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Day 1: Thursday 27 January 2022 

Opening Ceremony 

08:00-10:00 

1. Moments with the Holy Quran 

2. National Anthem of the Islamic Republic of Iran 

3. A short clip about Amirkabir University of Technology 

4. Speech by the Head of the Seminar 

5. Speech by the Chair of the Department 

6. Speech by the President of the Iranian Mathematical Society (IMS) 

7. Commemoration of the Deceased Professor Mahmood Lashkarizadeh Bami 

Plenary Talk 

10:00-11:00 

A. Arefijamal A look at current topics in frame theory 

11:00-11:20 

V. Khodakarami The first Hochschild cohomology groups of Banach algebras with coefficients in 
special Banach A-bimodules 

Z. Hamidi Fiberization method for identification of Gabor frames 

M. Imanfar Primitive ideals of ultragraph algebras 

11:20-11:40 

A. Jabbari Inner amenability of transformation groups 

A. Askarizadeh On exact and woven g-frames 

K. Oustad On character amenability of weighted convolution algebras 

11:40-12:00 

E. Nasrabadi Characterization of 2-cocycles and 2-coboundaries on direct sum of Banach algebras 

H. Ghasemi Continuous frames and Riesz basis in Hilbert C*-modules 

B. Hayati Approximately module homomorphisms 
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Launch at Home 

13:40-14:00 

A. Ebadian Some results on matrix valued group algebras and spaces 

J. Cheshmavar Study on operator representation of frames in Hilbert spaces 

E. Tamimi On l^1-Munn algebras and Connes amenability 

14:00-14:20 

H. Lakzian Biprojectivity and biflatness of  bi-amalgamated Banach algebras 

F. Azizi Reconstruction of tomographic images using deep learning and shearlet transform 

F. Olyani Nezhad Orthogonality preserving pairs 

 Coffee at Home  

Invited Talks 

A. Bagheri Bardi 

14:30-15:20 

Operator Valued Measurable Functions 

Coffee at Home 

G. Kutyniok 

15:30-16:20 

Harmonic Analysis Meets Artificial Intelligence 

Coffee at Home 

C. Cabrelli 
16:30-17:20 

Dynamical Sampling and Orbits of Operators 

Coffee at Home 

I. Todorov 

17:30-18:20 

Herz-Schur Multipliers of Dynamical Systems 

Coffee at Home 

N. Spronk 

18:30-19:20 

Eberlein-de Leeuw-Gicksberg Decompositions For Fourier Stieltjes Algebras 

19:20 Dinner at Home with Your Family 
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Day 2: Friday 28 January 2022 

09:00-10:00 

M. Rostami Operator spaces with applications to abstract harmonic analysis 

10:00-10:20 

E. Ghaderi (σ,τ)-Amenability of A×B 

H. Keshavarzi Characterization of forward, vanishing, and reverse Bergman Carleson measures 

using sparse domination 

K. Oustad Pseudo-amenability of weighted semigroup algebras 

10:20-10:40 

A. Alinejad The notion of quasi-multipliers on topological algebraic Structure 

F. Esmaeelzadeh The irreducible representations on generalized Weyl- Heisenberg groups 

A. Hosseini Diagonal-preserving of C*-algebras 

10:40-11:00 

A. Khosravi Orthogonally additive homogeneous polynomials on the second dual of a Banach 
algebra 

S. S. Jafari Some remarks on amenable action on the predual of a W*-algebra 

M.  Jaddi Fatou's lemma and reverse Fatou's lemma for pseudo-integrals 

Coffee at Home 

11:20-11:40 

A.Zivarikazempour On zero product determined Banach algebras 

H. Hosseinnezhad Representation of the inverse of generalized multipliers in Hilbert C*-modules 

A. Dianatifar Pointwise eventually nonexpansive actions of amenable semigroups in dual Banach 

spaces and fixed points 

11:40-12:00 

M. Ghasemi Left centralizers on the θ−Lau product of Banach algebras 
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F. Olyani Nezhad ε-Orthogonality preseving of Hilbert C*-modules 

A. Askarizadeh Woven and P-woven frames 

12:00-12:20 

A. Shirinkalam Two Banach algebras associated with a locally compact groupoid 

S. S. Razavi Applications on Integral equations in C*-algebra-valued S_b-metric spaces 

A. Akrami A note on (weak) phase retrievable real Hilbert space frames 

12:20-12:40 

E. Tamimi φ-Connes module amenability of semigroup algebras 

A. Reza Convolution and convolution type C*-algebras 

 Launch at Home  

Invited Talks 

M. Hormozi 

15:00-15:50 

A Journey Into Real Harmonic Analysis 

Coffee at Home 

H. Mousavi  

16:00-16:50 

Fixed Scale Improving Inequalities Over Averages Along the Prime Numbers 

Coffee at Home 

Y. Choi          
17:00-17:50 

Amenable Algebras of Operators on Hilbert Spaces 

Coffee at Home 

E. Samei       

18:00-18:50 

Spectral Properties of Group Algebras and Their Relations with Amenability 

18:50-19:20 Closing Ceremony 

19:20 Dinner at Home with Your Family 
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A Look at Current Topics in Frame Theory

Ali Akbar Arefijamaal
Department of Mathematics and Computer Sciences, Hakim Sabzevari University, Sabzevar, Iran

Email: arefijamaal@hsu.ac.ir

Abstract. In this talk we survey recent results, as well as related results in the theory of

frame. Traditionally, dual frames have been used to represent every element of underlying

Hilbert space as a linear combination of the frame elements (reconstruction formulas). Finding

an optimal dual frame which minimizes the reconstruction errors when erasures occur is a

classical problem in frame theory. In some problems in distributed signal processing and

wireless sensor networks we need to recover the elements of underlying Hilbert space by the

frame coefficients of a pair of frames, no matter which kind of frame coefficients has been made

at each sensor. Such frames, are called woven frames, have potential applications in several

directions and can replace a pair of dual frames. Phase retrieval is an old problem in signal

processing and has been studied for over 100 years by electrical engineers. In the setting of

frame theory, the concept of phaseless reconstruction was introduced in 2006 and developed by

many researchers.

Keywords: Frames, Optimal dual frames, Weaving of frames, Phase retrieval.
AMS Mathematical Subject Classification [2010]: 42C15, 15A29.
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Operator Spaces with Applications to Abstract Harmonic Analysis

Mehdi Rostami
Department of Mathematics and Computer Science, Amirkabir University of Technology (Tehran

Polytechnic), Tehran, Iran

Email: mross@aut.ac.ir

Abstract. In this note wa give a brief introduction to the notion of operator spaces and its

basic ideas for which is a refinement of Banach space theory. This is a power tool in the study

of quantum mathematics and quantum physics. Some tensor product of operator spaces is

investigated. After that some cohomological properties of Banach algebras are described. At

the end, we consider some applications in abstract harmonic analysis on locally compact

groups.

Keywords: Operator spaces, Amenability, Fourier algebras.
AMS Mathematical Subject Classification [2010]: 46L07, 43A10, 43A30.
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The first Hochschild cohomology groups of Banach algebras with
coefficients in special Banach A-bimodules

E. Feizi, V. Khodakarami∗

Mathematics Department, Bu-Ali Sina University, Hamadan, Iran

Abstract. Let A be a Banach algebra and φ, ψ be characters on A. In this paper we consider

the class φMA
ψ of Banach A-bimodules X for which the module actions of A on X is given by

a · x = φ(a)x, x · a = ψ(a)x (a ∈ A, x ∈ X) and we study the first continuous Hochschild

cohomology groups of A with coefficients in X ∈φMA
ψ . We obtain to a characterization of the

vanishing of H1(A,X) for every X ∈φMA
ψ by H1(A,C) for C ∈φMA

ψ .

Keywords: first cohomology group, Banach algebra, bimodule, character on Banach
algebra.
AMS Mathematical Subject Classification [2010]: 16E49, 46M20, 46H99.

1. Introduction

Let A be a Banach algebra, X be a Banach A-bimodule, and Hn(A,X) (n ≥ 1) be the nth

continuous Hochschild cohomology group of A with coefficients in X. It is interesting to study the
structure of Hn(A,X) (n ≥ 1), where coefficients are in different Banach A-bimodules X, and its
vanishing conditions.

Let A be a Banach algebra and φ ∈ ∆(A)
⋃
{0} (∆(A) is the set of all nonzero characters of

A). We denote by SMA
φ the class of all Banach A-bimodules X with the module actions

x · a = a · x = φ(a)x, (a ∈ A, x ∈ X).

In [3], we study the first and second Hochschild cohomology groups of a Banach algebra A with

coefficients in X, where X ∈ SMA
φ and φ ∈ ∆(A)

⋃
{0} is fixed. Also, we check the property

that H1(A,X) = 0 for every X ∈ SMA
φ , and we reach to a characterization of the property that

H1(A,X) = 0 for every X ∈ SMA
φ by point derivations. We also obtain sufficient conditions under

which the first or second cohomology group of A with coefficients in X ∈ SMA
φ vanishes or the

second group is Hausdorff.
In this paper, as an extension of [3], we remove the symmetry property of Banach A-bimodule

X ∈ SMA
φ by the module actions

a · x = φ(a)x x · a = ψ(a)x, , (a ∈ A, x ∈ X,φ 6= ψ ∈ ∆(A))

and study H1(A,X) = 0 for every X ∈φMA
ψ .

2. Main results

From this point up to the last part A is a Banach algebra and φ 6= ψ ∈ ∆(A)
⋃
{0} are

fixed, unless indicated otherwise. In this section we provide some conditions on A under which
H1(A,X) = 0 for every X ∈φMA

ψ . The basic properties of A with the property that H1(A,X) = 0

for every X ∈φMA
ψ are studied.

A derivation d at φ, ψ ∈ ∆(A)
⋃
{0} on A is a linear functional satisfying

d(ab) = φ(a)d(b) + ψ(b)d(a) (a, b ∈ A).

That is, d is a derivation into the bimodule C ∈φ MA
ψ , and we call this derivation φ, ψ-point

derivation. In the next theorem, we obtain to a characterization of the vanishing of H1(A,X) for
every X ∈φMA

ψ by φ, ψ-point derivations.

∗speaker
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Theorem 2.1. The following are equivalent:

(i) H1(A,X) = {0} for every X ∈φMA
ψ ;

(ii) H1(A,X) = {0} for some {0} 6= X ∈φMA
ψ ;

(iii) H1(A,C) = {0}, where C ∈φMA
ψ .

Proof. (i)⇒ (ii) is clear.
(ii) ⇒ (iii): Let there be a {0} 6= X ∈φ MA

ψ such that H1(A,X) = {0}. Assume that

d : A→ C is a continuous derivation, where C ∈φMA
ψ . Fix 0 6= x ∈ X, and define the continuous

linear map D : A→ X by D(a) = d(a)x. Let a, b ∈ A then

D(ab) = d(ab)x

= (a · d(b) + d(a) · b)x
= (φ(a)d(b) + ψ(b)d(a))x

= φ(a)d(b)x+ ψ(b)d(a)x

= a ·D(b) +D(a) · b.
So, D is a derivation and by the hypothesis, D = 0. Thus, for every a ∈ A, D(a) = d(a)x = 0,
where x 6= 0 and d(a) ∈ C. Hence, for every a ∈ A, d(a) = 0. So, H1(A,C) = {0}, where C ∈φMA

ψ .

(iii) ⇒ (i) : Let X ∈φMA
ψ and D : A → X be a continuous derivation. Let f ∈ X∗ and

consider the continuous linear map f ◦D : A→ C. Let a, b ∈ A then

f ◦D(ab) = f(D(ab))

= f(a ·D(b) +D(a) · b)
= f(φ(a)D(b) + ψ(b)D(a))

= φ(a)f(D(b)) + ψ(b)f(D(a))

= a · f ◦D(b) + f ◦D(a) · b.
By the hypothesis, f ◦D = 0. Since f ∈ X∗ is arbitrary, it follows that D = 0. �

As a collarally of this theorem, we consider the following proposition:

Proposition 2.2. Let A be a unital Banach algebra and X ∈φMA
ψ .

(a) If φ = 0 or ψ = 0, then Hn(A,X) = {0}.
(b) If A is commutative and φ, ψ 6= 0, then H1(A,X) = H2(A,X) = {0}.

Proof.
(a) See [1, 2.8.23].
(b) This follows as [1, 2.8.24] and the last theorem. �
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Fiberization method for identification of Gabor frames

Z. Hamidi∗

Departeman of Pure Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran

F. Arabyani-Neyshaburi, R. A. Kamyabi-Gol
Department of Pure Mathematics, Ferdowsi University of Mashhad, Mashhad, Iran

and M. H. Sattari
Departeman of Pure Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran

Abstract. In this paper we reformulate the idea of integer oversampling on closed subgroups

of a locally compact abelian group. Then, by applying the generalized Zak transform and the

fiberization technique, we obtain some characterizations of continuous Gabor frames for L2(G).

Keywords: Gabor frame, fiberization technique, Zak transform.
AMS Mathematical Subject Classification [2010]: 43A60, 43A22 .

1. Introduction and preliminaries

The main purpose of this work, is to extend and reformulate the idea of integer oversampling for
uniform lattices in [3]. However, our formulation rely on the assumption that both translation and
modulation groups are only closed subgroups and remove some other limited conditions. Moreover,
we discuss the existence conditions of such generalization. Finally, by using the generalized Zak
transform and fiberization method, we provide some characterizations of continuous Gabor frames

for L2(G) in term of a family of frames in l2(Ĥ⊥) for a closed co-compact subgroup H of G.
In what follows, let G be a second countable locally compact ablian (LCA) group and it is

known that such a group always carries a translation invariant regular Borel measure called Haar
measure, denoted by µG, and is unique up to a positive constant.

The mathematical theory for Gabor analysis in L2(G) is based on two classes of operators on
L2(G). The translation by λ ∈ G, denoted by Tλ and is defined as Tλf(x) = f (x− λ), for all

x ∈ G. Also, the modulation by γ ∈ Ĝ, denoted by Eγ , and defined by Eγf(x) = γ(x)f(x), for all
x ∈ G.

In the following we give the basic definition and notations of continuous frames.

Definition 1.1. Let H be a complex Hilbert space, and let (M,
∑
M , µM ) be a measure space,

where
∑
M denotes the σ-algebra and µM the non-negative measure. A family of vectors {fk}k∈M

is called a frame for H with respect to (M,
∑
M , µM ) if

(a) the mapping M −→ C, k 7−→ 〈f, fk〉 is measurable for all f ∈ H, and
(b) there exist constants A,B > 0 such that

A ‖ f ‖2≤
∫
M

|〈f, fk〉|2dµM (k) ≤ B ‖ f ‖2, (f ∈ H).(1)

The constants A and B in (1) are called frame bounds. If {fk}k∈M is weakly measurable and
the upper bound in inequality (1) holds, then {fk}k∈M is said to be a Bessel family with bound
B. A frame {fk}k∈M is said to be tight if we can choose A = B; if furthermore A = B = 1, then
{fk}k∈M is called a Parseval frame.

Let P be a countable or an uncountable index set, gp ∈ L2(G) for all p ∈ P and H be a
closed co-compact subgroup of G. The translation invariant system generated by {gp}p∈P with
translation along the closed co-compact subgroup H is denoted as {Thgp}h∈H,p∈P . Also, let for

∗speaker
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a topological space T , the Borel algebra of T is denoted by BT . Then, consider the following
standing assumptions of [6, 7];
(I) (P,

∑
P , µP ) is a σ-finite measure space,

(II) the mapping p 7−→ gp, (P,
∑
P ) −→ (L2(G), BL2(G)) is measurable,

(III) the mapping (p, x) 7−→ gp(x), (P ×G,
∑
P

⊗
BG) −→ (C, BC) is measurable.

The family {gp}p∈P is called admissible or, when gp is clear from the context, simply it is said
that the measure space P is admissible. Nature of these assumptions was presented in [7]. Every
closed subgroup Pj of G with the Haar measure is admissible if p 7−→ gp is continuous.

2. Main results

In this section, we present our main results, first we consider the Zak transform associated to
a closed subgroup of an LCA group [3].

Definition 2.1. Let Λ be a closed subgroup of G. The Zak transform of a function f ∈ L2(G)

with respect to Λ is the mapping ZΛf , defined on G× Ĝ as

ZΛf(x, ξ) =

∫
Λ

f(x+ λ)ξ(λ)dmΛ(λ).

Now, let G be an LCA group, Λ ≤ G and Γ ≤ Ĝ be closed subgroups. Also, let there exists
a closed subgroup H ≤ Λ so that H⊥ ≤ Γ, and let the quotients Λ

H and Γ
H⊥ to be countable. So,

in this case we can choose λi ∈ Λ so that Λ = ∪∞i=1 (λi +H) and each coset of Λ
H contains only

one λi, and similarly there exist γj ∈ Γ, so that each coset of Γ
H⊥ contains only one γj . Then the

frame operator of the Gabor system {EγTλg}γ∈Γ,λ∈Λ, for a well-fitted window function g on G,
can be written as follows

Sf =

∫
Γ

∫
Λ

〈f,EγTλg〉EγTλgdµΛ(λ)dµΓ(γ)

=

∞∑
i=1

∞∑
j=1

∫
H⊥

∫
H

〈f,EωThgij〉EωThgijdµH(h)dµH⊥(ω)

for all f ∈ L2(G) where
gij = Tλi

Eγjg.

Thus, we can see that

ZHSf =

 ∞∑
i=1

∞∑
j=1

| ZHgij |2
ZHf.

The forthcoming theorem, which collects the above computations, shows that the Zak trans-
form on H diagonalize the Gabor frame operator of {EγTλg}λ∈Λ,γ∈Γ. In particular, the spectrum
of the Gabor frame operator equals the range of

∑∞
i=1

∑∞
j=1 | ZHgij |2.

Theorem 2.2. Let g, Λ, Γ and S be as the above and there exists a closed subgroup H of G
so that

H ≤ Λ, and H⊥ ≤ Γ.(2)

Moreover, assume that Λ
H and Γ

H⊥ are countable. Then, we obtain ZHSZ
−1
H F =

(∑∞
i=1

∑∞
j=1 | ZHgij |2

)
F ,

for all F ∈ L2(MH), where MH = G
H ×

Ĝ
H⊥ .

As a special case of Theorem 2.2 we record the following corollary.

Corollary 2.3. Let G be an LCA group, g ∈ L2(G), H,Λ ≤ G and Γ ≤ Ĝ be closed subgroups.
Then,

(i) ZH (EγTλg) (x, ω) = γ(λ)Eλ,γ(x, ω)ZHg(x, γ +ω), for all λ ∈ Λ, γ ∈ Γ and a.e. (x, ω) ∈
G× Ĝ.
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(ii) If the closed subgroup H of G satisfies (2), then ZH (EγTλg) = Eλ,γZHg, for all λ ∈ Γ⊥

and γ ∈ Λ⊥.

The following Proposition, generalize Theorem 11.31 [5] from R to an LCA group G.

Proposition 2.4. Let g ∈ L2(G), and H be a closed subgroup of G. Then, the following
statements hold:

(i) {EγTλg}λ∈H,γ∈H⊥ is a complete system in L2(G) if and only if ZHg 6= 0, a.e..

(ii) If H is a uniform lattice, then {EγTλg}λ∈H,γ∈H⊥ is a minimal system in L2(G) if and

only if
1

ZHg
∈ L2(MH).

It is worth noticing that for closed subgroups Λ,Γ and H which satisfy (2), we have Γ⊥×Λ⊥ ⊆
H×H⊥ ⊆ Λ×Γ. So, if ZH 6= 0 a.e. then the Gabor system {EγTλg}λ∈Λ,γ∈Γ is complete in L2(G).
However, as the following examples show, the Gabor system {EγTλg}λ∈Γ⊥,γ∈Λ⊥ is not necessarily

complete and in case
1

ZHg
∈ L2(MH), the Gabor system {EγTλφ}λ∈Λ,γ∈Γ is not minimal, in

general.

Example 2.5. Fix 0 < α < 1, set g(x) = |x|α for x ∈
[
− 1

2 ,
1
2

]
. It is known that the system

{TnEmg}n,m∈Z is a Schauder basis for L2(R) (but not Riesz basis for L2(R)), [2]. So this system
is minimal and complete. Take Λ = 1

2Z , Γ = 1
4Z and H = Z, then the closed subgroups H,Λ

and Γ satisfy (2). In addition, the Gabor system {EγTλg}λ∈H,γ∈H⊥ is complete and minimal
by Proposition 2.4. However, the Gabor system {EγTλg}λ∈Λ,γ∈Γ is not minimal and the Gabor
system {EγTλg}γ∈Λ⊥,λ∈Γ⊥ is not complete in L2(R).

In the sequel, we show that, Γ⊥ ≤ Λ is not a sufficient condition for the existence of desired
H with countable quotient groups, in general.

Example 2.6. Let G = Rn, n > 1, and Λ = Γ = R×Zn−1. Then Γ⊥ ≤ Λ and for every closed
subgroup H so that Γ⊥ ≤ H ≤ Λ we can write H = H1 ×H2 where H1 ≤ R and H2 ≤ Zn−1. If
H1 6= R, then H1 = αZ for some α ∈ R. Thus both Λ

H and Γ
H⊥ are uncountable. Moreover, if

H1 = R i.e,. H = R× Zn−1, then Γ
H⊥ is uncountable.

In the next result, we investigate some sufficient conditions for the existence of subgroup H
satisfies (2) so that Λ

H and Γ
H⊥ are finite or countable.

Theorem 2.7. Let Λ and Γ be subgroups of G and Ĝ, respectively so that Γ⊥ ≤ Λ. Then the
following assertions hold;

(i) If Λ and Γ are discrete subgroups, then for every subgroup H such that Γ⊥ ≤ H ≤ Λ, the
quotient groups Λ

H and Γ
H⊥ are finite.

(ii) If Λ and Γ are open subgroups, then there exists a closed subgroup H satisfies (2) so that
either Λ

H or Γ
H⊥ is countable.

(iii) If G is totally-disconnected and Λ, Γ are open subgroups, then there exists a compact
subgroup H satisfies (2) so that both Λ

H and Γ
H⊥ are countable.

The fiberization technique is closely related to Zak transform methods in Gabor analysis. Let

H be a closed and co-compact subgroup of G and Ω ⊂ Ĝ be a Borel section of H⊥ in Ĝ, we
consider the fiberization mapping introduced in [1], T : L2(G) −→ L2(Ω, l2(H⊥)), by

T f(ω) = {f̂(ω + α)}α∈H⊥ , (ω ∈ Ω).

It is shown in [1] that, the fiberization is an isometric isomorphic operation.
The next result shows that the frame property of a Gabor system in L2(G) under certain

assumptions is equivalent with the frame property of a family of associated Zak transforms in

l2(Ĥ⊥).
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Theorem 2.8. Let g ∈ L2(G), Λ and Γ be closed subgroups of G and Ĝ respectively and let H
be a closed, co-compact subgroup of G satisfies (2). Then there exists a family {gku}k∈ Λ

H ,u∈
Γ

Λ⊥
in

L2(G) such that following assertions are equivalent.

(i) {EγTλg}λ∈Λ,γ∈Γ is a frame for L2(G) with bounds A and B.

(ii) {ZH⊥ ĝku(ω, .)}k∈ Λ
H ,u∈

Γ

Λ⊥
is a frame for l2(Ĥ⊥) with bounds A and B, for a.e. ω ∈ Ω,

where Ω is a Borel section of H⊥ in Ĝ.

Finally, we exploit some connections to the results obtained in [6].

Corollary 2.9. Let g ∈ L2(G), Λ be a closed co-compact subgroup of G and Γ be a closed

subgroup of Ĝ so that Γ⊥ ≤ Λ. Then following assertions are equivalent.

(i) {EγTλg}λ∈Λ,γ∈Γ is a frame for L2(G) with bounds A and B.
(ii) {ĝ(α+ γ)}γ∈Γ is a frame for l2(Λ⊥) with bounds A and B, for a.e. α ∈ A, where A is a

Borel section of Λ⊥ in Ĝ.

(iii) A ≤
∫
K |ZΛ⊥ ĝ(α+ k, x)|2 dµK(k) ≤ B, for a.e. α ∈ A and x ∈ Λ̂⊥, where A is a Borel

section of Λ⊥ in Ĝ, K ⊂ Γ is a Borel section of Λ⊥ in Γ.
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1. Introduction

To study both graph C∗-algebras and Exel-Laca algebras under one theory, Tomforde [6]
introduced the notion of an ultragraph and its associated C∗-algebra. Briefly, an ultragraph is a
directed graph which allows the range of each edge to be a nonempty set of vertices rather than
a singleton vertex. The structure of ultragraph C∗-algebra C∗(G) is more complicated, because
in ultragraph G the range of each edge is allowed to be a nonempty set of vertices rather than a
single vertex.

Ultragraph Leavitt path algebra LR(G) was introduced in [3] as the algebraic version of ul-
tragraph C∗-algebra C∗(G). The algebras LR(G) are generalizations of the Leavitt path algebras
LR(E) [1, 2]. The class of ultragraph Leavitt path algebras is strictly larger than the class of
Leavitt path algebras of directed graphs. Also, every Leavitt path algebra of a directed graph can
be embedded as a subalgebra in a unital ultragraph Leavitt path algebra.

The aim of this paper is to give a complete description of the prime ideals as well as the prim-
itive ideals of LK(G). Similar results obtained in ultragraph C∗-algebra C∗(G) are also presented
[4]. We start by recalling the definition of the quotient ultragraph G/(H,S) and it’s C∗-algebra
C∗
(
G/(H,S)

)
and Leavitt path algebra LK

(
G/(H,S)

)
. We characterize the graded prime ideals

in terms of the downward directed sets. To describe the structure of non-graded prime ideals,
we investigate the structure of the closed ideals of LK

(
G/(H,S)

)
which contain no nonzero set

idempotents, and we give a complete description of primitive ideals. We show that a graded prime
ideal I(H,BH) is primitive if and only if the quotient ultragraph G/(H,BH) satisfies Condition (L).
Finally, we prove that every non-graded prime ideal in LK(G) is primitive.

1.1. Preliminaries. We begin by reviewing some background material on ultragraph, quo-
tient ultragraph and their algebras. For more details see [6, 5].

An ultragraph G = (G0,G1, rG , sG) consists of countable sets G0 of vertices and G1 of edges,
the source map sG : G1 → G0 and the range map rG : G1 → P(G0) \ {∅}, where P(G0) is the
collection of all subsets of G0.

For a set X, a subcollection of P(X) is called an algebra if it is closed under the set operations
∪, ∩ and \. If G is an ultragraph, we write G0 for the smallest algebra in P(G0) containing{
{v}, rG(e) : v ∈ G0 and e ∈ G1

}
.

Definition 1.1. Let G be an ultragraph. A subcollection H ⊆ G0 is hereditary if

(1) {sG(e)} ∈ H implies rG(e) ∈ H for all e ∈ G1.
(2) A ∪B ∈ H for all A,B ∈ H.
(3) A ∈ H, B ∈ G0 and B ⊆ A, imply B ∈ H.
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The hereditary subcollection H ⊆ G0 is saturated if for every v ∈ G0 with 0 < |s−1G (v)| < ∞ we
have {

rG(e) : e ∈ G1 and sG(e) = v
}
⊆ H implies {v} ∈ H.

For a saturated hereditary subcollection H ⊆ G0, the breaking vertices of H is denoted by

BH :=
{
v ∈ G0 :

∣∣s−1G (v)
∣∣ =∞ but 0 <

∣∣s−1G (v) ∩ {e : rG(e) /∈ H}
∣∣ <∞}.

An admissible pair in G is a pair (H,S) of a saturated hereditary subcollection H ⊆ G0 and some
S ⊆ BH .

In order to define the quotient of ultragraphs we need to recall and introduce some notation.
Let G = (G0,G1, rG , sG) be an ultragraph and let (H,S) be an admissible pair in G. Given

A ∈ P(G0), denote by A := A ∪ {w′ : w ∈ A ∩ (BH \ S)}. Also, we write G0 for the algebra in

P(G0) generated by the sets {v}, {w′} and {rG(e)}, where v ∈ G0, w ∈ BH \ S and e ∈ G1.

Let ∼ be a relation on G0 defined by A ∼ B if and only if there exists V ∈ H such that
A ∪ V = B ∪ V . Then, by [5, Lemma 3.5], ∼ is an equivalent relation on G0 and the operations

[A] ∪ [B] := [A ∪B], [A] ∩ [B] := [A ∩B] and [A] \ [B] := [A \B]

are well-defined on the equivalent classes {[A] : A ∈ G0}. One can see that [A] = [B] if and only if
both A \B and B \A belong to H.

Definition 1.2. Let G = (G0,G1, rG , sG) be an ultragraph and let (H,S) be an admissible
pair in G. The quotient ultragraph of G by (H,S) is the quadruple G/(H,S) := (Φ(G0),Φ(G1), r, s),
where

Φ(G0) :=
{

[{v}] : v ∈ G0 \H
}
∪
{

[{w′}] : w ∈ BH \ S
}
,

Φ(G1) :=
{
e ∈ G1 : rG(e) /∈ H

}
,

and s : Φ(G1)→ Φ(G0) and r : Φ(G1)→ {[A] : A ∈ G0} are the maps defined by s(e) := [{sG(e)}]
and r(e) := [rG(e)] for every e ∈ Φ(G1), respectively.

For the sake of simplicity, we will write [v] instead of [{v}] for every vertex v ∈ G0 \H. For

A,B ∈ G0, we write [A] ⊆ [B] whenever [A] ∩ [B] = [A]. The smallest algebra in {[A] : A ∈ G0}
containing {

[v], [w′] : v ∈ G0 \H,w ∈ BH \ S
}
∪
{
r(e) : e ∈ Φ(G1)

}
is denoted by Φ(G0). It can be show that Φ(G0) =

{
[A] : A ∈ G0

}
.

A vertex [v] ∈ Φ(G0) is called a sink if |s−1([v])| = ∅ and is called an infinite emitter if
|s−1([v])| =∞. A singular vertex is a vertex that is either a sink or an infinite emitter. The set of
singular vertices is denoted by Φsg(G0).

Definition 1.3. Let G/(H,S) be a quotient ultragraph. A Cuntz-Krieger G/(H,S)-family
consists of projections {q[A] : [A] ∈ Φ(G0)} and partial isometries {te : e ∈ Φ(G1)} with mutually
orthogonal ranges such that

(1) q[∅] = 0, q[A]q[B] = q[A]∩[B] and q[A]∪[B] = q[A] + q[B] − q[A]∩[B];
(2) t∗ete = qr(e);
(3) tet

∗
e ≤ qs(e);

(4) q[v] =
∑
s(e)=[v] tete∗ whenever 0 < |s−1([v])| <∞.

The C∗-algebra C∗(G/(H,S)) is the universal C∗-algebra generated by a Cuntz-Krieger G/(H,S)-
family.

Definition 1.4. Let G/(H,S) be a quotient ultragraph and let K be a field. A Leavitt
G/(H,S)-family in a K-algebra X is a set {q[A], te, te∗ : [A] ∈ Φ(G0) and e ∈ Φ(G1)} of elements
in X such that

(1) q[∅] = 0, q[A]q[B] = q[A]∩[B] and q[A]∪[B] = q[A] + q[B] − q[A]∩[B];
(2) qs(e)te = teqr(e) = te and qr(e)te∗ = te∗qs(e) = te∗ ;
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(3) te∗tf = δe,fqr(e);

(4) q[v] =
∑
s(e)=[v] tete∗ whenever [v] ∈ Φ(G0) \ Φsg(G0).

The Leavitt path algebra of G/(H,S), denoted by LK
(
G/(H,S)

)
, is defined to be the K-algebra

generated by a universal Leavitt G/(H,S)-family.

Due to the fact that in the quotient ultragraph G/(∅, ∅), we have [A] = {A} For every A ∈
G0, we can consider the ultragraph G as the quotient ultragraph G/(∅, ∅). So, the definition of
ultragraph C∗-algebras [6, Defintion 2.7] (ultragraph Leavitt path algebras [3, Defintion 2.1]) is
an special case of the Definition 1.3 (Definition 1.4).

A path in G/(H,S) is a finite sequence α = e1e2 · · · en of edges with s(ei+1) ⊆ r(ei) for
1 ≤ i ≤ n−1. We consider the elements of Φ(G0) as the paths of length zero. We let Path

(
G/(H,S)

)
denotes the set of all paths in G/(H,S). We define [A]∗ := [A] and α∗ := e∗ne

∗
n−1 · · · e∗1, for every

[A] ∈ Φ(G0) and α = e1e2 · · · en ∈ Path
(
G/(H,S)

)
. The maps r, s extend to Path

(
G/(H,S)

)
in an

obvious way.
we have

C∗(G/(H,S)) = span
{
tαq[A]t

∗
β : [A] ∈ Φ(G0) and α, β ∈ (G/(H,S))∗

}
,

LK
(
G/(H,S)

)
= spanK

{
tαq[A]tβ∗ : α, β ∈ Path

(
G/(H,S)

)
and r(α) ∩ [A] ∩ r(β) 6= [∅]

}
.

2. Main results

Let G be an ultragraph. Define a relation on G0 by setting A ≥ B if either B ⊆ A or there is
a path α of positive length such that sG(α) ∈ A and B ⊆ rG(α). A subcollection M ⊆ G0 is called
downward directed if for every A,B ∈M there exists ∅ 6= C ∈M such that A,B ≥ C.

Lemma 2.1. Let I be an ideal of C∗(G) or LK(G). Consider HI := {A ∈ G0 : pA ∈ I}. If I is
prime, then G0 \HI is downward directed.

Let (H,S) be an admissible pair in G. For any w ∈ BH , set

pHw := pw −
∑

sG(e)=w, rG(e)/∈H

ses
∗
e,

and we define I(H,S) as the (two-sided) ideal of LK(G) generated by the idempotents {pA : A ∈
H} ∪

{
pHw : w ∈ S

}
. By [3, Theorem 4.4], LK

(
G/(H,S)

) ∼= LK(G)/I(H,S) and the correspondence
(H,S) 7→ I(H,S) is a bijection from the set of all admissible pairs of G to the set of all graded ideals
of LK(G).

Theorem 2.2. Let G be an ultragraph. Set

X1 = {I(H,BH) : G0 \H is downward directed}
and

X2 = {I(H,BH\{w}) : w ∈ BH and A ≥ w for all A ∈ G0 \H}.
Then X1 ∪X2 is the set of all graded prime ideals of LK(G).

Definition 2.3. A loop in G/(H,S) is a path α with |α| ≥ 1 and s(α) ⊆ r(α). A loop
α = e1 · · · en has an exit if either r(ei) 6= s(ei+1) for some 1 ≤ i ≤ n or there exists an edge
f ∈ Φ(G1) and an index i such that s(f) ⊆ r(ei) but f 6= ei+1. The quotient ultragraph G/(H,S)
satisfies Condition (L) if every loop in G/(H,S) has an exit.

Lemma 2.4. Let G/(H,S) be a quotient ultragraph. If γ = e1e2 · · · en is a loop in G/(H,S)
without exits, then Iγ0 and K[x, x−1] are Morita equivalent as rings, where Iγ0 is an ideal of

LK
(
G/(H,S)

)
generated by {qs(ei) : 1 ≤ i ≤ n}.

The set of vertices in the loops without exits of G/(H,S) is denoted by Pc(G/(H,S)). Also, we
denote by IPc(G/(H,S)) the ideal of C∗

(
G/(H,S)

)
or LK

(
G/(H,S)

)
generated by the idempotents

associated to the vertices in Pc(G/(H,S)).
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Lemma 2.5. Let G/(H,S) be a quotient ultragraph. If I is an ideal of C∗
(
G/(H,S)

)
or

LK
(
G/(H,S)

)
with {[A] 6= [∅] : q[A] ∈ I} = ∅, then I ⊆ IPc(G/(H,S)).

Let H be a saturated hereditary subcollection of G0 and let G0 \H contains a unique (up to
permutation) loop α without exits in G0 \H. For t ∈ T, the ideal of C∗

(
G/(H,BH)

)
generated by

{pA, pHw : A ∈ H,w ∈ BH} ∪ {tpsG(α) − sα}
is denoted by I〈H,BH ,t〉.

Theorem 2.6. [4, Theorem 4.4] Let G be an ultragraph and I be a non gauge-invariant ideal
of C∗(G). Denote H := HI . Then I is a primitive (prime) ideal if and only if G0 \H is downward
directed, G0 \H contains a (unique) loop α without exits in G0 \H and there exists t ∈ T such that
I = I〈H,BH ,t〉.

Let G/(H,S) be a quotient ultragraph, x ∈ LK
(
G/(H,S) and let the ideal of LK

(
G/(H,S)

generated by I(H,S) ∪ {x} is denoted by I〈H,S,x〉. Suppose that γ is a loop in G/(H,S) without

exits and f(x) is a polynomial in K[x, x−1]. It can be shown that I〈f(tγ)〉 = I〈f(tγ′ )〉, where γ′ is a

permutation of γ.

Theorem 2.7. Let G be an ultragraph and let I be an ideal of LK(G). Denote H := HI . Then
I is a non-graded prime ideal if and only if

(1) G0 \H is downward directed,
(2) G0 \H contains a loop γ without exits in G0 \H and
(3) I = I〈H,BH ,f(sγ)〉, where f(x) is an irreducible polynomial in K[x, x−1].

Theorem 2.8. Let G/(H,S) be a quotient ultragraph. Then LK
(
G/(H,S)

)
is primitive if and

only if one of the following holds:

(i) S = BH , G/(H,S) satisfies Condition (L) and G0 \H is downward directed.
(ii) S = BH \ {w} for some w ∈ BH and A ≥ w for all A ∈ G0 \H.

Corollary 2.9. Let G be an ultragraph. A graded ideal I(H,S) of LK(G) is primitive if and
only if one of the following holds:

(i) S = BH , G0 \H is downward directed and every loop in G0 \H has an exit in G0 \H.
(ii) S = BH \ {w} for some w ∈ BH and A ≥ w for all A ∈ G0 \H.

Theorem 2.10. Let G be an ultragraph. A non-graded ideal of LK(G) is prime if and only if
it is primitive.
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Abstract. We introduce the inner amenability of transformation groups and characterize this
property. As an interesting result, we show that every inner amenable transformation group has

property (W).

1. Introduction

Let G be a locally compact group and X be a locally compact space. Then X is called a
transformation group if it is a left G-space, i.e., (x, s) 7−→ s · x is a continuous left action from
X × G −→ X. Note that X is a unitary G-space, i.e., for any x ∈ X, we have eG · x = x.
Following [1], if g ∈ CC(X × G), then gx will be the map t 7−→ gx(t) = g(x, t), and g(t) will be
the map x 7−→ g(t)(x) = g(x, t). The transformation group (X,G) (or the G-action on X, or the
G-space X) is amenable if there is a net (mi)i∈I of continuous maps x 7−→ mx

i from X into the
space Prob(G) (the set of probability measures on G, equipped with the weak*-topology) such that
limi ‖smx

i −msx
i ‖1 = 0, uniformly on compact subsets of X ×G. Such a net (mi)i∈I will be called

an approximate invariant continuous mean (a.i.c.m. for short). The amenability of transformation
groups and semigroups are investigated in many literatures that we refer to [1, 2, 6, 11, 12], for
more details. In [1, 2], Anantharaman-Delaroche by characterizing amenability of transformation
groups gave some applications related to amenability of C∗-dynamical systems, nuclearity of the
corresponding crossed products and operator algebras. A locally compact group G is called inner
amenable if there is a linear functional m on L∞(G) such that m(s−1fs) = m(f), for all f ∈ L∞(G)
and s ∈ G. The class of inner amenable locally compact groups includes all amenable and [IN]-
groups. See [3, 4, 5, 7, 8, 13, 14, 15, 16], for inner amenable locally compact groups and its
applications. In this section, by a transformation group (X,G), we mean the both left and right
actions, i.e., (x, s) 7−→ s · x and (x, s) 7−→ x · s are continuous.

2. Main results

Definition 2.1. Let (X,G) be a transformation group. We say that (X,G) is inner amenable
if there is a net (mα)α∈I of continuous maps x 7−→ mx

α from X into the space Prob(G) such that

(1) lim
α
‖msx

α s
−1 − s−1mxs

α ‖1 = 0,

uniformly on compact subsets of X ×G.

Proposition 2.2. The following conditions are equivalent:

(i) (X,G) is an inner amenable transformation group.
(ii) There is a net (fα)α∈I of nonnegative continuous functions on X ×G such that

(a) for all α ∈ I and x ∈ X,
∫
G
fxα(t) dλG(t) = 1;

(b) limα

∫
G

∣∣fsxα (s−1t)− fxsα (ts−1)
∣∣ dλG(t) = 0 uniformly on compact subsets of X×G.

(iii) There is a net (fα)α∈I in CC(X ×G)+ such that
(a) limα

∫
G
fxα(t) dλG(t) = 1 uniformly on compact subsets of X;

(b) limα

∫
G

∣∣fsxα (s−1t)− fxsα (ts−1)
∣∣ dλG(t) = 0 uniformly on compact subsets of X×G.
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Proof. (i)−→(ii) Let (mα)α∈I be a net of continuous maps x 7−→ mx
i from X into the space

Prob(G) such that

(2) lim
α
‖msx

α s
−1 − s−1mxs

α ‖1 = 0

uniformly on compact subsets of X ×G. Pick f ∈ CC(G)+ such that
∫
G
f(s) dλG(s) = 1. Define

fα(x, s) =

∫
G

f(t−1s) dmx
α(t),

for every (x, s) ∈ (X,G). Then, for all x ∈ X and α ∈ I,∫
G

fxα(s) dλG(s) =

∫
G

∫
G

f(t−1s) dmx
α(t) dλG(s) =

∫
G

∫
G

f(t−1s) dλG(s) dmx
α(t) = 1.

Thus (3) implies (a). For any s ∈ G and x ∈ X,∫
G

∣∣fsxα (s−1t)− fxsα (ts−1)
∣∣ dλG(t) =

∫
G

∣∣∣∣∫
G

f(u−1s−1t) dmsx
α (u)−

∫
G

f(u−1ts−1) dmxs
α (u)

∣∣∣∣ dλG(t)

≤
∫
G

∫
G

f(u−1s−1ts−1) d
∣∣msx

α s
−1 − s−1mxs

α

∣∣ (u) dλG(t)

≤ ‖msx
α s
−1 − s−1mxs

α ‖1.(3)

Then by (2) and (3) we obtain (b).
(ii)−→(i) Let (fα)i∈I be as (ii). Define mx

α = fxαλG, for all α ∈ I and x ∈ X. Then
dmx

α(t) = fxα(t) dλG(t), for all α ∈ I, t ∈ G and x ∈ X. Applying (a) shows that mx
α is a probability

measure on G, for all α ∈ I and x ∈ X. Moreover, (b) implies that limα ‖msx
α s
−1− s−1mxs

α ‖1 = 0,
uniformly on compact subsets of X ×G.

(ii)−→(iii) Since compactly supported functions are dense in continuous functions, the proof
is clear.

(iii)−→(ii) Define fα,n =
fα(x,s)+

1
n f(s)∫

G
fα(x,t) dλG(t)+ 1

n

, where (fα)α∈I is a net that satisfies (iii) and

f ∈ CC(G)+. �

Remark 2.3. (1) Let (X,G) be an inner amenable transformation group such that X is
a point. Proposition 2.2 implies that there is a net (fα)α∈I such that

∫
G
fα(t) dλG(t) = 1

and
∫
G
|fα(st)− fα(ts)| dλG(t) −→ 0 uniformly on compact subsets of X × G. This

implies that∫
G

∣∣fα(s−1t)− fα(ts−1)
∣∣ dλG(t) =

∫
G

|lsfα(t)− rsfα(t)| dλG(t) = ‖δs ∗ fα − fα ∗ δs‖1.

This shows that ‖δs ∗ fα − fα ∗ δs‖1 tends to 0 uniformly on compact subsets of G.
Thus G is inner amenable [8, Proposition 1].

(2) Let G be an inner amenable locally compact group and X be a locally compact G-space.
Inner amenability of G implies that there is a net (fα)α∈I of probability measures such
that ‖δs ∗ fα − fα ∗ δs‖1 −→ 0 for every s ∈ G. Now, we define mα on X ×G such that
its value on X is a constant value and on G is equal to fα dλG. Thus, (mα) satisfies in
(1). This means that every transformation group (X,G) is inner amenable whenever G
is inner amenable.

Example 2.4. (1) We give an example of transformation groups which show that the
converse of 2.3(2), in general, is not true. Let F2 be the free group with two generators
a and b and ∂F2 be the boundary of F2 that is the set of all infinite reduced words ω =
a1a2 · · · an · · · in the alphabet S = {a, a−1, b, b−1}. Suppose that X = ∂F2, then (X,F2)
becomes a transformation group. By [1, Example 2.7(4)], (X,F2) is inner amenable. But
F2 is not inner amenable [9, Proposition 22.38].
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(2) Let N ∈ N such that N ≥ 2. The generalized Thompson group F (N) is the set of
piecewise linear homeomorphisms from the closed unit interval [0, 1] to itself that are
differentiable except at finitely many N -adic rationals and such that at intervals of differ-
entiability the derivatives are powers of N . This group is inner amenable [10, Corollary
3.7]. Thus, by Remark 2.3(2), for any F (N)-spaceX, the transformation group (X,F (N))
is inner amenable.

Corollary 2.5. Let G be a unimodular locally compact group. Then the transformation group
(X,G) is inner amenable if and only if there is a net (ξα)α∈I in CC(X×G)+ such that the following
statements hold:

(i) limα

∫
G
|ξα(x, t)|2 dλG(t) = 1 uniformly on compact subsets of X;

(ii) limα

∫
G

∣∣ξα(sx, s−1t)− ξα(xs, ts−1)
∣∣2 dλG(t) = 0 uniformly on compact subsets of X×G.

Proof. Suppose that (X,G) is inner amenable. Then by Proposition 2.2(iii) there is a net
(fα)α∈I such that satisfies the implications (a) and (b). Set ξα =

√
fα, for any α ∈ I and define

hα(x, s) =

∫
G

ξα(sx, s−1t)ξα(xs, ts−1)dλG(t),

for all (x, s) ∈ X ×G. Then, for any x ∈ X and s ∈ G, we have,

hα(sx, eG) =

∫
G

ξα(sx, t)ξα(sx, t)dλG(t) =

∫
G

ξα(sx, s−1t)ξα(sx, s−1t)dλG(t)

and

hα(xs, eG) =

∫
G

ξα(xs, t)ξα(xs, t)dλG(t) =

∫
G

ξα(xs, ts−1)ξα(xs, ts−1)dλG(t).

Then

hα(sx, eG) + hα(xs, eG)− 2hα(x, s) =

∫
G

∣∣ξα(sx, s−1t)− ξα(xs, xs−1)
∣∣2 dλG(t).

By the above equality we get∫
G

∣∣ξα(sx, s−1t)− ξα(xs, xs−1)
∣∣2 dλG(t) ≤

∫
G

∣∣ξα(sx, s−1t)2 − ξα(xs, xs−1)2
∣∣ dλG(t)

=

∫
G

∣∣fsxα (s−1t)− fxsα (xs−1)
∣∣ dλG(t).

Then by the phrase (b) of Proposition 2.2(iii), the statement (ii) holds. We, also for every
x ∈ X, have

hα(x, eG) =

∫
G

ξα(x, t)ξα(x, t)dλG(t) =

∫
G

|ξα(x, t)|2 dλG(t) =

∫
G

fα(x, t)dλG(t) =

∫
G

fxα(t)dλG(t).

By the phrase (a) of Proposition 2.2(iii), the statement (i) holds.
Conversely, suppose that there is a net (ξα)α∈I in CC(X×G) such that satisfies (i) and (ii). Set

fα = |ξα|2 for any α ∈ I. Then, the statement (a) of Proposition 2.2 holds. By the Cauchy-Schwarz
inequality, we have∫

G

∣∣fsxα (s−1t)− fxsα (xs−1)
∣∣ dλG(t) =

∫
G

∣∣fα(sx, s−1t)− fα(xs, xs−1)
∣∣ dλG(t)

≤
(∫

G

(∣∣ξα(sx, s−1t)
∣∣+
∣∣ξα(xs, xs−1)

∣∣)2 dλG(t)

) 1
2

(∫
G

∣∣ξα(sx, s−1t)− ξα(xs, xs−1)
∣∣2 dλG(t)

) 1
2

.

Then by the statement (ii), on compact subsets, we have,

lim
α

∫
G

∣∣fsxα (s−1t)− fxsα (xs−1)
∣∣ dλG(t) = 0.
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Thus, the statement (iii) of Proposition 2.2 holds. Hence, (X,G) is inner amenable. �

Following [1], we call a complex-valued function h defined on the transformation group X ×G
a positive type function if, for every x ∈ X, n ∈ N, t1, . . . , tn ∈ G and α1, . . . , αn ∈ C, we have∑

i,j

h(t−1i x, t−1i tj)αiαj ≥ 0.

Let (X,G) be a transformation group. Then with the following action the product space
X×X becomes a G×G-space: (s, t) · (x, y) = (sx, ty), for every (x, y) ∈ X×X and (s, t) ∈ G×G.
Then, according to the definition of positive type function on X × G, a complex-valued function
h defined on X ×X × G × G is called positive type function if, for every (x, y) ∈ X ×X, n ∈ N
and (s1, t1), . . . , (sn, tn) ∈ G × G, the matrix

[
h(s−1i x, t−1i y, s−1i sj , t

−1
i tj)

]
is positive. A closed

subset B of (X ×G)× (X ×G) is called proper with respect to projections or π-proper if for every
compact subset K of x×G, the sets [K × (X ×G)]∩B and [(X ×G)×K]∩B are compact [1]. A
continuous function h on (X×G)× (X×G) is called properly supported if its support is π-proper.
The property (W) is introduced in [1, Definition 4.3]; a transformation group (X,G) has property
(W) if, for every compact subset K of X × G and every ε > 0 there is a continuous bounded
positive type, properly supported, function h on (X×G)× (X×G) such that |h(x, t, x, t)− 1| ≤ ε,
for all (x, t) ∈ K.

Corollary 2.6. Every inner amenable transformation group has property (W).

Proof. Let (X,G) be an inner amenable transformation group. Given ε > 0 and compact
subset K of X × G, in light of Proposition 2.2(iii), there exists f ∈ CC(X × G)+ such that
|f(x, t)−1| ≤ ε, for every (x, t) ∈ K. Similar to the proof of Corollary 2.5, define ξ =

√
f . We now

define h on (X×G)×(X×G) by h(x, s, y, t) = ξ(x, s)ξ(y, t), for every (x, s, y, t) ∈ (X×G)×(X×G).
Then h is a continuous of positive type function and compactly supported on (X ×G)× (X ×G)
and from Corollary 2.5, we have |h(x, t, x, t) − 1| = |ξ(x, t)2 − 1| = |f(x, t) − 1| ≤ ε, for every
(x, t) ∈ X ×G. Thus, (X,G) has property (W). �
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Abstract. Let U be a Hilbert space. In this paper we consider woven g-frames for U ,

especially we study the reordered families of a g-frame {Λi}i∈I with the various woven

problems. First, we state some useful results for exact g-frames and excess of g-frames. Then

for σ ⊂ I we consider the families of weavings {Λi}i∈σ ∪ {Λπ(i)}i∈σc where π is a permutation

function on I and obtain some conclusions.
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1. Introduction

The subject which we study in this manuscript is related to woven g-frames [1]. A gener-
alization of frames are g-frames which are defined by Sun in 2005 [3]. Sun in [3] introduced a
type of frames that are called g-frames, and he showed that most generalizations of frames can
be regarded as special cases of g-frames. For more details about g-frames we refer the reader to
[2, 4, 5]. In this section, first we review the definition of a g-frame and other sujects that we need
in this paper [3]. Then we study the exact g-frames and provide some requierd content.

