(z*y)), for all z,y,z € X.

Proposition 2.3. Every T-fuzzy implicative filter of a BE-algebra is a T-fuzzy filter.
The following example shows that the converse of proposition 2.3 is not true in general.

Example 2.4. Let X = {1,qa,b,¢,d} be a non-empty set. Define a binary operation * on X as
follows:

QO O ¥
e
—Q Q = QR
e k=
= o0 ol
—Q Q o Qs

Then it can be easily verified that (X, *,1) is a BE-algebra. Define a fuzzy set p on X as follows:

(@) = 9, if x=a,1
pE) = .2, otherwise

for all z € X. Then clearly p is a T,-fuzzy filter of X, but u is not a T,,-fuzzy implicative filter
of X since

p(b*c) < max{p(bx (d*c))+pulb*d) —1,0}
= Ton (b (d 5 €)), (b x d)).

Theorem 2.5. Assume that X is transitive and p is a T-fuzzy filter with pu(1) = 1. then the
following are equivalent:

(1) pis a T-fuzzy implicative filter.
(2) p(xxy) = plx* (z*y)).
(3) n((@xy)* (zx2)) = plz * (y * 2)).

In the following, we derive some sufficient conditions for every T-fuzzy filter of a transitive
BE-algebra to become a T-fuzzy implicative filter.

Theorem 2.6. FEvery T-fuzzy filter p of a transitive BE-algebra X is a T-fuzzy implicative filter
if satisfies the following condition for all x,y € X.

(TF)  ply) = e+ (zxy))

Theorem 2.7. Fvery T-fuzzy filter p of a transitive BE-algebra X is a T-fuzzy implicative filter
if satisfies the following condition for all x,y,z € X.

(TF)  pl(zxy) *2) > plz * (y * 2)).
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Proposition 2.8. Fvery fuzzy implicative filter is a T-fuzzy implicative.

The converse of the above proposition is not true. However, we derive a sufficient condition
for every T-fuzzy implicative filter to become a fuzzy implicative filter.

Theorem 2.9. Let F' be an implicative filter of X. Then there exists a T-fuzzy implicative filter
w such that uy = F, for some t € [0,1].

Theorem 2.10. (Extension property for T-fuzzy implicative filters) let u and v be two T-fuzzy
filters of transitive BE-algebra X such that p C v and p(1) = v(1) = 1. If u is a T-fuzzy implicative
filter, then v is also a T-fuzzy implicative filter.
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Abstract

In this paper, we give the structure of free n-Lie algebras. Next, we introduce
basic commutators in n-Lie algebras and generalize the Witt formula to calculate the
number of the basic commutators. Also, we prove that the set of all of the basic
commutators of weight w and length n + (w — 2)(n — 1) is a basis for F'*, where F"
is the wth term of the lower central series in the free n-Lie algebra F'.

Keywords: n-Lie algebra, Basic commutators, Free n-Lie algebras, Basic product,
String.
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1 An Introduction to Basic Commutators

The consept of basic commutators is defined in groups and Lie algebras and there is also a
way to construct and identify them. Moreover, a formula for calculating their number is ob-
tained. In 1985, Filippov [1] introduced the concept of n-Lie algebras, as an n-ary multilinear and
skew-symmetric operation [z1,...,z,], which satisfies the following generalized Jacobi identity
(21, @n], ¥2, - Yn) = Dorq[T1, -y [@iY2s -y YUnl, - - - s ). Clearly, such an algebra becomes
a ordinary Lie algebra when n = 2. In 1962, A.I. Shirshov [4] gives a method that generalizes Halls
method for choosing a basis in a free Lie algebra. Basic commutators is of particular importance in
calculating the dimensions of different spaces and is therefore highly regarded. P. Niroomand and
M. Parvizi in [2], investigate to obtain some more results about 2-nilpotent multiplier M(? (L) of
a finite dimensional nilpotent Lie algebra L and by using the Witt formula, calculate its dimen-
sion. Moreover, A. Salemkar, B. Edalatzadeh, and M. Araskhan in [3] introduce thte concept of
c-nilpotent multiplier M(©) (L) of a finite dimensional Lie algebra L and obtain some bounds for
M(L) by using the Witt formula and basic commutators.

In this section, our aim is to define basic commutators of n-Lie algebras. In the previous
sections, we completely and precisely define the basic commutators by using the words. Indeed in
this section, we are going to briefly introduce the basic commutators for n-Lie algebra L (especially)
with the free representation % over the field F, in the bracket form. In other words, we introduce
a method to determine the basic commutators in n-Lie algebras. Note that two properties of n-Lie
algebras, as “skew-symmetric” and “Jacobian identity”, are important and necessary to determine
the basic commutators.
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In general, it can be said that the set of all basic commutators A is the smallest subset of the
set of all commutators of L, named W, such that A can be produced W.

The basic commutators are characterized by two concepts as “weight” and “length”. In the
case when n = 2, these two concepts are the same. The basic commutator 0 # ¢ € F' has weight
We, if ¢ € F¥e and ¢ € FWT1, where F¥< is w.th terms of lower central series, and we denote it
by w,. Also, the length of ¢ is the number of its components that are in X, and we denote it by
m. and calculate it as follows:

m=n+(w.—2)(n—1)=n+wn—2n—w.+2 = (w. — 1)n — (w. — 2).

In the general case, weight and length are denoted by w and m, respectively. If in any n-Lie
algebras (for each n € N), we denote the number of length of the basic commutator of weight wy

by my, , then we can obtain the following results:

o mn =myo, n > 2, and wy > 2.

wo

3 2 2
& My, = My, + My, 1.

Let X = {z1,22,...,Zn,...} be a basis set of n-Lie algebra L. We define the relation “<” on
Xasxz <x9<--- <z, <---. In what follows, we define the basic commutators in L as follows:

1. Every basic element ¢} = z; in X is the basic commutator of weight 1.

2. The element ¢ = [2;,,24,,...,2;,] (where z;; € X, for all j = 1,...,n) is a basic commu-
tator of length n and weight 2. It belongs to F?, if x;, > x;, > --- > x;,_; in other words,
i1 > iy > -+ > 1i,. We can compare every two basic commutators ¢2 and ci with weight 2
and length n. Suppose that 2 = [z;,, i, ..., 2;,] and that ¢ = [}, ,2,,..., 2} ], and let

7o be the first index (in moving from right to left) of z;,’s and 2’ ’s which x; ~# a:;-m. It

Ti,, > xgro or, equivalently, i,, > j.,, then we say c2 > ci, and otherwise, we say 2 < cﬁ.

3. Let ¢}’ = [c;’ll, ol c}‘;”], where all of c;’ll ey c}”ﬂ" are basic commutators of weights w1, . . ., w,
and lengths n + (w1 — 2)(n —1),...,n + (w, — 2)(n — 1), respectively. Then ¢}’ is called a
basic commutator if the following conditions hold:

o WS> W > Wy > > Wy

e Whenever ws = wsy1, then c;” > ci*™ | equivalently, js > joi1.

Js+1 ’
’ ’ ’
ws __ W1 W, Wn ~ Wn Ws 42 Ws41
e Whenever wg > wsyq and ¢ = [Cj51 e cj57L], then ¢ n S < <e <ot

In this case, ¢}’ is an basic element of F™ of weight w and length n 4+ (w — 2)(n — 1).

Note that every basic commutator of weight w is smaller than every basic commutator of weight
larger than w. Hence ¢} < c? < ¢} <---, for all indices i, j, k, .. ..
Now, we state the theorems that are among the main results and our goals in this paper.

Theorem 1.1. Let F be a free n-Lie algebra with the ordered basis set X = {x1,x2,x3,...}, where
1 < x9 < 3 < .... The set of all defined basic commutators of weight w (denoted by B(w)) on
X is linearly independent.

The following theorem is one of the main results of this paper, which is similarly discussed in
group theory and Lie algebras.

Fi
Theorem 1.2. Let F' be a free Lie n-algebra. Then Tite

the set of all basic commutators of weights i, + 1,4+ 2,1+ 3,...,i 4+ c—1 and lengths n + (i —
n—,n+@E—-1n-1),....n+(+c—3)(n—1).

is abelian Lie n-algebras whose basis is
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2 Counting of Basic Commutators

It is necessary to note that counting of basic commutators on every arbitrary basis set X is not
possible, in general. In fact, although it is possible to define the concept of basic commutators
for any countable set, counting their number is only possible if the set X is finite. The following
formula, known as the Witt formula, is provided in group theory and Lie algebras for counting of
all of the basic commutators:

la(w) = = 3 (¥, 1)

w rlw

where d is the number of generators of given group/Lie algebra (the number of members of X),
w is the Mbius function, which is defined for positive integers by the rule p(1) = 1, and for
w = pi*ps? ... p%s that p1,pa,...,ps are distinct primes numbers, by u(pip2...ps) = (—1)% and
p(pitpg?...p%) =0, if any a; > 1.

In group theory, the strategy of the proof of the above formula is to remove nonbasic commu-
tators from all the commutators. That is, it first counts all possible commutators on X and then
removes nonbasic members and their periods. Indeed in n-Lie algebras, with this method, only a
bound can be found for the number of basic commutators.

Now, let X = {x1,29,...,24} with the ordered relation x4 > z4—1 > -+ > x93 > x17. We
are going to determine the number of all of basic commutators of weight w and length m =
n+ (w—2)(n—1).

Theorem 2.1. Let L be an n-Lie algebra of dimension d. Then 15(2) = (Z) and I[Mw) =

w—2
Z a; (n)} and in Table 1 (for i > 1), see the order between the coefficients.
i

=1

Table 1: coefficients (?)’s

aq as as ay as ag ar as
ra) |1 1] -] -] -1-1-1-
mEy 121 [ - = -1T-1-
m6) |1 |3 [ 3| 1] -|-]-]-
mh [T [4]6 |41 -] -]-
"®) [ 1[5 [10]10] 5 |1 ] - |-
"9y [ 1]6 [15][20[15]6 | 1| -
M(10) | 1 | 7 [21 (3535 21| 7 | 1

Theorem 2.2. Let F be a free n-Lie algebra over the ordered set X = {x;|lxipr > ;¢ @ =

1,2,...,d} and let w be a positive integer number. Then the number of basic commutators of
weight w is
ag w—1 ( d )
ln = 5k ; n—1 2
=35 ;%@HJ7 2

where ag = (571), o4, (2 < i < w—1) is the coefficient of the (i—2)th sentence in Newton’s binomial
expansion (a+ b)Y =2, and if (ij) +1<j5< (nﬁl), (fork=n—1,nn+1,n+2,...,d=1), then
Jjt = (kil) +1 and B+ = (d—n—j*+2).

n—1
Theorem 2.3. The number of basic commutators of weight 2 on d generators in n-Lie algebras
can be concluded by the number of basic commutators of weights w < n in Lie algebras, and we
have

<Z> - ﬁ:(—l)"—s <(3+ 1)(8—|—;;...(n— 1)n> la(s) = i(—l)n_s ). )
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The following corollary expresses the relationship between the number of basic commutators
in Lie algebras and n-Lie algebras. The following formula is Witt’s generalized formula.

Corollary 2.4. The number of basic commutators of arbitrary weight w on d generators in n-Lie
algebras, can be concluded by the number of basic commutators in Lie algebra. We have

[e73) w—1 w—1
n w—i—Ss as
Gitw) =B | e | 2D el CACNNE
j=1 =2 s=2 r
r=3
r#s

where d* = (nil), ap = (d_l), a; (2 <i<w-—1) is the coefficient of the (i — 2)th sentence in

n—1
Newton’s binomial expansion (a + b)*=3. If (Zj) +1<5< (nfl), (fork=n—1nn+1n+
2,...,d—1), then j* = (;7}) + 1 and Bj- = (d —n— j* +2).
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Abstract

We give general tools for working with cyclic cohomology of nondegenerate alge-
bras. Using our way of approach in this paper, at least in general when we impose
some extra conditions, one always has to make sure that it is natural to look at the
cyclic cohomology theory of algebras with an identity and to try to extend it to the
algebras without identity but with a nondegenerate product.
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1 Introduction and Preliminaries

The aim of this paper mainly is to give general tools for working with cyclic cohomology of nonde-
generate algebras. As far as we know, there are no general methods or practical tools to study this
subject of nondegenerate algebras (of course, in the Van Daele approach to the algebras without
identity). There are many different ways where our approach can be applied and maybe we can
even apply it in different fields of mathematics. To construct a cyclic module structure to each
field of mathematics, we need to choose the appropriate spaces with three special types of oper-
ators (cyclic, face and degeneracy operators) satisfy certain rules (see [1]). Although in general,
we will only work on cyclic operators (because it is sufficiently general to illustrate our approach),
but we feel it is possible to define face and degeneracy operators at the same time, of course we
know that it is a difficult work. An advantage of our method in this paper is that we can apply
it directly on (weak) multiplier Hopf algebras (see [2], and see also Appendix of [3] for a cyclic
module structure on weak Hopf algebras). Maybe the main idea of this paper comes from the basic
work of Van Daele in [4] on extended modules where we get a strictly bigger module in general,
but the paper [5], where the Connes-Moscovici cyclic module is generalized to regular multiplier
Hopf algebras, has been the motivating source for writing this subsection. It is important to notice
that we get nothing new when our algebra has an identity (of course, in most cases). Throughout
this paper C denotes the field of complex numbers. Let A be an associative algebra over C. We
say that A is a nondegenerate algebra if the product in A is nondegenerate, that is, if ab = 0 for
all b € A implies a = 0 and ab = 0 for all a € A implies b = 0. It is clear that any unital algebra is
a nondegenerate algebra. A linear map z on A is called a left multiplier of A if z(ab) = z(a)b for
all a,b in A. The left multiplier algebra L(A) is the vector space of all left multipliers of A. The
composition of maps makes L(A) into a unital algebra and the identity map ¢ : A — A is clearly
its unit. We can consider A as a subset of L(A), using the nondegeneracy of the product in A. In
fact the map ¢ : A — L(A) defined by ¢(a)(b) = ab is an injective map.
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2 Main Result

Let A be a nondegenerate algebra and n be an integer greater or equal 1. Assume that A acting on
its left multiplier algebra L(A) in n ways and from right. Denote these n actions by z-1a,- -, z-,a,
whenever a is in A and acts on z € L(A). We always assume that any action is nondegenerate, in
the sense that z =0 if z -, a = 0 for all a € A. Assume also that z -, a € A when z,a are both in

A.

Definition 2.1. To each integer 1 < k < n, we denote by Li(A) the vector space of all linear
maps [ : A — A satisfying

l(ab) = l(a) % b,
for all a,b € A.

Remark that the right hand side of the above equality is an element in A because it is assumed
that Ay, A C A. The map a — I, from A to Ly(A) defined by Iy .(b) = a - b is injective
because the module is assumed to be nondegenerate. So we can view A as sitting in L (A) for any
1 <k <n. If Ahas an identity then for any [ € Lx(A) we have

Uiy (D) = U(1) - b= 1(1b) = I(b),

by the property of the map [. So in this case, we get A = Li(A). However, the point is that in
the case of a non-unital algebra, the space of such maps is in general strictly bigger than A itself
(see [4] for examples). In some cases, we can even find elements in the left multiplier algebra L(A)
and not of A that can be considered in L(A), by the property that the module action L(A) is
nondegenerate. The following definition can be used for this purpose.

Definition 2.2. We denote by C™(A) the vector space of all z € L(A) such that
zpa€ A
foralll1 <k <nandall a € A.

Clearly A is a subset of C™(A), again because A, A C A. We also can view C"(A) as sitting in
any Ly (A), although some care is required because it is a subset of L(A4). The map z — I , from
C™(A) to Li(A) defined by li .(a) = 2z - a is injective because the module L(A) is nondegenerate.
Take _

C"A) =LA Li(A) &3 L,(A),
as the direct sum of L(A) with these spaces L;(A). In this paper, we will often use the symbol
z o a for the element za, when z € L(A) and a € A. The map

Z = (lo,z7l1,za to 7ln,z) (1)

from C™(A) to C"™(A) such that Iy, . (a) = z-,a is clearly injective. So, we can also view C"(A) as sit-
ting in C™(A). In this paper, sometimes we identify an element z in C™(A) with (o ., {1 2, -+, ln 2).
But before we continue, let us first look at an important remark.

Remark 2.3. The map (1) plays an important role in this paper because we have imbeddings of
A in C"(A) and of C™(A) in C™(A), and so one might guess that a map on A can be extended to
a map on C"(A) and then on C"™(A). And conversely, for any given 7, : C"(A) — C™(A) it seems
natural to try to have 7,,(A) C A and 7,,(C™(A4)) C C™(A), by using imbedding (1).

With this approach in mind, we are now ready to define our operators on A, C"(A) and én(A)
(although we first define our operators on A, C™(A) and then on C™(A)). But, however it is obvious
that extra assumptions are needed because (maybe) there are the different actions. Assume that
there is an element v € C™(A) with the conditions

yi(ya(G(yaa)-)) =aq, (2)

n+1-times
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Y1 (ag-1b)=(y-10) b, (3)

for all a,b € A and all 1 < k < n. The left hand side of (2) makes sense and it is an element in
A, since v is assumed to be an element in C"(A). For a better understanding of condition (2), if
n =1 we have v+ (y-1a) = a and if n = 2 we have v 1 (71 (71 a)) = a. Similarly for any n > 3.
Note also that, the both sides of (3) are in A because v € C™(A) and A -, A C A.

Remark 2.4. In (3) above, if kK = 1 then (using the module property) one has automatically that
y-1(a-gb)=~-1(ab) = (y-1a)1b.
Thus the case when n = 1 we only have condition (2).
We are now ready for the following, an important consequence of .
Lemma 2.5. For all a,b € A we have
Y1 (@ b) = (y1 a)b. (4)
We have for all a € A that 1 a € A since 7 is an element in C™(A). Hence:
Definition 2.6. Define the linear map 7, : A — A by 7,(a) =71 a.

Indeed 7% (a) =y -1 (y-1 (---(y-1a)---)) = a, by using condition (2). So 7;*! = 1. We now
can extend 7, to C™(A) (see Remark 2.3).

Definition 2.7. Define an operator 7, from C™(A) to C"(A) by
?n(l()a lla e 7ln) = (Tn o ln77—n o l()an o lla 5, Tp O lnfl)a
for all (Ip, ly,--- ,1,) € C™(A).

Using (3) and Lemma 2.5, it is not so hard to see that the range of the map 7, lies in C™(A)
and that 7, (a) = 7,(a) for all a € A. Moreover

ﬁ?“(lo,ll,"' ’ln) — (T£L+1 OZO,T;LH oll,-" 7.n+1 OZn) — (lo,ll,"' Jn)’

r'n

since 77! = 4. So 7t =4

By Lemma 2.5, one always has to make sure that there exists an operator from C™(A) to the
left multiplier algebra L(A) so that extends the map 7, : A — A, denoted again by 7,,. But it is
not possible to show that the range of this map is in C™(A) in general. In fact, it depending on
the situation (see Proposition 2.10 below).

Definition 2.8. Define the linear map 7, : C"(A) — L(A) by
Tn(Z)(a) = Tn(z n a)7 (5)
when z € C"(A) and a € A.

Here we used the map 7, : A — A in the right hand side of (5). Remark that z -, a belongs to
A because z € C™(A). So 7,,(z -, a) makes sense and it is an element in A. To prove that 7,,(2) is
a left multiplier of A we have

Tn(2)(ab) = T (z - ab) =y -1 (z-pab) =1 ((zna) nb).
Since z -, a € A we can use Lemma 2.5 and so
m(2)(ab) = (v 1 (2 n a))b = Tn(z -n a)b = 7a(2)(a)D,

as we wanted to prove. Note also that 7, : C"(A) — L(A) extends the map 7, : A — A, again
using Lemma 2.5.
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Remark 2.9. As explained above, we do not know that the range of the map 7, is in C™(A).
But, this will follow when

Tn(2) 'k a = Ty(2 k-1 a), (6)
forall 1 <k <mnandall z€ C*"(A), a € A. Of course, this is true for when z,a are both in A,
using (3) and (4).

Proposition 2.10. Suppose 7, satisfies (6), for all1 <k <n and all z € C"(A), a € A. Then
its range is in C™(A). Moreover T, extends 1,. Also 7" = 1.

Remark 2.11. It can be a good problem to make the collection {C"(A)},>0 (or the collection

{C"(A)}n>0) into a cyclic module structure. Of course, first maybe the main difficulty is to give
a meaning to the space C°(A). We must also define face and degeneracy operators at the same
time. However this is a difficult work.
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Abstract

In the study of S-acts, numerous significant discoveries have highlighted the rela-
tionship between regularity in a monoid S and the injectivity of S-acts, along with
related concepts. In this talk, we explore the concept of strongly regular elements
within hypermonoids as a generalization of regularity in monoids. We extend several
foundational results to both hypermonoids and generalized hyper S-acts, or briefly
GH S-acts, over hypermonoids. Specifically, we establish that a monoid S qualifies
as a strongly regular and injective GH S-act if and only if all its right ideals are C-
injective.

Keywords: Hypermonoid, Generalized hyper S-act, Injectivity, W-Injectivity, PW-
Injectivity, C-Injectivity, Strong regularity
Mathematics Subject Classification [2010]: 14117, 20N20, 20M50

1 Introduction and Preliminaries

Consider a set S. On S, one can define a binary operation that associates each pair of elements
in S with another element within S. Moreover, it is possible to define an operation that maps
each pair to a non-empty subset of S. The first case pertains to algebraic structures such as
semigroups, monoids and groups, whereas the second case pertains to algebraic hyperstructures

*Speaker.
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including hypersemigroups, hypermonoids and hypergroups. The concept of monoid actions is
generalized to hyperactions in hyperstructures. Initial discussions of hyperactions on hypermonoids
appear in [4,6,7], and hyperactions on monoids were investigated in [3,5]. The study of C-injective
S-acts is detailed in [8], while [1] extends C-injectivity to GH S-acts and introduces the concept of
semi-injectivity.

Classical results have demonstrated linkages between injectivity (and its variations such as W-
injectivity and PW-injectivity) and the regularity of elements within monoids. This note introduces
a generalization of regularity, termed strong regularity, and extends numerous classical findings to
hypermonoids and G H S-acts.

In the following, we provide some fundamental concepts related to hyperstructures needed in
the sequel.

Let H be a semigroup. An element h € H is called reqular if there exists an element x €
H such that h = hxh. If all elements of a semigroup are regular, then H is called a regular
semigroup. We note that if h € H is regular and h = hxh for some x € H, then hz is an
idempotent. For an arbitrary set A, we denote the powerset of A by P(A), and as a convention,
we let P*(A) = P(A)\ {0}. A hypersemigroup is a pair (S,0) where o : S x S — P*(S) is a map
satisfying a o (boc) = (aob)oc for any a,b,c € S, and for any S’ C S and s € S, we define
S'os=Uycg s 0osand s0S =), g 505" If there exists e € S such that aoe = eoa and
a € aoe for any a € S, then S is called a hypermonoid, and e is an identity element of S. An
identity element e of a hypermonoid S is called a pure identity if a o e = {a} for any a € S. Let
S be a hypermonoid and I be a non-empty subset of S. Then, I is called a right ideal of S if
IToS=J,cgI0osC I The concept of being regular is generalized for hypersemigroups, and an
element h of a hypersemigroup (H,o) is regular if h € ho H o h. An idempotent element of a
hypersemigroup S is an element s € S such that s o s = {s}. For basic concepts about S-acts, we
recommend [2].

Let (S, 0) be a hypermonoid and X a non-empty set. Define * : X x S — P*(X) such that for
any ¢ € X and s,t € S:

1. xx(sot) = (xxs)xt,
2. z€ex*e,

where e is the identity in S. This structure (Xg, *) is called a generalized hyper S-act (GHS-act).
If a subset X’ C X satisfies X’ *.S C X', then (Xg,x) forms a GHS-subact. A GHS-act is pure
if z % {e} = {z} for all z € X. Homomorphisms between GHS-acts are maps ¢ : Xg — Yg that
satisfy ¢(x xs) = ¢(x) *s. A retraction is a GHS-homomorphism that is also a right-inverse to the
inclusion of a GHS-subact, making the subact a retract of the original act. Let Xg be a GHS-act
and Yg be a GH S-subact of Xg. A GHS-homomorphism f : Xg — Yy is called a retraction if
fi =1idy,, where i : Ys — Xg is the inclusion map. If there exists a retraction f : Xg — Yg, then
Yy is called a retract of Xg.

Let Xg be a GHS-act. Then Xg is called injective if for any one-to-one G H S-homomorphism
1 : Ys — Zg and any GH S-homomorphism f : Yg — Xg, there exists a GHS-homomorphism
g: Zs — Xg commuting the following diagram:

Y Zg
|,
Xs

Considering the above assumptions, Xg is called F-injective (C-injective) if Yg is finitely
generated (cyclic). Further, Xg is called PW-injective if Y = I is a cyclic right ideal of S, Zg = S
and 7 is the inclusion map. Note that any cyclic right ideal of S is of the form so S for some s € S.

2 Main Results

In this section, we delve into the relationships between injectivity and its derived notions in terms
of strongly regularity.
First we introduce a new concept extending the notion of regularity in hypersemigroups.
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Definition 2.1. Let (S,0) be a hypersemigroup. An element x € S is called strongly regular
whenever there exists an idempotent element z € x o S for which z oz = {z}, and for any a € 5,
z o a is a singleton.

If any element of S is strongly regular, then we call S a strongly regular hypersemigroup.
Moreover, if S is a hypermonoid, then it is said to be a strongly regular hypermonoid.

For instance, the hypermonoid S = {1,a} where a o a = {1,a} is clearly strongly regular.

Consider a hypersemigroup S. It can be observed that any element s in S that is strongly
regular is also regular. Therefore, a hypersemigroup that is strongly regular must also be regular.

Let S be a semigroup. Define sot = {s,t, st} for any s,t € S. Then (S, o) is a hypersemigroup.
The following example shows that the concepts of regularity and strong regularity are actually
different in hypersemigroups.

Example 2.2. Consider N with the above hypersemigroup structure (i.e. aob = {a, b, ab} for any
a,b €N). Let a € N\{1}. Then acloa = {a,1}oa =aoaUloa = {a,a’}U{1,a} = {1,a,a®} and
soa €aoloa C aoNoa, which means that a is regular. But a is not strongly regular, otherwise,
there exists an idempotent b € N with b € a o N and {a} = boa = {b,a,ab}. This follows that
ab = a = b, and hence a = 1 which is a contradiction.

Recall from [2] that an S-act Ag over a monoid S is PW-injective if and only if for any s € S
and any homomorphism f : sS — Ag, there exists z € Ag with f(x) = zx for any = € sS. In the
following, we study this property for GH S-acts where S is a hypermonoid.

Proposition 2.3. Let S be a hypermonoid. A GHS-act Xg is PW-injective if and only if for
any s € S and any GHS-homomorphism f :soS — Xg, there exists z € Xg such that z x a is a
singleton for any a € S, and {f(z)} = z*xx for any x € so S.

