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Dear Colleagues and Friends,

It is our pleasure to welcome you to the 24th Seminar on Mathemat-
ical Analysis and its Applications, held during May 26−27, 2021 at
Department of Pure Mathematics, Imam Khomeini International Uni-
versity, Qazvin, Iran. The Seminar on Mathematical Analysis and its
Applications is one the oldest seminars initiated by the Iranian Math-
ematical Society in 1979. The first seminar was hosted by Ferdowsi
University of Mashhad, and the latest one by Arak University in 2019.
We would like the seminar to become the platform to raise discussions
and creating joint research projects. You are possibly aware that the
seminar was initially planned for February 2021, but due to the out-
break of COVID-19 pandemic we have decided to postpone it to May
2021, as well as to reschedule it as a virtual one. Planning a virtual
seminar has the advantage that more distinguished mathematicians
from around the globe may participate in the event. Fortunately, this
goal was achieved, and 13 eminent figures form Germany, Hong Kong,
Italy, Spain, Sweden, Switzerland, and the United States have accepted
our invitation to deliver invited talks in a variety of subjects including
ODE, PDE, Linear and Nonlinear Analysis, Complex Analysis, Oper-
ator Theory in Function Spaces, Variational Analysis, and so on.
We are happy to announce that the seminar was well received by math-
ematicians of our country. We have got more than 150 quality papers;
but the time slot was limited, so that by the recommendation of our
prominent scientific committee members we were obliged to be more
selective to accept just 69 papers for contributed talks. Needless to say
that some of the accepted papers were transferred to poster presenta-
tion section; this does not necessarily mean that the papers lack the
quality requirements of the scientific committee.
The seminar’s program includes 13 invited talks, 69 contributed talks,
and 38 poster presentations. We have assigned a 6 character code to
every contributed talk; the first character is A, B, C, or D, followed
by a five- digit number. These letters stand for Sections A, B, C, or
D. The subsequent number following the letter is either 1 or 2, which
indicates that the talk will be presented on Day 1 or Day 2 of the sem-
inar. The last four-digit number represents the time of presentation.
For example, the code
A11430 means that the talk will be presented in Section A, on Day
1, at 14 : 30.
A lecture whose code begins with ”A” will takes place at room A of

https : //webinar.ikiu.ac.ir/ch/rooma/l/en

https://webinar.ikiu.ac.ir/ch/rooma/l/en


The same applies to the letters B, C, and D.
We wish to express our sincere thanks to our invited speakers and all
participants for sharing their latest findings in this seminar. Last, but
not least, we record our gratitude to our scientific committee members,
twenty reputed analysts from across the country, for their invaluable
efforts in evaluating the received papers in a reasonable amount of
time. Their prompt action and accuracy of decision is greatly appreci-
ated. We also record our thanks to our executive committee at IKIU
for their cooperation and help; they have done everything to make this
event pleasant.
Finally, we wish you every success in the future, and hope that you all
will enjoy this event.

Abdolrahman Razani (Chair),
Ali Abkar (Chair of Scientific Committee),
Morteza Oveisiha (Chair of Executive Committee)
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Wave interaction with subwavelength resonators

Habib Ammari

Department of Mathematics, Rämistrasse 101, 8092 Zürich,
Switzerland.

Email: habib.ammari@math.ethz.ch

ABSTRACT

In this lecture, the speaker reviews recent results on subwavelength
resonances. His main focus is on developing a mathematical and com-
putational framework for their analysis. By characterizing and exploit-
ing subwavelength resonances in a variety of situations, he proposes a
mathematical explanation for super-focusing of waves, double-negative
metamaterials, Dirac singularities in honeycomb subwavelength struc-
tures, and topologically protected defect modes at the subwavelength
scale.
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Recent developments of Ekeland’s variational theorem

Truong Q. Bao
Department of Mathematics and Computer Science,

Northern Michigan University, Marquette, Michigan, USA.
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ABSTRACT

This talk discusses recent developments of Ekeland’s variational theo-
rem in many directions:

• from scalar functions to vector-valued functions and to set-
valued mappings;

• from metrics to generalized distances and to pseudo-quasi-metrics;
• from vector spaces with fixed ordering cone to vector spaces
with variable domination structures;

• from Pareto-type binary orders to Kuroiwa-type binary orders;
• from the lower semi-continuity to the strictly decreasing lower
semi-continuity;

• from the boundedness from below to quasi-boundedness from
below and to scalarized boundedness;

• from bifunctions with triangle inequality to those with cyclical
antimonotonicity; etc.

We compare and contrast two known approaches known as the scalar-
ization approach based on the so-called Tammer nonlinear scalarization
function and the variational approach that does not use any scalariza-
tion technique. It is certain that a combination yields better results.
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Two problems related to iterative sequences and fixed points

Vittorio Colao
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ABSTRACT

Iterative methods for approximating fixed points had been one of the
most flourishing topic in recent years. Nevertheless, there is still room
for new problems.
In this talk, we will focus on two questions regarding fixed point it-
erations: the first is related to the approximations of fixed point for
nonself mappings without using auxiliary mappings, while the other
regards the convergence rate of certain strongly converging sequences.
We give partial solutions to both problems and analyse further exten-
sions.
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Boundary value problems on intersection domains

Dariush Ehsani

FIZ Karlsruhe-Leibniz Institute, Department of
Mathematics, Franklinstr. 1110587, Berlin

Email: dehsani.math@gmail.com

ABSTRACT

A pseudodifferential calculus for studying Boundary Value Problems on
smooth domains has been extensively worked out from the foundational
work of Boutet de Monvel and Hörmander. We review some of these
methods and discuss new methods which can be applied to domains
which are intersections of smooth domains.
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Density and smooth extesion of Lipschitz functions on
metric spaces

Rafael Espinola Garcia
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ABSTRACT

The main topic of this talk is to study the density and smooth ex-
tension of Lipschitz functions defined on metric spaces. This topic has
been deelply developed firstly on finite dimensional Banach spaces and,
more recently, on infinite dimensional ones as well as some kinds of dif-
ferential manifolds. In this talk we will walk through the history of the
problem from the early 20th century to end with some new results for
Lipschitz mappings defined on metric spaces with a Measurable Dif-
ferentiable Structure (MDS). Measurable differentiable structures on
metric spaces were first introduced by J. Cheeger in 99 as an attempt to
develop a robust theory of first order differentiability on metric spaces.
This work had a big impact in the theory of analysis on metric spaces
as many authors worked on these structures since then. New results
here presented are part of a joint work with Luis Sánchez-González.

18



Gaussian analytic functions and operator symbols of
Dirichlet type
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ABSTRACT

We consider two copies of the Gaussian analytic function associated
with the Dirichlet space. We then consider the correlation of the two
copies, and study how big the analytic correlation may be, in an average
sense.

19



Hahn-Banach theorem in metric spaces: An introduction to
hyperconvexity

Mohamed Amine Khamsi
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ABSTRACT

While investigating an extension of the Hahn-Banach theorem to metric
spaces, Aronszajn and Panitchpakdi (1956) discovered the concept of
hyperconvexity or injectivity. The main result of their investigation
is the fact that hyperconvex metric spaces are absolute nonexpansive
retracts (ANR). In this talk, we give an elementary introduction to
hyperconvexity in metric spaces. If time permits, we will mention the
relationship between the fixed point problem and hyperconvexity.
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The sphere covering inequality and its applications

Amir Moradifam
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ABSTRACT

We show that the total area of two distinct Gaussian curvature 1 sur-
faces with the same conformal factor on the boundary, which are also
conformal to the Euclidean unit disk, must be at least 4π. In other
words, the areas of these surfaces must cover the whole unit sphere
after a proper rearrangement. We refer to this lower bound of to-
tal areas as the Sphere Covering Inequality. This inequality and its
generalizations are applied to a number of open problems related to
Moser-Trudinger type inequalities, mean field equations and Onsager
vortices, etc, and yield optimal results. In particular we confirm the
best constant of a Moser-Truidinger type inequality conjectured by A.
Chang and P. Yang in 1987. This is a joint work with Changfeng Gui.
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Integration operators from Bergman spaces to Hardy spaces
of the unit ball