For the Hilbert spaces U and {Vi}i∈I , let B(U ,Vi) be the Banach space of all bounded linear
operators from U in to Vi and consider Λi ∈ B(U ,Vi), i ∈ I. The sequence {Λi}i∈I is called a
g-frame for U with respect to {Vi}i∈I if there exist two positive constants A and B, that are called
the lower and upper g-frame bounds, respectively such that:

A‖f‖2 ≤
∑
i∈I
‖Λif‖2 ≤ B‖f‖2, ∀f ∈ U .

A g-frame is said to be a tight g-frame if A = B, and also it is said Parseval if A = 1. When
the sequence {Vi : i ∈ I} is clear, {Λi}i∈I is called a g-frame for U . Also it is called {Λi}i∈I is
a g-frame for U with respect to V whenever Vi = V for each i ∈ I. A sequence {Λi}i∈I is called
a g-Bessel sequence with bound B if it satisfies in right hand side in the definition of a g-frame.
If a g-frame ceases to be a g-frame whenever anyone of its elements is removed, it is called exact
g-frame. A sequence {Λi}i∈I is called g-complete if {f ∈ U : Λif = 0, i ∈ I} = {0}. If {Λi}i∈I is
g-complete and there are 0 < A ≤ B <∞ such that

A
∑
i∈I1

‖gi‖2 ≤ ‖
∑
i∈I1

Λ∗i gi‖2 ≤ B
∑
i∈I1

‖gi‖2,

for any finite subsset I1 ⊂ I and gi ∈ Vi, i ∈ I1, then {Λi}i∈I is called a g-Riesz basis for U .

2. Main Results

The space
(∑

i∈I ⊕Vi
)
l2

is defined by(∑
i∈I
⊕Vi

)
l2

=

{
{fi}i∈I : fi ∈ Vi, i ∈ I and

∑
i∈I
‖fi‖2 <∞

}
,

and has the inner product

〈{fi}, {gi}〉 =
∑
i∈I
〈fi, gi〉.

∗speaker
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It is clear that
(∑

i∈I ⊕Vi
)
l2

is a Hilbert space. By consider

V ′i = (..., 0, 0, 0,Vi, 0, 0, 0, ...),
without lose of generality we can assume that for each i ∈ I, Vi is a subspace of

(∑
i∈I ⊕Vi

)
l2

.

Here, we give some results that are useful in the rest of this paper. It is well-known that every
g-Riesz basis is exact g-frame, but the converse is not true.

Proposition 2.1. Assume that {Λi}i∈I is a g-frame for U with respect to {Vi}i∈I , {Θi}i∈I
is the canonical g-dual frame for {Λi}i∈I , i0 ∈ I is arbitrary and dimVi <∞ for each i ∈ I. The
following statements are equivalent:

(1): {Λi}i∈I is an exact g-frame for U .
(2): I −Θi0Λ∗i0 is not an injective operator on Vi0 .
(3): I −Θi0Λ∗i0 is not a surjective operator on Vi0 .
(4): {Λi : i ∈ I, i 6= i0} is not g-complete.

In the next, we define the excess of a g-frame which play a basic role in this paper.

Definition 2.2. Assume that {Λi}i∈I is a g-frame for U with respect to {Vi}i∈I . Consider
Ψ as follows:

Ψ =
{
J ⊂ I : {Λi}i∈I\J is a g−frame for U

}
.

Set κ = sup{|J | : J ∈ Ψ}, where |J | is the cardinal number of J . Now for each J0 ∈ Ψ with
κ = |J0|, we say {Λi}i∈J0

is excess of {Λi}i∈I .

A result about excess of g-frames and exact g-frames is given in following theorem.

Theorem 2.3. Assume that {Λi}i∈I is a g-frame for U with respect to {Vi}i∈I , {Θi}i∈I is
the canonical g-dual frame, J ⊂ I and dimVi < ∞ for each i ∈ I. The following statements are
equivalent:

(1): I −ΘiΛ
∗
i is an invertible operator on Vi for all i ∈ J .

(2): {Λi : i ∈ I \ J } is a g-frame for U .
(3): {Λi}i∈J is a nonempty subset of excess of {Λi}i∈I .

Now, we consider the relation of the families {Λi}i∈σ ∪ {Λπ(i)}i∈σc of a g-frame {Λi}i∈I and
permutaion functions on I. At first, we mention some examples that are motivations for us. Then
we state and prove a theorem which gives an equivalance condition for the reordered weavings
of a g-frame. Throughout the paper, reordered weavings of {Λi}i∈I are families of the form
{Λi}i∈σ ∪ {Λπ(i)}i∈σc where σ ⊂ I and π is a permutation function on I.

Example 2.4. Suppose {Λ1,Λ2, . . . ,ΛM} and {Γ1,Γ2, . . . ,ΓM} are g-Riesz bases for U with
respect to {Vi}Mi=1 such that

Γi =

 Λj0 i = i0
Λi0 i = j0
Λi i 6= i0, j0.

Then {Λ1,Λ2, . . . ,ΛM} and {Γ1,Γ2, . . . ,ΓM} are not woven.

In the above example, Γi = Λπ(i) where π is a permutation function on {1, . . . ,M} defined by

π(i) =

 i0, i = j0
j0, i = i0
i, i 6= i0, j0.

Example 2.5. Assume that {Λ1,Λ2,Λ3, . . .} is a g-Riesz basis for U with respect to {Vi}i∈N,
and consider the family

{Γ1,Γ2,Γ3, . . .} = {Λ3,Λ1,Λ5,Λ2,Λ7,Λ4,Λ9,Λ6, . . .},
for U . Then for some σ ⊂ N the family {Λi}i∈σ ∪ {Γi}i∈σc is a g-frame for U , but for each σ ⊂ N
the family {Λi}i∈σ ∪ {Γi}i∈σc is not a g-Riesz basis for U .
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Example 2.6. Let {E1, E2, . . . , Er} be a g-orthonormal basis for Cn with respect to Cm and
r > 1. Define a g-frame {Λi}i∈Z for Cn by

Γi =



2
−|
k

2
|
E1, i = rk

2
−|
k

2
|
E2, i = rk + 1

...

2
−|
k

2
|
Er, i = rk + r − 1,

where k ∈ Z. Let Sl(i) = i + l be the l-shift operator on Z for l ∈ Z. Then {Γi}i∈I and
{ΓSl(i)}i∈I are woven g-frames for Cn if and only if l = rq for some q ∈ Z.

The previous examples are motivations for us to study the reordered weavings of a g-frame
{Λi}i∈I , becuase in all of them Γi = Λπ(i) where π is a permutation function. The next theorem
gives a necessary and sufficient condition about this subject. In following, {Λi}i∈I is a g-frame for
U with respect to {Vi}i∈I , and dimVi <∞ for each i ∈ I.

Theorem 2.7. Assume that {Λi}i∈I is a g-frame for U . For J ⊂ I, the following statements
are equivalent:

(1): {Λi}i∈I is not an exact g-frame for U .
(2): There exists a set of permutation functions {πj}j∈J on I such that for each j ∈ J ,
{Λi}i∈I and {Λπj(i)}i∈I are woven g-frames for U with respect to {Vi}i∈I .

A helpful result is brought in the following corollary.

Corollary 2.8. Assume that {Λi}i∈I is a g-frame for U . The following statements are
equivalent:

(1): There exists a permutation function π on I such that {Λi}i∈I and {Λπ(i)}i∈I are woven
g-frames for U with respect to {Vi}i∈I .

(2): The excess of {Λi}i∈I is nonempty.
(3): There exists a proper subset J of I such that for each j ∈ J the operator I −ΘjΛ

∗
j is

invertible on Vj, where {Θi}i∈I is the canonical g-dual frame of {Λi}i∈I .
Proof. By the use of Theorems 2.3 and 2.7, the proof is easily to seen. �

Example 2.9. In Examples 2.4 and 2.5, the g-frame {Λi}i∈I is exact. Thus by Corollary 2.8,
there is no any permutation function π on I such that {Λi}i∈I and {Λπ(i)}i∈I can be woven. But
the excess of g-frame {Γi}i∈I in example 2.6 is nonempty and so by Corollary 2.8, there exists a
permutation function π on I such that {Γi}i∈I and {Γπ(i)}i∈I are woven.

The following example shows the part (3) in Corollary 2.8 is beneficial.

Example 2.10. Let {Ei}si=1 be a g-orthonormal basis for B(Cn,Cm). Consider the family
{Γi}2si=1 by

{E1, E1, E2, E2, . . . , Es, Es}.
For each i, the operator I −ΘiΓ

∗
i is invertible on Cm, where {Θi}2si=1 is the canonical g-dual frame

of {Γi}2si=1. So by Proposition 2.1 and Corollary 2.8, there exists a permutation function π on
{1, . . . , 2s} such that {Γi}2si=1 and {Γπ(i)}2si=1 are woven g-frames.

The next theorem, presents conditions on a g-frame {Λi}i∈I such that the family {Λi}i∈I\J
satisfies in Corollary 2.8, where J ⊂ I.

Theorem 2.11. Suppose {Λi}i∈I is a g-frame for U and A,B are the lower and upper bounds.
If there exists J ⊂ I such that {Λi}i∈I\J is a g-frame and {Λi}i∈J is a g-Bessel sequence with
bound 0 < D < A, then there exists permutation function π on I such that {Λi}i∈I\J and
{Λπ(i)}i∈I\J are woven g-frames with lower and upper bounds A−D and 2B respectively.
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At the end of this section, by using the subsets of a g-Bessel sequence which are g-frames, we
give a proposition that tries to furnish the conditions of Corollary 2.8.

Proposition 2.12. Suppose {Λi}i∈I is a g-Bessel sequence with bound B, and for some J ⊂ I,
{Λi}i∈J is a g-frame for U with lower bounds A. There exists a permutation function π on I such
that {Λi}i∈I and {Λπ(i)}i∈I are woven g-frames with bounds A, 2B.
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Abstract. In this work, we study the character amenability of weighted convolution algebras

`1(S, ω), where S is a semigroup, such as inverse semigroup with uniformly locally finite

idempotent set, inverse semigroup with a finite number of idempotents, Clifford semigroup and

Rees matrix semigroup. We show that for inverse semigroup with a finite number of

idempotents and any weight ω, `1(S, ω) is character amenable if each maximal semigroup of S,

is amenable. Then for a commutative semigroup S and ω(x) ≥ 1 for all x ∈ S, we also show

that character amenability of `1(S, ω) implies that S is a Clifford semigroup. Finally, we

investigate the character amenability of the weighted convolution algebra `1(S, ω), and its

second dual for a Rees matrix semigroup.
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semigroup algebra, Clifford semigroup.
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1. Introduction and Preliminaries

Let A be a Banach algebra and E be a Banach A-bimodule. We regards the dual space E∗ as
a Banach A-bimodule with the following module actions:

(a.f)(x) = f(x.a) , (f.a)(x) = f(a.x) (a ∈ A, f ∈ E∗, x ∈ E).

The notion of ϕ- amenability for Banach algebras was introduced by Kaniuth, Lau and Pymin ,
where ϕ : A −→ C is a character. In [6], and also M. S. Monfared in [5] introduced the notion of
character amenability for Banach algebras. Let A be a Banach algebra over C and ϕ : A −→ C
be a character on A, that is, an algebra homomorphism from A in to C, and let ΦA denote the
character space of A (that is, the set of all character on A).

We recall some standard notion: for more details, see [2]. A continuous linear operator D :
A −→ B is a derivation if it satisfies D(ab) = D(a).b + a.D(b) for all a, b ∈ A. Given x ∈ E, the
inner derivation adx : A −→ B is defined by adx(a) = a.x−x.a. According to the Johnsons original
definition, a Banach algebra A is amenable if for every Banach A-bimodule E, every derivation
from A into E∗ the dual of E, is inner. The concept of amenability introduced by B. E. Johnson.
Let A be a Banach algebra, and let X be a Banach A-bimodule, we let MA

ϕr
denote the class of

Banach A- bimodule X for which the right module action of A on X is given by

x.a = ϕ(a)x (a ∈ A , x ∈ X , ϕ ∈ ΦA),

and MA
ϕl

denote the class of Banach A-bimodule X for which the left module action of A on X is
given by

a.x = ϕ(a)x (a ∈ A , x ∈ X , ϕ ∈ ΦA).

It is easy to see that the left module action of A on the dual module X∗ is given by

a.f = ϕ(a)f (a ∈ A , f ∈ X∗ , ϕ ∈ ΦA).

Thus, we note that X ∈MA
ϕr

(resp .X ∈MA
ϕl

) if and only if X∗ ∈MA
ϕl

(resp .X∗ ∈MA
ϕr

).
Let A be a Banach algebra and let ϕ ∈ ΦA, we recall from [6] and [5] that
i) A is left ϕ-amenable if every continuous derivation D : A −→ X∗ is inner for every X ∈MA

ϕr
;

ii) A is right ϕ-amenable if every continuous derivation D : A −→ X∗ is inner for every X ∈MA
ϕl

;
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iii) A is left character amenable if it is left ϕ-amenable for every ϕ ∈ ΦA ;
iv) A is right character amenable if it is right ϕ-amenable for every ϕ ∈ ΦA ;
v) A is character amenable if it is both left and right character amenable.
We also recall that a semigroup is a non-empty set S with an associative binary operation (s, t) −→
st , S × S −→ S (s, t ∈ S).
Let S be a semigroup, S is said to be regular if for all s ∈ S, there is s∗ ∈ S such that ss∗s = s
and s∗ss∗ = s∗. S is an inverse semigroup if such s∗ exists and is unique for all s ∈ S. An element
p ∈ S is idempotent if p2 = p. The set of idempotents in S is denoted by E(S). A semigroup S is
semilattice if S is commutative and E(S) = S.
Let S be a semigroup. The semigroup algebra `1(S) is the completion in the `1- norm of the
algebra CS. It is the Banach algebra generated by the semigroup. For s ∈ S we write δs = χ{s} for

the indicator function of the set {s}. The convolution product ∗ on `1(S) is uniquely defined by
requiring that δs ∗ δt = δst (s, t ∈ S). These Banach algebras have been studied by many authors.
There is always on character on the Banach algebra `1(S) : this is the augmentation character
ϕS : `1(S) −→ C such that f 7→ f(s) s ∈ S.
Let S be a semigroup. A continuous function ω : S −→ (0,∞) is a weight on S if ω(st) ≤ ω(s)ω(t),
for all s, t ∈ S and Ω(g) := ω(g)ω(g−1). Then

`1(S, ω) = {f = Σs∈Sf(s)δs : ||f ||ω = Σs∈S |f(s)|ω(s) <∞},
with ‖.‖ω as the norm, is a Banach algebra which is called weighted convolution algebra.

2. Main results

In this section, we will consider the character amenability properties of weighted convolution
algebras.

Proposition 2.1. Let S be a semigroup, ω be a weight on S and ω ≥ 1, if `1(S, ω) is character
amenable, then S is amenable and regular.

Corollary 2.2. Let S be a semigroup with E(S) finite, ω be a weight on S and ω ≥ 1. If
`1(S, ω) is character amenable, then it has an identity.

A semigroup S is called left cancellative if, for all a, x, y ∈ S, ax = ay implies that x = y.

Corollary 2.3. Let S be a left cancellative semigroup. Let ω be a weight on S and ω ≥ 1. If
`1(S, ω) is character amenable, then S is a amenable group.

Theorem 2.4. Let S be an inverse semigroup with E(S) finite and ω be a weight on S, if each
maximal semigroup of S is amenable, then `1(S, ω) is character amenable .

For an inverse semigroup S, and p ∈ E(S), we set

Gp = {s ∈ S ; ss−1 = s−1s = p}.
Then Gp is a group with identity p. It is called the maximal subgroup of S at p. We recall that
a Clifford semigroup is an inverse semigroup S for which ss−1 = s−1s (s ∈ S). For a Clifford
semigroup S, we have s ∈ Gss−1 , and so S is a disjoint union of the groups Gp (p ∈ E(S)). See
[3] for more details.

Corollary 2.5. Let S = ∪p∈E(S)Gp be a Clifford semigroup such that E(S) is finite and ω

be a weight on S. Then `1(S, ω) is character amenable if Gp is amenable for each p ∈ E(S) .

The following example shows that finitness of E(S) is necessary.
Example. Let S = ∪e∈E(S)Ge be a Clifford semigroup such that E(S) is uniformly locally finite
and each Ge is amenable, ω be a weight on S and ω ≥ 1. Then the weighted convolution algebra
`1(S, ω) is not character amenable if E(S) is not finite; If `1(S, ω) is character amenable, by
hypothesis and theorem ??, `1(S) is character amenable. But since

`1(S) ∼= `1 −
⊕

e∈E(S)

`1(Ge).
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(see [7, Theorem 2.16] and [1, Proposition 6.3]). `1(S) is not character amenable, by [1, Proposi-
tion 6.3], and this is contradiction.

Theorem 2.6. Let S be a commutative semigroup. Let ω be a weight on S and ω ≥ 1. If
`1(S, ω) is character amenable, then S is a Clifford semigroup.

Corollary 2.7. Let S be a commutative semigroup, with E(S) finite. Let ω be a weight on
S and ω ≥ 1. Then the following statements are equivalent:
(i) `1(S, ω) is character amenable;
(ii) S is a Clifford semigroup.

Proposition 2.8. Let S be a inverse semigroup such that (E(S),≤) is uniformly locally finite
and ω be a weight on S and ω ≥ 1. If `1(S, ω) is character amenable, then each maximal subgroup
of S is amenable.

3. Weighted Rees matrix semigroup algebras.

In this section, we give results on weighted Rees semigroup algebras. Rees semigroups are
described in [3] and [2, Chapter 3] . Indeed, let G be a group, m,n ∈ N , and G0 = G ∪ {0}. Let

S = {(g)ij : g ∈ G, 1 ≤ i ≤ m, 1 ≤ j ≤ n} ∪ {0},

where (g)ij denotes the element of Mm×n(G0) with g in the (i, j)th place and 0 elsewhere and 0
is a matrix with 0 everywhere. Let P = (pji) be an n ×m matrix over G0. Then the set S with
the composition (g)ij ◦ 0 = 0 ◦ (g)ij = 0 and (g)ij ◦ (h)lk = (gpjlh)ik, ((g)ij , (h)lk ∈ S) forms a
semigroup which is called a Rees matrix semigroup with a zero over G, and it will be denoted by
S = M0(G,P,m, n).The matrix P is called the sanwich matrix in each case.
We write S = M0(G,P, n) for S = M0(G,P, n, n) in this case where m = n.
The above sandwich matrix P is regular if every row and column contains at least one entry in G
; the semigroup S = M0(G,P,m, n) is regular as a semigroup if and only if the sandwich matrix
is regular.
In [2], the Rees matrix semigroup algebra `1(S) is described as follows: for g ∈ G, (g)ij is identified
with the element of Mm×n(`1(G)) which has δg in the (i, j)th place and 0 elsewhere, and ◦ is
identified with δ0. Furthermore, P ∈ Mn×m(G0) is identified with a matrix P ∈ Mn×m(`1(G))
as follows: if the initial matrix P has g ∈ G in the (i, j)th-position, then the new matrix P has
the point mass δg in the (i, j)th-position; if the first matrix P has 0 in the (i, j)th-position, then

the new matrix P has 0 in the (i, j)th-position. Using this identification, it is shown that `1(S)
Cδ0 is

isometrically isomorphic to the Munn algebra M(`1(G), P,m, n) , where Cδ0 is a one-dimensional

ideal. `1(S)
Cδ0 = M(`1(G), P,m, n), is unital. With m = n, since M(`1(G), P, n, n) = M(`1(G), P, n),

is also unital and so the Munn algebra M(`1(G), P, n), is topologically isometric to Mn(`1(G)).
For more details, see [2].
Let S be completely 0 - simple with finitely many idempotents, and let ω be a weight on S (not
necessary greater than 1 ). Then there is a maximal subgroup G of S such that

S 'M0(G,P,m, n),

and

`1(S, ω)

Cδ0
'M(`1(G,ω), P,m, n).

See [8, Theorem 2.1], for more details. Let G be a group, and let ω be a weight on G. A weight
on G is said to be symmetric if ω(t−1) = ω(t) (t ∈ G). In the paper that I have mentioned in
comment 5, the authors proved more general case than [4] in the Proposition 4.1.
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Theorem 3.1. Let S = M0(G,P, I, J) , ω be a symmetric weight on S. Then the following
statements are equivalent:
i) `1(S, ω) is character amenable.
ii) `1(G,ω) is character amenable, |I| = |J | <∞ and P is invertible.
iii) `1(S) is character amenable and Ω is bounded on G.

Corollary 3.2. Let S = M0(G,P, n) be a Rees matrix semigroup with a zero over the group
G and sandwich matrix P and ω be a weight on S. Then `1(S, ω) is character amenable if and
only if it is amenable.

Notation Let S be a semigroup, let I be an ideal of S and let ω be a weight on S. For s, t ∈ S,
set s ∼ t either if s = t or s, t ∈ I. Clearly, ∼ is an equivalence relation on S; the equivalence
class containing s is denoted by [s]. Let s, t ∈ S and define [s][t] = [st]. Evidently, this gives a
well-defined semigroup operation on the set of equivalence classes S/ ∼. So one may form the
quotient semigroup S/I with the zero element I. Moreover, the map S −→ S/I, s 7→ [s] is an
epimorphism. See [3] and [8] for further details.
Define ω̃ : S/I −→ C, Such that ω̃([s]) = 1 for all s ∈ I and ω̃([s]) = ω(s) for all s ∈ S − I. It is
easy to see that ω̃ is a weight on S/I. Now, we need the following Lemma.

Lemma 3.3. Let S be a semigroup, let I be an ideal of S, and let ω be a weight on S then:
i) If `1(S, ω) is character amenable, then `1(S/I, ω̃) is character amenable.
ii) If both `1(S/I, ω̃) and `10(I, ω) are character amenable, then `1(S, ω) is character amenable.
iii) If `1(S, ω) is character amenable and `10(I, ω) has a bounded approximate identity, then `10(I, ω)
is character amenable.

Theorem 3.4. Let S be a semigroup and let ω be a symmetric weight on S. Then the following
statements are equivalent;
i) `1(S, ω) is character amenable;
ii) `1(S) is character amenable and Ω is bounded on every maximal subgroup G of S.

Proposition 3.5. Let S = M0(G,P, I, J) , ω be a weight on S. Then the following statements
are equivalent:
i) `1(S, ω)∗∗ is character amenable.
ii) S is finite, |I| = |J | = n and P is invertible.
iii) `1(S) is character amenable and S is finite.
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Abstract. Let A and B be Banach algebras. In this paper, we investigate the structure of

2-cocycles and 2-coboundaries on A⊕B, when A and B are unital. Actually, we provide a

specific criterion for each 2-cocycle maps and establish a connection between 2-cocycles and

2-coboundaries on A⊕B and 2-cocycles and 2-coboundaries on A⊕B on A and B. Finally,

our results lead to a connection between H2(A,A∗),H2(B,B∗) and H2(A⊕B,A∗ ⊕B∗).
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1. Introduction

A derivation from a Banach algebra A to a Banach A-bimodule X is a bounded linear mapping
D : A→ X such that D(a1a2) = a1 ·D(a2) +D(a1) ·a2 (a1, a2 ∈ A). For each x ∈ X the mapping
adx : a 7→ a · x− x · a (a ∈ A), is a derivation, called the inner derivation implemented by x. The
space of all derivations is denoted by Z1(A,X) and the space of all ineer derivations is denoted by
B1(A,X). The first Hochschild cohomology group H1(A,X) is defined by the quotient

H1(A,X) =
Z1(A,X)

B1(A,X)
.

An 2-cocycle map from a Banach algebra A to a Banach A-bimodule X is a bounded linear
mapping ϕ : A×A→ X such that

a1 · ϕ(a2, a3)− ϕ(a1a2, a3) + ϕ(a1, a2a3)− ϕ(a1, a2) · a3 = 0,

for all a1, a2, a3 ∈ A. For each bounded linear map ψ : A → X, the mapping adψ : A × A → X
defined with

adψ(a1, a2) = a1 · ψ(a2)− ψ(a1a2) + ψ(a1) · a2,
is an 2-cocycle map, called the 2-coboundary map. The space of all 2-cocycle maps is denoted by
Z2(A,X) and the space of all 2-coboundary maps is denoted by B2(A,X). The second Hochschild
cohomology group H2(A,X) is defined by the quotient

H2(A,X) =
Z2(A,X)

B2(A,X)
.

Let A and B be Banach algebras and M be a Banach A,B-module. Suppose that

T =

{[
a m

b

]
: a ∈ A, b ∈ B,m ∈M

}
,

be the corresponding triangular Banach algebra. Forrest and Marcoux investigated and studied
derivations on triangular Banach algebra of T in [2] and analysed the first Hochschild cohomology
group H1(T , T ). They in [3] characterize derivation D : T → T ∗ according to derivations DA :
A→ A∗, DB : B → B∗ and γ

D
∈M∗, as follows

D

([
a m

b

])
=

[
DA(a)−mγ

D
γ

D
a− bγ

D

DB(b) + γ
D
m

]
.
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They proved using this characterization,

H1(T , T ∗) ' H1(A,A∗)⊕H1(B,B∗),

of course, if we restrict ourself to the case of unitary A, B and M . In particular, in case of M = 0,
they proved that

H1(A⊕B,A∗ ⊕B∗) ' H1(A,A∗)⊕H1(B,B∗).

In this paper, somehow we want to provide same characterization for 2-cocycle maps in
Z2(A⊕B,A∗⊕B∗). Indeed, we show that if ϕ = (ϕ1, ϕ2) ∈ Z2(A⊕B,A∗⊕B∗), then there exist
ϕA ∈ Z2(A,A∗), ϕB ∈ Z2(B,B∗) and ψ = (ψ1, ψ2) ∈ C1(A ⊕ B,A∗ ⊕ B∗) such that for every
ω1 = (a1, b1), ω2 = (a2, b2) ∈ A⊕B,

ϕ1(ω1, ω2) = ϕA((a1, a2)) + a1ψ1(ω2)− ψ1(ω1ω2) + ψ1(ω1)a2

ϕ2(ω1, ω2) = ϕB(b1, b2) + b1ψ2(ω2) + ψ2(ω1ω2) + ψ2(ω1)b2,

that leads to ϕ− ϕAB = adψ ∈ B2(A⊕B,A∗ ⊕B∗), where ϕAB : (A⊕B)× (A⊕B)→ A∗ ⊕B∗
is defined by

ϕAB ((a1, b1), (a2, b2)) = (ϕA(a1, a2), ϕB(b1, b2)) .

In the following, as an application of our results, we show that

H2(A⊕B,A∗ ⊕B∗) ' H2(A,A∗)⊕H2(B,B∗).

2. Main Results

Let A and B be unital Banach algebras with units 1A and 1B , respectively. `1-direct sum of
Banach algebras A ⊕ B with usual multiplication and the norm ‖(a, b)‖ = ‖a‖ + ‖b‖ is a Banach
algebra. It is clear that (A⊕B)∗ ' A∗ ⊕B∗. Let (a, b) ∈ A⊕B and (µ, θ) ∈ A∗ ⊕B∗. Then the
action of A∗⊕B∗ upon A⊕B is given by (µ, θ)((a, b)) = µ(a) + θ(b). Also, it is easy to check that
module action A⊕B on A∗ ⊕B∗ are as follows:

(1) (a, b) · (µ, θ) = (a · µ, b · θ) and (µ, θ) · (a, b) = (µ · a, θ · b).

Throughout we will remove the dot (the sign ” · ”) for simplicity.

Remark 2.1. (i) We note that ϕ ∈ Z2(A⊕B,A∗⊕B∗) if and only if ϕ satisfies the 2-cocycle
equation

(2) ω1ϕ(ω2, ω3)− ϕ(ω1ω2, ω3) + ϕ(ω1, ω2ω3)− ϕ(ω1, ω2)ω3 = 0 (ω1, ω2, ω3 ∈ A⊕B).

(ii) Let ψ ∈ C1(A ⊕ B,A∗ ⊕ B∗) and ϕ ∈ C2(A ⊕ B,A∗ ⊕ B∗). For i = 1, 2 assume that
ψi := πi ◦ ψ (ϕi := πi ◦ ϕ), denote the coordinate functions associated to ψ (ϕ), when πi be the
projection msps on arrays. That is

ψ(ω) = (ψ1(ω), ψ2(ω)) and ϕ (ω1, ω2) = (ϕ1(ω1, ω2), ϕ2(ω1, ω2)) (ω1, ω2, ω3 ∈ A⊕B).

We will often write ψ = (ψ1, ψ2) and ϕ = (ϕ1, ϕ2).

Lemma 2.2. Let ϕ ∈ Z2(A⊕B,A∗⊕B∗). Suppose that ϕA : A×A→ A∗ and ϕB : B×B → B∗

defined by

(3) ϕA(a1, a2) := ϕ1((a1, 0), (a2, 0)) and ϕB(b1, b2) := ϕ2((0, b1), (0, b2)).

Then ϕA ∈ Z2(A,A∗) and ϕB ∈ Z2(B,B∗). Conversely, if ϕA ∈ Z2(A,A∗), ϕB ∈ Z2(B,B∗) and
ϕAB : (A⊕B)× (A⊕B)→ A∗ ⊕B∗ is defined by

ϕAB ((a1, b1), (a2, b2)) = (ϕA(a1, a2), ϕB(b1, b2)) ,

then ϕAB ∈ Z2(A ⊕ B,A∗ ⊕ B∗). Furthermore, ϕAB ∈ B2(A ⊕ B,A∗ ⊕ B∗) if and only if
ϕA ∈ B2(A,A∗) and ϕB ∈ B2(B,B∗).

Proof. Left to the reader. �
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Proposition 2.3. Let ϕ ∈ Z2(A ⊕ B,A∗ ⊕ B∗). Then there exists ψ ∈ C1(A ⊕ B,A∗ ⊕ B∗)
such that for each ω1 = (a1, b1) and ω2 = (a2, b2) in A⊕B we have

(4) ϕ(ω1, ω2) =

(
ϕA(a1, a2) + a1ψ1(ω2)

− ψ1(ω1ω2) + ψ1(ω1)a2
,

b1ψ2(ω2)− ψ2(ω1ω2)

+ ψ2(ω1)b2 + ϕB(b1, b2)

)
.

Proof. First define

µ : B → A∗ by µ(b) := ϕ1 ((0, b), (1A, 0)) ,(5)

θ : A→ B∗ by θ(a) := ϕ2 ((0,1B), (a, 0)) .(6)

We continue the proof in four steps. Let a1, a2 ∈ A and b1, b2 ∈ B. In each step, we use the actions
(1) and 2-cocycle equation (2) for ϕ with different elements of ω1, ω2, ω3 in A⊕B.
step 1. If ω1 = (0,1B), ω2 = (a1, 0) and ω3 = (a2, 0), then

(0,1B)ϕ ((a1, 0), (a2, 0)) = −ϕ ((0,1B), (a1a2, 0)) + ϕ ((0,1B), (a1, 0)) (a2, 0),

which according to (3) and (6), we obtain

(7) ϕ ((a1, 0), (a2, 0)) = (ϕA(a1, a2),−θ(a1a2)) .

step 2. If ω1 = (a1, 0), ω2 = (0, b2) and ω3 = (1A, 0), then

ϕ((a1, 0), (0, b2))(1A, 0) = (a1, 0)ϕ((0, b2), (1A, 0)).

Also if ω1 = (0,1B), ω2 = (a1, 0) and ω3 = (0, b2), then

(0,1B)ϕ((a1, 0), (0, b2)) = ϕ((0,1B), (a1, 0))(0, b2).

Using (5), (6) and the two previous equalities, we obtain

(8) ϕ((a1, 0), (0, b2)) = (a1µ(b2), θ(a1)b2).

step 3. If ω1 = (0, b1), ω2 = (0,1B) and ω3 = (a2, 0), then

ϕ((0, b1), (a2, 0)) = (0, b1)ϕ((0,1B), (a2, 0))− ϕ((0, b1), (0,1B))(a2, 0),

which according to (6) and the previous equality, we obtain

(9) ϕ((0, b1), (a2, 0)) = (µ(b1)a2, b1θ(a2)).

step 4. If ω1 = (0, b1), ω2 = (0, b2) and ω3 = (1A, 0), then

ϕ((0, b1), (0, b2))(1A, 0) = (0, b1)ϕ((0, b2), (1A, 0))− ϕ((0, b1b2), (1A, 0)).

Using (3), (5) and the previous equaliy, we obtain

(10) ϕ((0, b1), (0, b2)) = (−µ(b1b2), ϕB(b1, b2)).

Now we sum the relationships (7) to (10). We have

ϕ(ω1, ω2) =

(
ϕA(a1, a2) + a1µ(b2)

+ µ(b1)a2 − µ(b1b2)
,
− θ(a1a2) + θ(a1)b2

+ b1θ(a2) + ϕB(b1, b2)

)
.

Next let us assume that ψ = (ψ1, ψ2) : A⊕B −→ A∗ ⊕B∗, to be defined by

ψ1 : A⊕B → A∗ by ψ1((a, b)) := µ(b),

ψ2 : A⊕B → B∗ by ψ2((a, b)) := θ(a).

That ψ is bounded and linear, is given to the reader. Therefore ψ ∈ C1(A⊕B,A∗ ⊕B∗) and
also

ϕ(ω1, ω2) =

(
ϕA(a1, a2) + a1ψ1(ω2)

− ψ1(ω1ω2) + ψ1(ω1)a2
,

b1ψ2(ω2)− ψ2(ω1ω2)

+ ψ2(ω1)b2 + ϕB(b1, b2)

)
.

So (4) is valid and the proof is complete. �
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So far, we have established a connection between 2-cocycles on A, B and A⊕B. We want to
extend this connection to 2-coboundaries and for this, we need the following Lemma.

Lemma 2.4. Let ϕ ∈ Z2(A ⊕ B,A∗ ⊕ B∗). Then ϕ ∈ B2(A ⊕ B,A∗ ⊕ B∗) if and only if
ϕA ∈ B2(A,A∗) and ϕB ∈ B2(B,B∗).

Proof. Let ϕ ∈ Z2(A⊕B,A∗⊕B∗). By Proposition 2.3, there exists ψ ∈ C1(A⊕B,A∗⊕B∗),
so that (4) is valid. For each ω1 = (a1, b1), ω2 = (a2, b2) in A⊕B, we have

(ϕ− ϕAB)(ω1, ω2) =

(
a1ψ1(ω2)− ψ1(ω1ω2)

+ ψ1(ω1)a2
,

b1ψ2(ω2)− ψ2(ω1ω2)

+ ψ2(ω1)b2

)
= (a1ψ1(ω2), b1ψ2(ω2))− (ψ1(ω1ω2), ψ2(ω1ω2)) + (ψ1(ω1)a2, ψ2(ω1)b2)

= (a1, b1)(ψ1(ω2), ψ2(ω2))− (ψ1(ω1ω2), ψ2(ω1ω2)) + (ψ1(ω1), ψ2(ω1))(a2, b2)

= ω1ψ(ω2)− ψ(ω1ω2) + ψ(ω1)ω2

= adψ(ω1, ω2).

Hence ϕ− ϕAB ∈ B2(A⊕B,A∗ ⊕B∗). That this means, ϕ is 2-coboundary, if and only if ϕAB is
2-coboundary, and by Lemma 2.2, if and only if ϕA and ϕB are 2-coboundaries. �

Forrest and Marcoux in [3] have studied the first Hochschild cohomology group of triangular
Banach algebra H1(A⊕B,A∗ ⊕B∗). They showed that

H1(A⊕B,A∗ ⊕B∗) ' H1(A,A∗)⊕H1(B,B∗).

In this section we wish to identify the second Hochschild cohomology group H2(A⊕B,A∗ ⊕B∗).
We get similar results with the results of Forrest and Marcoux in [3], but in second order.

Corollary 2.5. Let A and B be unital Banach algebras. Then

H2(A⊕B,A∗ ⊕B∗) ' H2(A,A∗)⊕H2(B,B∗).

Proof. Let ϕ ∈ Z2(A ⊕ B,A∗ ⊕ B∗). By Lemma 2.2 and Proposition 2.3, there exists
ϕA ∈ Z2(A,A∗), ϕB ∈ Z2(B,B∗) and ψ ∈ C1(A⊕B,A∗ ⊕B∗) such that (4) is valid.

Consider the map

Γ : Z2(A⊕B,A∗ ⊕B∗)→ H2(A,A∗)⊕H2(B,B∗)

ϕ 7→ (ϕA + B2(A,A∗), ϕB + B2(B,B∗)).

Using Lemma 2.2 and Proposition 2.3, it can be easily proved Γ is well-define and surjective and
ker Γ = B2(A⊕B,A∗ ⊕B∗). This completes the proof. �

Example 2.6. Consider A = B = `1(S), where S is Clifford semigroup. Using Corollary 2.5,
[1, Theorem 3.2], [1, Theorem 3.3] and [4, Theorem 4.6], we have

(i) H2(`1(S)⊕ `1(S), `∞(S)⊕ `∞(S)) = 0, for S = Z+.
(ii) H2(`1(S)⊕ `1(S), `∞(S)⊕ `∞(S)) = 0, for unital semilattice S.
(iii) H2(`1(S)⊕ `1(S), `∞(S)⊕ `∞(S)) is Banach space for unital Clifford semigroup S.
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1. Introduction

In 1952, the concept of discrete frames for Hilbert spaces were introduced by Duffin and
Schaeffer [5] to study some problems in nonharmonic Fourier series. Frame theory has been used
in many fields such as filter bank theory, image processing, etc. we refer to [4] for an introduction
to frame theory in Hilbert spaces and its applications. The concept of a generalization of frames to
a family indexed by some locally compact space endowed with a Radon measure was proposed by
Ali, Antoine and Gazeau [1]. These frames are known as continuous frames. In 2013, Arefijamaal,
Kamyabi Gol, Raisi Tousi and Tavallaei introduced continuous Riesz bases and give some equivalent
conditions for a continuous frame to be a continuous Riesz basis [2].

Frank and Larson [6] presented a general approach to the frame theory in Hilbert C∗-modules.
Theory of frames have been extended from Hilbert spaces to Hilbert C∗-modules, see [7, 8].

In this paper, we characterize the operator frame of continuous frames in Hilbert C∗-modules.
Then, we define a continuous Riesz basis for Hilbert C∗-modules and give some results about them.

First, we recall some definitions and basic properties of Hilbert C∗-modules.

Definition 1.1. A pre-Hilbert module over C∗-algebra A is a complex vector space U which
is also a left A-module equipped with an A-valued inner product 〈., .〉 : U × U → A which is
C-linear and A-linear in its first variable and satisfies the following conditions:
(i) 〈f, f〉 ≥ 0,
(ii) 〈f, f〉 = 0 iff f = 0,
(iii) 〈f, g〉∗ = 〈g, f〉,
(iv) 〈af, g〉 = a〈f, g〉,
for all f, g ∈ U and a ∈ A.

A pre-Hilbert A-module U is called Hilbert A-module if U is complete with respect to the
topology determined by the norm ‖f‖ = ‖〈f, f〉‖ 1

2 .

2. Main results

In this section, we introduce continuous frames and continuous Riesz bases in Hilbert C∗-
modules, and then we give some results for them. We assume that A is a unital C∗-algebra, U is
a Hilbert A-module and (Ω, µ) a measure space.

Let Y be a Banach space, (Ω, µ) a measure space, and f : Ω → Y a measurable function.
Integral of the Banach-valued function f has been defined by Bochner and others. Most properties

∗speaker
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of this integral are similar to those of the integral of real-valued functions. Since every C∗-algebra
and Hilbert C∗-module is a Banach space, hence we can use this integral in these spaces.

Definition 2.1. A mapping F : Ω→ U is called a continuous frame for U if
(i) F is weakly-measurable, i.e, for any f ∈ U , the mapping Ω 7−→ 〈f, F (Ω)〉 is measurable on

Ω.
(ii) There exist A,B > 0 such that

(1) A〈f, f〉 ≤
∫

Ω

〈f, F (ω)〉〈F (ω), f〉dµ(ω) ≤ B〈f, f〉, (f ∈ U).

The constant A,B are called lower and upper frame bounds, respectively. The mapping F is
called Bessel if the right inequality in (1) holds.

A continuous frame F : Ω → U is called exact if for every measurable subset Ω1 ⊆ Ω with
0 < µ(Ω1) <∞, the mapping F : Ω\Ω1 → U is not a continuous frame for U .

Also we define,

(2) L2(Ω, A) = {ϕ : Ω→ A ; ‖
∫

Ω

|ϕ(ω)|2dµ(ω)‖ <∞}

For any ϕ,ψ ∈ L2(Ω, A), the inner product is defined by 〈ϕ,ψ〉 =
∫

Ω
〈ϕ(ω), ψ(ω)〉dµ(ω) and

the norm is defined by ‖ϕ‖ = ‖〈ϕ,ϕ〉‖ 1
2 .

We know that every Hilbert space is a Hilbert C∗-module over C. So we can give an example
of continuous Bessel mapping for Hilbert space H as follows.

Example 2.2. (see [3])Let H be a Hilbert space. Take an (essentially) unbounded (Lebesgue)
measurable function a : R→ C such that a ∈ L2(R)\L∞(R).

Choose a fixed vector h ∈ H , h 6= 0. Then the mapping

(3) F : R→ H, ω 7→ F (ω) := a(ω).h

is weakly (Lebesgue) measurable and a continuous Bessel mapping, since for all f ∈ H,∫
R
|〈f, F (ω)〉|2dµ(ω) =

∫
R
|a(ω)|2|〈f, h〉|2dµ(ω)

= |〈f, h〉|2
∫
R
|a(ω)|2dµ(ω) ≤ ‖h‖2‖a‖2L2(R)‖f‖

2

Similar to continuous frames in Hilbert spaces, we introduce a pre-frame operator and frame
operator for continuous frames in Hilbert C∗-modules.

Theorem 2.3. Let F : Ω → U be a Bessel mapping. Then the operator TF : L2(Ω, A) → U
weakly defined by

(4) 〈TFϕ, f〉 =

∫
Ω

ϕ(ω)〈F (ω), f〉dµ(ω), (f ∈ U).

is well defined, bounded, surjective, adjointable A-linear map, and its adjoint T ∗F : U → L2(Ω, A)
is defined by

(5) (T ∗F f)(ω) = 〈f, F (ω)〉 (ω ∈ Ω).

The operator TF is called a pre-frame operator or synthesis operator and T ∗F is called an analysis
operator of F .

Definition 2.4. Let F : Ω → U be a continuous frame for Hilbert C∗-module U . Then the
frame operator SF : U → U is weakly defined by

(6) 〈SF f, f〉 =

∫
Ω

〈f, F (ω)〉〈F (ω), f〉dµ(ω), (f ∈ U).

Corollary 2.5. Let F : Ω → U be a continuous frame for Hilbert C∗-module U . Then
SF = TFT

∗
F is positive, adjointable and invertible.
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Definition 2.6. Let F : Ω→ U be a Bessel mapping. A Bessel mapping G : Ω→ U is called
a dual for F if

(7) f =

∫
Ω

〈f,G(ω)〉F (ω)dµ(ω), (f ∈ U).

Remark 2.7. For every continuous frame F : Ω→ U with frame operator S we have,

(8) f = SS−1f =

∫
Ω

〈f, S−1F (ω)〉F (ω)dµ(ω), (f ∈ U).

Thus S−1F , which is a dual for F , so called the canonical dual.

Now we define and investigate Riesz - type frames and continuous Riesz bases in a Hilbert
C∗-module.

Definition 2.8. A continuous frame which has only one dual, is called Riesz - type frame.

Theorem 2.9. Let F : Ω → U be a continuous frame for Hilbert C∗-module U . Then F is a
Riesz - type frame if and only if T ∗F is surjective.

Definition 2.10. A mapping F : Ω→ U is called a continuous Riesz basis for U with respect
to (Ω, µ) , if the following two conditions are satisfied:
(i) {f ∈ U ; 〈f, F (ω)〉 = 0 a.e [µ]} = {0}.
(ii) There are two constant A,B > 0 such that

(9) A‖
∫

Ω1

|ϕ(ω)|2dµ(ω)‖
1

2 ≤ ‖
∫

Ω1

ϕ(ω)F (ω)dµ(ω)‖ ≤ B‖
∫

Ω1

|ϕ(ω)|2dµ(ω)‖
1

2

for every ϕ ∈ L2(Ω, A) and measurable subset Ω1 of Ω with µ(Ω1) < +∞.

Theorem 2.11. Let F : Ω→ U be a continuous frame for Hilbert C∗-module U . Then F is a
continuous Riesz basis if and only if F is a Riesz-type continuous frame.

Corollary 2.12. A continuous Riesz basis in a Hilbert C∗-module is a continuous exact
frame.

References

1. S. T. Ali, J. P. Antoine, J. P. Gazeau, Continuous frames in Hilbert spaces, Annals of Physics 222 (1993), 1-37.

2. A. A. Arefijamaal, R. A. Kamyabi Gol, R. Raisi Tousi and N. Tavallaei, A new approach to continuous Riesz
bases, J. Sci. Iran, 24(1), 63-69 (2013).

3. P. Balazs, D. Bayer, A. Rahimi, Multipliers for continuous frames in Hilbert spaces, J. Phys. A 45 (24) (2012)

244023, 20 pp.
4. O. Christensen, An introduction to frames and Riesz bases, Birkhauser, Boston, 2016.

5. R.J. Duffin and A.C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math. Soc., 72 (1952),

341–366.
6. M. Frank and D. R. Larson, Frames in Hilbert C∗-modules and C∗-algebras, J. Operator Theory, 48 (2002),

273–314.

7. S. Kabbaj, H. Labrigui and A. Touri, Controlled Continuous g-Frames in Hilbert C∗-Modules, Moroccan J. Pure
and Appl. Anal., 6(2) (2020), 184-197.

8. T.L. Shateri, ∗-controlled frames in Hilbert C∗-modules, to appear in Inter. J. Wavelets and Multiresolut. Inf.
Process.

E-mail: h.ghasemi@hsu.ac.ir
E-mail: t.shateri@hsu.ac.ir; shateri@ualberta.ca

51



Approximately module homomorphisms

Bahman Hayati∗ and Hamid Khodaei
Faculty of Mathematical Sciences and Statistics, Malayer University, Malayer, Iran

Abstract. Let A be a Banach algebra and let X,Y be Banach A-modules. We study the
conditions under which almost module homomorphisms are near to module homomorphisms in

the norm topology on L(X,Y ), the space of all bounded linear maps from X into Y .

Keywords: Amenability, Banach algebra, Banach module, module homomorphism.
AMS Mathematical Subject Classification [2010]: 46H20, 46H25, 47L45.

1. Introduction

Let A be a Banach algebra. A Banach space X which is also a left A-module is called a left
Banach A-module if

‖a · x‖ ≤ kX‖a‖‖x‖ (a ∈ A, x ∈ X)

for some positve kX . A right Banach A-module is defined similarly. A Banach space X is a Banach
A-module if it is a left and right Banach A-module.

For a Banach algebra A, let X and Y be two Banach A-modules. We note that if X is a
Banach A-module, then the actions are compatible; that is,

a · (x1x2) = (u · x1)x2, a(x1 · x2) = (x1 · a)x2 (x1, x2 ∈ X, a ∈ A).

The space of all bounded linear maps from X into Y is denoted by L(X,Y ).
Let A be a Banach algebra, and let X be a Banach A-module. A bounded linear map D :

A→ X is called a derivation if

D(ab) = a ·D(b) +D(a) · b (a, b ∈ A).

For each x ∈ X, we define ∆x : A → X by a 7→ a · x − x · a. It is easily seen that ∆x is a
derivation. Derivations of this form are called inner derivations. The set of all derivations of A
into X is denoted by Z1(A,X), and the set of all inner derivations is denoted by B1(A,X). One
can see that Z1(A,X) is a closed subspace of L(A,X) and B1(A,X) is a subspace of of Z1(A,X).

Let A be a Banach algebra, and let X be a Banach A-module. Then

H1(A,X) := Z1(A,X)/B1(A,X)

is the first Hochshild cohomology group of A with coefficients in X, see [2, 5].
For a Banach algebra A and a Banach A-module X, it is easily seen that X∗ is a Banach

A-module via the following actions:

〈φ · a, x〉 = 〈φ, a · x〉, 〈a · φ, x〉 = 〈φ, x · a〉 (a ∈ A, x ∈ X,φ ∈ X∗).
A Banach algebra A is called amenable if H1(A,X∗) = {0} for every Banach A-module X.

In 1986, B. E. Johnson introduced AMNM property for a Banach algebra [3]. A Banach
algebra A has AMNM property if any almost multiplicative functional is near to a multiplicative
one. Many of the classical commutative Banach algebras were shown to have AMNM property.
As an example, the disc algebra A(D) has AMNM property. In [1], K. Jarosz studied AMNM
property for general uniform algebras and S. J. Sidney constructed uniform algebras that are not
AMNM [6]. In 1988, B. E. Johnson considered AMNM property for a pair of Banach algebras [4].
He studied, for a pair of Banach algebras such as (A,B), when approximately multiplicative maps
from A into B are near to multiplicative maps.
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Let A be a Banach algebra and X,Y be Banach A-modules. We say taht a bounded linear
map T : X → Y is almost left (right) module homomorphism if, for some positive δ, we have

‖T (a · x)− a · T (x)‖ ≤ δ‖a‖‖x‖ (‖T (x · a)− T (x) · a‖ ≤ δ‖x‖‖a‖) (a ∈ A, x ∈ X).

We say taht a bounded linear map is almost module homomorphism if it is almost left and right
module homomorphism. In this paper, we study the conditions under which almost module ho-
momorphisms are near to module homomorphisms in the norm topology on L(X,Y ).

2. Main results

The space of elements of L(X,Y ), which are also left (right) A-module homomorphism is
denoted by AL(X,Y )(LA(X,Y )). Also the space of all bounded linear maps from X into Y which
are A-module homomorphism is denoted by ALA(X,Y ).

Lemma 2.1. The space ALA(X,Y ) is closed in L(X,Y ).

Proof. Let (Tn) be a sequence in AL(X,Y ) with Tn → T , for some T in L(X,Y ). Fix n ∈ N,
for each x ∈ X and a ∈ A, we have

‖T (a · x)− a · T (x)‖ ≤ ‖T (a · x)− Tn(a · x)‖+ ‖a · Tn(x)− a · T (x)‖
≤ kX‖Tn − T‖‖a‖‖x‖+ kY ‖Tn − T‖‖a‖‖x‖.

By taking limit whenever n→∞, we see that T is a left A-module homomorphism and so AL(X,Y )
is closed. Similarly, one can see that LA(X,Y ) is closed in L(X,Y ) and the proof is established. �

Definition 2.2. Let T ∈ L(X,Y ), we define two perturbation maps T / : A × X → Y and
T . : X × A → Y by T /(a, x) = T (a · x) − a · T (x) and T .(x, a) = T (x · a) − T (x) · a. It is
easily seen that T / ∈ L(A,X;Y ), the space of all bounded bilinear maps from A×X into Y , and
T . ∈ L(X,A;Y ).

One can easily see that

ALA(X,Y ) = {T ∈ L(X,Y ) : T / = T . = 0}.
For T ∈ L(X,Y ), we put

d(T ) = dist(T,ALA(X,Y )) = inf{‖T − T ′‖ : T ′ ∈ ALA(X,Y )}.
Since ALA(X,Y ) is closed in L(X,Y ), then T / = T . = 0 if and only if d(T ) = 0.