Corollary 2.4. Let S be a hypermonoid and s € S. If so S is PW-injective, then s is a strongly
reqular element of S.

The following theorem characterizes all hypermonoids S for which any GHS-act is PW-
injective.
Theorem 2.5. Let S be a hypermonoid. Then the following are equivalent:

1. All GHS-acts are PW-injective.

2. All right ideals of S are PW-injective.

3. All finitely generated right ideals of S are PW-injective.

4. All principal right ideals of S are PW-injective.

5. S is strongly regular.
Corollary 2.6. Let S be a hypermonoid. Then the following are equivalent:

1. All principal right ideals of S are injective.

2. S is strongly regular and injective.

A classification of monoids in terms of the C-injectivity or injectivity of a certain class of
their right ideals can be found in [8, Theorem 9]. The following result generalizes this result to
hypermonoids.

Theorem 2.7. Let S be a hypermonoid. The following statements are equivalent:
1. All right ideals of S are C-injective.
. All finitely generated right ideals of S are C-injective.
. All principal right ideals of S are C-injective.

2

3

4. All principal right ideals of S are injective.
5. All principal right ideals of S are F-injective.
6

. S is strongly reqular and injective.
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Abstract

In this article, we have proposed a new model for a real lifetime, which can be used
in topics such as vehicle speed, asphalt, etc. We discuss the distributional properties
of this model, and it has been used to the generalization of Nadarajah and Kotz
distribution.

Keywords: Real Lifetime, Random Stochastic Matrices, Randomly Weighted Aver-
ages, Cauchy Composition Test

Mathematics Subject Classification [2010]: Primary: 13BXX,13FXX,05EXX,
Secondary: 13HXX, 05EXX

1 Introduction

Multiple stochastic matrices have long been the focus of many researchers in applied and theo-
retical disciplines, and significant results have been published in books and journals, but recently
the close relationship between this discussion and average dynamics has been suggested by some
authors. This has intensified attention to the issue. They see average dynamics as an essential
role in studying changes in distributed systems and algorithms, as well as providing examples. On
the other hand, paralleled, in the last few decades, authors have also argued about finding the
distribution of a mixed random variable that does not seem to be irrigated to multiplication of
random matrices. Example given in these works are lifetime. So the results will undoubtedly be in
line with assumptions that are consistent with the examples. In this article, by changing our per-
spective on the interesting work of Homei and Nadarajah(2018) and accepting their assumptions,
we have discussed and obtained the results for multiplying random matrices of aspects which that
are very different from their work and those of others.

In this paper S is a random combination of random matrices and S is randomly weighted
averages of random matrices.(for symbols see Homei 2012, Homei 2015, , Homei and Nadarajah
2018, Homei 2021)

*Farid Akande.
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2 Product of Random Stochastic Matrices

Theorem 2.1. Let X be any random matriz with bounded support and Y be independent random
variable of X with Ga(3]5_, a;) distribution. If

S(al,...,an;§17...,5n) 4yx

then X and S (al, e, Qp; El, . ,Bn) have identical distribution.

Proof. At first we define Y = 371" | Y; (and ot = 377
then by use of one of assumptions we have

Y+ Zz 1YX’L EYX

1 @), which has Ga(a™) distribution,

the fraction Z}/J has the same distribution as S(aq, ..., an; 51, e ,En), S0 we can rewrite the

mentioned expression in the form of
v*+SLyx,
then both sides have the same moments.

k12

Bt st (v sl v sk ) = B (Vi ytexlye v xe)

and  so E((Yﬂ“)E(sﬁl.sgw.--sggn) = BEY*)BXFr XMz XFme) where

nn
k=300 2 ki
Considering the same distribution of Y and Y, we can omit the first expectations from both
sides of the equation

B () ) B (st sty st ) = B0 B (X XX

As aresult of having bounded support variables, the equation of the same moments of two variables
conduces to the same distribution, so the proof is completed and X and S(aq,...,an;B1,-.-,5n)
have identical distribution. O

Theorem 2.2. If random coefficient environment X;’s are identically distributed independent
random matrices, then components

S(na,...,na;ﬁl,...,gn)

have independent gamma(a) distribution if and only if Bl == 5n =(a, -, ).

Proof.

=1 =1 =1
=TT e (5 ()T
B (E (et;y,-xi(") |X1>)
=1
n 1 n n 1 @
= E @ E
eI () )
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(=) ) - (=) )

The last statement is the Stieltjes transformation which is unique, so leads to the prove of both
if part and only if part. [

Theorem 2.3. S (Zi(:1 ozi(l), ceey Zi(:l ai(n);g(l), e ,g(“)) has the

M Dirichlet Za&j), e ,Zag)
j=1

j=1
matriz distribution, where a9 = <a§j), e 7a,(€j)> (G=1,---,n)

Proof. LetY; (j =1,---,n) be independent random variables independent from
(X1, ,X,) that have the distribution Ga(a;), respectively. It can be seen, by some classic ways

(eg. E(etT) = [\I'(t)]zj % that the distribution of T = Zj T, = Zj Y;X; is the same distribu-
tion of T; with the parameter (3_; aj, -+, >>; @;). We can also write T £ ¥X in which Y has the
gamma distribution with the parameter (2?21 a;) and T has the M Dirichlet(d oz, -+, > ;)
distribution, and Y and X are independent from each other. By using theorem 2.1 the proof is

completed.
O

Theorem 2.4. S(ka, ..., ka; Bl, ce, En) has M Dirichlet(na, - -+ ,na) distribution if and only if
/81 :...:/Bn:(a7-~- ’a),

Proof. Supposing the following equality both if part and only if part are proved.

ZZLl Yi X _ v+ -
B S,

i=1

T = Zn:YZ—XZ— =Y".
i=1

Theorem 2.5. S (al, e, O % + Q(1)7 e % + oz(n)> has the MDim'chlet(% + 30 s, %

O
_|_
S0 ;) matriz distribution, where a9 = (aj, - ;) (j =1, ,n).

Proof. LetY; (j =1,---,n) be independent random variables independent from
(Xy,-++,X,) that have the distribution Ga(% + a;), respectively. The distribution of
T =3 ,T; =3, Y;X; is the same distribution of T; with the parameter (3 + Dot

Zj a;). We have T = YX in which Y has the gamma distribution with the parameter (5 -+

Zle ;) and T has the Dirichlet(3 +> oy, -+, 2 + Y ;) distribution, and ¥ and X are inde-
pendent from each other. O

[= o=
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Abstract

In this note, the set of some identities with four object variables of an arbitrary fixed
set QQ are investigated. We reprove a theorem of V.D.Belousov with new technique.
From these results we obtain new identities that characterized quasigroups isotopic to
groups and when added to a quasigroup form a group.

Keywords: Quasigroups, Primitive quasigroup, Group, Balanced identity, Variety,
Isotope

Mathematics Subject Classification [2010]: 20N05

1 Introduction and Preliminaries

V. D. Belousov’s papers, Etta Falconer, Jaroslav JeZek and Tomas Kepka, Yu. M. Movsisyan, and
many other authors have articles in this matter. An ultimate goal, the determination of all such
varieties, seem at the moment far from being completed. Although the description of all identities
that characterize quasigroups which are isotopic to groups is an open problem. In particular, the
possibility of existence of identities with three variables which characterize quasigroups isotopic to
groups until this time is unknown. In this paper we specialize on characterizing quasigroups which
are isotopic to groups, with four object variables.
First recall some definitions from quasigroup theory.

Definition 1.1. A quasigroup (@, -) is a set Q with a binary operation - : @ x @ — @, denoted
by juxtaposition, such that for each a,b € @, the equations a -z = b and y - @ = b have unique
solutions z,¥y € Q.

2 Main Results

Theorem 2.1. The quasigroup Q(+) is an isotope of group G(x) if and only if one of the following
identities holds for Q(-)

(¢) =y \{llyy)/z]u}] = [{z[y\ (yy)l} /2] u
(b) =y \{l(y2)/ylu}] = [z [y \ (y2)]} /9] w
(¢) w2\ {l(wy)/ylu}] = {xz[2\ ()]} /ylu
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Consequently the variety of quasigroups isotopic to groups characterized by mentioned four-
variable identities.
Finally we will have the following theorem that is showed identities with four object variable when
added to a quasigroup form a group.
Let’s proof a theorem that is useful for proof of next theorems.

Theorem 2.2. Every one of the identities:

z-(y-z)=(z-y) =z

z-(y/z) = (z-y)/z
z-(y\z)=(z/y) 2
e\ (y-z)=(x\y) =z
z\ (y/2) = (z\y)/?

when added to a quasigroup form a group.
The following theorems are analogical results of this theorem .

Theorem 2.3. FEvery one of the identities:

(z-y)-(z-u)=((z-y)-2)) v

(@\y)-(z-u) = ((z\y)-2)-u
(x/y) - (z-u) = ((x/y) - 2) - u
z-((y-2)-w)=(x-(y-2))-u
z-((y\2)-u) = (z-(y\2) - u
z-((y/2)-u) = (z-(y/2)) -u

30((\
z-(y-(z/u

when added to a quasigroup form a group.

8
<

S

)= (
)= (
)= (
)= (
)= (
)= (
)=
)= (

- u)
)
)

8

<
—_ — —
—~ o~~~

N

_—

<

~

xy .

Proof: Tt is sufficient let A(z,y) = w or B(y,z) = v or C(z,u) =t, where A,B,C € ¥ ={-,/,\}.
Therefor we will have associative law.

Theorem 2.4. Every one of the identities:

(@-y) - (z\u) = ((x-y)/2)) v
(@/y) - (z\w) = ((x/y)/2) - u
(@\y) - (z\u)=((x\y)/2) u
- ((y-2)\u) = (z/(y-2)) u
z-((y\2)\u) = (z/(y\2)) - u
z-((y/2) \u) = (z/(y/2)) - u
- (y\(z-u) = (z/y) - (2 u)
- (y\ (z\u) = (z/y) - (z\v)
z-(y\ (z/u) = (x/y) - (z/u

when added to a quasigroup form a group.
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Theorem 2.5. FEvery one of the identities:

) = (
(z\y)- (z/u) = ((z\y) - 2)/u
z-((y-2)/u)=(z-(y-2))/u
z-((y/2)/u) = (z - (y/2))/u
z-((y\2)/u) = (z-(y\2))/u
z-(y/(z-u) = (z-y)/(z-u)
z-(y/(z\u) = (z-y)/(z\u)
2 (/(2/w) = (@ 9)/(z]u
when added to a quasigroup form a group.
Theorem 2.6. Every one of the identities:
(@-y)\(z-u)=((z-y)\2) - u
(e/9)\ (2 -u) = (2/9) \ 2) -
@\ \(z-u)=((z\y)\2) u
e\ ((y-2)-u)=(x\(y-2)-u
z\ ((y/z) - u) = (x\ (y/2)) - u
2\ ((y\2)-u)=(z\(y\2)) v
e\ (y-(z-u)=(z\y) (z-u)
e\ (y-(z\u) =(z\y)-(z\u)
2\ (y- (z/u)) = (x\y) - (2/u)

when added to a quasigroup form a group.

Theorem 2.7. Every one of the identities:

(@-y) \ (z/u) = ((z-y) \ 2)) /u
(@/y)\ (z/u) = ((z/y) \ 2) [u
@\ )\ (/u) = ((z\y) \ 2)/u
2\ ((y-2)/u) = (x\ (y-2))/u
z\ ((y/2)/u) = (x\ (y/2))/u
2\ ((y\2)/u) = (x\ (y\2))/u
2\ (y/(z-w) = (£ \y)/(z - u)
2\ (y/(z\w) = (x\y)/(z\ v)
2\ (y/(z/u) = (z\ y)/(z/u

when added to a quasigroup form a group.

3 Coclusion

In this paper we characteraized quasigroup identities with four object variable, without repetation,
isotope closure to groups. Althouh one can, useing isotope, investigate other identities that are
isotopic to groups by means of belousov’s theorem and our proof of this theorem .
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Abstract

First-order logic, a powerful tool of formal logic, provides a lens to analyze math-
ematical structures and unlock their properties. In this note, we investigate groups
within the framework of first-order logic.
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1 Introduction

First-order logic provides a powerful framework for reasoning about objects, their properties, and
relationships. However, sometimes we want to go beyond basic logical statements and explore more
complex structures with specific rules. This logic system allows us to build complex statements
using variables, quantifiers (like ”for all” and ”there exists”), logical operators (AND, OR, NOT),
and predicates, functions and constants [2].

In the vast landscape of mathematics, we encounter systems governed by well-defined opera-
tions. These operations, like addition and multiplication, combine elements to produce new ones,
forming the core rules of the system. Enter algebraic structures, a captivating realm where we
delve into these operations and their properties [3]. Algebraic structures are focusing on:

Set of Objects: It could be the set of integers for arithmetic operations or vectors for linear algebra.
Operations: These are the actions performed on the objects, defining the rules of interaction. Fa-
miliar examples include addition 4, multiplication X, or taking inverses —1.

On other words algebraic structures focus on operations and their properties.

First-order logic acts as a bridge, allowing us to translate the abstract world of mathematical
structures into a precise symbolic language. By focusing on operations and their properties, al-
gebraic structures become a particularly elegant example of this translation. As we delve deeper
into this fascinating intersection, we unlock a powerful toolkit for analyzing and comprehending
the intricate worlds of mathematics.

The connection between these two areas arises when we use first-order logic to describe the
properties and relationships within an algebraic structure. Here are some key aspects to under-
stand:

Language: We define a specific first-order language with symbols representing the elements,
operations, and relations within the chosen algebraic structure.

Interpretation: We assign specific meanings to these symbols within a particular structure. For
example, the addition symbol ”+” in a group might be interpreted as the actual addition operation
on real numbers.
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Axioms: We express the defining properties of the algebraic structure using first-order formulas.
These formulas become the “axioms” that the structure must satisfy.
By studying algebraic structures in first-order logic, we gain several advantages:

a) We can precisely capture the essence of an algebraic structure using a formal language.

b) We can use the tools of first-order logic to prove theorems about the structure, demonstrating
relationships between its elements and operations.

c¢) We can analyze different types of algebraic structures using a unified framework within
first-order logic.

In this paper, we discuss the application of first-order logic in group theory. This paper is outlined
as follows. In section 2 we provides an introduction to preliminaries about first-order logic and in
section 3 we give complete description of ordered Abelian group theory in first-order logic.

2 The Foundation of Formalization

In this section, we introduce the key concepts of first-order logic [1,2,4].
Definition 2.1 (First-order language). A first-order language £ is given by following data:
1. A set of function symbols F and positive integers ny for each f € F.
2. A set of relation symbols R and positive integers ng for each R € R.
3. A set of constants symbols C.
4

. Variable symbols v, w, vy, v, -+, the Boolean connectives A,V,—, the quantifier V and 3,
and parantheses (and).

In first-order logic, we use symbols to construct abstract objects mainly formulas and sentences.
The set of terms is the smallest set that includes all variables, all constant symbols, and

any expression of the form f(t1,...,%,,), where f is a function symbol and ty,...,t,, are terms
themselves.

We say that ¢ is atomic formula if it is either of form ¢; = ¢ for two terms ¢1,%s or it is of
form R(t1,...,t,,) where R is relation symbol and t1,...,t,, are terms.

Definition 2.2. The set of formulas is the smallest set W containing the atomic formulas such
that

1. if ¢ is in W, then —¢ , Jw¢ and Ywe are in W.
2. if ¢ and ¢ are in W, then ¢ A ¢ and ¢ V ¢ are in W.

A variable, denoted by w, is considered free in a formula, denoted by ¢, if it’s not within the
scope of an existential quantifier Jw or a universal quantifier Yw. Otherwise, it’s considered bound.
A formula that lacks free variables is called a sentence.

For example, the formula Jv(Vw(v = 1 4+ w)) is a sentence because the variable v’ is bound
by the outer existential quantifier and 'w’ is bound by the inner universal quantifier. In contrast,
Ju(v = 1+ w) is not a sentence since 'v’ remains free. Finally, a collection of sentences is referred
to as a theory.

For each first-order language £, we can define different interpretations as L-structures.

Definition 2.3. An L-structure is given by the following data:
1. A nonempty set M is called universe of structure.
2. A function fM : M™f — M for each function symbol f € L.
3. A set RM C M™% for each relatin symbol R € L.
4. An element ¢™ for each constant ¢ € L.
This structure is denoted by M = (M, (f™ : f € F),(RM: R R),(cM :c€Q)).

For each L-structure M, the set of all sentences that are true in M is called the full theory of
M and is denoted by Th(M). Finding an axiom system 7" for Th(M) is an important subject in
this field. We describe an axiom system for Th(Q, +, —, <,0) in the section 3.
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3 Theory of Groups in First-Order Logic

To explore the group theory using first-order logic, we must first establish a suitable language to
describe and analyze groups. This language will serve as the foundation for expressing axioms,
formulating theorems, and delving into the intricacies of group structures.

e A language of group is £ = {+, —, 0} that + is a 2-ary function symbol, — is l-ary function
symbol.

e The set of terms in group language is the smallest set of expressions that contains variables
and the constant symbol 0 and is closed under the function symbols 4+ and —. For example,
v+ w, —v 4+ 0 are terms atomic formula. Atomic formulas in group language are simply
equations between terms. An example of an atomic formula is v + w = 0. The set of
formulas in group language is built upon atomic formulas. It is closed under the logical
connectives A, V and -, existential quantifier 9 and universal quantifier V. For eample
Yodw(v +w=0Av=v—w) and Yo(v+ v = w) are formulas.

o Mg = (M,+M,-M 0M) is an Lg-structure where:

* M is a nonempty set.
* 4 MM x M — M is a function representing addition.
* M M — M is a function representing the inverse operation.

* 0M € M is an element of M.
By considering +V (m,n) = m+n, =V(m) = 1+m and 0V = 0, Ng = (N, +V, -V, 0V) is an L¢-
structure. Also Z¢ = (Z,+,—,0) is an Lg- structure. Not every Lg-structure becomes a group.
We will now introduce axioms (sentences in group language) that, if true within an £g-structure,
guarantee that structure is a group:

1. Associativity Axiom: o1 = VaVyVz(x + (y+2) = (z + y) + 2)
2. Identity Axiom: oo =Vz(x +0=0+z = z)
3. Inverse Axiom: o3 =Vz(r —x=0= -2+ x)

Consider a theory T consisting of axioms 01,09, and o3.

Soundness and Completeness theorem(informally): Any structure that satisfies all the
axioms in T is guaranteed to be a group (Soundness). Conversely, every group can be interpreted
as a model of T (Completeness).

Universal Theory and Subgroups: T is a universal theory. This means that if M« is a model
of Tg and Ng is a substructure of Mg (i.e., a subset inheriting the relevant structure from Mg),
then Ng must also be a model of T. In simpler terms, if a larger structure satisfies the axioms
of T, then any of its substructures automatically inherit those properties and become groups
themselves. This can be seen as an abstract criterion for identifying subgroups within a group.
Incompleteness of T¢: Because (Z,+, —,0) and (Zs, +, —,0) are the models of T and

(Zo,+,—,0) EJx(x £0Ax+2=0)
(Z,+,—,0) E~(Fz(z £0Az+x=0))
SoTg FETx(r #0ANz+2=0) and Tg = ~(3z(x #0 Az + 2 = 0)). Hence it is not complete.
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Abstract

In this Paper, we introduce a graph I' (M), whose vertices are the nonzero proper
left submodules of a left R-module M and two vertices N and K are adjacent if
N 4+ K = M. We investigate some properties of the graph T'y (M). For example,
the diameter, girth, clique number and chromatic number of the graph I'y (M) are
studied, when M is a finitely generated left R-module.
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1 Introduction and Preliminaries

Throughout this paper, all rings are associative with unity, and all modules are unital.

In 1988, Istvan Beck [5] addressed the issue of a graph with the algebraic structure ring and
introduced the zero divisor graph of a commutative ring. Later on, this introduction was slightly
modified by Anderson and Naseer in 1993 [3]. The concept of the zerodivisor graph was further
modified. Many authors studied the zero divisor graph in the sense of Anderson and Livingston as
in 1999 [2]. Since then, the concept of the zero divisor graph of a ring has played a vital role in its
expansion. Motivating from this well-expanded idea of Beck, several correspondences of a graph
with algebraic structures have been introduced with a various applications. The total graph of a
commutative ring by Anderson and Badawi in 2008 [4], and the intersection graph of ideals of a
ring by Chakrabarty et al. [6].

Recently, this subject has received a good deal of attention from several authors assigning a
graph to a ring or a group and then studying the algebraic properties of these objects via their
associated graphs [1].

In the following, we present some definitions, notations, and results about elementary graph
theory. By a graph G = (V, E), the authors mean a nonempty set V and a symmetric binary
relation (possibly empty) E on V. The set V is called the set of vertices, and E is called the set of
edges of G. Two elements x and y in V are said to be adjacent if (z,y) € E and we write x ~ y.
Here, H = (W, F) is called a subgraph of G if H itself is a graph and ) # W C V and F C E. If all
the vertices of G are pairwise adjacent, then G is said to be complete. A complete subgraph of a
graph G is called a clique. A maximal clique is a clique and is maximal with respect to inclusion.
The cliqgue number of G, written as w(G), is the maximum size of a clique in G. The chromatic
number of G, denoted as x(G), is the minimum number of colors needed to label the vertices so
that the adjacent vertices receive different colors. A path of length k in a graph is an alternating



F. Rashedi

sequence of vertices and edges, xo, €9, T1, €1, %2, ..., Tn_1,€n—1, Ty, Where z;’s are distinct (except
possibly the first and last vertices) and e; is the edge joining z; and x; 1. The authors call this a
path joining zg and z. A cycle is a path with g = x. A cycle of length 3 is called a triangle. A
graph is connected if there exists a path joining x and y for any pair of vertices z,y € V. A graph
is said to be triangulated if for any vertex x in V, there exist y,z in V', such that z ~ y ~ z is a
triangle. Two vertices « and y of graph G are orthogonal, written x L y, if x and y are adjacent
and there is no vertex z of G that is adjacent to both & and y. A graph G is called complemented
if, for each vertex = of G, there is a vertex y of G (called a complement of x) such that L y. For
vertices z and y of G, d(x,y) is the length of the shortest path from z to y. If there is no path,
then d(z,y) = co. Then, the diameter of G is diam(G) := sup{d(x,y) |z and y are vertices of G}.
The girth of G, denoted by gr(G), is the length of the shortest cycle in G (gr(G) = o if G contains
no cycles) [7].

In the paper, our main objective is to establish connections between module theoretic properties
and associated graph’s properties. For a left R-module M, we associate a graph I'; (M) whose
vertices are nonzero proper left submodules of M and two vertices in I'; (M) are adjacent if they
are comaximal. We find w(T'+(M)) and x(T'+(M)) and see that they are equal to the cardinal
number of the set of maximal left submodules of M (Proposition 2.6). We show that under which
conditions the graph I'y (M) is a forest or a tree (Theorem 2.7).

2 Main Results

Definition 2.1. Let M be a left R-module and I' be the family of all proper nonzero left sub-
modules of M. On I' we define the following adjacency and denote the resulting graph by I'; (M).
Two vertices N and K are adjacent if N + K = M, that is, they are comaximal left submodules.

Recall that a left submodule N of a left R-module M is said to be left small if for a left
submodule K of M, N + K = M implies K = M. Tt is well-known that Rad(M), is small in M.

In fact, Rad(M) is the sum of all left small submodules of M. The following preposition is easily
deduced.

Proposition 2.2. Let M be a left R-module. Then the following statements hold.

1) A nonzero proper left submodule N of M is left small if and only if N is an isolated vertex
2) Let M be a finitely generated left R-module. Then M has only one maximal left submodule
if and only if T4 (M) has no edges.

Proposition 2.3. Let M be a left R-module, N and K be two nonzero proper left submodules of
M such that N C K. Then deg(N) < deg(K).

Proof. Suppose that NV and K be two nonzero proper left submodules of M such that N C K. If for
arbitrary left submodule L of M, N+ L = M, then K + L = M. Therefore deg(N) < deg(K). O

Lemma 2.4. Let M be a finitely generated left R-module with at least two nonzero proper left
submodules. Then I'L (M) is connected if and only if Rad(M) = 0.

Proof. Assume that Rad(M) = 0 and N, K € I'y (M). Then there are maximal left submodules
L and £’ such that N ¢ £ and K ¢ L£'. Either £ = £ or £ # L. In either case, there
exists a path from N to K in 'y (M). Hence N and K are connected. Conversely, assume that
'+ (M) is connected. If Rad(M) # 0, then Rad(M) cannot be adjacent to any other vertex, a
contradiction. O

Corollary 2.5. Let M be a finitely generated left R-module with Rad(M) = 0. Then
diam(T' 4 (M)) < 3.

Proof. 1t follows from the proof of Lemma 2.4. O

Proposition 2.6. Let M be a finitely generated left R-module. Then the following statements
hold.
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1) wlTi(M)) =x(T+(M)) is equal to the number of mazimal left submodules of M.

2) gr(T'+(M)) = 3 except when M has at most two mazimal left submodules.

Proof. (1) Suppose that H be a complete subgraph of I'y (M). Hence choose a maximal left
submodule Ly with N C Ly, for any vertice N of H. Since N+ K = M, Ly + Lx = M for
any distinct vertices N and K of H. Hence Ly # Lx. Thus the subgraph of I'y (M) induced by
{LN | N is a vertex of H} is a complete graph having as many vertices as H. Now, since the set
of all maximal left submodules of M is a complete subgraph of I'y (M), w(I'+.(M)) is the cardinal
number of the set of maximal left submodules of M. Now, let

{L;|i € I} be the set of all maximal left submodules of M and suppose that < is a well ordering
onl. Let Hi = {N < M[|0# N C L; and N ¢ ,_, H;} for each i € I. Then £; € H; for each
i €1, and so H; # 0. Also {H;|i € I} form a partition for the set of vertices of I'y (M). Since any
two vertices in H; are not adjacent for every ¢ € I, all the vertices in H; can have the same color.
However, the £;’s must have different colors. Therefore x(I'+(M)) = [1].

(2) If £1, L2 and L3 are three distinct maximal left submodules of M, then they are the vertices
of a triangle in T'y (M). O

Theorem 2.7. Let M be a finitely generated left R-module. Then T'y (M) is a forest (tree) if
and only if either M has exactly one mazimal left submodule or M has exactly two mazimal left
submodules such that all non-mazximal left submodules of M are contained in only one of them.