Antti Perälä
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ABSTRACT

We completely characterize the boundedness of the Volterra type in-
tegration operators acting from the weighted Bergman spaces to the
Hardy spaces of the unit ball. A partial solution to this problem in the
one-dimensional setting was previously obtained by Zhijian Wu. We
solve the missing cases and extend the results to all dimensions. Our
tools involve area methods from harmonic analysis, Carleson measures
and Kahane-Khinchine type inequalities, as well as techniques and in-
tegral estimates related to Hardy and Bergman spaces.
This talk is based on a joint paper with Santeri Miihkinen, Jordi Pau
and Maofa Wang.
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Perspectives in regularity theory of minimizers of variational
functionals

Maria Alessandra Ragusa
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ABSTRACT

Let us consider Ω ⊂ Rm (m ≥ 2) be a bounded open set. For maps
u : Ω → Rn we consider the p(x)-energy functional defined as

E(u,Ω) :=
∫
Ω

(
gαβ(x)Gij(u)Dαu

i(x)Dβu
j(x)

) p(x)
2
dx,

where (gαβ(x)) and (Gij(u)) are symmetric positive definite matrices
whose entries are continuous functions defined on Ω and Rn respec-
tively, and p(x) a continuous function on Ω with p(x) ≥ 2.
Main goal is the study of regularity properties, interior and up to the
boundary, of the minimizers u of E and recent developments in this
direction.
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Asymptotic behavior and periodic solutions to some
expansive type evolution and difference equations

Behzad Djafari Rouhani
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ABSTRACT

In this talk, after reviewing some old results in nonlinear ergodic the-
ory and their applications to the study of the asymptotic behavior of
quasi-autonomous dissipative systems, we concentrate on first order ex-
pansive type evolution and difference equations and present some old
and new results on the asymptotic behavior of the solutions, as well as
periodic solutions to such systems.
This is joint work with Mohsen Rahimi Piranfar.
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Bergman spaces with exponential weights

Alexander P. Schuster

San Francisco State University, San Francisco, CA 94132,
United States.

Email: schuster@sfsu.edu

ABSTRACT

In this talk we introduce a kind of Bergman space Apφ on the unit diskD
with exponential weights, which cover those defined by Borichev, Dhuez
and Kellay (in J. Funct. Anal. 242 (2007), 563-606). We obtain upper
and lower bound estimates on the Bergman kernel. As an application,
we discuss the Bergman projection and duality. This work is joint with
Zhangjian Hu and Xiaofen Lv.
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Extended Newton methods for multiobjective optimization:
Majorizing function technique and convergence analysis

Xiaoqi Yang

Department of Applied Mathematics, The Hong Kong
Polytechnic University, Hong Kong.
Email: xiao.qi.yang@polyu.edu.hk

ABSTRACT

In this we will consider the extended Newton method for approaching a
Pareto optimum of multiobjective optimization problems and establish
its quadratic convergence criteria and estimation of radius of conver-
gence ball under the assumption that the Hessians of objective func-
tions satisfy an L-average condition. As applications of the obtained
results, convergence theorems under the classical Lipschitz condition or
the γ-condition are presented for multiobjective optimization, and the
global quadratic convergence results of the extended Newton method
with Armijo/Goldstein/Wolf line-search schemes are also provided.
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THE NUMERICAL RANGE OF INTERVAL MATRICES
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Abstract. In this paper, we introduce the concept of the numeri-
cal range of a square interval matrix. We prove that this numerical
range is always compact, but, unlike classical numerical range, the
numerical range of an interval matrix is not always convex.

1. Introduction

Let A be a (bounded linear) operator on a complex Hilbert space H.
The numerical range of A is the set

W (A) := {〈Ax, x〉 : x ∈ H, ‖x‖ = 1}
in the complex plane, where 〈., .〉 denotes the inner product in H. In
other words,W (A) is the image of the unit sphere {x ∈ H : ‖x‖ = 1} of
H under the (bounded) quadratic form x 7→ 〈Ax, x〉. One of the basic
properties of the numerical range is that it contains all the eigenvalues
of a matrix. Two other important properties of the numerical range
which we discuss them in this article are convexity (Toeplitz-Hausdorff
theorem) and compactness [2]. In this paper, we extend the concept of
the numerical range to interval matrices.
Interval arithmetic is an approach that can be used to bound measure-
ment errors, rounding and truncation errors in mathematical compu-
tations. As an area of numerical analysis, it has several applications in

1991 Mathematics Subject Classification. Primary 47A12; Secondary 65G30.
Key words and phrases. numerical range; interval matrix; interval norm; con-

vexity; compactness.
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different branches of science and engineering. One of the advantages
of interval analysis is its ability to compute bounds on the range of
functions. By extending interval arithmetic to vectors and matrices, it
became a useful tool to find reliable and guaranteed solutions to ma-
trix equations and optimization problems. For more details see [6, 8, 7].

The interval eigenvalue problem, which is the task of finding intervals
that contain all the possible eigenvalues of the matrices in an interval
matrix, has an important role in many engineering problems. See for
example [4, 3] for further information about the efforts for solving in-
terval eigenvalue problem. Due to the spectral inclusion property of the
numerical range, the numerical range of interval matrices, contains all
the eigenvalues of the matrices in the interval. Therefore, finding the
numerical range of interval matrices can help us to solve the interval
eigenvalue problems.

The paper is organized as follows. In Section 2, we consider some
basic definitions, notations and properties of interval arithmetic. In
Section 3, we define the concept of the numerical range for real interval
matrices, show its relation with interval norm, prove its compactness
and give a counterexample that demonstrates the numerical range of
interval matrices is not always convex.

2. Definitions, notations and basic facts

In this section we give some basic definitions, notations and proper-
ties of interval arithmetic.

Definition 2.1. [5] An interval matrix is defined as
A :=

[
A,A

]
= {A ∈ Rm×n : A ≤ A ≤ A},

where A = (aij), A = (aij) ∈ Rm×n, A ≤ A , are given point matrices,
where the concept of point matrix is used to mention any conventional
matrix.

Throughout this paper, the notation Conv(E) is used for the con-
vex hull of the set E, the set of m × n real interval matrices is de-
noted by IRm×n and the comparison relations ≤ and ≥ are interpreted
component-wise.

Definition 2.2. (Interval Matrix Norm) [1] A function |||·||| : IRm×n →
R is called an interval matrix norm in IRm×n if for each A,B ∈ IRm×n

and α ∈ R it satisfies the following properties:
(1) |||A||| ≥ 0, and |||A||| = 0 if and only if A = [0, 0];
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(2) |||A+B||| ≤ |||A|||+ |||B|||;
(3) |||αA||| = |α||||A|||,

where | · | is the conventional absolute value.

The following theorem shows how to construct interval matrix norms
from point matrix norms.

Theorem 2.3. [1] For any point matrix norm ‖·‖ in Rm×n, the function
|||·||| : IRm×n → R defined by

|||A||| = sup{‖β‖ : β ∈ A},

is an interval matrix norm in IRm×n.

3. The numerical range of n× n interval matrices

In this section after defining the concept of the numerical range and
the numerical radius of interval matrices, we show that like the con-
ventional case it is compact. Also, by an example we will show that in
general we do not have the property of convexity.

Definition 3.1. Let A ∈ IRn×n. We define the numerical range of A
by

W (A) :=
∪
A∈A

W (A),

where W (A) is the conventional numerical range of the point matrix
A ∈ Rn×n. Also, the numerical radius of A is defined by

r(A) := sup{r(A) : A ∈ A},

where r(A) is the conventional numerical radius of A.

Lemma 3.2. Suppose that A ∈ IRn×n. Then

W (A) ⊆ {µ ∈ C : |µ| ≤ |||A|||}.

Lemma 3.3. Let A =
[
A,A

]
∈ IRn×n and A ≥ 0. Then

W (A) ⊆ {µ ∈ C : |µ| ≤ ‖A‖∞}.

Theorem 3.4. Let A ∈ IRn×n. Then W (A) is a compact set.

