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�ˆ�T�„�•�Â�Å �Ä�� �€�d�€ �|�„ �s�Á�e�½�† �Ñ�Ù�Ò�Ú �Ä�Å�€ �„�€ �s�n�e�i�Š�e�{�½ �À�U�Â�÷ �Ä�U�¹�Ç�d

�¿�e�T�…�v �R�†�e�Š���·�•�½ �R�d�…�h �d�„ �s�Á�e�‹�Á�d �¿�d�…�"���i�i�Š�e�{�½ �†�d �s�¾�U�n�Ò�‰�o�Á�„�È�¹

�¿�e�½�† �¿�X �„�€ �Ä�� � �„�‡�h �•�Š �ˆ�T �ë�Ó�ˆ�T�d�€���l�È�º�‹�­�X �«�d�…�š�d �„�€ �·�e�U�Š

�R�e�Å�‡�U�÷ �¿�e�U�½ �„�€ ���€�„�Ç�X �¼�Å �€�…�" �ë �€�È�h �m�~�e�Š �·�e�z �„�€ �•�Â�º�Å �„�€

���€�„�d�•�Á�e�o�Š�d �¿�È�Â���d�� �Ã�e�#�o�Š�€ �¿�€�È�h �»�e�Ž�•�U�ë �¸�U�¹�€�i�h �Ä�i�Š�e�{�½ �À�T�d �P�…�Ž�T�€

�R�d�i�Á�e�T�d�„ �…�i�v �R�e�Å���¼�o�‹�U�Š �e�½�d ���€�È�h �Ä�v�È�n �¸�h�e�± �„�Ç�e�Â�Ž �‡�U�¾�½ �l�e�i�Š�e�{�½

���Ã�…�U�¦ �Ç�Ô�¸�ì�U�½ �P�e�‹�U�o�¾�o�½ �P�m�½�:�u�U�Š �P�e�¾�Ž�½ �P�·�e�s�½ �¿�d�È�Â�¢�i�h�� �¿�„�•�½

�…�n�d�…�­ �•�Â�Á�d�È�n���s�½ �P�…�n���s�º�� �«�•�Å �e�h �s�‹�T�È�Á�i�½�e�Á�…�h �R�e�Å���¿�e�h�† �À�U�Â�ø�¾�Å �Ç

�·�È�¾�£�½ �„�È�š�i�h �e�Æ�Á�X �¿�È�Â���d ���•�Â�Â�� �¸�¾�¢ �s�o�Â�Š �m�R�…�U�"�h�„�e�¾�Ž�n �†�d

�€�d�•�¢�d �Ä�T�…�Ÿ�Á �P�Ä�Š�•�Â�Å �P�‡�U�¹�e�Á�X �P�…�i�v �„�€ �À�T�€�e�¾�Á �l�e�i�Š�e�{�½ �»�e�w�Á�d �R�d�…�h

�†�d �s�~�…�h ���•�Á�È�Ž���s�½ �Ã�€�e�®�o�Š�d �s�–�e�T�„ �…�Ž�T�€ �R�e�Å�i�~�e�Ž �†�d �R�„�e�U�‹�h �Ç

�„�È�š�i�h �e�Å���R�„�d�•�T�e�ë�e�Á �Ç �€�…�" �R�e�Å�e�›�~ �¸�U�¹�€�i�h �s�¾�º�¢ �l�e�i�Š�e�{�½ �·�e�‹�Ž�d

�e�h �d�„ �e�Å���Œ�Ç�„ �À�T�d �¿�d�È�n���s�½ �g�º�¦�d �e�½�d �P�•�Â�o�‹�Å �€�e�¾�o�¢�d �¸�h�e�±�…�U�¦ �s�­�Ç�…�£�½

�„�Ç�e�Â�Ž �‡�U�¾�½ �l�e�i�Š�e�{�½ �s�Â�T�‡�Ž�T�e�v �P�·�e�s�½ �R�d�…�h�� �…�n���°�U�±�€ �R�e�Å���À�T�‡�Ž�T�e�v

�•�T�d�‡�­�d �m�¾�U�± �Ä�h �æ�­�e�¾�o�z�d �Ä�� �P�€�…�� �À�T�‡�Ž�T�e�v ���R�d�i�º�’�e�­ �l�e�i�Š�e�{�½ �e�h

�R�e�Å���¼�o�‹�U�Š �¿�e�#�o�‹�h ���€�È�Ž���s�½ �»�e�w�Á�d �Ä�Ÿ�­�e�z �†�d �Ã�€�e�®�o�Š�d �e�T �d�…�v�d �¿�e�½�†

�R�e�Å�h�•�Â�Â�� �¸�z �Ç ���6�$�7�� �R�…�T�ƒ�ë���m�T�e�–�„ �R�e�Å�h�•�Â�Â�����¸�z �R�d�i�Á�e�T�d�„ �…�i�v

�l�e�v�e�o�Â�o�Š�d �•�Â�Á�d�È�n���s�½ �Ä�� �•�Â�o�‹�Å ���6�0�7�� �R�d�i�Á�e�¾�U�ë �R�…�T�ƒ�ë���m�T�e�–�„

�»�e�w�Á�d �e�Å�i�U�–�…�­ �†�d �s�’�e�~ �R�e�Å�i�¢�È�¾�w�½ �†�d �u�T�e�o�Á �†�d �R�d�h�•�U�ø�U�ë �s�²�›�Â�½

�l�e�i�r�d �m�U�º�h�e�± �P�Ä�o�i�¹�d ���•�Â�Â�� �€�e�w�T�d �l�e�i�r�d �Ã�d�È�" �t�e�o�Â�o�Š�d �…�Å �R�d�…�h �Ç �•�Â�Å�€

�R�d�i�›�²�Á �†�d �e�Å�h�•�Â�Â�����¸�z �À�T�d �À�T�d�…�h�e�Â�h �P�m�Š�d�Õ�1�3���¸�½�e�� �Ä�º�c�‹�½ �ˆ�T

�m�Š�d �R�d�i�w�U�o�Á �†�d �s�¹�È�¾�£�½ �Ä�Á�È�¾�Á �ˆ�T �e�w�Â�T�d �„�€ ���•�Á�Ç�„���s�¾�Á �…�n�d�…�­ �À�U�£�½