Lemma 2.3. Let A be a Banach algebra and let X, Y be Banach A-modules. Then the mappings
/ : L(X,Y )→ L(A,X;Y ) with T 7→ T /, and . : L(X,Y )→ L(X,A;Y ) with T 7→ T ., are bounded
linear maps.

Proof. Let T ∈ L(X,Y ) be fixed. Take S ∈ ALA(X,Y ). Then

‖T /(a, x)‖ = ‖T (a · x)− a · T (x)‖
≤ ‖T (a · x)− S(a · x)‖+ ‖a · S(x)− a · T (x)‖
≤ kX‖T − S‖‖a‖‖x‖+ kY ‖T − S‖‖a‖‖x‖

for all a ∈ A and x ∈ X. So ‖T /‖ ≤ (kX + kY )‖T − S‖. By taking infimum over all elements in

ALA(X,Y ), we have

‖T /‖ ≤ (kX + kY )d(T ), (T ∈ L(X,Y )).

Similarly, we may see that

‖T .‖ ≤ (kX + kY )d(T ), (T ∈ L(X,Y )).

Since d(T ) ≤ ‖T‖, the claim is proved. �

By the above lemma, we see that if d(T ) is small then so are ‖T /‖ and ‖T .‖. We are interested
in whether T / and T . being small implies d(T ) being small.
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Definition 2.4. We say that (X,Y )A is ALMHNLMH (almost left module homomorphisms
are near left module homomorphisms)( respect to A) if for each positive ε and K there is a positve
δ such that if T ∈ L(X,Y ) with ‖T‖ < K and ‖T /‖, ‖T .‖ < δ then dist(T,A L(X,Y )) < ε.

Definition 2.5. We say that (X,Y )A is ARMHNRMH (almost right module homomor-
phisms are near right module homomorphisms)(respect to A) if for each positve ε and K there is a
positve δ such that if T ∈ L(X,Y ) with ‖T‖ < K and ‖T /‖, ‖T .‖ < δ then dist(T,LA(X,Y )) < ε.

Definition 2.6. We say that (X,Y )A is AMHNMH (almost module homomorphisms are
near module homomorphisms)(respect to A) if for each positve ε and K there is a positve δ such
that if T ∈ L(X,Y ) with ‖T‖ < K and ‖T /‖, ‖T .‖ < δ then d(T ) < ε.

For Banach A-modules X and Y , L(X,Y ) can be considered as a Banach A-module via the
following actions:

〈a · T, x〉 = a · T (x), 〈T · a, x〉 = T (a · x) (a ∈ A, x ∈ X, T ∈ L(X,Y )).

One can easily see that T is a left A-module homomorphism if and only if a ·T = T ·a for each
a ∈ A.

Theorem 2.7. Let A be a Banach algebra; X and Y Banach A-modules. If H1(A,L(X,Y ))
is a Banach space, then (X,Y )A is ALMHNLMH and ARMHNRMH.

Proof. Consider the mapping

∆ : L(X,Y )→ Z1(A,L(X,Y ))

T 7→ ∆T

where ∆T : A→ L(X,Y ) is defined by ∆T (a) = a · T − T · a.
It is clear that ∆T is an inner derivations and so Im(∆) = B1(A,L(X,Y )). Also one can see

that Ker(∆) =A L(X,Y ) and

dist(T,AL(X,Y )) = dist(T,Ker(∆)) =‖ T +Ker(∆) ‖ .

On the other hand, since Im(∆) is closed there exists K > 0 such that for each T ∈ L(X,Y )

‖ T +Ker(∆) ‖≤ K ‖ ∆T ‖ .

For each left δ-module homomorphism T, we have

‖ ∆T ‖ = sup{‖ ∆T (a) ‖: a ∈ A, ‖ a ‖≤ 1}
= sup{‖ a · T − T · a ‖: a ∈ A, ‖ a ‖≤ 1}
= sup{‖ a · T (x)− T (a · x) ‖: a ∈ A, x ∈ X, ‖ a ‖≤ 1, ‖ x ‖≤ 1}
≤ δ.

So dist(T,AL(X,Y )) ≤ Kδ is true for each left δ-module homomorphism. Choosing δ ≤ ε/K, we
have dist(T,AL(X,Y )) ≤ ε. Thus (X,Y )A is ALMHNLMH.

Similarly, by replacing the module actions on L(X,Y ) via:

〈a · T, x〉 = T (x) · a, 〈T · a, x〉 = T (x · a) (a ∈ A, x ∈ X, T ∈ L(X,Y )),

we may see that (X,Y )A is ARMHRMH. �

Corollary 2.8. Let A be an amenable Banach algebra; X a Banach A-module and Y a dual
Banach A-module. Then (X,Y )A is ALMHNLMH and ARMHRMH.

Proof. Since Y is a dual Banach A-modle, Y has a predual such as Y∗ with X⊗̂Y∗ as a
Banach A-module. On the other hand, L(X,Y ) ∼= (X⊗̂Y∗)∗. Since A is amenable,

H1(A,L(X,Y )) ∼= H1(A, (X⊗̂Y∗)∗) = {0}.

So H1(A,L(X,Y )) is a Banach space; by Theorem 2.7, the proof is established. �
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Theorem 2.9. Let A be a Banach algebra and let X,Y be finite dimensional Banach A-
modules. Then (X,Y )A is AMHNMH.

Proof. Given ε > 0 and K, put

C = {T ∈ L(X,Y ) : ‖T‖ ≤ K, d(T ) ≥ ε}.
Also for δ > 0, put Gδ = G/δ ∩G.δ , where

G/δ = {T ∈ L(X,Y ) : ‖T /‖ > δ}
and

G.δ = {T ∈ L(X,Y ) : ‖T .‖ > δ}.
By Lemma 2.3, G/δ and G.δ are open in L(X,Y ), so Gδ is open. On the other hand, we have
C ⊆ L(X,Y ) \ ALA(X,Y ) ⊆ ∪{Gδ : δ > 0}. Since C is compact, there exists δ > 0 such that
C ⊆ Gδ; that is, (X,Y )A is AMHNMH. �
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Abstract. For a locally compact group G we consider the Fourier transform of matrix val-

ued functions and representations induced by the representations of G. We show that for a

locally compact abelian group G and for any φ ∈ L∞(Ĝ,Mn), Λ
Ĝ

defined by Λ
Ĝ

(φ)(f) =

F−1 (φF(f)) , (f ∈ L2(G,Mn,2)) is an isometric ∗-isomorphism from L∞(Ĝ,Mn) onto CV2(G,Mn).

1. Introduction

Let G be a locally compact group, mG be the unique Haar measure on G, 1 < p, q < ∞
such that 1/p + 1/q = 1 and Mn be an n × n, n ∈ N, matrix with entries in C. The trace
Tr : Mn −→ C is a positive linear functional of norm n. Suppose that B is a σ-algebra of Borel
sets in G, µ : G −→Mn is countably additive function that we call it an Mn-valued measure on G
and denote by an n× n matrix µ = (µij) of complex valued measures µij on G. The variation of
µ is |µ| that is a positive real finite measure on G defined by

|µ|(E) = sup
P

{∑
Ei∈P

‖µ(Ei)‖ : E ∈ B

}
,

where P is a partitions of E into a finite number of pairwise disjoint Borel sets. Define the norm of
µ as ‖µ‖ = |µ|(G). Following [1, 2], µ has a polar representation µ = ω · |µ| where ω : G −→ Mn

is a Bochner integrable function with ‖ω(·)‖ = 1. A function f = (fij) : G −→ Mn is called
µ-integrable if each fij is a Borel function and the integral

∫
G
fijdµk` exist in which case. For any

E ∈ B, the integral
∫
E
fdµ is an n× n matrix with ij-th entry∑

k

∫
E

fikdµkj .

Then, we have

(1)

∥∥∥∥∫
G

fdµ

∥∥∥∥ =

∥∥∥∥∫
G

f(x)ω(x)d|µ|(x)

∥∥∥∥ ≤ ∫
G

‖f(x)| d|µ|(x).

By [1, Lemma 5], M(G,M∗n) is linearly isomorphic to the dual of C0(G,Mn), with the following
duality formula:

〈·, ·〉 : C0(G,Mn)×M(G,M∗n) −→ C

〈f, µ〉 = Tr

(∫
G

fdµ

)
=
∑
i,k

∫
G

fikdµk,j ,(2)

for f = (fij) ∈ C0(G,Mn) and µ = (µij) ∈M(G,M∗n). By [3, Proposition 2.4], (M(G,M∗n), ‖ · ‖tr)
is a Banach algebra with the following convolution product:

(3) 〈f, µ ∗ ν〉 = Tr

(∫
G

∫
G

f(xy)dµ(x)dν(y)

)
,

for all f ∈ C0(G,Mn) and µ, ν ∈ M(G,M∗n). Also, (M(G,Mn), ‖ · ‖) becomes a Banach algebra
with the convolution product and is algebraically isomorphic to (M(G,M∗n), ‖ · ‖tr). Let f = (fij)
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be a Borel Mn-valued function on G and µ = (µij) be a Mn-valued measure on G. An Mn-valued
convolution f ∗ µ, if exists at x ∈ G, is defined by

(4) (f ∗ µ)(x) =

∫
G

f(xy−1)dµ(y).

The left convolution µ ∗` f is the following integral:

(5) (µ ∗` f)(x) =

∫
G

dµ(y)f(y−1x) (x ∈ G).

The transposed integral
∫
G

dµ(x)f(x) which is defined to have ij-entry(∫
G

dµ(x)f(x)

)
ij

=
∑
k

∫
G

fkj(x)dµik(x).

Also,

(6)

∥∥∥∥∫
G

dµ(x)f(x)

∥∥∥∥ ≤ ∫
G

‖f(x)‖d|µ|(x).

Definition 1.1. [6] Let G be a locally compact group, 1 < p < ∞ A bounded operator
T : Lp(G,Mn) −→ Lp(G,Mn) is called a matrix valued left p-convolution operator of G if T (af) =a

T (f) for every a ∈ G and f ∈ Lp(G,Mn). We denote the set of all matrix valued p-convolution
operators of G by LCVp(G,Mn). Similarly, we define the right p-convolution operator with entries
in Mn, if T (fa) = T (f)a for every a ∈ G and f ∈ Lp(G,Mn) and we denote the set of all such
operators by RCVp(G,Mn). We denote the space of matrix valued p-convolution operators by
CVp(G,Mn) that is LCVp(G,Mn) ∩RCVp(G,Mn).

For more details regarding to these form of Banach algebras and spaces, we refer to [7, 8].

2. Fourier transform and p-convolution operators

In this section, we consider Fourier transform of matrix valued functions, we suppose that G

is a locally compact abelian group with the Haar measure mG and by Ĝ, we denote the dual of G.

Following [2, Section 3. §3], for π ∈ Ĝ, µ ∈M(G,Mn) and f ∈ L1(G,Mn), we define their Fourier
transforms by

(7) µ̂(π) =

∫
G

π
(
x−1

)
dµ(x),

and

(8) f̂(π) =

∫
G

f(x)π
(
x−1

)
dmG(x).

Also,

(9) µ̂ ∗` f = µ̂f̂ and f̂ ∗ µ = f̂ µ̂,

for every µ ∈ M(G,Mn) and f ∈ L1(G,Mn). We denote by Mn,2 the vector space Mn equipped
with the Hilbert-Schmidt norm and we also consider L2(G,Mn,2) as a Hilbert space with inner

product 〈·, ·〉. For every f ∈ L1(G,Mn,2) ∩ L2(G,Mn,2), by [2, Lemma 3.3.9], ‖f̂‖2 = ‖f‖2 and

there is a unique continuous map F : L2(G,Mn,2) −→ L2(Ĝ,Mn,2) such that F(f) = f̂ . Similar

to [4, Definition 1.3.2], for φ ∈ L∞(Ĝ,Mn), we define

(10) ΛĜ(φ)(f) = F−1 (φF(f)) , (f ∈ L2(G,Mn,2)).

We now give a result similar to [4, Theorem 1.3.2] as follows:

Theorem 2.1. Let G be a locally compact abelian group. Then ΛĜ is an isometric ∗-isomorphism

from L∞(Ĝ,Mn) onto CV2(G,Mn).
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Proof. By a similar argument in the proof of [4, Theorem 1.3.2], ΛĜ is an algebraic homo-

morphism i.e., for every φ, ψ ∈ L∞(Ĝ,Mn) and f ∈ L2(G,Mn,2),

(11) ΛĜ(φψ)(f) = ΛĜ(φ)
(
ΛĜ(ψ)(f)

)
.

Also, it is injective and for φ ∈ L∞(Ĝ,Mn) and f, g ∈ L2(G,Mn,2),

〈g,ΛĜ(φ∗)(f)〉 = 〈g,F−1 (φ∗F(f))〉 = 〈F(g), φ∗F(f)〉
= 〈g,ΛĜ(φ)∗(f)〉.

This shows that ΛĜ is a ∗-homomorphism. Let T ∈ CV2(G,Mn) and define S(f) = F
(
T
(
F−1(f)

))
,

for every f ∈ L2(Ĝ,Mn,2). Moreover, for any g ∈ L1(G,Mn)
On the other hand, every ∗-homomorphism between C∗-algebras is an isometry, thus, ΛĜ

is an isometry. Denote by ıG the canonical map of G onto
̂̂
G. For every a ∈ G, π ∈ Ĝ and

f ∈ L2(G,Mn,2),

F (af) (π) =

∫
G

f(ax)π(x−1)dmG(x) =

∫
G

f(x)π(x−1)π(a)dmG(x)

= π(a)

∫
G

f(x)π(x−1)dmG(x) = ıG(a)(π)F (f) (π)

= (ıG(a)F (f)) (π).(12)

One can identify L∞(Ĝ,Mn) as a C∗-subalgebra of B(L2(G,Mn,2). Then µ̂ ∈ L∞(Ĝ,Mn).
Then by (9) and (12), we have

a

(
ΛĜ(µ̂)(f)

)
= a

(
F−1 (µ̂F(f))

)
=a

(
F−1 (F(µ ∗` f))

)
=a (µ ∗` f)

= µ ∗` af = F−1 (F(µ ∗` af)) = F−1 (µ̂F(af))

= ΛĜ(µ̂)(af),(13)

for every a ∈ G, f ∈ L2(G,Mn,2) and µ̂ ∈ L∞(Ĝ,Mn). Similarly, we have

(14)
(
ΛĜ(µ̂)(f)

)
a

= ΛĜ(µ̂)(fa),

for every a ∈ G, f ∈ L2(G,Mn,2) and µ̂ ∈ L∞(Ĝ,Mn). Thus ΛĜ(µ̂) is in CV2(G), for every

µ̂ ∈ L∞(Ĝ,Mn). �

Similar to (10), for every φ ∈ L∞(Ĝ,Mn), we define

(15) ΘĜ(φ)(f) = F−1 (F(f)φ) , (f ∈ L2(G,Mn,2)).

Similar to Theorem 2.1, we have the following result for ΘĜ.

Theorem 2.2. Let G be a locally compact abelian group. Then ΘĜ is an isometric ∗-anti-

isomorphism from L∞(Ĝ,Mn) onto CV2(G,Mn).

Proof. For every φ, ψ ∈ L∞(Ĝ,Mn) and f ∈ L2(G,Mn,2),

ΘĜ(φψ)(f) = F−1 (F(f)φψ) = F−1 ((F(f)φ)ψ) = F−1
(
F
(
ΘĜ(φ)(f)

)
ψ
)

= ΘĜ(ψ)
(
ΘĜ(φ)(f)

)
.

Thus, ΘĜ is an anti-homomorphism. Also, similar to ΛĜ one can show that ΘĜ is a ∗-map and
consequently, it is a ∗-anti-homomorphism between C∗-algebras. This implies that it is an isometry.
By (9), similar to the relations (13) and (14), we obtain for ΘĜ. Hence it is in CV2(G). �

Following [2], for any f ∈ Lp(G,Mn) and the scalar valued map ∆ (the modular function of
G), the product f(x)⊗∆(y) is given by

(16) f(x)⊗∆(y) =

 f11(x)∆(y) · · · f1n(x)∆(y)
...

. . .
...

fn1(x)∆(y) · · · fnn(x)∆(y)
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Theorem 2.3. Let π be a unitary representation of G. Then, for all f, g ∈ L1(G,Mn),

π(f ∗ g) =

∫
G

(f ∗ g)(x)⊗ π(x)dmG(x)

satisfies the following

(i) π(f ∗ g) = π(f)π(g).
(ii) π(x)⊗ π(f) = π(`xf) and π(f)⊗ π(x) = ∆(x−1)⊗ π(rx−1f).

Proof. For any f, g ∈ L1(G,Mn),

π(f ∗ g) =

∫
G

∫
G

f
(
xy−1

)
g(y)dmG(y)dmG(x)

=

∫
G

∫
G

f(y)g(x)⊗ π(x)π(y)dmG(y)dmG(x)

=

∫
G

∫
G

(f(y)⊗ π(x))(g(x)⊗ π(y))dmG(y)dmG(x)

=π(f)π(g).

The case (ii) by a similar calculations holds. �

Theorem 2.4. Let π be a unitary representation of G. Then, for all f, g ∈ L1(G,Mn),

π(f ∗` g) =

∫
G

(f ∗` g)(x)⊗ π(x)dmG(x)

satisfies the following equality
π(f ∗` g) = π(f)π(g).
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Abstract. One of the main problems in frame theory is investigation of frame properties of

sequences in a Hilbert space H obtained by iterates of operators on the form {Tkφ}k∈N0
,

where the operator T : H → H belongs to certain classes of linear operators and the element φ

belongs to H. In this note, we discuss the size of the set of such elements.
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1. Introduction

The system of iterations {T kφ}k∈N0 , where T is a bounded linear operator on a separable
Hilbert space H and φ ∈ H, the so-called dynamical sampling problem is a relatively new research
topic in Harmonic analysis. This topic has been studied since the work of Aldroubi and Petrosyan
[1] for some new results concerning frames and Bessel systems, see for example Aldroubi et al. [2]
to study dynamical sampling problem in finite dimensional spaces. Christensen et al. [5, 6, 7]
studied some properties of systems arising via iterated actions of operators and also, frame proper-
ties of operator orbits. For more details, we refer to [1, 3, 4]. Let {fk}k∈N is a frame for H which
spans an infinite dimensional subspace. A natural question to ask is whether there exists a linear
operator T such that fk+1 = Tfk, for all n ∈ N? In [7] it was proved that such an operator exists
if and only if the frame {fk}k∈N is linearly independent; also, T is bounded if and only if the kernel
of the synthesis operator of {fk}k∈N is invariant under the right shift operator on `2(N), in the
affirmative case, {fk}k∈N = {T kf1}k∈N0

. In this note, necessary conditions for the frame {fk}k∈N
to have a representation of the form {T kf1}k∈N0 is discussed (Proposition 2.1, below). Note that
the problem considered in this note is of some interest from other points of view. Indeed, assuming
that the system {T kf1}k∈N0

is a frame for H. It is natural to ask for a characterization of V(T ):
the set of all φ ∈ H such that {T kφ}k∈N0

is a frame for H. In [6], V(T ) is obtained by applying

all invertible operators from the set of commutant T
′

of T to φ. In this note we discuss the size of
the set V(T ) (Theorem 2.2, below).

Throughout this note, let H be a separable Hilbert spaces. We denote by B(H) the set of all
bounded linear operators on H, the index set is the natural set N and N0 := N ∪ {0}.

Definition 1.1. [4] A sequence of vectors {fk}k∈N inH is a frame forH if there exist constants
A,B > 0 so that

A ‖ f ‖2≤
∑
k∈N
| 〈f, fk〉 |2≤ B ‖ f ‖2 ,(1)

for all f ∈ H.

It follows from the definition that if {fk}k∈N is a frame for H, then

span{fk}k∈N = H .(2)

The sequence {fk}k∈N is a Bessel sequence if at least the upper condition in (1) holds. If {fk}k∈N
is a Bessel sequence, the synthesis operator is defined by

U : `2(N)→ H; U{ck}k∈N0 =
∑
k∈N

ckfk ;
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it is well known that U is well-defined and bounded. The availability of the representation
{fk}k∈N = {T kf1}k∈N0

is characterized in [7]:

Proposition 1.2. Consider any sequence {fk}k∈N in H for which span{fk}k∈N is infinite-
dimensional. Then the following are equivalent:

(i) {fk}k∈N is linearly independent.
(ii) There exists a linear operator T : span{fk}k∈N → H such that {fk}k∈N = {T kf1}k∈N0

.

2. Main results

For a given operator T ∈ B(H), let

V(T ) :=
{
φ ∈ H : {T kφ}k∈N0

is a frame for H
}
.

We state necessary conditions for the frame {fk}k∈N to have a representation of the form
{T kf1}k∈N0

:

Proposition 2.1. Let {fk}k∈N be a frame for H of the form {T kf1}k∈N0 , for some linear
operator T ∈ B(H). Then the adjoint operator T ∗ is not power bounded, i.e., supk∈N0

‖(T ∗)k‖ =
∞ .

Proof. it is enough to show that, for every φ ∈ H\{0} and a sequence {nk}k∈N of positive
integers:

lim
k→∞

‖(T ∗)nkφ‖ =∞ .

Suppose not. That is, there exists 0 6= φ ∈ H, M > 0 and {nkj}j∈N subsequence of {nk}k∈N such
that

‖(T ∗)nkj φ‖ ≤M, j = 1, 2, · · · .(3)

Therefore, {‖(T ∗)nkj φ‖}j∈N is bounded and so is span{‖(T ∗)nkj φ‖}j∈N.
Since {T kf1}k∈N0

is a frame for H, it is well-known that {Tnkjf1}j∈N is a frame for closed subspace
V := span{Tnkjf1}j∈N ∪{φ} of H. Without loss of generality, we can assume that ‖ϕ‖ = 1. Since
{Tnkjf1}j∈N ∪ {φ} is dense in V , thus

span{〈Tnkj f1, φ〉}j∈N = span{〈f1, (T ∗)nkj φ〉}j∈N ,

must be dense in F (the scalar field of the closed subspace V of H); because for any α ∈ F, we have
αϕ ∈ V , so there exists a sequence of positive numbers {mkj

}j∈N such that
∑∞

j=1 cjT
mkj f1 → αϕ.

Hence, 〈 ∞∑
j=1

cjT
mkj f1, ϕ

〉
→ 〈αϕ,ϕ〉, or

∞∑
j=1

cj〈Tmkj f1, ϕ〉 → α,

that is,

span{〈Tmkj f1, ϕ〉}j∈N = span{〈f1, (T ∗)mkj φ〉}j∈N = F.

Thus given ε > 0 there exists a positive integer N ∈ N such that for any j > N , we obtain∣∣∣∣∣∣
mj∑
j=1

cj〈Tnkj f1, ϕ〉 − α

∣∣∣∣∣∣ < ε,
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and then

|α| <

∣∣∣∣∣∣
mj∑
j=1

cj〈f1, (T ∗)mkjϕ〉

∣∣∣∣∣∣+ ε

=

∣∣∣∣∣∣〈f1,
mj∑
j=1

cj(T
∗)mkjϕ〉

∣∣∣∣∣∣+ ε

≤ ‖f1‖‖
mj∑
j=1

cj(T
∗)mkj ‖+ ε.

But this contradicts with the boundedness of span{‖(T ∗)nkjϕ‖}j∈N, so the proof is complete.
�

Let T ∈ B(H) be an operator for which there exists some f0 ∈ H such that {Tnf1}n∈N0 is
a frame for H. A natural question to ask is whether there exist other vectors φ ∈ H for which
{T kφ}k∈N0

also is a frame for H. The answer of this question is already given in [6]. In the
following theorem we consider another viewpoint of this question; we discussed the size of the set
of vectors φ ∈ H for which {Tnφ}n∈N0

is a frame for H.

Proposition 2.2. Let T ∈ B(H). Assume that T is invertible. Then

V(T ) =
⋂

f∈V(T ),k∈N

B(f, k),

where,

B(f, k) =
⋃

n∈N0

{φ ∈ H : ‖Tnφ− f‖ < 1

k
}.

Proof. For any f ∈ V(T ), it is clear that T ∈ E(H). Now, let Bf,k’s are open balls centered
at f ∈ V(T ) and with radius 1

k , (k ∈ N). Then by continuity, for any n ∈ N0,

(Tn)−1Bf,k = {φ ∈ H : ‖Tnφ− f‖ < 1

k
},

is open in H. Therefore, for any k ∈ N,

B(f, k) :=
⋃

n∈N0

(Tn)−1Bf,k,

is open in H.

claim:

V(T ) =
⋂

f∈V(T ), k∈N

B(f, k).

Let φ ∈ V(T ). Then, for any f ∈ V(T ) and any k ∈ N, there exists n ∈ N0 such that, Tnφ ∈ Bf,k,
that is, φ ∈ (Tn)−1Bf,k. Therefore, φ ∈

⋂
k∈N

⋃
n∈N0

(Tn)−1Bf,k, that is, φ ∈
⋂

k∈N B(f, k), for

any f ∈ V(T ).
Conversely, let φ ∈

⋂
f∈V(T ),k∈N B(f, k), then for any f ∈ V(T ) and any k ∈ N, φ ∈ B(f, k).

That is, for any f ∈ V(T ) and any k ∈ N, there exists m ∈ N0 such that φ ∈ (Tm)−1Bf,k, or
Tmφ ∈ Bf,k. Now it clear that, for k ∈ N sufficiently large, Bf,k ⊂ V(T ), therefore, Tmφ ∈ V(T ),
and then the system {Tn(Tmφ)}n∈N0 is a frame of H. By adding of a finite elements of points
{φ, Tφ, · · ·Tm−1φ} to the system {Tn(Tmφ)}n∈N0

, we have the system {Tnφ}n∈N0
which is a frame

for H, that is, φ ∈ V(T ), and this completes the proof. �
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Let

E(H) :=
{
T ∈ B(H) : {T kφ}k∈N0

is a frame for H, for some φ ∈ H
}
.

It is clear that E(H) cannot be dense in B(H) with respect to the norm topology. Indeed,
by Prop. 2.2. in [5], every operator T ∈ E(H) has norm greater or equal than 1. So, the norm
topology is not always the most natural topology on B(H). It is often more useful to consider the
weakest topology on B(H), so-called the strong operator topology, it is defined by the family of
seminorms {ph : h ∈ H}, where ph(T ) = ‖Th‖. We conclude this note by raising the following
question.

Question. For T ∈ B(H), pick c = ‖T‖+ α, (α > 0) and replace the norm topology by the
strong operator topology. What can we say for the size of the set of all operators in E(H) with
the norm of at most c?
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Abstract. In this paper, we study and investigate Connes amenability for l1-Munn algebra

LM(A;P, I, J) where A is a Banach algebra, I and J are nonempty sets and P is invertible

matrix. Then we use the obtained results to semigroup algebras l1(S) that S is a semigroup.

Also, we prove that if S is a weakly cancellative semigroup and l1(S) be Connes amenable then

the idempotents set of S will be finite.

Keywords: Connes amenability, Banach algebras, l1-Munn algebras, semigroup
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1. Introduction

l1-Munn algebras are introduced by Eslamzadeh in [2]. Eslamzadeh characterized amenable
semigroup algebras by l1-Munn algebras. In [5], Munn introduced a certain type of mentioned
algebras. l1-Munn algebras has been investigated in some texts. For instance, Blackmore showed
the l1-Munn algebra of the group algebra l1(G) is weakly amenable. Also, the structure of this
algebras studied by Eslamzadeh in [3]. On the other hand, the authors in [1] used the l1-Munn
algebras to study of semigroup algebras of completely simple semigroups. We know that special
concept of amenability was called Connes amenability In [6], Runde extended the notion of Connes-
amenability to dual Banach algebras. For a locally compact group G, the group algebra l1(G) and
the measure algebra M(G) are two examples of dual Banach algebras. Runde introduced normal,
virtual diagonals for a dual Banach algebra and showed that the existence of a normal virtual
diagonal for M(G) is equivalent to it being Connes amenable. In particular, l1(G) is amenable
if and only if l1(G) is Connes amenable. In this paper we investigate the semigroup algebra of a
weakly cancellative semigroup in theorem of Runde. Also, the concept of Connes amenability of
l1-Munn algebras is investigated. We apply the l1-Munn algebras to study of Connes amenability
of mentioned semigroup algebras.

2. Main results

Let A be a dual Banach algebra such that (A∗)∗ = A. A dual Banach A-bimodule X is called
normal Banach A-bimodule if for each x ∈ X, the maps a → a.x, a → x.a are ω∗-continuous
(a ∈ A).

Now, in the following we present some definitions.

Definition 2.1. Let A = (A∗)∗ be a dual Banach algebra and X be a Banach A-bimodule.
The linear bounded map D : A → X is called derivation if for every a, b ∈ A we have D(ab) =
D(a).b + a.D(b). We say D is inner derivation if there exists x ∈ X such that for every a ∈ A,
D(a) = a.x− x.a. In this case we denote D by adx.

Let A be a Banach algebra and X be a Banach A-bimodule. A is called amenable if every
derivation D : A → X∗ is inner.

Definition 2.2. Let A = (A∗)∗ be a dual Banach algebra and X be a normal dual Banach
A-bimodule. A is called Connes amenable if every ω∗-continuous derivation D : A → X is inner.
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Remark 2.3. Let X be a Banach A-bimodule. An element x ∈ X is called ω∗-weakly contin-
uous if the module maps a → x.a, a → a.x are ω∗-weak continuous (a ∈ A). The collection of all
ω∗-weakly continuous elements of X is denoted by σwc(X). We define the map π : A⊗̂A → A by
π(a ⊗ b) = ab, (a, b ∈ A). Then we have π∗ : A∗ → σwc((A⊗̂A)∗). Consequently, π∗∗ drops to a
homomorphism πσwc : σwc((A⊗̂A)∗)∗ → A.

Definition 2.4. An element M ∈ σwc((A⊗̂A∗)∗) is called a σwc-virtual diagonal for A, if
M.u = u.M for every u ∈ A and u.πσwc(M) = u for every u ∈ A.

It is shown that Connes amenability of Banach algebra A is equal to existence a σwc-virtual
diagonal for A.

Definition 2.5. Let A be a unital Banach algebra, let I 6= ∅, J 6= ∅ be arbitrary sets and
P = (pij) ∈ MJ×I(A) be a matrix such that ‖ P ‖∞= sup{‖ pji ‖: j ∈ J, i ∈ I} ≤ 1. The set
MI×J(A) of all I × J matrices a = (aij) on A with l1-norm and the product A • B = APB,
(A,B ∈MI×J(A)) is a Banach algebra that is called l1-Munn algebra on A with sandwich matrix
P . In this case l1-Munn algebra is denoted by LM(A;P, I, J) [2].

The following statements are from [2].
A semigroup S is called regular if for every a ∈ S there is b ∈ S such that a = aba. S is an inverse
semigroup if for every a ∈ S there is a unique a∗ ∈ S such that aa∗a = a and a∗aa∗ = a∗. Let
G be a group, I 6= ∅ and J 6= ∅ be arbitrary sets, and G0 = G ∪ {0} be the group with zero
arising from G by adjunction of a zero element. An I × J matrix A over G0 that has at most one
nonzero entry a = A(i, j) is called a Rees I×J matrix over G0 and is denoted by (a)ij . Let P be a
J × I matrix over G0. The set S = G× I ×J with the composition (a, i, j) ◦ (b, l, k) = (aPjlb, i, k),
(a, i, j), (b, l, k) ∈ S is a semigroup that we denote by M(G,P ) [4, p. 68]. Similarly if P is a
J × I matrix over G0, then S = G × I × J ∪ {0} is a semigroup under the following composition
operation:

(a, i, j) ◦ (b, l, k) =

{
(aPjlb, i, k); Pjl 6= 0

0; Pjl = 0

(a, i, j) ◦ 0 = 0 ◦ (a, i, j) = 0 ◦ 0 = 0

Mentioned semigroup which is denoted by M0(G,P ) also can be described in the following way:
The set of all Rees I × J matrices over G0 form a semigroup under the binary operation A •B =
APB, which is called the Rees I × J matrix semigroup over G0 with the sandwich matrix P and
is isomorphic toM0(G,P ) [4, pp. 61-63]. An I ×J matrix P over G0 is called regular (invertible)
if every row and every column of P contains at least (exactly) one nonzero entry.

Already in[2], Esslamzadeh shows that if LM(A;P, I, J) is amenable then A is amenable,
I 6= ∅ and J 6= ∅ are finite and P is invertible. In the following theorem we investigate this
subject for Connes amenablility of a Banach algebra.

Theorem 2.6. Let A be a dual Banach algebra and LM(A;P, I, J) be Connes amenable. Then
A is Connes amenable, moreover the sets I and J are finite and matrix P is invertible.

Proof. Let LM(A;P, I, J) be Connes amenable. Thus it has a bounded approximate identity.
By applying [2, Lemma 3.7], we implise that I and J are finite sets. So, P must be invertible.
For prove Connes amenability of A, it is sufficient that suppose X = (X∗)

∗ be a normal Banach
A-bimodule and D : A → X be a ω∗-continuous derivation. We show that D is inner. �

If in the above theorem, A has an identity element then we conclude the following corollary.

Corollary 2.7. Let A be a Connes amenable unital dual Banach algebra, I and J are finite
sets and P is invertible matrix. Then Banach algebra LM(A;P, I, J) is Connes amenable.

Proof. Without losing the generality let |I| = |J | = n. Suppose that X be a normal Banach
LM(A; In, I, J)⊗̂A-bimodule and D : LM(A; In, I, J)⊗̂A → X be a ω∗-continuous derivation.
Now, we define the right and left module actions on A, then we prove that D is inner. This
complete the proof. �
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Let S be a semigroup. We say that S is cancellative semigroup, if for every r, p 6= q ∈ S we
have rs 6= rq and pr 6= qr.

An element e ∈ S is called an idempotent if e = e∗ = e2. For p ∈ S, we define Lp, Rp : S → S
by Lp(q) = pq,Rp(q) = qp; (q ∈ S). If for each p ∈ S, Lp and Rp are finite-to-one maps, in this
case S is named weakly cancellative. Suppose that S be a semigroup. S is called simple semigroup
if only ideal in S is itself. S is called completely simple semigroup if it is simple and contain a
principle idempotent.

Lemma 2.8. Let S be a weakly cancellative semigroup and let l1(S) be Connes amenable unital
semigroup algebra. Then the idempotents set S is finite.

Theorem 2.9. Let G be a group and S be a weakly cancellative semigroup and let l1(S)
be Connes amenable unital semigroup algebra. Then S is a Rees matrix semigroup of the form
S =M(G;P, I, J) and l1-Munn algebra LM(l1(G);P, I, J) has an identity.

Proof. By above lemma, S is a simple semigroup with finite idempotents set, thus S is a com-
pletely simple semigroup. Therefore, S is a Rees matrix semigroup of the form S =M(G;P, I, J).
This complete the proof. �

Theorem 2.10. Let S be a weakly cancellative semigroup with finite idempotents set. Let l1(S)
be an unital semigroup algebra. Moreover, suppose that S be a Rees matrix semigroup of the form
S =M(G;P, I, J). If l1(S) is Connes amenable then l1(S) is amenable and vice versa.

Proof. If l1(S) is Connes amenable then by Theorem 2.6 and [2] the proof is clearly. The
converse follows directly from the above theorem. �
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Abstract. In this paper, we investigate biprojectivity and biflatness of a bi-amalgamated Ba-

nach algebra A �Θ X which depends on the Banach algebras A and X, and X is an algebraic

Banach A-module and Θ : X ×X → A is a bounded bilinear map that is compatible with the
A-module operations of X.

Our results extend several results in the literature and provide simple direct proofs for

some known results. In particular, we characterize the biprojectivity and biflatness of certain

classes of the module extension Banach algebras and generalized matrix Banach algebras.
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1. Introduction

Let A be a Banach algebra and ∆A : A⊗̂A → A be the diagonal operator induced by the
multiplication of A, where A⊗̂A stands for the projective tensor product of A by itself. Then A
is called biprojective if ∆A : A⊗̂A → A has a bounded right inverse ρA : A → A⊗̂A which is an
A-bimodule map. A Banach algebra A is said to be biflat if the adjoint ∆∗

A : A∗ → (A⊗̂A)∗ of
∆A has a bounded left inverse λA∗ : (A⊗̂A)∗ → A∗ which is an A-bimodule map. Taking adjoints
implies that every biprojective Banach algebra is biflat. These homological notions initiated and
studied by Helemskii [2].

Let A,X be two Banach algebras and let X be a Banach A-module such that:

(i) X is an algebraic Banach A-module, that is,

a(xy) = (ax)y, (xy)a = x(ya), x(ay) = (xa)y (a ∈ A, x, y ∈ X), and

(ii) Θ : X × X → A is a bounded bilinear mapping which is compatible with the module
operations and the multiplication of X in the sense of the following identities:

aΘ(x, y) = Θ(ax, y),Θ(x, y)a = Θ(x, ya),Θ(xa, y) = Θ(x, ay),

Θ(xy, z) = Θ(x, yyz),Θ(x, y)z = xΘ(y, z) (a ∈ A, x, y ∈ X).

Then the `1-direct sum A × X equipped with the pointwise vector space operations and the
multiplication

(a, x)(b, y) = (ab+ Θ(x, y), ay + xb+ xy) (a, b ∈ A, x, y ∈ X),

is a Banach algebra. We call this Banach algebra a bi-amalgamated Banach algebra with respect
to Θ and we denote it by A �Θ X. This Banach algebra firstly introduced in [4] where many
important properties such as n-weak amenability, topological centers and the ideal structure have
been studied.
The main examples of bi-amalgamated Banach algebras are (generalized) module extension Banach
algebras, Lau product Banach algebras and generalized matrix Banach algebras.

The main results of this paper concerning biprojectivity and biflatness of A �Θ X. We show
that there is a close relation between the biprojectivity (resp. biflatness) of A�Θ X and that of A
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and X. We also apply our result to the certain examples of bi-amalgamated Banach algebras to
give a simple direct proof for some older known results.

2. Biprojectivity and biflatness of A�Θ X

In this section we first investigate the relation between biprojectivity of A �Θ X and that of
A and X and then we seek the same for the biflatness of A�Θ X.

2.1. Biprojectivity of A�Θ X. We commence with the following result.

Theorem 2.1. Let A and X be biprojective. Let X be unital with 1Xa = a1X for all a ∈ A, and
let there exist bounded linear maps ν : X → X and µ : X → A and a homomorphism η : A → A
satisfying the following conditions:

(i) Θ(1Xη(a), 1Xη(b)) = 0;
(ii) µ(xy) = µ(x)µ(y) + Θ(ν(x), ν(y)) and ν(xy) = ν(x)ν(y) + ν(x)µ(y) + µ(x)ν(y);
(iii) aν(1X) = 1Xη(a), xµ(1X) + xν(1X) = x,Θ(x, ν(1X)) = 0 and η(a) + aµ(1X) = a,

for every a, b ∈ A and x, y ∈ X. Then for G = A �Θ X there exists a bounded linear map
ρG : G→ G⊗̂G with ∆G ◦ ρG = idG. In adition if

(iv) There exists a homomorphism K : A→ A such that Θ(x, 1XK(a)) = 0 = Θ(1XK(a), x),
for all x ∈ X, a ∈ A,

(v) The involved A-bimodule map ρA satisfies the condition ρA ◦Θ = 0, and
(vi) The involved X-bimodule map ρX satisfies the identity (U⊗̂U) ◦ ρX(1X)g = g(U⊗̂U) ◦

ρX(1X) for all g ∈ G, where U : X → G is defined by U(x) = (µ(x), ν(x)) for each x ∈ X,
then G is biprojective.

The following result studies the converse direction of Theorem 2.1.

Theorem 2.2. Suppose that G = A�Θ X is biprojective. Then,

(1) If there are A-bimodule maps S : X → A,L : A → X,K : A → A and T : A → A such
that T is also a homomorphism satisfying

(i) S(x)S(y) = S(xy) + T (Θ(x, y)),
(ii) S(x)T (a) = S(xa) and T (a)S(x) = S(ax), and
(iii) T ◦K + S ◦ L = idA,
for every a, b ∈ A and x, y ∈ X, then A is biprojective.

(2) If there are bounded linear maps U : A → X,V : X → X,µ : X → A and ν : X → X
satisfying

(i) U is a homomorphism, V (ax) = U(a)V (x), V (xa) = V (x)U(a) and
V (x)V (y) = V (xy) + U(Θ(x, y)),

(ii) U ◦ µ+ V ◦ ν = idX ,
(iii) Θ(ν(x), y) = µ(xy) = Θ(x, ν(y)), xµ(y) + xν(y) = ν(xy) = µ(x)y + ν(x)y, and
(iv) V (x)y = U(Θ(x, y)) + V (xy) = xV (y), V (xa) = xU(a), V (ax) = U(a)x,
for every x, y ∈ X and a ∈ A, then X is biprojective.

If we use Theorems 2.1 and 2.2 for the special case Θ = 0, we arrive at the following result for
the generalized module extension Banach algebra A ./ X which has already proved by Ettefagh
[1].

Corollary 2.3 ([1, Theorems 3.1, 3.2]). Suppose that there exists a homomorphism U : A→
X such that U(a)x = ax, xU(a) = xa, for all a ∈ A, x ∈ X, (In particular, U(a) = 1Xa (a ∈ A),
when X is unital with 1Xa = a1X for all a ∈ A). Then A ./ X is biprojective if and only if A and
X are biprojective.

Example 2.4. Here we presents some special examples illustrating Theorems 2.1 and 2.2. Let
A be a Banach algebra equipped with the multiplication π, which is also considered as a Banach
A-module under its own multiplication. Then we have:
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(i) If A is biprojective and unital, then for G = A �π A there exists a G-bimodule map ρG
such that ∆G ◦ ρG = idG.

(ii) If A�2π A is biprojective, then so is A.
(iii) If A�π A0 , (A0 stands for A with the zero multiplication) is biprojective, then so is A.

2.2. Biflatness of A�Θ X. We now investigate the biflatness of A�Θ X. For this purpose
we need the following straightforward lemma.

Lemma 2.5. Set G = A�Θ X.

(1) Let T : A → A and S : A → X be A-bimodule maps which are also homomorphisms
and define ψ : A → G by the role ψ(a) = (T (a), S(a)) (a ∈ A). If Θ(X,S(A)) = 0 =
Θ(S(A), X), T (a)x = −S(a)x and xT (a) = −xS(a), for all x ∈ X and a ∈ A. Then
(i) ψ is A-bimodule map and a homomorphism.

(ii) (ψ⊗̂ψ)∗ ◦∆∗
G = ∆∗

A ◦ ψ∗.
(iii) (ψ⊗̂ψ)∗(ξ(a, x)) = (ψ⊗̂ψ)∗(ξ)a and (ψ⊗̂ψ)∗((a, x)ξ) = a(ψ⊗̂ψ)∗(ξ), for every (a, x) ∈

G and ξ ∈ (G⊗̂G)∗.
(2) Let KX : X → G be an A-bimodule map and a homomorphism and let V : A → X be a

bounded linear map satisfying V (a)x = ax and xV (a) = xa, for all a ∈ A, x ∈ X. Define
φ : G→ X by by the role φ(a, x) = x+ V (a) (a ∈ A, x ∈ X). Then
(i) (KX⊗̂KX)∗ ◦∆∗

G = ∆∗
X ◦K∗

X .
(ii) (KX⊗̂KX)∗(ξ(a, x)) = (KX⊗̂KX)∗(ξ)φ((a, x)) and

(KX⊗̂KX)∗((a, x)ξ)) = φ((a, x))(KX⊗̂KX)∗(ξ) for all (a, x) ∈ G, ξ ∈ (G⊗G)∗.

For G = A �Θ X, let PA : G → A and PX : G → X be the usual projections on A and X,
respectively and let JA : A→ G and JX : X → G be the canonical injections.

In the next result we study some conditions under which the biflatness of A and X induce a
left inverse for ∆∗

G.

Theorem 2.6. Suppose that A and X are biflat. If T, S and KX are as in Lemmas 2.5
satisfying the additional conditions

T−PA◦KX ◦S = idA, PX ◦KX−S◦PA◦KX = idX , S = PX ◦KX ◦S, and PA◦KX = T ◦PA◦KX .

Then for G = A�ΘX there exists a bounded linear map λG∗ : (G⊗̂G)∗ → G∗ such that λG∗ ◦∆∗
G =

idG∗ .

Investigating on the reverse direction of Theorem 2.6, we arrive at the next result.

Theorem 2.7. Suppose that G = A �Θ X is biflat. If qA : G → A, KA : A → G are A-
bimoule maps and qX : G → X and KX : X → G are X-bimodule maps such that qA and qX are
homomorphisms satisfying the identities qA ◦KA = idA and qX ◦KX = idX . Then A and X are
biflat.

We apply Theorems 2.6 and 2.7 for the generalized module extension Banach algebra A ./ X
which has already studied by Ettefagh [1].

Corollary 2.8 ([1, Theorems 4.1, 4.2]). Suppose that there exists a homomorphism U : A→
X such that U(a)x = ax, xU(a) = xa, for all a ∈ A, x ∈ X, (In particular, U(a) = 1Xa (a ∈ A),
when X is unital with 1Xa = a1X for all a ∈ A). Then A ./ X is biflat if and only if A and X
are biflat.

As consequences of Corollaries 2.3 and 2.8 we get the following results.

Corollary 2.9. Let A and B be two Banach algebras. Then

(i) the bi-amalgamated Banach algebra A ./ A is biflat (resp. biprojective) if and only if A
is biflat (resp. biprojective).

(ii) the `1-direct product A⊕B is biflat (respr. biprojective) if and only if A and B are biflat
(resp. biprojective).
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We also obtain the following result concerning the biprojectivity and biflatness of the τ -Lau
product Banach algebra A τ×B which already proved by Khodami and Ebrahimi Vishki [3].

Corollary 2.10 ([3, Theorem 1]). Let A and B be two Banach algebras such that B is unital
and τ ∈ σ(A). Then A τ× B is biflat (resp. biprojective) if and only if A and B are biflat (resp.
biprojective).

Corollary 2.11. Let G =
[ A M
N B

]
be a trivial generalized matrix Banach algebra such

that AM = M = MB and NA = N = BN. Then G is biflat (rep. biprojective) if and only if A
and B are biflat (resp. biprojective), M = 0 and N = 0.

As an immediate consequence of Corollary 2.11 we have the following result of Medghalchi and
Sattari [5] concerning the triangular Banach algebra.

Corollary 2.12 ([5, Theorem 2.2]). Let T =
[ A M

0 B

]
be a triangular Banach algebra

such that AM = M = MB. Then T is biflat (rep. biprojective) if and only if A and B are biflat
(resp. biprojective) and M = 0.
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Abstract. In this survey, we would use the categorical approach to Hilbert C∗-modules over

a commutative C∗-algebra to investigate the orthogonality preserving pair of maps on Hilbert

C∗-modules over a commutative C∗-algebra.
Suppose that Γ and Γ′ are two continuous fields of Hilbert spaces (Hz)z∈Z and (Kz)z∈Z on

a locally compact Hausdorff space Z. Let (Ψ,Φ) be an orthogonality preserving pair of C0(Z)-

module maps from Γ into Γ′. Then there exists a bounded complex-valued function φ on Z that
is continuous on ZΓ = {z ∈ Z : 〈x, x〉(z) 6= 0 for some x ∈ Γ} and satisfies

〈Ψ(x),Φ(y)〉 = φ · 〈x, y〉
on Z, for all x, y ∈ Γ.

Keywords: Orthogonality preserving maps, Hilbert C∗-modules, Continuouse field of Hilbert

spaces.

1. Introduction

The notion of orhogonality is initially associated with inner product spaces. Let
(
H, (·, ·)

)
be

an inner product space, two elements x, y ∈ H are said to be orthogonal if (x, y) = 0. For two
inner product spaces H and K, a mapping T : H −→ K is called orthogonality preserving, OP in
short, if it preserves orthogonality, that is if

∀x, y ∈ H : x ⊥ y =⇒ T (x) ⊥ T (y).

By [2], for a pair of linear mappings T, S : H −→ K between inner product spaces H and K.
The following conditions are equivalent, for some γ ∈ K ∈ {R,C}:

1. ∀x, y ∈ H : x ⊥ y ⇒ T (x) ⊥ S(y),

2. ∀x, y ∈ H :
(
T (x), S(y)

)
= γ(x, y).

Some authors generalized orthogonality preserving property to Hilbert C∗-modules [4, 6, 7].
Frank, Moslehian and Zamani in [3] studied orthogonality preserving pairs of maps on Hilbert
A-modules over standard C∗-algebra A. Recall that A is a standard C∗-algebra on a Hilbert space
H if K(H) ⊆ A ⊆ B(H). In fact, they prove if A is a standard C∗-algebra and Ψ,Φ : E −→ F
are two A-linear maps between Hilbert A-modules such that (Ψ,Φ) is an orthogonality preserving
pair, then there exists an element γ of the center Z(M(A)) of the multiplier algebra M(A) of A
such that

〈Ψ(x),Φ(y)〉 = γ · 〈x, y〉
for all x, y ∈ E.

In this survey, we cosider the above statement for Hilbert C∗-modules over a commutative C∗-
algebra. We use the fact that in the case of commutative C∗-algebras C0(Z), Hilbert C0-modules
are the same as continuous field of Hilbert spaces over a locally compact Hausdorff space Z.

We first recall some basic facts on these structures.

The notion of an inner product (respectively Hilbert) C∗-module is a generalization of a com-
plex inner product (respectively Hilbert) space in which the inner product takes its values in
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a C∗-algebra rather than in field of complex numbers. Hilbert C∗-modules are useful tools in
theory of operator algebra, operator K-theory and theory of operator spaces. A (left) Hilbert
C∗-module E over a C∗-algebra A is a left A-module equipped with an ”A-valued inner product”

A〈., .〉 : E×E −→ A such that the following conditions hold for all x, y, z ∈ E, a ∈ A and α, β ∈ C:

(i) A〈αx+ βy, z〉 = α A〈x, z〉+ β A〈y, z〉,
(ii) A〈ax, y〉 = a A〈x, y〉,

(iii) A〈x, y〉∗ = A〈y, x〉,
(iv) A〈x, x〉 ≥ 0, and A〈x, x〉 = 0 if and only if x = 0.

If E is complete with respect to the induced norm by the A-valued inner product, ‖x‖ = ‖A〈x, x〉‖
1
2 ,

x ∈ E, then E is called a (left) Hilbert C∗-module over A or, simply a Hilbert A-module (in the
sequel, we will omit the subscripts). Any C∗-algebra A is a Hilbert C∗-module over itself via
〈a, b〉 = ab∗ (a, b ∈ A). Note that the theory of inner product C∗-modules is quite defferent from
that of inner product spaces. As example, not any closed submodule of an inner product C∗-
modules is complemented. For a good introduction to Hilbert C∗-modules, we refer the reader to
book [5].

Let A be a C∗-algebra. Two elements x, y in an inner product A-module (E, 〈., .〉) are said
to be orthogonal if 〈x, y〉 = 0. Recall that a map Ψ : E −→ F , where E and F are Hilbert C∗-
modules, is said to be orthogonality preserving if 〈Ψ(x),Ψ(y)〉 = 0, whenever 〈x, y〉 = 0, x, y ∈ E.
Also two maps Ψ,Φ : E −→ F between Hilbert A-modules are said to be orthogonality preserving
if 〈Ψ(x),Φ(y)〉 = 0, whenever 〈x, y〉 = 0, x, y ∈ E.

Recall that a complex linear map Ψ : E −→ F between Hilbert A-module, is called an A-
module map if Ψ(ax) = aΨ(x) for all a ∈ A and x ∈ E.