In the following example we will show that, unlike the conventional
numerical range, the numerical range of interval matrices is not neces-
sarily convex.
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Example 3.5. Assume that A =

{
Aα =

[
11 5
α 0

]
: α ∈ [1, 6]

}
. It

is clear that the eigenvalues of Aα are

λ1,2 =
11±

√
121 + 20α

2
.

The numerical range of Aα,W (Aα), is an ellipse with minor and major
axis of |α − 5| and

√
α2 + 10α + 146, respectively (see [2]). It is easy

to check that the points (x1, y1) = (11
2
(1−

√
2), 0) and (x2, y2) = (11

2
, 2)

are in W (Aα), for α = 6 and α = 1, respectively. We will show that
(x∗, y∗) = (−1, 22−13

√
2

11
), a point on the straight line segment joining

(x1, y1) and (x2, y2), is not in W (A).
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Abstract. In this paper we introduce α-dual of a g-frame and
we get some results when we use the Hilbert-Schmidt norm for the
members of a g-frame in a finite dimensional Hilbert space.

1. Introduction

G-frames for Hilbert spaces defined by Sun in 2006 [3]. Let H be a
separable Hilbert space and {Hi}i∈I be a sequence of separable Hilbert
spaces. We wall a sequence {Λi ∈ B(H,Hi) : i ∈ I} a g-Bessel sequence
for H if there exists B > 0 such that∑

i∈I

∥Λif∥2 ≤ B∥f∥2, f ∈ H. (1.1)

Let us define(∑
i∈I

⊕Hi

)
l2

=

{
{gi} : gi ∈ Hi,

∑
i∈I

∥gi∥2 <∞
}

with the inner product given by ⟨{fi}, {gi}⟩ =
∑

i∈I⟨fi, gi⟩. It is clear
that

(∑
i∈I ⊕Hi

)
l2

is a Hilbert space with respect to the pointwise

1991 Mathematics Subject Classification. Primary 42C15, 46C05; Secondary
47B10.
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operations. It is proved in [2] , if {Λi ∈ B(H,Hi) : i ∈ I} is a g-Bessel
sequence for H, then the operator

T :

(∑
i∈I

⊕Hi

)
l2

→ H, T ({gi}) =
∑
i∈I

Λ∗
i (gi) (1.2)

is well defined, bounded and T ∗f = {Λif}i∈I .

Definition 1.1. We call a sequence {Λi ∈ B(H,Hi) : i ∈ I} a g-frame
for H with respect to {Hi}i∈I if there exist two positive constants A
and B such that

A∥f∥2 ≤
∑
i∈I

∥Λif∥2 ≤ B∥f∥2 (1.3)

for all f ∈ H. We call A and B the lower and upper g−frame bounds,
respectively.
We call {Λi}i∈I a tight g-frame if A = B and Parseval g-frame if
A = B = 1.

The sequence {Λi ∈ B(H,Hi) : i ∈ I} is a g-frame for H if and only
if the operator T defined by (1.2) is bounded and onto (see [2]). The
operators T and T ∗ are called the synthesis and analysis operators,
respectively.

Proposition 1.2. [3] Let {Λi ∈ B(H,Hi) : i ∈ I} be a g-frame for H.
The operator

S : H → H, Sf =
∑
i∈I

Λ∗
iΛif

is a positive, bounded and invertible operator.

The operator S is called the g-frame operator of {Λi}i∈I .
It is easy to check that if {Λi ∈ B(H,Hi) : i ∈ I} is a g-Bessel sequence,
then S is well defined and S = TT ∗.

2. Main results

In this section H denotes a finite dimensional Hilbert space. We also
denote the norm of a Hilbert-Schmidt operator T by ∥T∥2.

Definition 2.1. Let {Λi ∈ B(H,Hi) : i ∈ I} and {Θi ∈ B(H,Hi) :
i ∈ I} be g-frames for H. We say that {Θi}i∈I is a dual g-frame (or
simply dual) of {Λi}i∈I if

f =
∑
i∈I

Λ∗
iΘif, f ∈ H.
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Let {Λi ∈ B(H,Hi) : i ∈ I} be a g-frame forH with g-frame operator
S. Then {ΛiS−1}i∈I is a dual g-frame of {Λi }i∈I . {ΛiS−1 }i∈I is called
canonical dual g-frame of {Λi }i∈I . We refer to [1], for the proof of the
following results.
Proposition 2.2. Let {Θi ∈ B(H,Hi) : i ∈ I} be a dual of g-frame
{Λi ∈ B(H,Hi) : i ∈ I} for H. Then∑

i∈I

∥Λi −Θi∥22 =
∑
i∈I

∥Λi∥22 +
∑
i∈I

∥Θi∥22 − 2 dimH.

Corollary 2.3. Let {Θi ∈ B(H,Hi) : i ∈ I} and {Λi ∈ B(H,Hi) : i ∈
I} be two Parseval g-frames for H. If {Θi}i∈I is a dual of {Λi}i∈I , then
Λi = Θi for all i ∈ I.
Corollary 2.4. Let {Θi ∈ B(H,Hi) : i ∈ I} be a dual of {Λi ∈
B(H,Hi) : i ∈ I} for H, where {Θi}i∈I and {Λi}i∈I are two tight g-
frames for H with bounds BΘ and BΛ, respectively. Then BΘ+BΛ = 2
if and only if Λi = Θi for all i ∈ I.
Remark 2.5. Let {Θi ∈ B(H,Hi) : i ∈ I} and {Λi ∈ B(H,Hi) : i ∈ I}
be two g-frames for H with the associated synthesis operators TΛ and
TΘ, respectively. Then∑

i∈I

∥Λi −Θi∥22 =
∑
i∈I

∥Λi∥22 +
∑
i∈I

∥Θi∥22 − tr(TΘT
∗
Λ)− tr(TΛT

∗
Θ).

Let {Λi ∈ B(H,Hi) : i ∈ I} be a g-frame for H with the frame
operator S. It is clear that {ΛiSα−1}i∈I is a g-frame for H with the
property

∑
i∈I Λ

∗
iΛiS

α−1 = Sαf for all f ∈ H. For α = 0 we get the
canonical dual g-frame of {Λi}i∈I .
Definition 2.6. Let {Λi ∈ B(H,Hi) : i ∈ I} be a g-frame for H with
g-frame operator SΛ. A g-frame {Θi ∈ B(H,Hi) : i ∈ I} is called a
α-dual of {Λi}i∈I if

∑
i∈I Λ

∗
iΘi = SαΛf for all f ∈ H.

It is clear that {ΛiSα−1
Λ }i∈I is a α-dual of {Λi}i∈I . The canonical

dual g-frame of {Λi}i∈I has some interesting properties between other
dual g-frames of {Λi}i∈I (see [3]). We will show that the α-dual frame
{ΛiSα−1

Λ }i∈I has some minimal properties between other α-dual frames
of {Λi}i∈I .
Proposition 2.7. Let {Θi ∈ B(H,Hi) : i ∈ I} be a α-dual of {Λi ∈
B(H,Hi) : i ∈ I} with g-frame operator SΘ. Then∑

i∈I

∥ΛiSα−1
Λ ∥22 =

∥∥S 2α−1
2

Λ

∥∥2
2
≤ ∥S

1
2
Θ∥

2
2 =

∑
i∈I

∥Θi∥22. (2.1)

The equality in (2.1) holds if and only if Θi = ΛiS
α−1
Λ for all i ∈ I.
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Corollary 2.8. Let {Λi ∈ B(H,Hi) : i ∈ I} be a g-frame for H with
g-frame operator SΛ. Then∑
i∈I

∥Λi − ΛiS
α−1
Λ ∥22

= min
{∑

i∈I

∥Λi −Θi∥22 : {Θi ∈ B(H,Hi) : i ∈ I} is a α-dual of {Λi}i∈I
}
.

Moreover, if {Θi}i∈I is a α-dual of {Λi}i∈I , then
∑

i∈I ∥Λi − Θi∥22 =∑
i∈I ∥Λi − ΛiS

α−1
Λ ∥22 if and only if Θi = ΛiS

α−1
Λ for all i ∈ I.