Proof. Assume that M has exactly one maximal left submodule. Hence I'y (M) is a graph with no
edges. Therefore I'y (M) is a forest. Now, suppose that M has only two maximal left submodules
L1 and L5 such that all non-maximal left submodules of M are contained either in £ or in Lo,
then I'y (M) is a forest. In this case I'y (M) is the union of a star graph and some isolated vertices.
Conversely, Let M be a module with exactly two maximal left submodules £; and L5 such that
Iy (M) is a forest. If there exist left submoules Ny C £q with Ny & L5 and Ny C Lo with No € Ly,
then we have the cycle Ny ~ Ny ~ L1 ~ L5 ~ Ny in I'y (M). Then non-maximal left submodules
of M are all contained either in £q or in Lo. O

Example 2.8. Let M be a finitely generated left R-module. It is clear that if Ty (M) is a forest,
then M has at most two maximal left submodules. However, Z, x Z4-module Z4 X Z4 shows that
even for a module with exactly two maximal submodules, I'; (M) is not necessarily a forest.

Definition 2.9. Let M be a left R-module. Then two vertices N and K are orthogonal in I'; (M)
if we have N + K = M, and for any vertex H € I'y (M) either N+ H # M or K + H # M, in
this cace we write N L K.

Theorem 2.10. Let M be a finitely generated left R-module. Then the following statements are
equivalent.

(1) T (M) has no triangle.
(2) Any two adjacent left submodules are orthogonal.

(8) M has at most two mazimal left submodules.

Proof. (1) = (2) Assume that N and K be two adjacent vertices that are not orthogonal. Then
there exists another vertex H which is adjacent to both N and K, by the definition of orthogonality,
a contradiction.

(2) = (3) If there exist at least three maximal left submodules, then they cannot be orthogonal
to each other.

(3) = (1) Suppose that £; and Ly are the only two maximal left submodules of M. Then for
any three vertices N, K and H of I'; (M), at least two of them are contained in either £; or Lo,
and hence they are not adjacent. Therefore there is no triangle in I' (M). O
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Abstract

The present study investigates the properties of n-submodules. The results demon-
strate that a necessary and sufficient condition for a proper submodule is an n-
submodule. In a certain condition, it was determined that there exist n-submodules
of Hompg(-,-).
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1 Introduction and Preliminaries

In this paper, R denotes a commutative ring with identity, and all modules are assumed to be
unitary.

Let M be an R-module, and N a submodule of M. It is then evident that (N :g M) = {r €
RirM C N} is an ideal of R. If r € R and z € M, with rz € N implying r € /(N :g M) or
x € N, then a proper submodule N of a R-module M is said to be primary. The dual notion
of primary R-modules, secondary R-modules, was first proposed by MacDonald (see [3]). If the
homomorphism f, : M — M, which works by multiplication, is either surjective or nilpotent for
each a € R, then M, a non-zero R-module, is secondary. In [4], the concepts of n-ideals and
n-submodules were initially introduced.

Let M and L be R-modules. Given that N is an n-submodule of M, it can be shown in
Theorem 2.9 that an n-submodule of Homg(M : L) can be constructed using an appropriate
method. It is shown in Theorem 2.11, let M be a secondary R-module and L be an R-module.
The zero submodule of Hompg(M, L) is an n-submodule.

2 n-Submodule

Definition 2.1. [4] Let M be an R-module. A proper submodule N of M is called to be an
n-submodule if, for any ¢ € R and m € M, the condition that am € N and a ¢ \/Anng(M)
implies that m € N is satisfied.

Lemma 2.2. Let M be an R-module, and let N be a proper submodule of M. Then the following
statements are equivalent:

(1) N is an n-submodule.
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(2) For every a € R, the map fq : % — % defined by fo(x+ N) = ax+ N for every x+ N € %
is either injective or nilpotent. Furthermore, we have that \/(N R M) = \/AnnR(M).

Proof. (1) = (2) Since N is an n-submodule, it follows from Proposition 3.2 in [1] that (N :g M) C
VAnng(M). Since Annp(M) C (N :g M), it implies that /(N :gp M) = \/Anng(M). Let a € R
and f,(x + N) = 0. Then, ax € N. Consequently, either x € N or a € \/Anng(M). Therefore,
fa is either injective or nilpotent.

(2) = (1) Let @ € R, x € M be such that ax € N. If f, is injective, then x € N. If f, is
nilpotent, then f*(x + N) = a*x + N = N, a* € \/(N :g M), and a € \/Anng(M). Therefore N

is an n-submodule. O

It can be demonstrated that a proper submodule N of an R-module M is primary if and only
if, for every a € R, the multiplication-based homomorphism f, : M/N — M/N is either injective
or nilpotent. Consequently, every n-submodule is a primary submodule. In the following example,
we will demonstrate that there exists a primary submodule such that it is not an n-submodule.

Example 2.3. Let R = Z and M = Z. It can be demonstrated that 8Z is a primary submodule
of M. However, it is not an n-submodule.

The following are examples of n-submodules.

Example 2.4. Let R = Z and M = Zyg as R-module. It can be shown that (2), (4) and (8) are
n-submodules of M.

Example 2.5. It can be demonstrated that every proper subspace of a vector space V is an
n-submodule.

The following example illustrates the existence of modules that lack n-submodules.

Example 2.6. We demonstrate that the quotient group % as a Z-module lacks an n-submodule.

It is clear that Annz(%) = 0. Let % be a proper submodule of % Therefore, there exists an

element of the form § +Z in the quotient group % that is not in the submodule %. Consequently,

b ¢ \/Annz(%) = 0. To illustrate this, consider the function f; : % — % be a function such that
fo(x + L) =bx+ L. Then, fi(% + L) =0 and § + L # 0. Consequently, f; is not injective.

Definition 2.7 ( [2]). Let M be a module over a commutative ring R. A proper submodule N
of M is said to be a generalization of an n-submodule (G.n-submodule) if the condition am € N
implies that m € N or a € \/Anng(N) for any a € R and m € M.

The subsequent example illustrates a G.n-submodule that is not an n-submodule.
Example 2.8. In Zg ® Z as a Z-module, (4) & (0) is a G.n-submodule but not an n-submodule.
In the following theorems, we will demonstrate that n-submodules may be found in Hompg(_, ).

Theorem 2.9. Let R be a commutative ring and M, L be R-modules. Let N be an n-submodule
of M and let R
N ={f € Homr(L,M)|f(L) C N}.

If N is a proper submodule of Hompg(L, M), then N is an n-submodule of Homp(L, M).

Proof. Let a € R and f € Hompg(L, M) be such that af € N. Therefore, af(l) € N foralll € L.
Since N is an n-submodule of M and af(l) € N, it follows that either a € \/Anng(M) or f(I) € N.
Consequently, a is an element of the radical of the annihilator of the module Homg(N, M), or
f € N. Therefore, N is an n-submodule of Hompg (L, M). O

Proposition 2.10. Let M, L be R-modules and N be a G.n-submodule of M. Let
N ={f € Homg(L, M)|f(L) C N}.
If N is a proper submodule of Hompg(L, M), then N is a G.n-submodule of Hompg(L, M).
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Theorem 2.11. Let M be a secondary R-module and L be an R-module. Then the zero submodule
of Homp(M, L) is an n-submodule.

Proof. Let af = 0. Then, af(z) = 0 for all x € M. Consequently, f(ax) = 0. Since M is
a secondary R-module, there exists an integer k such that either a*M = 0 or aM = M. If
a € \/Anng(M), then a € \/Anng(Hompg(M,L)). If aM = M, then for m € M, there exists
x € M such that m = az. Therefore, f(m) = f(axz) = 0. This implies that f = 0, which in turn
implies that (0) is an n-submodule of Homg(M, L). O

References

[1] M. Ahmadi and J. Moghaderi, n-submodules, Iran. J. Math. Sci. Inform., (17) (2022), 177190.

[2] S. Karimzadeh and J. Moghaderi, On n-submodules and G.n-submodules, Czechoslovak Math.
J., 73 (148) (2023), 245262.

[3] I.G. MacDonald, Secondary representation of modules over a commutative ring, Sympos. Math.,
(11) (1973), 2343.

[4] U. Tekir, S. Koc and K.H. Oral, n-ideals of commutative rings, Filomat, 31 (10) (2017), 2933-
2941.

\hid



28Lh Trunian Alygebra Semimar "';"" L-' ,.- e
LIniverzivy ot dargrheh

B July 2024 Vvl

algebra28-00950078

Sl 21550 s wasia sloos Sps 5 Jbos slass S5 2B

et (S0

oLl slesls (ol sl aaSisls ol sy S
mehdishams @kashanu.ac.ir : Jasl oys!

a3l Lasg S a5 51 o s o el Ll blezl slaas s 51 (o 2lsysb saSs
LSJLA\ LS"J)B dM g_g‘v): da>ia g JLAJ.I 6\.&@3;‘;:') 6[&1:4,.0\54.”.% &‘J’ J}.&u’m
5bn ke cherd (Ll sy 5 JlomaSlo (slasy ol (28L 13055 ¢

dndde -

(S dlor 31 pske 0SB sl 53 S ol DLl pgn slaer L 51 S by S 4k
spst Jlisl 5 bl sbasls s s by S o ks oa)ls 508 5818 5 Sl 3Ll (ot
5294 333052 oo Loy S 4k 5,8 w50 0lse 4 2,800 518 oslical 550 gJLJ bl s
ol (St 53 01228 5 [¥] o0 blows p 2eS b ans 6‘%3& b S5550n p e 4l
S o o5l ladan (B 03 o opl 3 Sl aad €333 s 5 Sk 3550 [V] 5 cins
Ol aaseiin gy S5 5 Jlo i by S5 aiSpo Jos (ol ite L (5, S (S35 09,5
sy90 Xz S5 4 dllie ol 5 oS sl wde 359l a3 6JLo| Lleu) Glual & aewy 53095
Jt‘“‘ LSS osbe “LSJ*& ‘66‘“’ SERT P 5] 6JL‘°‘ bled s L‘“bsf) o s 8 5
JlShe sls, 50 bl o SS @ 9 35800 Jous ;;,5\,: L s Lg\sﬂra CL b sl
ol ol ) g S5 S ol o i) B 5t 09 S 6 o 55 a2 sl Ly
5 n 25 Sl o sghe wiz Ll 3, S8 1) By ol Ol Sse S 15 datie S

@€ G2l olEm N 9G s s 028G Jlyog Sy S LN < GoyfSys
nX N plaosly Sl e ol Jold (nass sy (s 05 S Jla plsie 4 a7 ' Na = N
3V sasee b 058 Yl 05505 Sl = {A € Gl det(A) =V} gm ) plaes b
Sl <Gl Kos Syl sl Gl S i X1 passly sla e ke el Jola mazs
(K) C K € Aut(G) o s o0 528 G5l aminin sy S5 S b K < G oy 3
@ € Aut(G) » sy sz bl ol G U;du&um; ARProes Aut(G) oS
sl G ‘waj;fJ&K<Gb))§f) U‘f@“")}‘au“")b o EAUt(G)
035505 Sy aain 09805 2 2k b a(K) = K a € Aut(G) » gl 4 585
G = {zyz Y 1 g G Gris 09505 cpmed -Cans Cannys O WS Jy Sl Jlay
S (@) = @y 205 il oSS G Sl Gl aaiin 55 8,5 S a,y € G
Jos X 60 4o 500 555 G 05 S Mbéﬁﬂxﬁwf&i:b G il sy G GXG
(MJ‘SAL}LM«JQ$L‘JC\JL)J‘ (g,)xM&GXX%Xc,U&“oKJﬁcASGA

2020 Mathematics Subject Classification. Primary: 62F10; Secondary: 54H11.
oSl glo)5b chns 6‘3)3\* Fopsly wams bl L;M (e 03 Sp5 IS O3

\YY



Sl 2l55b s wasia sloes Ss s Jbos slass S5 i o g

ex =z 5 (ab)x = a(bx) «a,b € G » sy € X » glil & & onds wil €ils 555
Sloslin 15 55l (sloosy S Jue X (555 G o8 81 aialin LainG 1, X Sl o) s
Candp b slad ) byl pls b S .Gr = {gz 1 g € G} g a0 S X 55, G Jos
05505 atl Lab-G o X S wmss iwle G/X = {Gz 1 2 € X} L5 g
b sl A s, G Jos od 33 5io0 0al 53 G 3Ll Gy = {9 gx = x}
gEGCS 1,2 €X gl sl wal Juslly of 5 Gy = {e} @ € X » 51,58
b X oy G Jos sl wils 52559 4 panin g € G 81 57" = g S 555ba 5515 3525
;\,\;wf\wb\)f:)(%y@b bl Lad-G g YV 3 X wS (5,8 V] wo S sl b
o850 i S JleaaSbo slassb 1y f (glosb w6 - f(g2) = f(2) @ € X 59 € G » sl
Lf X o YV il wb (Y] 2y = oy g € G gl ans 5 f(1) = (o)
Sl S susbe w8L il sy af € Aub(G) g3upss K she (S s (sloyea-G
[¥] flg2) = ap(9)f(2) x € X 59 € G »

L s dasite laos S5 5 Jlop slaes S les )8 b lis psu 5 pss i3y
s5iin e Cind (50l sy sl bl pizen 5 Sl (slan, LT

ISl 613556 slan,lal 23l s aasnin 5 Jbo s slog S5 5,58 .Y

< O‘)i-i“f Olgise 1y by Lad ¢ JUsl b 5 sbe ooy S (595 03,5 3ama b idw o2l o
bS5ty ¢ ol Iy cans Slosee w5 el ol W88 s s S Jes Loy S
Lbjf.b}‘ﬁ w‘ L}S b JLQ:\-MSLA 6‘b)jl3 C‘)S u‘jzu.n @JE u._:\)‘j J;&,\J uﬁ.:a.o 6‘3)3‘.%—0
(_gbjfajj\ﬁj\q.:&édbjﬁrm c.,\js 6\;96&.&\ J}AM)‘.A‘)J Oz Sl C):" Coe .:;\.\:.;
e .\.b\y Sesle c:\jS O:" QJ; ‘J.:.a: L;LE‘;;\ L:&ijjkag U;C,J\; BEREI™ oslinl Cams 6\:J3rb
Al el [P PIESE SN B y5be 05,505 G Jold oy S8 ol 2> s
g (513550 G 51 55,50 ol sy JlameSTa (513555 05T (28 (51 sal ol G 0T 31 am
358 o0 415
@b @ € Aut(G) goupss LT 1 X — Gd\aﬂr.a—G @b) G&Ta,ﬁd\x ALY Jls
9 € Gl Soyo il g3 3sin €8S ki s fx) = (7(2)) Mo dulo L f 1 X = X
Blg) = (alg) g ol > S f(gz) = (7(x)) " (alg)) gz = B(g)f(z) @ € X
\ajjra—G T S o A s B E Aut(G) JS I s 1) s Chnds Lg‘.))jr-b f Ul
! (_JLQ:\-MSLA ‘5\:)3\3 f A U\J‘SJ:..»;S) B(g) =€ O)pe w‘)b c(Oé(g) = g@) .\.ZLJ
f plele s B =g € Aut(G) Suso o2l (alg) = €) wib I,5b-G o7 S pimen
-g:\...:‘))jrh_G
JleSL lsy0b f(z) = (7(2) 2 S Gao Tg(x) = K gh1(2) G35 s h € H
el

5o g JlemSle (613556 55T alon Lo sl ) Jln s 5
#lrsT(gr) = a(g)T(2) ST X = G Ciend gloger £ sl S1-([¥]) FY o)1
ol s sl wsls o5 B(g) = (a(g)) g € Gy ca € Aut(G) sz € X 59€ G
el JoSle s f (1) = (7(2)) "' s

ch,h,EH:Hxxam65ﬁ3$€X}g€Gﬁ6‘ﬁ Y.¥Y Jbae s

Blg) = (alg)'g=hT"g hg=h""g7'\gh' ='W € G,

&:a...u‘ dLat.wsLn 6\.\)3\5 f(x) = (T(I’))i\w GY’V b)‘jf&.b LJT'.‘JT’L"‘.’ E)

YA



Sl 2l55b s wasia sloes Ss s Jbos slass S5 i o g

SNt © L 1, G o500 8 Jae JEl B, by © $Lai=G 55, G5 S8 il
2scsS bl € Aut(GQ) 3o oy 0 € Ol ol dbis G olgn S
Wl 0. b blis € msos ¢ Cdg afge)l. = 0 Dyso ¢ LS pbe 1,0 € O sae
ol 1 5 WS e Jos sl ysba © g5y G el Jsl UG obas © 55, G &S ol 5l o5
-o(gne) = ha(ge) h € G 56 € O j» gl S ans oo 4 a(gng)f. = hO = ha(gs)0.
wlin ssbe 5 Clsygoa=G (psm U S 10 (0) = ag) dalo bja 0 © = G ipon
wl> a7 € Aut(G) b cins slsyspa=G (pgmss 2t () = go = a™ (na(9))
ol ol ol b5 05 G ol g s JUas) LSS osba 0985 S A s 5 andd oy
5,8 oo 518 eslinl 5y 50 JlenSle (gla9b oylel 8L gl (it 50 daiein &S
5l el JEl U st © 53, & H aaiia sy S5 S0 Jult G 81 ([¥]) ¥ et
L7 : 0O — Gy, d:&éd\.sjjrm—Ggo Cjb&iu:“?“‘” .a(h.) = h. h. € H » <y
~(Oé(go))7\ga S GQ e @3 g. € G@c Jbé‘f 456)}24.’ ..\..ZLv <ils 399 (X € zflut(G)
C):"JJ .,\..ZL’ &gug_i:: H@J‘.MJJ: “9 T4§.,\..2L: \)er.b—Ggu Cal: g_% T:0 506 Q‘ﬁ b}ﬂ;
UG e g ol JlanSle 515,56 O g5, F/(0) = (1o 07(hy ' 0)) 7 7(hy '0) oy
.a(hg)f. =0 v € Aut(G) 50, € O b ¢l Sl H

W@t'}ug{\;ﬁpmﬂjw 6L°‘°3J§J:’5 JJ:U\S Y

55 S SUPgeg fo(X) = fi(%) s8p S0 gly MLE S 1, t: X — © S0, i}
LS 2 s 35 opea=G il LG MLE St 81 [Y] x = (2, @) O
S8 ppal o b wS e Jor O )l glad 5 X wse glab 50y G (Siglns 095
9(x,0) = (92, 90) S50 4 X X O 55, G k3 Jos s 7(2) =Gz o7 : X - G/X
Wb oivesl oSk hT: A X0 = G/(X XO) s 556 psa ol
o X = G/(X x0) 6\3 0 €0 »ilyolEewns chns bl |y (E,7) &),
ol s (1, 1) SISl S5 v eV sl (t,ﬂ')j‘c’bg.i’“ To(x) = 7(x,0) dasls b
Jseme (Saiss 5l et S s L3l (S by S 50 st s0) il s
Y] e
23l G gloygen b0 X = O g5 S Jos JUil b 4 © 55, G ST ([¥]) )Y 48
(t,m) o8l sl Jboi WG 5 (a1(9)) g € Gop 0 € O 59 € G o sl S s35b «
o3V by ool adl Lasy £ 5 a8 Jos sl psb 4 X (65, G 31 ol s bl S
CawlaGy o3 Jbs () bl S sl 315
t: X =0 g5 Go<iG b € O gl 548 Jas Jl 5k 4 O 55, G 51 ([¥]) V.Y U
Gl o8l sl il sym5 t(gz) = h\ght(2) h € Gg S 32 € X 59 € G o &l
hyh' € Gy slis > 59 €GO EO

(u(9)'g=h""g'hg=h""g 'gh' ='W € Gy

sl iens bl sy (8,7) ((VV) i g 05 bl

(1,7) 557 G = (G, G) 0 € © o sy 5 5 oo JUiSI U, b & © 55, G S
shls © 5 X slas o [\“] Cnl cors gxlb st : & — Gd‘b)jrﬁ c:\}S rl.& sy
TEX 50E0 o sly m il zsze o b LGy 5 bGy os caiis 5L lae g 5
b cosobes X sl o S Las-TT G 1) X ien -G = 9Gog™) (g € G S
Xe 539 G 3 555 St i o5 & X 55 G S G168 & 23k Mo x Ko 0y ol 5L

S e izl b o

A



Sl 2l55b s wasia sloes Ss s Jbos slass S5 i o g

BB 2l L TT S, X 2 X x Xy 226 S bG aS o5 -([F]) ¥ et
‘06@396Gﬁ6‘ﬁ4§wﬂ*§9'\‘:bu‘33}?37:)€€%Gdﬂﬁawd‘-’)ﬁrﬁ

1S Jos Jsl b 4 O 59, G 5wl QLS Jlas g5 sl O 5 X ST ([Y]) FY e
59 € G »gly sy by uGQ;\(,@J‘mgwd\wweu@t X = 0,
! g..ﬁ:.wtg)bb (VW) (t,ﬂ') uLfOTc(Oét(g))_\g S Gm axeX

&l

. D. Khattar and N. Agrawal, Group Theory, Springer, New York, 2023.

. E.L. Lehmann and G. Casella, Theory of Point FEstimation, 2nd edition,
Springer-Verlag, New York, 1998.

. M. Shams, On weak structural sufficiency, Boletin de la Sociedad Matematica
Mexicana, 26 (2020), 1313-1332.

. M. Shams, On weakly equivariant estimators, Statistical Papers, 62 (2021), 1611-
1650.

YA



28th Tranian Algebra Seminar o I,.r".e\.-"‘“ r"’"'j._,-f
University of Maragheh

=10 duly 20K24 LR i PR

algebra28-01010095

Some Results on the Relations Between Cohomological
Dimensions
Morteza Lotfi Parsa

Sayyed Jamaleddin Asadabadi University, P. O. Box 65418-53096, Asadabad, Iran.
Email address: lotfi.parsa@sjau.ac.ir

Abstract

Let R be a commutative Noetherian ring, I, J be two ideals of R, and M, N be two
R-modules. We study the cohomological dimension of N, M with respect to (I,J),
denoted by cd(I, J, N, M), and we get some relations between this invariant and other
types of cohomological dimensions.
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1 Introduction and Preliminaries

Throughout this paper, R is a commutative Noetherian ring with a non-zero identity, I, J are two
ideals of R, and M, N are two R-modules.

The local cohomology theory has been an significant tool in commutative Algebra and Alge-
braic Geometry. There are some generalizations of the this theory. For any integer i, Herzog [5]
introduced the i-th generalized local cohomology functor Hi(—, —) as

H}(N, M) = lig Ext%(N/I'N, M)
teN
for all R-modules N and M. If N = R, then H{(N,—) = Hi(—).

Another generalization of local cohomology theory has been given by Takahashi et al. [8].
Let W(I,J) = {p € Spec(R) : I C J + p for some positive integer ¢}. The set of elements z
of M such that Supp(Rz) € W(I,J), is denoted by I'; ;(M). Let W(I,J) = {a < R : I* C
J + a for some positive integer t}. Then x € T'; y(M) if and only if Anng(z) € W(I,J). It is
easy to see that I'y ;(M) is a submodule of M, and I'; j(—) is a covariant, R-linear functor from
the category of R-modules to itself. For any non-negative integer ¢, the local cohomology functor
Hj} ;(—) with respect to (I,.J), is defined to be the i-th right derived functor of T’y ;(—). If J =0,
then Hj_,(~) = Hj(-).

Nam et al. [7] introduced a common generalization of these theories as follows. The module
I';,;j(Hompg(N, M)) is denoted by I'; (N, M). It is easy to see that I'y ;(N,—) is a left exact,
covariant functor from the category of R-modules to itself. For an integer i, the i-th generalized
local cohomology functor with respect to (I, J), denoted by H} ;(N, =), is defined as the i-th right
derived functor of 'z s(N,—). If N = R, then Hj ;(N,—) = H} ;(—). It is easy to see that

Hj ;(N,M)= lim  Exth(N/aN, M).
acW(I,J)
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It follows that if J = 0, then Hj ;(N,—) = H}(N,—). When N is finitely generated, then
H}'”](N, M) is just the i-th generalized local cohomology of N and M relative to (I,.J), which is
defined by Zamani [10]. Note that the generalized local cohomology with respect to a pair of ideals,
is a special case of the generalized local cohomology with respect to a system of ideals, which was
introduced by Bijan-Zadeh [2].

The notion of cohomological dimension of M with respect to I, denoted by cd(I, M), is defined
as the supremum of all non-negative integers i for which H:(M) # 0. Amjadi and Naghipour [1]
introduced the cohomological dimension of two modules N, M with respect to an ideal I as
cd(I, N, M) = sup{i € Ng : H{(N, M) # 0}. It is clear that if N = R, then cd(I, N, M) = cd(I, M).
As another generalization of this concept, Chu and Wang [4] introduced the cohomological dimen-
sion of M with respect to a pair of ideals (I,J), denoted by cd(I,J, M), equal to the supre-
mum of all non-negative integers 7 for which H}J(M) # 0. It is obvious that if J = 0, then
cd(I,J, M) = cd(I,M). As a generalization of all these notions, the cohomological dimension of
N, M with respect to (I,.J) is defined as cd(I, J, N, M) = sup{i € Ny : Hj ;(N, M) # 0}. It is clear
that if J = 0, then c¢d(I, J,N,M) = c¢d(I, N, M), and if N = R, then cd(I, J, N, M) = cd(I, J, M).
In this paper, we study the cohomological dimension of two modules with respect to a pair of ideals,
and we obtain some relations between this invariant and other types of cohomological dimensions.

2 Main Results

Recall that R is a Noetherian ring, I, J are two ideals of R, and M, N are two R-modules.

Definition 2.1. Cohomological dimension of N, M with respect to (I, J), denoted by c¢d(I, J, N, M),
is defined as ‘
cd(l,J, N, M) = sup{i € No : Hy ;(N, M) # 0}.

If J = 0, then cd(I,J,N,M) = cd(I,N, M), which was defined in [1]. If N = R, then
cd(I,J,N,M) = cd(I, J, M), which was defined in [4].
In the following result, we get some basic properties of this invariant.

Proposition 2.2. Let I',J’ be two ideals of R.
(i) ed(I,J,N,M) = cd(vI,J,N,M) = cd(I,/J,N,M).
(ii) cd(IT',J,N,M) = cd(IN T, J,N, M).
(iii) cd(I,JJ',N, M) = cd(I,J N J',N, M).

(i) If J C J, then cd(I + J',J,N,M) = cd(I,J, N, M). In particular, cd(I + J,J,N, M) =
cd(I,J, N, M).

Now, we study the relations between the cohomological dimension of two modules with respect
to a pair of ideals, and the cohomological dimension of a module with respect to a pair of ideals.

Proposition 2.3. Let I',J’ be two ideals of R, M be a finitely generated R-module, and let N be
a finitely generated R-module of finite projective dimension.

(i) cd(I +1I',J,N,M) < cd(I,J,N,M)+ cd(I', J, M).
(ii) ¢d(I,J N J', N, M) < cd(I,J, N, M) + cd(I, .J', M).
Note that Min(.J) denotes the set of the minimal elements of V(J) = {p € Spec(R) : p 2 J}.

Corollary 2.4. Let M be a finitely generated R-module, and let N be a finitely generated R-module
of finite projective dimension. If ¢ € Min(J), then

cd(I,J,N,M) <cd(I,q,N,M)+ > cd(I,p,M).
peMin(J)—{q}

Lemma 2.5. If N is a projective R-module, then cd(I,J, N, M) = cd(I,J, M).
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Theorem 2.6. Let R be a local ring, and let N be a finitely generated R-module of finite projective
dimension. Then cd(I,J,N, M) < pd(N) + cd(I,J, M).