In this survey, we would use the categorical approach to Hilbert C∗-modules over a commu-
tative C∗-algebra to investigate the orthogonality preserving pair of maps on Hilbert C∗-modules
over a commutative C∗-algebra. The categorical approach says that the category of (left) Hilbert
C∗-modules over a commutative C∗-algebra A = C0(Z) is equivalent to the category of continuous
fields of Hilbert spaces over a locally compact Hausdorff space Z [8].

2. Main results

Definition 2.1. Let Z be a locally compact Hausdorff space. Consider ((Hz)z∈Z ,Γ), where
(Hz)z∈Z is a family of Hilbert spaces and Γ is a subset of

∏
z∈Z Hz. Also, we set

C0 −
∏
z∈Z

Hz = {x ∈
∏
z∈Z

Hz : [z 7→ ‖x(z)‖] ∈ C0(Z)}.

The pair ((Hz)z∈Z ,Γ) satisfying the following properties is said to be a continuous field of Hilbert
spaces.

1) Γ is a linear subspace of C0 −
∏

z∈Z Hz.
2) The set {x(z) : x ∈ Γ} equals to Hz, for every z ∈ Z.
3) If x ∈ C0 −

∏
z∈Z Hz and for every z ∈ Z and every ε > 0 there is a x′ ∈ Γ such that

‖x(s)− x′(s)‖ < ε in some neighbourhood of z, then x ∈ Γ.

If there is no confusion, we denote a continuous field of Hilbert spaces ((Hz)z∈Z ,Γ) by Γ.
If Γ is a continuous field of Hilbert spaces, then the function z 7→ 〈x(z), y(z)〉 is an element of

C0(Z), for every x, y ∈ Γ. In fact, Γ is a (left) Hilbert C0(Z)-module equipped with the following
pointwise multiplication and C0(Z)-valued inner product

(f · x)(z) = f(z)x(z) & 〈x, y〉(z) = 〈x(z), y(z)〉,

for all f ∈ C0(Z), x, y ∈ Γ and z ∈ Z. Conversely, it is well known that every Hilbert C0(Z)-
module is isomorphic to one of this form [8]. In this survey, we set ZΓ = {z ∈ Z : 〈x, x〉(z) 6=
0 for some x ∈ Γ}.
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The following theorem is the main theorem, and we prove it after some lemmas.

Theorem 2.2. [1] Let Z be a locally compact Hausdorff space, and Γ and Γ′ be continuous
fields of Hilbert spaces (Hz)z∈Z and (Kz)z∈Z over Z. Let Ψ,Φ : Γ −→ Γ′ be two nonzero C0(Z)-
module maps that preserve orthogonality. Then there exists a bounded complex function φ on Z,
continuous on ZΓ, such that for all x, y ∈ Γ,

〈Ψ(x),Φ(y)〉 = φ · 〈x, y〉.
Moreover, if Im(Ψ) ⊆ Im(Φ) (or Im(Φ) ⊆ Im(Ψ)) then Ψ (or Φ) is bounded. In particular, if
Im(Ψ) = Im(Φ) then Ψ and Φ are both bounded.

Throughout this work Z is a locally compact Hausdorff space, and Γ and Γ′ are two continuous
fields of Hilbert spaces (Hz)z∈Z and (Kz)z∈Z on Z, respectively.

The following lemma determines the structure of C0(Z)-module maps between continuous field
of Hilbert spaces.

Lemma 2.3. [1] Let Ψ,Φ : Γ −→ Γ′ be two nonzero C0(Z)-module maps. For every z ∈ Z,
two maps Ψz,Φz : Hz −→ Kz defined by Ψz(x(z)) = (Ψ(x))(z) and Φz(x(z)) = (Φ(x))(z) are
well-defined and linear. Moreover, the C0(Z)-module maps Ψ and Φ are bounded if and only if
Ψz and Φz are bounded for all z ∈ Z and supz∈Z‖Ψz‖ < ∞ and also supz∈Z‖Φz‖ < ∞. Indeed,
supz∈Z‖Ψz‖ = ‖Ψ‖ and also supz∈Z‖Φz‖ = ‖Φ‖.

To achieve the main result, we first show that for every z ∈ Z, two nonzero linear maps
Ψz,Φz : Hz −→ Kz are orthogonality preserving between Hilbert spaces Hz and Kz. Therefore,
some results that hold in the setting of Hilbert spaces can be generalized to Hilbert C0(Z)-modules.

Lemma 2.4. [1] For every z ∈ Z, the linear maps Ψz,Φz : Hz −→ Kz are orthogonality
preserving.

Proof of the main theorem:
Now we have two linear maps Ψz,Φz : Hz −→ Kz are orthogonality preserving, then by [2,

Theorem 3.2], there exists a complex number γz such that for every h, h′ ∈ Hz, 〈Ψz(h),Φz(h′)〉 =
γz〈h, h′〉.

Now, we define φ : Z −→ C by

φ(z) =

{
0 Hz = {0}
γz Hz 6= {0}

Obviously, for every x, y ∈ Γ and z ∈ Z, we have〈
Ψ(x)(z),Φ(y)(z)

〉
= φ(z)〈x(z), y(z)〉.

The authors in [1] proved that the nonnegative complex-valued function φ is bounded on Z,
and continuos on ZE = {z ∈ Z : 〈x, x〉(z) 6= 0 for some x ∈ E}. Hence, φ ∈ Cb(ZΓ).

The following example show that a pair of orthogonality preserving maps need not be bounded.

Example 2.5. [1] Let H be a Hilbert space and T : H → H be a linear operator that is not
bounded. We define linear operators Φ,Ψ : H → H⊕H by Φ(h) = (T (h), 0) and Ψ(h) = (0, T (h)).
Clearly (Ψ,Φ) is an orthogonality preserving pair of linear operators, but Φ, and also Ψ, are not
bounded.

The following result is Corollary 3.7 in [7], and indeed it show that a C0(Z)-module map
Ψ : E −→ F between Hilbert C0(Z)-modules, under conditions, is a Cb(Z)+-scalar multiple of a
unitary.

Corollary 2.6. Suppose that E and F are two Hilbert C0(Z)-modules and Ψ : E −→ F is
an orthogonality preserving C0(Z)-module map. Then Ψ is bounded and there exists a bounded
nonnegative function φ on Z that is continuous on ZE and satisfies

〈Ψ(x),Ψ(y)〉 = φ · 〈x, y〉,
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for all x, y ∈ E. Moreover,
(i) if E is full, then ZE = Z and so φ ∈ Cb(Z)+,

(ii) if F is full and Ψ is surjective, then φ is a strictly positive element of Cb(Z)+ and so φ
1
2 Ψ

is unitary, i. e., Ψ is a Cb(Z)+-scalar multiple of a unitary.
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Abstract. For Banach algebra B and Banach B-bimodule A, the amalgamated of B along a
Banach B-bimodule A, i.e. A o B, was introduce by Javanshiri and Nemati [1]. In this pa-

per, for continuous endomorphisms σ, σ′ and τ, τ ′ on A and B respectively, we investigate the

((σ, τ), (σ′, τ ′))−amenability ofAoB, and also we study the relations between of ((σ, τ), (σ′, τ ′))−amenability
of A oB with similar concept on A and B.
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1. Introduction

Let A be a Banach algebra and X be a Banach A−bimodule. Then X∗, the dual space of X,
by thy following module actions is a Banach A−bimodule.

〈x∗ · a, x〉 = 〈x∗, a · x〉, 〈a · x∗, x〉 = 〈x∗, x · a〉,
for all a ∈ A, x ∈ X and x∗ ∈ X∗. The linear map d : A −→ X is derivation if d(aa′) =
a · d(a′) + d(a) · a′ for all a, a′ ∈ A. Also, for x ∈ X the derivation adx : A −→ X defined
by adx(a) = a · x − x · a called inner derivation and if for derivation d : A −→ X there exists
a net (xα) ⊆ X such that d(a) = lim

α
(a · xα − xα · a) for all a ∈ A, then d is an approximate

inner derivation. The set of all continuous derivations and inner derivations from A to Banach
A−bimodule X are denoted by Z1(A,X) and N1(A,X), respectively. Also, the quotient space
H1(A,X) = Z1(A,X)/N1(A,X) is first cohomology group of A with coefficients in X. The Banach
algebra A is called amenable if H1(A,X∗) = {0} for all Banach A−bimodule X. The concept of
amenability of Banach algebra was first introduced by Johnson [2] in 1972.

We recall that from [5], for any two bounded continuous endomorphisms σ and τ on Banach
algebra A, the linear map d : A −→ X is called (σ, τ)−derivation if

d(aa′) = σ(a) · d(a′) + d(a) · τ(a′),

for all a, a′ ∈ A. For any x ∈ X, the derivation adx : A −→ X defined via adx(a) = σ(a)·x−x·τ(a)
is called (σ, τ)−inner derivation for all a ∈ A. Similarly, the set of all continuous (σ, τ)−derivations
and (σ, τ)− inner derivations from A to X denoted by Z1

(σ,τ)(A,X) and N1
(σ,τ)(A,X), respectively,

and H1
(σ,τ)(A,X) = Z1

(σ,τ)(A,X)/N1
(σ,τ)(A,X) is the first (σ, τ)−cohomology group of A with

coefficients in X. The Banach algebra A is (σ, τ)−amenable if any (σ, τ)−derivation d : A −→ X∗

be (σ, τ)−inner, for all Banach A−bimodule X. The notion of (σ, τ)−amenability of Banach
algebra introduced and studied by Moslehian [4].

2. Main results

Let A and B be Banach algebras such that A is a Banach B−bimodule. Then the left and
right actions of B on A are compatible, if

b · (aa′) = (b · a)a′, (aa′) · b = a(a′ · b), a(b · a′) = (a · b)a′, (a, a′ ∈ A, b ∈ B).
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So, the Cartesian product AoB with the multiplication

(a, b)(a′, b′) = (aa′ + a · b′ + b · a′, bb′),
and the norm

‖(a, b)‖ = ‖a‖+ ‖b‖,
is amalgamated duplication of B along A and denoted by A o B. It is easy to see that A and B
are identify with A × {0} and {0} × B, respectively. Also, A is a closed ideal and B is a closed

subalgebra of AoB. Moreover (AoB)
A is isometric isomorphism with to B. AoB is commutative

if and only if A and B are commutative Banach algebra.

Theorem 2.1. Suppose that A and B are two Banach algebras, e ∈ A is unit and σ and τ
are two homomorphisms on A and B, respectively. Then (σ, τ) : A o B −→ A o B defined by
〈(σ, τ), (a, b)〉 = (σ(a), τ(b)) is a homomorphism if and only if σ(e · b) = e · τ(b) for all a ∈ A and
b ∈ B.

Proof. First suppose that (σ, τ) is a homomorphism. Then

〈(σ, τ), (a, b)(a′, b′)〉 = (σ(aa′ + ab′ + ba′), τ(bb′)),

for all a, a′ ∈ A and b, b′ ∈ B. Set a = e and a′ = 0. Thus, we have that σ(e · b) = e · τ(b) for all
b ∈ B. Conversely, let σ(e · b) = e · τ(b) for all b ∈ B. Then we have that

σ(aa′ + ab′ + ba′) = σ(aa′) + σ(ab′) + σ(ba′)

= σ(a)σ(a′) + σ(ae · b′) + σ(e · ba′)
= σ(a)σ(a′) + σ(a)σ(e · b′) + σ(e · b)σ(a′)

= σ(a)σ(a′) + σ(a)e · τ(b′) + e · τ(b)σ(a′)

= σ(a)σ(a′) + σ(a) · τ(b′) + ·τ(b)σ(a′).

These relations show that ((σ, τ), ()σ′, τ ′) is a continuous homomorphisms on AoB. �

Proposition 2.2. Let A and B are two Banach algebras, e ∈ A is nuit and σ, σ′ and τ, τ ′ are
two homomorphisms on A and B, respectively such that σ(e · b) = e · τ(b) and σ′(e · b) = e · τ ′(b)
for all b ∈ B. Then ((σ, τ), (σ′, τ ′))−amenability of AoB imply the (σ, σ′)−amenability of A and
(τ, τ ′)−amenability of B.

Proof. First, if X be Banach A−bimodule and d1 : A −→ X∗ be (σ, σ′)−derivation, then with
the module actions defined by

y ∗ (a, b) = y · a+ y · (e · b), (a, b) ∗ y = a · y + (e · b) · y
X is a Banach (AoB)−bimodule, for all a ∈ A, b ∈ B and y ∈ X. Also, the map D1 : AoB −→
X∗ via D1(a, b) = d1(a+ e · b) is ((σ, τ), (σ′, τ ′))−derivation. Hence, there exists f ∈ X∗ such that
D1(a, b) = 〈(σ, τ), (a, b)〉 ∗ f − f ∗ 〈(σ′, τ ′), (a, b)〉 for all a, a′ ∈ A and b, b′ ∈ B. Therefore, if set
b = 0, then we have that

〈d1(a), y〉 = 〈D1(a, 0), y〉
= 〈f, y ∗ (σ(a), 0)〉 − 〈f, (σ′(a), 0) ∗ y〉
= 〈σ(a) · f − f · σ′(a), y〉

for all a ∈ A and y ∈ X. So, d1 is (σ, σ′)−inner derivation. Thus, A is (σ, σ′)−amenable. For the
(τ, τ ′)−amenability of B, let X be Banach B−bimodule and d2 : B −→ X∗ be (τ, τ ′)−derivation.
Then by the following module actions X is a Banach (AoB)−bimodule and D2 : AoB −→ X∗

defined via D2(a, b) = d2(b) is a ((σ, τ), (σ′, τ ′))−derivation for all a ∈ A and b ∈ B. So, there
exists g ∈ X∗ such that D2(a, b) = 〈(σ, τ), (a, b)〉 ∗ g − g ∗ 〈(σ, τ), (a, b)〉, for all a ∈ A and b ∈ B.
Thus, it is routine that d2(b) = τ(b) · g − g · τ ′(b) for all b ∈ B. �
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Theorem 2.3. Let A and B be two Banach algebras, e ∈ A is nuit and σ, σ′ and τ, τ ′ are
two homomorphisms on A and B, respectively such that σ(e · b) = e · τ(b) and σ′(e · b) = e · τ ′(b)
for all b ∈ B. Then A o B is ((σ, τ), (σ′, τ ′))−amenable if A be (σ, σ′)−amenable and B be
(τ, τ ′)−amenable.

Proof. Suppose thatX is Banach (AoB)−bimodule andD : AoB −→ X∗ is ((σ, τ), (σ′, τ ′))−derivation.
Then by module actions

a · y = (a, 0) · y, y · a = y · (a, 0),

X is A−bimodule and D1 : A −→ A∗ by D1(a) = D(a, 0) is (σ, σ′)−derivation, for all a ∈ A and
y ∈ A. Thus, there exists f ∈ X∗ such that D1(a) = σ(a) ·f−f ·σ′(a) for all a ∈ A. It is clear that
(D−D1)|A = 0. So, by replacing D with D−D1, D(a) = 0 for all a ∈ A. Therefore, we have that
〈D((a, b)(a′, 0)), y)〉 = 〈D(a, b), (σ′(a′), 0)·y〉 = 0 and 〈D((a′, 0)(a, b)), y〉 = 〈D(a, b), y ·(σ(a′), 0)〉 =

0 for all a, a′ ∈ A and y ∈ X. If XA = 〈σ′(A) ·X
⋃
X · σ(A)〉, then XA is a closed submodule of

X. So, D(A)|XA
= 0. Hence D(A) ⊆ X⊥A = (X/XA)∗. Therefore, by module actions

b · (y +XA) = (0, b) · y +XA, (y +XA) · b = y · (0, b) +XA,

X/XA is Banach B−bimodule, for all b ∈ B and y ∈ X. It is clear that the map D̃ : B −→
(X/XA)∗ defined via

〈D̃(b), y +XA〉 = 〈D(0, b), y〉,
is (τ, τ ′)−derivation and there exists g ∈ X⊥A such that D̃ = adg, for all b ∈ B and y ∈ X. Thus
we have that D = adf+g, as required. �
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Abstract. In this paper, using a new technique from harmonic analysis called sparse

domination, we characterize the positive Borel measures including forward and reverse

Bergman Carleson measures. The main novelty of this paper is determining the reverse

Bergman Carleson measures which have remained open from the work of Luecking [Am. J.

Math. 107 (1985) 85111]. Moreover, in the case of forward and vanishing measures, our results

extend the results of [J. Funct. Anal. 280 (2021), no. 6, 108897, 26 pp] from 1 ≤ p ≤ q < 2p to

all 0 < p ≤ q <∞. Although we consider the weighted Bergman spaces induced by two-side

doubling weights, the results are new even on classical weighted Bergman spaces.
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1. Introduction

Throughout the paper, n is a fixed positive integer. Let C be the complex plane, B be the
unit ball in Cn, and S be the boundary of B. Let H(B) be the space of all analytic functions on
B. A radial weight on B is a positive and integrable function ω on B such that ω(z) = ω(|z|).
If 0 < p < ∞, the weighted Bergman space is denoted by Apω(B) and defined as Apω = Apω(B) =
H(B)

⋂
Lp(B, ωdV ), where V is the normalized Lebesgue measure on B. Throughout the paper,

we use the notations dVω = ωdV and ‖.‖ω = ‖.‖ω,2. For every α > −1, the classical weighted
Bergman space, denoted by Apα, is the space Ap(1−|z|2)α .

Let D̂ be the class of all radial weights ω on B where ω̂(z) =
∫ 1

|z| ω(s)ds satisfies the doubling

condition ω̂(r) . ω̂( 1+r
2 ). We say that the weight ω ∈ D̂ is a two-sides doubling weight, denoted

by ω ∈ D, if there exist K = K(ω) > 1 and C = C(ω) > 1 such that ω̂(r) ≥ Cω̂(1 − 1−r
K ), for

all 0 ≤ r < 1. J. A. Pelez [5] introduced the classes D̂ and D and studied the weighted Bergman
spaces Aqω(D) induced by these weights.

A. Lerner [3], with an alternative proof of the A2 theorem, showed that the norm of the
CalderónZygmund operators can be controlled from above by a very special dyadic type of operators
called sparse operators. For a survey of the advances on the topic, see [2, 3] and the references
therein. In Theorem (3.1), we show that the modulus of the k-th radial derivative of functions in
H(B) will be controlled by the sparse operators from above.

Suppose that µ is a positive Borel measure on the domain D ⊂ Cn. Let A be a Banach space
of holomorphic functions on D where A is contained in Lq(D,µ) for some q > 0. Then, µ is called
a (q, A)-Carleson measure if the inclusion map i : A → Lq(D,µ) is bounded. A (q, A)-Carleson
measure is called a reverse (q, A)-Carleson measure if i : A→ Lq(µ) is bounded below. If A = Apω,
then a (q, Apω)-Carleson measure is called a (p, q, ω)-Bergman Carleson measure and if p = q, it is
called a ω-Bergman Carleson measure.

In 1962, Carleson introduced and characterized the Carleson measures to study the structure
of the Hardy spaces and solved the corona problem on the disc. B. Hu et al. [1], using sparse
domination, gave a new characterization for the boundedness of weighted composition operators
from Apα to Aqα for α > −1 and 1 ≤ p ≤ q < 2p on the upper half-plane and the unit ball. Checking
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the validity of the results of this paper for the classical (p, q, (1−|.|)α)-Bergman Carleson measures
is easy. In this project, we will extend the results of [1] from 1 ≤ p ≤ q < 2p to all 0 < p ≤ q <∞.
Moreover, in a more general case, we determine the positive Borel measures µ on B so that the
radial differential operator R(k) : Aqω → Lq(µ) is bounded for ω ∈ D and 0 < p ≤ q <∞.

Luecking [4] has conducted a valuable study on the reverse (q,Aqα)-Carleson measures. In
Theorem (3.5), using the sparse domination technique, we give a complete characterization for the
reverse ω-Bergman Carleson measures when ω ∈ D. Furthermore, we present new versions of [4,
Theorems 4.2 and 4.3].

2. Preliminaries

The radial derivative of a holomorphic function f : B→ C is defined as Rf(z) =
∑n
i=1 zi

∂f
∂zi

(z).

Moreover, the k-th radial differentiation operator on H(B) is denoted by R(k) and defined as usual.
Let β : B×B→ [0,∞) be the Bergman metric. If r > 0 and z ∈ B, the Bergman ball centered

at z with radius r is defined as B(z, r) = {ζ ∈ B : β(z, ζ) < r}.
For a ∈ B, let Pa be the radial projection of a onto S. The pseudometric on S is defined

as ρ(z, ζ) = |1 − 〈z, ζ〉|. As usual, D(z, r) := {ζ ∈ S : ρ(z, ζ) < r}. For z ∈ B \ {0}, let
Qz = D(Pz, 1− |z|). Then, the Carleson square S(z) will be defined as

S(z) = {ζ ∈ B, P ζ ∈ Qz, |z| < |ζ| < 1}, S(0) = B.

Let µ and B be a Borel measure and a Borel subset of B, respectively. Then, we set
µ(B) =

∫
B
dµ. For the function g ∈ Lp(B, µ), the average of g based on µ is defined as 〈g〉µ,B :=

1
µ(B)

∫
B
g(z)dµ(z), For convenience, we put 〈h〉B = 〈h〉V,B for h ∈ Lp(B, V ).

2.1. Dyadic structure on B. Let Sr = ∂B(0, r). Fix θ, λ > 0. For N ∈ N, we can find

a sequence of points EN = {wNj }
JN
j=1, and a corresponding sequence of Borel subsets {XN

j }
JN
j=1 of

SNθ, that satisfy: SNθ =
⋃JN
j=1X

N
j , XN

j

⋂
XN
i = ∅ for all i 6= j, and

SNθ
⋂
B(wNj , λ) ⊂ XN

j ⊂ SNθ
⋂
B(wNj , Cλ).

For z ∈ B, let Prz denote the radial projection of z onto the sphere Sr. We now define the set
KN
j as follows: K0

1 := {z ∈ B : β(0, z) < θ} and

KN
j := {z ∈ B : Nθ ≤ β(0, z) < (N + 1)θ and PNθz ∈ XN

j }, N ≥ 1, j ≥ 1.

We will refer to the subset KN
j of B as a unit cube centered at cNj = P(N+ 1

2 )θ
wNj , while K0

1 is

centered at 0. We say that cN+1
i is a child of cNj if PNθc

N+1
i ∈ XN

j .

A tree structure is a set T := {cNj } which contains the centers of the cubes. We will denote
the elements of the tree by α and β, while Kα will be the cube with center α. There is no problem
to abuse the notation and use α to denote both an element of the tree T and the center of the
corresponding cube or any element of the cube. The notation β ≥ α means that β is a descendant

of α. A dyadic tent under Kα is defined as: K̂α :=
⋃
β∈T :β≥αKβ .

A dyadic grid on S with calibre δ is a collection of Borel subsets D := {Qki }i,k∈Z and points
{zki }i,k∈Z in S that satisfy:

(i) There are c1, C2 > 0 such that D(zki , c1δ
k) ⊂ Qki ⊂ D(zki , C2δ

k) for every k, i ∈ Z.
(ii) For all k ∈ Z, there holds S =

⋃
i∈ZQ

k
i and the sets are disjoint.

(iii) If Q,R ∈ D and Q
⋂
R 6= ∅, then either Q ⊂ R or R ⊂ Q.

Consider D as the dyadic grid on S with calibre δ as mentioned above. Then, this dyadic
system creates a Bergman tree with suitable parameters θ and λ which depend on δ. Indeed, we
can construct a tree structure as: XN

j := PNθQ
N
j , and cNj := P(N+ 1

2 )θ
zNj , there are λ2 > λ1 > 0

so that

SNθ
⋂
B(PNθz

N
j , λ1) ⊂ XN

j ⊂ SNθ
⋂
B(PNθz

N
j , λ2)
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Thus, if D := {Qki }i,k∈Z and T := {cNj }j,N∈Z are constructed as above, then the function c : D→
T , defined as c(QNj ) = cNj , is one-to-one and onto.

Lemma 2.1. Let ω ∈ D̂. For every δ > 0, there is a finite collection of dyadic grids {Di}Mi=1

with the following property: For all z ∈ B, there are ζ ∈ B and 1 ≤ i ≤ M such that there is a

dyadic cube Q ∈ Di where S(z) ⊆ K̂c(Q) ⊆ S(ζ) and Vω(K̂c(Q)) ' Vω(S(z)) ' Vω(S(ζ)).

Notation. From now on, for every calibre δ > 0, we assume that Dδ = {Di
δ}Mi=1 is the finite

collection of dyadic grids obtained in Lemma (2.1).

3. Main results

3.1. Sparse domination. In this subsection, we show that the modulus of the k-th radial
derivative of functions in H(B) will be controlled by sparse operators from above.

Theorem 3.1. Let 0 < p, δ < ∞ and k ∈ N
⋃
{0}. Then, there are positive constants rδ, Cδ,

and Dδ which depend only on δ such that

(1) |R(k)f(z)|p ≤ Dk+1
δ Ckpδ

M∑
i=1

∑
Q∈Di

δ

1Kc(Q)
(z)

(1− |c(Q)|)kp
〈|f |p〉B(c(Q),2k+1rδ),

for all f ∈ H(B) and z ∈ B.

Notation. From now on, for k ∈ N
⋃
{0}, we fix Rδ = 2k+1rδ and Bc(Q) = B(c(Q), Rδ) for Q

in Dδ.

3.2. Forward Bergman Carleson measures. Let ν be a weight on B, k ∈ N
⋃
{0} and

δ, s, and t be positive numbers. We say that a positive Borel measure µ is in Ct,ksν,δ if

[µ]t,ksν,δ := sup
Q∈Dδ

µ(Bc(Q))

Vν(Bc(Q))t(1− |c(Q)|2)ks
<∞.

Theorem 3.2. Let ω ∈ D, ν(r) = ω̂(r)/(1 − r), 0 < p ≤ q < ∞, and k ∈ N
⋃
{0}. If µ is a

positive Borel measure, then the following statements are equivalent.

(i) R(k) : Apω → Lqµ is bounded,

(ii) µ ∈ C
q
p ,kq

ν,δ for some (every) calibre δ > 0.

(iii) For some (every) calibre δ > 0 and m ∈ N, there are positive numbers Cδ and Dδ which
depend only on δ so that for all f ∈ Apω we have

‖R(k)f‖qµ,q ≤ D
m(k+1)
δ Ckqδ [µ]

q
p ,kq

ν,δ inf
rj>0, r1+...+rm=q

( M∑
i=1

∑
Q∈Di

δ

Vν(Bc(Q))
q
p .

m∏
j=1

〈|f |rj 〉Bc(Q)

)
,

3.3. Reverse Bergman Carleson measures. First, we give two results from [4] which are
the best obtained results on this topic.

Theorem 3.3. [4, Theorem 4.2] Let α > −1, 0 < ε,C, q < ∞, and µ be a (q, Aqα)-Carleson

measure. Then, there is an r > 0 such that if G = {z ∈ D; µ(B(z,r))
(1−|z|)α+2 > ε} is a C-dominated set

for Aqα(D), then µ is a reverse (q, Aqα)-Carleson measure.

Let C be a positive constant and G be a Borel subset of B. Then, we say that G is a C-
dominated set for Aqω, if ∫

G

|f |qdVω ≥ C
∫
B
|f |qdVω, f ∈ Aqω.

Sometimes when the quantity of C is not important, we say that G is a dominated set for Aqω.

Theorem 3.4. [4, Theorem 4.3] Let α > −1 and 0 < q <∞. If µ is a reverse (q, Aqα)-Carleson

measure, then there are r, ε > 0 such that µ(B(z,r))
(1−|z|)α+2 > ε for all z ∈ D.
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Consider δ > 0. Define the sets

Hε(µ;ω; δ) := {Q ∈ Dδ;
µ(Bc(Q))

Vω(Bc(Q))
> ε}, Gε(µ;ω; δ) :=

⋃
Q∈Hε(µ;ω;δ)

Bc(Q),

and for f ∈ Aqω,

Hε(f ;µ; δ; r) :=
{
Q ∈ Dδ; 〈|f |r〉µ,Bc(Q)

> ε〈|f |r〉Bc(Q)

}
.

Now we present the main result of the paper.

Theorem 3.5. Let ω ∈ D, ν(r) = ω̂(r)/(1− r), and 0 < q <∞. If µ is ω-Bergman Carleson
measure, then the following statements are equivalent.

(i) µ is a reverse ω-Bergman Carleson measure.
(ii) For some (every) m ∈ N and calibre δ, there is an ε > 0 such that

‖f‖qν,q . inf
r1+...+rm=q

( ∑
Q∈Hε(µ;ν;δ)

Vν(Bc(Q)).〈|f |rm〉µ,Bc(Q)
.

m−1∏
j=1

〈|f |rj 〉Bc(Q)

)
, f ∈ Aqω.

(iii) For some (every) m ∈ N and calibre δ, there is an ε > 0 such that

‖f‖qν,q . inf
r1+...+rm=q

( ∑
Q∈Hε(µ;ν;δ)

Vω(Bc(Q)).

m∏
j=1

〈|f |rj 〉Bc(Q)
.1Hε(f ;µ;δ;rm)(Q)

)
, f ∈ Aqω.

Remark 3.6. Note that we can choose the power rm in Theorem (3.5) (iii, iv) as small as we
like.

Remark 3.7. The gap between Theorems (3.3) and (3.4) is that the r obtained in Theorem
(3.3) is small, while the r in Theorem (3.4) is large. To fill this gap, we used the sets Hε(µ;ω; δ)
and Gε(µ;ω; δ) in Theorem (3.5) instead of set G in Theorem (3.3).

Now, we will try to give the new versions of Theorems (3.3) and (3.4) using the sets Gε(µ;ω; δ).
The following theorem is the new version of Theorem (3.3). However, again again in this new
version, the calibre (or equivalently the radius of the Bergman balls) must be small enough.

Theorem 3.8. Let ω ∈ D, ν(r) = ω̂(r)/(1−r), 0 < ε,C, q <∞, and µ be ω-Carleson measure.
Then, there is a calibre δ such that if Gε(µ; ν; δ) is a C-dominated set for Aqω, then µ is a reverse
ω-Carleson measure.

The following Theorem is a new version of Theorem (3.4). Note that in part (i) of this new
version, the radius of the Bergman balls does not need to be large.

Theorem 3.9. Let ω ∈ D, ν(r) = ω̂(r)/(1− r) and 0 < q <∞. If µ is a reverse ω-Bergman
Carleson measure, then the following statements hold.

(i) For every calibre δ, there is an ε > 0 such that Gε(µ; ν; δ) is a dominated set for Aqω(B).
(ii) There are δ, ε > 0 such that Hε(µ; ν; δ) = Dδ.
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1. Introduction

For a Banach algebra A the projective tensor product A⊗̂A is a Banach A-bimodule in a
natural manner and the multiplication map π : A⊗̂A −→ A defined by π(a ⊗ b) = ab for a, b ∈ A
is a Banach A-bimodule homomorphism.

Amenability for Banach algebras introduced by B. E. Johnson [6]. Let A be a Banach algebra
and E be a Banach A-bimodule. A continuous linear operator D : A −→ E is a derivation if
it satisfies D(ab) = D(a) . b + a . D(b) for all a, b ∈ A. Given x ∈ E, the inner derivation
adx : A −→ E is defined by adx(a) = a . x − x . a. A Banach algebra A is amenable if for every
Banach A-bimodule E, every derivation from A into E∗, the dual of E, is inner.

An approximate diagonal for a Banach algebra A is a net (mi)i in A⊗̂A such that a . mi −
mi . a −→ 0 and aπ(mi) −→ a, for each a ∈ A. The concept of pseudo-amenability introduced
by F. Ghahramani and Y. Zhang in [4]. A Banach algebra A is pseudo-amenable if it has an
approximate diagonal. It is well-known that amenability of A is equivalent to the existence of a
bounded approximate diagonal.

The notions of biprojectivity and biflatness of Banach algebras introduced by Helemskĭi. A
Banach algebra A is biprojective if there is a bounded A-bimodule homomorphism ρ : A −→ A⊗̂A
such that πoρ = IA, where IA is the identity map on A. We say that A is biflat if there is a bounded
A-bimodule homomorphism ρ : A −→ (A⊗̂A)∗∗ such that π∗∗oρ = kA, where kA : A −→ A∗∗ is the
natural embedding of A into its second dual.

Let S be a semigroup. A continuous function ω : S −→ (0,∞) is a weight on S if ω(st) ≤
ω(s)ω(t), for all s, t ∈ S. Then it is standard that

`1(S, ω) =

{
f =

∑
s∈S

f(s)δs : ‖f‖ω =
∑
s∈S
|f(s)|ω(s) <∞

}
is a Banach algebra with the convolution product δs ∗ δt = δst. These algebras are called Beurling
algebras.

In this note, we study the earlier mentioned properties of Banach algebras for Beurling algebras.
Firstly in section 2, we characterize amenability and pseudo-amenability of `1(S, ω), for some
certain class of semigroups. We prove that pseudo-amenability of `1(S, ω), for a left or right zero
semigroup S, is equivalent to it’s amenability and these equivalent conditions imply that S is
singleton. We show that the same result holds for `1(S, ω), whenever S is a rectangular band
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semigroup and ω is separable. Further, we investigate biprojectivity of `1(S, ω) whenever S is
either left (right) zero semigroup or a rectangular band semigroup. For a band semigroup S, we
show that amenability of `1(S, ω) is equivalent to that of `1(S) and these are equivalent to S being
a finite semilattice. We find necessary and sufficient conditions for `1(S, ω)∗∗ to be amenable,
where S is an inverse semigroup.

Finally in section 3, we investigate pseudo-amenability of L1(G,ω) where G is a locally compact
group and ω is a weight on G. We prove that pseudo-amenability of L1(G,ω) implies amenability
of G, and under a certain condition it implies diagonally boundedness of ω. Next, if L1(G,ω) is
pseudo-amenable we may obtain a character ϕ on G for which ϕ ≤ ω.

2. Amenability and pseudo-amenability of `1(S, ω)

A semigroup S is a left zero semigroup if st = s, and it is a right zero semigroup if st = t
for each s, t ∈ S. Then for f, g ∈ `1(S, ω), it is obvious that f ∗ g = ϕS(f)g if S is a right zero
semigroup, and f ∗g = ϕS(g)f if S is a left zero semigroup, where ϕS is the augmentation character
on `1(S, ω).

We extend the results for `1(S) in [1, 2] to the weighted case `1(S, ω).

Proposition 2.1. Suppose that S is a right (left) zero semigroup and ω be a weight on S.
Then `1(S, ω) is biprojective.

Proof. We only give the proof in the case S is a right zero semigroup. Define ρ : `1(S, ω) −→
`1(S, ω)⊗̂`1(S, ω) by ρ(f) = δt◦ ⊗ f,, where t0 is an arbitrary element S. Then for each f, g ∈
`1(S, ω) we have

ρ(f ∗ g) = δt◦ ⊗ (f ∗ g) = ϕS(f)(δt◦ ⊗ g) = (f ∗ δt0)⊗ g = f . (δt0 ⊗ g) = f . ρ(g)

and similarly ρ(f ∗ g) = ρ(f) . g. Further, πρ is the identity map on `1(S, ω), as required. �

Remark 2.2. It is known that every biprojective Banach algebra is biflat. Hence Proposition
2.1 shows that for every right or left zero semigroup S, `1(S, ω) is biflat.

Given two semigroups S1 and S2, we say that a weight ω on S := S1 × S2 is separable if there
exist two weights ω1 and ω2 on S1 and S2, respectively such that ω = ω1 ⊗ ω2. It is easy to verify
that `1(S, ω) ∼= `1(S1, ω1)⊗̂`1(S2, ω2).

Let S be a semigroup and let E(S) = {p ∈ S : p2 = p}. We say that S is a band semigroup if
S = E(S). A band semigroup S satisfying sts = s, for each s, t ∈ S is called a rectangular band
semigroup. For a rectangular band semigroup S, it is known that S ' L×R, where L and R are
left and right zero semigroups, respectively.

Proposition 2.3. Let S be a rectangular band semigroup and ω be a separable weight on S.
Then `1(S, ω) is biprojective, and so it is biflat.

Proof. In view of earlier argument, it follows From Proposition 2.1, and then from [7, Propo-
sition 2.4].

Theorem 2.4. Let S be a rectangular band semigroup and ω be a weight on S. Then `1(S, ω)
is amenable if and only if S singleton.

Proof. From [8, Theorem 3.6], `1(S) is amenable. Then it is immediate by [1, Theorem
3.3]. �

For a semigroup S, we denote by Sop the semigroup whose underlying space is S but whose
multiplication is the multiplication in S reversed.

Proposition 2.5. Let S be a right (left) zero semigroup and ω be a weight on S. Then `1(S, ω)
is amenable if and only if S is singleton.

Let A be Banach algebra, I be a semilattice (i.e., I is a commutative band semigroup) and
{Aα : α ∈ I} be a collection of closed subalgebras of A. Then A is `1-graded of Aα’s over the
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semilattice I, denoted by A =
⊕`1

α∈I Aα, if it is `1-directsum of Aα’s as Banach space such that
AαAβ ⊆ Aαβ , for each α, β ∈ I.

Suppose that S1 is the unitization of a semigroup S. An equivalence relation τ on S is defined
by sτt ⇐⇒ S1sS1 = S1tS1, for all s, t ∈ S. If S is a band semigroup, then by [?, Theorem
4.4.1], S =

⋃
α∈I Sα is a semilattice of rectangular band semigroups, where I = S

τ and for each
α = [s] ∈ I, Sα = [s].

Theorem 2.6. Let S be a band semigroup and ω be a weight on S. Then the following are
equivalent:

(i) `1(S, ω) is amenable.
(ii) S is finite and each τ−class is singleton.
(iii) `1(S) is amenable.
(iv) S is a finite semilattice.

Proof: The implications (ii) to (iv) are equivalent [1, Theorem 3.5]. We establish (i) −→ (ii)
and (iv) −→ (i).

(i) −→ (ii) If `1(S, ω) is amenable, then E(S) = S is finite and so I = S
τ is a finite semilattice.

Hence `1(S, ω) ∼=
⊕`1

α∈I `
1(Sα, ωα), where ωα = ω|Sα . Then by [5, Proposition 3.1], each `1(Sα, ωα)

is amenable. Now by Theorem 2.4, Sα is singleton for each α ∈ I, as required.
(iv) −→ (i) In this case `1(S, ω) ∼= `1(S), and `1(S) is amenable. �

Theorem 2.7. Let S be a rectangular band semigroup, and let ω be a separable weight on S.
Then `1(S, ω) is pseudo-amenable if and only if S is singleton.

Proof. There is a left zero semigroup L and a right zero semigroup R, and there are weights
ωL and ωR on L and R, respectively such that S ∼= L×R and ω = ωL ⊗ ωR. We have `1(S, ω) ∼=
`1(L, ωL)⊗̂`1(R,ωR). Hence the map θ : `1(S, ω) −→ `1(L, ωL) defined by θ(f ⊗ g) = ϕR(g)f
for f ∈ `1(L, ωL) and g ∈ `1(R,ωR), is an epimorphism of Banach algebras, whereas ϕR is the
augmentation character on `1(R,ωR). Whence `1(L, ωL) has left and right approximate identity.
Therefore L is singleton, because it is left zero semigroup. Similarly R is singleton, so is S. �

Corollary 2.8. Let S be a right (left) zero semigroup and ω be a weight on S. Then the
following are equivalent:

(i) `1(S, ω) is pseudo-amenable.
(ii) S is singleton.
(iii) `1(S, ω) is amenable.

The following is a combination of Theorems 2.4 and 2.7. Notice that in Theorem 2.4, we need
not ω to be separable.

Corollary 2.9. Let S be a rectangular band semigroup, and let ω be a separable weight on
S. Then the following are equivalent:

(i) `1(S, ω) is pseudo-amenable.
(ii) S is singleton.
(iii) `1(S, ω) is amenable.

For the left cancellative semigroups we have the following.

Theorem 2.10. Suppose that S is a left cancellative semigroup and ω is a weight on S. If
`1(S, ω) is pseudo-amenable, then S is a group.

proof: This is a more or less verbatim of the proof of [2, Theorem 3.6 (i) −→ (ii)]. �
Let (P,≤) is a partially ordered set. Then (P,≤) is locally finite if (x] = {y ∈ S : y ≤ x} is

finite for every x ∈ S, and it is uniformly locally finite if sup{|(x]| : s ∈ S} <∞.
We recall that a semigroup S is an inverse semigroup if for each s ∈ S there exists a unique

element s∗ ∈ S with ss∗s = s and s∗ss∗ = s∗. The maximal subgroup of S at p ∈ E(S) is denoted
by Gp. It is known that Gp = {s ∈ S : ss∗ = s∗s = p}.
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Theorem 2.11. Let S be an inverse semigroup, let ω be a weight on S, and let `1(S, ω) has a
bounded approximate identity. Then the following are equivalent:

(i) `1(S, ω)∗∗ is amenable;
(ii) `1(S) is biprojective and S is finite;
(iii) `1(S, ω)∗∗ is biprojective.

Proof.(i)→ (ii) Suppose that `1(S, ω)∗∗ is amenable. Hence `1(S) is amenable and S is finite
[8, Theorem 3.7]. Then by [7, Thorem 3.7 (i)], S is uniformly locally finite and for each p ∈ E(S),
Gp is an amenable group. Finiteness of S implies that Gp is finite and then [7, Theorem 3.7 (ii)]
shows that `1(S) is biprojective.

(ii) → (iii) Since S is finite, `1(S) ∼= `1(S, ω), and `1(S) is finite-dimensional. Therefore
`1(S)∗∗ ∼= `1(S), and so `1(S, ω)∗∗ is biprojective.

(iii) → (i) Biprojectivity of `1(S, ω)∗∗ implies its biflatness. Thus, since `1(S, ω)∗∗ has a
bounded approximate identity, `1(S, ω)∗∗ is amenable. �

3. Pseudo-amenability of L1(G,ω)

Throughout G is a locally compact group and ω is a weight on G. The weight ω is diagonally
bounded if supg∈G ω(g)ω(g−1) <∞. It seems to be a right conjecture that L1(G,ω) will fail to be
pseudo-amenable whenever ω is not diagonally bounded. Although we are not able to prove (or
disprove) the conjecture, we have the following.

Theorem 3.1. Suppose that there exists an approximate diagonal (mi)i for L1(G,ω) such that
mi − δg . mi . δg−1 −→ 0 uniformly on G. Then ω is diagonally bounded.

Theorem 3.2. Suppose that L1(G,ω) is pseudo-amenable, and that ω is bounded away from
0. Then G is amenable.

We conclude by the following which is an analogue of [3, Proposition 8.9].

Proposition 3.3. Let L1(G,ω) be pseudo-amenable. Then there is a continuous positive
character ϕ on G such that ϕ ≤ ω.
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Abstract. We introduce and study the notion of quasi-multipliers on a semi-topological

semigroup S. The set of all quasi-multipliers on S is denoted by QM(S). First, we study the

problem of extension of quasi-multipliers on topological semigroups to its Stone-Čech

compactification. Indeed, we prove if S is a topological semigroup such that S × S is

pseudocompact, then QM(S) can be regarded as a subset of QM(βS). Moreover, with an extra

condition we describe QM(S) as a quotient subsemigroup of βS.
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1. Introduction

The main theme of this paper is motivated by the problem of whether the Stone-Čech compact-
ification βS of a topological semigroup S is a compact right (left) topological semigroup. Precisely,
to find conditions on a topological semigroup S guaranteeing that the semigroup operation of S
extends to a continuous semigroup operation on the Stone-Čech compactification βS of S. In [1],
Baker and Butcher showed that for a certain class of locally compact semi-topological semigroup
S, a necessary and sufficient condition to the above problem is discreteness or countably compact-
ness of S. Moreover, Filali and Vedenjuoksu showed in [6, Proposition 3.4] that for a countably
compact semi-topological semigroup S, the Stone-Čech compactification βS is a semi-topological
semigroup. Also, Reznichenko in [7] proved that the semigroup operation on a pseudocompact
topological semigroup S can be extended to a separately continuous semigroup operation on βS.
Furthermore, Banakh and Dimitrova in [4] obtained some conditions on topological semigroup S
for which the semigroup operation of S extends to a jointly continuous semigroup operation on its
Stone-Čech compactification.

Bhatt et al. in [2] introduced and studied the notion of multipliers of weighted discrete abelian
semigroups. For an discrete abelian semigroup S, the multiplier semigroup M(S) consists of all
T : S −→ S such that

T (st) = sT (t) = T (s)t (s, t ∈ S).

Also for a weighted discrete abelian semigroup (S, ω), they defined the set Mw(S) consists of all
T ∈M(S) such that there exists a constant K > 0 with the following property:

ω(T (s)) ≤ Kω(s) (s ∈ S).

Recently in [3], the authors also considered multipliers on the weighted abelian semigroup (S, ω)
and its relation with the multiplier algebra of the associated Beurling algebra `1(S, ω). Multipliers
on a weighted discrete abelian semigroup have been studied by many authors, for example see [2],
[3].
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The above discussion motivates us to generalize the notion of multipliers on semigroups to what
we shall call quasi-multipliers. As the name suggests, the motivation for this grouping comes from
the quasi-multipliers on Banach algebras. Actually, we can regard a semigroup operation as a quasi-
multiplier on topological semigroups. In the theory of semigroups, the Stone-Čech compactification
of S plays the same role of second dual of Banach algebra in some aspects such as Arens products
and topological centers. Precisely, βS can be regarded as a subsemigroup of M(βS) = `1(S)′′

equipped with the first Arens product. By considering these facts, it would be interesting to study
quasi-multiplier maps on Stone-Čech compactification and to discuss the relationship between
multipliers and quasi-multipliers on semigroups and their Stone-Čech compactification. This paper
is organized as follows:

We concentrate on finding conditions on a topological semigroup S such that a quasi-multiplier
on S extends to the Stone-Čech compactification βS as a quasi-multiplier. Indeed, we show that
if S is a topological semigroup such that S × S is pseudocompact, then any element m ∈ QM(S)
can be extended to an element in QM(βS). Moreover, we describe a characterization of QM(S)
in the sense of quotient semigroups of βS.

2. Main results

We start the section by defining the new notion of quasi-multipliers on semi-topological semi-
groups which can be regarded as a generalization of multipliers on semigroups. The standard
references on topological semigroups and their Stone-Čech compactification are [5].

Definition 2.1. Let S be a semi-topological semigroup. A jointly continuous map m : S ×
S −→ S is called a quasi-multiplier if for all s, t, u, v ∈ S, we have

(1) m(st, uv) = sm(t, u)v.

The set of all such mappings is denoted by QM(S). Moreover, the set of all separately continuous
maps m : S×S −→ S satisfying the equation (1) is denoted by QMw(S). It is clear that QM(S) ⊆
QMw(S).

Example 2.2. (i) Suppose that S is a topological semigroup and consider the semigroup
multiplication map m : S × S −→ S which is defined by

m(s, t) = st (s, t ∈ S).

It is easy to see that m is a quasi-multiplier and in this case QM(S) is always non-empty.
(ii) Suppose that S is a left (right) zero semigroup, that is for each s, t ∈ S we have st = s(st =

t). Then it is straightforward to check that QM(S) = QMw(S) is a singleton.
(iii) Consider a semi-topological semigroup S which is not a topological semigroup, see [5,

Example 3.3(h)]. Thus the semigroup multiplication map m : S×S −→ S is not a quasi-multiplier
but m ∈ QMw(S).

Recall that a topological space X is pseudocompact if every real-valued continuous function on
X is bounded. In [7], E. Reznichenko has shown that the semigroup operation on a pseudocompact
topological semigroup S can be extended to a separately continuous semigroup operation on βS.
Moreover, T. Banakh and S. Dimitrova in [4] obtained some conditions on topological semigroup
S for which the semigroup operation of S extends to a jointly continuous semigroup operation on
its Stone-Čech compactification.

In the sequel, we consider this view of fact for extension of quasi-multipliers on a topological
semigroup to its Stone-Čech compactification. Indeed, the following theorem can be regarded as a
generalization of [4, Theorem 1.3].

Theorem 2.3. Let S be a topological semigroup such that S × S is pseudocompact. Then

(i) (βS,�) is a topological semigroup, where � : βS × βS −→ βS is the extension of the
semigroup operation of S.

(ii) any element m ∈ QM(S) can be extended to an element in QM(βS).
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As a consequence, we give the following prompt result. Recall that the inverse semigroup S is
primitive if all non-zero idempotents of S is primitive.

Remark 2.4. For a topological group G, it is well-known that pseudocompactness of G implies
that G × G is pseudocompact. We note that this is not true when S is a topological semigroup.
For example, we can consider a pseudocompact topological space X such that X × X is not
pseudocompact. Now, we can regard X as a topological semigroup with the semigroup operation
defined by

x ∗ y = x (x, y ∈ X).

Corollary 2.5. If S is a primitive Hausdorff pseudocompact topological inverse semigroup,
then any element m ∈ QM(S) can be extended to an element QM(βS).

Now, our aim is to obtain conditions that give a similar version of Theorem 2.3 for separately
continuous quasi-multipliers on topological semigroups. Recall that a topological space X is count-
ably compact if every countable open cover has a finite subcover. It is worthwhile to mention that
Filali and Vedenjuoksu in [6] studied this problem for an extension of the semigroup operation of
S to βS, where S is a countably compact semi-topological semigroup. The following theorem is an
improvement of [6, Proposition 3.4] to separately continuous quasi-multipliers.

Theorem 2.6. Let S be a countably compact topological semigroup. Then

(i) (βS,�) is a semi-topological semigroup.
(ii) for each y ∈ S, the map Ψ : βS −→ βS defined by x 7→ y�x is continuous.

(iii) for every element m ∈ QMw(S), we have an extension m̃ ∈ QMw(βS).

Now, for a certain class of topological semigroup S, we describe QM(S) as a quotient of a
subsemigroup of its Stone-Čech compactification. First, we need some definitions.

Definition 2.7. A topological semigroup S is called faithful if the map Φ : S −→ QM(S)
defined by

Φ(s)(x, y) = xsy (s, x, y ∈ S),

is one-to-one.

Definition 2.8. Suppose that S is a topological semigroup. We say a net {mβ} ⊆ QM(S)

converges to some m ∈ QM(S) in the q(S)-topology and denote by mβ
q(S)−−−→ m if mβ(s, t) −→

m(s, t), for all s, t ∈ S.

Let S be a topological semigroup with an approximate identity, that is there is a net (eα)
in S such that for each s ∈ S, eαs −→ s and seα −→ s. Therefore, S is faithful and for each
m ∈ QM(S) we have,

lim
α

[Φ (m(eα, eα))] (s, t) = lim
α
sm(eα, eα)t

= lim
α

m(seα, eαt)

= m(s, t).

This shows that Φ (m(eα, eα))
q(S)−−−→ m and so S can be considered as a dense subset of QM(S)

equipped with the q(S)-topology.

Definition 2.9. An approximate identity (eα) in a topological semigroup S is called an ultra-
approximate identity if for each s ∈ S and m ∈ QM(S) the nets {m(s, eα)} and {m(eα, s)} are
convergent.

In the following, we will be able to consider QM(S) as a right topological semigroup when S
admits an ultra-approximate identity.
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Lemma 2.10. Let S be a topological semigroup and (eα) is an ultra-approximate identity. For
each m1,m2 ∈ QM(S) define

(m1 �m2) (s, t) = m1

(
s, lim

α
m2(eα, t)

)
(s, t ∈ S).

Then the following statements hold.

(i) (QM(S),�) is a right topological semigroup with the q(S)-topology.
(ii) S is an ideal in (QM(S),�).
(iii) Zq(S) = {m ∈ QM(S) : Lm is continuous} is a semi-topological subsemigroup of (QM(S),�)

such that contains S, where Lm : QM(S) −→ QM(S) is the left translation map.