���m�Š�d �Ã�•�Ž �m�h�e�r �6�$�7 �Ã�•�Â�Â�� �¸�z �ˆ�T �†�d �Ã�€�e�®�o�Š�d �e�h �Ä��

�Ä�¢�È�¾�w�½ �����>�Ñ�Ò�@�s�¹�È�h �s�Š�„�È�¦�e�s�U�­ �Ä�Á�e�"�i�Š �Ä�U�—�±�� �Ä�U�—�±

�»�d�•�����ö�U�Å �Ä�� �€�…�� �¼�U�‹�²�n �Ä�o�Š�€ �Ç�€ �Ä�h �¿�d�È�n���s�½ �d�„f �Ñ; �Ò; :::; �×�Ø�Ò�Ôg

�e�h ���•�Â�o�‹�U�Áa�Ò+ b�Ò= c�Ò�e�h(a; b; c) �s�Š�„�È�¦�e�s�U�­ �Ä�Á�e�"�i�Š �ˆ�T �R�Ç�e�z

���m�‹�U�Á �…�T�ƒ�ë���¿�e�‹�½�df �Ñ; �Ò; :::; �×�Ø�Ò�Õg �R�d�…�h �À�T�d �P�·�e�z �À�T�d

�Ò�Ú�Ú �R�d �Ã�„�d�‡�" �Ç �m�Ž�d�€ �†�e�U�Á�&�3�8�l�e�i�Š�e�{�½ �·�e�Š �„�e�Æ�÷ �Ä�h �l�e�i�r�d

���•�Ž �Ã�€�…�•�­ �m�T�e�h�e�Ž�U�" �Ö�Ø �Ä�h �>�d�•�£�h �Ä�� �€�…�� �•�U�¹�È�n �s�o�T�e�h�d�…�n

�R�e�Å�„�e�� �R�d�…�h �¿�e�Á�d�€���s�–�e�T�„ �™�Š�È�n �·�È�¾�£�½ �„�È�š�i�h �P�Ä�o�i�¹�d �P�e�Å�…�n�È�U�ì�½�e��

���•�Á�È�Ž���s�½ �Ã�€�e�®�o�Š�d �‡�U�Á �¿�d�„�e�‹�¾�Å �e�h �˜�e�i�n�„�d �Ç �l�­�e�²�½ �À�o�Ž�È�Á �•�Â�Á�e�½ �Ã�…�½�†�Ç�„

�†�d �Ã�€�e�®�o�Š�d �R�d�…�h �R�d�h�•�Â�Â���„�d�Ç�•�U�½�d �•�T�•�v �R�e�Å���Œ�Ç�„ �P�…�U�~�d �R�e�Å�i�Å�€ �„�€ �e�½�d

���•�Á�d�h�•�Ž �„�d�•�T�•�ë �s�–�e�T�„ �l�e�²�U�²�{�n �Ä�h �ˆ�¾�� �„�€ �e�Å�i�Á�e�T�d�„

�™�h�d�Ç�„ �¬�•�� �R�d�…�h �•�Â�Á�d�È�n���s�½ �s�Â�U�Ž�e�½ �R�…�U�"�€�e�T �R�e�Å���¼�o�T�„�È�Ž�¹�d

�¸�b�e�‹�½ �R�d�…�h �Ã�È�²�¹�e�h �•�²�Á �R�e�Å���·�e�s�½ �e�T �e�Å�i�Á�È�¾�Á �•�U�¹�È�n �e�T �•�T�•�v �s�–�e�T�„

���•�Á�È�Ž �Ã�€�e�®�o�Š�d �s�–�e�T�„
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�Ñ�Ø�Ó �S�ë�e�U�ë �Ã�„�e�¾�Ž
�¿�d�…�T�d �s�–�e�T�„ �À�¾�w�Á�d �Ä�½�e�Á�…�i�~

�Ò�Ñ

�À�U�Â�ø�¾�Å �Ç�� �e�Å���l�e�i�r�d �•�U�T�[�n �R�d�…�h �•�Â�Á�d�È�n���s�½ �s�¾�Š�„ �l�e�i�r�d �R�e�Å�„�d�‡�h�d

�s�–�e�T�„ �R�e�Å���R�„�e�‹�¾�Å �P�•�Á�È�Ž �Ã�€�e�®�o�Š�d ���s�Á�e�h�† � �„�‡�h �R�e�Å���·�•�½ �s�v�Ç�…�~

�e�Å�h�€�d�€ �Ä�¢�È�¾�w�½ �m�~�e�Š �Ä�h �Ç �•�Â�Â�� �…�T�ƒ�ë���¿�e�‹�½�d �d�„ � �„�‡�h �ˆ�e�U�²�½ �„�€ �s�£�±�d�Ç

���•�Â�Â�� �ˆ�¾�� �„�È���ƒ�½ �À�U�Ž�e�½ �R�…�U�"�€�e�T �R�e�Å���¼�o�T�„�È�Ž�¹�d �Œ�†�È�½�X �R�d�…�h

���Ã�È�²�¹�e�h �„�È�š�i�h�� �•�Â�Á�d�È�n���s�½�Ö�s�n���S�ë���s�v���m�÷�•�Â�Á�e�½ �s�Á�e�h�† � �„�‡�h �R�e�Å���·�•�½

�À�U�Â�ø�¾�Å �e�Æ�Á�X �U�•�Â�Â�� �…�n���¡�T�…�Š �Ç �…�n���¿�e�Š�X �d�„ �…�Ž�T�€ �R�e�Å�„�d�‡�h�d �†�d �Ã�€�e�®�o�Š�d

�Ç �•�Â�Å�€ �€�e�Æ�Â�•�U�ë �d�„ �™�i�n�…�½ �R�e�Å�„�e�� �e�T �l�e�i�r�d �R�e�Å���R�
�n�d�…�o�Š�d �•�Â�Á�d�È�n���s�½

���•�Â�Â�� �•�U�¹�È�n �d�„ ���Ã�€�e�Š�� �R�e�Å���l�e�i�r�d �>�e�¾�U�²�o�‹�½ �s�o�z

�„�€ �d�„ �s�’�e�~ �R�e�Å�€�…�h�„�e�� �…�–�e�z �·�e�z �„�€ �e�Å�„�d�‡�h�d � �È�Á �À�T�d �†�d �ˆ�T�…�Å