Corollary 2.9. Let {Θi ∈ B(H,Hi) : i ∈ I} is a dual of g-frame
{Λi ∈ B(H,Hi) : i ∈ I} for H. Then∑

i∈I

∥Θi∥22 = ∥S
1
2
Θ∥

2
2 ≥ ∥S− 1

2
Λ ∥22 =

∑
i∈I

∥ΛiS−1
Λ ∥22 (2.2)

where SΛ and SΘ are the g-frame operators of {Λi}i∈I and {Θi}i∈I ,
respectively. Moreover, the following are equivalent

(i)
∑

i∈I ∥Θi∥22 =
∑

i∈I ∥ΛiS
−1
Λ ∥22;

(ii) Θi = ΛiS
−1
Λ for all i ∈ I;

(iii) SΘ = S−1
Λ .

Proposition 2.10. Let {Λi ∈ B(H,Hi) : i ∈ I} be a g-frame and
{Θi ∈ B(H,Hi) : i ∈ I} be a Parseval g-frame for H. Then

(i) tr(TΘT
∗
Λ) + tr(TΛT

∗
Θ) ≤ 2∥S

1
4
Λ∥22;

(ii) tr(TΘT
∗
Λ) + tr(TΛT

∗
Θ) = 2∥S

1
4
Λ∥22 if and only if Θi = ΛiS

− 1
2

Λ for
all i ∈ I.

Corollary 2.11. Let {Λi ∈ B(H,Hi) : i ∈ I} is a g-frame for H with
g-frame operator SΛ. Then

max {ℜtr(TΘT
∗
Λ) : {Θi ∈ B(H,Hi) : i ∈ I} is a Parseval g-frame for H} = ∥S

1
4
Λ∥

2
2.
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Abstract. In this paper, using Minty-Browder theorem, we prove
the existence of unique weak solution for a class of fractional system
of Schrödinger equations.

1. Introduction and the problem formulation

Consider the following fractional Schrödinger system

(−∆)sui + Vi(x)ui + fi(x, u1, · · · , un) = λiui, (1.1)

for all x ∈ RN , where N ≥ 2, i = 1, · · · , n, s ∈ (0, 1), (−∆)s denote
the fractional Laplacian and fi ∈ C(RN×Rn,R). Recall that fractional
Laplacian, (−∆)s, with s ∈ (0, 1) of a function ϕ ∈ φ is defined by
Λ((−∆)sϕ)(k) = |k|2sΛ(ϕ)(k), for all s ∈ (0, 1), [4, 1]. Here φ denotes
the Schwartz space consist of rapidly decreasing C∞ functions in RN

and Λ is the Fourier transform, i.e.

Λ(ϕ)(k) =
1

(2π)N/2

∫
RN

exp {−2πikx}ϕ(x)dx.

1991 Mathematics Subject Classification. Primary 12H20; Secondary 34A08,
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2. Weak solution

First, we present some definitions and notations that we may need
them through this paper. Assume

(i) V ∈ C(RN ,R), V = infx∈RN V (x) > 0
(ii) ∃r0 > 0 : ∀M > 0, meas{x ∈ B(y; r0) : V (x) ≤ M} →

0 (|y| → ∞).

Definition 2.1. The space Hs(RN) is defined by Hs(RN) = {u ∈
L2(RN) :

∫
RN (|ξ|2sû2 + û2)dξ < ∞}, where û = Λ(u) with respect to

the norm ∥u∥Hs(RN ) =
(∫

RN (|ξ|2sû2 + û2)dξ
) 1

2 .

Due to the appearance of potential energies in the system of equations
(1.1), we introduce the subspace E = {u ∈ Hs(RN) :

∫
RN V (x)u2dx <

∞}, with corresponding to the norm ∥u∥E = (
∫
RN (|ξ|2sû2 + û2)dξ +∫

RN V (x)u2dx)
1
2 . We make E an inner product space by introducing

the Sobolev inner product ≺ ·, · ≻E defined by

≺ u, v ≻E=

∫
RN

(
(−∆)

s
2u(x)(−∆)

s
2v(x) + V (x)u(x)v(x)

)
dx,

for all u, v ∈ E. By Plancherel’s theorem and condition (i), it is easily
seen that ∥ · ∥E is equivalent to ∥u∥ = (

∫
RN (|(−∆)

s
2u|2 + V (x)u2)dx)

1
2 .

Let X be the Cartesian product X = En which is a Hilbert space with
the corresponding product norm ∥(u1, · · · , un)∥X =

∑n
i=1(∥ui∥2)

1
2 . As

a consequence, we can extend [3, Lemma 2.2] for general space X as
n∑
i=1

∥ui∥2p ≤ S

n∑
i=1

∥ u ∥2= S∥(u1, · · · , un)∥2X , (2.1)

where S is the maximum of Sobolev constants cp corresponding with
ui. Moreover, according to [theorem 2.2,[4]], it is obvious that X is
compactly embedded into

(
Lp(RN)

)n for p ∈ [2, 2∗s).

Definition 2.2. We say that U = (u1, · · · , un) ∈ X is a weak solution
of the system of equations (1.1), if∫

RN

(
(−△)

s
2u(−△)

s
2ϕi + Vi(x)uiϕi

)
dx

+
n∑
i=1

∫
RN

fi(x, u1, · · · , un)ϕidx−
n∑
i=1

(
λi

∫
RN

uiϕidx

)
= 0,

for all ϕ = (ϕ1, · · · , ϕn) ∈ X.

The next result, that is due to Minity and Browder, is useful for
reaching to our purpose.
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Theorem 2.3. ([2]) Let E be a reflexive banach space and A : X →
X∗ be nonlinear, continuous, strictly monotone and coercive operator.
Then A is bijective mapping.

We are now ready to prove the main theorem:

Theorem 2.4. Assume that the following conditions hold:
(H1) There exist ci > 0 (i = 1, · · · , n) and p ∈ [2, 2∗s) such that

|f(x, s1, · · · , sn)| ≤ αi(x) +
n∑
i=1

ci|si|p−1,

for all (x, s1, · · · , sn) ∈ RN×Rn, where αi ∈ Lq(RN), with i = 1, · · · , n,
and q ∈ ( 2N

N+2s
, 2]. Also fi(x, 0, u2, · · · , un), fi(x, u1, 0, · · · , un), · · · ,

fi(x, u1, · · · , un−1, 0) ∈ Lq(RN × Rn−1).
(H2)

fi(x,s1,··· ,sn)−fi(x,t1,··· ,tn)
si−ti ≥ µ∗

i for all x ∈ RN , for all si, ti ∈
R, si ̸= ti, i = 1, · · · , n.
Then problem (1.1) has a unique nontrivial weak solution U = (u1, · · · , un) ∈
X, for λi = µ∗

i .

Proof. Let the operator A : X → X∗ be as follows:
≺A(u1, · · · , un), (ϕ1, · · · , ϕn) ≻

=
n∑
i=1

∫
RN

(
(−△)

s
2ui(−△)

s
2ϕi + Vi(x)uiϕi

)
dx

+
n∑
i=1

∫
RN

fi(x, u1, · · · , un)ϕidx−
n∑
i=1

λi

(∫
RN

uiϕidx

)
,

for all ui, ϕi ∈ E, i = 1, · · · , n.
It is easy to see that ≺ AU, ϕ ≻∈ X∗. So A is well defined. It is
sufficient to investigate that A satisfies in Theorem 2.3. We have

≺ AU − AV,U − V ≻
=
∑n

i=1

∫
RN

(
|(−△)

s
2 (ui − vi)|2 + Vi(x)|ui − vi|2

)
dx

+
∑n

i=1

∫
RN (fi(x, u1, · · · , un)− fi(x, v1, · · · , vn))(ui − vi)dx

−
∑n

i=1

( ∫
RN µ

∗
i (|ui − vi|2)dx

)
≥
∑n

i=1 ∥ui − vi∥2.
Since ui ̸= vi this implies ≺ AU − AV,U − V ≻> 0. It is sufficient to
show that A is coercive. By definition

< AU,U >=
n∑
i=1

∫
RN

(
|(−△)

s
2ui|2 + Vi(x)u

2
i

)
dx

+
n∑
i=1

∫
RN

fi(x, u1, · · · , un)uidx−

(∫
RN

(
n∑
i=1

µ∗
i |ui|2)dx

)
.