In the next result, we get some upper bounds for cohomological dimensions.

Proposition 2.7. Let N be a finitely generated R-module of finite projective dimension.
(i) cd(I,J,N,M) < pd(N) + ara(IR), where R = R/\/J + Ann(M).
(i) cd(I,J, N, M) < pd(N) + ara(I).
(iii) cd(I,J,N, M) < pd(N) + dim(M).
(iv) If M is a finitely generated R-module, then
cd(I, J,N, M) < pd(N) + dim(M/JM) + 1.
(v) If M is a finitely generated R-module of finite Krull dimension, then
cd(I, J,N,M) < pd(N) + dim(M ®g N).
Corollary 2.8. Let I',.J’ be two ideals of R, and let N be a finitely generated R-module of finite
projective dimension. Set R = R/+/J + Ann(M).
(i) cd(I +1',J,N,M) < pd(N) + ara(IR) + cd(I’, J, M).
(i) ed(I,JNJ' N, M) < pd(N) + ara(IR) + cd(I, J', M).

Corollary 2.9. Let J' be an ideal of R, and N be a finitely generated R-module of finite projective
dimension. Then

cd(I,JNJ N, M) < pd(N) + dim(R/(J + Ann(M))) + 1+ cd(I,.J', M).

Proposition 2.10. Let R be a local ring, and let N be a finitely generated R-module of finite
projective dimension.

(i) If M is a finitely generated R-module, and J # R, then
cd(I,J, N, M) < pd(N) + dim(M/JM).

(ii) cd(I,J,N, M) < pd(N) + dim(R/J).

Corollary 2.11. Let R be a local ring, J' be an ideal of R, and let N be a finitely generated
R-module of finite projective dimension. If J # R, then

cd(I,J N J', N, M) < pd(N) + dim(R/(J + Ann(M))) + cd(L, J', M).

Finally, we get some formulas on the relations between the cohomological dimension of two
modules with respect to a pair of ideals, and the cohomological dimension of two modules with
respect to an ideal.

Lemma 2.12. For each non-negative integer t,

Hp ;(N,M)=  lim  Hy(N/aN,M).
acW(I,J)

Proposition 2.13. (i) cd(I,J, N, M) < sup{cd(a, N, M) :a € W(I,.J)}.
(i) cd(I,.J, N, M) < sup{cd(a, N/aN, M) :a € W(I,J)}.
(iii) If N is a projective R-module, then

cd(I, J,N, M) < sup{cd(a, R/a, Homgr(N,M)) : a € W(I, J)}.

(iv) cd(I,J, M) < sup{cd(a, R/a, M) :a € W(I,.J)}.
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Abstract

Based on our previous works, and in order to relate them with the theory of
quantum graphs and the quantum computing principles, we once again try to introduce
some newly developed technical structures just by relying on our toy example, i.e. the
coordinate ring of n X n quantum matrix algebra M,(n), and the associated directed
locally finite graphs G(II,), and the Cuntz-Krieger C*-graph algebras. Meaningly,
we introduce a (4¢ — 6)-quantum entangled system by using the Cuntz-Krieger G ( i)
families associated to the 4i—6 distinct Hamiltonian paths of G(II;), for i € {2,...,n}.

Keywords: Quantum computing, Quantum information theory, Quantum state, Quan-
tum system, Qubit, Quantum graph, Cuntz-Krieger C*-graph algebra, Quantum per-
mutation group, Hamiltonian path.
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1 Introduction and Preliminaries

The field of quantum error correction is dealing with protecting fragile quantum information from
the unexpected errors in an effort to build a super efficient quantum computer.

In February 2019, Adrian Chapman was looking some new approaches in order to tackle a
long-standing search for the Holy Grail of quantum error correction. A way of encoding quantum
information that is resistant to errors by constructions and doesn’t require active correction.

In order to get a little bit closer to the above explained wondering, our idea and our proposed
approach begins by a question by Alain Connes, asking if “there are quantum permutation groups,
and what would be they look like?”.

In late nineties, Shuzhou Wang came with an answer, saying that “the quantum permutation
group S;7 could be defined as the largest compact quantum group acting on the set {1,..., N}”.

*Speaker.
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His approach was by looking at it as the compact set Xy := {x1,...,zn} consisting of a finite set
of points (pointwise isomorphic), and studying its function space

N
C(Xny)=C* (pl, ..., PN projections| Zpi = 1) .

i=1

Finally, this has led him to define something like

C(S:f) = <u2]|u’b] = u = z]?Zukj Zuik = 1) ,
k=1

for i,5 € {1,...,n}, and calling S;" = (C(S,}) the quantum symmetric (permutation) group as the
quantum automorphism group of Xy .

The matrix v = (u,;);,; with entries w;; satisfying the relations of the quantum permutation
groups, will be called a magic unitary matrix.

Recently, Rollier and Vaes [5] put one step forward and applied the above constructions to
the connected locally finite graphs. Following their results, and by using the n? — 2 connected
locally finite graphs G := {G(m;)|i € {1,...,n}}, we were able to show that the set G is possessing

a nondegenerate x-monoid algebra structure equipped with the binary operations ; % T =
(V; UV}, E; U Ej), together with the identity element 7o, on which has triggered us in proposing
Theorem 2.1.

2 First Initial Set of Multiplier Hopf *-Graph Algebras

Already, inspired by results presented in [5], we succeeded in proving an almost identical result,
but we been not satisfied, hence we came up with the following result. [3]

Theorem 2.1 (First initial set of multiplier Hopf %-Graph Algebras). For the graph C*-algebra
C*(S, P) := C*(my,) = My2(C), and the Cuntz-Krieger G(my,)-family S = {S.,, = Eiy1,1,5e¢,; =
Ejy forj > 14,8, = Ey; fori > j}, define

A O(M2(C)) [t71] = M (O(M,2(C)) [t71] @ O(M,2(C)) [t71]),

taking E; j to Ex h®E, ;. := Egm, for { = P¥ and P, expanded linearly on whole of O(M,2(C)) [t’l] .

Then A is a coproduct on O(M,2(C)) [t7'] = O(GL(n)), and (O(GL(n)),A) is a multiplier
Hopf *-graph algebra, fori,j, k,h,o,7 € {1,...,n%} and {,m € {1,...2n?%}.

3 A Route to Quantum Computing Through the Theory of
Quantum Graphs

At this point, we already have what we need in order to enter to the quantum computing and the
quantum information theory!

So, consider G(II), the directed graph associated with K[M,(2)], and its adjacency matrix IIs.
The interested reader might have a look at [3], in order to obtain more information. Consider its
set of Cuntz-Krieger G(II)-family

S = {Se = Z Esn,sn—2,5f 1= Z Espn—4,3n—2,Sh = ZEans,sn,
ZEGn 43n-1, 5 ZEen 1,30, 5 ZEGn 3,3n— 1} (1)

note that G(IIy) consists of two distinct Hamiltonian paths. Let us call them P; and Ps.
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Then by employing the defining relations (1), it will not be too difficult to see that S}S. +
S78i+8,S5; =1, and S]”ZSf + Sij + S} Sy = I are true statements within P; and P, respectively.
We might be interested in defining a completely positive trace-preserving map ¥, : M, — My,
(m will be specified later), in a way that we have ¥, (X) =" S, XS}, for all X € M,,, and we
will call it our quantum channel. After that, for ¢ € {e, f, h,g,14,j}, the generating partial (matrix)
isometries Sy, will be called the Choi-Kraus operators, and

the noncommutative (confusability) graph of Uy, will be the operator system

Swy, = span{S;Se} C My, (2)

in a way that completely characterizes the number of zero-error messages on which one can send
through the quantum channel ¥y, .

In [4], we proved that G(II,,) consists of 4n—6 distinct Hamiltonian paths, and the idea of using
(distinct) Hamiltonian paths, came from the famous traveling salesman problem (7'SP) and its
generalization, i.e. the traveling salesman path problem (7SPP), and trying to find an optimized
algorithm in order to solve that.

Postulate 3 (State Space Postulate). [1] In any isolated (physical) system, there is a complex
space together with an inner product known as the state space of the system.

Remark 3.1. Any physical system will completely be described by its unit vector from its state
space, on which the vector will be called the state vector of the system.

Depending on the underlying (directed) graph of the quantum system, the state space will be
different. But let us just consider CP to be the state space of our pre-assumed quantum system.
Note that, depending on the choice, the state vectors of the state space, will completely describe
the space. By a state vector, we mean the unit vector in CP, which will be called a qubit, in the
language of the information theory, and we have the following definition.

Definition 3.2. A linear combination ¢ = ¢1|0) + - - + ¢p|p — 1) of the basis vectors of C?, for
c1,...,cp € Cwill be called a qubit.

Remark 3.3. In Definition 3.2, ¢;s, for i € {1,...,p}, will be called amplitudes, and they are sat-
isfying in the normalization condition |c;[*+- - +|cp|? = 1. It is easy to see that this normalization

condition will imply |||¢)|| = /{@|¢) = 1.

At this point, we need the second postulate, on which could be stated as follows and is concerned
with qubit multiples.

Postulate 4. [1] If a system ¢ is a combination of two different (physical) systems ¢; and ¢s,
with the corresponding states [E; and Eo, then the state of ¢ will be E; ® Eo, correspondent to

01 @ Pa.

Definition 3.4. The state of a g-qubit quantum system is a unit vector in (C2)®4.

3.0.1 2-Qubit Quantum System

Now, getting back to the main constructions, let {0, 1}7 be the binary strings of length ¢g. Then by
using the binary representation of the natural number n = 2¥~tay_; +- - -+2a; +ao, for a; € {0,1},
forall 0 < j < k—1, represented as s = ar_1ap_2 - - - a1ag, it is known that we can define a g-qubit
system as [1] [¢) = 3,9 130 ;7). if we have 3. 1y laj|* = 1, for aj € C.

Now, consider G(IIy), and take m = 4. Here, our quantum system will be a combination of
two subsystems E; and E, with the correspondent states ¢, and ¢2, and since in this case the
Hamiltonian paths are a combination of three edges, hence let C3 be our state space ¢. Consider
d1 = a1|0)+as|l) +a3]2) and ¢o = £1]0)+ F2|1) +P3|2) such that we have Zle a? = Z?zl g2 =1.
Not that the only possible cases for a;s and (§;s are :I:%.
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Now we can define a 2-qubit system associated to the pre-assumed quantum system as follows,
for > | =1
j€{0,1}2 1% ’

0= > ajlj) = 00000) + cr01|01) + av10[10) + a1 [11)
j€{0,1}2

= ag|0) + a1[1) + a2]2) + a33), (5)

It is easy to see that, in (5), the only possible options for ays are :I:%, and as a result we have the
following proposition.

Proposition 3.5 ( [4]). Our pre-assumed 2-qubit quantum system is entangled!

Proof. The proof of this proposition, is almost a trivial conclusion of the Definition 3.6, because,
in any case, |¢) will never be equal to the tensor product |¢1) ® |p2). O

Definition 3.6 ( [1]). A quantum state |¢) € (C™)®7 is a product state if it can be expressed as
a tensor product |¢1) ® -+ ® |@,4) of ¢ 1-qubit states. Otherwise, it is entangled.

3.0.2 4n — 6-Qubit Quantum System

Claim 6 ( [4]). In the case of G(II,,), the pre-assumed 4n — 6-qubit quantum system is entangled.

Note that in order to prove or disprove this claim, the person first needs to prove or disprove
Claim 2.7., from [3].
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Abstract

Let (A,- ®-) be a symmetric monoidal closed Grothendieck category. A general-
ization of the Lambek Theorem ( [12]) will be proved in the category of N-complexes
in A. In addition, if A is sufficiently nice, we will give a characterization of pure
injective flat N-complexes and prove that any flat N-complex in A has finite pure
injective dimension.

Keywords: Grothendieck category, Scheme, Sheaf, N-Complex, Flat N-complex,
Pure injective dimension
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1 Introduction and Preliminaries

In this article we will assume that (A,-®-) is a symmetric monoidal closed Grothendieck category
in the sense of [9] and J is the injective cogenerator of A. It is known that there exists a
bifunctor Hom4(-,-) : A°® x A — A such that for any object G in A, -QG : A — A is the left
adjoint of Hom 4(G,-) : A — A, i.e. for any pair of objects F and K in A,

Hom 4(F ® G, K) — Hom 4 (F, Hom4(G,K)) (1)

is an isomorphism of abelian groups (see [9] for more details). Let us recall the definition of purity
and flatness in A.

Definition 1.1. Let F be an object in A.
(a) F is said to be flat if F®- preserves exact sequences in A.
(b) A short exact sequence € in A is called pure if for any object G in A, £ ® G remains a exact.

(¢) An monomorphism in A is called pure if its corresponding short exact sequence in A is pure.
Recall that an object 7 in A is pure injective if it is injective with respect to pure exact
sequences. The existence of pure injective preenvelopes in A is the main subject of [9]. Assume

that ()% := Hom(-,J). Remember from [9] that, for any object X in A, X is pure injective
and X — X1 is a pure monomorphism. Furthermore, the following conditions are hold in A.

(1) Let F be an object in A.
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(a) F is a flat object.
(b) FT is injective.
(¢) Any short exact sequence ending in F is pure.

(2) Let & be short exact sequence in A. Then, £ is pure if and only if £T splits (see also [8]).

Let N > 2 be a fix positive integer. N-complexes are a generalization of complexes which are
first introduced by Mayer in [13]. The homological properties of N-complexes were studied by
Kapranov and Dubois-Violette in [11], [2]. Besides their applications in theoretical physics [1], [6],
the homological properties of N-complexes have become a subject of study for many authors as
in, [3], [5], [4], [15]. An N-complex in A is a sequence

n—1 n+1
iy % d

X xnt+l X

of objects and morphisms in A such that composing of any N-consecutive maps gives 0, i.e. d™ = 0.
A morphism f : X — Y of N-complexes is a collection of morphisms f™ : X™ — Y"” making all
the rectangles commute. The category of N-complexes in A is denoted by Cx(.A). Kernel, image
and colimits are defined componentwise. So, Cn(A) is a Grothendieck category. The aim of this
work is to show that the main results of [8] and [9] are hold in Cy(.A) and will deduce that under
certain conditions, the class of flat N-complexes is closed under pure injective preenvelopes. This
provides an answer to a question raised in [14]. Moreover, we show that any flat N-complex in A
has finite pure injective dimension.

Definition 1.2. Let X € Cn(A).
(a) A short exact sequence € in Cy(A) is called pure if £T splits.

(b) A monomorphism f in Cy(A) is called pure if its corresponding short exact sequence in
Cn(A) is pure.

(¢) X is called pure injective if it is injective with respect pure exact sequences in Cy(A).

Definition 1.3. A morphism f : X — Y of N-complexes is called null-homotopic if there exists
s™ € Hom4(X™, Y"~N*1) such that

N-1
=30 dy N s ray
i=0
that d% = 1x , dk = d%,dx' = dy ',d% = d"T'd",dy* = d""'d"~? and etc .
Definition 1.4. Let 0 <r < N, i € Z and X be an N-complex of objects in A . We define
ZH(X) = Ker (d" " d) , Bi(X) :=im (dy "+ d¥ ")
Definition 1.5. An N-complex X is called N-acyclic if Z!(X) = B%(X) for each i € Z and all

r=12...,N—1.

2 Main Results

Lemma 2.1. For any N-complex X in A, XT is pure injective and X — XTT is a pure
monomorphism.

An N-acyclic complex Y in A is called N-pure acyclic if for any object G € A, X ® G is
N-acyclic.

Definition 2.2. Let F be an N-complex in A. F is called flat if it is an N-pure acyclic N-complex
of flat objects in A.

Proposition 2.3. Let F be an N-complez in A.
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(a) F is a flat object.
(b) FT is injective.
(¢) Any short exact sequence ending in F is pure.

Let (X,Ox) be a quasi-compact and quasi-separated scheme. X is called coherent if for any
affine open subset U of X Ox(U) is a coherent ring. In the reminder of this work, we assume that
X is coherent and A is the category of all quasi-coherent sheaves of O x-modules. The next result
provides an answer to a question raised in [14].

Theorem 2.4. The class of all flat N-complezes is closed under pure injective envelope.

Theorem 2.5. Let X and Y be N-pure acyclic N-complexes of pure injective flat objects in A.
Any morphism from X into Y is null homotopic.

Theorem 2.6. If X has finite Krull dimension then any flat N-complex in A has finite pure
injective dimension.
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Abstract
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quasi-coherent sheaves of Ox-modules. In this work, we talk about derived and co-
derived categories of X. Especially, we present the relation between the complete
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1 Introduction

Let (X, Ox) be a scheme and QcohX be the category of all quasi-coherent sheaves of O x-modules.
The homotopy category K(X) of X is a framework for working with chain homotopies and ho-
motopy equivalences. The objects in K(X) are chain complexes and morphisms are equivalence
classes of chain maps up to homotpies. A chain compler in QcohX is a sequence

n—1 n

G: .. —>QG" 1*>Gn_>Gn+1*>.“

of quasi-coherent sheaves of O x-modules such that, Vn € Z, 6&5?{1 = 0. For each n € Z, the n-th
cohomology of G, denoted by H"(G), is defined by

H"(G) = Kerdg /Tmdég .

Let C(X) be the category of all complexes of quasi-coherent sheaves of Ox-modules. It is well-
known that C(X) is a locally Grothendieck category. Recall that a complex G is said to be acyclic
if all cohomologies are trivial. An acyclic complex G is said to be pure if for any quasi-coherent
sheaf K of Ox-modules, K ®o, G remains acyclic. Notice that H*(.) : C(X) — C(X) is a
covriant additive functor. A morphism f : G — H of chain complexes is said to be quasi-
isomorphism if for each n € Z, H*(f) is an isomorphism of quasi-coherent sheaves of O x-modules.
Let f,g : G — H be morphisms of chain complexes of quasi-coherent sheaves of Ox-modules,
f and g are called homotopic (or f — g is null-homotopic) if ¥n € Z, there exists a morphism
s": G — H" 'such that
5;1718” + Sn—&-lag — fn _ gn_

The homotopy category K(X) is defied as follows; objects in K(X) are chain complexes of
quasi-coherent sheaves of Ox and morphisms are defied by, for each pair G, H of chain complexes
in Qcoh X,

Homg x) (G, H) = Homg(x)(G, H)/Ht(G, H)

where Ht(G, H) is the subgroup of Homg(x)(G, H) consisting of homotopic morphisms.
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2 Main Results

Let Kac(X) (resp. Kpac(X) be the triangulated subcategory of K(X) consisting of acyclic (resp.pure
acyclic) chain complexes in QcohX. Let D(X) = K(X)/Kac(X) (resp. Dpac(X) = K(X)/Kpac(X))
be the derived (resp, pure derived) category of X. Recall that X is called locally noetherian (resp.
coherent ) if for any affine open subset U of X Ox(U) is a noetherian (resp. coherent) ring
(see [2], [3-5]).

Proposition 2.1. There exists an equivalence of triangulated categories between D(X) and the
homotopy category of dg-injective complezxes of quasi-coherent sheaves of Ox .

Proposition 2.2. There exists an equivalence of triangulated categories between Dpac(X) and the
homotopy category of dg-pure injective complexes of quasi-coherent sheaves of Ox .

Definition 2.3. Let F be an chain complex of Ox-modules. F is called flat if it is an pure acyclic
complex of flat objects in QcohX.

Lemma 2.4. Let F = (F™,0™) be a chain complez of quasi-coherent sheaves of O x-modules. Then
F is flat if and only it is an acyclic chain complex such that for each integer n, Kerd™ is a flat
quasi-coherent sheaves of Ox-modules.

Let K(FlatX) be the homotopy category of flat quasi-coherent sheaves of Ox-modules and
Kpac(FlatX) its subcategory consisting of pure acyclic complexes. The pure derived category
of flat quasi-coherent sheaves is defined by the quotient Dpac(FlatX) = K(FlatX)/Kpac(FlatX)
(see [1] for more details).

Proposition 2.5. There exists an equivalence of triangulated categories between Dpac(FlatX) and
the homotopy category of dg-cotorsion complexes of flat quasi-coherent sheaves of Ox.

Let R be an associative ring with identity and R-Mod be the category of all left R-modules.
A left R-module M is called absolutely pure if any short exact sequence starting in M is pure.
Let K(AbsR) be the homotopy category of absolutely pure left R-modules and Kpac(AbsR) its
subcategory consisting of pure acyclic complexes. The co-derived category of R is defined by the
quotient Dpac(AbsR) = K(AbsR)/Kpac(AbsR).

Proposition 2.6. There exists an equivalence of triangulated categories between Dpac(AbsR) and
the homotopy category of dg-injective complexes.

The next result has been proved in [6].

Corollary 2.7. If R coherent then there exists an equivalence Dpac(AbsR) and the homotopy
category of injective left R-modules.
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Abstract

This paper aims to investigate the Baer-type criteria for the injectivity of S-acts.
In contrast to the case of modules, where the Baer Criterion for injectivity is valid for
modules over a ring, it is an open problem for acts over semigroups. Every injective
S-act is ideal injective, but the converse is not generally true. Here we give some
conditions under which every ideal injective S-act is injective.
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1 Introduction and preliminaries

For the subclasses M; and My of monomorphisms in a category C, the investigation between
M -injectivity and Ma-injectivity, is important. Note that if M; C My, then Ma-injectivity
implies M-injectivity. The converse of this fact may be called the Baer type criteria.

Although the Baer Criterion for injectivity (weak injectivity implies injectivity) is true for
modules over a ring (with an identity), it is an open problem for acts over a semigroup S (with
or without identity). The closest notion about the Baer criterion for injectivity in the category
of S-acts is the Skornjakov-Baer Criterion, which says that an S-act A is injective if and only if
it is injective with respect to subacts of cyclic acts. In this article, we try to get as close to Baer
criterion as possible.

Throughout the paper, unless otherwise stated, S is a semigroup with or without left identity
1. A semigroup S with a left identity is called a left monoid. One of the notions closely related
to weakly injectivity in the category of S-acts is ideal injectivity. Every injective S-act is ideal
injective and each ideal injective S-act is weakly injective. These concepts are not equal in general,
but, for example, if S is a left monoid then weakly injectivity and ideal injectivity are equivalent.
V.Gould in [8] defined the notions a-injectivity and a-Baer criterion on monoids, for any cardinal
a greater than 1 as follow,

An S-act A is called a-injective if any homomorphism f : I — A, where [ is a right ideal of S
with a generating set of fewer than « elements, can be extended to g : S — A. Also a right S-act
A satisfies the a-Baer criterion if, for any right ideal I of S with a generating set of fewer than «
elements and any homomorphism f : I — A, there exists an element a in A such that f(s) = as
for all s € I. Let «y be a cardinal such that any right ideal of a monoid S has a generating set with
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fewer than v elements. Then the ~-injective S-act is called weakly injective and ,in this article,
if A satisfies the v-Baer criterion, then A is said to be ideal injective S-act. It is clear that an
injective S-act is a-injective for any cardinal a.. But the converse is not generally true. In [8, Prop.
3.3] it is shown that for a monoid S, an S-act A is a-injective if and only if it satisfies the a-Baer
criterion. This meanse , in the case where S is a monoid, ideal injectivity is equivalent to weakly
injectivity. In this paper we give some conditions over which all ideal injective S-acts are injective
and consequently if S is a monoid under which conditions weakly injectivity implies injectivity. To
this observation the main results of the paper are Theorems 2.2 and 2.7. It is worth noting that
the internal characterisations of completely right injective monoids (i.e If all S-acts are injective)
have been developed independently by Fountain [6] and Shoji [10].

Here we give some preliminaries about S-acts needed in the sequel. A right S-act A is a
nonempty set on which S acts unitarily, i.e. for each a € A and s,¢ € S, (as)t = a(st) and if S has
left identity 1, al = a. A map f: A — B between S-acts A and B is called a homomorphism or
S-map if for each a € A and s € S, f(as) = f(a)s. An inclusion i : A — B is called a retraction if
there exists a homomorphism g : B — A such that for each a € A, g(a) = a. The category of all
(right) S-acts and homomorphisms between them is denoted by Act-S.

A right congruence on A is an equivalence relation on A that is compatible with the right S-
action. In particular for a subact K of an S-act A a binary relation py defined by (a,b) € pk if and
only if a = b or {a,b} C K is a right congruence on A which is called a Rees congruence. The set of
all right congruences on A is denoted by Con(A). An S-act A is called injective if for any subact
C of an S-act B, every homomorphism f : A — C can be lifted to a homomorphism g : B — A.
An extension B of A is said to be essential extension if every homomorphism f : B — C is a
monomorphism whenever f |4 is a monomorphism. An injective essential extension of an S-act A,
denoted by E(A), is called an injective hull of A. The existence of injective hull is shown in [3].

For undefined terms and notations concerning S-acts, one may consult [4,9].

2 Main Results

An S-act A is said to be ideal injective if for every right ideal I of S, every homomorphism f : I — A
is of the form Al for some a € A, where . : I — A is defined by A\ (s) = as. It is not difficult
to check that an S-act A is ideal injective if and only if every homomorphism f : I — A can be
extended to f : S' — A. Also an S-act A is called weakly injective if every S-map f : [ — A
can be extended to f : S — A. Clearly, ideal injectivity implies weakly injectivity and if S has
a left identity, these two notions coincide. For the semigroup S = (N, min), since id : S — S is
not of the form A\J, S is not ideal injective. But it is weakly injective, for, every homomorphism
f :no J— S can be extended to the homomorphism ¢ : S — S given by g(m) = f(m.ng), where
nod={neS|n<ng}

Every injective S-act is ideal injective, but the converse is not generally true. For instance, any
group S is an ideal injective as an S-act but it is not injective S-act. Also the monoid S = (N, maz)
is an ideal injective S-act which is not injective.

The Baer type problems are about the converse of this fact. In this section, we use ideal
injectivity to give some Baer type results about injectivity of S-acts. We introduce some semigroups
over all of which every ideal injective S-act is injective.

As a simple result, since every S-map f : I — S can be extended to g : S — E(S), we have:

The right S-acts S is ideal injective if and only if S has a left identity.

Lemma 2.1. If A is ideal injective, B is a proper essential extensionof A and b € B\ A, then:

(i) Iy # 5.
(ii) if A has a fized element, then O # I, # S

For a homomorphism f: A — B, ker(f) = {(a1,a2) | f(a
A. Also for every right ideal I of S and a € A, Ker(\l) = ke

congruence on S. For every right ideal K of S and s € S, K
or a right ideal of S.

1
r s,8)| s € S\ I}, is aright
| su € K} is either empty

=

Theorem 2.2. Suppose that S has a zero element. Whenever the following condition holds, then
each ideal injective S-act is injective.
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For each right ideal K of S, 6 € Con(S) and s,t € S, if Ks = K; and suftu (Yu € K), then
s6t.