Suppose that (S, ·) is a topological semigroup such that (βS, •) is a topological semigroup,
where • is an extension of the semigroup operation of S. Define

βSσ = {F ∈ βS : x • F • y ∈ S for all x, y ∈ S} .
It is easy to see that βSσ is a subsemigroup of βS which contains S. Also, the relation

σ (F ) (x, y) = x • F • y (x, y ∈ S, F ∈ βSσ) ,

defines a map σ from βSσ into QM(S).
As a main result, we now are able to present a characterization of QM(S) in the sense of

quotient semigroups as follows.

Theorem 2.11. Let S be a topological semigroup with an ultra-approximate identity. If S ×S
is pseudocompact, then

(i) the map σ : (βSσ,�) −→ (QM(S),�) is a continuous epimorphism.

(ii) QM(S) ∼= βSσ

J , where J = {(F,G) ∈ βSσ × βSσ : σ (F ) = σ (G)}.
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1. Introduction

Let H and K be two locally compact groups with the identity elements eH and eK , respectively
and let τ : H → Aut(K) be a homomorphism such that the map (h, k) 7→ τh(k) is continuous from
H×K onto K, where H×K equips with the product topology. The semi- direct product topological
group Gτ = H ×τ K is the locally compact topological space H ×K under the product topology,
with the group operations:

(h1, k1)×τ (h2, k2) = (h1h2, k1τh1
(k2),

(h, k)−1 = (h−1, τh−1(k−1)).

It is worth to note that K1 = {(eH , k); k ∈ K} is a closed normal subgroup and H1 = {(h, eK);h ∈
H} is a closed subgroup of Gτ such that Gτ = HK . Moreover, the left Haar measure of the
locally compact group Gτ is

dµGτ (h, k) = δH(h)dµH(h)dµK(k),

in which dµH , dµK are the left Haar measures on H and K, respectively and δH : H → (0,∞) is
a positive continuous homomorphism that satisfies

dµK(k) = δH(h)dµ(τh(k)),

for h ∈ H, k ∈ K. Moreover, the modular function ∆Gτ
is

∆Gτ = δH(h)∆H(h)∆K(k),

where ∆H ,∆K are the modular functions of H,K, respectively.
When K is also abelian, one can define τ̂ : H → Aut(K̂) via h 7→ τ̂h where

τ̂h(ω) = ω ◦ τh−1 ,

for all ω ∈ K̂. We usually denote ω ◦ τh−1 by ωh. With this notation, it is easy to see

ωh1h2
= (ωh2

)h1
,

where h1, h2 ∈ H and ω ∈ K̂. The semi-direct product Gτ̂ = H ×τ̂ K̂ is a locally compact group
with the left Haar measure

dµĜ(h, ω) = δH(h)−1dµH(h)dµK̂(ω),

where dµK̂ is the Haar measure on K̂. Also, for all h ∈ H,

dµK̂(ωh) = δH(h)dµK̂(ω),

∗speaker
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for ω ∈ K̂, (see more details in [4, 1, 3].)

Let Gτ = H ×τ K, and define θ : Gτ → Aut(K̂ × T) via

(h, k) 7→ θ(h,k)(ω, z) = (τ̂h(ω), τ̂h(ω)(k)z) = (ωh, ωh(k)z),

for all (h, k) ∈ H ×τ K and (ω, z) ∈ K̂ × T. The mapping θ is a continuous homomorphism. Thus
the semi-direct prodoct

Gτ ×θ (K̂ × T) = (H ×τ K)×θ (K̂ × T),

is a locally compact group and it is called the generalized Weyl Heisenberg group associated with
the semi direct product group Gτ = H ×τ K, and denoted by H(Gτ ). It is easy to see that the
group operations of H(Gτ ) are

(h1, k1, ω1, z1).(h2, k2, ω2, z2) = (h1h2, k1τh1
(k2), ω1ω2h1

, ω2h1
(k)z1z2),

(h1, k1, ω1, z1)−1 = (h−11 , τ−1h1
(k−1), ω̄h−1

1
, ω̄h−1

1
(τ−1h1

(k−1))z−1),

for (h1, k1, ω1, z1), (h2, k2, ω2, z2) ∈ H(Gτ ) (see [4]) and the left Haar measure of H(Gτ ) is:

dµH(Gτ )(h, k, ω, z) = dµH(h)dµK(k)dµK̂(ω)dµT(z).

2. Main results

Throughout this section, we assume that H and K are locally compact topological groups and
that K is abelian, too. We denote the left Haar measures of H and K by dµH , dµK , respectively.
Suppose that h 7→ τh from H to Aut(K) is a homomorphism such that (h, k) 7→ τh(k) from H×K
into K is continuous. Gτ = H×τK is the semi-direct product of H and K that is a locally compact
topology group with the left Haar measure dµGτ

(h, k) = δH(h)dµH((h)dµK(k), where δH : H 7→
(0,∞) is a continuous homomorphism. Consider the homomorphism θ : Gτ → Aut(K̂ × T) is
defined by

((h, k), (ω, z)) 7→ θ(h,k)(ω, z),

where θ(h,k)(ω, z) = (ω ◦τh−1 , ω ◦τh−1(k).z). This makes H(Gτ ) = Gτ ×θ (K̂×T) a locally compact
topological group where H(Gτ ) is equipped with the product topology and the group operations
as

(h1, k1, ω1, z1).(h2, k2, ω2, z2) = (h1h2, k1τh1(k2), ω1ω2h1
, ω2h1

(k)z1z2),

(h1, k1, ω1, z1)−1 = (h−11 , τ−1h1
(k−1), ω̄h−1

1
, ω̄h−1

1
(τ−1h1

(k−1))z−1),

for (h1, k1, ω1, z1), (h2, k2, ω2, z2) ∈ H(Gτ ). The left Haar measure of H(Gτ ) is

dµH(Gτ )(h, k, ω, z) = dµH(h)dµK(k)dµK̂(ω)dµT(z).

Now, we are going to define a irreducible representation on H(Gτ ). With the above notations

define π : H(Gτ )→ U(L2(K̂)) by

(1) π(h, k, ω, z)f(ξ) = δ
−1/2
H (h)zξ(k)ω(k)f((ξω)h−1),

then π is a homomorphism. Indeed,
π ((h1, k1, ω1, z1)(h2, k2, ω2, z2) )f(ξ) = π(h1h2, k1τh1(k2), ω1(ω2)h1

, (ω2)h1(k1)z1z2)f(ξ)

= δ
−1/2
H (h1h2)(ω2)h1

(k1)z1z2ξ(k1τh1
(k2))ω1(ω2)h1

(k1τh1
(k2))f((ξω1(ω2)h1

)(h1h2)−1

= δ
−1/2
H (h1h2)(ω2)h1

(k1)z1z2ξ(k1)ξh−1
1

(k2)ω1(k1)(ω1)h−1
1

(k2)ω2(k2)f(ξh−1
2 h−1

1
(ω1)h−1

2 h−1
1

(ω2)h−1
2

)

.

Also,
π(h1, k1, ω1, z1)π(h2, k2, ω2, z2)f(ξ)

= δ
−1/2
H (h1)z1ξ(k1)ω1(k1)π(h2, k2, ω2, z2)f((ξω1)h−1

1

= δ
−1/2
H (h1)δ

−1/2
H (h2)z1z2ξ(k1)ω1(k1)ω2(k2)(ξω1)h−1

1
(k2)f((ξω1)h−1

1
(ω2)h−1

2
)

= δ
−1/2
H (h1h2)z1z2ξ(k1)ξh−1

1
(k2)ω1(k1)(ω1)h−1

1
(k2)ω2(k2)f(ξh−1

2 h−1
1

(ω1)h−1
2 h−1

1
(ω2)h−1

2
).

.
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Moreover, π is unitary. In fact we have,
‖π(h, k, ω, z)f‖22 =

∫
K̂
|π(h, k, ω, z)f(ξ)|2dµK̂(ξ)

=
∫
K̂
δ−1H (h)|f((ξω)h−1 |2dµK̂(ξ)

=
∫
K̂
δ−1H (h)|f((ξ)h−1 |2dµK̂(ξ)

=
∫
K̂
f((ξ)|2dµK̂(ξ)

= ‖f‖22.

.

And it is easy to check that π is continuous and onto. So, π is a continuous unitary representation
of group H(Gτ ) to the Hilbert space L2(K̂). In the sequel, we show that π is irreducible when H
is compact. Note that when H is a compact group, we normalize the Haar measure µH such that
µH(H) = 1.

Theorem 2.1. Let H(Gτ ) = (H ×τ K)×θ (K̂ ×T) where H is a locally compact group and K

is a locally compact abelian group. Then for ϕ,ψ in L2(K̂),

(2)

∫
H(Gτ )

| ≺ ϕ, π(h, k, ω, z)ψ � |2dµH(Gτ )(h, k, ω, z) = ‖ϕ‖22‖ψ‖22.

if and only if H is compact.

Proof. For ϕ,ψ in L2(K̂) we first consider the following observations:∫
H(Gτ )

| ≺ ϕ, π(h, k, ω, z)ψ � |2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

|
∫
K̂
ϕ(ξ)π(h, k, ω, z)ψ(ξ)dµK̂(ξ)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

|
∫
K̂
ϕ(ξ)δ

−1/2
H (h)zξ(k)ω(k)ψ(ξω)h−1dµK̂(ξ)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

|
∫
K̂
ϕ(ξω)δ

−1/2
H (h)zξ(k)ψ(ξ)h−1dµK̂(ξ)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

|
∫
K̂
Rωϕ(ξ)δ

−1/2
H (h)zξ(k)ψ(ξ ◦ τh)dµK̂(ξ)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

|
∫
K̂
Rωϕ(ξ ◦ τh−1)δ

−1/2
H (h)zξ ◦ τh−1(k)ψ(ξ)dµK̂(ξh)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

|
∫
K̂
Rωϕ(ξ ◦ τh−1)δ

1/2
H (h)zξ(τh−1(k))ψ(ξ)dµK̂(ξ)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

δH(h)|
∫
K̂

(Rωϕ(. ◦ τh−1).ψ)(ξ)ξ(τh−1(k))dµK̂(ξ)|2dµH(Gτ )(h, k, ω, z)

=
∫
H(Gτ )

δH(h) ̂|(Rωϕ(. ◦ τh−1).ψ)(τh−1(k))|2dµH(Gτ )(h, k, ω, z)

=
∫
H
δH(h)

∫
K̂

∫
K
| ̂(Rωϕ(. ◦ τh−1).ψ)(τh−1(k))|2dµK(k)dµK̂(ω)dµH(h)

=
∫
H

∫
K̂

∫
K
| ̂(Rωϕ(. ◦ τh−1).ψ)(k)|2dµK(k)dµK̂(ω)dµH(h)

=
∫
H

∫
K̂

∫
K̂
|(Rωϕ(. ◦ τh−1).ψ)(ξ)|2dµK̂(ξ)dµK̂(ω)dµH(h)

=
∫
H

∫
K̂

∫
K̂
|Rωϕ(ξ ◦ τh−1).ψ(ξ)|2dµK̂(ξ)dµK̂(ω)dµH(h)

=
∫
H

∫
K̂

∫
K̂
δH(h)|Rωϕ(ξ).ψ(ξ ◦ τh)|2dµK̂(ξ)dµK̂(ω)dµH(h)

=
∫
H

∫
K̂
‖ϕ‖22δH(h)|ψ(ξ ◦ τh)|2dµK̂(ξ)dµH(h)

= ‖ϕ‖22‖ψ‖22µH(H)

.

Now, ifH is compact, then µH(H) = 1. So, (2) holds. Conversely, if (2) holds,the above observation
implies that µH(H) = 1 . So, we can conclude that H is compact. �

Corollary 2.2. With notation as above, the representation π of H(Gτ ) on L2(K̂) is irre-
ducible if H is compact.

Proof. If H is compact, then (2) in Theorem 3.1 holds. Now, suppose that M is a closed

subspace of the Hilbert space L2(K̂) that is invariant under π. Then for any ϕ ∈M we have,

{π(h, k, ω, z)ϕ; (h, k, ω, z) ∈ H(Gτ )} ⊆M.
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Let ψ ∈ L2(K̂) be orthogonal to M , that is ≺ ψ, π(h, k, ω, z)ϕ �= 0, for all (h, k, ω, z) ∈ H(Gτ ).

Thus by (2), ‖ϕ‖2‖ψ‖2 = 0, and hence ψ = 0. So, M⊥ = {0}, that is, M = L2(K̂). Namely, π is
irreducible. �

Example 2.3. Let K be an abelian locally compact group and H = {e} (the trivial group). In
this case the generalized weyl Heisenberg group H(Gτ ) coincides with the standard weyl Heisenberg

group G := K ×θ (K̂ × T). In this case the irreducible representation of G = K ×θ (K̂ × T) on

L2(K̂) is as follows:

(3) π(k, ω, z)f(ξ) = zξ(k)ω(k)f(ξω).
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1. Introduction

Let X and Y be one-sided shift spaces. A *-isomorphism Ψ : OX → OY is diagonal-preserving
if Ψ(DX) = DY . In this paper we prove that a *-isomorphism Ψ : OX → OY satisfying Ψ(C(X)) =
C(Y ) is diagonal-preserving. First we need some preliminary results. Everyone can read more in
[1, 2].

Lemma 1.1. Let X be a one-sided shift space. Then

C∗(Iso(GX)◦) = D′X ⊆ C(X)′.

If X contains a dense set of aperiodic points, then D′X = C(X)′.

Consider the equivalence relation ∼ on the space X̃ × T given by (x̃, ι) ∼ (ỹ, θ) if and only if

x̃ = ỹ and ιp = θp for all p ∈ Stab(x̃). Then the quotient X̃ ×T/ ∼ is compact and Hausdorff and
as we shall see (homeomorphic to) the spectrum of C∗(Iso(GX)◦). We read more in groupoid [3].

Lemma 1.2. Let ∼ be the equivalence relation on X̃×T defined above. There is a *-isomorphism

Ω : C∗(Iso(GX)◦)→ C(X̃ × T/ ∼),

given by

(1) Ω(f)([x̃, ι]) =
∑

p∈Stab(x̃)

f(x̃, p, x̃)ιn

for f ∈ Cc(Iso(GX)◦) and [x̃, ι] ∈ X̃ × T.

Proof. The map Ω : C∗(Iso(GX)◦)→ C(X̃×T/ ∼) given in 1 is well-defined by the definition

of ∼ and linear. If f, g ∈ Cc(Iso(GX)◦) and [x̃, z] ∈ X̃ × T, then

Ω(f)([x̃, ι])Ω(g)([x̃, ι]) =
∑

k,l∈Stab(x̃)

f(x̃, k, x̃)g(x̃, l, x̃)ιk+1

=
∑

m,n∈Stab(x̃)

f(x̃, n−m, x̃)g(x̃,m, x̃)ιn

= Ω(f ? g)([x̃, ι]),

so Ω is multiplicative.
In order to see that Ω is injective, let f, g ∈ Cc(Iso(GX)◦) such that both supp(f) and supp(g) are
bisections and suppose that Ω(f) = Ω(g). Suppose f(x̃, p, x̃) 6= 0. The p ∈ Iso(x̃) is necessarily
unique because supp(f) is a bisection. The assumption implies the existence of a unique q ∈ Iso(x̃)
such that g(x̃, q, x̃), and then

0 6= f(x̃, p, x̃) = Ω(f)([x̃, 1]) = Ω(g)([x̃, 1]) = g(x̃, q, x̃).

Similarly,
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0 6= f(x̃, p, x̃)ιp = Ω(f)([x̃, ι]) = Ω(g)([x̃, ι]) = g(x̃, q, x̃)ιq.

for all 1 6= ι ∈ T. It follows that p = q. Since Cc(Iso(GX)◦) is spanned by functions whose
support is a bisection, we conclude that ρ is injective. We show that Ω separates points. First,
if[x̃, ι] 6= [x̃, θ], then there is p ∈ Iso(x̃) such that ιp 6= θp. Choose a compact open bisection
U ⊆ GX satisfying U ∩ Iso(x̃) = (x̃, p, x̃) and observe that

Ω(1U )([x̃, ι]) = ιp

and ρ(1U )([x̃, θ]) = θp. Second, if x̃ 6= ỹ in X̃ then we choose a compact open bisection U
satisfying (x̃, 0, x̃) ∈ U and Iso(ỹ) ∩ U = ∅. Then Ω(1U )([x̃, ι]) = 1 while Ω(1U )([ỹ, θ]) = 0. By

the StoneWeierstrass theorem, the image of Ω is dense in C(X̃ × T/ ∼) and Ω thus extends to a
*-isomorphism as wanted. �

2. Main Theorem

Theorem 2.1. Let X and Y be one-sided shift spaces with dense sets of aperiodic points and
let Ψ : OX → OY be a *-isomorphism satisfying Ψ(C(X)) = C(Y ). Then Ψ(DX) = DY .

Proof. If Ψ : OX → OY is a *-isomorphism satisfying Ψ(C(X)) = C(Y ), then Ψ(C(X)′) =
C(Y )′. By Lemmas 1.1 and 1.2, there is a homeomorphism

h : X̃ × T/ ∼→ Ỹ × T/ ∼,

such that Ψ(f) = f ◦ h−1 for f ∈ C(X̃ × T/ ∼).

Define the map qX : X̃ × T/ ∼→ X̃ by qX([x̃, z]) = x̃. This is well-defined, continuous and

surjective. Furthermore, qX induces the inclusion DX ⊆ C(X)′. Let x̃ ∈ X̃ and put ỹx̃ =

qY (h([x̃, 1])) ∈ Ỹ . The connected component of any [x̃, z] is the set [x̃, w] | w ∈ T, so since any
homeomorphism will preserve connected components, we have

h(q−1X (x̃)) = q−1Y (h([x̃, 1])).

We may now define a map h̃ : X̃ → Y by

h̃(x̃) = ỹx̃ = qY (h([x̃, 1]))

for x̃ ∈ X̃, which is well-defined, continuous and surjective. The above considerations show that
h is also injective. As both X̃ and Ỹ are compact and Hausdorff, h̃ is a homeomorphism. The
relation h̃ ◦ qX = qY ◦ h ensures that that Ψ(DX) = DY as wanted. �
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1. Introduction

For Banach space A, the space of all bounded k-linear forms on A, denoted by L(A(k),C), is
a normed space under the norm

‖Φ‖ = sup{|Φ(x1, · · · , xk)| : ‖xi‖ ≤ 1, i = 1, · · · , k}.
A form Φ is called symmetric if Φ(x1, · · · , xk) = Φ(xσ(1), · · · , xσ(k)) for each σ ∈ Sk (=the symmet-
ric group on k letters). Every k-linear form corresponds to a symmetric k-linear form Φs defined
by

Φs(x1, · · · , xk) =
1

k!

∑
σ∈Sk

Φ(xσ(1), · · · , xσ(k)).

A map P : A → C is called a k-homogeneous polynomial if there exists a symmetric k-linear form
A ∈ L(A(k),C) such that P (x) = Φ(x, · · · , x), for every x ∈ A.

Two elements x, y in a Banach algebra A are called orthogonal if xy = yx = 0. A k-
homogeneous polynomial P is called orthogonally additive if P (x+ y) = P (x) + P (y) whenever x
and y are orthogonal.

An example of a k-homogeneous orthogonally additive polynomial is the polynomial P defined
by P (x) = φ(xk) for some φ ∈ X∗. This is called an standard k-homogeneous orthogonally additive
polynomial. In this case the symmetric k-linear form associated with P is:

Φ(x1, · · · , xk) = 〈φ, 1

k!

∑
σ∈Sk

xσ(1) · · ·xσ(k)〉,

where we write 〈·, ·〉 for the dual pairing of A and A∗. In this setting, we say that a Banach
algebra A is standard if, for each k ∈ N, all k-homogeneous orthogonally additive polynomials on
A are standard. A well-known example of a standard Banach algebra is C(Ω), for some compact
Hausdorff space Ω. Indeed, Pérez-Garćıa and Villanueva [8] proved that for each orthogonally
additive k-homogeneous polynomial P : C(Ω) → C, there exists a regular Borel measure µ on Ω
such that P (f) =

∫
Ω
fkdµ, for each f ∈ C(Ω). Therefore all commutative unital C∗-algebras are

standard. Later, Palazuelos, Peralta and Villanueva [7] showed that this result holds for all C∗-
algebras. Besides C∗- algebras, the Fourier algebra A(T) of the unit circle in the complex plan is
also standard. Indeed, in [3], it is shown that every completely bounded and orthogonally additive
k-homogeneous polynomial on the Fourier algebra A(G) of a locally compact group G is standard.
There are also non-standard Banach algebras. In [2], beside proving that the convolution algebra
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L1(G) is standard for a compact group G, it is also shown that the convolution algebras C(T) and
Lp(T) for 1 < p ≤ ∞ are not standard.

It seems natural to ask whether the orthogonally additive property of a polynomial is preserved
by extending a polynomial to the second dual; and that, under what conditions being standard of
a Banach algebra implies being standard for the second dual and vice versa. Before any thing we
need to clarify what we mean by extending a polynomial to the second dual.

Definition 1.1 (Extension to the second dual [1]). Let P be a k-homogeneous polynomial on
a Banach algebra A and let Φ be its corresponding k-linear form. Then P can be extended to the
second dual through:

P (m) = Φ(m, · · · ,m︸ ︷︷ ︸
k

) = w∗- lim
α1

· · · lim
αk

Φ(xα1
, · · · , xαk

),

where (xα)α∈I is a net in A, w∗-converging to m ∈ A∗∗.

Davie and Gamelin [4] showed that ‖P‖ = ‖P‖. When A is a dual space, there exists another
way for extending a polynomial to the second dual which is discussed in the next section.

2. Results

If P is an orthogonal additive k-homogeneous polynomial, then as the following example
demonstrates, the extension P of P to the second dual need not be orthogonally additive, in
general.

Example 2.1. let A be a non-commutative Banach algebra which is not Arens regular, and
let P : A → C be defined by P (x) = φ(x2), for some φ ∈ A∗. Then P is obviously orthogonally

additive. It is known that Φ(x, y) = (xy+yx)
2 is its associated bilinear form. It follows that

Φ(x∗∗, y∗∗) = 〈1
2

(x∗∗�y∗∗ + y∗∗♦x∗∗), f〉.

So P (m) = 〈 12 (m�m+m♦m), f〉, m ∈ A∗∗. Now let m,n ∈ A∗∗ and m�n = n�m = 0 Then:

P (m+ n) = P (m) + P (n) + 〈1
2

(m♦n), φ〉+ 〈1
2

(n♦m), f〉.

In the sequel we investigate some conditions under which the orthogonality of P implies that
of P .

Theorem 2.2. Let A be an Arens regular Banach algebra. If P : A → C is a standard
k-homogeneous orthogonal additive polynomial, then so is its extension P : A∗∗ → C.

In the following, another way for extending a k-homogeneous polynomial to the second dual
is stated:
Let A = F ∗ where F is a complex Banach space. Then A∗∗ = A ⊕ F⊥. So each m ∈ A can be
represented as x + x⊥. Let π : A∗∗ → A be the projection onto A. If P is a polynomial from A
into C then P ◦ π is a polynomial from A∗∗ into C that extends P . In general P is not necessarily
equal to P ◦ π. In [6], the polynomials P whose Aron-Berner extensions are equal to P ◦ π are
characterized.
Note that π : (A∗∗,�) → (A, ·) is a homomorphism and F⊥ is a closed ideal in (A∗∗,�). see [5,
Theorem 2.2].

Lemma 2.3. Let A be an Arens regular Banach algebra and A = F ∗. If P is orthogonally
additive, then so is P ◦ π with each of the Arens products.

Lemma 2.4. Let A be a non-reflexive dual Banach algebra with the predual F and let γ ∈ A∗.
• If A is either Arens regular or commutative, then Pγ ◦π = Pγ +Q, where Q is a standard
k-homogeneous polynomial on A∗∗.

• If γ ∈ F , then Pγ ◦ π = Pγ . The converse also holds in the case where A is unital.
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Theorem 2.5. Let A be an Arens regular Banach space and A = F ∗. If A∗∗ is standard, then
so is A.

Theorem 2.6. Let A be a semisimple Banach algebra with a predual F . Furthermore suppose
a.F⊥ = F⊥.a = 0 for each a ∈ A. Then A being standard implies that A∗∗ is standard.

Example 2.7. (`∞)∗ is Standard. Indeed `1 is a semisimple Banach algebra whose predual
is c0. It is not hard to see that a.c⊥0 = c⊥0 .a = 0 for each a ∈ `1. Furthermore, `1, together with
pointwise product, is standard.

The following theorem presents conditions under which the second dual of a Banach algebra
is not standard.

Theorem 2.8. let A be a non-commutative, non-Arens regular Banach algebra with a bounded
approximate identity. Assume that there exists m0 ∈ A∗∗ such that m0�m0 6= m0♦m0. Further-
more, let m�n = n�m = 0 implies m♦n = n♦m = 0 for each m,n ∈ A∗∗. Then A∗∗ is not
standard.
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1. Introduction

Throughout G is a locally compact group with the unit e, a fixed left Haar-measure. Let X
be a left Banach G-module. Then X∗ is a right G-module, not necessarily Banach. Also, X∗ is
a right Banach L1(G)-module, where L1(G) denote the group algebra of G with the convolution
product as defined in [4]. Recall that the convolution product of two complex-valued functions f
and g on G is defined as follows.

f ∗ g(s) =

∫
G

f(t)g(t−1s) dt,

when the integral makes sense.
Also, L1(G) is a left G-module with the action s · φ = ls−1φ for all s ∈ G and φ ∈ L1(G). It’s

known that L∞(G) can be identified by the first dual space of L1(G) under the pairing

〈x, φ〉 =

∫
G

x(s)φ(s) ds (x ∈ L∞(G), φ ∈ L1(G)).

A locally compact group G is called amenable if there is a mean on L∞(G), which is left translation
invariant.

One of the most important objects of study in the category of harmonic analysis is the von-
Neumann algebra. Many of the central objects of study in abstract harmonic analysis, such as
amenable theory, are in this class. Amenability, which is a very distinctive property for locally
compact groups, was defined firstly for discrete groups by von-Neumann [9]. The definition of
amenability for arbitrary locally compact groups was later given by Day [2]. A general notion of
an amenable action on the predual of a von-Neumann algebra developed by Stokke [8] in 2004.

One of the motivations of this paper is the existence of a vast body of results on equivalents
of locally compact groups equipped with the amenable property.

2. The results

Let M be a W∗-algebra with predual M∗ and the identity element eM. A bounded linear
functional M onM is called a state if it satisfies ‖M‖ = M(eM) = 1. Also, (M∗)+1 is the collection
of normal states on M; i.e., the collection of all w∗-continuous states on M∗.

Using the idea M = L∞(G), M∗ = L1(G) with s · φ = ls−1φ for all s ∈ G and φ ∈ L1(G),
Stokke in [8] was introduced a unified approach under which the standard techniques used to
develop the basic theory of amenable groups as follows.

Definition 2.1. A locally compact group G will be said to have positive action onM∗ ifM∗
is a left Banach G-module such that
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(a) ‖s · φ‖ ≤ ‖φ‖ for all s ∈ G and φ ∈M∗,
(b) s · φ ∈ (M∗)+1 for all s ∈ G and φ ∈ (M∗)+1 .

The reader can see several known examples of the above notion in [8, Example 1.2].
Throughout this paper, G is a locally compact group, and M is a W∗-algebra such that G

has positive action on the predual M∗. An element x ∈ M is called uniformly continuous if the
mapping G −→ (M, ‖.‖) that given by s 7→ x · s is continuous. The collection of all such elements
denotes UC(M). According to [6], x ∈ UC(M) if and only if the mapping s 7→ x · s from G into
M is weakly continuous. We always have UC(M) = M · L1(G); see [8]. Note that UC(M) is
weak∗-dense in M. Also, one can easily verify that x ∈ UC(M) if and only if x · ei −→ x, if and
only if x ·ei −→ x with respect to the weak topology ofM, where (ei) is the bounded approximate
identity of L1(G).

Definition 2.2. By the above assumpption,

(a) a state M on M is called an invariant mean if 〈M, x · s〉 = 〈M, x〉 for all x ∈ M and
s ∈ G.

(b) a state M onM is called a toplogical invariant mean if 〈M, x ·f〉 = 〈M, x〉 for all x ∈M
and f ∈ L1(G)+1 , where

L1(G)+1 = {f ∈ L1(G) | f ≥ 0,

∫
G

f = 1}.

(c) G acts amenably on M∗ if there exists an invariant mean on M.

The above notion, as a unified approach to developing the basic theory of amenable groups,
was presented and studied by Stokke [8] in which he proved that the following statements are
equivalent.

(a) there is a topological invariant mean on M,
(b) there is an invariant mean on M,
(c) there is an invariant mean on UC(M),
(d) there is a topological invariant mean on UC(M).

Now, we show that G is amenable if and only if every statement in the above holds for all
W∗-algebras that G has a positive action on its predual.

Theorem 2.3. A locally compact group G is amenable if and only if G acts amenably on M∗
for every W∗-algebra M such that G has positive action on the predual M∗.

Proof. Suppose that G is amenable and φ ∈ (M∗)+1 . For each x ∈M, we define the complex-
valued function ψx on G by ψx(s) = 〈x, s · φ〉 for all s ∈ G. Clearly, ψx is bounded, and sinceM∗
is a left Banach G-module, ψx is continuous. Therefore, ψx ∈ L∞(G). Define now M :M −→ C
by M(x) = m(ψx) for all x ∈M, where m is a left invariant mean on L∞(G). It is readily checked
that M is an invariant mean on M. For the converse, we regard the W∗-algebra M = L∞(G)
with M∗ = L1(G). �

The above theorem has also been proved in [8, Corollary 1.11] by Day’s fixed theorem [3,
Theorem 3.3.5].

The following lemma is well-known when M = L∞(G). The proof is also similar way.

Lemma 2.4. Let M is a W∗-algebra such that G has a positive action on the predual M∗.
Then a bounded linear functional M on M (or UC(M)) is a state if and only if M satisfies in
any pair of the following conditions:

(a) M is positive; i.e., M(x) ≥ 0 for all positive elements x ∈M,
(b) M(eM) = 1,
(c) ‖M‖ = 1.
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For each M in the dual of UC(M), we define the bounded linear mapping ωM from M into
L∞(G) as follows

〈ωM (x), f〉 = 〈M, x · f〉 (x ∈M, f ∈ L1(G)).

Theorem 2.5. Let M is a W∗-algebra such that G has a positive action on the predual M∗.
Then the following statements are equivalent.

(a) G acts amenably on M∗,
(b) There exists a weakly compact positive operator ω : M −→ L∞(G) of norm 1 such that

ω(x · s) = lsω(x) for all x ∈M and s ∈ G.

Proof. (a) =⇒ (b). Suppose that G acts amenably on M∗. Then there exists a toplogical
invariant mean M on UC(M). Therefore, ωM (x) = M(x)1, and so m ◦ ωM = m(1)M for all
m ∈ L1(G)∗∗. It follows effortlessly that

ω∗∗M (x∗∗) = x∗∗(M)1 ∈ L∞(G) (x∗∗ ∈M∗∗).

So, ωM is weakly compact by Theorem 3.5.8 of [7]. Now, we show that ‖ωM‖ = 1. It is clear
that ‖ωM‖ ≤ ‖M‖. To prove the reverse inequality, let (ei) be an approximate identity of L1(G)
bounded to 1. Then for each x ∈ UC(M), we have

‖x · ei − x‖ −→ 0,

and so

|ωM (x)(ei)| −→ |〈M, x〉|.

Furthermore, for each i, we have

‖ωM (x)‖∞ ≥ |ωM (x)(ei)|.

Consequently, ‖ωM‖ ≥ ‖M‖. So, ‖ωM‖ = 1. Note that since M is a state, ωM is positive by
Lemma 2.4. Also, one can readily checking that ωM (x · s) = lxωM (s) for all x ∈M and s ∈ G.

(b) =⇒ (a). By assumption, for each x ∈M

{lsω(x)| s ∈ G} = {ω(x · s)| s ∈ G}

is relatively weakly compact in the weak topology of L∞(G). It follows that ω(x) ∈ WAP (G),
where WAP (G) denotes the space of all weakly compact periodic functions on G. It’s known that
there exists a unique left invariant mean on WAP (G), see for example [3]. We define 〈M, x〉 =
〈m, ω(x)〉 for all x ∈M. Then M is the invariant mean on M. �

We end the work by the following result that is an immediate consequence of Theorem 2.3 and
Theorem 2.5.

Corollary 2.6. A locally compact group G is amenable if and only if either, and hence all,
of the following statements hold.

(a) For every W∗-algebra M such that G has positive action on M∗, there exists a weakly
compact positive operator ω of norm 1 from M into L∞(G) such that ω(x · s) = lxω(x)
for all x ∈M and s ∈ G.

(b) There exists a weakly compact positive operator ω of norm 1 on L∞(G) such that lsω(x) =
ω(lsx) for all x ∈ L∞(G) and s ∈ G.
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Fatou’s lemma and Reverse Fatou’s lemma for pseudo-integrals
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Abstract. Fatou’s lemma is a useful result in the theory of integration with applications in

probability and measure theory. The Lebesgue Dominated Convergence Theorem is an important

result in Real Analysis that the Fatou’s lemma is used during its proof. Pseudo-integrals form
an important subclass of nonlinear integrals. Using the pseudo-operations given by strictly

monotone and continuous function g, we have presented a new style the Fatou’s lemma and
Reverse Fatou’s lemma for pseudo-integrals.

Keywords: Pseudo-addition, Pseudo-multiplication; Pseudo-integral; Non-additive
measure; Fatou’s lemma.
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1. Introduction

Pseudo-analysis has been raised as a generalization of classical analysis where a real interval
[a, b] ⊆ [−∞,∞] equipped with two operations ⊕ (called pseudo-addition) and ⊗ (called pseudo-
multiplication) acts a similar role as the field of real numbers < for real analysis. Based on this
structure there were created the concepts of pseudo-additive measure (⊕ − measure), pseudo-
division, pseudo-integral, pseudo-scalar product, pseudo-analytic exponential, pseudo-logarithm,
etc. The important advantage of the pseudo-analysis is that there are covered with one theory,
and so with unified methods, problems (usually nonlinear and under involved uncertainty) from
many different fields.

Many important integral inequalities have been proved in the context of pseudo-integral. Pap
and Štrboja generalized the Jensen integral inequality for the pseudo-integral. Abbaszadeh et al.
proved Hölder’s type integral inequality and Hadamard inequality for the pseudo-integral in the
above two cases of the real semirings. Agahi et al. proved Chebyshev type inequalities and a
generalization of the Hölder’s and Minkowski’s integral inequalities for the pseudo-integral.

We know that the classical Fatou’s Lemma [6] is as follows :∫
X

lim
n→∞

inffndµ ≤ lim
n→∞

inf

∫
X

fndµ,

where {fn} is a sequence of non-negative measurable functions defined on a the classical measure
space (X, E , µ) such that

∫
X

lim infn→∞ fndµ <∞.
Agahi et al. [2] proved the following Fatou’s type lemma for Sugeno integral:

−
∫
X

lim
n→∞

inffndµ ≤ lim
n→∞

inf −
∫
X

fndµ,

where {fn} is a non-decreasing sequence of non-negative and measurable functions defined on the
non-additive measure space (X, E , µ) with µ(X) <∞.

We also know that the classical reverse Fatou’s Lemma [7] is as follows :∫
X

lim
n→∞

supfndµ ≥ lim
n→∞

sup

∫
X

fndµ,

where {fn} is a sequence of non-negative measurable functions defined on a the classical measure
space (X, E , µ) such that for any n, fn ≤ g, for some non-negative measurable function g with∫
gdµ <∞.

∗speaker
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In this paper we show that the Fatou’s lemma and the reverse Fatou’s lemma are also true for
pseudo-integrals.

Assume that [a, b] ⊆ [−∞,∞] is a closed interval and � be a total order on [a, b]. Pseudo-
addition ⊕ and Pseudo-multiplication ⊗ are defined as follows.

Definition 1.1. [3] A binary operation ⊕ on [a, b] is pseudo-addition if for all x, y, z ∈ [a, b],

(1) x⊕ y = y ⊕ x (commutativity);
(2) (x⊕ y)⊕ z = x⊕ (y ⊕ z) (associativity);
(3) If x � y, then x⊕ z � y ⊕ z (monotonicity);
(4) 0⊕ ⊕ x = x, where 0⊕ ∈ [a, b] is a neutral (zero) element (boundary condition).

Definition 1.2. [3] Let ⊕ be a given pseudo-addition on [a, b]. A binary operation ⊗ on [a, b]
is pseudo-multiplication if for all x, y, z ∈ [a, b] and w ∈ [a, b]+,

(1) x⊗ y = y ⊗ x (commutativity);
(2) (x⊗ y)⊗ z = x⊗ (y ⊗ z) (associativity);
(3) If x � y, then x⊗ w � y ⊗ w (monotonicity);
(4) (x⊕ y)⊗ z = (x⊗ z)⊕ (y ⊗ z) (left distributivity);
(5) 1⊗ ⊗ x = x, where 1⊗ ∈ [a, b] is a neutral (unit) element (boundary condition).

It is easy to see that the structure ([a, b],⊕,⊗) is a semiring, see [4].
If both operations ⊕ and ⊗ are not idempotent, then The pseudo-operations are generated by

a strictly monotone and continuous function g. In this case we will consider only strict pseudo-
addition ⊕.

By Aczel’s representation theorem [1] for each strict pseudo-addition ⊕ there exists a strictly
monotone and continuous surjective function g (generator for ⊕), g : [a, b] → [0,+∞] such that
g(0⊕) = 0 and

x⊕ y := g−1(g(x) + g(y)).

Using a generator g of a strict pseudo-addition ⊕ we can define a pseudo-multiplication ⊗ by

x⊗ y := g−1(g(x)g(y)).

with the convention 0×(+∞) := 0. This is the only way to define a pseudo-multiplication ⊗, which
is distributive with respect to a given pseudo-addition ⊕ generated g. If the zero element for the
pseudo-addition is a, we will consider increasing generators. Then g(a) = 0 and g(b) = +∞. If the
zero element for the pseudo-addition is b, we will consider decreasing generators. Then g(b) = 0
and g(a) = +∞.

Definition 1.3. [5] Let X be a non-empty set and E be a σ-algebra of the subsets of X. The
set function m : E → [a, b]+ is a σ-⊕-measure if

(1) m(∅) = 0⊕;
(2) For any sequence (Ei)i∈N of pairwise disjoint sets from E ,

m(
+∞
∪
i=1

Ei) =
+∞
⊕
i=1

m(Ei) := lim
n→+∞

n
⊕
i=1

m(Ei)

If pseudo-addition ⊕ is idempotent, then condition (1) and pairwise disjointedness of sets can be
left out.

Definition 1.4. [5] Suppose that X is a non-empty set, E is a σ-algebra of the subsets of
X and m : E → [a, b]+ is a σ-⊕-measure. The pseudo-integral of a bounded measurable function
f : X → [a, b], where the pseudo-operations are defined by a monotone and continuous function
g : [a, b]→ [0,∞], is defined by∫ ⊕

X

f(x)⊗ dm := g−1
(∫

X

(g ◦ f) d(g ◦m)

)
.
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FATOU’S LEMMA AND REVERSE FATOU’S LEMMA

If X ⊆ [−∞,+∞] is a closed (semiclosed) interval, E = BX is σ-algebra of Borel subsets of X and
m = g−1 ◦ µ where µ is the standard Lebesgue measure on X, then the pseudo-integral for the
function f has the form ∫ ⊕

X

f(x)⊗ dm = g−1
(∫

X

g
(
f(x)

)
dµ

)
,

where the integral applied on the right side is the standard Lebesgue integral and is called the
g-integral of the function f . If we consider the semiring ([a, b], sup,⊗), where ⊗ is a pseudo-
multiplication defined by means of a generator g : [a, b] → [0,+∞] and g is increasing bijection,
the pseudo-integral of a function f : X → [a, b] has the form∫ ⊕

X

f ⊗ dm := sup
x∈X

(
f(x)⊗ ψ(x)

)
,

where the function ψ defines sup-measure m. In fact ψ : X → [a, b] is a density function given by

ψ(x) = m({x}). In this case, we will use the notation
∫ sup

X
f ⊗ dm instead of

∫ ⊕
X
f ⊗ dm.

Theorem 1.5. [5] Let ([0,∞], sup,⊗) be a semiring, when ⊗ is generated by the continuous
and increasing function g. Let m be sup-measure on

(
[0,∞],B[0,+∞]

)
, where B[0,+∞] is σ-algebra

of Borel subsets of the interval [0,∞], m(A) = sup
{
a|µ({x|x ∈ A, x > a}) > 0

}
and ψ : [0,∞]→

[0,∞] be a continuous density. Then, there exists a family mλ of ⊕λ-measure where ⊕λ is generated
by gλ, λ ∈ (0,∞) such that for every continuous function f : [0,∞]→ [0,∞],∫ sup

f ⊗ dm = lim
λ→+∞

∫ ⊕λ

f ⊗ dmλ

= lim
λ→+∞

(
gλ
)−1(∫

gλ
(
f(x)

)
dx

)
.

2. Main results

Theorem 2.1. (Fatou’s lemma for the pseudo-integrals) If {fn} is a sequence of non-
negative measurable functions defined on a the measurable space (X, E), and let a generator g :
[0,∞] → [0,∞] of the pseudo-addition ⊕ and the pseudo-multiplication � be a strictly monotone
increasing and continuous function such that g(0) = 0, then for any σ-⊕-measure m, the inequality:∫ ⊕

X

lim
n→∞

inffn ⊗ dm ≤ lim
n→∞

inf

∫ ⊕
X

fn ⊗ dm,

holds.

Lemma 2.2. (Reverse Fatou’s lemma for the pseudo-integrals) If fn is a sequence of
non-negative measurable functions defined on a the measurable space (X, E), and let a generator
g : [0,∞]→ [0,∞] of the pseudo-addition ⊕ and the pseudo-multiplication � be a strictly monotone
increasing and continuous function such that g(0) = 0 and for any n, g(fn) ≤ h, for some non-
negative measurable function h with

∫
X
h(x)d(g ◦ m) < ∞, then for any σ-⊕-measure m, the

inequality: ∫ ⊕
X

lim
n→∞

supfn ⊗ dm ≥ lim
n→∞

sup

∫ ⊕
X

fn ⊗ dm,

holds.

Theorem 2.3. (Another version of the Fatou’s lemma) If {fn} is a sequence of non-
negative measurable functions defined on a the measurable space (X, E), and let the generator
g : [0,∞]→ [0,∞] of the pseudo-multiplication � be a strictly monotone increasing and continuous
function, then for complete sup-measure m, the inequality:∫ sup

X

lim
n→∞

inffn ⊗ dm ≤ lim
n→∞

inf

∫ sup

X

fn ⊗ dm,

holds.
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Abstract. Let A be a Banach algebra with a left approximate identity. If

(i) For every continuous bilinear mapping φ from A×A into X , where X is a Banach space,

there exists k > 0 such that ‖φ(a, b)‖ ≤ k‖ab‖, for all a, b ∈ A, or
(ii) A is generated by idempotents,

that A is zero product determined.
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1. Introduction

Let A be a Banach algebra and X be a arbitrary Banach space. Then the continuous bilinear
mapping φ : A×A −→ X preserves zero products if

(1) ab = 0 =⇒ φ(a, b) = 0, a, b ∈ A.

A Banach algebra A is said to be zero product determined if every continuous zero product
preserving bilinear mapping φ : A × A −→ X is implemented by a linear map T : A −→ X , i.e.,
φ(a, b) = T (ab) for all a, b ∈ A.

Characterizing homomorphisms, derivations and multipliers on Banach algebras, matrix alge-
bras and C∗-algebras through the action on zero products have been studied by many authors, see
for example [1, 3, 4, 6, 7] and the references therein.

In [4], Bresar et. al. proved that the matrix algebra Mn(A) of n × n matrices over a unital
algebra A is zero product determined. In [7], Ghahramani studied the (centeralizers) multipliers
on Banach algebras through identity products by consideration of bilinear mapping satisfying a
related condition.

Motivated by (1) the following concept was introduced in [1].

Definition 1.1. [1] A Banach algebra A has the property (B) if for every continuous bilinear
mapping φ : A ×A −→ X , where X is an arbitrary Banach space, the condition (1) implies that
φ(ab, c) = φ(a, bc), for all a, b, c ∈ A.

Under mild assumptions, the condition φ(ab, c) = φ(a, bc) for every a, b, c ∈ A, implies that A
is zero product determined. For example, if A is unital, then just take c = eA and note that T can
be defined according to T (a) = φ(a, eA).

However, throughout the paper we focus for nonunital Banach algebras, but we will assume
the existence of a left approximate identity.

Recall that a left (right) approximate identity for A is a net {eλ}λ∈I in A such that eλa −→ a
(aeλ −→ a) for all a ∈ A. For example, it is known that the group algebra L1(G) for locally
compact group G and C∗-algebras have an approximate identity bounded by one [5].

In this paper, we introduce the property (P), which closely related to the property (B), and
prove that the property (B) follows from the property (P). We show that every Banach algebra A
with a left approximate identity is zero product determined if either A has the property (P) or it
is generated by idempotents.

∗speaker
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2. The property (P)

We commence with the next concept which is closely related to the property (B).

Definition 2.1. A Banach algebra A has the property (P) if for every continuous bilinear
mapping φ from A×A into X , where X is an arbitrary Banach space, there exists k > 0 such that

(2) ‖φ(a, b)‖ ≤ k‖ab‖,

for all a, b ∈ A.

The following theorem is the main result of this section.

Theorem 2.2. Let A be a Banach algebra with a left approximate identity {eλ}. If A has the
property (P), then A has the property (B).

From Theorem 2.2 we get the following results.

Corollary 2.3. Let A be a Banach algebra with a left approximate identity {eλ}. If A has
the property (P), then A is zero product determined.

Corollary 2.4. Let A be a Banach algebra with an approximate identity {eλ}. If A has the
property (P), then A is commutative.

Corollary 2.5. Let A be a Banach algebra with a left approximate identity {eλ}. If A has the
property (P), then every bilinear mapping φ : A×A −→ X is symmetric, that is, φ(a, b) = φ(b, a)
for all a, b ∈ A.

Corollary 2.6. Suppose that A is a Banach algebra with a left approximate identity, and let
f : A −→ A be a continuous linear mapping. If A has the property (P), then f is a left multiplier.

Theorem 2.7. [2, Lemma 1.1] Let G be a locally compact group, and φ : L1(G)×L1(G) −→ X
be a continuous linear map, where X is a Banach space. If

f, g ∈ L1(G), f ∗ g = 0 =⇒ φ(f, g) = 0,

then

φ(f ∗ g, h) = φ(f, g ∗ h),

for all f, g, h ∈ L1(G).

The following example shows that the converse of Theorem 2.2 is false, in general.

Example 2.8. Let G be a nonabelian locally compact group and A = L1(G). Then A has the
property (B) by Theorem 2.7. Since A is not commutative, it fails to satisfy the property (P) by
Corollary 2.4.

3. Subalgebras generated by idempotents

By the subalgebra of an algebra A generated by a subset E of A we mean the linear subspace
of A spanned by the set of all finite products of elements in E.

Theorem 3.1. If the Banach algebra A is generated by idempotents, then A has the property
(B).

Corollary 3.2. Let A be a Banach algebra with a bounded left approximate identity. If A is
generated by idempotents, then it is zero product determined.

Combining Theorem 3.1 and [8, Theorem 1] we deduce the next result.

Corollary 3.3. Let A be a Banach algebra which is generated by k of its elements and by
the identity element. Then, for all n ≥ k+ 2, the algebra Mn(A) of all n×n matrices with entries
in A, has the property (B).
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Let f : A −→ B be a linear mapping between Banach algebras. Then we say that f preserves
zero products if

ab = 0 =⇒ f(a)f(b) = 0, (a, b ∈ A).

It is obvious that homomorphisms from A into B preserve zero products.

Corollary 3.4. Let A and B be Banach algebras, and let f : A −→ B be a continuous linear
mapping preserving zero products. If A is generated by idempotents, then

f(ab)f(c) = f(a)f(bc).

Moreover, if A and B are unital and f(eA) = eB, then f is a homomorphism.

Let p be a nontrivial idempotent (p 6= 0 and p 6= 1) in A. Then p cannot be contained in
the centre of A. This implies that the subalgebra M of A generated by idempotents contains a
nonzero ideal of A by [3, Lemma 2.1], from which it follows that M is dense in A. Thus,

Corollary 3.5. Suppose that A is a topologically simple Banach algebra containing a non-
trivial idempotent. Then A has the property (B).

Next we prove that the Banach algebra C0(X) is generated by idempotents if and only if X is
totally disconnected.

Theorem 3.6. The Banach algebra C0(X), for a locally compact Hausdorff space X, is gen-
erated by idempotents if and only if X is totally disconnected.

It follows from [1, Theorem 2.11] that every C∗-algebra A is zero product determined. Now
as an upcoming consequence of Theorem 3.6 and Corollary 3.2 we have the following result.

Corollary 3.7. The Banach algebra C([0, 1]) is zero product determined.

Example 3.8. Let A = C([0, 1]). Then by Corollary 3.7, A is zero product determined. Thus,
for every continuous bilinear mapping φ : A×A −→ X satisfying (1), there exist a linear mapping
T : A −→ X such that φ(a, b) = T (ab) for every a, b ∈ A. Since T is continuous, there exist k > 0
such that

‖φ(a, b)‖ = ‖T (ab)‖ ≤ k‖ab‖, a, b ∈ A.
Hence A has the property (P), for each continuous bilinear mapping φ satisfying (1). Moreover,

φ(a, b) = T (ab) = T (ba) = φ(b, a), a, b ∈ A,
and hence φ is symmetric.

Example 3.9. Let K denote the cross [−1, 1]∪ i[−1, 1] and let C2×2(K) denote the algebra of
all continuous 2 × 2 matrix functions on a compact set K. Then by [8, Theorem 4], the Banach
algebra A = C2×2(K) is generated by two idempotents and by the identity function. Therefore it
has the property (B) by Theorem 3.1, howover it fails to satisfy the property (P).
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Abstract. This note includes a general version of Bessel multipliers in Hilbert C∗-modules.

In fact, by combining analysis, an operator on the standard Hilbert C∗-module `2(A, I) and

synthesis, we reach so called generalized Bessel multipliers. Because of their importance for

applications, we are interested to determine cases when generalized multipliers are invertible.

We investigate some necessary or sufficient conditions for the invertibility of such operators.

Specially, our attention is on how to express the inverse of an invertible generalized multiplier

as a multiplier. In fact, we show that for all frames, the inverse of any invertible frame

multiplier with an invertible symbol can always be represented as a multiplier with an

invertible symbol and appropriate dual frames of the given ones.

Keywords: Bessel multiplier, Modular Riesz basis, Standard frame..
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1. Introduction

Bessel multipliers in Hilbert spaces were introduced by Balazs in [2]. Bessel multipliers are
operators that are defined by a fixed multiplication pattern which is inserted between the analysis
and synthesis operators. This class of operators is important for applications in modern life,
for example in acoustics, psychoacoustics and denoising. Recently, M. Mirzaee Azandaryani and
A. Khosravi generalized multipliers to Hilbert C∗-modules [5]. As we know, the invertibility
of the operators related to frames has great importance in frame theory mostly because of the
reconstruction of signals. In this respect, it is important to find the inverse of a multiplier if
it exists. Moreover, a question is how to express the inverse of an invertible frame multiplier
as a multiplier. In [6], the authors have provided some necessary and/or sufficient conditions
for invertibility of multipliers in Hilbert spaces. In this note, first, we introduce the concept of
generalized multipliers for Hilbert C∗-modules. Subsequently, special attention is devoted to the
study of invertible generalized multipliers.