�Ã�
�T�Ç �Ä�h �d�„ �À�½ �Ä�� �R�‡�U�÷ �e�½�d �P�•�Á�d�h�€�…�� �d�•�U�ë �l�e�U�–�e�T�„ �¬�º�o�•�½ �R�e�Å�i�Â�U�½�†

�Ä�� �R�„�È�š�i�h �P�m�Š�d �¼�Å �e�h �e�Å�„�d�‡�h�d �À�T�d �g�U���…�n �¿�e�‹�½�d �P�•�Â�����s�½ �f�Ç�ƒ�w�½

�¿�d�„�e�U�o�Š�€ �P�·�e�s�½ �¿�d�È�Â�¢�i�h ���•�Â�� �¿�d�…�i�v �d�„ �R�…�Ž�T�€ �¬�£�– �˜�e�²�Á �„�d�‡�h�d �ˆ�T

�»�e�Á�•�h �¿�È�Â���d �¸�T�e�¾�n �•�Â�Á�d�È�n���s�½ �R�d�i�Á�e�T�d�„ �…�i�v �R�e�Å�i�o�‹�h �Ç �s�¾�Š�„ �l�e�i�r�d

�…�o�º�U�­ �d�„ �·�È�²�£�½ �…�Å�e�ž�i�h �l�e�­�…�~�‡�½�×�m�¼�Å�È�n�n �R�d�…�h �¿�e�h�† � �„�‡�h �R�e�Å���·�•�½

�R�†�e�Š�„�e���€�È�~ �Ä�h �•�Â�Á�d�È�n���s�½ �e�Å���·�•�½ �À�T�d �‰���¢�…�h �Ä�� �s�¹�e�z �„�€ �P�•�Â�Â��

�À�U�Â�ø�¾�Å �Ç �P�•�Â�Â�� �ˆ�¾�� �l�e�i�r�d �R�†�e�Š���s�¾�Š�„ �…�n�h�•�Â�Â�� �Ä�o�‹�~ �R�e�Å�i�i�Â�v

�e�T �À�T�€�e�¾�Á �Ã�•�U�ø�U�ë �R�e�Å �¼�o�T�„�È�Ž�¹�d �R�d�…�v�d �R�d�…�h �s�£�U�i�š �¿�e�h�† �™�h�d�„ �ˆ�T

�„�€ �™�²�­ �†�È�Â�Å �l�e�i�U���…�n �À�T�d �†�d �R�„�e�U�‹�h ���•�Â�Â�� �¼�Å�d�…�­ �s�Â�U�Ž�e�½ �R�…�U�"�€�e�T

�„�d�‡�h�d �ˆ�T �Ä�h �R�„�Ç�e�Â�­ �e�n �€�…�h���s�½ �¿�e�½�† �Ç �•�Â�o�‹�Å �Ä�£�Š�È�n �»�È�Æ�®�½ �l�e�i�r�d �Ä�º�z�…�½

�P�·�e�z �À�T�d �e�h ���€�È�Ž �¸�T�•�i�n �¿�e�Á�d�€���s�–�e�T�„ �R�d�…�h �€�e�¾�o�¢�d���¸�h�e�± �Ç �•�U�®�½ �>�e�£�±�d�Ç

�Ä�� �¼�U�Ž�e�h �Ä�o�Ž�d�€ �„�e�Ÿ�o�Á�d �•�T�e�h �Ç �m�Š�d �Ã�•�Â�Â�����»�…�Ž�¹�€ �…�Ÿ�Á�i�h �Ä�U�¹�Ç�d �l�e�•�T�e�½�†�X

�R�e�Å���Œ�Ç�„ �‡�U�#�Á�d���m�®�Ž�Ž �R�e�Å���•�T�e�¾�Á �†�d �s�~�…�h �•�Å�e�Ž �ˆ�T�€�‡�Á �Ã�•�Â�T�X �„�€

�Œ�È�Å �ˆ�T �s�º�U�•�n �s�¾�º�¢ �»�È�Æ�®�½ �Ä�Á ���¼�U�Ž�e�h �s�–�e�T�„ �l�e�²�U�²�{�n �•�T�•�v

�s�–�e�T�„ �Ã�•�U�ø�U�ë �¸�b�e�‹�½ �¸�²�o�‹�½ �„�È�š�i�h �•�Á�d�È�o�h �Ä�� �•�Â�¾�Ž�È�Å���…�h�d �s�¢�È�Â�“�½

�d�„ �•�T�•�v �R�e�Å�h�•�T�d �•�Á�d�È�n���s�½ �Ä�� �•�Â�¾�Ž�†�„�d �„�e�U�o�Š�€ �ˆ�T �Ä�‹�º�h �P�•�Â�� �¸�z �d�„

�R�e�Å���•�T�e�½�†�X �P�·�È�¾�£�½ �€�„�d�È�½ �s�Š�„�…�h �Ç �•�Â�� �…�o�º�U�­ �d�„ �e�Å�e�›�~ �P�•�Â�� �€�e�Æ�Â�•�U�ë

�s�Á�e�‹�Á�d �¿�e�Á�d�€���s�–�e�T�„ �Ä�h �Ç �•�Å�€ �»�e�w�Á�d �d�„ �l�e�U�h�€�d �s�Š�„�…�h �¬�T�e�ž�Ç �Ç �R�€�•�¢

���•�Â�Â�� �‡���…�¾�n �­�e�h �€�›�Š �¼�U�Å�e�®�½ �«�e�•�o���d �…�h �e�n �•�Å�€ �Ã�†�e�v�d �Ã�	�Ç�…�ë �„�€

�l�e�i�r�d �¿�d�„�e�U�o�Š�€

�„�e���€�È�~ �„�È�š�i�h �P�Ä�Á�e�T�d�„ �†�d �Ã�€�e�®�o�Š�d �e�h �Ä�i�Š�e�{�½ �ˆ�T �»�e�w�Á�d �«�…�’ �P�Ä�o�i�¹�d

�R�e�Å�e�›�~ �„�e�÷�€ �m�Š�d �À�‹�¾�½ �Ä�i�Š�e�{�½ ���•�Ž�e�h �y�U�{�’ �Ä�� �•�Â�����s�¾�Á �À�U�¾�—�n