Now we look at another closure operator using by ideal injectivity. For an extension B of A,
we define a closure operator Cg(A) = {b € B | I, # (}. Note that every injective S-act has a fixed
element and If A does not have a fixed element, then E(A) has only one fixed element, see [2, Prop.
1]. In the following Lemma part (ii), F(A) has only one fixed element, denoted by 0.

Lemma 2.3. (i) If A has a fived element, then Cpa)(A) = E(A).
(ii) If A does not have fired element, then Cgay(A) = E(A)\ {0}.

Theorem 2.4. For an S-act A, the S-act Cpay(A) is an ideal injective S-act.

As a consequence of Lemma 2.3 and Theorem 2.4, we have, if an S-act A does not have a fixed
element, then Cp(4)(A) = E(A) \ {0} is an ideal injective which is not injective.

Theorem 2.5. If each ideal injective S-act is injective, then S has a left zero element.

Let I be a right ideal of S, A a right S-act and a € A. Far each s € S, consider I, = {u € S* |
su € I'}. Tt is not difficult to check that, a relation p(I,a) on S given by:

sp(I,a)t if and only if I, = I; and Als = Al
is a right congruence on S.
Lemma 2.6. For a right ideal I of S and a,b € A, if \l =\, then p(I,a) = p(I,b).

Theorem 2.7. An S-act A is injective if and only if A is ideal injective with a fixed element and
for each right ideal I of S and a € A, there exists b € A such that Al = N and p(I,b) C ker)\bs.

An S-act A is called s-complete if every homomorphism f : S — A is of the form \J for some
a € A, see [1]. Clearly every ideal injective S-act is s-complete, so we have the following results
from [1].

Theorem 2.8. In the following cases, every ideal injective S-act with at least one fixed element is
imjective.
(i) For every nontrivial right ideal I of S, I # I. In particular,
1) Monogenic semigroup.
2) There exists an element sg € S, such that for all s,t € S, st = sp.
(ii) Every nonempty proper right ideal of S generates by a central idempotent element.
(iii) the semigroup S is a Clifford semigroup and every proper nonempty right ideal of S is
principal.
(iv) If for every proper nonempty right ideal I of S there exists a nonempty right ideal J of S
such that INJ = 0. In particular, if S is a left zero semigroup.

An important special case of Clifford semigroups is the commutative chain with the relation
(r <y<e ay=ux) or(r <y<& xy = y), such as commutative bands, S = (N, maz) and
S = (N, min). The category of all S-acts for the semigroup S = (N, min), so called projection
algebras and mostly used in computer science, has been studied by Ebrahimi and Mahmoudi [5]
and Giuli [7].

There is still an open question concerning ideal injectivity:

Is there a mecessary and sufficient condition on S such that all ideal injective S-acts with at
least one fixed element are injective?
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Abstract

The energy of a graph G, denoted by &(G), is defined as the sum of the absolute
values of all eigenvalues of G. One of the novel topological indices, named as Sombor
index was introduced by Gutman, defined as SO(G) = X, cpe) VA (u) + d?*(v),
where d,, and d, are the degree of vertices u and v in G, respectively. It was proved
that if G is a graph of order at least 3, then ¢(G) < So(G) and if G is a connected
graph of order n which is not P,(n < 8), then £(G) < % In this paper, we have
strengthen these results and obtain several lower and upper bounds between the graph
energy, Laplacian energy and Sombor index.

Keywords: Energy of graph, Laplacian energy, Sombor index.
Mathematics Subject Classification [2010]: 05C20

1 Introduction and Preliminaries

Let G = (V(G),E(G))(| V(G) |=n,| E(G) |=m) be a simple undirected graph, where V(G) and
E(G) denote the set of vertices and edges The numbers n and m are called the order and the size
of the graph G respectivily. Also, the degree of vertex v € G is denoted by d,,. Complete graphs
with order n, edgeless graphs with order n, complete bipartite graphs with order n = a + b, the
paths with order n are denote by K,,, K,, K, and P,, respectivily.

The adjacency matriz of a graph G, which is denoted by A(G), is defined by its entries as
a;; = 1 if the vertices v; and v; are adjacent and 0 otherwise. Let Ay > Ay > --- > A, denote the
eigenvalues of A(G). The energy of a graph G, denoted by £(G), was introduced by Gutman in
1978 and is defined as the sum of the absolute values of all eigenvalues of its adjacency matrix.
After that, many mathematicians studied about graph energy and obtained many upper and lower
bounds for it in term of m and n. Another type of bounds is obtaining bounds for graph energy in
term of other topological indices such as Randik and Sombor index. Also, the energy of a vertex
is developed by Arizmendi et al ing [2].

For a graph G, let D = D(G) be a degree matrix of G which its entries are as a;; = d,, and 0
otherwise. The matrix L(G) = D(G)— A(G) is called the Laplacian matrixz of G. The eigenvalues
of L(G) are all nonnegative real number. If g > po > -+ > py, > O are the sequence of eigenvalues
of L(G), then the Laplacian energy of G is defined as Le(G) = Iy | p; — 22 |.

One of the novel topological indices, named as Sombor inder was introduced by Gutman,
defined as.SO(G) =D wven@c) Vi + d%, where d,, and d, are the degree of vertices u and v in
G, respectively.
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It was proved that if G is a graph of order at least 3, then £(G) < So(G), see [4,5] and if G is
a connected graph of order n which is not P,(n < 8), then ¢(G) < SOQG), see [1]. In this paper,
we have strengthen these results and obtain several lower and upper bounds between the graph
energy, Laplacian energy and Sombor index.

2 Main Results

This section has devoted to the bound results of graph energy and Laplacian energy in term of its
Sombor index.

The following results gives some known inequality between energy and Sombor index of a
graph.

Theorem 2.1 ( [4]). For every graph G with minimum vertex degree 0 > 2, e(G) < So(G).
Theorem 2.2 ( [5]). Let G be a connected graph with n vertices. If n > 3, ¢(G) < So(G).

Theorem 2.3 ( [1, Th. 3]). If G is a connected graph of order n which is not P,(n < 8), then
e(G) < %

Here, we improve the bounds given in these theorems. We start by the following two lemmas
which are nedded in the sequel.

Lemma 2.4 ( [3, Cor 3.1]). Let G be a simple graph with n > 2 vertices and m edges. Then
So(G) > 2/2m*,

Lemma 2.5 ( [6, Th. 5.4.1]). For every graph G with n vertices and m edge, e(G) < v/2mn.

Theorem 2.6. For every simple graph G with n vertices and m edge,
So(G
(%)
The equality holds if and only if G = K,, or U:r;l K.

~—

e(G) <

(M)

[\~

Corollary 2.7. (i) If a graph G has at least one cyclic, then e(G) < SZ(G

—

N -
(ii) Since 277” >4, so 2(%)% > 5722 and hence for every simple graph G, e(G) < 5o(G)

>
E [

By appling Lemma 2.3 and Theorem 2.6, the following result is obtained.
Theorem 2.8. If G is a connected graph of order n which is not P,(n <8), then

So(G)

G —3
€(G) < maz{2,2(™)1}

In the following, we present some lower bounds on the graph energy versus the Sombor index.

In [4] Ulker et al obtained some lower bounds for graph energy in term of Sombor index.
Theorem 2.9 ( [4]). Let G be a graph with mazimum degree A(G). Then e(G)A(G)? > So(G).
Theorem 2.10 ( [4]). Let G be a A-regular graph. Then e(G)A(G)? > So(G).

Now we want to improve the above bounds by introducing some new bounds.

The energy of the graph vertex is stated in reference [2] and for the vertex z;, the energy of
vertex z; is denoted by e(x;). We refrain from detailind it here. The energy of a graph is the sum
of its vertex energies, i.e, e(G) = e(x1) + e(z2) - - - £(xn).

Theorem 2.11 ( [2]). Let G be a graph with at least one edge. Then for all xz; € V(QG), e(x;) > Adic .
Equality holds if and only if G = Kg44.
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Lemma 2.12. Let G be a graph with mazimum degree A. Then

2m
>
e(@) > A

with equality if and only if G =2 K4 4.
Theorem 2.13. Let G be a graph with maximum degree A. Then

So(G)
Az
V2

e(G) >

The equality holds if and only if G is a regular complete bipartite graph.

Theorem 2.14. For every simple graph G with n vertices and m edge,

So(G)

JmA
V2

(@) >

with equality if and only if G is a regular complete bipartite graph.

Finally, we present an upper and lower bounds for Laplacian energy in term of Sombor index.

) . . So(G
Theorem 2.15. For every simple graph G with n vertices and m edge, Le(G) < %).

Corollary 2.16. For every simple graph G with n vertices and m edge,
(i) If G is a tree, then @ > 1 and hence Le(G) < So(G).

(ii) If G is not a tree, then m > n and hence Le(G) < S‘\)}g).
(iii) Since 2m > nd, then Le(G) < %

V3
Theorem 2.17. For every simple graph G with n vertices and m edge, Le(G) > 509
V2n
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Abstract

In this paper, we study the relationship between zero-divisor graphs and annihilator
graphs a commutative semigroup that Z(S) # S and |Z(S)| < 5 and we show that
AG(S) is never isomorphic to the graph Ps.
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1 Introduction and Preliminaries

For any commutative semigroup S with zero element 0, there is a simple undireceted graph,
which is called the zero-divisor graph and is denoted by I'(S) (cf. [6]). The vertex set of I'(S) is
Z(S)* = Z(S) \ {0} and x is adjacent to y in I'(S) if and only if zy = 0, for each two distinct
elements z and y in Z(S)*. It was proved that I'(S) is connected and the diameter of I'(S) is less
than or equal to three. Also if I'(S) contains a cycle, then its girth is less than or equal to four.

In [1], we introduced the annihilator graph for a commutative semigroup S, which is denoted by
AG(S). The graph AG(S) is an undirected graph with vertex set Z(S)* and two distinct vertices
and y are adjacent if and only if anng(xy) # anng(x)Uanng(y), where anng(x) = {s € S | zs = 0}.
Some basic properties of AG(S) are investigated in [1]. For example, it was proved that if Z(S) # S,
then I'(.S) is a subgraph of AG(S).

Clearly K; 2 and K3, are all of the connected graphs with tree vertices. Now suppose that S
is a commutative semigroup with Z(S) # S and |Z(S)| = 4. Then since AG(S) is a connected
graph and I'(S) is a subgraph of AG(S) therefore if AG(S) is isomorphic to K 2, then I'(S) is
isomorphic to K7 2 and if AG(S) is isomorphic to K3, then I'(.S) is isomorphic to Kj 2 or K.

In the continue, S is a commutative semigroup, with non-zero identity 1, such that Z(S) =
{0,z,y,z,w} and Z(S) # S. Then S has at least six elements. Without loss of generality, we may
assume that S = {0,1,z,y, z,w}. Since all of the graphs Ps, C4, K13, K3+ {wz}, K4\ {wy} and
K4, are connected graphs with four vertices, and they satisfy in conditions (1-4) of [4, Theorem 1],
by [4, Theorem 2], for any one of these graphs, there is a semigroup S such that I'(S) is isomorphic
to one of the graphs Ps, Cy, K; 3, K3 + {wa}, K4\ {wy} or Ky.

Lemma 1.1. If S is a commutative semigroup with Z(S) # S and I'(S) is isomorphic to Ps, then
AG(S) is isomorphic to Cy.
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Proof. Suppose that T'(S) is isomorphic to P3 with w ~ & ~ y ~ z. Then wz = zy = yz = 0,
wz # 0, wy # 0 and zz # 0. If wy = w, then wz = (wy)z = w(yz) = 0, which is impossible. Also
if wy = = or wy = z, then zx = 0, which is again impossible. Thus wy = y, and so w?y = wy = y.
This implies that w? # 0. Similarly, zz = = and 22 # 0. Therefore w is not adjacent to y and
also z is not adjacent to x in AG(S). Now if wz = w or wz = 2, then wy = 0 or zx = 0, which
is impossible. Hence wz = = or wz = y. First suppose that wz = x. Then 2% = wzz = 0. Since
w? # 0, wz = z and wz = 0, we have w € anng(z) = anng(wz) and w ¢ anng(w) U anng(z),
which implies that w is adjacent to z in AG(S). Similarly if wz = y, then y? = (wz)y = w(zy) =0,
22 # 0, and since zy = 0, we have w is again adjacent to z in AG(S). Also we have I'(S) is a
subgraph of AG(S). Therefore AG(S) is isomorphic to Cj. O

Lemma 1.2. Let S be a semigroup with Z(S) # S. Then AG(S) is isomorphic to Cy if and only
if we either have T'(S) is isomorphic to Py or Cy.

Proof. If T'(S) is isomorphic to Ps, then, by Lemma 1.1, AG(S) is isomorphic to Cy. Now suppose
that T'(.S) is isomorphic to Cy with wz = zy = yz = 2w = 0. So zz # 0 and wy # 0. If wy = =z,
then zz = (wy)z = w(yz) = 0, and if wy = z, then 2z = 0, which are impossible. Hence wy = w
or wy =y, therefore w is not adjacent to y in AG(S). By a similar argument, zx = x or zx = z,
and so z is not adjacent to x in AG(S). Since Cy is isomorphic to I'(S) and T'(S) is a subgraph of
AG(S) then AG(S) is isomorphic to Cy.

Conversely, suppose on the contrary that AG(S) is isomorphic to Cy and T'(.S) is isomorphic to
non of the graphs Ps or C4. Then there exists a vertex x such that d(z) = 3 in I'(S). Since I'(S)
is a subgraph of AG(S), we have d(x) = 3 in AG(S) is isomorphic to Cy, which is a contradiction.
Therefore I'(S) is isomorphic to Cy or Ps. O

If T'(S) is isomorphic to P3 or Cy, then, by Lemma 1.2, AG(S) is isomorphic to C4. Thus if
AG(S) is isomorphic to Ky, then I'(S) is isomorphic to non of the graphs P3 or C4. Therefore if
AG(S) is isomorphic to Ky, then I'(S) is isomorphic to one of the graphs K4, K4 \ {wy}, K13 or
K3 + {wz}. It Z(S) # S and I'(S) is isomorphic to Ky, then I'(S) is a subgraph of AG(S) and
AG(S) is isomorphic to Kjy.

Proposition 1.3. Let S be a commutative semigroup with Z(S) # S, and let T'(S) is isomorphic
to K13 with center x. Then AG(S) is isomorphic to non of the graphs P3, Cy or Ky \ {wy}.

Proof. First assume on the contrary that AG(S) is isomorphic to K4 \ {wy}. Since AG(S) is
isomorphic to Ky \ {wy} and I'(S) is isomorphic to K7 3 with center x, so wz # 0, wy # 0 and
yz # 0. Also both of the vertices w and y are adjacent to z in AG(S). Since z is adjacent to y
in AG(S), we have zy = z or zy = w. Similarly, we have wz = x or wz = y. Now if zy = z or
wz = z, then wyz = 0, and hence we have the following cases:

(a) If wy =y or wy = w, then yz = wyz = 0 or wz = wyz = 0, which is impossible.

(b) If wy = z, then, since z ¢ anng(w) Uanng(y) and z € anng(wy) = anng(z), we have w is
adjacent to y in AG(S), which is impossible.

(c) If wy = z, then 22 = wyz = 0. Thus z € anng(z) = anng(wy) and z ¢ anng(w) U anng(y).
Hence w is adjacent to y in AG(S), which is again impossible.

Therefore wz # = and yz # x, which implies that wz = y and yz = w. Since wz = y, we
have wz? = zy # 0 and w?z = wy # 0. Thus 22 # 0 and w? # 0. Now if y?> # 0, then
anng(y) = anng(wz) = {0,2} = anng(w) U anng(z). This implies that z is not adjacent to w in
AG(S), which is impossible. Hence y? = 0. On the other hand, if 4> = 0, then, since zy = w,
we have wy = (2y)y = zy? = 0, which is a contradiction. Therefore AG(S) is not isomorphic to
K4\ {wy}. Also, since I'(S) is isomorphic to K; 3 and I'(S) is a subgraph of AG(S), we have
AG(S) is not isomorphic to Ps or Cy. O

Proposition 1.4. Let S be a commutative semigroup with Z(S) # S, and let AG(S) is isomorphic
to K4 \ {wy}. Then I'(S) is isomorphic to non of the graphs Ps, Cy, K4 or Ki 3.
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Proof. Suppose on the contrary that I'(S) is isomorphic to one of the graphs P3, Cy4, K4 or K 3.
Since T'(.S) is a subgraph of AG(S), if T'(S) is isomorphic to K4, then AG(S) is isomorphic to Ky,
which is a contradiction. Now assume that I'(S) is isomorphic to Ps or Cy4. Then, by Lemma 1.2,
AG(S) is isomorphic to C4, which is a contradiction. Also, if I'(S) is isomorphic to K 3, then, by
Proposition 1.3, AG(S) is not isomorphic to K4 \ {wy}, which is again a contradiction. Thus I'(S)
is isomorphic to non of the graphs Ps, Cy4, K4 or Kj 3. O

In [2, proposition 3.19], we have shown that S is a commutative semigroup with Z(S) # S,
and if I'(S) is isomorphic to K; 3 with center z, then AG(S) is not isomorphic to K3 + {wx} with
w e~ x ~ 1y~ z~z. Therefore we have the following lemma.

Lemma 1.5. Let S be a commutative semigroup with Z(S) # S, and let AG(S) is isomorphic to
K5 + {wz}. Then T'(S) is isomorphic to Kz + {wz}.

Proof. Suppose that Z(S) # S and AG(S) is isomorphic to K3 + {wz}. Then I'(S) is a subgraph
of AG(S), and so I'(S) is isomorphic to non of the graphs Ky or K4 \ {wy}. On the other hand,
if T'(.S) is isomorphic to P3 or Cy, then, by Lemma 1.2, AG(S) is isomorphic to Cy. Also if T'(.S)
is isomorphic to K; 3, then, by [2, proposition 3.19], AG(S) is not isomorphic to K3 + {wz}.
Therefore I'(S) is isomorphic to K3 + {wx}. O

Proposition 1.6. Let S be a commutative semigroup with Z(S) # S, and let AG(S) is isomorphic
to Ky 3. Then I'(S) is isomorphic to Ky 3.

Proof. Suppose that AG(S) is isomorphic to K7 3. Since I'(S) is connected with four vertices, if
I'(S) is not isomorphic to K 3, then I'(S) contains at least a path of length three. Also Z(S) # S,
and so I'(S) is a subgraph of AG(S). Thus AG(S) contains at least a path of length three, which
is impossible. Therefore I'(S) is isomorphic to K7 3. O

2 Main Results

Corollary 2.1. There is no semigroup S such that Z(S) # S and AG(S) is isomorphic to Ps.

Proof. Suppose on the contrary that there is a semigroup S such that AG(S) is isomorphic to Ps
with w ~ 2 ~ y ~ z. If ['(S) is not isomorphic to P; or Cy, then I'(S) has at least one vertex, say
x, with d(z) = 3 in I'(S), and Since T'(S) is a subgraph of AG(S), we have d(xz) = 3 in AG(S),
which is a contradiction. Also if T'(S) is isomorphic to P3 or Cy, then, by Lemma 1.2, AG(S) is
isomorphic to Cy, which is again a contradiction. Therefore there is no semigroup S such that
AG(S) is isomorphic to Ps. O

Theorem 2.2. Suppose that S is a commutative semigroup with Z(S) # S and |Z(S)| =5. Then
we have one of the following statemants.

1. If AG(S) is isomorphic to Cy, then I'(S) is isomorphic to Ps or Cy.

2. If AG(S) is isomorphic to Ky, then T'(S) is isomorphic to Ky 3, or K3+ {wz}, or K4\ {wy}
or Ky.

3. If AG(S) is isomorphic to K4\ {wy}, then T'(S) is isomorphic to K3+ {wz}, or K4\ {wy}.
4. If AG(S) is isomorphic to K3 + {wz}, then I'(S) is isomorphic to Ks + {wz}.
5. If AG(S) is isomorphic to Ky 3, then I'(S) is isomorphic to K1 3.
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Abstract

In this paper, by reviewing the concept of covering maps and semicovering maps,
we define the lifting of a subset of the fundamental group of topological space X with
respect to a (semi)covering map. Also we investigate the properties of this subset.
For example, suppose p : X — X is a (semi)covering map. A lifting subset H of
m1 (X, zg) is a subgroup of 7T1(X, Zo) if and only if H is a subgroup of 71 (X, zg).
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group
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1 Introduction and Preliminaries

Recall that a continuous map p : X — X is called a covering of X, if for every x € X there is an
open subset U of X with x € U such that U is evenly covered by p i.e. p~1(U) is a disjoint union
of open subsets of X each of which is mapped homeomorphically onto U by p.

Assume that X and X are topological spaces and p : X —» X is a continuous map. Let f:
(Y,y0) — (X, o) be a continuous map and &y € p~'(x0). If there exists a continuous map
f: (Y,y0) — (X, &) such that po f = f, then f is called a lifting of f.

The map p has path lifting property if for every path f in X, there exists a lifting f : (I,0) —
(X Zo) of f. Also, the map p has unique path lifting property if for every path f in X, there is at
most one lifting f : (I,0) — (X, &) of f (see [3].)

Brazas [1, Definition 3.1] generalized the concept of covering map by the phrase “A semicovering
map s a local homeomorphism with continuous lifting of paths and homotopies”. Note that a map
p Y — X has continuous lifting of paths if p, : (pY'), — (pX)p(,) defined by p,(a) = poa is
a homeomorphism, for all y € Y, where (pY), = {a : I = [0,1] = Y|a(0) = y}. Also, a map
p:Y — X has continuous lifting of homotopies if &, : (®Y), — (2X),(,) defined by ®,(¢) = po¢
is a homeomorphism, for all y € Y, where elements of (®Y’), are endpoint preserving homotopies
of paths starting at y. He also simplified the definition of semicovering maps by showing that
having continuous lifting of paths implies having continuous lifting of homotopies.

*Speaker.
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Lemma 1.1. Let p: X — X be a local homeomorphism with unique path lifting and path lifting
properties. Let xg,x1 € X and f,g: I — X be paths such that f(0) = g(0) =z, f(1) =g(1) =1
and To € p~Hxo). If F: f ~ g rel I and f,§ are the lifting of f and g, respectively, with
f(0) = &g = §(0), then F: f ~§ rel I.

The following theorem can be found in [1, Corollary 2.6 and Proposition 6.2].

Theorem 1.2. (Lifting Criterion Theorem for Semicovering Maps).

If Y is connected and locally path connected, f : (Y,yo) — (X, z0) is continuous and p : X 5 X
is a semicovering map where X is path connected, then there exists a unique f : (Y, o) — (X, &o)
such that po f = f if and only if f.(m1(Y,50)) C pu(m1(X, Z0)).

The following theorem can be concluded from [2, Theorem 2.4].

Theorem 1.3. A map p : X Xisa semicovering map if and only if it is a local homeomorphism
with unique path lifting and path lifting properties.

In this paper, we introduce the lifting of a subset of 71 (X, ) with respect to p. Also we
investigate the properties of this subset. For example, suppose p : X > Xisa (semi)covering
map. A lifting subset H of 71 (X, z¢) is a subgroup of m (X, &) if and only if H is a subgroup of
m1(X, zp). Also let p: X — X bea (semi)covering map. Then p is a universal covering map if
and only if H = 71 (X, o) and A lifting subset H of 7 (X, zg) is trivial.

2 Main Results

Let p : X — X bea (semi)covering map. We know lifting of path with respect to p has
the important role in studying (semi)covering map. We study concept of lifting of a subset of
71 (X, z0) with respect to p and its role on p. Supoose H C 71 (X,xo) and Zy € X, we define
H, z, := {lg] € m(X,%0)|[pog] € H}. In order not to make a mistake, we denote H,, z, by H.

Theorem 2.1. Let p : X — X be a (semi)covering map. H < m (X, z0) if and only if H <
7T1(X,ii’0).

Lemma 2.2. If p: X — X is a (semi)covering map and H' C H, then H' C H.
The following corollary is a consequence of the above lemma.
Corollary 2.3. If p: X — X is a(semi)covering map, then < H >= K where K =< H >.

In the following theorem, we show that if H = w1 (X, z¢), H = 1, then p is a universal covering
map and the converse is true.

Theorem 2.4. Letp: X — X be a (semi)covering map. Then p is a universal covering map if
and only if H =m(X,z9) and H = 1.

Proof. Let [a] € Wl(X,fo)LSO by definition of coveing map [po a] = p.([e]) € m(X,x0) = H.
So [a] = H = 1, thus 71 (X, %) = 1. Therefore by definition of universal covering map, p is a
universal covering map and the converse is trivial. O

The following corollary is a consequence of the above theorem.

Corollary 2.5. Ifp: (f(,afo) — (X, z0) is a (semi)covering map and K = H ﬂp*(m(f(,afo)),
then H = K.

Proof. By Lemma 2.2, K C H. Suppose « is an arbitrary element of I?, so there exist 5 € H such
that po 8 = a. thus 8 € p.(m1 (X, 2p)) and therefore § € K. So a € K. O

In the following example, we intruduced a (semi)covering map such that if H = 27Z then H=1
and H = 47 then H = Z.
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o)

Figure 1: p: S — S defined by p(z) = z*

4

Example 2.6. Consider the famous covering map p : S — S* defined by p(z) = z* (see Figure

1), if H = 27 then H = 1 and H = 47 then H = Z.

In the definition (semi)covering map, we see that H C m (X, 2). Note that H C 7y (X, %) is
not a subset of m; (X Z) for any point & # . To present a similar fact, we can consider subsets
corresponding to H in 71 (X, #) by the isomorphism 1, : 71 (X, %) — 771(X Z) for every path «
from 7o to & We denote [o] ' H[a] by o~ 'Ha.

Lemma 2.7. Ifp: X > Xisa (semi)covering map and « is a path in X with starting at 2
and a(1) =z and Hpoo = (poa) 'H(po ), then Hpoo = a ' Ha.

The following corollary is a consequence of the above lemma.

Corollary 2.8. Ifp: X ——>Xisa (semi)covering map and « is a path mf( with starting at x
and a(l) = z such that po « is a loop and H is a normal subgroup of m1(X,Z), then Hpoo = H
and Hpoo = a lHa.

Proof. Let p : X 5 Xisa (semi)covering map and « is a path in X with starting at o and
a(l) = x such that p o « is a loop. Since [po a] is a loop, [poa] € 7r1(X %) and H is a normal
subgroup of 71(X, %), so (poa) 'H(poa) = H. Thus by Lemma 2.7 Hpoo = o~ *Hav. O

In the following corollary, we show that for a (semi)covering map p : X — X where « is
a loop in X at To and Hpoa is a normal subgroup of 7r1(X Zo), then Hpoa = H and Hyoo =

(poa) 'H(poa).

Corollary 2.9. Ifp: X — X is a (semz)covermg map and « is a loop in X at Ty and Hpm 18
a normal subgroup of T (X, %), then Hyoo = H and Hpoo = (po o) " H(po a).