Throughout, A is a unital C∗-algebra, E and F are finitely or countably generated Hilbert
A-modules and I is an at most countable index set. Moreover, for a C∗-algebra A, the standard
Hilbert module `2(A, I) is defined as:

`2(A, I) :=

{
{ai}i∈I ⊆ A :

∑
i∈I

aia
∗
i converges in norm in A

}
.

First, we recall the concept of frame in Hilbert C∗-modules.

Definition 1.1. [3] A sequence {xi}i∈I ⊂ E is said to be a frame if there exist two constant
C,D > 0 such that

(1) C 〈x, x〉 ≤
∑
i∈I
〈x, xi〉 〈xi, x〉 ≤ D 〈x, x〉 ,

for every x ∈ E. If the sum in (1) converges in norm, the frame is called a standard frame.
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The sequence {xi}i∈I is called a Bessel sequence with bound D if the upper inequality in (1)
holds for every x ∈ E.

Suppose that X = {xi}i∈I is a Bessel sequence in Hilbert A-module E with bound D. The

operator TX : `2(A, I)→ E defined by

TX {ai}i∈I =
∑
i∈I

aixi

is called the synthesis operator. The adjoint operator T ∗X : E → `2(A, I) which is given by

T ∗Xx = {〈x, xi〉}i∈I
is called the analysis operator. Composing TX and T ∗X , we obtain the frame operator SX : E → E
as

SXx = TXT
∗
Xx =

∑
i∈I
〈x, xi〉xi.

Now, let us take a brief review of the definition of Bessel multipliers in Hilbert C∗-modules.

Definition 1.2. [5] Let X = {xi}i∈I ⊆ E and Y = {yi}i∈I ⊆ F be standard Bessel sequences.
Moreover, let m = {mi}i∈I ∈ `∞(A, I) be such that mi ∈ Z(A) (Z(A) is the center of a Banach
algebra A which is defined as Z(A) = {a ∈ A; ab = ba,∀b ∈ A}), for each i ∈ I, and Mm defined
on `2(A, I) as Mm {ai}i∈I = {miai}i∈I.

The operator Mm,Y,X : E → F which is defined by Mm,Y,X = TYMmT
∗
X is called the Bessel

multiplier for the Bessel sequences {xi}i∈I and {yi}i∈I. It is easy to see that

Mm,Y,X(x) =
∑
i∈I

mi 〈x, xi〉 yi.

In the sequel, first, we introduce the concept of Generalized Bessel multipliers for countably
generated Hilbert C∗-modules and then, we will discuss about invertibility of such operators.

Definition 1.3. [1] Let E and F be two Hilbert C∗-modules over a unital C∗-algebra A and
X = {xi}i∈I ⊂ E and Y = {yi}i∈I ⊂ F be standard Bessel sequences. Also, let U ∈ L

(
`2(A, I)

)
be an arbitrary non-zero operator. The operator MU,Y,X : E → F which is defined as

(2) MU,Y,X(x) = TY UT
∗
X(x), (x ∈ E),

is called the Generalized Bessel multiplier associated with X and Y with symbol U .

2. Invertibility of Generalized Bessel multipliers

In the following, we investigate sufficient conditions for being standard frames by properties
of the generalized Bessel multipliers.

Proposition 2.1. Assume that X = {xi}i∈I ⊂ E and Y = {yi}i∈I ⊂ F are Bessel sequences.

(1) If MU,Y,X has a left inverse, then X is a standard frame for E.
(2) If MU,Y,X has a right inverse, then Y is a standard frame for F .

The following propositions contain some sufficient conditions for the invertibility of frame
multipliers.

Proposition 2.2. Let Y = {yi}i∈I be a standard frame for Hilbert A-module E with bounds
C,D and W : E → E be an adjointable and bijective operator such that xi = Wyi for each i ∈ I.
Moreover, let U be a bounded operator on `2(A, I) such that ‖U − I‖ < C

D
. Then the following

statements hold:

(1) X = {xi}i∈I is a standard frame for E.

(2) MU,Y,X(resp. MU,X,Y ) is invertible and M−1U,Y,X = (W−1)∗ M−1U,Y,Y

(resp. M−1U,X,Y = M−1U,Y,Y (W−1)).
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Proposition 2.3. Let X = {xi}i∈I be a standard frame for Hilbert A-module E with upper

bound D and Xd =
{
xdi
}
i∈I be a dual frame of X with upper bound D′. Also, let U be a bounded

operator on `2(A, I) such that ‖U − I‖ < 1√
DD′

. Then the multiplier MU,X,Xd (resp. MU,Xd,X)

is invertible.

Proposition 2.4. Let Y = {yi}i∈I be a standard frame for Hilbert A-module E with bounds

C and D and Ỹ = {ỹi}i∈I be its canonical dual frame.

(1) If X = {xi}i∈I is a standard Bessel sequence such that

(3)
∑
i∈I
‖xi − ỹi‖2 <

1

4D
,

then MI,Y,X is invertible.
(2) Let X = {xi}i∈I be a standard Bessel sequence and (3) holds. Also, let U be a bounded

operator on `2(A, I) with ‖U‖ < 1 and ‖U − I‖ <
√
C

2
√
D
. Then MU,Y,X is invertible.

The next proposition give a necessary and sufficient condition for invertibility of generalized
multipliers. First, we recall the following definition.

Definition 2.5. [4] A sequence {xi}i∈I is a modular Riesz basis for E if there exists an

adjointable and invertible operator U : `2(A, I) → E such that Uδi = xi for each i ∈ I, where
{δi}i∈I is the standard orthonormal basis of `2(A, I).

Proposition 2.6. Let U be a bounded linear operator on `2(A, I) and X = {xi}i∈I and Y =
{yi}i∈I be two modular Riesz bases for Hilbert A-module E. Then U is invertible if and only if the
generalized multiplier MU,Y,X is invertible.

3. Representation of the inverse of a multiplier

As we have seen in Proposition 2.6, for modular Riesz bases X = {xi}i∈I and Y = {yi}i∈I,
if U ∈ L

(
`2(A, I)

)
is invertible then the generalized multiplier MU,Y,X is automatically invertible

and vise versa. Moreover,
M−1U,Y,X = MU−1,X̃,Ỹ .

This result motivates us to generalize this idea for frames and even non-Bessel sequences. In more
details, we will show that there are other invertible frame multipliers MU,Y,X whose inverses can
be represented as multipliers using the inverted symbol and suitable dual frames of X and Y .

Proposition 3.1. Let X = {xi}i∈I and Y = {yi}i∈I be two standard frames for Hilbert A-

module E and U be an invertible operator on `2(A, I). Assume that MU,Y,X is invertible. Then
the following hold.

(1) There exists a dual frame Y † of Y such that for any dual frame Xd of X we have

M−1U,Y,X = MU−1,Xd,Y † .

(2) There exists a dual frame X† of X such that for any dual frame Y d of Y we have

M−1U,Y,X = MU−1,X†,Y d .

(3) If F = {fi}i∈I is a Bessel sequence in E such that M−1U,Y,X = MU−1,X†,F (resp.

M−1U,Y,X = MU−1,F,Y †), then F must be a dual of Y (resp. X).

Remark 3.2. It is worth mentioning that in Proposition 3.1, if E = `2(A, I), one can show
that X† and Y † are unique.

The next proposition determines a class of multipliers which are invertible and whose inverses
can be written as a multiplier. While in Proposition 3.1, it is assumed that the frame multiplier is
invertible, in the following we investigate a sufficient condition for invertibility of frame multipliers.
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Proposition 3.3. Let X = {xi}i∈I and Y = {yi}i∈I be standard frames for Hilbert A-module E

and U ∈ L(`2(A, I)) be invertible. if X is equivalent to {TY Uδi}i∈I (resp. Y is equivalent to {TXU∗δi}i∈I),
then MU,Y,X is invertible and M−1U,Y,X = MU−1,X̃,Y d (resp.M−1U,Y,X = MU−1,Xd,Ỹ ), for all dual

frame Y d(resp. Xd) of Y (resp. X). Furthermore, the proposition also holds in the opposite side if
E = `2(A, I).

Now, we extend the results of Proposition 3.1 to non-Bessel sequences. First, consider the
following definition.

Definition 3.4. Let X = {xi}i∈I be a standard frame for Hilbert A-module E. The sequence
Y = {yi}i∈I with elements from E is called

(i) an analysis pseudo-dual (in short, a-pseudo-dual) of X, if for every x ∈ E,

(4) x =
∑
i∈I
〈x, yi〉xi.

(ii) a synthesis pseudo-dual (in short, s-pseudo-dual) of X, if for every x ∈ E,

(5) x =
∑
i∈I
〈x, xi〉 yi.

Example 3.5. Let {ei}i∈I be an orthonormal basis of E. Consider the standard frame Y =
{e1, e1, e1, e2, e2, e2, e3, e3, e3, . . .} for E and the sequenceX = {e1, e1,−e1, e2, e1,−e1, e3, e1,−e1, . . .}
which is not a Bessel sequence of E. Then, it is easy to check that (4) holds, but (5) does not hold.

The next propositions determine how to represent the inverse of an invertible generalized
multiplier for non-Bessel sequences and invertible symbol. In following, the synthesis operators are
assumed to be closed operators. Moreover, {δi}i∈I is the standard orthonormal basis of `2(A, I).

Proposition 3.6. Let X = {xi}i∈I be a standard frame for Hilbert A-module E, Y = {yi}i∈I
be a sequence with elements from E and U ∈ L(`2(A, I)) be invertible such that Uδi ∈ Dom(TY ),
for every i ∈ I. Moreover, assume that MU,Y,X is invertible. Then, there exists a dual frame X†

of X such that for any a-pseudo-duals Y ad of Y , M−1U,Y,X = MU−1,X†,Y ad .

Proposition 3.7. Let Y = {yi}i∈I be a standard frame for Hilbert A-module E, X = {xi}i∈I
be a sequence with elements from E and U ∈ L(`2(A, I)) be invertible such that U∗δi ∈ Dom(TX),
for every i ∈ I. Moreover, assume that MU,Y,X is invertible. Then, there exists a dual frame Y †

of Y such that for any s-pseudo-duals Xsd of X, M−1U,Y,X = MU−1,Xsd,Y † .
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Abstract. A long-standing problem posed by Lau in a conference in Halifax in 1976 to char-

acterize semitopological semigroups which have common fixed point property when acting on
a nonempty weak* compact convex subset of a dual Banach space as weak* continuous and

norm nonexpansive mappings. According to this question we prepared a fixed point property for

pointwise eventually nonexpasnive actions which introduced by Kirk and Xu on weak* compact
convex subsets.
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1. Introduction

Let S be a semi-topological semigroup, i.e., S is a semigroup equipped with a topology such
that for every a ∈ S, the mappings s 7→ as and s 7→ sa from S into itself, are continuous. A
semi-topological semigroup S is called right (left) reversible if any two closed left (right) ideals of
S have non-void intersection. An action of S on a subset K of a Hausdorff topological space E is a
mapping ϕ : S×K → K, denoted by ϕ(s, x) = s ·x for s ∈ S and x ∈ K, such that (st) ·x = s(t ·x)
for all s, t ∈ S, x ∈ K. A point x ∈ K is called a common fixed point for ϕ if s ·x = x for all s ∈ S.
The action is said to be separately continuous if it is continuous in each of the variables when the
other is fixed. We say that an action is jointly continuous if the mapping (s, x) 7→ s ·x from S×K
to K is continuous, when S×K has the product topology. Let S be a semi-topological semigroup.
Denote by C(S) the C*-algebra consisting of all bounded continuous complex-valued functions on
S with respect to the supremum norm and F be a closed subspace of C(S). We say that F is left
translation invariant if,

LsF ⊆ F
for all s ∈ S, where for each s ∈ S, we consider the left translation operator Ls : C(S) → C(S)
defined by

(Lsf)(t) = f(st)

for all f ∈ C(S) and t ∈ S. Let F be a left translation invariant C*-subalgebra of C(S) containing
the constant functions. A linear functional µ on F is called a mean if ‖µ‖ = µ(1) = 1; a mean
is called multiplicative if µ(fg) = µ(f)µ(g) for all f, g ∈ F . Recall that a mean µ on F is left
invariant if µ(Lsf) = µ(f) for all s ∈ S and f ∈ F .

Let LUC(S) be the subspace of C(S) consisting of left uniformly continuous functions in C(S);
all functions f ∈ C(S) for which the mapping s→ Lsf from S into C(S) is continuous when C(S)
has the supremum norm topology. A semigroup S is called left amenable if LUC(S) has a left
invariant mean. Left amenable semitopological semigroups include all commutative semigroups,
all compact groups and all solvable groups. Let LMC(S) be the C*-subalgebra of C(S) consisting
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of all functions f ∈ C(S) such that the map s→ Lsf from S into C(S) is σ(C(S), βS)-continuous,
where βS := ∆(C(S)) is the Stone-Čech compactification of S, i.e, the set of all multiplicative
means on C(S). In general, LUC(S) ⊆ LMC(S) ⊆ C(S) We refer the reader to [3, 15], for more
details.

Let E be a Banach space with dual E∗ and let K be a nonempty weak* closed convex subset of
E∗. A self-mapping T : K → K is called non-expansive if ‖T (x)−T (y)‖ ≤ ‖x−y‖, for all x, y ∈ K.
We say that K has weak* normal structure, if every nontrivial weak* compact convex subset C of
K with more than one point contains a nondiametral point; i.e., there exists a point x ∈ C such
that sup{‖x − y‖ : y ∈ C} < sup{‖u − v‖ : u, v ∈ C} = diam(C). With a slight modification of
the proof of Kirk [6], it is shown that every non-expansive mapping on a weak* compact convex
set of a dual Banach space with weak* normal structure has a fixed point. Note that in general
weak* normal structure assumption cannot be dropped. In fact, Lim [14] has prepared a fixed
point free affine isometry on a nonvoid weak* compact convex set in l1 (considered as the dual of
c0). A result of Karlovitz [5] shows that every non-expansive mapping on a weak* compact convex
subset K of l1 has a fixed point. These results can be further generalized for some semigroups of
non-expansive self-mappings on K. In this connection consider the following fixed point property:

(F∗): Let S be a semi-topological semigroup. Whenever ϕ : S ×K → K is a non-expansive
action on a nonempty weak* compact convex subset K of a dual Banach space E and the action
is jointly continuous, where K is equipped with the weak* topology of E, then there is a common
fixed point for S in K.

It is obvious to see that the property (F∗) implies that LUC(S) has a left invariant mean
[10]. Whether the converse is true is a long-standing open problem posed by A. T. -M. Lau during
a conference in Halifax in 1976 [8]. The answer of this question is affirmative for commutative
semigroups [9]. For noncommutative semigroups, it has been established that if S is left reversible
or LUC(S) has a left invariant mean, then S has fixed point property obtained from (F∗) by
requiring K to be separable in the norm topology [11] or K has normal structure [12].

Kirk and Xu [7] introduced the concept of pointwise eventually non-expansive mappings as
following:

Definition 1.1. Let K be a subset of a Banach space. A mapping T : K → K is said to be
pointwise eventually nonexpansive if for each x ∈ K there exists N(x) ∈ N, such that for n > N(x),

‖Tn(x)− Tn(y)‖ ≤ ‖x− y‖ for all y ∈ K.

The following question raised by Kirk and Xu:

Question. Does a Banach space E have the fixed point property for pointwise eventually
nonexpansive mappings if E has the fixed point property for nonexpansive mappings?

The first result in this direction was given by Butsan et al. [2, 4]. They proved a fixed point
property for a pointwise eventually non-expansive mapping in a nearly uniformly convex Banach
space. On the other hand, inspired by the above definition, the notion of pointwise eventually non-
expansive action as a generalize of non-expansive action of semigroups introduced by Amini et al.
in [1] as follows: Let K be a subset of a Banach space. The action is said to be pointwise eventually
non-expansive if for each x ∈ K there is a left ideal J ⊆ S such that ‖s · x− s · y‖ 6 ‖x− y‖ for
all s ∈ J , y ∈ K.

Motivated by this question, in this paper we are interested to provide an affirmative answer to
the question given by Kirk and Xu in dual Banach spaces. To do this we extend and improve some
fixed point theorems of A.T.-M. Lau and Y. Zhang from nonexpansive actions to pointwise even-
tually nonexpansive actions. Indeed, we established fixed point properties for pointwise eventually
nonexpansive actions of a right reversible semitopological semigroup on a weak* compact convex
subset of a dual Banach space with weak* normal structure, assuming that certain subspaces of
LUS(S) or LMC(S) has a left invariant mean.
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2. Main results

We begin with a general fixed point theorem for pointwise eventually nonexpansive mappings
in dual Banach spaces which gives a positive answer to the open problem raised by Kirk and Xu.

Theorem 2.1. Let K be a non-empty weak* compact convex subset of a dual Banach space such
that K possesses weak* normal structure. Suppose that a right reversible semi-topological semigroup
S acts on K such that the action is weak* separately continuous (i.e., separately continuous when
K is equipped with the weak* topology) and pointwise eventually non-expansive. Let X be a closed
linear subspace of C(S) containing constants and invariant under translations. If X has a left
invariant mean and each f ∈ C(K) and y ∈ K, defines an element ψyf ∈ X such that for all
s ∈ S,

ψyf(s) = f(s · y).

Then there exists a common fixed point of S in K.

Proof. It is easy to show that by Zorn’s lemma, there exists a subset A0 of K which is
minimal with respect to being non-empty, weak* compact, convex and satisfying:
(P ) There exists a collection ξ of weak* closed subsets of K such that A0 = ∩ξ and, for each
x ∈ A0, L ∈ ξ, there exists a left ideal J ⊆ S such that J · x ⊆ L.

We next show that A0 contains a non-empty weak* closed S-invariant subset. For this end,
let x ∈ A0 be fixed and C′ be the collection of all finite intersection of sets in ξ. For each α ∈ C′,
α = B1 ∩ B2 ∩ ... ∩ Bn, where Bi ∈ ξ. For each i, choose a left ideal Ji such that Ji(x) ⊆ Bi and
let aα ∈ ∩

{
Ji : i = 1, 2, ..., n

}
. In fact, this last intersection is non-empty by the right reversibility

of S. Thus, we have Saα(x) ⊆ α. If z is a cluster point of net {aα : α ∈ C′} where C′ is directed

by inclusion, then z ∈ A0 and S (z) is a weak* closed S-invariant subset of A0. Now a second

application of Zorn’z lemma shows that there is a subset M ⊆ S (z) which is minimal with respect
to being non-empty, weak* closed and S-invariant. We claim that M is S-preserved, i.e, M = s ·M
for all s ∈ S.

We follow an idea of Lau and Takahashi in Lemma 5.1 of [11] to prove that M would be
S-preserved. Fix y ∈ M and let m be a left invariant mean on X. Define a positive functional φ
on C(M) by φ(f) = m(ψyf) for all f ∈ C(M). Since ψyf ∈ X and ‖φ‖ = 1, φ is well defined. For
every s ∈ S and f ∈ C(M) we define

sf(x) = f(s · x)

for every x ∈ M . Then sf : M → C is weak* continuous since the action is weak* separately
continuous. Since m is a left invariant mean, it follows that

φ(f) = φ(sf).

According to Riesz representation theorem, we can assume that µ is the probability measure on
M corresponding to φ. Thus µ(B) = µ(s−1 · B) for all s ∈ S and for every Borel subset B of
M (endowed with the weak* topology), where s−1 · B = {x ∈M : s · x ∈ B}. The support of
probability measure µ on M is defined by

supp(µ) := ∩{H; H is weak* closed subset of M such that µ(H) = 1 }.

Put K0 = supp(µ) and notice that µ(s−1 ·K0) = µ(K0) = 1. Therefore, K0 ⊆ s−1 ·K0 since
s−1 ·K0 is weak* closed. Similarly, µ(s ·K0) = µ(s−1(s ·K0)) = µ(K0) = 1. Hence K0 ⊆ s ·K0.
So, there exists a weak* compact subset K0 of M such that s ·K0 = K0 for every s ∈ S and by
minimality of M , K0 = M . Thus M would be S-preserved.
Let F = cow∗(M) and suppose that r = diam(F) > 0. Since K has weak* normal structure and F
is a weak* compact, convex subset of K, there exists u ∈ F such that

r0 = sup {‖u− x‖ : x ∈ F} < r.

116



AMENABLE SEMIGROUPS IN DUAL BANACH SPACES AND FIXED POINTS

For each ε > 0, B ∈ ξ if we put

Kε,B = B ∩ (∩m∈MB [m, r0 + ε]).

Clearly, Kε,B is a non-empty, weak* compact and convex set. Define

K0 = ∩{Kε,B : ε > 0, B ∈ ξ} .

We show that K0 has property (P ). Take, x ∈ K0, ε > 0 and B ∈ ξ. By property (P ) there exists
a left ideal I ⊆ S such that I ·x ⊆ B. Since, the action is pointwise eventually nonexpansive, there
exists c ∈ S with ‖(tc) ·m− (tc) · x‖ ≤ ‖m− x‖ for all t ∈ S. Take t0 ∈ I ∩ Sc. Put J := St0.
It is easily seen that, for each s ∈ S, (st0) · x ∈ B, and by weak* lower semicontinuity of norm
‖(st0) ·m− (st0) · x‖ 6 ‖m− x‖ 6 r0 + ε. Therefore, st0 · x ∈ B [(st0) ·m, r0 + ε] for each s ∈ S.
But (st0) ·M = M for any s ∈ S, hence for the left ideal J = St0 we see that J · x ⊆ Kε,B and
(P ) holds, contradicting the minimality of A0. This completes the proof. �

The following example shows that, in the above theorem, the existence of a left invariant mean,
can not be entirely dropped:

Example 2.2. Let S be a finite left zero semigroup; i.e., a finite semigroup S with the operation
st = s for all s, t ∈ S. Then S with the discrete topology is a right reversible semi-topological
semigroup. Set X = LUC(S). Consider the action of S on the non-empty compact convex
subset K := ∆(LUC(S)), the set of all multiplicative means on LUC(S), of the Banach space
LUC(S) given by s.µ := Ls

∗µ for all s ∈ S and µ ∈ ∆(LUC(S)), where Ls
∗µ(f) = µ(LSf) for all

f ∈ LUC(S). Then, it is easy to verify that the action of S on K is even non-expansive, however
does not have common fixed point.

According to Theorem 2.1, we obtain common fixed point theorems for semi-topological semi-
group S acting on a weak* compact convex set of a dual Banach space, when X being LUC(S)
and LMC(S).

Theorem 2.3. Let S be a right reversible semi-topological semigroup. If LUC(S) has a left
invariant mean then the following fixed point property holds.

(L∗): Whenever S acts on a non-empty weak* compact convex subset K of the dual space
such that K possesses weak* normal structure and the action is (jointly) weak* continuous and
pointwise eventually nonexpansive, then there exists a common fixed point for S in K.

Proof. If the action is jointly continuous when K is endowed with the weak* topology by
applying [11, Lemma 5.1], ψyf ∈ LUC(S) for all f ∈ C(K) and y ∈ K. Since the action is
non-expansive and LUC(S) has a left invariant mean, the result follows from Theorem 2.1. �

Remark 2.4. We point out that, the above theorem is related to the open problem raised
by Lau [8]. In [12, Proposition 3.4] Lau partially answered to this question with an additional
assumption on K. Indeed, the above theorem extends this answer for pointwise eventually non-
expansive actions.

In the following we prepare a fixed point theorem for dual Banach space in which LMC(S)
has a left invariant mean, although there has not been discovered any fixed point results in dual
Banach spaces when LMC(S) has a left invariant mean.

Theorem 2.5. Let S be a right reversible semi-topological semigroup. If LMC(S) has a left
invariant mean then the following fixed point property holds.

(M∗): Whenever S acts on a non-empty weak* compact convex subset K of the dual space
such that K possesses weak* normal structure and the action is separately continuous and pointwise
eventually non-expansive, then there exists a common fixed point for S in K.
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Proof. By assumption and [15, Theorem 3], ψyf ∈ LMC(S) for all f ∈ C(K) and y ∈ K.
Therefore, if LMC(S) has a left invariant mean, we can apply Theorem 2.1 with X = LMC(S)
to obtain a common fixed point of S in K. �
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Abstract. Let A and B be Banach algebras and σ(B) 6= ∅. Let θ, φ ∈ σ(B) and LM(A×φ
θ B)

be the set of all linear mappings T : A×R→ A×B satisfying

T ((a, b) ·θ (x, y)) = T (a, b) ·φ (x, y) for all a, x ∈ A and b, y ∈ B. In this paper, we prove that if

A is a Banach algebra without identity and T ∈ LM(A×φ
θ B) 6= 0, then θ = φ. We then

investigate the concept of skew commuting for elements of LM(A×φ
θ B). We also apply some

results to group algebras.
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1. Introduction

Let A and B be Banach algebras and θ ∈ σ(B), the spectrum of B. Let us recall from [4]
that the θ−Lau product A and B is the direct product A× B together with the component wise
addition and the multiplication

(a, b) ·θ (x, y) = (ax+ θ(y)a+ θ(b)x, by).

Note that if we permit θ = 0, the θ−Lau product A ×θ B is the usual direct product of Banach
algebras. Hence we disregard the possibility that θ = 0.

The θ−Lau products A ×θ B were first introduced by Lau [2], for Banach algebras that are
pre-duals of von Neumann algebras, and for which the identity of the dual is a multiplicative
linear functional. Sanjani Monfared [4] extended this product to arbitrary Banach algebras A
and B. In fact, he introduced a strongly splitting Banach algebra extension of B by A which
present many properties that are not shared by arbitrary strongly splitting extension. He also
gave characterizations of bounded approximate identity, spectrum, topological center and minimal
idempotents of these products.

Let T : A→ A be a linear map. Then T is called skew commutative if for every a, x ∈ A
〈T (a), a〉 = 0,

where for each a, x ∈ A
〈a, x〉 = ax+ xa.

Also, T : A→ A is called Left centralizer if for every a, x ∈ A
T (ax) = T (a)x.

For results concerning left centralizer on rings and algebras we refer the reader to [5, 6, 7, 8].

In this paper, let θ, φ ∈ σ(B) and LM(A×φθ B) be the set of all linear mappings T : A×B →
A×B satisfying

T ((a, b) ·θ (x, y)) = T (a, b) ·φ (x, y)

for all a, x ∈ A and b, y ∈ B. We show that if A is a Banach algebra without identity and

T ∈ LM(A ×φθ B) 6= 0, then θ = φ. We also give some related results. Finally, we investigate the

concept of skew commuting for elements of LM(A×φθ R).

∗speaker
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2. Main results

In the following, let A be a Banach algebra with a right identity and the center of A

Z(A) = {a ∈ A : ax = xa for all x ∈ A}
and B be arbitrary Banach algebra. Let also θ and φ be elements of the spectrum of B.

Let G denote a locally compact group with a fixed left Haar measure λ. Let L∞(G) denote the
usual Lebesgue space as defined in [1] equipped with the essential supremum norm ‖.‖∞. We denote
by L∞0 (G) the subspace of L∞(G) consisting of all functions f ∈ L∞(G) vanishing at infinity: that
is, for every positive number ε, there is a compact subset K of G for which ‖fχG\K‖∞ < ε, where
χG\K denotes the characteristic function of G \K on G.

It is well-known from [3] that the dual of L∞0 (G), represented by L∞0 (G)
∗
, is a Banach algebra

with the first Arens product “·” defined by

〈F ·H, f〉 = 〈F,Hf〉,
where

〈Hf, φ〉 = 〈H, fφ〉 and 〈fφ, ψ〉 = 〈f, φ ∗ ψ〉
for all F,H ∈ L∞0 (G)

∗
, f ∈ L∞0 (G) and φ, ψ ∈ L1(G).

Theorem 2.1. Let A be a Banach algebra without identity and T ∈ LM(A ×φθ B) 6= 0. Then
θ = φ.

Corollary 2.2. Let θ 6= φ and LM(L∞0 (G)
∗ ×φθ B) 6= 0. Then G is discrete.

Theorem 2.3. Let η ∈ σ(B) and A be a Banach without identity. If T is an element of

LM(A ×φθ B) satisfying T ((a, b) ·θ (x, y)) − (a, b) ·η (x, y) ∈ Z(A) × Z(B) for all a, x ∈ A and
b, y ∈ B, then θ = φ = η.

Let η1, η2 ∈ σ(B). We define for every a, x ∈ A and b, y ∈ B
[(a, b), (x, y)]η1,η2 := (a, b) ·η1 (x, y)− (x, y) ·η2 (a, b).

Theorem 2.4. Let ηi, ρi ∈ σ(B) for i = 1, 2 and A be a Banach algebra without identity. If T

is an element of LM(A ×φθ B) satisfying T ([(a, b), (x, y)]η1,η2) = [(a, b), (x, y)]ρ1,ρ2 for all a, x ∈ A
and b, y ∈ B, then θ = φ.

Corollary 2.5. Let A = L∞0 (G)
∗
in Theorem 2.4. If θ 6= φ, then G is discrete

Theorem 2.6. Let η ∈ σ(R) and T ∈ LM(A×φθ B). If for every a, x ∈ A and b, y ∈ B
T ((a, b) ·θ (x, y)) = ±(a, b) ·η (x, y),

then θ = φ = η.

Corollary 2.7. Let η ∈ σ(B) and T be an element of LM(L∞0 (G)
∗ ×φθ B) satisfying

T ((a, b) ·θ (x, y)) = ±(a, b) ·η (x, y),

for all a, x ∈ L∞0 (G)
∗
and b, y ∈ B. If θ 6= φ, then G is discrete

Theorem 2.8. Let η ∈ σ(B). If T is an element of LM(A×φθ B) satisfying

T ((a, b) ·θ (x, y)) = (x, y) ·η (a, b)

for all a, x ∈ A and b, y ∈ B, then θ = φ = η and A is unital.

Corollary 2.9. Let η ∈ σ(B) and T be an element of LM(L∞0 (G)
∗ ×φθ B) satisfying

T ((a, b) ·θ (x, y)) = (x, y) ·η (a, b)

for all a, x ∈ L∞0 (G)
∗
and b, y ∈ B. If θ 6= φ, then G is discrete

A mapping T : A×R→ A×B is called (η1, η2)−skew commuting if for every a ∈ A and b ∈ B
〈T (a, b), (a, b)〉η1,η2 := T (a, b) ·η1 (a, b) + (a, b) ·η2 T (a, b) = 0.
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Theorem 2.10. Let η1, η2 ∈ σ(B), T ∈ LM(A×φθ B) and A be an algebra without identity. If
T is an (η1, η2)−skew commuting, then η1T (b) = η2T (b) for all b ∈ B, .
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Abstract. Let A be a standard C∗-algebra. We will study the continuity of ε-orthogonality

preserving mappings between Hilbert A-modules. Moreover, we will show that a local mapping
between Hilbert A-modules is A-linear. Furthermore, we will prove that for two nonzero A-linear

mappings T, S : E −→ F , between Hilbert A-modules, satisfying ε-orthogonality preserving

property, there exists γ ∈ C,

‖〈T (x), S(y)〉 − γ〈x, y〉‖ ≤ ε‖T‖‖S‖‖x‖‖y‖, x, y ∈ E.

Our results generalize the known ones in the context of Hilbert spaces.
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1. Introduction

Let
(
H, (., .)

)
be an inner product space, two elements x, y ∈ H are said to be orthogonal, and

is denoted by x ⊥ y, if (x, y) = 0. For two inner product spaces H and K, a mapping T : H −→ K
is called orthogonality preserving, OP in short, if x ⊥ y ⇒ T (x) ⊥ T (y), (x, y ∈ H). By [2], a
mapping T is orthogonality preserving if and only if it is scalar multiple of an isometry, that is
T = γU , where γ ≥ 0 and U is an isometry. Two mappings T, S : H −→ K are called orthogonality
preserving, if x ⊥ y ⇒ T (x) ⊥ S(y), (x, y ∈ H), this notion has been charactrized in [3].

A generalization of the orthogonality notion, namely approximately orthogonality preserving
or ε-orthogonality preserving mappings, for a given ε ∈ [0, 1), between inner product spaces was
considered in [2]. Recall that for ε ∈ [0, 1) two vectors x, y ∈ H are approximately orthogonal or
ε-orthogonal, denoted by x ⊥ε y, if |(x, y)| ≤ ε‖x‖‖y‖.

For a given ε ∈ [0, 1), a mapping T : H −→ K is called ε-orthogonality preserving, ε-OP in
short, if

x ⊥ y ⇒ T (x) ⊥ε T (y), (x, y ∈ H).

Two linear mappings T, S : H −→ K between inner product spaces are called ε-orthogonality
preserving if

x ⊥ y ⇒ T (x) ⊥ε S(y), (x, y ∈ H).

ε-orthogonality preserving property for two mappings T, S between inner product spaces has
been charactrized in [4]. In this servey, in fact, we generalize this charactrization.

Now, we start with some prerequisites.

Recall that a (left) Hilbert C∗-module E over a C∗-algebra A is a left A-module equipped with
an A-vallued inner product ” A〈., .〉 : E × E −→ A such that the following conditions hold for all
x, y ∈ E and all a ∈ A and α, β ∈ C:

(i) A〈αx+ βy, z〉 = α A〈x, z〉+ β A〈y, z〉,
(ii) A〈ax, y〉 = a A〈x, y〉,

(iii) A〈x, y〉∗ = A〈y, x〉,
(iv) A〈x, x〉 ≥ 0, and A〈x, x〉 = 0 if and only if x = 0.

∗speaker
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Moreover, E is a Banach space equipped with the norm ‖x‖ = ‖A〈x, x〉‖
1
2 . In this case we call E a

Hilbet A-module. A comlex linear mapping T : E −→ F between two Hilbert A-modules is called
an A-linear if T (ax) = aT (x) for all a ∈ A and x ∈ E.

Hilbert C∗-modules are used as powerful tool in operator algebra theory. They serve as a
major class of examples in operator C∗-module theory. See [7] for a general intoduction to the
theory of Hilbet C∗-module.

Let A be a C∗-algebra. Two elements x, y in an inner product A-module (E, 〈., .〉) are said
to be orthogonal if 〈x, y〉 = 0 and, for a given ε ∈ [0, 1), they are approximately orthogonal
or ε-orthogonal if ‖〈x, y〉‖ ≤ ε‖x‖‖y‖. A mapping T : E −→ F , where E and F are inner
product A-modules, is called ε-orthogonality preserving if 〈x, y〉 = 0 (where x, y ∈ E) implies
‖〈Tx, Ty〉‖ ≤ ε‖Tx‖‖Ty‖.

Throughout, K(H) and B(H) denote the C∗-algebras of all compact operators and all bounded
operators on a Hilbert spaces H, respectively. Recall that A is a standard C∗-algebra on a Hilbert
space H if K(H) ⊆ A ⊆ B(H).

It is natural to explore the ε-orthogonality preserving mappings between inner product C∗-
modules, for ε ∈ [0, 1). D. Iliević and A. Turnek in [6] consider ε-orthogonality preserving property
for a ”single” mapping. In this survey, we consider ε-orthogonality preserving property for ”two
mappings” in the framework of Hilbert A-modules.

In [5], Frank, Moslehian and Zamani proved that if two nonzero local mappings T, S : E −→ F
between Hilbert A-modules are orthogonal preserving, then there exists γ ∈ C such that

〈T (x), S(y)〉 = γ〈x, y〉, x, y ∈ E.
It is interesting to ask whether it is possible to consider ε-orthogonality preserving property

for two these mappings. In this servey, we study ε-orthogonality preserving property for a pair
of mappings in the setting of Hilbert C∗-modules over standard C∗-algebra A. Then we give
the estimate of ‖〈T (x), S(y)〉− γ〈x, y〉‖ for two nonzero local ε-orthogonality preserving mappings
T, S : E −→ F when E and F are Hilbert A-modules, where γ ∈ C.

We recall that, for a C∗-algebra A, a complex linear mapping T : E −→ F between inner
product A-modules E and F , is called local if

aT (x) = 0 whenever ax = 0, a ∈ A;x ∈ E.
As example, linear differential mappings are local mapping. Note that every A-linear mapping is
local, but the converse is not true, in general.

Suppose that E and F are Hilbert A-modules. Let L(E,F ) to be the set of all mappings
T : E −→ F for which there is a mapping T ∗ : F −→ E such that for all x ∈ E and y ∈ F ,

〈Tx, y〉 = 〈x, T ∗y〉.
By [7], L(E,F ) is called the set of all adjointable mappings from E to F . Every element of L(E,F )
is a bounded A-linear, and in general, a bounded A-linear mapping may fail to possess an adjoint.
But each bounded K(H)-linear mapping on K(H)-modules is essentially adjointable [1].

In the following we give some preliminaries about minimal projections in C∗-algebras and their
role in our work.

Let ξ, η ∈ H be elements of a Hilbert space
(
H, (., .)

)
, the rank one operator defined by

(ξ ⊗ η)ζ = (ζ, η)ξ, where ζ ∈ H. Observe that ξ ⊗ ξ is a rank one projection by the unit vector ξ.
Let T be an arbitrary bounded operator on

(
H, (., .)

)
, then

(ξ ⊗ ξ)T (ξ ⊗ ξ) = (Tξ, ξ)ξ ⊗ ξ.
Recall that a projection (i.e., a self-adjoint idempotent.) e in A is called minimal if eAe = Ce.

Hence, ξ ⊗ ξ is a minimal projection.
By citeIT, let (E, 〈., .〉) be an inner product(respectively Hilbert) A-module, and for a unit

vector ξ ∈ H, let e = ξ ⊗ ξ be any minimal projection. Then

Ee = {ex : x ∈ E} ,
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is a complex inner product (respectively Hilbert) space contained in E with respect to the inner
product (x, y) = tr(〈x, y〉), x, y ∈ Ee.

Let x = eu, y = ev such that u, v ∈ E,

〈x, y〉 = e〈u, v〉e = (ξ ⊗ ξ)〈u, v〉(ξ ⊗ ξ) =
(
〈u, v〉ξ, ξ

)
(ξ ⊗ ξ),

by tr(〈x, y〉) =
(
〈u, v〉ξ, ξ

)
, thus

〈x, y〉 = (x, y)e.

Authors, in [6], also showed that:
1) two elements x, y ∈ Ee are orthogonal in

(
Ee, (·, ·)

)
if and only if they are orthogonal in(

E, 〈., .〉
)
,

2) if x ∈ Ee, then ‖x‖Ee
= ‖x‖E , where the norm ‖.‖Ee

comes from the inner product (·, ·),
3) if T : E → F between Hilbert A-modules E and F is an A-linear OP (respectively ε-OP)

mapping, then Te = T |Ee
: Ee → Fe is a linear OP (respectively ε-OP) mapping.

The following lemme is important, which is used to prove the main theorem.

Lemma 1.1. Let L ∈ B(H), then

‖L‖ = sup {‖eLf‖ : e, f are rank one projections} .

2. Main results

As mentioned in previous section, A is a standard C∗-algebra on a Hilbert space H if K(H) ⊆
A ⊆ B(H). To achieve our main result, Theorem 2.6, we give some results. First we prove
the continuity of ε-orthogonality-preserving nonzero pair of A-linear mappings between Hilbert
A-modules.

Lemma 2.1. [4, Lemma 3.1]
For a given ε ∈ [0, 1), ε-orthogonality preserving property for two nonzero linear mappings f

and g between inner product spaces X and Y , with the same inner product (., .), is equivalent to∣∣∣∣(f(x), g(y))− (f(y), g(x))

‖y‖2
(x, y)

∣∣∣∣ ≤ ε∥∥∥∥f(x)− (x, y)

‖y‖2
f(y)

∥∥∥∥∥∥g(y)
∥∥,

for x, y ∈ X, y 6= 0.

As an immediate generalization, we give the next result in setting of inner product A-modules.
Let ε ∈ [0, 1), and let T, S : E −→ F be pair of nonzero A-linear ε-orthogonality preserving
mappings between inner product A-modules E and F . Then Te, Se : Ee −→ Fe are pair of
two nonzero linear ε-orthogonality preserving mappings between inner product spaces Ee and Fe.
Where e is a minimal projection in A.

Proposition 2.2. Let ε ∈ [0, 1), and let T, S : E −→ F be pair of nonzero A-linear ε-
orthogonality preserving mappings between inner product A-modules E and F . Then for every
minimal projection e ∈ A, and for all x, y ∈ Ee,

‖〈y, y〉〈T (x), S(y)〉 − 〈x, y〉〈T (y), S(y)〉‖ ≤ ε‖〈y, y〉T (x)− 〈x, y〉T (y)‖‖S(y)‖.
Consequently, Te, Se are a pair of linear ε-orthogonality preserving mappings.

The following proposition proves the continuity of two A-linear mappings T, S : E −→ F
between Hilbert A-modules.

Proposition 2.3. Let ε ∈ [0, 1), and let A has an approximate unit, which contains finite
combinations of minimal projections in A, and let E and F be Hilbert A-modules, and e be an
arbitrary minimal projection in A. Suppose that T, S : E −→ F are two nonzero surjective A-linear
ε-orthogonality preserving mappings. Then T and S are continuous.

In the following, we give a stability result in this context. Note that, in Proposition 2.4 and
Theorem 2.6, H is a complex Hilbert space.
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Proposition 2.4. Let ε ∈ [0, 1). Let A = K(H), and let E,F be Hilbert A-modules. Suppose
that T, S : E −→ F are two nonzero surjective A-linear ε-orthogonality preserving mappings. Then
there exists γ ∈ C such that

‖〈T (x), S(y)〉 − γ〈x, y〉‖ ≤ ε‖T‖‖S‖‖x‖‖y‖, x, y ∈ E.

To prove, we use this fact that each bounded K(H)-linear mapping on K(H)-modules is ad-
jointable.

As mentioned in previous section, in general, for any C
∗
-algebra A, a local mapping on Hilbert

A-modules is not A-linear. In the following, for standard C∗-algebra A, we will show that a local
mapping between Hilbert A-modules is A-linear.

Proposition 2.5. Let T : E −→ F be a local mapping between Hilbert A-modules E and F ,
then T : E −→ F is an A-linear mapping.

In Proposition 2.3, the boundedness of two nonzero A-linear mappings T, S : E −→ F over
Hilbert A-modules is proved. Now, we are in a position to give the main result.

Theorem 2.6. Let ε ∈ [0, 1), and let E and F be Hilbert A-modules. Let T, S : E −→ F be
two nonzero surjective local ε-orthogonality preserving mappings. Then there exists γ ∈ C such
that

‖〈T (x), S(y)〉 − γ〈x, y〉‖ ≤ ε‖T‖‖S‖‖x‖‖y‖, x, y ∈ E.
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3. J. Chmieliński, Orthogonality equation with two unknown functions, Aequationes Math. 90 (2016) 11-23.

4. J. Chmieliński, R. ukasik and P. Wjcik, On the stability of the orthogonality equation and the orthogonality-

preserving property with two unknown functions, Banach, J. Math Anal. 10 (2016) 828-847.
5. M. Frank, M. S. Moslehian and A. Zamani, Orthogonality preserving property for pairs of operators on Hilbert

C∗-modules, arXiv:1711.04724v2 [Math.OA] 2019.
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1. Introduction

The motivation of this paper is a problem in woven frames. In this paper, we consider a frame
{φi}i∈I , the permutation functions π on I and the famalies {φi}i∈σ ∪ {φπ(i)}i∈σc for σ ⊂ I. In
fact, we study the conditions which the frames {φi}i∈I and {φπ(i)}i∈I are woven. In this section at
first, we mention the definition of frames and some basic properties of them in a separable Hilbert
space H. After that we review the definition of woven frames. For more details, the reader is
referred to [1, 2, 3, 4]. Throughout the paper, H is a separable Hilbert space and I is a countable
index set.

A family {φi}i∈I in H is a frame for H if there exists constants 0 < A ≤ B <∞ such that for
all x ∈ H,

A‖x‖2 ≤
∑
i∈I
|〈x, φi〉|2 ≤ B‖x‖2,

where A and B are called lower and upper frame bounds, respectively. If only B is assumed to
exist, then {φi}i∈I is called a Bessel sequence. If A = B, then {φi}i∈I is called a tight frame, also
it is called Parseval if A = B = 1. A frame {φi}i∈I is called exact when it ceases to be a frame
when an arbitrary element is removed. Corresponding to each Bessel sequence {φi}i∈I in H, one
can consider some important operators. The synthesis operator T : l2(I) → H, which is defined
by T{ci}i∈I =

∑
i∈I ciφi. The analysis operator T ∗ : H → l2(I), which is really the adjoin of the

synthesis operator T , is given by T ∗x = {〈x, φi〉}i∈I . In the case that {φi}i∈I is a frame for H,
the frame operator S : H → H is defined by

Sx := TT ∗x =
∑
i∈I
{〈x, φi〉}φi,

for each x ∈ H. It is well known that, S is bounded, positive, self-adjoint and invertible. A frame
which is a Schauder basis is called a Riesz basis. A frame which is not a Riesz basis is said to be
overcomplete. Moreover, a frame {φi}i∈I is called near-Riesz basis if it consists of a Riesz basis
and a finite number of extra elements. The excess of a frame is equal to the number of elements
which have to removed in order to obtain a Riesz basis. Two frames {φi}i∈I and {ψi}i∈I for H is
called woven if for each subset σ of I, the families {φi}i∈σ ∪ {φi}i∈σc are frames for H with the
same frame bounds. Each family {φi}i∈σ ∪ {φi}i∈σc for σ ⊂ I is called a weaving of {φi}i∈I and
{ψi}i∈I .

2. Main Results

The next example shows that if {φi}i∈I is a basis for H such as Riesz basis, orthonormal basis,
Schauder basis, exact frame and so on, then for each nontrivial permutation function (The trivial
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permutation function on I is the identity operator on I and is denoted by Id) π on I, the families
{φi}i∈σ ∪ {φπ(i)}i∈σc are not frames for each σ ⊂ I.

Example 2.1. Assume that {φi}i∈I is a basis for H. Then for every non trivial permutation
function π on I there exists a subset σ ⊂ I such that the weavings {φi}i∈σ ∪ {φπ(i)}i∈σc are not
frames for H.

Proof. The proof is similar to the proof of the [2, Theorem 2.7]. �

One can consider shift operators on the set of integer numbers Z as permutation functions
which are given in the next example.

Example 2.2. Consider the frame {φi}i∈Z for the Hilbert space C2 by φ2i = e1 and φ2i+1 = e2,
where {e1, e2} is the orthonormal basis for C2. For m ∈ Z, consider the shift operators π on Z
by π(i) = i+m, which are in fact, permutation functions on Z. Then {φi}i∈Z and {φπ(i)}i∈Z are
woven if m is even and are not woven if m is odd.

Proof. At first, assume that m is an even integer number. Let σ ⊂ Z be arbitrary. In this
case, σ ∪ π(σc) consists of even numbers and of odd numbers. Thus, {φi}i∈σ ∪ {φπ(i)}i∈σc is a

frame for C2 and so {φi}i∈Z and {φπ(i)}i∈Z are woven. But, when m is an odd integer number, let
σ ⊂ Z be the set of all even integers. Then σ ∪π(σc) consists only of all even numbers, and in this
case {φi}i∈σ ∪ {φπ(i)}i∈σc is not a frame for C2. Thus, in this case {φi}i∈Z and {φπ(i)}i∈Z are not
woven. �

The next proposition is a useful result, and its proof is an algorithm to build the new woven
frames of a given frame {φi}i∈I .

Proposition 2.3. A sequence {φi}i∈I is an overcomplete frame for H if and only if there
exists a non trivial permutation function π on I such that for each σ ⊂ I, the families {φi}i∈σ ∪
{φπ(i)}i∈σc are frames for H.

The following example is a consequence of the above proposition.

Example 2.4. Let H = R3 and let {ei}3i=1 be an orthonormal basis for H. Consider the frame
{φi}Mi=1 for H as

ϕi =


ei i = 1, 2, 3∑N
i=1 ei i = 4

0 i = 5, . . . ,M,

where M > 3. Define the permutation function π on I as follows:

π(i) =

 i i = 2, . . . , 3, 5, . . . ,M
1 i = 4

4 i = 1.

Now, by using the proof of Proposition 2.3, {φi}Mi=1 and {φπ(i)}Mi=1 are woven.

Two frames {φi}i∈I and {ψi}i∈I for H are called P -woven if there exists a non trivial subset
σ of I such that the family {φi}i∈σ ∪{φi}i∈σc is a frame for H. The following result is interesting.

Proposition 2.5. Suppose that {φi}i∈I is a frame for H. The following statements hold.

(i): For each permutation function π on I, {φi}i∈I and {φπ(i)}iI are P -woven.
(ii): For each σ ⊂ I there exists a non trivial permutation function π on I such that
{φi}i∈σ ∪ {φπ(i)}i∈σc is a frame for H.

In finite dimensional case a set of vectors {φi}Mi=1 in an N -dimensional Hilbert space H is a
full spark frame if either they are independent or if M ≥ N + 1, then they have spark N + 1. A
family {φi}i∈I for a separable Hilbert space H is called full spark, whenever for each σ ⊂ I with
|σ|=dimH, {φi}i∈σ is a generator for H.
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Proposition 2.6. Let H be an infinite dimensional separable Hilbert space. If {φi}i∈I is a
full spark family for H and π is a permutation function on I, then the family {φi}i∈σ ∪{φπ(i)}i∈σc

spans H for each σ ⊂ I.

Proof. Suppose that the Hilbert space H is of infinite dimention and {φi}i∈I is a full spark
family for H. If π is a permutation function on I and σ ⊂ I, then at least one of the subfamilies
{φi}i∈σ or {φπ(i)}i∈σc of {φi}i∈I has infinite elements. Now this complete the proof, becuase
{φi}i∈I is a full spark family for H. �

Proposition 2.7. Assume that {φi}Mi=1 is a frame for N -dimentional Hilbert space H and π
is a permutation function on I. Then for each σ ⊂ I the weavings {φi}i∈σ ∪ {φπ(i)}i∈σc are full

spark frames if and only if {φi}Mi=1 is full spark and π = Id.

Proof. The proof of the sufficiency part is trivial. For the proof of the necessity part, assume
if possible that {φi}Mi=1 is not full spark or π 6= Id. If {φi}Mi=1 is not full spark, then for σ = I the
weaving {φi}i∈σ ∪ {φπ(i)}i∈σc for each permutation function π is not a full spark frame which is
a cotradiction. On the other hand assume if possible that π 6= Id. So there exist i0, j0 ∈ I with
i0 6= j0 such that π(i0) = j0. �

The following example, shows that there are frames which are woven with each reordering of
itself.

Example 2.8. Take the frame {ψi}Mi=1 for the N -dimentional Hilbert space H = CN as

ψi =

{
ei i = 1, 2, . . . , N∑N
i=1 ei i = N + 1, . . . ,M,

where M ≥ 2N , and {ei}Ni=1 is the standard orthonormal basis for H. Then for each permutation
function π on I, {ψi}Mi=1 and {ψπ(i)}Mi=1 are woven.

In the following theorem, we give some optimal conditions for the perturbation of reordered
weavings of a frame {φi}i∈I .

Theorem 2.9. Suppose that {φi}i∈I is a frame for H with bounds 0 < A ≤ B <∞, and π is
a permutation function on I. Suppose that there esists a positive number λ, such that λ < A

2 and

(1)
∑
i∈I
|〈x, φi − φπ(i)〉|2 ≤ λ‖x‖2,

for each x ∈ H0, where H0 ⊂ H. Then {φi}i∈I and {φπ(i)}i∈I are P -woven.

The next proposition is an interesting result in the concept of pertorbation of reordered weav-
ings and operators.