�Ä�o�Š�È�U�ë �R�e�Å�…�U�§�o�½ �s�Â�T�‡�Ž�T�e�v �†�d �s�Ž�e�Á �Ä�� �S�T�e�Å�e�›�~ �•�Â�Á�e�½ �P�€�È�Ž �R�€�•�¢
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�s�v�Ç�…�~ �P�…�n���°�U�±�€ �s�Š�„�†�e�h �„�€ �Ä�÷�…�"�d �P�m�Š�d �„�d�È�Ž�€ �¿�e�‹�Á�d �„�e�o�Ž�È�Á �†�d �¿�X

�R�d �Ã�•�T�•�ë �P�m�‹�U�Á �™�i�n�…�½ �s�Š�e�Š�d �m�²�U�²�z �ö�U�Å�i�h �Ç �m�Š�d �s�Â�£�½���S�h �g�º�¦�d

�/�/�0 �À�U�Â�÷ �¿�d�È�n �s�½ �Ä�o�i�¹�d ���€�È�Ž���s�½ �Ä�o�~�e�Â�Ž �m�¼�Å�È�n�n �¿�d�È�Â�¢�i�h �Ä��

���€�…�� �¿�e�{�o�½�d �s�–�e�T�„ �¸�b�e�‹�½ �Ä�h �¼�U�²�o�‹�½ �Ä�º�¾�z �R�d�…�h �d�„ �s�½�È�¾�¢ �R�e�Å

�ˆ�h�È�h �P�·�e�s�½ �R�d�…�h ���•�Ž�e�h �…�U�Ž�¾�•�÷ �„�e�U�‹�h �•�Á�d�È�n���s�½ �u�T�e�o�Á �l�e�±�Ç�d �s�Å�e�"

� �„�‡�h �¿�e�h�† �·�•�½ �¿�X �„�€ �Ä�� �•�Â�����s�½ �•�Â�o�‹�½ �d�„ �R�€�„�È�½�Ò�Ù�¿�d�…�Ž�T�€ �Ç

�†�d �Ä�º�c�‹�½ �ˆ�T �†�d �s�o�Š�„�€ �Ç �¸�½�e�� �l�e�i�r�d �m�‹�Á�d�È�nGPT � 4 �•�Â�¾�n�„�•�±

�R�e�Å�h�€�d�€ �Ä�¢�È�¾�w�½ �„�€ �Ä�� �P�•�Å�€ �Ä�b�d�„�d �Ò�Ú�Ò�Ò �s�º�º�¾�¹�d���À�U�h �s�–�e�T�„ �€�e�U�ì�¾�¹�d

�l�e�i�Š�e�{�½ �»�e�w�Á�d �R�d�…�h �·�•�½ �À�T�d �P�‰���¢�…�h ���€�È�i�Á �·�•�½ �À�T�d �R�d�…�h �s�Ž�†�È�½�X

�P�>�Ó�@�€�„�È�½ �ˆ�T �„�€ ���m�‹�U�Á �g�Š�e�Â�½ �Ä�U�¹�Ç�d �l�e�i�Š�e�{�½ �s�o�z �e�T �°�U�±�€

�d�„ �×� �Ô+ �Ø� �Ø �l�„�e�i�¢ �•�Ž �Ä�o�Š�d�È�~GPT � 4 �†�d �Ä�� �s�½�e�#�Â�Å

�P�€�…�� �Ä�b�d�„�d �d�„ �Ñ�Ò�Ú �m�Š�„�€�e�Á �•�Š�e�ë �m�¢�…�Š �Ä�hGPT � 4 �P�•�Â�� �Ä�i�Š�e�{�½

�Ä�h �P�€�„�Ç�X �m�Š�€�i�h �d�„ �Ù�Ò �y�U�{�’ �•�Š�e�ë �Ä�� �»�e�"�i�h���»�e�" �Œ�Ç�„ �ˆ�T �e�h �‰�ì�Š

�P�•�Ž �·�d�]�Š �•�±�e�Â�n �À�T�d �€�„�È�½ �„�€ �Ä�� �s�½�e�#�Â�Å ���m�~�d�€�…�ë �Ä�i�Š�e�{�½ �Ä�U�v�È�n

�R�e�›�~�n �ˆ�T �¿�X �Ä�U�¹�Ç�d �ˆ�•�z �Ä�� �•�Å�€ �•�Š�e�ë �m�‹�Á�d�È�n �e�Æ�Â�nGPT � 4

�†�d �Ã�€�e�®�o�Š�d �e�h �R�€�Ç�•�z �e�n �¿�d�È�n �s�½ �d�„ �¸�b�e�‹�½ �À�T�d ���m�Š�d �Ã�€�È�h �m�S�ì�T�e�n

�s�½ �Ã�€�d�€ �Œ�†�È�½�X �¿�X �„�€ �Ä�� �P�€�…�� �¿�d�…�i�vGPT � 4 �R�d�…�h �m�À�U�"�®�ë�n

�Ä�h �d�„ �P�s�–�e�T�„ �l�e�i�Š�e�{�½ �•�Â�Á�e�½ �P�e�Å�È�v �Ç �ˆ�…�ë �†�d �s�’�e�~ � �d�È�Á�d �e�n �€�È�Ž

�†�d �d�„ �•�Š�e�ë �ˆ�•�z �e�n �•�Â�� �·�e�Š�„�d�Ó�Ú�e�®�¹�X �»�d�…�®�¹�Ç �•�Â�Á�e�½�� �s�v�„�e�~ �„�d�‡�h�d �ˆ�T

�…�–�e�z �·�e�z �„�€ �e�Å�„�d�‡�h�d �À�U�h �»�e�¦�€�d �Ä�÷�…�"�d �P�•�Á�‡�h �€�È�~ �s�º�~�d�€ �·�•�½ �°�T�…�š

�¿�e�•�Á�>�Ñ�Õ�@�…�U�~�d �s�½�È�Æ�®�½ �l�e�i�r�d �ˆ�T �P�Ä�h�e�•�½ �„�È�š�i�h ���m�‹�U�Á �Ä�÷�„�e�ì�‹�T