38



FATEMEH ABDOLRAZAGHI AND ABDOLRAHMAN RAZANI

Setting si = 0 (i = 1, · · · , n) in condition (H2), we have
sifi(x, s1, · · · , sn) ≥ sifi(x, s1, · · · , si−1, 0, si+1, · · · , sn)+µ∗

i |si|2. (2.2)
Hence we get
≺ AU,U ≻

≥
n∑
i=1

∥ui∥2 −
∫
RN

( n∑
i=1

µ∗
i |u|2

)
dx

+
n∑
i=1

( ∫
RN

(uifi(x, u1, · · · , ui−1, 0, ui+1, · · · , un) + µ∗
i |ui|2)dx

)
≥∥U∥2X −

n∑
i=1

∥ui∥p
( ∫

RN

|fi(x, u1, · · · , ui−1, 0, ui+1, · · · , un)|qdx
) 1

q

−
n∑
i=1

ki∥ui∥
( ∫

RN

|fi(x, u1, · · · , ui−1, 0, ui+1, · · · , un)|qdx
) 1

q ,

where ki is Sobolev constant corresponding to ui. But we know that one
other norm equivalent to the product norm is ∥U∥X = max1≤i≤n{∥ui∥}.
So inequality (2.1) implies

lim
∥U∥X→∞

≺ AU,U ≻
∥U∥X

≥ ∥U∥X − S

n∑
i=1

(∫
RN

|fi(x, u1, · · · , ui−1, 0, ui+1, · · · , un)|qdx
) 1

q

)
.

where S is maximum of Sobolev constants ki for i = 1, · · · , n. It is
clearly observed that the right hand side of the preceding inequality
tends to infinity so does the left hand side. Then, we get desired result
and the proof is completed. �
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Abstract. In this research we develop the theory of best approx-
imation in quotient of Banach lattice spaces and discuss about the
relationship between the proximinal elements of a given space and
its quotient space.

1. Introduction and preliminaries

The problem of best approximation in Banach lattices has been stud-
ied with many authors (e.g.[1],[3],[4],[5]). In this paper we obtain some
results on quotient of Banach lattice spaces about proximinality and
approximate sets.

A real vector space X is said to be an ordered vector space whenever
it is equipped with an order relation ≤ (i.e., ≤ is a reflexive, antisym-
metric, and transitive binary relation on X). A vector lattice space
(or a Riesz space) is an ordered vector space X with the additional
property that for each pair of vectors x, y ∈ X, the sup{x, y} and the
inf{x, y} both exist in X. As usual, sup{x, y} is denoted by x ∨ y and
inf{x, y} by x ∧ y. Recall that a vector subspace S of a vector lattice
spaceX is said to be a vector sublattice, whenever S is closed under the
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54B15.

Key words and phrases. Banach lattice spaces, Quotient spaces, Best approxi-
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lattice operations of X, i.e., whenever for each pair x, y ∈ S the vector
x∨y and x∧y (taken in X) belongs to S. A subset A of a vector lattice
space is called solid whenever |x| ≤ |y| and y ∈ A imply x ∈ A. A solid
vector subspace of a vector lattice space is referred to as an ideal. For
any vector x in a vector lattice space define x+ := x ∨ 0, x− := x ∧ 0
and |x| := x ∨ (−x). The element x+ is called the positive part, x− is
called the negative part, and |x| is called the absolute value of x. If
X is an ordered vector space, then the set X+ = {x ∈ X : x ≥ 0}
is called a positive cone of X, and its members are called the positive
elements of X. An element 1 ∈ X is called a strong unit if for each
x ∈ X there exists 0 < λ ∈ R such that x ≤ λ1. Then for each x ∈ X
there exists 0 < λ ∈ R such that |x| ≤ λ1. Using 1 we can define a
norm on X by

∥x∥ = inf{λ > 0 : |x| ≤ λ1}. (1.1)
Recall that a norm ∥.∥ on a vector lattice space is said to be a lattice
norm whenever |x| ≤ |y| implies ∥x∥ ≤ ∥y∥. A vector lattice space
equipped with a lattice norm is known as a normed vector lattice space.
If a normed vector lattice space is also norm complete, then it is referred
to as a Banach lattice. It is well known that X equipped with the norm
(1.1) is a Banach lattice which is called a Banach lattice with strong
unit 1.
The closed ball with center at x and radius r defined on Banach lattice
X as follows:
B(x, r) = {y ∈ X : ∥y − x∥ ≤ r} = {y ∈ X : x− r1 ≤ y ≤ x+ r}.
Let A be an ideal in Banach lattice space X. We recall that the equiv-
alence class determined by x in X

A
will be denoted by ẋ = x+A. In X

A

we introduce a relation ≤̇ by letting ẋ≤̇ẏ whenever there exist x1 ∈ ẋ
(i.e., x1 − x ∈ A) and y1 ∈ ẏ with x1 ≤ y1. Clearly, X

A
under the

relation ≤̇ is an ordered vector space and it is easy to show that X
A

is
a vector lattice space (for more details see [2]).
Let A be a closed ideal of a Banach lattice space X. Then the vector
lattice space X

A
under the quotient norm

∥ẋ∥ = inf{∥y∥ : y ∈ ẋ},
is a Banach lattice space. In fact, the quotient vector space X

A
is itself

a Banach lattice space.
The map x → ẋ, from X to X

A
, is a linear operator called the canon-

ical projection of X onto X
A
. The lattice homomorphisms are closely

related to ideals. For every ideal A of a Banach lattice space X, the
canonical projection of X onto the Banach lattice space X

A
is a lattice

homomorphism (for more details see [2]).
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LetW be a nonempty subset of a normed linear spaceX. An element
w0 ∈ W is called a best approximation to x ∈ X from W if for every
w ∈ W ,

∥x− w0∥ ≤ ∥x− w∥.
The set of all elements of best approximation to x ∈ X from W is
denoted by PW (x). If each x ∈ X has at least one best approximation
w0 ∈ W , then W is called a proximinal subset of X.

A nonempty subset W of an ordered vector space X is called down-
ward if

(w ∈ W , x ≤ w) =⇒ x ∈ W.

A simple example of a downward set is a set of the form {y ∈ X : y ≤
g} , where g ∈ X. For another example, let f : X −→ R be an increas-
ing function, then its lower level sets Sc(f) = {x ∈ X : f(x) ≤ c} for
all c ∈ R, are downward.

2. Main results

In this section we discuss about proximality of downward sets and
sublattices in quotient of Banach lattice spaces.
Proposition 2.1. Let W be a downward and proximinal subset of
Banach lattice space X and w1, w2 ∈ PW (x). Then w1 ∧w2 ∈ PW (x).��
Corollary 2.2. Let W be a vector sublattice and PW (x)� be a subspace
of Banach lattice space X, then PW (x) is a vector sublattice of X.
Proposition 2.3. [4] Let W be a closed downward subset of X. Then
W is proximinal in X. Moreover, w0 = x0 − r1 ∈ PW (x0), where
r = d(x0,W ).
Theorem 2.4. [4] LetW be a closed downward subset of X and x0 ∈ X
. Then there exists a least element w0 := minPW (x0) of the set PW (x0),
namely, w0 = x0 − r1 where r := d(x0,W ).
Proposition 2.5. Let A be an ideal of a vector lattice space X and
W ⊆ X. Then, W is downward in X if and only if W

A
is downward in

X
A
.

Theorem 2.6. Let S�be a sublattice and A be an closed ideal in Banach
lattice X such that A ⊆ S. If S�is proximinal in X, then S

A
is a

proximinal sublattice of �X
A
.