Proposition 2.10. Assume that {φi}i∈I is a frame for H with lower and upper frame bounds
A and B respectively. Also, assume that π : I → I is a permutation function such that {φi}i∈I
and {φπ(i)}i∈I are P -woven. If T is a bounded and onto operator, then {φi}i∈I and {Tφπ(i)}i∈I
are P -woven.
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1. The algebra L1(G,λ, µ)

For a locally compact group G with a Haar measure λ, the Banach algebra L1(G,λ) plays
a central role in harmonic analysis on G. This motivated us to define a similar notion in the
case where G is a locally compact groupoid. Following [1], in this article we give a new norm on
Cc(G) and we denote by L1(G,λ, µ) its completion with respect to this norm. We show that the
Banach algebra L1(G,λ, µ) plays a similar role to the group algebra when we replace groups with
groupoids. For the rest of the paper, G is a locally compact, Hausdorff, second countable groupoid
which admits a left Haar system λ = {λu}. First we have a definition.

A Borel measurable set E ⊆ G is called λ-measurable if for each u ∈ G0, E ∩ Gu belongs
to the σ-algebra Mλu . A function f : G → C is λ-measurable if for every u ∈ G0 and every
open set O ⊆ C, f−1(O) ∩ Gu ∈ Mλu . For each f : G → C, λ-measurability of f is equivalent to
ν-measurability of f .

Here is our main definition.

Definition 1.1. Suppose µ is a quasi-invariant probability measure on G0 and ν is Radon
measure induced by µ. We define

L1(G, ν) = L1(G,λ, µ) =

{
f : G→ C : f is λ-measurable, ‖f‖1 =

∫
G

|f(x)|dν(x) <∞
}
,

with the product given by (f ∗ g)(x) =
∫
Gr(x) f(y)g(y−1x)dν(y).

If f, g ∈ L1(G,λ, µ), then

‖f ∗ g‖1 =

∫
G

|f ∗ g(x)|dν(x) ≤
∫
G

∫
Gr(x)

|f(y)||g(y−1x)|dν(y)dν(x)

≤
∫
G

∫
G

|f(y)||g(y−1x)|dν(y)dν(x) =

∫
G

∫
G

|f(y)||g(x)|dν(y)dν(yx)

=

∫
G0

∫
G

|g(x)|
∫
G0

∫
G

|f(y)|dλu(y)dµ(u)dλu(yx)dµ(u) =

∫
G

|g(x)|(
∫
G

|f(y)|dν(y))dν(x)

= ‖f‖1‖g‖1.

Also the measurability of f ∗ g follows from λ-measurability of f, g.
Next we define an involution on L1(G,λ, µ). We say that the assertion P (x) holds for λ-a.e.x

if for E = {x : ¬P (x)}, µ {u : λu(E) > 0} = 0. Clearly an assertion holds λ-almost everywhere if
and only if it holds ν-almost everywhere.
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Lemma 1.2. Suppose Du : Gu → R+ with Du(x) = dλu(x)
dλu(x)

(x ∈ G). Then D = Du on

Gu (a.e.).

The map ∗ : L1(G,λ, µ) → L1(G,λ, µ); f 7−→ f∗, where f∗(x) = f̄(x−1)D(x−1), is an
isometric involution on L1(G,λ, µ). Note that from [2, page 9] we have

‖f‖L1(G,λ,µ) = ‖f∗‖L1(G,λ,µ) = ‖f‖L1(G,ν0) = ‖f∗‖L1(G,ν0) ≤ ‖f‖II,µ = ‖f∗‖II,µ ≤ ‖f‖I,µ = ‖f∗‖I,µ.
Hence the space of L1(G,λ, µ) is in general bigger than I(G, ν, µ) and IIµ(G, ν, µ) with respect to
I-norm and II-norm, indeed I(G, ν, µ) ⊆ IIµ(G) ⊆ L1(G,λ, µ).

By [2, page 15] the space of continuous functions with compact support Cc(G) has a two-
sided bounded approximate identity. Since Cc(G) is dense in L1(G,λ, µ), thus L1(G,λ, µ) has a
two-sided bounded approximate identity.

For each f ∈ L1(G,λ, µ) define

Lxf(y) = f(x−1y), Rxf(y) = f(yx),

when the multiplications on the right hand sides are defined. It is easy to check that the maps
Lx, Rx are homomorphisms.

Proposition 1.3. Let I be a closed subspace of L1(G,λ, µ). Then I is a left ideal if and only
if it is closed under left translation, and I is a right ideal if and only if it is closed under right
translation.

Proof. Note that since f ∗ g =
∫
Gr(y) f(y)Lyg dν(y),

Lx(f ∗ g) =

∫
Gr(y)

f(y)LxLyg dν(y) =

∫
Gr(y)

f(y)Lxyg dν(y)

=

∫
Gr(y)

f(x−1y)Lyg dν(y) =

∫
Gr(y)

Lxf(y)Lyg dν(y) = (Lxf) ∗ g.

Now suppose (en)n is a bounded approximate identity for L1(G,λ, µ). For the first assertion, if
f ∈ L1(G,λ, µ) and g ∈ I and I is a left ideal, then we have

Lx(en) ∗ f = Lx(en ∗ f) −→ Lxf.

Conversely, if I is closed under left translation and f ∈ L1(G,λ, µ) and g ∈ I,

f ∗ g =

∫
Gr(y)

f(y)Lyg dν(y)

is in the closed linear span of the functions Lyg and hence in I. The other assertion is proved
similarly. �

2. The involutive Banach algebra M(G)

In this section we show that L1(G,λ, µ) is a closed ideal in the algebra of complex Radon
measures on G. Let M(G) be the space of complex Radon measures on G. If η, θ ∈ M(G), then
the map ψ 7→ I(ψ) on C0(G) defined by I(ψ) =

∫
G

∫
Gr(y) ψ(xy)dη(x)dθ(y) is a linear functional

on C0(G) satisfying |I(ψ)| ≤ ‖ψ‖sup‖η‖‖θ‖, so by Riesz representation theorem, it is given by
a measure shown as η ∗ θ called the convolution of η, θ with ‖η ∗ θ‖ ≤ ‖η‖‖θ‖. If we define

η∗(E) = η(E−1) then η 7→ η∗ is an involution on M(G), and M(G) is a Banach ∗-algebra. In this
section we show that the space L1(G,λ, µ) is a closed two-sided ideal of M(G).

Proposition 2.1. The map L1(G,λ, µ) ↪→M(G); f 7→ νf defined by νf (E) =
∫
E
fχE dν (E ⊆

G) is an isometric embedding.

Proof. If f ∈ L1(G,λ, µ), then f is λ-measurable so the integral exists and it is easy to check
that νf is a measure on G. We show that νf is Radon. If f = u + iv then νf = νu + iνv, so νf
is Radon if and only if νu and νv are Radon. Since G is locally compact Hausdorff and second
countable, we have νu(K) =

∫
K
u dν ≤

∫
G
|u|dν = ‖u‖1 < ∞, for each compact set K, thus νu is

Radon. Similarly νv is Radon, and so is νf .
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By definition, ‖νf‖ = sup {
∑n

1 |νf (Ei)| : n ∈ N,G =
⊔n

1 Ei}, so for each ε > 0 there exists a
partition {Ei}n1 of G such that

‖νf‖ − ε <
n∑
1

|νf (Ei)| =
n∑
1

|
∫
G

fχEi
dν| ≤

∫
G

(|f |
n∑
1

χEi
)dν = ‖f‖1.

Thus ‖νf‖ ≤ ‖f‖1. Conversely, suppose f ≥ 0 then νf ≥ 0 and for every partition {Ei}n1 of G we
have,

‖νf‖ ≥
n∑
1

νf (Ei) =

n∑
1

∫
G

fχEi
dν =

∫
G

fdν = ‖f‖1.

If f = u+ iv = (f1 − f2) + i(f3 − f4), where fi ≥ 0 then ‖νf‖ = ‖νf1‖+ ‖νf2‖+ ‖νf3‖+ ‖νf4‖ ≥
‖f1‖1 + ‖f2‖1 + ‖f3‖1 + ‖f4‖1 ≥ ‖f‖1. Hence ‖νf‖ ≥ ‖f‖1 and equality holds. �

The above proposition shows that L1(G,λ, µ) is a closed subspace of M(G). Next we show
that it is indeed an ideal.

Lemma 2.2. If f, g ∈ L1(G,λ, µ), then ν(f∗g) = νf ∗ νg.

Proof. For each compact set K we have

νf ∗ νg(K) =

∫
G

χK(x)d(νf ∗ νg)(x) =

∫
G

∫
Gr(x)

χK(yx)dνf (y)dνg(x)

=

∫
G

f(y)

∫
Gs(y)

χK(yx)dνg(x)dν(y) =

∫
G

∫
Gs(y)

f(y)g(y−1x)χK(x)dν(y)dν(x)

=

∫
G

χK(x)

∫
Gr(x)

f(y)g(y−1x)dν(y)dν(x) =

∫
G

(f ∗ g)(x)χK(x) dν(x) = νf∗g(K).

Since νf∗g and νf ∗ νg are regular measures, the equality holds for each open set and then for each
measurable set. �

If f ∈ L1(G,λ, µ) and η ∈ M(G), we shall define η ∗ f in such a way that νη∗f = η ∗ νf .
Suppose ϕ ∈ C0(G) and put

ν(η ∗ f)(ϕ) =

∫
G

ϕ(x) dνη∗f (x) =

∫
G

ϕ(x)(η ∗ f)(x) dν(x).

On the other hand,

η ∗ νf (ϕ) =

∫
G

∫
Gr(x)

ϕ(yx)dη(y)dνf (x) =

∫
G

∫
Gr(x)

ϕ(yx)dη(y)f(x)dν(x)

=

∫
G

∫
Gs(y)

f(y−1x)ϕ(x)dη(y)dν(y−1x) =

∫
G

ϕ(x)

∫
Gs(y)

f(y−1x)dη(y)dν(x).

Comparing these equalities implies that

(η ∗ f)(x) =

∫
Gr(x)

f(y−1x)dη(y).

If f ∈ L1(G,λ, µ), then it is easy to check that∫
Gu

Ryf(x)dλu(x) =

∫
Gu

f(x)dλu(xy−1) = D(y−1)

∫
Gu

f(x)dλu(x).

Thus ∫
G

Ryf(x)dν(x) = D(y−1)

∫
G

f(x)dν(x).
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Similarly, we want to define f ∗ η in such a way that the equality ν(f∗η) = νf ∗ η holds. Again
suppose ϕ ∈ C0(G). We have

ν(f∗η)(ϕ) =

∫
G

ϕ(x) dνf∗η(x) =

∫
G

ϕ(x)(f ∗ η)(x) dν(x) =

∫
G0

∫
G

ϕ(x)(f ∗ η)(x) dλu(x)dµ(u)

=

∫
G0

∫
Gu

ϕ(x)(f ∗ η)(x) dλu(x)dµ(u) =

∫
Gu

ϕ(x)(f ∗ η)(x) dν(x).

On the other hand,

(νf ∗ η)(ϕ) =

∫
G

∫
Gr(y)

ϕ(xy)dνf (x)dη(y) =

∫
G

∫
Gr(y)

ϕ(xy)f(x)dν(x)dη(y)

=

∫
G

∫
Gr(y)

ϕ(x)f(xy−1)dν(xy−1)dη(y) =

∫
G

∫
Gr(y)

ϕ(x)f(xy−1)D(y−1)dν(x)dη(y)

=

∫
Gs(x)

ϕ(x)

∫
G

f(xy−1)D(y−1)dη(y)dν(x).

Comparing the above equalities, we have

(f ∗ η)(x) =

∫
G

f(xy−1)D(y−1)dη(y).

Corollary 2.3. L1(G,λ, µ) is a two sided closed ideal of M(G).

Proof. Suppose f ∈ L1(G,λ, µ) and η ∈M(G). Then we have

‖η ∗ f‖1 =

∫
G

|η ∗ f(x)|dν(x) ≤
∫
G

∫
Gr(x)

|f(y−1x)| d|η|(y)dν(x)

=

∫
G

∫
Gr(x)

|f(x)| d|η|(y)dν(yx) =

∫
G

|f(x)|
∫
Gr(x)

d|η|(y)dν(x)

≤ ‖η‖‖f‖1 <∞.

Thus η ∗ f ∈ L1(G,λ, µ). Also

‖f ∗ η‖1 =

∫
G

|(f ∗ η)(x)|dν(x) ≤
∫
G

∫
G

|f(xy−1)D(y−1)|d|η|(y)dν(x)

=

∫
G

∫
G

|f(x)|D(y−1)D(y)dν(x)d|η|(y)

=

∫
G

∫
G

|f |dνd|η| = ‖f‖1‖η‖ <∞.

Hence f ∗ η ∈ L1(G,λ, µ). �
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1. Preliminaries

At first, we review some facts of the theory of C*-algebras which need in this paper, the
references [1]–[6] are useful.

Throughout this paper, suppose that A is an unital C*-algebra with the unit I. Set Ah = {t ∈
A : t = t∗}. We say t ∈ A a positive element, showed it by t � 0A if t = t∗ and σ(t) ⊆ [0,∞), in
which 0A in A is the zero element and the spectrum of t is σ(t).
On Ah we can find a natural partial ordering given by u � v iff v − u � 0A. From now on, we
will denote A+ and A′ for the set {t ∈ A : t � 0A} and the set {t ∈ A : tk = kt , ∀k ∈ A},
respectively.

Definition 1.1. Assume that X is a nonempty set, and A is a C*-algebra. A function
S : X × X × X → A is called a C*-algebra-valued S-metric on X if for every u, v, t, a ∈ X :

(1) S(u, v, t) � 0A
(2) S(u, v, t) = 0 iff u = v = t
(3) S(u, v, t) � S(u, u, a) + S(v, v, a) + S(t, t, a).

Then (X ,A, S) is a C*-algebra-valued S-metric space (in short C*-AV-SM space).

Definition 1.2. Assume that X is a nonempty set and b ∈ A′ such that ||b|| ≥ 1. A function
Sb : X × X × X → A is called a C*-algebra-valued Sb-metric on X if for every u, v, t, a ∈ X :

(1) Sb(u, v, t) � 0A
(2) Sb(u, v, t) = 0 iff u = v = t
(3) Sb(u, v, t) � b[Sb(u, u, a) + Sb(v, v, a) + Sb(t, t, a)].

Then (X ,A, Sb) is called C*-algebra-valued Sb-metric space (in short C*-AV-SbM space with co-
efficient b.)

Definition 1.3. A C*-AV-SbM Sb is said to be symmetric if

Sb(u, u, v) = Sb(v, v, u), ∀u, v ∈ X .

By the above definitions, we give an example in C*-AV-SbM space:

Example 1.4. Let X = R and A = M2(R) be all 2× 2-matrices with the usual operations of
addition, scalar multiplication and matrix multiplication. It is clear that

||A|| = (

2∑
i,j=1

|aij |2)
1
2
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defines a norm on A where A = (aij) ∈ A. ∗ : A → A defines an involution on A where A∗ = A.
Then A is a C∗-algebra. For A = (aij) and B = (bij) in A, a partial order on A can be given as
follows:

A ≤ B ⇔ (aij − bij) ≤ 0 ∀i, j = 1, 2

Let (X , d) be a b-metric space with ||b|| ≥ 1 and Sb : X × X × X →M2(R) be defined by

Sb(u, v, t) =

[
d(u, v) + d(v, t) + d(u, t) 0

0 d(u, v) + d(v, t) + d(u, t)

]
then it is a C*-AV-SbM space. Now, we check the condition (3) of Definition 1.2:

Sb(u, v, t) =

[
d(u, v) + d(v, t) + d(u, t) 0

0 d(u, v) + d(v, t) + d(u, t)

]
≤ [2

[
d(u, a) 0

0 d(u, a)

]
+ 2

[
d(v, a) 0

0 d(v, a)

]
+ 2

[
d(t, a) 0

0 d(t, a)

]
]

= b[Sb(u, u, a) + Sb(v, v, a) + Sb(t, t, a)]

For all u, v, t, a ∈ X . So (X ,A, Sb) is a C*-AV-SbM space.

2. Main results

In this section, we define some concepts in C*-AV-SbM space and present some Lemmas which
will be needed in the sequel:

Definition 2.1. Let (X ,A, Sb) be a C*-AV-SbM space and {un} be a sequence in X :

(1) If ||Sb(un, un, u)|| → 0, (n→∞), then it is said that {un} converges to u, and we denote
it by limn→∞ un = u.

(2) If for any p ∈ N, ||Sb(un+p, un+p, un)|| → 0, (n → ∞), then {un} is called a Cauchy
sequence in X .

(3) If every Cauchy sequence is convergent in X , then (X ,A, Sb) is called a complete C*-AV-
SbM space.

Definition 2.2. Let (X ,A, Sb) and (X1,A1, Sb1) be C*-AV-SbM spaces, and let f : (X ,A, Sb)→
(X1,A1, Sb1) be a function, then f is said to be continuous at a point u ∈ X iff for every sequence
{un} in X , Sb(un, un, u) → 0A, (n → ∞) implies Sb1(f(un), f(un), f(u)) → 0A, (n → ∞). A
function f is continuous at X iff it is continuous at all u ∈ X .

Lemma 2.3. Let (X ,A, Sb) be a symmetric C*-AV-SbM space and {un} be a sequence in X .
If {un} converges to u and v, respectively, then u = v.

Definition 2.4. Let (X ,A, Sb) be a C*-AV-SbM space. A pair {ψ,ϕ} is said to be compatible
iff Sb(ψϕun, ψϕun, ϕψun) → 0A, whenever {un} is a sequence in X such that limn→∞ ψun =
limn→∞ ϕun = u, for some u ∈ X .

Definition 2.5. A point u ∈ X is called a coincidence point of ψ and ϕ iff ψu = ϕu. In this
case, t = ψu = ϕu is called a point of coincidence of ψ and ϕ. If ψ and ϕ commute at all of their
coincidence points, then they are weakly compatible but the converse is not true.

Theorem 2.6. If the mapping ψ and ϕ on the C*-AV-SbM space (X ,A, Sb) are compatible,
then they are weakly compatible.

Lemma 2.7. [1] Let ψ and ϕ be a weakly compatible mappings of a set X . If ψ and ϕ have a
unique point of coincidence, then it is the unique common fixed point (in short FP) of ψ and ϕ.

Theorem 2.8. Assume that (X ,A, Sb) is a complete symmetric C*-AV-SbM space and suppose
that ψ,ϕ : X → X satisfy

(1) Sb(ψu, ψu, ϕv) � a∗Sb(u, u, v)a,

for every u, v ∈ X , in which a ∈ A with ||a|| < 1. Then ψ and ϕ have a unique common FP in X .
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Corollary 2.9. Assume that (X ,A, Sb) is a complete symmetric C*-AV-SbM space and sup-
pose that ψ,ϕ : X → X be two mappings such that

||Sb(ψu, ψu, ϕv) � ||a||||Sb(u, u, v)||,

for every u, v ∈ X in which a ∈ A with ||a|| < 1. Then ψ and ϕ have a unique common FP in X .

2.1. Existence and uniqueness. Consider the next equations:

x(m) =

∫
E
(T1(m,n, x(n))dn+ J(m), m ∈ E

x(m) =

∫
E
(T2(m,n, x(n))dn+ J(m), m ∈ E(2)

where E is a Lebesgue measurable set and m(E) <∞.
In what follows, we always let X = L∞(E) denote class of essentially bounded measurable

functions on E , where E is a Lebesgue measurable set such that m(E) <∞.
Now, we consider the functions T1, T2, α, β fulfill the following assumptions:

(i) T1, T2 : E × E × R → R are integrable. Also, an integrable function α is from E × E to
R≥0, and J ∈ L∞(E);

(ii) there exists ` ∈ (0, 1) such that

|T1(m,n, x)− T2(m,n, y)| ≤ `|α(m,n)||x− y|,

for m,n ∈ E and x, y ∈ R;
(iii) supm∈E

∫
E |α(m,n)|dn ≤ 1.

Theorem 2.10. Suppose that assumptions (i)-(iii) hold. Then the integral equation 2 has a
unique common solution in L∞(E).

Proof. Let X = L∞(E) and B(L2(E)) be the set of bounded linear operators on a Hilbert
space L2(E). We endow X with the Sb-metric Sb : X × X × X → B(L2(E)) defined by

Sb(α, β, γ) = M(|α−γ|+|β−γ|)p

where M(|α−γ|+|β−γ|)p is the multiplication operator on L2(E) defined by

Mh(α) = h.α ; α ∈ L2(E)

Hence (X , B(L2(E)), Sb) is a complete C*-AV-SbM space. Define the self-mappings Ψ,Φ : X → X
by

Ψx(m) =

∫
E
T1(m,n, x(n))dn+ J(m),

Φx(m) =

∫
E
T2(m,n, x(n))dn+ J(m),

for all m ∈ E . Now, we have

Sb(Ψx,Ψx,Φy) = M(|Ψx−Φy|+|Ψx−Φy|)p .
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we can obtain,

||Sb(Ψx,Ψx,Φy)|| = sup
||h||=1

〈M(|Ψx−Φy|+|Ψx−Φy|)ph, h〉

= sup
||h||=1

〈M(2|Ψx−Φy|)ph, h〉

= sup
||h||=1

〈2pM|Ψx−Φy|ph, h〉

= sup
||h||=1

∫
E
(2p|Ψx− Φy|p)h(t)h(t)dt

� 2p sup
||h||=1

∫
E
[

∫
E
|T1(m,n, x(n))− T2(m,n, y(n))|]p|h(t)|2dt

� 2p sup
||h||=1

∫
E
[

∫
E
`|α(m,n)(x(n)− y(n))|dn]p|h(t)|2dt

� 2p`p sup
||h||=1

∫
E
[

∫
E
|α(m,n)|dn]p|h(t)|2dt.||x− y||p∞

� ` sup
m∈E

∫
E
|α(m,n)|dn. sup

||h||=1

∫
E
|h(t)|2dt2p||x− y||p∞

� 2p`||x− y||p∞
= `||2(x− y)||p∞
= `||M(|x−y|+|x−y|)p ||
= ||a||||Sb(x, x, y)||

Set a = `1B(L2(E)), then a ∈ B(L2(E)) and ||a|| = ` < 1. Hence applying Corollary 2.9, we get the
desired result. �
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Frames have the redundancy property that make them more applicable than bases. Phase
retrieval is one of the most applied and studied areas of research today. Phase retrieval for Hilbert
space frames was introduced in [2] and quickly became an industry. The concept of weak phase
retrieval weakened of notion of phase retrieval and it has just been defined for vectors ([4] and [3]).
We first give the background material needed for the paper. The natural numbers and real numbers
are denoted by “N” and “R”, respectively. We use [m] instead of the set {1, 2, 3, . . . ,m}. Also I is
a finite or countable subset of N. We denote by Rn a n dimensional Real Hilbert space.
We start with the definition of a Real Hilbert space frame.

Definition 0.1. A family of vectors {xi}i∈I in a separable Real Hilbert space Rn is a frame
if there are constants 0 < A ≤ B <∞ so that A‖x‖2 ≤

∑
i∈I |〈x, xi〉|2 ≤ B‖x‖2 for all x ∈ Rn.

Definition 0.2. A family of vectors {xk}mk=1 in a finite dimensional Hilbert space Rn has the
complement property if for any subset I ⊂ [m],

either span{xk}k∈I = Rn or span{xk}k∈Ic = Rn.

Theorem 0.3. A family of vectors {xi}i∈I does phase retrieval if and only if it has the com-
plement property.

Definition 0.4. A family of vectors {xi}i∈I in a Real Hilbert space Rn does phase retrieval
if whenever x, y ∈ Rn, satisfy |〈x, xi〉| = |〈y, xi〉| for all i ∈ I, then x = ±y.

Now we define “spark” and “full spark”.

Definition 0.5. A family of vectors {xi}mi=1 in Rn (m ≥ n) has spark k if for every I ⊂
[m] with |I| = k − 1, {xi}i∈I is linearly independent. It is full spark if k = n+ 1 and hence every
n-element subset spans Rn.

Corollary 0.6. If {xi}mi=1 does phase retrieval in Rn, then m ≥ 2n− 1. If m = 2n− 1, the
frame does phase retrieval if and only if it is full spark.

The notion of “Weak phase retrieval by vectors” in Rn was introduced in [4] and was developed
further in [3]. For x ∈ Rn, sgn(x) = 1 if x > 0 and sgn(x) = −1 if x < 0.

Definition 0.7. Two vectors x = (a1, a2, . . . , an) and y = (b1, b2, . . . , bn) in Rn weakly have
the same phase if there is a |θ| = 1 so that phase(ai) = θphase(bi) for all i ∈ [n], for which
ai 6= 0 6= bi.
If θ = 1, we say x and y weakly have the same signs and if θ = −1, they weakly have the opposite
signs.
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Definition 0.8. A family of vectors {φi}mi=1 does weak phase retrieval in Rn if for any
x = (a1, a2, . . . , an) and y = (b1, b2, . . . , bn) in Rn with |〈x, φi〉| = |〈y, φi〉| for all i ∈ [m], then x
and y weakly have the same phase.

Proposition 0.9. [4] Let x = (a1, a2, . . . , an) and y = (b1, b2, . . . , bn) in Rn. The following
are equivalent:
(1) We have sgn(aiaj) = sgn(bibj), for all 1 ≤ i 6= j ≤ n
(2) Either x, y have weakly the same sign or they have the opposite signs.

It is clear that if {xi}mi=1 does phase retrieval (respectively, weak phase retrieval) in Rn then
{cixi}mi=1 does phase retrieval (respectively, weak phase retrieval) as long as ci > 0 for all i =
1, 2, . . . ,m.
The following appears in [3]

Theorem 0.10. If X = {xi}2n−2i=1 does weak phase retrieval in Rn then X is full spark.

The converse to this theorem fails.

Example 0.11. Now we give an example of a full spark not weak phase retrievable frame in
R3 with 4 vectors. The frame {xi}4i=1 given by

x1 = (1, 0, 0), x2 = (0, 1, 0), x3 = (0, 0, 1), x4 = (1, 1,−3)

is full spark but it cannot do weak phase retrieval for R3. Take x = (4, 3, 1) and y = (4,−3,−1),
then |〈x, xi〉| = |〈y, xi〉| for i ∈ [4], but x and y do not weakly have the same sign.

Theorem 0.12. [4] If {xi}mi=1 does weak phase retrieval in Rn then m ≥ 2n− 2.

By above Theorem the set of vectors doing weak phase not phase retrieval, must have 2n− 2
vectors.

Theorem 0.13. A set of vectors {xi}2i=1 does weak phase retrieval in R2 if and only if after
normalization the two vectors are of the form (1, 1), (1,−1) or (1, b), (1,−b).

We will prove the theorem in a series of 3 lemmas.

Lemma 0.14. Sets {(a, 0), (b, c)} and {(0, b), (c, d)} with a, b, c, d 6= 0 fail weak phase retrieval
but they are full spark.

Lemma 0.15. If 0 < ab, cd or ab, cd < 0 then {(a, b), (c, d)} fail weak phase retrieval.

Lemma 0.16. If ab > 0 and cd < 0 then {(a, b), (c, d)} do weak phase retrieval if and only if
a = b, c = −d or a = c, b = −d.

Theorem 0.17. If {xi}2i=1 does weak phase retrieval in R2 then {x⊥1 , x⊥2 } do weak phase
retrieval in R2.

Proposition 0.18. If the frame {xi}mi=1 does weak phase retrieval in Rn then {Pxi}mi=1 yields
weak phase retrieval for all orthogonal projections P on Rn.

It is known in literature that every phase retrievable set is a spanning set in Rn. We now solve
a longstanding similar open problem in the field about weak phase retrievable sets in Rn.

Theorem 0.19. If {xi}mi=1 is a weak phase retrievable vectors in Rn, then

span{xi}mi=1 = Rn.
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Abstract. In this paper, we define χ-Connes module amenability of a semigroup algebra l1(S),

where χ is a bounded module homomorphism from l1(S) to l1(S) that is ω∗-continuous and S is

an inverse weakly cancellative semigroup with subsemigroup E of idempotents. We are mainly
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1. Introduction

In [1], Amini introduced the concept of module amenability for Banach algebras, and proved
that when S is an inverse semigroup with subsemigroup E of idempotents, then l1(S) as a Banach
module over U = l1(E) is module amenable if and only if S is amenable. We may refer the reader
e.g. to [1, 2, 6], for extensive treatments of various notions of module amenability. All of these
concepts generalized the earlier concept of amenability for Banach algebras introduced by Johnson
[4]. In this paper, we introduce the concept of χ-Connes module amenability for semigroup algebra
l1(S) and give a characterization of χ-Connes module amenability in terms of χ-modul normal
virtual diagonals. In particular, we show that if χ is a bounded module homomorphism from
l1(S) to l1(S) that is ω∗-continuous and l1(S) as a Banach module over l1(E) is χ-Connes module
amenable, then it has a χ-module normal virtual diagonal. In the case χ = id, the converse also
holds.

2. Main results

Let S be a semigroup. Then S is named cancellative semigroup, if for every r, s 6= t ∈ S we
have rs 6= rt and sr 6= tr.

A discrete semigroup S is called an inverse semigroup if for each x ∈ S there is a unique
element x∗ ∈ S such that xx∗x = x and x∗xx∗ = x∗. An element e ∈ S is called an idempotent
if e = e∗ = e2. The set of idempotent elements of S is denoted by E. For s ∈ S, we define
Ls, Rs : S → S by Ls(t) = st, Rs(t) = ts; (t ∈ S). If for each s ∈ S, Ls and Rs are finite-to-one
maps, then we say that S is weakly cancellative.

Before turning our result, we note that if S is a weakly cancellative semigroup, then l1(S) is
a dual Banach algebra with predual c0(S)[3].

Let A = (A∗)∗ be a dual Banach algebra, and U be a Banach algebra such that A is a Banach
U-bimodule via,

α.(ab) = (α.a).b, (αβ).a = α.(β.a) (a, b ∈ A, α, β ∈ U).

Let I be the closed ideal of A⊗̂A generated by elements of the form α.(a ⊗ b) − (a ⊗ b).α, for

a, b ∈ A and α ∈ U . A⊗̂UA is defined to be the quitiont Banach space A⊗̂AI .
Let J be the closed ideal of A generated by elements of the form (α.a).b − a.(b.α). Since J

is ω∗-closed, then the quotient algebra AJ is again dual with predual ⊥J = {φ ∈ A∗ : 〈φ, a〉 =

0 for all a ∈ J}. Also we have J⊥ = {φ∗ ∈ A∗ : 〈φ, a〉 = 0 for all φ ∈ J}.
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Definition 2.1. Let A be a dual Banach algebra. A module homomorphism from A to A is
a map ϕ : A → A with

ϕ(α.a+ b.β) = α.ϕ(a) + ϕ(b).β, ϕ(ab) = ϕ(a)ϕ(b) (a, b ∈ A, α, β ∈ U).

In this paper we let that L2
ω∗(
A
J ,C) denote the separately ω∗-continuous two-linear maps from

A
J ×

A
J to C, ω̃ : A⊗̂UA → A

J be the multiplication operator with ω̃(a ⊗ b + I) = ab + J and

ϕ̃ : AJ →
A
J be the map that is defined by ϕ̃(a+ J) = ϕ(a) + J, a ∈ A.

Definition 2.2. Let A be a dual Banach algebra and ϕ : A → A be a bounded ω∗-continuous
module homomorphism. An element M ∈ L2

ω∗(
A
J ,C)∗ is called a ϕ-module normal virtual diagonal

for A if ω̃∗∗(M) is an identity for ϕ(A)
J and

M.ϕ̃(c+ J) = ϕ̃(c+ J).M (c ∈ A).

Let X be a dual Banach A-bimodule. X is called normal if for each x ∈ X, the maps

A → X; a→ a.x, a→ x.a

are ω∗-continuous. If moreover X is a U-bimodule such that for a ∈ A, α ∈ U and x ∈ X
α.(a.x) = (α.a).x, (a.α).x = a.(α.x), (α.x).a = α.(x.a),

then X is called a normal Banach left A-U-module. Similarly for the right and two sided actions.
Also, X is called symmetric, if α.x = x.α (α ∈ U , x ∈ X).

Throughout this paper Hω∗(A) will denotes the space of all bounded module homomorphisms
from A to A that are ω∗-continuous.

Definition 2.3. Let A = (A∗)∗ be a dual Banach algebra, ϕ ∈ Hω∗(A) and let that X be
a dual Banach A-bimodule. A bounded map DU : A → X is called a module ϕ-derivation if for
every a, b ∈ A and α, β ∈ U , we have

DU (α.a± b.β) = α.DU (a)±DU (b).β, DU (ab) = DU (a).ϕ(b) + ϕ(a).DU (b).

When X is symmetric, each x ∈ X defines a module ϕ-derivation

(DU )x(a) = ϕ(a).x− x.ϕ(a) (a ∈ A).

Derivations of this form are called inner module ϕ-derivation.

Definition 2.4. Let A be a dual Banach algebra, U be a Banach algebra such that A is a
Banach U-module and ϕ ∈ Hω∗(A). A is called ϕ-Connes module amenable if for any symmetric
normal Banach A-U-module X, each ω∗-continuous module ϕ-derivation DU : A → X is inner.

Theorem 2.5. Let A and U be dual Banach algebras, let A be a unital dual Banach U-module
and let A has an id-module normal virtual diagonal. Then A is id-Connes module amenable.

Proof. Let X be a symmetric normal Banach A-U-module. We first note that A has an
identity. It is therefore sufficient for A to be id-Connes module amenable that we suppose that X
is unital. Let DU : A → X be a module derivation that is ω∗-continuous. It is straightforward
to see that E is a normal Banach A

J -U-module. Let X = (X∗)
∗. Since X is symmetric, then

DU |J = 0. We define D̃U : AJ → X; D̃U (a + J) := DU (a) (a ∈ A). To each x ∈ X∗, there

corresponds Vx : AJ ×
A
J → C via Vx(a+ J, b+ J) = 〈x, (a+ J)D̃U (b+ J)〉(a, b ∈ A). It is clearly

that Vx ∈ L2
ω∗(
A
J ,C). For each a, b ∈ A and a∗ ∈ A∗ we have

〈
∫
ab+ JdM, a∗ + J⊥〉 = 〈M, ω̃∗(a∗ + J⊥)〉 = 〈ω̃∗∗(M), a∗ + J⊥〉.

Now, put f(x) = 〈M,νx〉(x ∈ X∗). Let c ∈ A. After a little calculation, we obtain

〈(c+ J).f − f.(c+ J)〉 =

∫
〈(ab+ J)D̃U (c+ J), x〉dM = 〈ω̃∗∗(M).D̃U (c+ J), x〉.

All in all, DU (c) = c.f − f.c holds. �
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In Theorem 2.5 it is shown that if a unital Banach algebra A has an id-module normal virtual
diagonal, then A is id-Connes module amenable. Let S be a semigroup, it would be interesting to
know that the converse holds for inverse semigroup algebra l1(S). Thus for an inverse semigroup
S, we consider an equivalence relation on S where s ∼ t if and only if there is e ∈ E such that
se = te. The quotient semigroup SG = S

∼ is a group [5]. Also, E is a symmetric subsemigroup of

S. Therefore, l1(S) is a Banach l1(E)-module with compatible canonical actions. Let l1(E) acts
on l1(S) via

δe.δs = δs, δs.δe = δse = δs ∗ δe (s ∈ S, e ∈ E).

With above notation, l1(SG) is a quotient of l1(S) and so the above action of l1(E) on l1(S) lifts
to an action of l1(E) on l1(SG), making it a Banach l1(E)-module [1].

The following theorem is the main result of the present paper.

Theorem 2.6. Let S be a weakly cancellative semigroup. Let S be an inverse semigroup with
idempotents E, let l1(S) be a Banach l1(E)- module and let χ ∈ Hω∗(l1(S)). If l1(S) is χ-Connes
module amenable, then l1(S) has a χ-module normal virtual diagonal.

Proof. Let π : S → SG be the quotient map. By [1, Lemma 3.2], we define a bimodule action
of l1(S) on l∞(SG) by

δs.x = δπ(s) ∗ x, x.δs = x ∗ δπ(s) (s ∈ S, x ∈ l∞(SG)).

Since c0(SG) is an introverted subspace of l1(SG) then l1(SG)∗ is a normal Banach l1(S)-l1(E)-
module. Choose n ∈ l1(SG)∗ such that 〈n, 1〉 = 1, and define D : l1(S) → l1(SG)∗ by D(δs) =

χ(δs).n − n.χ(δs). Moreover, D attains its values in the ω∗-closed submodule ( l
∞(SG)

C )∗. Since

l1(S) is χ-Connes module amenable, then D is inner. Consequently, there exists ñ ∈ ( l
∞(SG)

C )∗

such that D(δs) = adñ, so

χ̃(δπ(s)).n− n.χ̃(δπ(s)) = χ̃(δπ(s)).ñ− ñ.χ̃(δπ(s))

Then we may define

〈M,f〉 = lim
α

∫
f
(
χ̃(δπ(x∗)), χ̃(δπ(x))

)
fα(x)dx.

Also for each s we obtain

ω̃∗∗(M).χ̃(δπ(s)) = 〈M, ω̃∗(χ̃(δπ(s)))〉 = lim
α

∫
(ω∗(χ̃(δπ(s))))(χ̃(δπ(x∗))), χ̃(δπ(x)))fα(x)dx

= lim
α
χ̃(δπ(s))

∫
fα(x)dx = χ̃(δπ(x)).

Consequently, M is a χ-normal module virtual diagonal for l1(S). �

Theorem 2.7. Let S be a weakly cancellative semigroup with idempotents E, let l1(S) be
a unital dual Banach l1(E)-module and let l1(S)⊗̂l1(E)l

1(S) be a dual Banach l1(E)-module and

χ ∈ Hω∗(l1(S)). If l1(S) is χ-Connes module amenable, then l1(S)⊗̂l1(E)l
1(S) is χ⊗l1(E)χ-Connes

module amenable.

Corollary 2.8. Let S be a weakly cancellative semigroup, let S be an inverse semigroup with
idempotents E and let l1(S) be a Banach l1(E)-module. Then l1(S) is Connes module amenable
if and only if l1(S) has a module normal virtual diagonal.

Proof. This follows immediately from Theorem 2.5 and Theorem 2.6. �

Example 2.9. Let (N,∨) be the semigroup of positive integers with maximum operation.
Since N is weakly cancellative, then l1(N) is a dual Banach algebra with predual c0(N). By [3,
Theorem 5.13], l1(N) is not Connes amenable. Moreover l1(N) is module amenable on l1(EN), so
it is Connes module amenable.
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Convolution and convolution type C*-algebras
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Abstract. Product of two functions, Dirichlet product of two arithmetic functions are

examples of convolution. Convolutions play important roles in functional analysis, harmonic

analysis and measure theory. Veldsman defined a more general convolution under the name

convolution type in order to introduce convolution rings in a very general algebraic setting.

Although convolution types are independent of any algebraic considerations, but they can

imposed on rings so that many important rings constructions can be covered through this

approach. Any semigroup define a convolution type, while there are some convolution types

that can not define by a semigroup. We define a kind of convolution type as the definition of

Veldsman by a little modification of the original definition of convolution type. The

modification is useful to define convolution type C*-algebra. For example, we define a notion of

involution type. We use the notion of involution type to our new definition of convolution type.

We use C*- algebras instead of rings and define the notion of convolution type C*- algebra.

There are some familiar C*- algebras which can be considered as a convolution type C*-

algebra. For example, discrete crossed product of C*- algebras, matrix C*-algebras, finite

dimensional C*- algebras, are some examples of convolution type C*-algebra. We show that

any convolution type C*- algebra can be written as a tensor product of C*- algebras. The

notion of weighted convolution type C*-algebra is also introduced. This notion is a

generalization of convolution type C*-algebra.

Keywords: Convolution type,C*- algebras .
AMS Mathematical Subject Classification [2010]: 46L05, 46M15.

1. Introduction

The term convolution is used to many fields of mathematics. For example, the Dirichlet
product of arithmetic functions f, g defined by f ∗ g(n) =

∑
d|n f(d)g(nd ) is called convolution of

f and g. The Cauchy product of arithmetic functions f, g defined by f ∗ g(n) =
∑
n=i+j f(i)g(j)

is also a convolution of f and g. Dirichlet product and cauchy product are useful for Dirichlet
series and power series. Let M be a semigroup and let `1(M) be the set of all complex functions
f : M → C with a countable support(the set {x : f(x) 6= 0}is at most countable)such that∑
x∈M |f(x)| is finite. Then `1(M) is a Banach *-algebra with the usual involution and addition.

The multiplicatin is defined by (f ?g)(x) =
∑
st=x f(s)g(t). An involutive semigroup is a semigroup

M together with a function∗ : M → M such that x∗∗ = x and (xy)
∗

= y∗x∗ for all x, y in M .
Any multiplicative semigroup of a *-algebra is an involutive semigroup. An inverse semigroup is
a semigroup M together with a function ∗ : M → M such that xx∗x = x and x∗xx∗ = x∗. It
is shown that any inverse semigroup is an involutive semigroup with involution ∗. Any group G
is an involutive semigroup with the involution x∗ = x−1 for any x ∈ G . Suppose that M is an
involutive semigroup and A is a C*-algebra. Consider the set `1(M,A) as before (replace C by A )
with involution f∗(x) = (f(x∗))∗. The enveloping C*-algebra of `1(M,A) is a C*-algebra. We are
going to generalize this notion. We generalize M to the convolution type C*-algebras. Convolution
type is defined by Veldsman [5]. He defined the notion of convolution type T and by using a ring
R he defined a new ring T (R) . We use the definition of Veldsman (by a little modification)and
replace R by a C*-algebra A. We define a C*-algebra denoted by T ? A that can be considered as
a generalization of discrete crossed product of C*-algebras and C*-semigroups. Most of the results
of this paper are in the reference [2] with a little generalization. Any convolution type define a

∗speaker
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functor on the category of C*-algebras. We show that T ? A ∼= (T ?C)⊗A. We define the notion
of weighted convolution type C*-algebras as a generalization of convolution type C*-algebras.

2. Main results

The following definition is from [2].

Definition 2.1. A convolution type T is a quadruple T = (X, γ, β, T ) satisfy the following
conditions

(i) X is a non-empty set and T ⊆ X is non-empty
(ii) For any x in X there is a non-empty subset γ(x) of X ×X such that γ(x) ∩ γ(y) = ∅

for x 6= y,
(iii) For any x in X if (s, t) ∈ γ(x) and (p, q) ∈ γ(s) there is a unique v in X such that

(p, v) ∈ γ(x) and (q, t) ∈ γ(v) . If (s, t) ∈ γ(x) and (p′, q′) ∈ γ(t) there is a unique u in
X such that (u, q′) ∈ γ(x) and (s, p′) ∈ γ(u),

(iv) (t, t) ∈ γ(t) for any t in T ,
(v) For any x of X there exists a unique (t, t′) of T ×T with (t, x) ∈ γ(x) and (x, t′) ∈ γ(x),

(vi) If (s, t) ∈ γ(x) and s ∈ T then t = x and if (s, t) ∈ γ(x) and t ∈ T then s = x,
(vii) An involution type β is a function β : X → X such that β2 = idX and (s, t) ∈ γ(x) if

and only if (β(t), β(s)) ∈ γ(β(x)).

Note that we add the conditions (ii) and (iv) to the original definition of convolution type.
In the following we define three kinds of convolution types.

Definition 2.2. Let T = (X, γ, β, T ) be a convolution type.T is called
(i) Simple if T = {t} and γ(x) = {(t, t)},
(ii) Full if for any elements s, t of X there is an element x of X such that (s, t) ∈ γ(x)

(iii) Symmetric if β(x) = x for any element x of X.

It is easy to say that a convolution type T is symmetric if and only if

(s, t) ∈ γ(x) ⇐⇒ (t, s) ∈ γ(x)

and this shows that the term symmetric is suitable.
In the following there are some examples of convolution types.

Example 2.3.

(i) The convolution type defined by TP = (X, γ, β = idX , T = X),and γ(x) = {(x, x) :
x ∈ X}, is called product convolution type. The convolution type TP is neither full nor
simple,

(ii) The convolution type defined by TC = (X = {0, 1, 2, 3, ...}, γ, β = idX , T = {0}) and
γ(n) = {(i, j) : i + j = n}, is called Cauchy product convolution type. The convolution
type TC is both full and simple,

(iii) The convolution type defined by TC = (X = {1, 2, 3, ...}, γ, β = idX , T = {1}) and
γ(n) = {(i, j) : ij = n}, is called Dirichlet product convolution type. TC is both full and
simple,

(iv) Let M be an involutive semigroup (monoid) and TM = (M,γ, β, T = {e}) and γ(x) =
{(s, t) : st = x} and β(x) = x∗. TM is a full convolution type,

(v) Let S be a set of k prime numbers and let X = {pm : p ∈ S,m ≥ 0}. Define TS =
(X, γ, β = idX , T = {1}) and γ(n) = {(i, j) : ij = n}. Then TS is a simple and full
convolution type. TS is called prime power product convolution type,

(vi) Let TU = (X, γ, β = idX , T = {1}), where X = {1, 2, 3, ...} and γ(n) = {(i, j) : ij =
n, (i, j) = 1} , where (i, j) is the greatest common divisor of i, j.TU is called the unitery
convolution type which is simple but not full,
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(vii) Tn = (X, γ, β = idX , T ) where X = {(i, j) : i, j = 1, 2, 3, .., n} , T = {(i, i) : i =
1, 2, 3, ..., n} and γ(i, j) = {(i, k), (k, j)) : k = 1, 2, 3, ..., n}, β(i, j) = (j, i) is the matrix
convolution type.

Note that the convolution types (vi) and (vii) can not define by a semigroup so the convolution
type is a generalization of a semigroup.

Denote by `1(T , A) the set of all functions f : X → A such that ||f ||1 =
∑
x∈X ‖f(x)‖ < ∞.

Define on `1(T , A) addition ,multiplication and involution by
(1) (f + g)(x) = f(x) + g(x)
(2) (f ? g)(x) =

∑
(s,t)∈γ(x) f(s)g(t)

(3) f∗(x) = (f(β(x))∗

for any x, y in X. part (2) shows that any convolution type define a convolution between two
functions f and g. The normed space `1(T , A) is a Banach *-algebra and it has a non-trivial
representation provided that T is full or simple.We denote by T ?A the C*-envelope of `1(T , A) as
the convolution type C*-algebra of A by T . In [2] we show that if T is a simple or full convolution
type, then `1(T , A) has a non-trivial representation. Therefore the C*-envelope of `1(T , A) is not
trivial for any non-trivial C*-algebra A. Suppose that T is a finite set in the convolution type
T = (X, γ, β, T ). Then the map L : A→ `1(T , A) defined by

L(a)(x) = La(x) =

{
a if x ∈ T
0 ifx /∈ T

is an embedding of A in `1(T , A) as a Banach ∗-subalgebra. Therefore if A has an identity 1
then L1 is the identity of `1(T , A). Suppose that T is a convolution type. T define a covariant
functor − ∗ T . Therefore if A ∼= B for two C*-algebras A and B, then T ∗A ∼= T ∗B.

The following results can be found in [2]

Example 2.4.

(i) TC ? A ∼= C([0, 1], A),
(ii) TS ? A ∼= C([0, 1]k, A),

(iii) TD ? A ∼= C([0, 1]N, A),
(iv) Tn ? A ∼= Mn(A),
(v) TG ? A ∼= G×t A,where G is a discrete group and G×t A is the trivial crossed product,

(vi) For any finit dimensional C*-algebra A there is a convolution type T such that A ∼= T ?C.

We denote `1(T ,C) and T ∗ C by `1(T ) and C∗(T ), respectivly. The notation `1(M) is used
instead of `1(TM ) provided that M is an involutive semigroup. We have

TM ? C = C∗(M)

. In particular C∗(M) is the full semigroup C*-algebra, where M is an inverse semigrop. We see
from the above example the following equivalences

(i) TC ? A ∼= C[0, 1]⊗A,
(ii) TS ? A ∼= C([0, 1]k)⊗A,
(iii) TD ? A ∼= C([0, 1]N)⊗A,

which lead to the following theorem

Theorem 2.5. Let T = (X, γ, β, T ) be a convolution type and A be a C*-algebra. Then

T ? A ∼= C∗(T )⊗A

Proof. To prove the theorem we need the statement[1, Theoem 2]:
Let (Y, µ) be a measure space, where Y is a locally compact hausdorff space. Let A be a Banach
space and let `1(Y,A) be the set of all measurable functions f : Y → A such that

∫
Y
||f ||dµ <∞.

Then
`1(Y,A) ∼= `1(Y )⊗̂A
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, where the tensor product ⊗̂ is the projective tensor product of Banach algebras [3]. Therefore
we have the following equivalence

`1(T , A) ∼= `1(T )⊗̂A
. Hence [3, Theorem 3]

C∗(`1(T , A)) = C∗(`1(T )⊗̂A) = C∗(T )⊗A
, where the tensor product ⊗ is the maximal tensor product of C*-algebras. Therefore

T ? A = C∗(T )⊗A
�

We are interested in a generalization of the convolution type which may not satisfies(or satisfies)
the above Theorem. Weighted semigroup is used for many papers as in [4]. We generealize this
notion to convolution types. The following generalization may be useful. Let T = (X, γ, β, T ) be
a convolution type and let A be a C*-algebra. A weight ω is a function

ω : X → (0,+∞)

such that
ω(x) ≤ ω(s)ω(t) ((s, t) ∈ γ(x))

for all x ∈ X.Let `1(T , A, ω) be the set of all functions f : X → A such that

||f ||ω =
∑
x∈X

ω(x)||f(x)|| <∞

. Let ω ≥ 1, then `1(T , A, ω) is a Banach *-subalgebra of `1(T , A). Denote by

T ?ω A
the C*-envelope of `1(T , A, ω) as a weighted convolution type C*-algebra. For example, let M be
an involutive semigrop and let ω(m1m2) ≤ ω(m1)ω(m2) be a weight on M . Then `1(M,ω) is a
Banach *-algebra and C?(M,ω) is the C*-envelope of `1(M,ω).

Example 2.6.

(i) Let TC = (X, γ, β, T ) be the Cauchy product convolution type. Define ω(n = i + j) =

e
√
i+j ≤ e

√
ie
√
j = ω(i)ω(j)

(ii) Let TD = (X, γ, β, T ) be the Dirichlet product convolution type. Define ω(n) = n =
ij = ω(i)ω(j)

(ii) Let Tn be the matrix convolution type. Define ω(i, j) = ij, then

ij = ω(i, j) ≤ ijk2 = ω(i, k)ω(k, j)

I ask two important questions about the weighted convolution type C*-algebras:

Question 2.7. Is there a relation between T ?ω A and T ? A ?