Proof. Let p: X Xisa (5em1)cover1ng map and « is a loop in X at 2. Since Hpoa is a normal
subgroup of (X %o), o 'Ha = H. So by the Lemma 2.7, Hpoo = H and Hpoa =a 'Ha.
O

Corollary 2.10. Ifp: X-—Xisa (semi)covering map and X is a path in X with starting at x
and X is lifting of \ with starting at ©o and Hyx = \"*H\, then Hy = A" H.
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Abstract

Sandor type inequality for two classes of pseudo-integrals are shown. Omne of
them deals with pseudo-integrals where pseudo-operations ( ® and ® ) are defined
via a monotone continuous generator function. The other one concerns the pseudo-
integrals based on a semiring with an idempotent addition and a generated pseudo-
multiplication.

Keywords: Sandor type inequality, Fuzzy integral inequality, Pseudo-integral, Semir-
ing
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1 Introduction and Preliminaries

The theory of fuzzy measures and fuzzy integral (Sugeno integral) has introduced by Sugeno [5] in
his Ph.D. theses on 1974. The properties and applications of fuzzy integral have been studied by
many authors.

Pseudo-analysis is a generalization of the classical analysis, where instead of the field of real
numbers a semiring is taken on a real interval [a,b] C [—o0, +00] endowed with pseudo-addition
@ and with pseudo-multiplication ® ( [3]). Based on this structure, there were developed the
concepts of & measure (pseudo-additive measure), pseudo-integral, pseudo-convolution, pseudo-
Laplace transform, etc.

Sandor inequality in classical case is the following form.

Theorem 1.1 ( [1]). Let f : [a,b] = R be a convex and non-negative function. Then

b—a

b
| P <5 2@+ 1o+ £0). (1)

holds.

Sandor’s inequality is proved in some versions for Sugeno integrals, for more details of these
versions, we refer reader to [1].

Now, we are going to review some well known results of pseudo-operations, pseudo-analysis
and pseudo-additive measures and integrals in details.

Let [a,b] be a closed (in some cases can be considered semi-closed) subinterval of [—oo, 00].
The full order on [a,b] will be denoted by =.
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Definition 1.2 (Wang and Klir [4]). The operation @& (pseudo-addition) is a function & : [a, b] x
[a,b] — [a,b] which is commutative, non-decreasing (with respect to < ), associative and with a
zero (neutral) element denoted by 0, i.e., for each = € [a,b],0 ® z = z holds (usually O is either a
or b).

Let [a,b]+ = {z|z € [a,b],0 < z}.

Definition 1.3 (Wang and Klir [4]). The operation ® (pseudo-multiplication) is a function © :
[a, b] x [a, b] — [a, b] which is commutative, positively non-decreasing, i.e., x < y implies 20z < y©Oz
for all z € [a,b];, associative and for which there exists a unit element 1 € [a,b], i.e., for each
z€la,b, 1oz =urz.

We assume also 0 ® x = 0 and that ® is a distributive pseudo-multiplication with respect to
B, le,z0(y®2)=(20y) d(r0O2).

We shall consider the semiring ([a, b], ®, ®) for two important (with completely different behav-
ior) cases. The first case is when pseudo-operations are generated by a monotone and continuous
function g : [a,b] — [0, 00), i.e., pseudo-operations are given with:

r@y=g ' (g(x) +g(x)) and  zOy=g""(g(z)9(x)). (2)

Then, the pseudo-integral for a function f : [¢,d] — [a, b] reduces on the g—integral

D d
Sz =g ( / g(f(a:))dx> | 3)

[e,d

More details on this structure as well as corresponding measures and integrals can be found in [2].
The second class is when x @ y = max(z,y) and z ©® y = g~ (g(x)g(y)), the pseudo-integral for a
function f: R — [a,b] is given by

D
/ f ©dm = sup (f(z) © ¥(z),
R z€ER

where function ¢ defines sup-measure m. Any sup-measure generated as essential supremum of a
continuous density can be obtained as a limit of pseudo-additive measures with respect to generated
pseudo-additine.

Theorem 1.4. (Mesiar and Pap [2]). Let (|0, 00],sup, ®) be a semiring , when © is a generated
with g, i.e., we have xOy = g~ (g(x)g(y)) for every x,y € (0,00). Let m be the same as in Theorem
??, Then there exists a family {my\} of ©x -measures, where @ is a generated by g*, X € (0,00)
such that for every continuous function f : [0, 00] — [0, 00},

sup D
/ f®dm = lim f ©dmy (4)
A—00

= jim ) ([ ).

2 Main Result

In this section, we express and prove Sandor’s inequality for pseudo-integrals.

Theorem 2.1. Let f : [a,b] — [c,d] be a continuous, conver and non-negative function and
g :le,d] — [0,00) be a continuous and increasing function. Then

S5}
<b1a> 9( [ fé(ﬂf)dw> < ;g([fé(a) @ f(a) © f(b) @fé(b)]), (5)

a,b]

holds.
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Proof. From the right side of inequality, we have

% [f2(a) @ f(a) @ f(b) @ f3(b)]

= % {lo7 " (9(f)(a) - g(f) (@) &g~ (g(f)(a) - g(f)(b))]
& (97" (g(£)(®) - g(£)(B)]}

-: {9‘1 <g(f)2(a) +9(/)(@) - 9(£)®) +9(f )2“’)) } |

Continuting left side of the above mentioned inequality follows that:

; (gl l(bi) /ab“f (@) ~g<f><x>de
3

It follows that:

Then

1 © 1
(52) ¢ ( fé(w)da:> < 39 (F20) 0 1@ © f) 0 1(0)

[a,b]

Thereby, the proof is complete. O
When, we restrict our argument to semiring ([0, 1], ®, ®), we obtain the following theorem.

Corollary 2.2. Let f : [0,1] — [e,d] be a continuous, convexr and non-negative function and
g:[c,d] = [0,00) be a continuous and increasing function. Then

&
(52) e[ [ @) < 301200 100 1) ). (©)
b a [0,1] 3
holds.
Example 2.3. Let f and g are defined from [0,1] to [0, 1] by f(z) = 2% and g(z) = /z. Then we
h
Lo [ e < R0 o0 e 2] =
4710 Jg o =390 oI T3

The following example shows that convexity of f in Theorem 2.1 is necessary.
Example 2.4. Suppose that f(x) = y/z and g(x) = 22. Them simple calculaion show that

2 1 ®

37120 ), o £ %9 [f2(0)@ f(0)® fF1) & f2(1)] = %

We can not remove the assumption g is increasing in Theorem 2.1. The following example
shows this fact.
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Example 2.5. Let f(z) = /z and g(x) = v/1 — z. Then we have

5 1 @

1 1
6= T=0 Jy, P@ds 239 (RO @O 0 fW @ 2] = 3.

Corollary 2.6. In the Theorem 2.1, if we suppose that g(x) = x, then the Inequality (5) follows
that Inequality (1).

Now, we generalize the Sandor type inequity by the semiring ([a, b], sup, ®).

Theorem 2.7. Let f : [a,b] — [a,b] be a measurable comonotone function and ([a,b],sup, ®) be a
simiring and m be the same as Theorem 1.4. If g is a continuous and increasing function, then
the following inequality

1 sup 1
(522 ( » fé<x>dx> <Lgl2@e f@o f0) e 2], @
holds.
Proof. The proof is similar to the Theorem 2.1. O

3 Conclusion

In this paper, we have proved Sandor type inequality for pseudo integrals. More precisely: Let
f :la,b] = [e,d] be a continuous, convex and non-negative function and g : [¢,d] — [0,00) be a
continuous and increasing function. Then

a [a,b]

1 ® 9 1 2 2
9<b_ g( f@<x>dx>> <;(s1@er@osme 20 ).

holds. Also we have given some illustrate examples.
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Abstract

Quaternions combine a real scalar with a 3D vector containing real coefficients.
Many concepts in functional analysis and operator theory have been studied in quater-
nionic spaces. In this note, we will review quaternionic Hilbert spaces and then explore
frame theory from the perspective of quaternions.
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1 Quaternionic Hilbert Spaces

Quaternions can be considered as the combination of a real scalar and a 3D vector that has real
coefficients. This vector forms the imaginary part of the quaternion. Quaternionic number systems
are division rings. Other division rings are real numbers and complex numbers. Octonions do not
form a division ring. As remarked by Birkhoff and von Neumann in their celebrated seminal work
on Quantum Logic in 1936 [1], Quantum Mechanics may alternatively be formulated on a Hilbert
space where the ground field of complex numbers is replaced for the division algebra of quaternions.
Nowadays, the picture is more clear on the one hand and more strict on the other hand, after the
efforts started in 1964 by Piron [3] and concluded in 1995 by Sol‘er [5].

Irish mathematician William Rowan Hamilton introduced quaternions in 1843. He aimed to
extend the idea of complex numbers, which represent points in plane (with addition and mul-
tiplication properties), to points in space. While points in space are represented as coordinates
of triplets, adding and subtracting them was known, but multiplying and dividing them posed
a challenge unlike complex numbers. The great breakthrough in quaternions finally came, when
Hamilton carved the formula for the quaternions given by

Quaternions are used in pure as well as applied mathematics, especially in calculations involv-
ing three-dimensional rotations, as seen in computer graphics, crystallographic texture analysis,
robotics and physics. Rotations represented using quaternions are more concise, effective, and nu-
merically stable for computation as compared to representations using matrices. In modern terms,
quaternions are a four dimensional non-commutative extension of the complex numbers over the
set of real numbers. It was the first non-commutative four-dimensional associative normed division
algebra over the real numbers, and therefore a ring, being a skew-field.
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Quaternions are a four dimensional non-commutative extension of the complex numbers over
R and are generally denoted by H. The set of quaternions H contain elements of the form

qg=qo+iq1 +jq + kg3, qo,q1,92,q93 €R.

These elements, called quaternions, form a four-dimensional vector space over R under component-
wise addition and component-wise scalar multiplication with basis set {1,4,j, k}. Moreover, the
product of any two quaternions (also called Hamilton product) is determined by the multiplication
of the basis elements and the distributive law. Within the set H, 0 represents the null element,
while 1 represents the identity element with respect to multiplication. This enables H to form a
non-commutative ring with unity, thereby forming a skew field.

For any ¢ = qo +1iq1 + jg2 + kqs € H. qq is called the real (or scalar part) and ig; + jga + kqs is
called the imaginary (or vector part) of g. The conjugate of ¢ is given by q := gy —iq1 — jg2 — kqs.
The norm of g is defined as |¢| = /g7 = V@2 + ¢} + & + &3

For any non-zero quaternion q = qo + iq1 + jg2 + kqs € H. , there exists a unique inverse ¢~
given by ¢! = #

Right quaternionic vector spaces are basically right modules over the ring H. The formal
definition of a right quaternionic vector space is as follows:

1

Definition 1.1 ( [4]). A right quaternionic vector space Hy is a linear vector space with the right
multiplication of scalars which satisfies the following properties:

(i) (h1+he)g=h1q+ haq, hi,he € Hu,q € H.
(ii) hp+q) =hp+hq, h € Hu,p,qecH
(iii) h(pq) = (hp)q, h € Hm,p,q € H.

Definition 1.2 ( [4]). A right quaternionic pre-Hilbert space (or right quaternionic inner product
space) Hpyis a right quaternionic vector space endowed with the inner product (.|.) : HgHyg which
satisfies the following properties:

i) (hlh1 + ho) = (hlh1) + (|h2), h,hi,ho € Hp.
i) (h|h) >0, h#0.

(

(

(iii) (hi)ha) = (ha|h1), hi,he € Hy.

(iv) (hilhag) = (hilh2)q, hi,ho € Hm,q € H.

A right quaternionic Hilbert space is a right quaternionic pre-Hilbert space which is complete
with respect to the norm induced by the above defined inner product. Define the quaternionic
norm .|| : Hg — H* on Hy by ||h|| = /(h|h).

2 Frames in Complex and Quaternionic Hilbert Spaces

Traditionally, most of the mathematical and analytical topics have been studied on complex or
real Hilbert spaces. In the last few decades, many concepts of functional analysis and operator
theory on quaternion Hilbert spaces have been investigated and studied, and by using the ideas
in complex or real Hilbert has tried to generalize those concepts in quaternion Hilbert spaces, and
interestingly, almost similar proofs have been presented for most of the relevant. theorems. In this
category, we intend to study and examine the concept of frames and continuous frames in these
spaces.

Frames for Hilbert spaces have been first introduced by Duffin and Scheaffer in the study
of some problems in nonharmonic Fourier series in 1952, [2]. A discrete frame is a countable
family of elements in a separable Hilbert space which allows for a stable, not necessarily unique,
decomposition of an arbitrary element into an expansion of the frame elements.

Recall that for a Hilbert space H and a countable index set I, a family of vectors {f;}icr CH
is called a discrete frame for H, if there exist constants 0 < A < B < 400 such that

AlFIP < DU flP < BIFIP, - fen,

icl
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the constants A and B are called frame bounds. The frame {f;};cr is called tight if A = B and
Parseval if A = B = 1. The frame decomposition is the most important frame result. It shows for
the frame {f;}ic1, every element in H has a representation as an infinite linear combination of the
frame elements; i.e., there exist coefficients {c;(f)}icr such that f =3, ; c;i(f)fi, where f € H is
arbitrary.

The notion of frames has been extended to quaternionic Hilbert spaces by S. K. Sharma and
S. Goel [4].

Definition 2.1. Let Vg(Q) be a right quaternionic Hilbert space and {u;};cr be a sequence in
Vr(Q). Then fuigi2l is said to be a frame for Vi(9) if there exist two finite constants with
0 < A < B < oo such that

Allal® <Y Wulu) P < Bllull’,  w € Va(S).
iel

Inspired by the above ideas, the concept of continuous frames for quaternionic Hilbert spaces
can be presented as follows.

Definition 2.2. Let (2, 1) be a measure space with positive measure p and Vg(Q) be a right
quaternionic Hilbert space. A weakly-measurable mapping F' : Q — Vg(9Q) is called a continuous
frame for Vi () with respect to (€2, u) if there exist constants 0 < A < B < oo such that

Allull* < /Q |(ul F(w))Pdp(w) < Bllull®,  u € Va(2).

The constants A and B are called continuous frame bounds. This mapping F' is called tight
continuous frame if A = B and if A = B =1 it called a Parseval continuous frame. The mapping
is called Bessel if the second inequality holds. In this case, B is called Bessel constant.
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Abstract

In this talk we introduce a supercomplex structure on a given Lie superalgebra.
Using this structure one can define supercomplex structure on Lie supergroups. We
study Lie supergroups admitting supercomplex structure. Also, we paid attention on
the solvability of Lie superalgebras.
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1 Introduction and Preliminaries

Supercomplex structures on manifolds has physical source in the theory of super-symmetry. The
theory of Lie superalgebra is a mathematical model of super-symmetry. The main question is
"which Lie superalgebras do admit a notion of supercomplex structures?”. In this paper, we intro-
duce a supercomplex structure on a given Lie superalgebra and then we extend such an structure
to Lie supergroups. Also, we give some examples of Lie supergroups which admit supercomplex
structure.

In general, there is a relationship between normed division algebras and certain super-symmetry
theories which plays main role in the following patterns:

1. The only normed division algebras are R, C, H and Q of dimensions 1, 2, 4 and 8, respectively.
2. The classical superstring makes sense only in space-times of dimensions 3, 4, 6 and 10.
3. The classical super-2-brane makes sense only in space-times of dimensions 4, 5, 7 and 11.

This subject describe some conditions that imply the existence of certain super structures. For
instance, in the superstring of dimensions 3, 4, 6 and 10, one can use the normed division algebras
to construct a Lie 2-superalgebra superstring which extends the Poincar e Lie superalgebra in these
dimensions. Also, in the super-2-brane of dimensions 4, 5, 7 and 11, one can use the normed division
algebras to construct a Lie 3-superalgebra 2-brane which extends the Poincar’e Lie superalgebra
in these dimensions.

Form geometric points of view, Borel, Samelson and Wang have studied some manifolds
equipped with homogeneous complex structures ( [2,5,7]). In 1988, Spindel et. al. ( [6]) have in-
terested an extended supersymmetry on some Lie groups. Then, Joyce and others have considered
some Lie groups equipped with a left invariant hypercomplex structure ( [3]) and Barberies has
given a classification of the four dimensional Lie groups admitting hypercomplex structures ( [1]).
Recently, kalus ( [4]) et. al. have extended the concept of complex structure to Lie supergroups.
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Definition 1.1. A supercomplex structure on a real Lie algebra ¢ is a pair {J1, JJo} of endomor-
phisms of g satisfying the conditions J? = J2 = —1I, J;Jo = —JoJ; and Ny = Ny = 0 where [ is the
identity and Ny, is the Nijenhuis tensor associated to Jy as Ni(X,Y) = [Jp X, Jp Y] — Jp[J1 X, Y] —
Ji[X, Y] = [X,Y] for X,Y €g.

A given supercomplex structure on the Lie algebra associated to a Lie group G induces an
invariant supercomplex structure on G by left translations.

Definition 1.2. A supermanifold (graded manifold) of dimension n|m is a ringed space M =
(|M],Onr), where |M| is a topological space (Hausdorff, countable base) and the structural sheaf
Oy is a sheaf of super R-algebras with unity, locally isomorphic to R™™.

Lie supergroups are the best useful particular examples of supermanifolds, which have both
compatible supermanifold and Lie group structures.

The common definition of a Lie supergroup is a generalization of the classical group axioms to
morphisms of supermanifolds .

Definition 1.3. A Lie supergroup is a group object in the category of supermanifolds, i.e. a
supermanifold G together with morphisms m : G x G — G ,i : G — G and 1: Rl — @.

Definition 1.4. A superalgebra is a Zs — graded algebra A = Ag ® Ay

(that is, if a € An,b € Ag,a, 8 €, Zo = 0,1, then ab € Ay 45

A Lie superalgebra is a superalgebra g = go @ ¢1 with an operation [,] satisfying the following
axioms:

1. [a,b] = —(=1)*F[b,a] for a € ga,b € gg,
2. [a,[b,c] = [[a,b],c] + (—1)P[b, [a,c]] for a € ga,b € gs.

The Lie superalgebra is the linear models of the Lie supergroup. Its classifications can be
found in works of V. Kac and others. We remember a definition which generalize the notion of a
Lie algebra. To a Lie supergroup G one can associate a Lie superalgebra which is the subspace of
Der(A¢) consisting of left invariant vector fields of G.

Definition 1.5. Given g = gy @ g1 a real Lie superalgebra, a supercomplex structure on g is a
family {Jx}x=1,2 of endomorphisms of g satisfying the conditions:

1. J2X =—X, (k=1,2and X € g),
2. JlJQX == *J2J1X7
3. Ny =N, =0,

where Ny, is the Nijenhuis tensor corresponding to J.

2 Main Results

Here we give some theorems on lie superalgebras equipped with a supercomplex structure.

Proposition 2.1. A Lie superalgebra g = go ® g1 is solvable if and only if the Lie algebra gg is
solvable.

Theorem 2.2. Lie superalgebra g = go ® g1, admits a supercomplex structure if and only if Lie
algebra gy admits a supercomplex structure.

we can extend some theorems of hypercomplex structured Lie algebra to Lie superalgebras
with supercomplex structure. One of the important results is as follows.

Theorem 2.3. If gy is not solvable and g = gog ® g1 admits an supercompler structure, then
go = R @ so(3), Moreover, the supercomplex structure on R @ so(3) is unique up to equivalence.
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When gq is solvable, we consider four cases based on the possible values of dimension of
the derivative of gg as dim ¢, = 0,1,2,3. When dim ¢';, = 0, clearly go is abelian. A super-
complex structure on g can be obtained by choosing two endomorphisms satisfying condition 1.
In this situation, the integrability condition 2 is automatically satisfied and one can show that,
there is a one to one correspondence between supercomplex structures on g and points in the
space GL(4n,R)/GL(n,H). The correspondence is established by fixing a supercomplex struc-
ture {Jp}a=1,2 and sending GL(4n,R) > T — TJJT~1,_, ,. In particular, it follows that every
supercomplex structure is equivalent to {Jg}a:m.

In case dim gy = 1, we have the following proposition:

Proposition 2.4. Let g = go @ g1 be a Lie superalgebra, and dim g’y = 1. Then g does not admit
any supercomplex structure.

Proof. Assume that g admits a supercomplex structure, we consider its restriction on gyg. By
Remark 3.2 in [1], its center is & = O. Let X be a nonzero element of ¢’,. There exists Y € g such
that [V, X] = X. Then go decomposes,

go = ker(adz) Nker(ady) ® RX & RY.

By applying the Jacobi identity to U, V, Y, where U,V € ker(adz) N ker(ady),
we get that [U, V] = 0; hence & = ker(adz) N ker(ady), a contradiction. O

Theorem 2.5. Let g = go ® g1 be a Lie superalgebra and dim ¢', = 2.
(i)If g admits a supercomplex structure, then go = af f(C);
(ii) the equivalence classes of supercomplex structure on g are parametrized by the space RP?.

Theorem 2.6. Let g = go @ g1 be a Lie superalgebra and dim ¢’y = 3 and go is solvable then
one of the following holds: (a) ¢’y is abelian, in this case if g admits a supercomplex structure,
then go corresponds to the space RH*. (b) ¢y is a Heisenberg algebra, in this case if g admits a
supercomplex structure, then go corresponds to the space CH?.
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Abstract

In this talk we study the invariant supercomplex structure (ISS) on super Lie
groups. As usual, one may prefer to study ISS first on the super Lie algebra associated
to a given super Lie group. We manage to use a such method to introduce the
mentioned structure.
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1 Introduction

Supercomplex structure on manifolds as an extension of complex structure has been interested in
mathematics and physics. The supersymmetry theory may be modeled by supercomplex structure.
In this content, Spindel, Sevrin, Troot and Van Proeyen discovered the left ISS on compact Lie
groups. Also, Joyce ( [3]) studied homogeneous Supercomplex structure and homogeneous quater-
nion manifold which have root in the works of Borel ( [2]), Samelson ( [5]) and Wang ( [7]). Joyce
et al. found that the group T2"~" x G has a left ISS, where n is the number of sp(1) subalgebras in
the Lie algebra of the Lie group G. ISS On 4-dimensional real Lie groups are classified by Barberis

([1])-

Definition 1.1. (i) A supercomplex structure on a manifold M is a pair {Ji, Jo} of anticom-
muting complex structures on M.

(ii) Given g = go @ g1 a real Lie algebra, a supercomplex structure on g is a family {Ji, J2} of
endomorphisms of g satisfying the conditions:

1. J12 = J22 =1,
2. JiJy = 7(]2:]1,
3. Nk:O, (k:112)7

where I is the identity and Ny is the Nijenhuis tensor corresponding to Jj as:

Nk(Xa Y) = [JkX7 JkY} - Jk([X7 JkY} + [Jkay]) - [Xv Y] (Vva € g)'
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Clearly, if G is a Lie group with Lie algebra g, a supercomplex structure on ¢ induces by left
translations of an ISS on G.

The second key notion is supermanifold. In physics, a supermanifold is a manifold with both
bosonic and fermionic coordinates. This coordinates are usually denoted by (33,6?,5)7 where x
is the spacetime vector and # and 6 are Grassmann spinors. From geometric point of view, a
supermanifold is an special case of the non-commutative manifold. Moreover, both approaches are
equivalent in the categorical sense, as was shown in [1].

Lie supergroups are the best useful particular examples of supermanifolds, which have both
compatible supermanifold and Lie group structures. The common definition of a Lie supergroup
is a generalization of the classical group axioms to morphism of supermanifolds. The common
definition of a Lie supergroup is a generalization of the classical group axioms to morphisms of
supermanifolds .

Definition 1.2. A super Lie group is a group object in the category of supermanifolds, i.e. a
supermanifold G together with morphisms m : G x G — G ,i : G — G and 1: R — G,

Definition 1.3. (i) A superalgebra is a Zs — graded algebra A = Ay @ A;. It means that, if
a €Ay, b€ Ag where o, 8 € Zy = {0,1}, then ab € Ay p.

(ii) A super Lie algebra is a superalgebra & = 9y & 0; with an operation [,] satisfying the
following axioms:

1. [a,b] = —(=1)*F[b,a] for a € D, b € dg,
2. [a,[b,c] = [[a,b],c] + (—=1)*P[b, [a, c]] for a € T, b € Tps.

The super Lie algebra is the linear models of the super Lie group. Its classifications can be
found in works of V. Kac and others. To a super Lie group G one can associate a super Lie algebra
which is the subspace the space of left invariant vector fields on G.

2 Main Results

The main aim is to give a supercomplex structure on some super Lie groups. To our knowledge,
this is completely a new and useful work.

Theorem 2.1. A real super Lie group G with almost complex structure J induces a complex
super Lie group if and only if J preserves left-invariance of super derivations and the Lie super
bracket is J-linear in both arguments. This means that J comes from a complex structure on the
super Lie algebra g.

Proof. Proof. If J satisfies the conditions above, then it is integrable due to the graded version of
the Newlander-Nierenberg theorem. Since J is compatible with the adjoint action of G on @, so J
can be continued to R(G){FE(g) compatible with multiplication, inverse (giX — —(g71)Ad(g)(X)
for g € G and X € g and unity. This includes that the corresponding morphisms are morphisms
of complex supermanifolds. O

Theorem 2.2. Let g = go® g1 where g¢ is not solvable. Then gg admits a super complex structure
if and only if go = R & so(3). Moreover, the supercomplex structure on R & so(3) is unique up to
equivalence.

Proof. The first assertion follows by exhibiting a super complex structure {Jy, Jo} on R®so(3). Let
{Z,X,Y,W} be a basis of R @ so(3) such that Z e R, [X,Y] =W, [Y,W] =X, and [W,X] =Y.
Assume that, {J1, Jo} is defined as J1(Z) = X, JL1(Y) =W, Ji = —1, L(Z) =Y, Jo,(W) = X,
J22 = —1I. It is clear that J; and Jo do not commute. Also,

Nl(ZﬂY) - [Jl(Z)ﬂjl(Y)} - Jl[Z7J1(Y)] - Jl[Jl(Z)vy] - [Z,Y] = [va} - Jl[va] = 0.