�¸�b�e�‹�½ �„�€ �S�T�e�Å���·�e�s�½ �À�o�­�e�T �R�d�…�h �e�Å �/�/�0 �†�d �¿�d�È�n���s�½ �Ä�� �m�Š�d �Ã�€�d�€

�s�º�i�± �R�e�Å�i�Á�È�¾�Á �†�d �Ä�� �€�…�� �Ã�€�e�®�o�Š�d �…�n�È�U�ì�½�e�� �»�È�º�¢ �Ç �l�e�U�i�U���…�n �¬�º�o�•�½

�e�Å���·�•�½ �À�T�d �†�d �m�Š�d�È�~�„�€ �e�h �P�•�Â�Â�����s�½ �¸�¾�¢ �…�o�Æ�h �¿�e�‹�Á�d �™�Š�È�n �Ã�•�Ž �•�U�¹�È�n

�R�d�…�h �Œ�®�n �R�e�v�i�h �S�T�e�Å���·�e�s�½ �À�U�Â�÷ �€�e�w�T�d �R�d�…�h �Ä�½�e�Á�…�h �ˆ�T �•�U�¹�È�n �R�d�…�h

�R�d�…�h �R�…�Ž�T�€ �¿�e�h�† �„�€ �Ä�½�e�Á�…�h �¿�X �R�d�…�v�d �‰�ì�Š �Ç �P�·�e�s�½ �¼�U�²�o�‹�½ �m�~�e�Š

�·�e�Š�„�d �s�º�’�d �·�•�½ �Ä�h �‰�ì�Š �Ä�� �P�s�v�Ç�…�~ �m�U�®�U�� �€�e�¾�o�¢�d �¸�h�e�± �•�U�T�[�n

�À�U�Â�ø�¾�Å ���•�Â�� �ˆ�T�…�{�n �€�È�~ �R�e�Å���ˆ�•�z �€�È�i�Æ�h �R�d�…�h �d�„ �¿�X �e�n �€�È�Ž���s�½

�l�e�i�r�d �R�e�Å�„�È�n�È�½ �€�È�i�Æ�h �R�d�…�h �e�Å �/�/�0 �†�d �Ã�€�e�®�o�Š�d �„�€ �…�U�~�d �R�e�Å���m�­�…�•�U�ë

�P�s�–�e�T�„ �¸�b�e�‹�½ �†�d �R�€�Ç�•�{�½ �R�e�Å���ˆ�®�� �Ä�h �Ä�º�¾�z �R�d�…�h �€�È�v�È�½ �À�T�€�e�¾�Á

�R�e�Å���•�T�e�½�†�X �„�€ ���m�Š�d �Ä�o�Ž�d�€ �€�È�v�Ç�>�Ñ�×�@�€�e�U�ì�¾�¹�d �Ä�Š�•�Â�Å �¸�b�e�‹�½ �•�Â�Á�e�½

�P���•�U�Â�� �d�•�U�ë���Â�U�¹ �À�T�d�„�€ �d�„ �¿�X �•�U�Á�d�È�n���s�½ �Ä����GPT � 4 �e�h �»�€�È�~

�Ä�h �Ä�U�¹�Ç�d �R�d�i�Á�e�T�d�„ �•�� �•�U�¹�È�n �R�d�…�h �Ã�€�e�®�o�Š�d �€�„�d�È�½ �À�T�…�n�•�U�®�½ �Ä�� �»�d�i�o�­�e�T�„�€

�R�d�…�h �e�T ���Ã�…�U�¦ �Ç �‰�‹�w�T�„ �P�À�U�¹ �P���n�­ �P�u�U�Š �P�¿�È�o�T�e�ë�� �¬�º�o�•�½ �R�e�Å���¿�e�h�†

�¿�d�È�Â�¢�i�h�� �Ã�•�•�Á���s�Å�€���¿�e�½�†�e�Š �Ç �Ä�o�®�Ž�X �Ã�€�d�€ �R�e�Å�i�¢�È�¾�w�½ �R�†�e�Š�����e�ë

�Ã�•�Ž �t�d�…�•�o�Š�d �m�Á�…�o�Â�T�d �†�d �Ä�� �s�£�h�e�Â�½ �†�d �s�Å�È�i�Á�d �s�Å�•�Á�e�½�†�e�Š �R�d�…�h �P�·�e�s�½

�m�½�…�­ �†�d �Ä�Á�È�¾�Á �•�Â�÷ �Ä�b�d�„�d �†�d �‰�ë �P�¼�w�‹�Â�½ ���n�­ �Ä�½�e�Â�h�e�o�� �ˆ�T �Ä�h �m�Š�d

���m�Š�d �Ã�€�È�h ���„�e�� � �Ç�…�Ž �R�d�…�hGPT � 4 �Ä�h �Ä�½�e�Â�h�e�o�� �€�„�d�È�½ �R�d�…�h �Ã�d�È�•�¹�€

�>�e�i�T�…�²�n �e�T �•�•�h���m�T�e�–�„ �s�v�Ç�…�~ �Œ�®�n �À�U�¹�Ç�d �„�€ �g�º�¦�d �P�R�€�„�d�È�½ �À�U�Â�÷ �„�€

�€�„�È�½ �s�v�Ç�…�~ � �È�Á �¿�€�„�Ç�X �m�Š�€�i�h �R�d�…�h �Ç �P�€�…�����s�½ �•�U�¹�È�n �•�•�h���m�T�e�–�„

�g�U�¦�…�n �„�€ �À�U�Â�ø�¾�Å ���€�È�h �†�e�U�Á �…�Ÿ�Á �•�T�•�w�n �s�¾�� �„�d�•�²�½ �Ä�h �e�Æ�Â�n �P�À�½ �…�Ÿ�Á

�ˆ�T �R�d�…�h �™�i�n�…�½ �R�e�Å���ˆ�U�Â���n �e�T �s�¾�º�¢ �¡�h�e�Â�½ �€�e�Æ�Â�•�U�ë �R�d�…�hGPT � 4

�ˆ�T �„�€ ���»�d�h�€�…�� �g�‹�� �R�€�Ç�•�{�½ �R�e�Å���m�U�²�­�È�½ �P�s�£�±�d�Ç �s�–�e�T�„ �Ä�º�c�‹�½