Corollary 2.7. Let W be a closed and downward subset and A be an
ideal of X. Then W

A
�is proximinal in �X

A
. Moreover, ẇ0 ∈ PW

A
(ẋ0),

where w0 ∈ PW (x0), ẇ0 = x0 − r1 + A and r = d(x0,W ).
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Theorem 2.8. Let S be a sublattice and A be a closed and proximinal
ideal in Banach lattice X such that A ⊆ S. If S

A
��is proximinal in X

A
,

then S is a proximinal sublattice of �X.
Theorem 2.9. Let S be a sublattice and A be an closed ideal in Banach
lattice X such that A ⊆ S. If S is proximinal in X�, then we have �

˙PS(x) ⊆ P S
A
(ẋ),

�In particular if A is proximinal in X, then �
˙PS(x) = P S

A
(ẋ).
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Abstract. In this paper, we present some unitarily invariant
norm inequalities for sector matrices involving a special class of
functions. In particular, if T =

(
T11 T12
T21 T22

)
is a 2n × 2n matrix

such that numerical range of T is contained in a sector region Sα
for some α ∈ [0, π2 ), then for a submultiplicative function h of the
class C and every unitarily invariant norm, we have

∥h
(
|Tij |2

)
∥ ≤ ∥hr (sec(α)|T11|) ∥

1
r ∥hs (sec(α)|T22|) ∥

1
s ,

where r and s are positive real numbers with 1
r + 1

s = 1 and
i, j = 1, 2.

1. Introduction

Let Mn be the algebra of all n× n complex matrices. For T ∈ Mn,
the conjugate transpose of T is denoted by T ∗. A complex matrix
T ∈ M2n can be partitioned as a 2× 2 block matrix

T =

(
T11 T12
T21 T22

)
, (1.1)

where Tij ∈ Mn (i, j = 1, 2). For T ∈ Mn, let T = Re(T ) + iIm(T )
be the Cartesian decomposition of T , where the Hermitian matrices

1991 Mathematics Subject Classification. Primary 47A63; Secondary 15A60.
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Re(T ) = T+T ∗

2
and Im(T ) = T−T ∗

2i
are called the real and imaginary

parts of T , respectively. We say that a matrix T ∈ Mn is positive
semidefinite if z∗Tz ≥ 0 for all complex numbers z. For T ∈ Mn,
let s1(T ) ≥ s2(T ) ≥ · · · ≥ sn(T ) denote the singular values of T , i.e.
the eigenvalues of the positive semidefinite matrix |T | = (T ∗T )

1
2 ar-

ranged in a decreasing order and repeated according to multiplicity.
Note that, sj(T ) = sj(T

∗) = sj(|T |) for j = 1, 2, · · · , n. A norm ∥ . ∥
on Mn is said to be unitarily invariant if ∥UTV ∥ = ∥T∥ for every
T ∈ Mn and for every unitary U, V ∈ Mn. For T ∈ Mn and p > 0, let

∥T∥p =

(
n∑
j=1

spj(T )

) 1
p

. This defines the Schatten p-norm(quasinorm)

for p ≥ 1(0 < p < 1). It is clear that, Schatten p-norm is an uni-
tarily invariant norm. The w-norm of a matrix T ∈ Mn is defined
by ∥T∥w =

n∑
j=1

wjsj(T ), where w = (w1, w2, · · · , wn) is a decreasing

sequence of nonnegative real numbers.
In this paper, we assume that all functions are continuous. It is
known that if T ∈ Mn is positive semidefinite and h is a nonnega-
tive increasing function on [0,∞), then h(sj(T )) = sj (h(T )) for j =
1, 2, · · · , n. For positive semidefinite X,Y ∈ Mn and a nonnegative
increasing function h on [0,∞), if sj(X) ≤ sj(Y ) for j = 1, 2, · · · , n,
then ∥h(X)∥ ≤ ∥h(Y )∥, where ∥ . ∥ is a unitarily invariant norm.
We say that a matrix T is accretive(respectively dissipative) if in the
Cartesian decomposition T = X + iY , the matrix X(respectively Y ) is
positive semidefinite. If both X and Y are positive semidefinite, T is
called accretive-dissipative.
Another important class of matrices, which is related to the class of
accretive-dissipative matrices, is called sector matrices. To introduce
this class, let α ∈ [0, π

2
) and Sα be a sector defined in the complex plane

by
Sα = {z ∈ C : Re(z) ≥ 0, |Im(z)| ≤ tan(α)Re(z)} .

For T ∈ Mn, the numerical range of T is defined by
W (A) = {z∗Tz : z ∈ C, ∥z∥ = 1}.

A matrix whose its numerical range is contained in a sector region
Sα for some α ∈ [0, π

2
), is called a sector matrix. It follows from

the definition of sector matrices that T is positive semidefinite if and
only if W (T ) ⊆ S0 and also T is accretive-dissipative if and only if
W (e

−iπ
4 T ) ⊆ Sπ

4
. Moreover, if W (T ) ⊆ Sα, then T is invertible with

Re(T ) > 0 and therefore T is accretive. A nonnegative function h on
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the interval [0,∞) is said to be submultiplicative if h(ab) ≤ h(a)h(b)
whenever a, b ∈ [0,∞).
Gumus et al. [3] introduced the special class C involving all nonnega-
tive increasing functions h on [0,∞) satisfying the following condition:
If x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) are two decreasing se-

quences of nonnegative real numbers such that
k∏
j=1

xj ≤
k∏
j=1

yj (k =

1, 2, . . . , n), then
k∏
j=1

h(xj) ≤
k∏
j=1

h(yj) (k = 1, 2, . . . , n).

Note that, the power function h(t) = tp (p > 0) belongs to class C. For

positive semidefinite matrix
(
X Z
Z∗ Y

)
∈ M2n, they proved [3] that if

h ∈ C is a submultiplicative function, then

∥h
(
|Z|2

)
∥ ≤ ∥hr (X) ∥

1
r ∥hs (Y ) ∥

1
s , (1.2)

where r and s are positive real numbers with 1
r
+ 1

s
= 1. Moreover for

a sector matrix T ∈ M2n partitioned as in (1.1), Thang [6] proved the
following inequality

∥T12∥2 ≤ sec2(α)∥T11∥∥T22∥ (1.3)

for any unitarily invariant norm. Alakhrass [2] extended inequality
(1.3) to

∥|T12|p∥ ≤ secp(α)∥T
pr
2

11 ∥
1
r ∥T

ps
2

22 ∥
1
s , (1.4)

where r, s and p are positive numbers and 1
r
+ 1

s
= 1.

In the present paper, we establish some unitarily invariant norm in-
equalities for sector matrices involving the functions of class C. For
instance, we extend inequalities (1.2) and (1.4) to sector matrices and
the class C(Theorem 2.2).

2. Main results

Through the following, we give a lemma which are needed to prove
our main statement.

Lemma 2.1. [2, Theorem 3.2] Suppose that T ∈ M2n partitioned as
in (1.1) such that W (T ) ⊆ Sα for some α ∈ [0, π

2
). Then

k∏
m=1

sm(Tij) ≤
k∏
l=1

sec(α)s
1
2
m(Re(Tii))s

1
2
m(Re(Tjj)), (i, j = 1, 2),

where k = 1, 2, . . . , n.
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In the sequel, we give an unitarily invariant norm inequalities for
sector matrices regarding of special class C.
Theorem 2.2. Let T ∈ M2n partitioned as in (1.1) be a sector matrix
and let h ∈ C be submultiplicative. If r and s are positive real numbers
with 1

r
+ 1

s
= 1, then

∥h
(
|Tij|2

)
∥ ≤ ∥hr (sec(α)Re(T11)) ∥

1
r ∥hs (sec(α)Re(T22)) ∥

1
s

≤ ∥hr (sec(α)|T11|) ∥
1
r ∥hs (sec(α)|T22|) ∥

1
s

for every unitarily invariant norm ∥ . ∥ on Mn and i, j = 1, 2.