By a lemma in [1], J; is integrable. A similar computation shows that No(Z, W) = 0 and then
H = {J1, J2} defines a super complex structure on R @ so(3).
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Now, we assume that go admits a super complex structure {J;, JJo}. Since go is not solvable,
by the Levi decomposition of gy and the classification of real simple 3-dimensional Lie algebras,
we get that go 2 1@ s0(3) or gg 2 1P sl(2,R), a direct sum of ideals. If Z is a nonzero element in
I we define X = J1(2), Y = Jo(Z), W = J;J2(Z). Then Z, X,Y, W is a basis of go. We compute
[X, Y], [Y, W], [W, X]. Write [X,Y] =aZ + bX + cY +dW. Since N1(Z,Y) = O = No(Z, X) we
have: J1[X,Y] = [X, W], o[X,Y] = [Y,W]. Thus

(W, X]=bZ —aX +dY —cW,  [YV,W]=—cZ+dX +aY — bW. (1)

Now, the coefficient of Z in [[X, Y], W]+[[Y, W], X]+[[W, X], Y] is a®> +b*+c? hencea =b=c = 0
and [X, Y] = dW,[Y,W] = dX, [W, X] = dY. Since d # 0 (g is not abelian) then X, Y, W generates
a three dimensional Lie algebra isomorphic to so(3). If {J], J}} is another super complex structure
on go, setting Ji = JiJ5, it follows from the above procedure that there exists d’ # 0 such that
(JoZ,J5Z] = d'J, Z, where (a, 3,7) is a cyclic permutation of (1,2,3). Let¢ € End(go) be defined
by ¢Z =d/d'Z and ¢J, = J, ¢ , for a = 1,2. One verifies that ¢ is an automorphism of go; hence
{J1,J2} and {J1, J5} are equivalent. This concludes the proof of the theorem. O

Theorem 2.3. Let G be a real super Lie group associated to the Harish-Chandra super-pair (G, g)
and let ¢ : G — G® be the universal complexification of G. Then the complex Harish-Chandra
super-pair (G, g©) is associated to a universal complexi?cation 3¢ of d.

Proof. . Let (H,~) be a complex Harish-Chandra super-pair and (A, A,) : (G,0) — (H,~) be a
morphism of real Harish-Chandra super-pairs. Let A€ : G — H be the underlying complexification
and put AL := D.(A®) @ p, where p : 9 ® C — = is the complex linear continuation of A,],,.
Then (A%, A,C) is unique with the required properties. O

The following proposition shows that if gy admits a super complex structure, then it has to be
of dimension greater than one.

Proposition 2.4. If gy admits a super complex structure, then dim g{, # 1.

Proof. . If go admits a super complex structure we may assume that h = {O}. Let X be a nonzero
element of g{. There exists Y € g such that [V, X] = X. Then gy decomposes gy = ker(adz) N
ker(ady)®RX®RY . By applying the Jacobi identity to U, V, Y, where U,V € ker(adz)Nker(ady),
we get that [U, V] = 0; hence & = ker(adz) N ker(ady), a contradiction. O

Theorem 2.5. If gy admits a super complex structure and dim g = 2 then go = af f(C).

Proof. First, we expand the super complex structure on aff(C). Let H = J,, = 1,2 be the
following family of endomorphisms of af f(C). J1(X) = -W, J1(Y) = Z, j2 = -1, Jo(X) =Y,
Jo(Z) = =W and J2 = —I. It is easy to check the integrability of J; and Jo by using Lemma
(2.2) from [1]. Conversely, assume now that J,, = 1,2 defines a super complex structure on
go- Changing J,, = 1,2, if necessary , we may assume that Jo : g — g{; hence go = g{ ®
Ji(g)). Let X')Y’ be a basis of g, where Y’ = J5(X’). It follows that X', Y’, J1(X’), J;(Y")
is a basis of gg. There exist two skew-symmetric, bilinear forms «, 8 on gg such that [V, W] =
a(V,IW X + B(V,IW)Y’' YV, W € gy The integrability condition N;(X’,Y’) = 0 and the fact
that gj is abelian (since go is solvable) yield [J1(X'), J1(Y')] = 0,[X', J1(Y")] = [Y', J1(X")],
and from No(X', J1(X') = 0 we obtain [X', J1(X")] = —[Y’', J1(Y')]. The Jacobi identity gives
a(X', (X)) = X', L(Y"), (X", J1(Y")) = —=B(X’, J1(X’)), and therefore the bracket in go,
determined by ¢ = (X', J1 (X)) and d = a(X’, J1(Y")), looks as follows: [X', 1 X'] = ¢X' —dY’,
Y, (X)) =dX' + Y, [ X, 1 (Y)] =dX' + Y, Y, J1(Y')] = —cX’' + dY’, and we must
have ¢ # Oord # 0 because dim g = 2. Taking X = (C? + d*)71(dX’ + ¢Y"),Y = (¢ +
)" H=cX' +dY') Z = (2 + d®) e X' +dIY"),W = (2 + d®) Y (~d L X' + c 1Y) it is
easy to see that [X,Z] = X,[V,Z] = Y, [X,W] = Y, [V, W] = =X, so that g9 = aff(C), as
asserted. We note that J; and Jo take the following form relative to the basis {X,Y,Z, W}:
Ji(X) = aZ — W, 1(Y) = bZ + aW,ji = —I, Jo(X) = Y, J2(Z) = —W,J3 = —I, where
a=2cd(c®+d?*)7! and b = (d® — ¢®)(c? + d?)7!; hence a® + b? = 1. Let J2 for o = 1,2 be the
super complex structure obtained by setting JY(X) = —W, J)(Y) = Z,(J?)? = —I and J§ = Js.
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We claim that J2 and J,, for a = 1,2 are equivalent. In fact, one shows that ¢ € End(go) defined
by ¢X = bX 4+ aY, ¢Y = —aX +b0Y,¢0Z = Z and ¢W = W gives an automorphism of gy such
that ¢J, = J2(p),a = 1,2.

Therefore, the equivalence classes of super complex structure on gy are in one to one corre-
spondence with points in the space O(2)/SO(3) = RP2. O

Theorem 2.6. If dim g, = 3 and go is solvable then one of the following holds: (a) g{ is abelian
or (b) g{ is a Heisenberg algebra. In case (a) go admits a super complex structure if and only
if go corresponds to the space RH*. More over, g has a unique super complex structure, up to
equivalence. In case (b) go admits a super complex structure if and only if it corresponds to the
space CH?. The equivalence classes of super complex structure on gy are parametrized by the
space RP2.
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Abstract

Let R be a commutative Noetherian ring with non-zero identity, a an ideal of
R, X an arbitrary R-module, and n,t two non-negative integers. In this paper, we
prove that the category of (FD.,, a)-cofinite D, 11 R-modules and the category of
(FD<p, a)-cofinite FD,, 1 R-modules are two Serre subcategories of the category of
R-modules. We also show that if dim(R/a) < n, then H:(X) is an (FD,,, a)-cofinite
R-module for all i <t if and only if Extlz(R/a, X) is an FD.,, R-module for all i < ¢.

Keywords: Cofinite modules, Local cohomology modules, Serre subcategories
Mathematics Subject Classification [2010]: 13D07, 13D45

1 Introduction and Preliminaries

Throughout, let R denote a commutative Noetherian ring with non-zero identity, a an ideal of R,
M a finite (i.e., finitely generated) R-module, X an arbitrary R-module which is not necessarily
finite, and n,t two non-negative integers. For basic results, notations, and terminology not given
in this paper, readers are referred to [4,5].

In [6], Hartshorne defined an a-torsion R-module X to be a-cofinite if Ext’z(R/a, X) is a finite
R-module for all ¢ and asked the following questions:

Question 1.1. Under what hypotheses, is the category of a-cofinite R-modules an Abelian cate-
gory?

Question 1.2. Under what hypotheses, is HZa(M ) an a-cofinite R-module for all ¢?

Recall that a subcategory of the category of R-modules is said to be Serre if it is closed under
taking submodules, quotients, and extensions. Note that every Serre category is Abelian. Recall
also that X is said to be an FD,, (or in dimension < n) R-module if there exists a finite submodule
X' of X such that dimgp(X/X’) < n [1,3]. We say that X is an (FD,, a)-cofinite R-module if
X is an a-torsion R-module and Ext%(R/a, X) is an FD.,, R-module for all i [2, Definition 4.1].
Note that, by [10, Theorem 2.3], the class of FD.,, R-modules forms a Serre subcategory of the
category of R-modules. Also, X is a finite R-module if and only if X is an FD.y R-module, and so
X is an a-cofinite R-module if and only if X is an (FD.g, a)-cofinite R-module. Thus, it is natural
to raise the following questions as generalizations of Questions 1.1 and 1.2.

Question 1.3. Under what hypotheses, is the category of (FD.,,a)-cofinite R-modules a Serre
category (and so an Abelian category)?
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Question 1.4. Under what hypotheses, is H,(M) an (FD.,, a)-cofinite R-module for all i?

In this paper, we study the above questions. We prove that the category of (FD.,, a)-cofinite
D.p+1 R-modules and the category of (FD.,,, a)-cofinite FD_,, 11 R-modules are two Serre sub-
categories of the category of R-modules. Here, the class of all R-modules X with dimgr(X) < n
is denoted by D.,. We also show that if dim(R/a) < n, then H:(X) is an (FD_,, a)-cofinite
R-module for all i < ¢ if and only if Ext(R/a, X) is an FD.,, R-module for all i < t.

2 Serreness of the Category of Cofinite Modules

The following lemma is needed in this paper. Recall that an arbitrary R-module X is said to be
minimaz if there exists a finite R-submodule X’ of X such that X/X' is an Artinian R-module [11].

Lemma 2.1. Suppose that X is an a-cofinite R-module. Then X is an Artinian (resp. a minimax)
R-module if and only if X is a D<q (resp. an FD.1) R-module.

Proof. Assume that X is an a-cofinite Do (resp. FD.;) R-module. Thus Hompg(R/a, X) (resp.
there exists a finite R-submodule X’ of X such that Hompg(R/a, X/X")) is a finite R-module and
dimp(X) < 1 (resp. dimgr(X/X’) < 1). Hence Homp(R/a,X) (resp. Hompg(R/a, X/X’)) is an
Artinian R-module and so X (resp. X/X') is an Artinian R-module from [4, Theorem 7.1.2], as
we desired. O

Melkersson, in [7, Corollary 1.7] and [8, Corollary 4.4], proved that the category of a-cofinite
Artinian R-modules and the category of a-cofinite minimax R-modules are two Serre subcategories
of the category of R-modules. By Lemma 2.1, this means that the category of a-cofinite Dy
R-modules and the category of a-cofinite FD.; R-modules are two Serre subcategories of the
category of R-modules. The following theorem generalizes Melkersson’s results [7, Corollary 1.7]
and [8, Corollary 4.4].

Theorem 2.2. Let n be a non-negative integer. Then the category of (FD<,,,a)-cofinite D<p41
R-modules and the category of (FD<,,a)-cofinite FD, 11 R-modules are two Serre subcategories
of the category of R-modules.

Proof. Let
0—X — X —X"—0

be a short exact sequence of R-modules. We show that X’ and X" are two (FD,, a)-cofinite
Dcpy1 (resp. FD<j11) R-modules if and only if X is an (FD,,, a)-cofinite D<p41 (resp. FD<py1)
R-module.

(=). This follows from the long exact sequence

0 — Homg(R/a,X') — Hompg(R/a,X) — Homg(R/a,X")
—> e

— Exty(R/a,X’) — Extp(R/a,X) — Bxtp(R/a,X")

— Exti'(R/a,X') — Extd'(R/a,X) — Exti'(R/a,X")

_> e

and [10, Theorem 2.3].

(«<). It is clear that X’ and X" are D41 (resp. FDy41) R-modules (resp. by [10, Theorem
2.3]). Since X is an (FD,, a)-cofinite R-module, Homp(R/a, X’) is an FD,, R-module from the
above long exact sequence. Thus X’ is an (FD.,,, a)-cofinite R-module by [9, Lemma 2.1] because
X' is an a-torsion FD.,, 41 R-module. Hence X" is an (FD,,, a)-cofinite R-module from the above
long exact sequence and [10, Theorem 2.3]. O

Corollary 2.3. (see [7, Corollary 1.7] and [8, Corollary 4.4]) The category of a-cofinite Artinian
R-modules and the category of a-cofinite minimax R-modules are two Serre subcategories of the
category of R-modules.

Proof. By considering Lemma 2.1, put n = 0 in Theorem 2.2. O
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Let M be a Serre subcategory of the category of R-modules. We say that M is a Melkersson
subcategory with respect to a if for any a-torsion R-module X, (0:x a) € M implies that X € M.
M is called a Melkersson subcategory when it is a Melkersson subcategory with respect to all
ideals of R [2, Definition 3.1]. The category of a-cofinite Artinian R-modules is a Melkersson
subcategory with respect to a and the category of Artinian R-modules is a Melkersson subcategory
(see [8, Proposition 4.1] and [4, Theorem 7.1.2]). In the next result, we show that the category of
(FD<y,, a)-cofinite R-modules is a Melkersson subcategory with respect to a when dim(R/a) < n.

Corollary 2.4. Let n be a non-negative integer with dim(R/a) < n. Then the category of
(FD<p, a)-cofinite R-modules is a Melkersson subcategory with respect to a.

Proof. From Theorem 2.2, the category of (FD.,,a)-cofinite R-modules is a Serre subcategory of
the category of R-modules and so is a Melkersson subcategory with respect to a by [9, Lemma
2.1]. O

Corollary 2.5. Suppose that dim(R/a) = 0. Then the category of a-cofinite R-modules is a
Melkersson subcategory with respect to a.

Proof. Take n =0 in Corollary 2.4. O

3 Cofiniteness of Lcal Cohomology Modules

Theorem 3.1. Suppose that n is a non-negative integer such that dim(R/a) < n. Suppose also that
X is an arbitrary R-module and t is a non-negative integer. Then Hy(X) is an (FD<,, a)-cofinite
R-module for all i <t if and only if Extz(R/a, X) is an FD.,, R-module for all i <t.

Proof. We argue by induction on ¢. The case t = 0 follows from Corollary 2.4 because we have
Hompg(R/a,T4(X)) = Hompg(R/a, X). Suppose that ¢ > 0 and that ¢ — 1 is settled. Let X :=
X/T4(X). By the short exact sequence

0—Te(X) — X — X —0,
we get the long exact sequence
o — Exth(R/a,To(X)) — Exth(R/a, X) — Exth(R/a,X) — Extd ' (R/a,Tg(X)) — -

which shows that if I'y(X) is an (FD<y, a)-cofinite R-module or equivalently Hompg(R/a, X) is
an FD_, R-module, then, for all i > 0, Exth(R/a,X) is an FD_, R-module if and only if
Ext%(R/a, X) is an FD_,, R-module. Now, let E := Eg(X) and Q := E/X. By the induction hy-
pothesis on Q, HQ(Q) is an (FD.,,, a)-cofinite R-module for all ¢ < ¢—1 if and only if Eth}é(R/a, Q)
is an FD.,, R-module for all i < ¢t — 1. Since I';(X) = 0, we have I'4(E) = 0 from the fact that
E is an essential extension of X. Thus Homg(R/a,X) = 0 and Homg(R/a, E) = 0. Hence, by

applying the derived functors of I'q(—) and Homp(R/a, —) to the short exact sequence
0—X —F—Q—0,
we get H,(Q) = HLMH (X)) = HLM(X) and Extly(R/a, Q) = Ext’ ! (R/a, X) for all i > 0. Therefore

H:(X) is an (FD,, a)-cofinite R-module for all i < ¢ if and only if Exth(R/a, X) is an FD_,,
R-module for all ¢ <¢. This terminates the induction argument. O

Corollary 3.2. Suppose that dim(R/a) =0, X is an arbitrary R-module, and t is a non-negative
integer. Then Hy(X) is an a-cofinite R-module for alli <t if and only if ExtR(R/a, X) is a finite
R-module for all i < t.

Proof. Take n =0 in Theorem 3.1. O
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Abstract

A finite group is said to have perfect order classes if the number of elements
of any given order is either zero or the divisor of the order of the group. A group
is Hamiltonian if it is non-abelian and every one of its subgroups are normal! The
purpose of this note is to classify the Hamiltonian groups which have the perfect order
classes.In fact we will show that finite Hamiltonian groups have perfect order classes,
if and only if, they are isomorphic to the direct product of the quaternion group of
order 8, a non-trivial cyclic 3-group and a group of order at-most 2

Theorem. A finite Hamiltonian group G has perfect order classes if and only if, it is
isomorphic to @ x Csx or Q x Cy x C3x for some positive integer k

Keywords: Order Class, Perfect Order Classes, Hamiltonian group, Hall normal sub-
group
Mathematics Subject Classification [2010]: Primary: 20D10, 20F16, Secondary:
20B10

1 Introduction and Preliminaries

Let G be a finite group and define and equivalence relation on the elements of G by declaring that
two elements in G are equivalent if and only if , the have the same order in G . the equivalence
class of g in G is called its order class and is denoted by ¢l¢! | in other words:

D ={z el =g}

the cardinality of gl®! will be denoted by f,(G). For a positive integer k, let f;(G) be the number
of elements of G with order k .In any group G, the order class el pf the identity element if always
a singleton , so f.(G) = 1 however the subscripts is interpreted

we say that G has perfect order classes if f,(G) is a divisor of the order of G, for any g in
G. Groups of this property seem first to have studied in [1]. see also [2,3].
the symmetric group S3 has perfect order classes because it has 2 elements of order 3 and 2 is a
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divisor of the order of S3 and also has 3 elements of order 2, which is also a divisor of the order of
S3

A group is Hamiltonian if it is non-abelian in which all of the subgroups are normal. In other
words a non-Abelian Dedekind group is called Hamiltonian! Now we will state the main theorem
of this note!

Main Theorem

Theorem 1.1. A finite Hamiltonian group G has perfect order classes if and only if, it is isomorphic
to Q x Cs or Q x Cy x Csx for some positive integer k

it follows from this that the smallest Hamiltonian group with perfect order classes is the group
Q xCs of order 24.In particular, despite being involved in every Hamiltonian group , the quaternion
group @ of order 8 does not itself have perfect order classes(It has a total of 6 elements of order 4
and 6 does not divide 8).

All groups will be considered to be finite and will be written multiplicatively. we will denote the
identity element of any group by e as well as a group of order 1. The quaternion group of order 8
will be denoted as Q. If G is a group and n a non-negative integer, we will denote G™ the direct
product of n copies of G.Now we are ready to state some fundamental results.

Proposition 1.2. If g is an element of a finite group G, then fy(G) is divisible by ¢(|g|)

Proof. define an equivalence relation as a ~ b iff < a >=< b > . Now put [a] the equivalence class
of a under this relation. now for all g € G and all a € gl¢! we have that [a] C ¢! hence |[a]|
divides f4(G) . hence |[a]| = ¢(]g|) and we are done !!! O

Lemma 1.3. A normal Hall subgroup(a subgroup whose order is a hall divisor of the order of the
group) of a finite group contains the complete order class of each of its members

Proof. let H be a normal hall subgroup of a finite group G and let h be a member of H. since |H|
and |G : H| are coprime , there are integers a and b such that a|H| + b|G : H| = 1. This follows
from Bezout’s theorem. If g is any member of hl%! | then |g| = |h| is a divisor of |H|, so we have
g = g9l HUIGH] — gbGHI “then in the quotient group G/H , we have ¢?|¢HIH = (¢H)YIGHl = H.
hence g belongs to H. since g was arbitrary , we get hifl ¢ H and we are done!!! O

Theorem 1.4 (5,5.3.7). A finite Hamiltonian group G is a direct product of Q,an elementary
abelian 2-group and an abelian group of odd order

Lemma 1.5 (4,lemma 2.5). If H is a normal Hall subgroup of a finite group G , then for each
divisor d of H, we have fq(G) = fa(H)

2 Main Results

Lemma 2.1 (4,Jemma 3.1,6, theorem 2.1). let G = Q x E x A be a finite Hamiltonian group,
where E =2 C¥, for e a non-negative integer, A is an abelian group of odd order. For each divisor
d of the order of G, we have :

fa(G) = fa(A) (1)
f2a(G) = (271 —1).fa(A) (2)
f1a(G) =3.2°T" f4(A) (3)

Lemma 2.2 (4,lemma 3.3). If k is a positive integer, then the groups G = Q x Cy X Csqx and
G = Q X Csx, have perfect order classes.
suppose that G is a finite Hamiltonian group with perfect order classes, then

G=QxExTxP

where E =2 C§ is an elementary abelian 2-group of rank e > 0 , T is a non-trivial abelian 3-group
and P is an abelian group of such that ged(|P|,3) =1
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Lemma 2.3. The order of G is divisible by at-most one prime number greater than 3. In particular,
P is a p-group, for some prime number p > 3

Proof. suppose, by contradiction, that G is divisible by two odd primes p and q, both greater than
3, then

Frapg(G) = 3.2°71f3(G). f(G)-£4(G)
now each f3(G), f,(G) and f,(G) nis even, fo fi2,,(G) is divisible by 2674, which is a contradiction.
O

Lemma 2.4 (4,lemma 3.5). let G = Q x C§ x T x P, where T is a non-trivial abelian 3-group,
e > 0, P is an abelian p-group, for some prime p > 3. If G has perfect order classes, then P is
trivial

Lemma 2.5 (4,Jlemma 3.7). let G = Q x C§ x T, where T is an abelian group of order 3%, for a
positive integer k. If G has perfect order classes, then e € {0,1} and T is cyclic

Proof of the main theorem. from lemma 3.1 we see that Hamiltonian groups of the form @ x Csx
and @ x Cy x Cyx have perfect order classes. the converse follows from lemmas 3.2,3.3 and 3.4
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Abstract

In this paper, we introduce the concept of grey divisible S-acts in the category of
grey S-acts over monoids. We study some properties of this notion and show that any
grey injective S-act is a grey divisible S-act.
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1 Introduction and Preliminaries

The Grey system is one of the most important scientific achievements in the field of how to use
uncertain information, which was presented by Deng [2]. For example see, [1], [6], [8]. In this
paper, we define grey divisible S-act and investigate some properties of this notion. We proved
any grey injective S-act is grey divisible S-acts.

We recall the following definition needed in the sequel.

We recall from [8], the definition of grey numbers. Let R be set of real number and g% be a
union set of closed or open intervals gt =U_,[a;,af], whichi=1,2,3,--- ,n, nis an integer and
0<n < oo, aZ ,az € R and a 1 Sa; < a+ < a+ For any mterval [ al], pi is probability

for g € [a; ,a; ). If the followmg condltlons hold for

Z’Z

(i) p; > 0 if and only if [a; ,a]] € gF
(ii) p; = 0 if and only if [a; ,a; ] ¢ g*
(i) ¥ p; =1
then we call g a grey number represented by ¢*. ¢~ =in a7 egt a; and

g"‘zsupajegi a; are called the lower and upper of g*.

If g~ = g7, then ¢gF is a white number. It is clear that the special case of the grey set is the
white set and the fuzzy set is the special case of the white set. If we replaced the characteristic
function with a fuzzy membership function, then the white set become a fuzzy set. We recall the
grey lattice operation from [7], which for grey numbers = = [z7,27] and y* = [y~,y] , the
Join and Meet of these grey numbers are defined as Vv y* = [ min {27,y ™}, max {zT,yT}] and

*Speaker.
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Ayt = [ max {27,y }, min {at,y"}], respectively. Now according to the definition of Join
and Meet, the partial order < on grey set (X, x4) is shown as below:

o jyi — 2t Sy"’and y <z

We recall from [3], category GSet, in which objects are grey sets and, morphism between two grey
sets A = (U, x) and B = (V, u), which x : U — D[0,1]* and p: V — D[0,1]*, is a function f
such that x(z) < ut(f(z)) and lower u~(f(x)) < x~ (), for any = € U,where D[0, 1]* is the set
of all grey numbers within the interval [0, 1],.

Let S be a monoid. A (right) S-act is a non-empty set A together with a map A x S —
A, (a,s) — as, such that for all a € A,s,t € S, (as)t = a(st) and al = a. A non-empty subset
B C A is called a subact of A if bs € B for all b € B and s € S. An element 0 in an S-act A is
said to be a zero or fized element if 0s = 0 for all s € S. Let A and B be two S-acts. A mapping
f: A — Bis called an S-homomorphism if f(as) = f(a)s, for all a € A,;s € S. The category of
all S-acts and homomorphisms between them is denoted by Act-S. We recall category Acty-S in
which all monoids contain zero 0. Fore more see [5]

From [4], the category Act — GS, in which, the objects are the function x4, which is called
(right) grey S-acts, such that there exists a characteristic function x : A — D[0,1]* from S-act
with the following properties:

(1) xh(a) < xh(as), x4(as) < x4(a) foranya € A, s € S.
(ii) x7(04) =1 and x;(64) = 0.
(iii) If we consider S as an S-act, x&(1s) =1, x5(1s) = 0.
The morphisms between two grey S-acts x4 and pp, which is called G.S-morphism and denoted
by ?: XA — pp is an S-homomorphism f : A — B such that x7;(a) < p5(f(a)) and pz(f(a)) <
Xa4(a), for any a € A.
A GS-morphism ]N”: XA — 1 is (an epimorphism) a monomorphism if and only if f is an
(epimorphism) a monomorphism. A GS-morphism ]N”: XA — 7 is an isomorphism if f is an

isomorphism, and for any a € A, xa(a) = ns(f (a)). Define Im(f) = {f(a)la € A}.
Throughout this paper, unless otherwise stated, all monoids have zero 0 and all S-acts are centered.

2 Main Results

In this section, we define grey divisible S-acts, which is denoted by grey divisible S-act. We
investigate some properties of this notion and show that any grey injective S-act is a grey divisible
S-act.

We recall [5] an S-act A is divisible it for any a € A and cancellable element s € S there exists
b € S such that a = bs.

Analogous to definition grey point in category of fuzzy sets [?], we present the following defi-
nition.

Definition 2.1. Let A be an S-act. Consider element a € A and grey number tz:r € D0, 1]*.
Define mapping a; : A — D[0, 1]* such that

We call a; is a grey point with support a and value t. It x4 is a grey S-act, we say a; € x if
th = xal(a).

Definition 2.2. A characteristic function y 4 on S-act A is called weakly grey divisible, briefly
w-grey divisible, if for any a; € x and cancellable element s € S, there exist by € x such that
xa(a) = xa(bs). Also, the characteristic function x 4 is called grey divisible, briefly grey divisible,
if a = bs. Clearly, any grey divisible is weakly grey divisible, but the converse is not true, always.
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Example 2.3. Consider monoid Ny as an Ny-act with usual addition as the action. Define char-
acteristic function yy, : Ng — D[0, 1]* such that for any n € No, xn,(n) = t3-2, which is w-grey
divisible and is not grey divisible.

Definition 2.4. Let x4 be a grey S-act. It is called a (w-) grey divisible S-act if A is divisible
S-act, and x4 is a (w-) grey divisible.
Proposition 2.5. The following statements are equivalent:
(i) Every characteristic function x on any S-act A is grey divisible.

(i) Every characteristic function x on S-act S is grey divisible.

(iii) Any element of S is left invertible.
Proof. (i) = (i), is clear. (ii) = (iii), consider s € S and grey point 1,1 which is belongs to x.
By assumption, there exists s;,ﬁ € x such that 1 = s’s’. So the result is true.

(#i1) = (i), consider greygi)oint aq+ € X and cancellable element s € S. By assumption

g
there exists s’ € S such that a = a.1 = a.s's = (a.s')s. Now let @’ = a.s, ' = t and define
+
a;,ng : A — DJ0,1]*. Since tz, =< x(a) < x(as’") = x(a’), we have a;g+ € X. O
9= 9=

Theorem 2.6. (i) The grey S-act xo, which © = {0} is grey divisible S-act.
(ii) Any homomorphism image of a grey divisible S-act is a grey divisible S-act.