�s�"�•�U�Š�È�ë �m�¢�…�Š �¿�d�È�n���s�½ �Ä�Á�È�Ž�÷ �Ä�� �»�•�U�Š�…�ë �¿�X �†�d �P�s�•�T�e�½�†�X �€�„�È�½

�Ä�i�Š�e�{�½ �¸�²�o�‹�½ �s�­�€�e�“�n �R�e�Å�…�U�§�o�½ �„�¾�v �ˆ�T �»�€ �·�e�¾�o�z�d �„�€ �d�„ �S�T�e�¾�Á

�À�T�d �„�€ �™�i�n�…�½ �Ä�U�—�± �€�„�È�½ �„�€ �s�­�e�� �•�Á�d�€ �e�T�X �Ä�� �¼�Â�� �S�h�e�T�†�„�d �e�n �€�…��

�«�d�…�{�Á�d �Ä�T�…�Ÿ�Á �•�Â�Á�e�½ �R�•�U�º�� �l�e�¾�º�� �Ä�b�d�„�d �¿�Ç�•�h �d�„ ���…�½�d�…�� �Ä�U�—�±�� �Ä�Â�U�½�†

�À�T�d �>�e�²�U�±�€GPT � 4 �P�•�Ž �‘�•�•�½ �Ä�� �„�È�›�Á�e�¾�Å ���•�U�Â�� �Ä�¾�v�…�n � �„�‡�h

�•�U�¹�È�n �s�–�e�T�„ �l�e�­�…�~�‡�½ �†�d �R�d�i�o�Ž�„ �”�È�¢ �„�€ �Ç �€�…���Á �d�•�U�ë �d�„ �Ä�U�—�±

�s�¾�o�T�„�e�Ž�¹ �Ä�Ÿ�{�¹ �•�¹�È�½ �¡�h�e�n �Ä�h �•�Ž �°�­�È�½ �Ä�� �m�Š�d �Ç�e�‹�w�Â�� �e�½�d �P�€�…��
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�¿�d�…�T�d �s�–�e�T�„ �À�¾�w�Á�d �Ä�½�e�Á�…�i�~

�Ñ�Ô�Ú�Ô �¿�e�o�‹�h�e�n

�s�o�z �P�m�Š�d �…�½�d�…�� �Ä�U�—�± �¿�e�U�h �„�€ �R�•�U�º�� �»�È�Æ�®�½ �ˆ�T �Ä�� �P�•�Â�� �Ã�„�e�Ž�d

�™�i�n�…�½ �Ä�¹�e�‹�½ �e�h �¡�h�e�n �À�T�d �Ä�Á�È�Ž�÷ �>�e�²�U�±�€ �m�•�Á�d�•�h�n �•�Š�„���s�¾�Á �…�Ÿ�Á�i�h �…�"�d

�s�n�d�€�e�Æ�Â�•�U�ë �m�Š�d�È�~�„�€GPT � 4 �†�d �À�½ �P�R�…�Ž�T�€ �•�T�e�½�†�X �„�€ ���m�Š�d

�À�T�d ���»�€�…�����s�½ �„�e�� �¿�X �R�Ç�„ �Ä�� �»�€�…�� �S�i�U���…�n �€�e�{�n�d �ˆ�T �l�e�i�r�d �R�d�…�h

�»�€�È�h �Ä�o�­�…�" �…�Ÿ�Á�„�€ �d�„ �e�Æ�Á�X ���®�i�± �À�½ �Ä�� �€�d�€ �Ä�b�d�„�d �d�„ �€�e�Æ�Â�•�U�ë �À�T�•�Â�÷

�R�e�Å�i�U�’�È�n �s�~�…�h �À�U�Â�ø�¾�Å �Ç ���R�€�•�¢ �P�e�²�¹�d �P�S�i�Á�e�w�½ �¸�U�º�{�n �Ç �Ä�T�‡�w�n��

�P���¸�‹�•�½ ���„�€ �P�Ä�h�e�•�½ �l�®�‹�•�½ �R�È�w�o�‹�v �P�l�d�„�e�i�¢ �¸�U�Æ�‹�n�� �s�½�È�¾�¢

�†�d �s�"�€�e�Š�i�h �À�½ �Ä�� ���•�¹�È�½ �¡�h�d�È�n�� �€�…�� �€�e�Æ�Â�•�U�ë �d�„ �s�‹�U�Â���n �À�U�Â�ø�¾�Å �e�½�d

�R�È�Š �†�d ���»�€�…�� �¸�z �s�o�z�d�„�i�h �d�„ �Ä�¹�e�‹�½ �m�T�e�Æ�Á �„�€ �Ç �»�€�È�h �Ã�•�Ž �¸�­�e�¦ �¿�X

�„�e���h�†�e�n �¿�d�€���s�–�e�T�„ �ˆ�T �R�d�…�h �æ�­�e�¾�o�z�d �e�Å�i�U�’�È�n �†�d �s�o�‹�U�¹ �À�U�Â�÷ �P�…�Ž�T�€

�Ä�b�d�„�d �l�d�€�e�Æ�Â�•�U�ë �†�d �ˆ�T �…�Å �Ä�Á�®�²�o�‹�½ �S�h�e�T�†�„�d �R�d�…�h �s�­�e�� �Ä�h�…�w�n �Ä��

�e�Å�„�d�‡�h�d �À�T�d �•�²�Á �À�½ �P�€�È�v�Ç �À�T�d �e�h ���€�È�i�Á �•�U�®�½ �¿�d�•�Â�÷ �P�m�Ž�d�•�Á �d�„ �Ã�•�Ž

�Œ�È�" �e�h �>�e�­�…�’ �P�¼�Â�U�h���s�½ �¸�‹�•�½ �ˆ�T �†�d �…�h�„�e�� �Ä�o�®�Æ�Á �•�Á�d�€ �¬�•�� �„�€ �d�„

�s�­�e�� �Ã�†�d�•�Á�d �Ä�h �…�h�„�e�� �Ä�� �™�i�n�…�½ �Ç �·�È�²�£�½ �R�e�Å�h�•�T�d �Ä�b�d�„�d �Ç �f�È�~ �¿�€�d�€