Question 2.8. Is T ?ω A equivalent to a tensor product as the Theorem?
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قیچک تبدیل و عمیق یادگیری از استفاده با توموگرافی تصاویر بازسازی برای روشی ارائه

گل کامیابی رجبعلی
ایران مشهد، مشهد، فردوسی دانشگاه ریاضی، علوم دانشکده

∗ فروتقه عزیزی فاطمه
ایران مشهد، مشهد، فردوسی دانشگاه ریاضی، علوم دانشکده

هفشجانی امیری زهرا و
ایران مشهد، مشهد، فردوسی دانشگاه ریاضی، علوم دانشکده

های روش همچنان است.اما شده چشمگیری رشد دچار پزشکی زمینه در تصاویر بازسازی و پردازش تصویربرداری، های روش امروزه چکیده.
در موجود اصلی ایده باشد. نمی برخوردار باالیی بسیار دقت از توموگرافی تصاویر بازسازی طورخاص به تصاویر، بازسازی برای رفته کار به
یک های تکینگی انتشار جهت و موقعیت با رابطه در که است ریزموضعی آنالیز نام به ریاضیات از ای شاخه ازاطالعات استفاده مقاله، این
در موجود های لبه همان یا ها تکینگی از استفاده با توانیم می واقع آید.در می دست به ری تبدیل مانند آن بر تبدیل یک اثر از پس جسم
نتیجه در و دهیم تشخیص را شده بازسازی تصویر در موجود های تکینگی و ها لبه ریزموضعی، انالیز از آمده دست به اطالعات و تصویر یک
دار جهت تبدیل یک از توانیم می ها تکینگی این موقعیت و جهت تشخیص برای دهیم. افزایش توموگرافی تصاویر بازسازی هنگام را دقت
عمیق عصبی شبکه یک قیچک تبدیل دیجیال ضرایب از استفاده با و ببریم بهره آن جهتی خواصی و قیچک تبدیل نام به آنالیزهارمونیک در

دهیم. آموزش توموگرافی تصاویر کیفیت با بازسازی و ها تکینگی این تشخیص برای را

دار. جهت مقیاس چند آنالیزهارمونیک،تبدیل موج، جبهه معکوس، مسائل سازی، منظم کلیدی: واژه های
.43A60, 43A22 مورد) ٣ تا ١) :[٢٠١٠] موضوعی طبقه بندی

پیش گفتار .١

و رشد این هستیم. امنیتی و دفاعی صنایع کشاورزی، پزشکی، صنعتی، های زمینه از بسیاری در چشمگیری پیشرفت شاهد امروزه
باشد. می محض ریاضیات و سازی بهینه سازی، شبیه مدلسازی، مانند علومی مفهومی و عمیق بررسی و مطالعه دلیل به تنها پیشرفت
از بسیاری و تصویر پردازش بر مبتنی امنیتی های سیستم بهداشتی، های مراقبت دور، راه از جراحی های ربات خودران، های ماشین
های سازی مدل اما باشند. می مطالعاتی چنین حاصل همه است کرده فراوانی تغییرات دچار را امروز انسان زندگی که دیگر های فناوری
و مصنوعی ازهوش استفاده با دانشمندان واقع در نیستند تغییرات این پس در تنهایی به نمادین محاسبات و کالسیک نظریات بر مبتنی
ی زمینه در که مفاهیمی از یکی کنند. سازی شبیه و بینی پیش را طبیعی های پدیده از بسیاری اند توانسته ماشین یادگیری های روش
اهمیت دلیل به باشد. می معکوس مسائل حل نام به مفهومی دارد وجود MRI و CT از حاصل تصاویر مانند پزشکی تصاویر پردازش
طور به اخیر های دهه در پیچیده و اطمینان قابل عددی های روش و کامپیوتری محاسبات های زمینه در امروزه مفهوم، این کاربرد و
صورت به عملگری معادله یک حل شامل و باشد می سازی منظم معکوس، مسائل حل برای اساسی تئوری است. یافته توسعه ای گسترده
X,Y هیلبرت فضای دو بین فشرده غیرخطی یا خطی عملگر یک K : X → Y که است. سازی منظم های روش طریق از Kx = y

مسئله پاسخ اگر هستند. برخوردار خاصی اهمیت از معکوس مسائل در آن پایداری و جواب بودن فرد منحصربه معیار دو باشد. می
و اولیه شرایط که شود مشخص دیگر عبارت به بگیرد قرار بررسی مورد مسئله حل های روش ثبات بایستی آنگاه نباشد، فرد به منحصر
است ناپایدار آن حل های روش و نداشته فرد به منحصر پاسخ که را مسائلی است. موثر نهایی پاسخ روی بر اندازه چه تا ها داده تنوع یا
به کمک و آن حل برای معکوس مسئله پیرامون مشاهدات یا روابط از استفاده با که را اطالعاتی نامیم. می وضعیت” بد ”مسئله یک را
نامیم. می سازی منظم را معکوس مسائل حل روش این و نامیم می پیشین” ”اطالعات را شود می استفاده معکوس مسئله پاسخ پایداری
کنون تا که است تصاویر پردازش زمینه در معکوس مسئله یک اسکن تی سی به مربوط تصاویر بازسازی شد بیان تر پیش که همانطور
ارائه FBP یا قیچک و موجک ضرایب از استفاده با تیخونوف سازی منظم روش مانند تصاویر، این بازسازی برای متفاوتی های تکنیک
مفاهیم با آن تلفیق و قیچک تبدیل برای جدید تعریف یک ایجاد معکوس، مسئله این حل برای مقاله ادامه در ما اصلی ایده است. شده
می بیمار بدن در تومور یافتن دنبال به پزشک یک کنید باشد،فرض می توموگرافی تصاویر بازسازی برای موضعی ریز آنالیز در موجود
می را تومور شکل و محل است. کافی بیمار درمان جهت الزم تصمیمات گرفتن برای تومور آن گرفتن قرار مکان و شکل اغلب باشد،
توموگرافی تصویربرداری در ریزموضعی آنالیز از فراوانی کاربردهای دلیل، همین به کرد. تعیین تصویر منفرد قسمت از راحتی به توان
فوریه انتگرال عملگر یک عنوان به تواند می که است ری تبدیل کند می تبدیل داده به را اجسام که تبدیلی کاربردها، این در دارد. وجود
موج جبهه نام به آن از ادامه در که مطالعه) مورد (جسم تابع وجهت ها تکینگی مجموعه بین رابطه توان می ترتیب، بدین شود. تفسیر

سخنران ∗
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متعارف روابط عنوان به روابط گونه این از کرد. توصیف صراحت به را توموگرافی) های (داده آن شده تبدیل نسخه و شود می یاد تابع
تصاویر در موجود های لبه اطالعات با را عمیق عصبی شبکه یک تصویر موج های جبهه استخراج ادامه در شود. می یاد (ریزموضعی)
خواهیم پایان در دهیم. می آموزش تصاویر بازسازی برای ها، آن جهت و L٢(R٢) در موجود های تکینگی همان ریاضی، دیدگاه از یا و

دارد. تری مناسب عملکرد توموگرافی تصاویر بازسازی های روش سایر به نسبت شده ایجاد عصبی شبکه که دید

قیچک با ها لبه تقریب و تصاویر هندسه .٢

لبک و موجک،خمک مانند مختلفی های تبدیل باشیم داشته تصاویر در موجود های لبه از مناسب تقریب یک بتوانیم که این برای
برای جهت و ناهمسانگرد اتساع پارامتر دو وجود دلیل به قیچک تبدیل ها آن میان از که است شده بررسی و ارائه ریاضیدانان توسط [۵]
است.دلیل مولد تابع روی قیچی، و نایکروند اتساع انتقال، عمل سه بر مبتنی قیچک، تبدیل است. بسیارمناسب ها لبه این بهینه تقریب
می تعریف را زیر ماتریس سه ، تابع یک وقیچی اتساع برای است. قیچی عملگر طریق از تصویر، جهتی خواص کنترل گذاری، نام این

کنیم

Aa :=

(
a ٠
٠

√
a

)
Ãa :=

(√
a ٠

٠ a

)
, Ss :=

(
١ s
٠ ١

)
, a > ٠, s ∈ R

کنیم می تعریف را زیر عملگرهای و (a, s, t) ∈ R+ × R× R٢, ψ ∈ L٢(R٢), x ∈ R٢ گیریم می نظر در سپس

(١) ψa,s,t,١(x) := a
−٣

۴ ψ(A−١
a S−١

s (x− t)), ψa,s,t,−١(x) := a
−٣

۴ ψ̃(Ã−١
a S−T

s (x− t))

.x = (x١, x٢) ∈ R٢ هر برای ψ̃(x١, x٢) := ψ(x٢, x١) آن در که

در و .(a, s, t, ι) ∈ R+ × R× R٢ × {−١, ١} آن در که ψa,s,t,ι : R٢ → R .تابع ψ ∈ L٢(R٢) کنید فرض .٢ . ١ تعریف
شود می تعریف زیر صورت به فوق قیچک سیستم با متناظر پیوسته قیچک شود. می نامیده قیچک سیستم یک شد، تعریف ١

SHψ : L٢(R٢) → L∞(R+ × R× R٢ × {−١, ١})
SHψ(f)(a, s, t, ι) := ⟨f, ψa,s,t,ι⟩.

تنها نه ها لبه تشخیص برای که صورتی در دهد. نمی تابع های تکینگی مجموعه هندسه باره در اضافی اطالعات هیچ قیچک تبدیل
هندسه و مکان چگونه قیچک، تبدیل دهیم می نشان ادامه در است اهمیت حائز شدیدا نیز تکینگی هندسی شکل بلکه تکینگی مکان
تابعی برای ها آن جهت و ها تکینگی مکان نمایش برای مناسب گذاری نماد یک کند. می آشکارسازی دقت به را ها تکینگی مجموعه

کنیم[٢]. می تعریف را آن ادامه در که است WF (f) ،f مانند

نامیم می f دار جهت منظم نقطه امین −k یک را (x, λ) ∈ R٢ × S١ نقطه .k ∈ N و f ∈ L٢(R٢) کنید فرض .٢ . ٢ تعریف
طوریکه به باشند، داشته وجود ϕ(x) = ١, suppϕ ⊂ Ux که ϕ ∈ C∞(R٢) هموار تابع و λ از Vλ،x از Ux های همسایگی اگر

|(̂ϕf)(ξ)| ≤ Ck(١ + |ξ|)−k ∀ξ ∈ R٢ \ {٠} s.t ξ
|ξ| ∈ Vλ

باشد. برقرار Ck > ٠ ازای به
دار جهت منظم نقاط امین −k تمام ی مجموعه متمم و دهیم می نمایش WFk(f) نماد با را f تابع موج جبهه مجموعه امین −k

شود: می تعریف زیر صورت به و دهیم می نمایش WF (f) بانماد را f تابع موج جبهه مجموعه است.

WF (f) := ∪k∈NWFk(f)

است. تابع آن ی فوریه تبدیل تباهیدگی نظر از تابع یک همواربودن میزان توصیف بر مبنی موج، جبهه مجموعه اصلی ایده و تعریف
ψ مولد تابع اگر که است شده داده نشان [۵] در است. هموارتر نقطه آن در تابع آن شود بیشتر تابع یک تباهیدگی میزان هرچه واقع در
را آن موج جبهه مجموعه f ∈ L٢(R٢) تابع پیوسته قیچک تبدیل a→ ٠ وقتی a متغیر مجانبی رفتار باشد، محوشدگی جهت دارای

داریم: دیگر عبارت کند.به می مشخص

WF (f)c = {(t٠, s٠) ∈ R٢ × [−١, ١] : ∀(t, s) ∈ U(t٠,s٠) :

|SHψf(a, s, t)| = O(ak), a→ ٠,∀k ∈ N}

١۵٠



قیچک تبدیل و عمیق یادگیری از استفاده با توموگرافی تصاویر بازسازی

رادون تبدیل .٣

خط روی f ∈ L٢(R٢) مانند تابع یک رادون تبدیل کند. می عمل رادون، تبدیل نام به تبدیلی از برداری نمونه با CT اسکنر یک
شود. می تعریف زیر صورت به L

Rf =
∫
L(s,θ)

f(x)dS(x)

L(s, θ) = {x ∈ R٢ : x١ cos(ϕ) + x٢ sin(ϕ) = s}, ϕ ∈ [−π
٢ ,

π
٢ ), s ∈ R

معکوس مسئله یک از کالسیک مثال یک کار این است. آن سینوگرام شده مخدوش های نمونه از f تابع بازیابی CT بازسازی وظیفه
برداری، تصویر مسائل از نوع این در دارد. کاربرد برش نگاری یا توموگرافی در گسترده ای صورت به رادون تبدیل .[۶] است وضعیت بد
زمانی اصلی چالش اما شود، نمی ایجاد مشکلی شده ایجاد تصاویر بازسازی هنگام و شود می تابیده [−π

٢ ,
π
٢ ] فاصله در همواره اشعه

در . [−ϕ, ϕ] ⊂ [−π
٢ ,

π
٢ ) که هنگامی یعنی شود تابیده مطالعه مورد شی به تری محدود بازه در دلیلی هر به ها، پرتو که شود می ایجاد

کنید فرض میکنیم. معرفی را بینند می آموزش قیچک ضرایب براساس که عمیق عصبی های شبکه براساس محور داده روش یک ادامه
گیری نمونه اطالعات روی بر را مربوطه الگوریتم توانیم می لذا داریم، است شده معرفی در[٢] که دیجیتال موج جبهه کننده استخراج یک
انتگرال عملگر تبدیل تحت تابع آن موج جبهه و تابع یک موج جبهه بین رابطه کنیم. اعمال نامیم می g را آن که ،fگرام سینو از شده
انتگرال عملگرهای از هایی مثال R∗ آن الحاقی عملگر و R رادون تبدیل عملگر شود. می شناحته ١ میکروکانونی رابطه نام با فوریه

. [۶] کنیم می رابیان زیر ی قضیه شده یاد رابطه توصیف برای . هستند فوریه

،θ٠ = θ(φ٠) ،x٠ ∈ L(s٠, φ٠) و باشد فشرده گاه تکیه با تابع یک f کنید فرض رادون). تبدیل میکروکانونی (رابطه ٣ . ١ قضیه

یعنی است موج های جبهه تناظر همان میکروکانونی باشد.رابطه k ∈ N٠ λ٠و =
(١,−x٠.θ

⊥
٠ )

(١+(x٠.θ⊥٠ )٢)

١
٢

(x٠; θ٠) ∈WFk(f) ⇐⇒ ((s٠, φ٠);λ٠) ∈WFk+ ١
٢
(Rf),(٢)

وداریم است برقرار باال روابط WFنیز (f) = ∪k∈N٠WFk(f) صورت به موج مفهوم تعمیم با خاص حالت در و

(x٠; θ٠) ∈WF (f) ⇐⇒ ((s٠, φ٠);λ٠) ∈WF (Rf).

توانیم می کند می بیان ،WF (Rf) مجموعه اعضای و WF (f) مجموعه اعضای بین یک به یک تناظر یک ٣ . ١ قضیه که آنجا از
کنیم تعریف زیر صورت به فشرده گاه تکیه با f تابع هر برای را ،can نام به نگاشت یک

can : R٢ × P(S١) → R٢ × P(S١)
can(WF (f)) =WF (Rf)

منظم برای و گرفته نظر در پیشین اطالعات عنوان به را ها آن توانیم می ایم شده Rf به مربوط موج جبهه محاسبه به موفق که اکنون
است زیر مقادیر سازی مینیم ما هدف دیگر عبارت به ببریم، بهره معکوس مسائل سازی

d(WF (f), can−١(WF (g)) ویا d(can(WF (f)),WF (g)), ،∥Rf − g∥٢
٢

است. هاسدورف متر مانند تابع یک موج جبهه دو بین فاصله سنجش جهت به مناسب متر یک d آن در که

تصاویر وبازسازی عمیق یادگیری .۴

می استفاده عصبی شبکه آموزش برای قیچک ضرایب از ها، تکینگی تشخیص و بندی طبقه برای مقاله این در شده ارائه رویکرد در
عنوان به را جهت و موقعیت از مرتبی زوج سپس و دریافت را [٣] تصویر یک دیجیتال قیچک ضرایب عصبی شبکه که طریق این به کنیم
در شده معرفی کانونی روابط اعمال و آموده دست به تصاویر موج جبهه از استفاده با سپس کند. می معرفی ورودی تصاویر موج جبهه
چهار شامل شبکه معماری است. ٢١ × ٢١ × ۴٩ ابعاد به ها دسته این اندازه پردازیم. می توموگرافی تصاویر بازسازی به قبل قسمت
می ای دسته نرمالسازی آن سازی نرمال و ReLU ساز فعال تابع آن فعالسازی تابع ، پیچش ٢ × ٢ حداکثر با ، است کانولوشن الیه

.[١] دارد قرار softmax سازی فعال وتابع نورون ١٠٢۴ با متصل کامال الیه یک آن از ،پس باشد

1microcanonical relation
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گیری ونتیجه مقایسه .۵

مسائل حل به نیازی دیگر که دارد را محاسباتی مزیت این کانونی متعارف روابط اعمال سپس و ها داده موج جبهه مجموعه استخراج
های نام با معکوس مسائل سازی منظم روش سه از استفاده با دهیم. می انجام را زیر آزمایش ادعا این اثبات برای نداریم. معکوس
را توموگرافی تصویر یک از تقریبی معکوس یک ابتدا کلی، تغییرات منظم وارونگی و شده منظم تیخونوف شده، فیلتر تصویرمعکوس
خطای مربعات میانگین سپس کنیم[۴]. می محاسبه شده ایجاد شبکه از استفاده با را مرتبط موج جبهه مجموعه سپس و کنیم می محاسبه
روش از حاصل خطای با را آمده دست به اعداد سپس کنیم. می محاسبه را تصاویر اصلی موج جبهه با آمده دست به موج جبهه مجموعه
مقایسه متعارف روابط طریق از مطالعه، مورد شی تصویر موج جبهه مجموعه به آن تبدیل و سینوگرام تصویر موج جبهه مجموعه محاسبه
رویکردی به نسبت را متعارف روابط اعمال سپس و سینوگرام موج جبهه مجموعه استخراج مزیت وضوح به زیر جدول نتایج کنیم. می

کند. می بیان دهد، می انجام را موج جبهه استخراج سپس و سازی معکوس ابتدا که

جدول عنوان :١ جدول

سازی معکوس های تکنیک خطا مربع میانگبن
Tikhonov ۴۴٣٫٠

variation Total ٣٨٠٫٩
backprojection Filter ۵٠۴٫٣
relation Canonical ١۶٨٫١
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Abstract. Frame theory is an interesting topic that has been studied in both abstract and

applied aspects. In recent years, we have several articles on generalized frames, because they

sometimes are more flexible than ordinary frames. This paper investigates some of the

problems with the conditions that make a sequence a frame, as a generalized form of frames.
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1. Introduction

Every element in a Hilbert space can be represented as a linear combination of the elements
of a frame, but this representation is not necessarily unique. This fact is essential in the applica-
tion. Moreover, K-frames were introduced as special generalizations of frames [5]. Furthermore,
controlled frames also have been introduced and investigated [3]. These generalized frames may
provide more flexibility in some approaches. Frame theory also plays a foundational role in signal
processing, image processing, data compression, sampling theory, and more; It is also productive
for researching abstract mathematics.

In this paper, an exercise and a proposition of [4] are examined and then extended to K frames
and controlled frames due to their attractive and flexible features.

Before proceeding the main results, some important definitions are provided in the following.
A sequence {fn}∞n=1 in H is called a Bessel sequence if there exists B > 0 such that

∞∑
n=1

|〈f, fn〉|2 ≤ B ‖f‖2 (f ∈ H).

By [4, Theorem 3.2.3], {fn} is a Bessel sequence if and only if the mapping, T : `2 → H, T ({cn}∞n=1) :=
∞∑

n=1

cnfn is a well-defined bounded linear operator with ‖T‖ ≤
√
B. Then T is called synthesis

operator, related to {fn}∞n=1. Also, the adjoint operator of T is given by T ∗ : H −→ `2, T ∗(f) =
{〈f, fn〉}∞n=1 and is called analysis operator for {fn}∞n=1. Moreover, a sequence {fn}∞n=1 in H is
called a frame if there exist constants A,B > 0 such that

A‖f‖2 ≤
∞∑

n=1

|〈f, fn〉|2 ≤ B‖f‖2 (f ∈ H).

The constants A and B are called lower and upper frame bounds, which are not unique. The
optimal lower frame bound (resp. the optimal upper frame bound) is the supremum over all lower
frame bounds, (resp. the infimum over all upper frame bounds).

The frame operator is defined as S : H −→ H, S(f) = TT ∗(f) =

∞∑
n=1

〈f, fn〉fn,

Now suppose that K ∈ B(H). The range of K is denoted by R(K). A sequence {fn}∞n=1 in H
is called a K-frame for H, if there exist constants A,B > 0 such that

A‖K∗f‖2 ≤
∞∑

n=1

|〈f, fn〉|2 ≤ B‖f‖2 (f ∈ H).
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The constants A and B are called lower and upper K-frame bounds of {fn}∞n=1, respectively.
The synthesis operator, analysis operator and frame operator of K-frames are similarly defined to
frames. Note that the frame operator S of K-frames is not necessarily invertible. However, S is
invertible on R(K), whenever K has closed range.

Moreover, let GL(H) denotes the set of all bounded linear operators which have bounded
inverses. Following [3], a countable family of vectors Ψ = {ψn}∞n=1 is controlled by the operator
C ∈ GL(H), or is called a C-controlled frame if there exist two constants 0 < mCΨ ≤MCΨ <∞,
such that

mCΨ‖f‖2 ≤
∞∑

n=1

〈f, ψn〉〈Cψn, f〉 ≤MCΨ‖f‖2, (f ∈ H).

The controlled frame operator for frame Ψ is defined as LCΨf =
∑∞

n=1〈f, ψn〉Cψn, (f ∈ H). For
more details about generalized frames we refer to [[1], [2], [3], [6].] Finally, we finish this part by
[lemma3.2.6, [4]], which says if {fk}∞k=1 is a sequence of elements in Hilbert space H and there
exists constant B ¿ 0 such that the condition of Bessel sequence there holds for all f in a dense
subset V of H. Then {fk}∞k=1 is a Bessel sequence for H with the same bound.

2. Main results

In [Lemma 5.1.9 [4]], author shows that it is enough to check the frame condition on a dense
set, i.e., if {fk}∞k=1 is a sequence of elements in Hilbert space H and there exist constants A, B¿0
such that the condition of frame there holds for all f in a dense subset V of H. Then {fk}∞k=1 is
a frame for H with the same bounds.

Now there is a generalization of this lemma to K-frames.

Proposition 2.1. Suppose that {fk}∞k=1 is a sequence of elements in H and there exists

constants A,B > 0 such that A‖K∗f‖2 ≤
∞∑

n=1

|〈f, fk〉|2 ≤ B‖f‖2 for all f in a dense subset V of

H. Then {fk}∞k=1 is a K-frame for H with bounds A, B.

Proof. By [lemma 3.2.6, [4]], {fk}∞k=1 is a Bessel sequence. So, the right hand of K-frame

inequality holds for all elements in H. Now let g ∈ (H = V )− V such that

‖T ∗g‖2 < A‖K∗g‖2.

By density of V in H there exist a sequence {fn}∞n=1 ⊆ V such that limn→∞ fn = g Then, Since
T,K ∈ B(H), We have limn→∞ ‖T ∗fn‖2 < A limn→∞ ‖K∗fn‖2. Thus, there exists N ∈ N such
that ‖T ∗fN‖2 < A‖K∗fN‖2. This is contradiction. �

Now we want to extend this proposition to controlled frames.

Proposition 2.2. Suppose that {fk}∞k=1 is a sequence of elements in H and there exists
constants A,B > 0 such that for which C ∈ GL(H)

(1) A‖f‖2 ≤
k∑

n=1

〈f, fn〉〈Cfn, f〉 ≤ B‖f‖2

for all n ∈ N and f in a dense subset V of H. Then {fn}∞n=1 is C-controlled frame for H.

Proof. Let g ∈ H = V (−V ) such that A‖g‖2 >
k∑

n=1

〈g, fn〉〈Cfn, g〉, Thus, by density of V in

H there exists h ∈ V such that

k∑
n=1

〈h, fn〉〈Cfn, h〉 < A‖h‖2. This is contradiction and shows that
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the left hand of (1) holds for all elements in H. The right hand is proved as the same way. Hence,
for all f ∈ H and n ∈ N we have the (1), that shows the sequence of partial Sum below{

k∑
n=1

〈f, fn〉〈Cfn, f〉

}
k∈N

,

is a positive, bounded sequence. Therefore, A‖f‖2 ≤
∞∑

n=1

〈f, fn〉〈Cfn, f〉 ≤ B‖f‖2, which means

the proof is complete. �

In the following [Lemma 5.1.10 [4]], that is in fact Exercise 5.4, is proved.

Proposition 2.3. if {ek}∞k=1 is an orthonormal basis for Hilbert space H and {fk}∞k=1 is a
sequence in this space, then we define

S :=

{
{cn}∞n=1 ∈ `

2(N) : is a finite sequence {cn}∞n=1 and

∞∑
n=1

|cn|2 = 1

}
.

If there exists A and B > 0 such that for all {cn}∞n=1 ∈ S we have A ≤
∞∑

n=1

∣∣∣∣ ∞∑
j=1

cj〈ej , fn〉
∣∣∣∣2 ≤ B,

Then {fn}∞n=1 is a frame for H with bounds A and B.

Proof. Let Ω := {f ∈ H : ‖f‖ = 1} , and D =
{∑∞

j=1 cjej : {cj}∞j=1 ∈ S
}
. By the def-

inition of S it is clear that D ⊆ Ω. Now we show that D is dense in Ω. Based on [Theorem

4.18, [7]], for every f ∈ Ω we have f =

∞∑
j=1

〈f, ej〉ej and

∞∑
j=1

|〈f, ej〉|2 = ‖f‖ = 1. If

we let gn :=

∑n
j=1〈f, ej〉ej(∑n

j=1 |〈f, ej〉|2
) 1

2

, for every n ∈ N. Then by simple calculation we can show

{gn}∞n=1 ⊆ D. Moreover, because of tendency of {gn}∞n=1 to f , we have density of D in Ω. Now we
show that inequality of frame holds for D. for every, f =

∑∞
j=1 cjej in D, we have A‖f‖2 = A ≤∑∞

n=1

∣∣∣∑∞j=1 cj〈ej , fn〉
∣∣∣2 ≤ B = B‖f‖2. Since

∑∞
n=1

∣∣∣∑∞j=1 cj〈ej , fn〉
∣∣∣2 =

∑∞
n=1 |〈f, fn〉|2, then, for

every f ∈ D

(2) A‖f‖2 ≤
∞∑

n=1

|〈f, fn〉|2 ≤ B‖f‖2.

Thus, (2) holds for every f ∈ Ω Now let f ∈ H is not zero. Hence
f

‖f‖
∈ Ω and by (2),

A

∥∥∥∥ f

‖f‖

∥∥∥∥2

≤
∞∑

n=1

|〈 f
‖f‖

, fn〉|2 ≤ B
∥∥∥∥ f

‖f‖

∥∥∥∥2

.

Thus, for all f ∈ H we have A‖f‖2 ≤
∑∞

n=1 |〈f, fn〉|2 ≤ B‖f‖2. �

Proposition 2.4. Let {fn}∞n=1 be a sequence in a Hilbert space H, and {en}∞n=1 be orthonor-
mal basis for H. additionally there exist constants A,B > 0 , K ∈ B(H) and

S :=

{
{cn}∞n=1 ∈ `

2(N)| {cn}∞n=1 is finite and

∞∑
n=1

|ck|2 = 1

}
,

Then If A‖K∗‖2 ≤
∞∑

n=1

∣∣∣∣∣∣
∞∑
j=1

cj〈ej , fn〉

∣∣∣∣∣∣
2

≤ B for all {cn}∞n=1 ∈ S, {fn}∞n=1 is a K-frame for H.
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Proof. By proposition 2.3 {fn}∞n=1 is a frame for H by bounds A‖K‖2 and B. Therefore, for
every f ∈ H we have, A‖K‖2‖f‖2 ≤

∑∞
n=1 |〈f, fn〉|2 ≤ B‖f‖2. Since ‖K∗f‖2 ≤ ‖K‖2‖f‖2, then

A‖K∗f‖2 ≤
∑∞

n=1 |〈f, fn〉|2 ≤ B‖f‖2. �

Now we extend this proposition to controlled-frames.

Proposition 2.5. Let {fn}∞n=1 be a sequence in a Hilbert space H, and {en}∞n=1 be orthonor-
mal basis for H. Let

S :=

{
{cn}∞n=1 ∈ `

2(N)| {cn}∞n=1 is finite and

∞∑
n=1

|ck|2 = 1

}
.

Additionally if there exist constants A,B > 0 , C ∈ GL(H) such that

A ≤
∞∑

n=1

∞∑
i,j=1

cicj〈ei, fn〉〈Cfn, ej〉 ≤ B

for all {cn}∞n=1 ∈ S, Then {fn}∞n=1 is a C-controlled frame for H.

Proof. This proposition is proved by the same way as proposition 2.3. Let Ω := {f ∈ H : ‖f‖ = 1}
and D =

{∑∞
j=1 cjej : {cj}∞j=1 ∈ S

}
. Hence by the proof of proposition 2.3, D is dense in Ω.

Now we show that the controlled frame inequality holds for D. By some simple calculation we can
see for every f =

∑∞
j=1 cjej in D we have

∞∑
n=1

∞∑
i,j=1

cicj〈ei, fn〉〈Cfn, ej〉 =

∞∑
n=1

〈f, fn〉〈Cfn, f〉.

By the assumption, for every f ∈ D we have

(3) A = A‖f‖2 ≤
∞∑

n=1

〈f, fn〉〈Cfn, f〉 ≤ B = B‖f‖2.

Since D is dense in Ω, then (3) is valid for all f ∈ Ω. Now let f ∈ H be nonzero, hence,
f

‖f‖
∈ Ω and

by (3), A ≤
∑∞

n=1〈
f

‖f‖
, fn〉〈Cfn,

f

‖f‖
〉 ≤ B. Therefore, easily we can see the proof is complete. �
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Abstract. In this paper, the vector version of the best proximity pair problem is discussed in

a cone metric. the conditions for the existence and uniqueness of this type version Is expressed.

I will define a kind of cone cyclic contraction map and studied the problem.
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1. Introduction

The problem of the best proximity pair is one of the significant issues that has called a lot
of attention in recent years. In all relevant papers, the research done on metric space (X, d) has
made use of metric function d : X × X → R. As examples, Eldred and Veeramani [6] discussed
the best proximity pair problem for cyclic contraction maps on uniformly convex Banach spaces.
This problem was examined for relatively nonexpansive maps [14] and pointwise contraction maps
in [2] and [3]. The best approximation problem in Banach lattices is connected to monotonicity in
[5], [7], [8], [10], [11] and [12]. Afterwards, we will review some basic definitions in Riesz space X.
If X is a parially ordered vector space, then X is called a Riesz space (or a vector lattice space) if
x∨y = sup{x, y}, and x∧y = inf{x, y}, both exist in X, for any x, y ∈ X. For any vector x in Riesz
space X, define x+ = x ∨ 0, x− = (−x) ∨ 0 and |x| = x ∨ (−x). The set X+ = {x ∈ X : x ≥ 0} is
called the positive cone of X. Riesz space X is called Dedekind complete whenever every nonempty
bounded above subset has a supremum (or equivalently, whenever every nonempty bounded below
subset has an infimum). Also X is said Archimedean if x = 0 holds whenever, 0 ≤ nx ≤ y ∈ X+

for all n ∈ N. More details about Riesz spaces could be find in [1], [4] , [13] and [15].

Definition 1.1. The mapping d : X×X → X+ is said to be a cone metric on X if it satisfies:

(a) d(x, y) = 0 if and only if x = y.
(b) d(x, y) = d(y, x) for all x, y ∈ X.
(c) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

In this way, we recognize (X, d) as a cone metric Riesz space. We define d(x, y) = |x − y| ∈ X+

for any x, y ∈ X, so (X, | · |) is a cone metric Riesz space. Recall that fn ↓ f it means the sequence
{fn} ⊆ X is decreasing and f = inf fn in X.

In the continuation of the article, it is supposed that E and F are two nonempty sub-
sets of Riesz space X, and τ : E → F is an arbitrary map, and Dist(E,F ) =

∧
|E − F | =

inf {|x− y| : x ∈ E, y ∈ F} exists in the set |E − F |. It means, there exist a ∈ E and b ∈ F such
that Dist(E,F ) = |a−b|. For instance, if X is Dedekind complete and |E−F | is order closed, then
there exist a ∈ E and b ∈ F such that Dist(E,F ) = |E − F | (|E − F | is a bounded below subset
of X). Let x ∈ E. If |x − τx| = Dist(E,F ), we say (x, τX) is a cone best proximity point for τ .
We show the set of all such points by P cτ (E,F ), i.e., P cτ (E,F ) = {x ∈ E : |x− τx| = Dist(E,F )}.

Definition 1.2. Let (X, | · |) be a cone metric Riesz space and u, un ∈ X (n = 1, 2, . . .).

(a) The sequence {un} is order convergence to u if there exists a sequence fn ↓ 0 such that

|u−un| ≤ fn holds for any n ∈ N. (In symbols un
o−→ u). Also the subset E ⊆ X is order

closed whenever for the all sequences {xn} ⊆ E such that xn
o−→ x, imply x ∈ E.

(b) The sequence {un} is order Cauchy if there exists a sequence fn ↓ 0 which |un−um| ≤ fn
for all n ≥ m ≥ 1. Clearly, order convergence sequences are order Cauchy.
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(c) The cone metric Riesz space (X, | · |) is order complete if any order Cauchy sequence is
order convergence.

(d) Let (E,F ) be a pair of non-empty subsets of a metric space. A cyclic mapping τ : E∪F →
E∪F is said to be an cone absolute proximal cyclic contraction if the following conditions
hold:
(a) There exists a non-negative real number α < 1 and a real number δ > 0 such that

d (u, τx) ≤ βd (E,F )
d (v, τy) ≤ βd (E,F )

1 ≤ β ≤ 1 + δ

⇒ d (τu, τv) ≤ (α+ β − 1) d (τx, τy) + [1− (α+ β − 1)] d (E,F )

for all u, x ∈ E and v, y ∈ F .
(b) T is relatively continuous.

Some definitions and notation:

E0 = {a ∈ E : d (a, b) = d (E,F ) , for some b ∈ F}

F0 = {b ∈ F : d (a, b) = d (E,F ) , for some a ∈ E}

E∗
0 = {a ∈ E : d (a, bn)→ d (E,F ) , for some sequence {bn} ⊂ F0}

F ∗
0 = {b ∈ F : d (an, b)→ d (E,F ) , for some sequence {an} ⊂ E0}

E+
0 = {a ∈ E : d (a, bn)→ d (E,F ) , for some sequence {bn} ⊂ F}

F+
0 = {b ∈ F : d (an, b)→ d (E,F ) , for some sequence {an} ⊂ E}

It should be mentioned that the order convergence in a Riesz space X does not necessarily corre-
spond to a topology on X.

Remark 1.3. Let C(K) be the set of all real continuous functions on K by ordering f1 ≤ f2
if f1(x) ≤ f2(x) for any x ∈ K. We know f1 ∨ f2 = 1

2 (f1 + f2) + 1
2 |f1 − f2| ∈ C(K) and

f1 ∧ f2 = 1
2 (f1 + f2)− 1

2 |f1 − f2| ∈ C(K) for any f1, f2 ∈ C(K). Therefore C(K) is a Riesz space.
Also, if K is a Hausdorff topological space, compact and extremally disconnected (i.e., the closure
of any open set is open) then C(K) is order complete and Dedekind complete [9].

Definition 1.4. Let (X, | · |) be a cone metric Riesz space.

(a) A sequence {xn} ⊆ E is said to be a cone τ -minimizing sequence in E whenever |xn −
τxn|

o−→ Dist(E,F ).
(b) The subset E ⊆ X is a τ -absolutely direct set if for any x, y ∈ E, there exists z ∈ E such

that

|z − τx| ≤ |x− τx| ∧ |y − τx| and |z − τy| ≤ |x− τy| ∧ |y − τy|

Example 1.5. Suppose E ⊆ X is a sublattice, it means x ∨ y and x ∧ y both exist in E for
any x, y ∈ E, and also E ≥ F (or F ≥ E). Then E is a τ -absolutely direct set.
The notation E ≥ F means that a ≥ b for any a ∈ E and b ∈ F .

Cone best proximity pair problem is τ -solvable (τ -uniquely solvable) if P cτ (E,F ) 6= ∅ (card P cτ (E,F ) =
1).

2. Main results

In this part, we aim to provide conditions to investigate the existence and uniqueness of cone
best proximity pair problem.

Theorem 2.1. Let (X, | · |) be a cone metric Riesz space and E ⊆ X be a convex τ -absolutely
direct set. Then card P cτ (E,F ) ≤ 1
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Example 2.2. Suppose X = R2 with coordinatewise ordering (i.e., (x1, y1) ≤ (x2, y2) if and
only if x1 ≤ x2 and y1 ≤ y2). Put E = {(1, x) : x ∈ R}, F = {(2, x) : x ∈ R} and τ : E → F
defined by

τ(1, x) =

{
(2, 1), x ∈ Q
(2,
√

2), x /∈ Q
W can see that Dist(E,F ) = (1, 0) and E is a convex set, but E is not a τ -absolutely direct set.

It is easy to see that P cτ (E,F ) = {(1, 1), (1,
√

2)}.

Theorem 2.3. Let (X, | · |) be order complete, E ⊆ X be an order closed and a convex τ -
absolutely direct set. Then any cone τ -minimizing sequence in E, is order convergence.

It is necessary to mention that f : E → F is a σ-order continuse map if f(xn)
o−→ f(x) for all

sequences {xn} ⊆ E such that xn
o−→ x.

Corollary 2.4. Let (X, | · |) be order complete and τ : E → F be a σ-order continuous map.
Let E be order closed, and a convex τ -absolutely direct set. If E has a cone τ -minimizing sequence
then cone best proximity pair problem is τ -uniquely solvable.

Theorem 2.5. Let (X, |·|) be an Archimedean cone metric Riesz space and τ : E∪F → E∪F be
a cone absolute proximal cyclic contraction. If x0 ∈ E and xn+1 = τxn = τn+1x0 (n = 0, 1, 2, . . .),
then the sequence {x2n} ⊆ E is a cone τ -minimizing sequence in E.

Theorem 2.6. Let (X, | · |) be Archimedean and order complete. Let E ⊆ X be an order closed
sublattice and E ≥ F (or F ≥ E). If τ : E ∪ F → E ∪ F is a cone cyclic contraction map then
cone best proximity pair problem is uniquely solvable.

Theorem 2.7. Let (E,F ) be a pair of non-empty subsets of a metric space such that E0 and
F0 are non-void, and (E, F) is cyclically complete. Let τ : E ∪ F → E ∪ F be a cyclic mapping
satisfying the following conditions:
(a) τ is an absolute proximal cyclic contraction.
(b) τ(E0) ⊂ F ∗

0 and τ(F0) ⊂ E∗
0 .

Then, the mapping τ has a best proximity point in E or F. Moreover, if x∗ and y∗ are best proximity
points of τ in E and F, respectively, then

d(τx∗, τy∗) = d(E,F )
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پیوسته های قاب K-G پایداری

طبا بنی سادات نرگس
ایران تهران، نور، پیام دانشگاه علوم، دانشکده

شرایط اعمال با سپس و اوریم می جبری عملگرهای از برخی تحت پیوسته های قاب k-g پایایی مورد در ایی گزاره ابتدا مقاله این در چکیده.
که است اید.واضح دست به پیوسته قاب k-g مجددا که ایی گونه به سازیم می را ها قاب k-g از عملگرها،ترکیباتی خواص کمک به و الزم
شکل که چسبان پیوسته های قاب مورد در ایی نتیجه به اخر قسمت نمود.در ایجاد ها قاب از دسته این از جالبی و متعدد ترکیبات توان می

است. شده هستند،اشاره پیوسته های قاب از خاصی
پیوسته. قاب ، پیوسته قاب g-k ، چسبان قاب g-k کلیدی: واژه های

.00A69 , 06D22 :[٢٠١٠] موضوعی طبقه بندی

پیش گفتار .١

هارمونیک غیر فوریه های سری مسائل زمینه در ١٩۵٢ سال در شیفر و دافین توسط بار اولین برای ( گسسته های (قاب ها قاب نظریه
کاربردی و متنوع [٧].خواص کردند معرفی ١٩٨۶ سال در را ها قاب نظریه جداگانه طور به میر و [۴].دابشی،گراسمن گردید مطرح
است.مفهوم کرده تبدیل فیزیک و کوانتوم مهندسی، های رشته مخابرات، و کدنویسی تابعی، فضاهای در قدرتمند ابزاری به را آن ها قاب
به شد.همچنین عنوان رادون اندازه یک همراه به فشرده موضعا فضای در شده اندیس ایی خانواده صورت به [١] در پیوسته های قاب
گذاری نام اندازه فضای با متناظر های قاب را ها قاب این [۵] هان و گاباردو شدند[۶]. معرفی نیز گازو و کیزر توسط جداگانه طور
و (Ω, µ) ، H نوشته این تمام در .[٣] اند نامیده یافته توسعه های قاب را آنها دهقان و پور همت،رجبعلی عسکری اقایان و اند کرده
ابتدا کنند.در می تداعی را هیلبرت فضاهای از ایی خانواده و اندازه فضای یک پذیر، جدایی هیلبرت فضای یک ترتیب به {Hω}ω∈Ω

آوریم. می را تعریف چند بحث مورد مفاهیم با خواننده بیشتر اشنایی برای

می نامیده H برای قاب - K یک {fn}∞n=١ باشد.دنباله H روی کراندار و خطی عملگری K ∈ B(H) کنید فرض .١ . ١ تعریف
که طوری به باشند موجود A,B > ٠ ثابتهای اگر شود

(١) A∥K∗f∥٢ ≤
∞∑
n=١

|⟨f, fn⟩|٢ ≤ B∥f∥٢, (f ∈ H).

یک را ان باشد برقرار فوق نامساوی راست قسمت فقط شود.اگر می نامیده {fn} قاب - K باالیی و پایینی کرانهای B و A ثابتهای
داشت. خواهیم معمولی قاب یک K = I که حالتی در و نامیم می بسل دنباله

{Hi}i∈I با متناظر H برای قاب g - K یک Λ . Λ = {Λi ∈ B(H,Hi) : i ∈ I} و K ∈ B(H) کنید فرض .١ . ٢ تعریف
که طوری به باشند Bموجود و A های ثابت اگر شود می نامیده H برای قاب g - K یک یا

(٢) A∥K∗f∥٢ ≤
∑
i∈I

∥Λif∥٢ ≤ B∥f∥٢, (f ∈ H).

هستند. قاب g - K باالیی و پایینی کرانهای ترتیب به B و A های ثابت

اندازه F ∈
∏

ω∈Ω Hω نگاشت .
∏

ω∈Ω Hω = {f : Ω −→
∪

ω∈Ω Hω : f(ω) ∈ Hω} کنید فرض [٢] .١ . ٣ تعریف
باشد.

⊕
ω∈Ω Hωبه Ω پذیراز اندازه نگاشتی F اگر است قوی پذیر

اگر است {Hω}ω∈Ω با متناظر پیوسته قاب - g یک Ω = {Ωω ∈ B(H,Hω) : ω ∈ Ω} خانواده [٢] .۴ . ١ تعریف

باشد. قوی پذیر اندازه {Λωf}ω∈Ω خانواده ، f ∈ H بردار هر ازای به (الف)

که طوری به باشند موجود B و A ثابتهای (ب)

(٣) A∥f∥٢ ≤
∫
Ω

∥Λωf∥٢dµ(ω) ≤ B∥f∥٢, (f ∈ H).

١۶٢



پیوسته های قاب K-G پایداری

Λ = {Λω ∈ B(H,Hω) : ω ∈ Ω} خانواده باشد K ∈ B(H) و µ مثبت ایی اندازه با اندازه فضای (Ω, µ) اگر .۵ . ١ تعریف
با متناظر H برای قاب g-K-c یک یا پیوسته قاب g-K یک هستند، هیلبرت فضاهای از ایی خانواده {Hω}ω∈Ω آن در که

اگر است {Hω}ω∈Ω

باشد. پذیر اندازه قوی طور به {Λωf}ω∈Ω ، f ∈ H بردار هر ازای به ( الف
که طوری به باشند موجود ٠ ≤ A,B < ∞ ثابتهای ب)

(۴) A∥K∗f∥٢ ≤
∫
Ω

∥Λωf∥٢dµ(ω) ≤ B∥f∥٢, (f ∈ H).

چسبان قاب g - K - c یک {Λω}ω∈Ω ، A = B هستند.اگر قاب g-K-c باالیی و پایینی کرانهای ترتیب به B و A ثابتهای
بسل - g خانواده یک باشد برقرار (۴) نامساوی راست سمت که صورتی است.در پارسوال قاب g - K - c یک A = B = ١ اگر و

باشد. می {Hω}ω∈Ω با متناظر بسل دنباله g - c یک قاب g-K-c هر که دید توان می داشت. خواهیم

جبری اعمال برخی تحت پیوسته های قاب - k پایداری .٢

داریم. اختیار در را است هیلبرت فضاهای از ایی خانواده {Hω}ω∈Ω آن در که {Λω}ω∈Ω ∈ B(H,Hω) کنید فرض

قاب g - L٢ و پیوسته قاب g - L١ یک {Λω}ω∈Ω مفروضند.اگر α ∈ C و L١, L٢ ∈ B(H) ، H هیلبرت فضای .٢ . ١ گزاره
است. پیوسته قاب g - L١ + L٢ و پیوسته قاب g - L١L٢ ، پیوسته قاب g - αL١ یک {Λω}ω∈Ω صورت این در باشد، پیوسته

، H در f عضو هر ازای به که طوری به هستند موجود B و A٢ ، A١ مثبت اعداد اثبات.

(۵) A١∥L١
∗f∥٢ ≤

∫
Ω

∥Λωf∥٢dµ(ω) ≤ B∥f∥٢

و

(۶) A٢∥L٢
∗f∥٢ ≤

∫
Ω

∥Λωf∥٢dµ(ω) ≤ B∥f∥٢.

(۵)داریم نامساوی از استفاده با

A١
|α|٢ ∥(αL١)

∗f∥٢ ≤
∫
Ω
∥Λωf∥٢dµ(ω) ≤ B∥f∥٢

طرفی از است. پیوسته قاب g - αL١ یک {Λω}ω∈Ω که گیریم می نتیجه و

∥(L١L٢)
∗f∥٢ = ∥(L٢

∗L١
∗)f∥٢

≤ ∥L٢∥٢∥L١
∗f∥٢

≤ ∥L٢∥٢

A١

∫
Ω

∥Λωf∥٢dµ(ω)

آید می دست به زیر نامساوی و
A١

∥L٢∥٢ ∥(L١L٢)
∗f∥٢ ≤

∫
Ω
∥Λωf∥٢dµ(ω) ≤ B∥f∥٢

داریم ببریم کار به را شوارتز کشی نامساوی و (۶) و (۵) های نامساوی اگر است. پیوسته قاب g - L١L٢ یک {Λω}ω∈Ω لذا و

∥(L١ + L٢)
∗f∥٢ = ∥L١

∗f + L٢
∗f∥٢

≤ ∥L١
∗f∥٢ + ∥L٢

∗f∥٢ + ٢|⟨L١
∗f, L٢

∗f⟩|
≤ ∥L١

∗f∥٢ + ∥L٢
∗f∥٢ + ٢∥L١

∗f∥∥L٢
∗f∥

≤ (
١
A١

+
١
A٢

+
٢√
A١A٢

)

∫
Ω

∥Λωf∥٢dµ(ω)

داشت خواهیم لذا

∥(L١ + L٢)
∗f∥٢ ≤ ( ١

A١
+ ١

A٢
+ ٢√

A١A٢
)
∫
Ω
∥Λωf∥٢dµ(ω).

□ . است پیوسته قاب g - (L١ + L٢) ω∈Ω{Λωf}یک پس

١۶٣



طبا بنی سادات نرگس

تعمیم L١, L٢, ...., Ln ∈ B(H) عملگرهای متناهی تعداد هر برای را قبل گزاره توان می کنیم استفاده ریاضی استقرای از اگر
داد.

انتخاب ایی گونه به T ∈ B(H) و {Hω}ω∈Ω با متناظر H برای پیوسته قاب g - K یک {Λωf}ω∈Ω کنید فرض .٢ . ٢ قضیه
خواهد {Hω}ω∈Ω با متناظر H برای پیوسته قاب g - K یک {Λω + ΛωT}ω∈Ω آنگاه باشد. مثبت عملگر T ∗KK∗ که شود

بود.

هر ازای به که طوری به موجودند B و A مثبت های ثابت پس است H برای پیوسته قاب g - K یک {Λωf}ω∈Ω چون اثبات.
، f ∈ H

A∥K∗f∥٢ ≤
∫
Ω
∥Λωf∥٢dµ(ω) ≤ B∥f∥٢

، f ∈ H هر ازای به

A∥K∗(I + T )f∥٢ ≤
∫
Ω

∥Λω(I + T )f∥٢dµ(ω)

≤ B∥(I + T )f∥٢

≤ B∥I + T∥٢∥f∥٢

نوشت توان می باشد می مثبت عملگری T ∗KK∗ اینکه به توجه با

A∥K∗(I + T )f∥٢ = A(∥K∗f∥٢ + ٢Re⟨K∗f,K∗Tf⟩+ ∥K∗Tf∥٢)

= A(∥K∗f∥٢ + ٢Re⟨T ∗KK∗f, f⟩+ ∥K∗Tf∥٢)

≥ A(∥K∗f∥٢ + ∥K∗Tf∥٢)

≥ A∥K∗f∥٢

داشت خواهیم درنتیجه

A∥K∗f∥٢ ≤
∫
Ω

∥Λω(I + T )f∥٢dµ(ω)

≤ B∥I + T∥٢∥f∥٢

بود. خواهد {Hω}ω∈Ω با متناظر H برای پیوسته قاب g - K یک {Λω + ΛωT}ω∈Ω لذا و
□

چسبان قابهای g - k مورد در ایی نتیجه .٣

. میکنیم اشاره چسبان پیوسته های قاب مورد در نتیجه یک به قسمت این در

K٢ ∈ B(H٢) باشد.اگر H١ برای چسبان پیوسته قاب g - K١ یک {Λωf}ω∈Ω و K١ ∈ B(H١) کنید فرض .٣ . ١ قضیه
صورت این باشد،در برقرار TK١ = K٢T تساوی که شود انتخاب ایی گونه به T ∈ B(H١,H٢) و پوشا و یک به یک عملگری

باشد. پوشا عملگری T اگر تنها و اگر بود خواهد H٢ برای پیوسته قاب g - K٢ یک {ΛωT
∗f}ω∈Ω

قاب g -K٢ یک {ΛωT
∗f}ω∈Ω ، [٨] ٣ - ۶ نتیجه به توجه با صورت این باشد.در پوشا عملگری T میکنیم فرض ابتدا اثبات.

B١ و A١ های کران با H٢ برای پیوسته قاب g - K٢ یک {ΛωT
∗f}ω∈Ω کنیم فرض بود.برعکس خواهد H٢ فضای برای پیوسته

داریم h ∈ H٢ بردار هر ازای به باشد،

(٧) A١∥K٢
∗h∥٢ ≤

∫
Ω

∥ΛωT
∗h∥٢dµ(ω) ≤ B١∥h∥٢.

f ∈ H١ ازای باشد،به B و A کرانهای با H١ فضای در چسبان قاب g - K١ یک {Λωf}ω∈Ω اگر

A∥K١
∗f∥٢ =

∫
Ω
∥Λωf∥٢dµ(ω).

، h ∈ H٢ هر ازای به حال .K١
∗T ∗ = T ∗K٢

∗ داریم پس TK١ = K٢T چون طرفی از

A∥T ∗K٢
∗h∥٢ = A∥K١

∗T ∗h∥٢ =
∫
Ω
∥ΛωT

∗h∥٢dµ(ω).

١۶۴
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(٧) از استفاده با

A∥T ∗K٢
∗h∥٢ ≥ A١∥K٢

∗h∥٢

لذا و

∥T ∗K٢
∗h∥٢ ≥ A١

A ∥K٢
∗h∥٢, (∀h ∈ H٢).

یک به یک K٢ ∈ B(H٢) چون و پوشاست K٢
∗ کنیم ثابت است کافی [٨] در ٣ - ٢ لم به توجه با پوشاست. T کنیم می ثابت حال

□ . میشود محقق مورد است،این شده فرض بسته برد با
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