Remark 2.3. If T ∈ M2n is positive semidefinite, i.e. W (T ) ⊆ S0,
then Theorem 2.2 reduce to inequality (1.2). Applying Theorem 2.2
for h(t) = t

p
2 (p > 0), we get inequality (1.4). Therefore Theorem 2.2

is an extension of inequality (1.2) and inequality (1.4).
Corollary 2.4. Suppose T ∈ M2n partitioned as in (1.1) is accretive-
dissipative and h ∈ C is submultiplicative. If r and s are positive real
numbers with 1

r
+ 1

s
= 1, then

∥h
(
|Tij|2

)
∥ ≤ ∥hr

(√
2Re(T11)

)
∥

1
r ∥hs

(√
2Re(T22)

)
∥

1
s , (i, j = 1, 2),

where ∥ . ∥ is a unitarily invariant norm.
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Abstract. In this note, we extend and improve some results on
ideal amenability of module extensions and triangular Banach al-
gebras.

1. Introduction

Let A be a Banach algebra and let X be a Banach A-bimodule. Then
X∗, the dual space of X , is also a Banach A-bimodule with module
multiplications defined by

(fa)(x) = f(ax), (af)(x) = f(xa) (a ∈ A, f ∈ X∗, x ∈ X).

In particular, I and I∗ are Banach A-bimodule for every closed ideal I
of A.

A derivation from A into X is a continuous linear operator D : A→
X such that

D(ab) = D(a)b+ aD(b) (a, b ∈ A).

For each x ∈ X, the map dx : A→ X defined by dx(a) = ax− xa, is a
derivation, which is called an inner derivation.

Recall that a Banach algebra A is weakly amenable if every deriva-
tion from A into A∗ is inner, in other words H1(A,A∗) = {0}. This

1991 Mathematics Subject Classification. Primary 46H25; Secondary 43A07,
16E40.

Key words and phrases. Ideal amenability, Module extension Banach algebras,
Triangular Banach algebra.
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notion have introduced by Bade, Curtis and Dales for commutative Ba-
nach algebras in [3] and it was extended to the noncommutative case
by Johnson in [6].

Let A be a Banach algebra and let I be a closed ideal of A. Following
[5], A is said to be I-weakly amenable if every derivation from A into
I∗ is inner. We call A ideally amenable if A is I-weakly amenable
for every closed ideal I of A. Obviously, an ideally amenable Banach
algebra is weakly amenable. There are examples of weakly amenable
Banach algebras which is not ideally amenable; (see [5]).

In this note, we give general necessary and sufficient conditions
for ideal amenability of an especial kind of Banach algebras which
are constructed from a Banach algebra A and an algebraic Banach
A-bimodule X, called generalized module extension Banach algebras
A ◃▹ X, [7]. As a consequence, we extend and improve some results on
ideal amenability of module extensions and triangular Banach algebras.

2. Main results

Let A and X be Banach algebras and let X be a Banach A-module.
We say that X is an algebraic Banach A-module if for every x, y ∈ X
and a ∈ A,

a(xy) = (ax)y, (xy)a = x(ya), (xa)y = x(ay),

∥ax∥ ≤ ∥a∥∥x∥, ∥xa∥ ≤ ∥x∥∥a∥.
Then a direct verification shows that the direct sum A×X under the
multiplication

(a, x)(b, y) = (ab, a.y + x.b+ xy) (a, b ∈ A, x, y ∈ X)

and the norm ∥a+ x∥ = ∥a∥+ ∥x∥ is a Banach algebra which is called
the genelarized module extension Banach algebra of A and X and is
denoted by A ◃▹ X. This Banach algebra, which contains some impor-
tant classes of Banach algebras such as Lau product, module extension
and semidirect product of Banach algebras, introduced by Ramezan-
pour and Barootkoob in [7].

Let A be a Banach algebra and let X be an algebraic Banach A-
bimodule. Let I be a closed ideal of A and Y be a closed ideal of X
which is also an A-submodule of X with IX ∪XI ⊂ Y . Then I ◃▹ Y
is a closed ideal of A ◃▹ X.

In the next we give a general necessary and sufficient conditions for
ideal amenability of A ◃▹ X; [2].
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Theorem 2.1. Let I ◃▹ Y be a closed ideal of A ◃▹ X. Then A ◃▹ X
is I ◃▹ Y -weakly amenable if and only if the following conditions hold:

i. A is I-weakly amenable.
ii. IfDX : A −→ Y ∗ is a derivation such that x.DX(a) = DX(a).x =

0, for all a ∈ A;x ∈ X; then there exists an element g ∈ Y ∗

such that DX = adg and x.g = g.x, for all x ∈ X.
iii. If S : X −→ Y ∗ is a derivation such that there exist a derivation

DX : A −→ Y ∗ and a bounded linear map T : X −→ I∗

satisfying T (a.x) = a.T (x) +DX(a) ⋆ x; T (x.a) = T (x).a+ x ⋆
DX(a); S(a.x) = DX(a).x+a.S(x); S(x.a) = x.DX(a)+S(x).a
and S(x) ⋆ y + x ⋆ S(y) = T (xy); for all a ∈ A; x ∈ X; then S
is inner.

iv. If T : X −→ I∗ is a bounded A-module homomorphism such
that T (xy) = 0 for all x; y ∈ X; then T = 0.

Let the algebra multiplication on X be trivial, that is, xy = 0 for
each x, y ∈ X, then A ◃▹ X is same as the module extension of A by
X which we denote by A ⊕ X. In [4], ideal amenability for a module
extension Banach algebra has been investigated. in the next we improve
the main result of [4].

Theorem 2.2. A module extension Banach algebra A ⊕X is I ⊕ Y -
weakly amenable if and only if the following conditions hold:

i. A is I-weakly amenable.
ii. H1(A, Y ∗) = 0.
iii. For every continuous A-bimodule morphism T : X −→ I∗,

there exists g ∈ Y ∗ such that a.g − g.a = 0 for a ∈ A and
T (x) = x ⋆ g − g ⋆ x for x ∈ X.

iv. The only continuous A-bimodule morphism S : X −→ Y ∗ for
which S(x) ⋆ y + x ⋆ S(y) = 0 (x, y ∈ X) in I∗ is T = 0.

Let A and B be Banach algebras, X be a Banach (A,B)-module.
The algebra

Tri(A,X,B) =

{(
a x
0 b

)
: a ∈ A, x ∈ X, b ∈ B

}
with the usual 2 × 2 matrix operations and the norm ∥

(
a x
0 b

)
∥ =

∥a∥A+∥x∥X+∥b∥B, is a Banach algebra wich is called triangular Banach
algebra. The triangular Banach algebra Tri(A,X,B) is an example of
module extension Banach algebra, in fact Tri(A,X,B) = (A×B)⊕X
where (a, b).x = a.x and x.(a, b) = x.b for all a ∈ A, b ∈ B and x ∈ X.
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Let I1 and I2 be closed ideals in A and B respectively and Y be
a closed ideal in X which is also an (A,B)-submodule of X with
I1X ∪XI2 ⊂ Y . Then (I1 ⊕ I2)⊕ Y is a closed ideal of Tri(A,X,B).

In [1], Abbaspour Tabadkan considered the case where A and B are
unital Banach algebras and X is a unital Banach (A,B)-module and
showed that the corresponding triangular Banach algebra Tri(A,X,B)
is ideally amenable if and only if A and B are ideally amenable. Now we
apply Theorem 2.1 to give a general necessary and sufficient conditions
for ideal amenability of triangular Banach algebras.
Theorem 2.3. The triangular Banach algebra Tri(A,X,B) is (I1 ⊕
I2)⊕ Y -weakly amenable if and only if

1. A⊕B is (I1 ⊕ I2)-weakly amenable.
2. H1(A⊕B, Y ∗) = 0

3. ⟨I1X +XI2⟩ = Y
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Abstract. In this paper, the author used some integral operator
and determine the subclass of n-valent analytic functions. Fur-
thermore, we obtain result such that describes starlike and convex
functions.