���•�Â�� �S�h�e�T�†�„�d �d�„ �e�Æ�Á�X �e�n �m�Š�d �‘�“�•�o�½
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�s�z�d�…�š �P�¬�º�o�•�½ �R�e�Å���¿�e�h�† �„�€ �•�� � �„�‡�h �R�e�Å�h�€�d�€ �Ä�¢�È�¾�w�½ �R�Ç�„ �…�h

�R�•�z �e�n �Ä�� �R�•�� �R�d�…�h �d�„ �„�e���€�È�~ �¸�U�¾���n �l�d�€�e�Æ�Â�•�U�ë �e�n �m�Š�d �Ã�•�Ž
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�¿�®�U�" �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �„�d�•�¹�e�¾�v �…�Æ�ì�Š

�†�d�…�U�Ž ���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �„�e���o�Š�„�€ �À�U�o�½�d�„
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�€�„�È�Â�w�h ���� �� �� �� �� �� �� �� �� �� �� �� �� �„�d�† �s�Á �¿�e�T�•�U�¢ �Ä�s�T�•�z

�Ä�²�h�e�‹�½ �À�U�¾�o�®�Å���Ç���¸�Æ�÷ �l�­�d�]�Š

���€�„�d�€ �„�d�…�± �Ã�e�U�Š �Ã�…�Æ�½ �Ñ�Ô�Ú�Ó �Ç �•�U�®�Š �Ã�…�Æ�½ �Ñ�Ô�Ú�Ô �Ä�i�£�v �ˆ�T �¿�Ç�„�€���Ñ

�!�Á�„���¼�Å �Ã�…�Æ�½ �Ç�€ �…�"�d ���¼�U�Â�����s�½ �t�„�e�~ �Ä�i�£�v �†�d �«�€�e�“�n �Ä�h �Ã�…�Æ�½ �Ç�€

���¼�U�Å�€���s�½ �„�d�…�± �Ä�i�£�v �„�€ �•�U�®�Š �Ã�…�Æ�½ �ˆ�T �Ç �Ä�o�Ž�d�ƒ�" �„�e�Â�� �d�„ �e�Å���¿�X �P�•�Á�€�È�h

�Ã�…�Æ�½ �ˆ�T �Ç �Ä�o�Ž�d�ƒ�" �„�e�Â�� �d�„ �e�Å���¿�X �•�Â�o�Ž�d�€ �l�Ç�e�®�o�½ �!�Á�„ �Ã�…�Æ�½ �Ç�€ �…�"�d

�™�²�­ �e�n �¼�U�Å�€���s�½ �Ä�½�d�€�d �„�•�±���¿�X �d�„ �„�e�����À�T�d ���¼�U�Å�€���s�½ �„�d�…�± �Ä�i�£�v �„�€ �Ã�e�U�Š

�„�d�…�± �Ä�i�£�v �„�€ �Ä�� �R�d�h�…�Æ�½ �À�T�…�~�X ���•�Á�e�¾�h �s�±�e�h �Ä�i�£�v �¿�Ç�„�€ �Ã�…�Æ�½ �ˆ�T

���•�U�Â�� �m�h�e�r �d�„ �€�È�~ �R�e�¢�€�d �V�m�Š�d �s�#�Á�„ �Ä�÷ �€�„�d�€

�…�Å �R�d�…�h �Ä�� �•�Ž�e�h �Ä�o�Š�È�U�ë �s�£�h�e�nf : [�Ú; �Ñ] ! R �•�U�Â�� �”�…�­���Ò

�Px 2 [�Ú; �Ñ]

�Ñ�Ô�Ú�Ôf (x) = f
� x

�Ñ�Ô�Ú�Ô

�
+ f

�
x + �Ñ
�Ñ�Ô�Ú�Ô

�
+ � � � + f

�
x + �Ñ�Ô�Ú�Ó

�Ñ�Ô�Ú�Ô

�

���m�Š�d �m�h�e�r �s�£�h�e�nf �•�U�Â�� �m�h�e�r

�s�²�U�²�z �R�e�Å�i�T�d�„�€ �e�h �…�®�’�e�Án � n �‰�T�…�n�e�½ �ˆ�TA �•�U�Â�� �”�…�­���Ó

�m�Š�dn � n �s�‹�T�…�n�e�½J �¿�X �„�€ �Ä��A = AJA �Ä�����R�„�È�š �Ä�h �•�Ž�e�h

A + J �‰�T�…�n�e�½ �•�U�Â�� �m�h�e�r ���•�Ž�e�h���s�½ �ˆ�T �…�h�d�…�h �¿�X �R�e�Å�i�T�d�„�€ �Ä�¾�Å �Ä��

���m�‹�U�Á �¿�d�È�n�€�È�~

�R�€�e�T�† �€�d�•�£�n �Ç �s�¹�e�~ �R�d�i�i�£�v ���•�Ž�e�h �s�£�U�i�š �R�€�•�¢m �•�U�Â�� �”�…�­���Ô

�Ä�i�£�v �À�T�d �¿�€�…�� �…�ë �Ä�h � �Ç�…�Ž �g�U�n�…�n �À�T�d �Ä�h �d�„�e�n ���¼�T�„�d�€ �„�e�U�o�~�d �„�€ �é�È�n

m �†�d �…�o�¾�� �Ä�i�£�v �„�€ �€�È�v�È�½ �R�e�Å���é�È�n �€�d�•�£�n �…�"�d ���•�Â�����s�½ �e�Å���é�È�n �e�h

�¸�z�d�…�½ �†�d �¸�²�o�‹�½ �Ç �…�h�d�…�h �·�e�¾�o�z�d �e�h �d�„ �Ó �e�T �Ò �P�Ñ �€�d�•�¢�d �†�d �s�‹�T �Ç�d �P�•�Ž�e�h

�Ä�­�e�–�d �Ä�i�£�v �Ä�h �é�È�n �P�Ã�•�Ž �f�e�•�o�Á�d �€�•�¢ �Ã�†�d�•�Á�d �Ä�h �Ç �Ã�€�…�� �f�e�•�o�Á�d �s�º�i�±
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�Õ�Ó

�¿�Ç�„�€ �é�È�nm �¸�±�d�•�z �Ä�� �€�È�Ž���s�½ �¬�±�È�o�½ �s�o�±�Ç �l�e�U�º�¾�¢ �À�T�d ���•�Â�����s�½