Corollary 2.7. Retract of a grey divisible S-act is grey divisible S-act.

Proof. Consider GS-morphism f: x4 — vp which, vp is a grey divisible S-act. Since x4 is

retract of vg, there exists a GS-morphism g: vp — XA such that gfzt. Now by Theorem 2.6,
the proof is complete. O

Let x4 and vp be two grey S-acts. Then x4 is a grey subact of vp (vp is extension of y4) if
A is a subact of S-act B and for any a € A, x%(a) < v3(a), which is denoted ya < v5.

Definition 2.8. Consider two grey S-acts x4 and vg. We said x4 is inclusion of grey S-act vp,
denoted by xa C vp, if A C B and x%(a) < v3(a) for any a € A.

Definition 2.9. A grey S-act pc is called a grey injective S-act if for any grey monomorphism
f: x4 — vp and for any grey G\S-morphism g: xA — e there exists a GS-morphism %: vp —
e such that ﬁf:?.

Theorem 2.10. Any grey injective S-act is a grey divisible S-act.

Proof. Let xa be a grey injective S-act. We show that x4 is a grey divisible S-act. Consider
element a € A and cancellable element s € S. Define characteristic function vy : (s) — D[0,1]*
such that v (st) = xa(at) for any t € S and pg : S — D[0,1]* such that pug(s) = t§. Also,
consider S-homomorphism f : (s) — A such that f(st) = at, for any ¢t € S.

Consider the following diagram

Now since x 4 is a grey injective S-act, there exists a G.S-morphism %: s — X such that %7:]7
We have a :]N” (s) =ni (s) = (s) = (1.s) =h (1)s. Now let h (1) = b. Hence a = bs, and so
A is divisible S-act. We show that y 4 is grey divisible. Consider grey point a; € x. Since }NL is
a GS-morphism, we have pg(1) < XA(;L (1)) = xa(b). Now by considering ¢’ = pg(1) and grey
point by, the assertion is hold. O
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Abstract

This study investigates functional Volterra integral equations. Specific conditions
are imposed to guarantee the existence and uniqueness of the solution to this equa-
tion in the space of square integrable functions. Subsequently, employing the Euler
operational matrix and the collocation method, an approximation to the solution is
derived. This methodology converts the functional integral equation into a system
of nonlinear algebraic equations, which are then solved using conventional numerical
methods or iterative methods.

Keywords: Functional Volterra integral equation, Euler polynomials, Operational
matrix, Function approximation, Collocation method.

Mathematics Subject Classification [2010]: Primary: 65R20.

1 Introduction and Preliminaries

During recent decades, the investigation of functional integral equations has attracted the attention
of numerous scholars, owing to their significance in the formulation of real-world problem models.
While several studies have addressed the existence and uniqueness of solution to functional integral
equations (see, e.g., [3,4]), the development of computational techniques for such equations has
remained relatively nascent and has only commenced recently. For example, the collocation method
with piecewise continuous basis functions and the spectral element method with Gauss-Lobatto-
Legendre collocation points were introduced respectively in [7] and [2] for the numerical solution
of functional integral equations of the form

~—

ule) = f() +g(x7 / bk(m)u(y)dy), v € ol (

In this paper, we consider the following functional integral equation

~—

ulz) = f(x) +g(x7 / mk(w)u(y)dy), reo,1) 2

*Speaker.
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where f, k and g are known functions, and wu is the solution to be determined.
Throughout the paper, we consider the following conditions on the functions f(z), g(z,y) and

k(z,y):

(C1) f e £%([0,1]);

(Cz2) ke £2([0,1] x [0,1]);
(

Cs3) ¢:]0,1] x R — R satisfies the Carathéodory’s conditions and there exist positive constant
« and nonnegative function 6 € £2(]0, 1]) such that:

lg(z,y)| < 0(x) +alyl, =e[01], yeR.
(C4) ¢ fulfills the Lipschitz condition with respect to its second argument with the Lipschitz
constant u, i.e., |g(z,u) — g(z,v)| < plu—v|, =z €][0,1], u,v €R.
(Cs) The kernel k and constant p satisfy pllk|2 < 1.
Lemma 1.1. If (C1)-(Cs) hold, then (2) has a unique solution in £2([0,1]).

Definition 1.2. The Euler polynomials and numbers (introduced by Euler in 1740) have various
applications in number theory, contributing to a rich literature on the subject [8]. The Euler
polynomials and numbers are constructed from the following relations:

(1) En(z) = X0 37 Lpeo (=D (7) (@ + )",
(1) Yo (1) Ek(x) + En(z) =22", n>0 [5], 3
(ii)  Yonlo Enky = s = ah
(iv) E,=2"E,(3) [1].

From part (¢i7) in (3), it follows that Euler numbers are coefficients of the Maclaurin series expan-
sion of the hyperbolic cosine inverse. It is mentionable that F,, # E,(0) for n > 1.
Euler polynomials satisfy the following relation [6]:

AOESY (Z) BEn_x(0)zF, n>o0. (4)
k=0

Let N be a fixed nonnegative integer and define

By varing n from 0 to N in (4) and expressing the result in the matrix form, we obtain
E(x) = DT (x), (5)
where D is a lower triangular matrix of order N + 1 of the form
D= (D) Bu={q Y ©)
T L OB, iz

J

Using (5), we define the dual matrix of E(x) as
1
DU = / E(x)ET (x)dx = DG(1)D7,
0

where D is the matrix defined by (6) and G(z) is the Gram matrix defined as:
T T N xi-i—j—l

Go) = [ TWI Wy = Gy @)g  Giglo) =

0 1+j5—1
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2 Main Results

2.1 Function Approximation

Theorem 2.1. Let u € SQ([O7 1]) be an arbitrary function and be approximated in terms of Euler

polynomials by un(x ZukEk = ET(2)U. Then, the Buler coefficients uy, in iy (z) =
k=0

g up By (z) = ET(2)U, for all k=0,1,2,...,N, may be calculated using the following relation
N—k
1 2 k+r
_ (k) _
uk—k!/ (x)dx + E +1( . )u;HTETH(O) k=N,...,0. (7)
Theorem 2.2. Let k € £2([0,1] x [0, 1]) be an arbitrary function and be approzimated in terms

of Euler polynomials by ky(x,t) Z kan m(x)En(x). Then, the coefficients kp,n in
m=0n=0

kn(z,t) Z ka nEm(x)En(z), for all myn = 0,1,2,...,N, may be calculated using the

m=0n=0
following relation
Otk (x, t) n—i—]
mvn = m|n;/ / 8557”815” d dt+ Z ( km,n+jEj+1(O) (8)
m+i 2 4
Ei1(0 = kemgintiEie1(0), m,n=N,...,0.
Zz+1<z’> +l()j§j+1(j) +intiEi1(0),  m,n

2.2 Euler Operational Matrix of Integration

The integration of Euler vector E(t) over [0, z] can be computed as follows

v 1
/ E(t)dt = OE(x) + ——Ent1(x)ent,
0

N +1
where . _
— 71 Ei+1(0), =0,
0 =[0ilj=0: Oij=1 % j=i+1,
0, otherwise,

and ey 41 denotes the last column of the identity matrix I of order N + 1.

2.3 Numerical Solution of Functional Integral Equations

Consider the functional integral equation (2). Let f, g and k satisfy conditions (C1)-(Cs). We
approximate f(x) and k(x,y) in terms of Euler polynomials as described in Theorems 2.1 and 2.2,
respectively. By substituting these approximations in (2) and applying the operational matrix of
integration, we get

ET(2)U ~ ET(2)F + g(m, ET(m)KﬁOE(m)) (9)
Then, by collocating (9) at Newton-Cotes nodes x; = 2(%':11), 1=0,1,...,N, we obtain
ET(2))U = ET () F + g(zl, ET(xl)KﬁOE(xl)), 1=0,1,...,N, (10)
which is a system of nonlinear algebraic equations for unknowns ug, U1, - -.,un. Then, the approx-
imate solution to (2) will be calculated by wup( Z u;B;(x) = ET (2)U.
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3

Conclusion

This study indicates that this approach exhibits satisfactory performance in solving functional
integral equations. These findings imply that this method has the capability to analyze further
issues across different domains.
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Abstract

In this article, we study conditions under which the power series ring over a nil
reversible ring is nil reversible. For this purpose, we show that in a semiprime ring,
the concepts of central reduced ring and nil reversible ring are equivalent. Also, we
prove that a semiprime ring R is nil reversible if and only if the power series ring R[[z]]
is a central reduced. Finally, we see that a semiprime ring R is nil reversible if and
only if R[[z]] is nil reversible.

Keywords: Nil reversible ring, Power series ring, Semiprime ring.

Mathematics Subject Classification [2010]: Primary 16U80; Secondary 16Y99,
16N60.

1 Introduction and Preliminaries

In this paper, all rings are associative with identity. An ideal I of a ring R is said to be reduced
ideal, if for each x € I, x™ = 0 leads to z = 0, for n € N. If R is a reduced ideal, then R is called
a reduced ring. An abelian ring is a ring in which all idempotent elements are central. Semiprime
ring, is a ring in which for any ideal J of R, J? = 0 implies J = 0. A ring R is named reversible,
if for any r,s € R, rs = 0 implies sr = 0. A ring R is semicommutative, if rs = 0 yields rRs = 0,
for all r,s € R.

Nil reversible ring intoduced in [4]. If for any r of a ring R and nilpotent element s € R, rs =0
iff sr = 0, then R is called nil reversible ring. In this paper, after studying some properties of nil
reversible rings, we study conditions under which the power series ring over a nil reversible ring
is nil reversible. Central reduced ring is a ring in which every nilpotent element is central. It is
obvious that reduced rings and central reduced rings are nil reversible. We see that in a semiprime
ring R the concepts of reduced, central reduced and nil reversible are equivalent. Further, we
prove that a semiprime ring R is nil reversible if and only if the power series ring R|[[x]] is a central
reduced. Finaly, we see that a semiprime ring R is a nil reversible ring if and only if R[[z]] is nil
reversible.

1.1 Some Properties of Nil Reversible Rings

In this part, we peruse some features of nil reversible rings. It is clear that every subring of a nil
reversible ring is nil reversible. Also, a reversible ring is nil reversible. In the next example we see
that a nil reversible ring need not be reversible.

Y-



M. Masoudi Arani

Example 1.1. Consider the ring R = Zs[x,y] where xy # yx and
I = (yz*,y*z, zy) .

Let S = M. Clearly, S is not reversible. On the other hand, the set of all nilpotent elements
of S'is {0+ I,yx + I'}. From this, it is easy to see that S is nil reversible.

Proposition 1.2. Fvery nil reversible ring is an abelian ring.

The question that arises here, is whether every abelian ring is nil reversible. The following
Example state that each abelian ring is not necessarily nil reversible.

Example 1.3. Let R be the ring of matrices of the form

(5 %)
P q
where m,n,p,q € Z and m = ¢ (mod 2) and n =p (mod 2). By [3, Example 2.7], we see R is an

abelian ring. But R is not a nil reversible ring. Because ( 8 0 ) is a nilpotent element of R and
0 2 2 0 _ 0
0 0 0 0
2 0 0 2
(50)(0 )

Recall that a ring R is named semicommutative if rs = 0 yields rRs = 0, where r,s € R. It is
clear that reversible rings are semicommutative. If for each s,t¢ of a ring R, st = 0 leads to srt is
a nilpotent of R, for all r € R, then R is called weakly semicommutative.

Proposition 1.4. Fvery nil reversible ring is a weakly semicommutative ring.

2 Main Results

In this part, we study power series ring over nil reversible rings. We study conditions under which
the power series ring over a nil reversible ring is nil reversible. We see that a semiprime ring R, is
a nil reversible ring if and only if R[[x]] is a nil reversible ring.

In [2, P.P 361], it has been proved that reduced rings are reversible. The next Lemma is stated
to refer to this fact.

Lemma 2.1. FEvery reduced ring is a reversible ring.

We know that each reduced ring is nil reversible. In the following, we see that a semiprime nil
reversible ring is reduced.

Proposition 2.2. For a semiprime ring R, the following conditions coincide:
1. R is a nil reversible ring.

2. R is a reduced ring.

Proof. If R is a reduced ring, then Lemma 2.1 tells us that R is reversible and so R is nil reversible.
Conversely, assume R is nil reversible and for a € R, a®> = 0. Then ra = ar, by nil reversibility of
R. So 0 = ra? = raa = ara, for all » € R. From this a = 0, since R is semiprime. Therefore R is
reduced. O

Recall that a ring R is called central reduced if every nilpotent element of R is central. It is
clear that reduced ring and central reduced ring are nil reversible. Proposition 2.2 and [1, Theorem
2.17] shows that in a semiprime ring the notions reduced, central reduced and nil reversible are
equivalent. From this we have the following result.

YO



Conditions that the Power Series Ring Over a Nil Reversible Ring is Nil Reversible

Theorem 2.3. Let R be a semiprime ring. Then the following conditions are equivallent:
1. R is reduced 1ing.
2. R is nil reversible ring.

3. R is central reduced ring.

The following Theorem affirm that the power series ring over a semiprime ring R is central
reduced iff R is central reduced.

Theorem 2.4. Let R be a semiprime ring. Then the following sets are equivallent:
1. R is reduced ring.
2. R is central reduced ring.

3. The power series ring R[[z]] is a central reduced ring.
Theorems 2.4 and 2.3 lead to the next result.

Theorem 2.5. For a semiprime ring R, the following conditions are equivallent:
1. R is reduced ring.
2. R is nil reversible ring.
3. R is central reduced ring.

4. The power series ring R|[x]] is a central reduced ring.

Corollary 2.6. In any semiprime ring R, the following conditions are equivalent:
1. R is a nil reversible ring.

2. The power series ring R[[z]] is a nil reversible ring.
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Abstract

In this paper, we study the numerical approximation of a class of nonlinear inte-
gral equations of Volterra type called nonlinear functional Volterra Urysohn integral
equations. Using a technique based on the Picard iterative method, the existence and
uniqueness of the solution to the equation was proved. For the numerical approxi-
mation of the solution, we used the collocation method with sigmoidal functions. By
using a Gronwall inequality, the convergence of the method is proved. At the end,
some numerical examples are presented to show the effectiveness of the method.

Keywords: Sigmoidal functions, Volterra-Urysohn integral equations, Collocation
method

Mathematics Subject Classification [2010]: Primary: 65R20

1 Introduction and Preliminaries

Many authors have studied functional integral equations in the past years. Functional integral
equations have great applications in physics, engineering and biology [1].

Various studies have been done about the existence of solution of functional integral equations
[2,3].

In this paper, our study is devoted to nonlinear functional Volterra-Urysohn integral equation

z(t):p(t)+g<t,/0 k(t,s,z(s))ds), te [0, X]. (1)

By considering some assumptions, the existence and uniqueness of the solution to equation (1) has
been proved in [4]. Our idea in this article is using the collocation method with sigmoidal functions
to find a numerical approximation to the solution of fnctional integral equation (1).

*Speaker.
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Definition 1.1. Function ¢ : R — R is called a sigmoidal function if the following conditions
are satisfied
lim o(z)=0 and lim o(z) = 1.
r—r—00 Tr—00

For example, the Heviside function H(z) = 1 for z > 0 and H(x) = 0 for x < 0, is a sigmoidal
function. Also, o(z) = (1+ e*“’)_l, which is known as the logistic function, is a sigmoidal
function. Any continuous function on the interval (—oo, c0) can be approximated using sigmoidal
functions [5].

2 Numerical Method

In this section, we describe a collocation method for solving (1). We look for an approximate
soluation (Gnz)(t) to (1) in the form

N
(Gn2)(t) =D zH(t —te) + 20H(t —t 1), te[0,X], (2)
k=1
where H(t) is Heviside function and t; := hk, k = —1,0,1,...,N,h = % In (2) coefficients

20, - .-, 2N are unknowns.

Remark 2.1. The coefficients z; in (2) do not depend on the choice of sigmoid functions. It
means that, different approximations of z can be obtained using different sigmoidal functions while
the coefficients are the same [5].

By substituting (2) in (1), we obtain

(Gn2)(t) = p(t) +g<t,/0 k(t, s, (GNZ)(S))dS>- 3)

If Iy := {to,t1,...,tn} is the set of collocation points, then the coefficients zo,...,zx can be
obtained by the following collocation conditions:

(Gr2)(t:) = p(ts) + g<ti, / kit s, <GNz>(s>>ds>. (4)

Now, using (2) in equation (4), the coefficients z; can be evaluated from the following system
of nonlinear algebraic equations

i—1 tmt1 m i—1
zl-:p(ti)—l—g(ti,Z/ k(ti,s,sz)aB’) —sz, 1=0,1,...,N. (5)
m=0 tm m=0

Jj=0

3 Convergence

In this section, we study the convergence of the proposed numerical method.
The following assumptions are considered:

(i) function p satisfies the Lipschitz condition with Lipschitz constant 71 > 0.

(ii) function g satisfies the Lipschitz condition

lg(t1,v1) — g(ta, v2)| < Tall(t1,v1) — (t2,v2) |2
= TQ\/(h —t9)2 + (v1 —v2)2, (t1,v1), (t2,v2) € [0, X] x R.

(iii) kernel k is continuously differentiable with respect to ¢t and z and it satisfies the Lipschitz
conditions:

|k(t1,s,2) — Kk(ta,s,2)| < 73)t1 —ta|, ti,t2,s €[0,X], z €R,

YOA
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|k(t,s,21) — k(t, s, 22)| < 7alz1 — 22|, t,s€[0,X], 21,22 €R.
(iiii) for any continously differentiable function z, there exsists a C' = C(z) > 0 such that
|k(t, s, z(s)] < C, forall (t,s) € D,
where D = {(t,s): 0<t,s < X}.

Theorem 3.1. If (i)-(iiii) hold, then the collocation method (4), (5) convergence to the unique
soluation (1) with the first order of convergence.

4 Numerical Results

In this section, to show the effectiveness of the presented method, we have provided some examples.
We define Ey(t) = 2} (t) — 2(t) and Ea(t) = 23,(t) — 2(t), where 2(t) denotes the exact solution
and z} () and 2% (t) are approximate solutions obtained by our method with the superposition of
Heviside and logestic sigmoidal functions, respectively. The norm of the error is defined as follows

| E1lloe = max {|zy(t;) — 2(t;)], 1<i< N}, (6)

and
| Balloe = max {|23(t;) — 2(t;)], 1<i<N}. (7)

The numrical results are tabulated in Tables. The computations were performed in MATHEMAT-
ICA 10.

Example 4.1. We consider the following functional integral equation

2(t) = sin(t) — 50 41 4 (/t COS(S)GZ(S)dS>, t€0,1]. (8)
0

where the exact solution z(t) = sin(¢). The equation (8) was analyzed in [6]. Table 1 shows the
numerical results obtained by our method. Also, in Figures 1 and 2, the exact soltion z(¢) and the
approximate solutions 2% (¢) and 23 (¢) for N=50 and N=20 are plotted. Numerical results given
in tables and figures show the presented numerical method convergence to the exact solution.

N Heviside function Logistic function
A | E2]loo

20 5.51203 x 102 6.71246 x 1072
30 3.78377 x 1072 4.61362 x 1072
40 2.88112 x 1072 3.51559 x 1072
50 2.32634 x 1072 2.84 x 1072
60 1.95076 x 102 2.38229 x 102
70 1.67963 x 102 2.05168 x 102
200 5.98466 x 1073 7.31783 x 1073

Table 1: Error norms for Example 4.1.
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Figure 1: Approximate soloution z]l\,(t) of Example 4.1; left: N=>50, right: N=20.
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Figure 2: Approximate soloution 212\/ (t) of Example 4.1; left: N=50, right: N=20
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Abstract

In this paper, we prove Bellman’s type inequality for pseudo-integral. Bellman
type inequality for two classes of pseudo-integral are shown.one of them concerning
the pseudo-integrals based on a function reduces on the g-integral where pseudo-
operations are defined by a monotone and continuous function g. Another one concerns
the pseudo-integrals based on a semiring ([a, b], maz, ) where (0 is generated.

Keywords: Bellman type inequality, Pseudo-integral, Pseudo-addition, Pseudo-
multiplication, Fuzzy integrals inequality
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1 Introduction and Preliminaries

The classical Bellman’s integral inequality ( [5]) holds : if f,g are non-negative and concave on [0,1]

then A A
oz () ([)

The purpose of this paper is to prove a Bellman type inequality for the pseudo integrals.

Firstly,we introduce some basic notation and properties of the pseudo integrals.
. Pseudo-analysis is a generalization of the classical analysis, where instead of the field of real
numbers a semiring is taken on a real interval [a,b] C [—o00, 0] endowed with pseudo-addition &
and with pseudo-multiplication ® ( [1,4]). Let [a,b] be a closed (in some cases can be considered
semiclosed) subinterval of [—o0, 00]. The full order on [a,b] will be denoted by <.

The operation @ (pseudo-addition) is a function & : [a, b] x [a, b] — [a, b] which is commutative,
nondecreasing (with respect to < ), associative and with a zero (neutral) element denoted by 0
i.e., for each z € [a,b],0®x = z holds (usually O is either a or b). Let [a,b];+ = {z|z € [a,)],0 < z}

*speaker.
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Definition 1.1. The operation ® (pseudo-multiplication) is a function ® : [a,b] X [a,b] — [a, b]
which is commutative, positively non-decreasing, i.e., z <y impliesx ®z X y® z for all z € [a, b],
associative and for which there exists a unit element 1 € [a, b], i.e., for each x € [a,b],1 ® z = z.
We assume also 0 © x = 0 that © is a distributive pseudo-multiplication with respect to &, i.e.,
rOy®z)=(x@y)® (x©z). The structure ([a, b, ®,®) is a semiring ( [2]). In this paper, we
will consider semirings with the following continuous operations:

Case I: The pseudo-addition is idempotent operation and the pseudo-multiplication is not.

(a) =@y =sup(z,y),® is arbitrary not idempotent pseudo-multiplication on the interval [a, b].
We have 0 = a and the idempotent operation sup induces a full order in the following way:
x 2y if and only if sup(x,y) = y.

(b) x @y = inf(x,y),® is arbitrary not idempotent pseudo-multiplication on the interval [a, b].
We have 0= b and the idempotent operation inf induces a full order in the following way:
x <y if and only if inf(z,y) = y.

Case II: The pseudo-operations are defined by a monotone and continuous function g : [a, b] —
[0, 0], i.e., pseudo operations are given with x ®y = g~ (g(z) + g(x)) and 2 ©y = g~ (g(z)g(x)).
If the zero element for the pseudo-addition is a, we will consider increasing generators. Then
g(a) =0 and g(b) = co. If the zero element for the pseudo-addition is b, we will consider decreasing
generators. Then g(b) = 0 and g(a) = co. If the generator g is increasing (respectively decreasing),
then the operation @ induces the usual order (respectively opposite to the usual order) on the
interval [a, b] in the following way: = < y if and only if g(z) < g(y).

Case III: Both operations are idempotent. We have

(a) z @y = sup(z,y),z ©y = inf(x,y), on the interval [a,b]. We have 0 = a and 1 = b. The
idempotent operation sup induces the usual order (z <y if and only if sup(z,y) = y).

(b) z @y = inf(x,y),x ®y = sup(z,y), on the interval [a,b]. We have 0 = b and 1 = a. The
idempotent operation inf induces an order opposite to the usual order (z <y if and only if
inf(z,y) = y).

Let X be a non-empty set. Let A be a g-algebra of subsets of a set X.
We shall consider the semiring ([a, b], ®, ®), when pseudo-operations are generated by a mono-
tone and continuous function g : [a,b] — [0, 0], i.e., pseudo-operations are given with z @y =

97 (g(x) + g(y)) and 2 © y = g~} (g(2)9(y)).
Then the pseudo-integral for a function f : [¢,d] — [a,b] reduces on the g-integral( [6])

D d
Sz =g ( / g(f(z))dx> | (1)

[e,d

More on this structure as well as corresponding measures and integrals can be found in ( [3]) .
The second class is when @ y = max(z,y) and * ©® y = g~ (g(x)g(y)), the pseudo-integral for a
function f: R — [a,b] is given by

D
/R f @ dm = sup (f(z) © $(x)).

where function v defines sup-measure m. Any sup-measure generated as essential supremum of
a continuouse denisty can be obtained as a limit of pseudo-additive measures with respect to
generated pseudo-additive . For any continuouse function f : [0, 00] — [0, co] the integral [ @ fodm
can be obtained as a limit of g-integrals, We denoted by p the usual Lebesgue measure on R. We
have

m(A) = esssup(z|z € A) = sup{a|u(z|z € A,x > a) > 0}.

Theorem 1.2 ( [6]). Let m be a sup-measure on ([0, 00], B[0, oo]), where B([0, 00]) is the Borel o-
algebra on [0, 0], m(A) = esssup,, (¥ (x)|z € A), and 1 : [0,00] — [0,00] is a continuouse density.
Then for any pseudo-addition & with a generator g there exists a family my of @x-measure on
([0, 0], B), where @ is a generated by g™ (the function g of the power A\), A € (0,00), such that
limy oo My = M.
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2 Main Results

Theorem 2.1 ( [6]). Let ([0,00],sup,®) be a semiring, when ® is a generated with g, i.e., we
have x ®y = g~ 1(g(z)g(y)) for every x,y € (0,00). Let m be the same as in Theorem 2.1., Then
there exists a family {my} of ® -measures, where ®y is a generated by g, \ € (0,00) such that
for every continuous function f : [0, 00] — [0, 00],

sup D
/ f©dm= lim / f®dmA:A1LH;O(gA)1</ 9*(f(x))dx)-

Theorem 2.2. (Bellman’s inequality for pseudo-integrals) Let u,v : [0,1] — [a, b] be two measur-
able functions and let a generator g : [a,b] — [0,00) of the pseudo-addition & and the pseudo-
multiplication ® be an increasing and non-negative function.

if u and v are comonotone, then the inequality

1 @ 1
g (/[0’1](u®v)dx> > 3 (

holds

Proof. Know that

/[i] (uov)de =g (/01 g(u® v)) dr =g~} </01 g(u)g(v)d:c> . @)

if u and v are comonotone functions, then from (2) and using the Bellman integral inequality and
Jensen inequality for concave functions ( [3]) , we have

@ 1 B 1 3 B 1 3
/ (@ v)de > Sg7" [g <g ! (/ g(uz)dﬂc> xglg™ (/ g(vz)dx>
[0,1] 0 0
1 D % 52} %
=—g 'y / u?dr| xg / vidx
2 [0,1] [0,1]
o 1
/ u?dx
[0,1]
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)
/ g(u.v)
[0,1]

g dx
N @
9 2|yg / (u©v)de
[0,1]
N @
=g2 (uGv)dx | .
[0,1]

Which complete the proof. O
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