�¿�e�½�† �„�€ �Ä�� �•�Ž�e�h �À�T�d �·�e�¾�o�z�dpm �•�U�Â�� �”�…�­ ���•�Ž�e�h �Ä�o�­�…�" �„�d�…�± �Ä�i�£�v

�� lim
m !1

pm �Ä�i�Š�e�{�½ �m�Š�d �f�È�º�›�½ ���•�Ž�e�h �Ä�i�£�v �„�€ �é�È�nm �>�e�²�U�±�€ �P�¬�±�È�n

�e�Æ�Â�n �Ä�›�²�Á �•�±�e�­ �Ç �Ã�€�…�•�­ �ˆ�T�…�o�½ �R�e�—�­ �ˆ�T(X; d ) �•�U�Â�� �”�…�­���Õ

�R�d�…�h �Ä�� �€�„�d�€ �€�È�v�ÇS � X �s�Å�e�Â�o�½ �Ä�¢�È�¾�w�½�…�T�† �•�U�Â�� �m�h�e�r ���m�Š�d

�€�•�¢ �Ä�Š �¼�����m�Š�€ �¸�½�e�Žf d(x; y) : y 2 Sg �Ä�¢�È�¾�w�½ �Px 2 X �…�Å

f xg �Ä�¢�È�¾�w�½ �…�"�d �•�Â�T�È�" �e�Æ�Â�n �d�„x 2 X �Ä�›�²�Á�� ���•�Ž�e�h �‡�T�e�¾�o�½ �s�²�U�²�z

�����•�Ž�e�h �†�e�h

�m�h�e�r ���m�Š�d �s�Å�e�Â�o�½G0�Ä�����R�„�È�š �Ä�h �•�Ž�e�h �Ã�Ç�…�" �ˆ�TG �•�U�Â�� �”�…�­���Ö

�°�o�•�½ �Ã�Ç�…�"�…�T�†G0�� ��G0 �= H 0 �Ä�� �€�„�d�€ �€�È�v�ÇH �s�Å�e�Â�o�½ �Ã�Ç�…�" �•�U�Â��

�����m�Š�dG

�…�Å �R�d�…�h �Ä�� �•�Ž�e�h �…�T�ƒ�ë���°�o�•�½ �s�£�h�e�nf : R ! R �•�U�Â�� �”�…�­���×

��f 0(�Ú) = �Ú �•�U�Â�� �m�h�e�r ��f (x)f (x �Ò) � �Ú �¼�T�„�d�€x 2 R
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���m�Š�d �·�Ç�d �€�•�¢

�R�e�Å���s�"�
�T�Ç �R�d�„�d�€ �s�£�U�i�š �€�d�•�¢�d �†�da�Ñ; a�Ò; : : : �Ä�¹�e�i�Á�€ �•�U�Â�� �”�…�­���Ù

���•�Ž�e�h �…�T�†

�Pa�Ñ= �Ñ�

�Ç �Ú� a�Òi � a�Òi � �Ñ� �Ñ�Ô�Ú�Ô �¼�T�„�d�€i 2 N �…�Å �R�d�†�d �Ä�h�

��a�Òi + �Ñ= ' (a�Òi ) �¼�T�„�d�€i 2 N �…�Å �R�d�†�d �Ä�h�

���m�Š�d �„�d�•�Á�d�…�� �Ä�¹�e�i�Á�€ �À�T�d �•�U�Å�€ �¿�e�•�Á

�d�„n �R�Ç�e�‹�½ �e�T �…�o�‹�÷�È�� �s�£�U�i�š �€�d�•�¢�d �€�d�•�£�n �Pn �s�£�U�i�š �€�•�¢ �…�Å �R�d�…�h��

�����¼�U�Å�€���s�½ �¿�e�•�Á' (n) �e�h �•�Â�o�‹�Å �·�Ç�dn �Ä�h �m�i�‹�Á �Ä��

���m�Š�d �¿�X �‡���…�½Z (R) �Ç �…�®�’�e�Á �„�d�•�‹�T �Ä�²�º�z �ˆ�TR �•�U�Â�� �”�…�­���Ñ�Ú

�Ä�����R�„�È�š�i�h �•�Ž�e�h �€�È�v�È�½Z (R) �„�€z �…�“�Â�¢ �P�Ú6= r 2 R �…�Å �R�d�…�h �…�"�d

�m�Š�d �€�È�v�È�½R �„�€M �·�d�h�•�T�d �•�U�Â�� �m�h�e�r �P�Ú6= zr 2 Z (R)

���m�Š�d �¿�d�•�U�½ �ˆ�TR
M �Ä�����R�„�È�š�i�h

�…�Å �R�d�…�h �Ä�� �•�Â�Ž�e�h �s�º�U�º�{�n �s�£�h�d�È�nf; g : C ! C �•�U�Â�� �”�…�­���Ñ�Ñ

�Pz�Ú2 C

f f (z) : z 2 C; jz � z�Új � �Ñg = f g(z) : z 2 C; jz � z�Új � �Ñg:

w 2 C �¸�s�½ �R�d�i�›�²�Á �Pw�Ú2 C �…�Å �Ç �Ñ< r �…�Å �R�d�…�h �•�U�Â�� �m�h�e�r ���¬�¹�d

��f (w) = g(w) �Çjw � w�Új = r �Ä�����R�„�È�š�i�h �€�„�d�€ �€�È�v�Ç

��f (z) = g(z) �Pz 2 C �…�Å �R�d�…�h �•�U�Â�� �m�h�e�r ���f

�R�e�Å�i�¢�È�¾�w�½�…�T�† �†�d �R�d�h�€�d�È�Á�e�~F �Ç �s�£�U�i�š �R�€�•�¢n �•�U�Â�� �”�…�­���Ñ�Ò

�s�Æ�n�e�Á ���d�…�o�Ž�dF �È�—�¢ �Ç�€ �…�Å �Ä�� �•�Ž�e�hf �Ñ; �Ò; : : : ; ng �†�d �R�È�—�¢ �Ñ�Ñ

�€�„�È�~�…�h �Ä�¢�È�¾�w�½ �ˆ�Tf �Ñ; �Ò; : : : ; ng �†�d �R�d�i�¢�È�¾�w�½�…�T�† �Ä�h ���•�Á�„�d�€
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