1. Introduction

Let D be the open unit disk in the complex plan C and H(D) the
class of all holomorphic functions on D. Let An be the class of all
n-valent analytic functions of the form

f(z) = z + an+1z
n+1 + · · · , n ∈ N = {1, 2, · · · },

and let A1 = A. The class of all functions in A, such that those are
univalent in the unit disk D denote by S. The function f ∈ A is a
starlike of order β, 0 6 β < 1, if

Re
(zf ′(z)

f(z)

)
> β, z ∈ D,

The class of function is denoted by S∗(β) and the class of starlike
functions is S∗ = S∗(0). Also, the function f(z) ∈ A is a convex of
order α, (0 6 α < 1), if

Re
(
1 +

zf ′′(z)

f ′(z)

)
> α, z ∈ D.
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The class of function is denoted by C(α) and the class of convex func-
tions is C = C(0). Furthermore, C ⊆ S∗. All of these classes are
subclasses of univalent functions (see [1]).

For fi ∈ A and αi > 0, i ∈ {1, 2, · · · , k}, D. Breaz and N. Breaz [2]
introduced the following integral operator:

Fk(z) =

∫ z

0

(f1(ξ)
ξ

)α1

· · ·
(fk(ξ)

ξ

)αk

dξ. (1.1)

Recently, Breaz et al. in [3] introduced the following integral operator:

Fα1,··· ,αk
(z) =

∫ z

0

(
f ′
1(ξ)

)α1

· · ·
(
f ′
k(ξ)

)αk

dξ (1.2)

where k ∈ N and z ∈ D.
The most recent, Frasin [4] introduced the following integral opera-

tors, for αi > 0 and fi ∈ An:

Fn(z) =

∫ z

0

nξ(n−1)

(
f1(ξ)

ξn

)α1

· · ·
(
fk(ξ)

ξn

)αk

dξ, (1.3)

and

Gn(z) =

∫ z

0

nξ(n−1)

(
f ′
1(ξ)

nξn−1

)α1

· · ·
(
f ′
k(ξ)

nξn−1

)αk

dξ, (1.4)

Remark 1.1.
i: If we put n = 1 in (1.3), then we obtain the integral operator
Fk(z) which is defined in (1.1),

ii: If we put n = 1 in (1.4), then we obtain the integral operator
Fα1,α2,...,αk

(z) which is defined in (1.2).
iii: For n = k = 1, α1 = α ∈ [0, 1] in (1.3), we obtain the integral

operator

Fα(z) =

∫ z

0

(f(ξ)
ξ

)α
dξ, (1.5)

which is studied in [5].
iv: For n = k = 1, α1 = α = 1 in (1.3), we obtain the Alexander

integral operator

G(z) =

∫ z

0

f(ξ)

ξ
dξ. (1.6)

S.S. Miller and P. T. Mocanu (see [5]) has been studied some integral
operator. In order to give our results, we have the following result.

Lemma 1.2. [5] Let a function Φ : C2 −→ C satisfies
Re{Φ(ix, y)} ≤ 0
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for all real x and all real y with y ≤ −(1+x2)/2. If p(z) = 1+p1z+ · · ·
is analytic in the unit disk D = {z ∈ C : |z| < 1} and

Re{Φ
(
p(x), zp′(x)

)
} > 0, z ∈ D,

then
Re{p(z)} > 0, z ∈ D.

2. MAIN RESULTS

,

Theorem 2.1. Let fi ∈ An and αi > 0 for all i ∈ {1, 2, · · · , k}. If

Re

{ k∑
i=1

αi

[z2f ′′
i (z)

f ′
i(z)

−
(zf ′

i(z)

fi(z)

)2]}
> 1, (2.1)

then Fn is n-valent convex. Where, Fn is the integral operator define
as in (1.3).

Making n = 1 in Theorem 2.1, we have the following:

Corollary 2.2. Let fi ∈ A, αi > 0 for all i ∈ {1, 2, · · · , k} and∑k
i=1 αi ≥ 1. If (2.1) is hold, then the integral operator Fk defined in

(1.1) is convex of order each α, 0 ≤ α < 1.

Making k = n = 1 in Theorem 2.1, we have the following:

Corollary 2.3. Let f ∈ A, α ∈ [0, 1]. If

Re

{
α
[z2f ′′(z)

f ′(z)
−
(zf ′(z)

f(z)

)2]}
> 1,

then the integral operator Fα defined in (1.5), is convex of order each
α, 0 6 α < 1.

Making k = n = 1 and α = 1 in Theorem 2.1, we obtain the follow-
ing:

Corollary 2.4. Let f ∈ A. If

Re
[z2f ′′(z)

f ′(z)
−
(zf ′(z)

f(z)

)2]
> 1,

then the integral operator G(z) defined in (1.6), is convex of order each
α, 0 ≤ α < 1.

then G(z) is convex. Here G(z) is the integral operator define as in
(1.6).
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Theorem 2.5. Let fi ∈ An and αi > 0 for all i ∈ {1, 2, · · · , k}. If

Re

{ k∑
i=1

αi

[z2f (3)
i (z)

f ′′
i (z)

−
(zf ′′

i (z)

f ′
i(z)

)2]}
> 1, (2.2)

then Gn is n-valent convex. where Gn is the integral operator define as
in (1.4).

Making n = 1 in Theorem 2.5, we have the following:
Corollary 2.6. Let fi ∈ A, αi > 0 for all i ∈ {1, 2, · · · , k}. If (2.2)
is hold, then the integral operator Fα1,··· ,αk

(z) defined in (1.2) is convex
of order each α, 0 ≤ α < 1.

Taking k = n = 1 and α = 1 in Theorem 2.5, we obtain the following:
Corollary 2.7. Let f ∈ A. If

Re
[z2f (3)(z)

f ′(z)
−
(zf ′′(z)

f ′(z)

)2]
> 1,

then f(z) is convex function.
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Abstract. In this paper, we investigate k-uniformly convex func-
tions and obtain some convolution results.

1. Introduction

In the theory of geometric function (see [1]), let A be the class of all
analytic functions of the form

f(z) = z +
∞∑
n=2

anz
n (1.1)

which are analytic in the open unit disk D = {z ∈ C, |z| < 1}. The
class of univalent functions in A denoted by S

A function f ∈ A is said to be starlike if and only if

Re

{
zf ′(z)

f(z)

}
> 0.

The class of starlike functions in A denoted by ST
A set E is said to be convex if and only if it is starlike with respect

to each of its points, that is if and only if the linear segment joining

1991 Mathematics Subject Classification. Primary 30C45; Secondary 30C50.
Key words and phrases. Univalent functions, Uniformly Convex functions, Uni-

formly starlike functions, Convolution.
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any two points of E lies entirely in E. A function f ∈ S maps D onto
a convex domain E if and only if

Re

{
1 +

zf ′′(z)

f ′(z)

}
> 0.

The class of convex functions in A denoted by CV .
Definition 1.1. [2] A function f is said to be uniformly convex (star-
like) in D if f is in CV (ST ) and has the property that for every
circular arc γ contained in D, with center ζ, also in D, the arc f(γ) is
convex ( starlike w.r.t (f(γ)).

The class of uniformly starlike functions in A denoted by UST and
the class of uniformly convex functions in A denoted by UCV .
Theorem 1.2. [2] Let f ∈ A. Then

i: f ∈ UCV if and only if

Re

{
1 + (z − ζ)

f ′′(z)

f ′(z)

}
≥ 0, (z, ζ) ∈ D ×D.

ii: f ∈ UST if and only if

Re
f(z)− f(ζ)

(z − ζ)f ′(z)
≥ 0, (z, ζ) ∈ D ×D.

Note that by taking ζ = 0 in theorem 1.2 we are back to the classes
CV and ST .
Definition 1.3. [2] Sp = {F ∈ ST | F (z) = zf ′(z), f ∈ UCV }
Definition 1.4. [4] Let 0 ≤ k < ∞. A function f ∈ S is said to be
k-uniformly convex in U , if the image of every circular arc γ contained
in D, with center ζ, where |ζ| ≤ k, is convex.

For fixed k, the class of all k-uniformly convex function will be de-
noted by k − UCV . Clearly, 0− UCV = CV , and 1− UCV = UCV .
Theorem 1.5. [4] Let f ∈ A and 0 ≤ k < ∞. Then f ∈ k − UCV if
and only if

Re

{
1 + (z − ζ)

f ′′(z)

f ′(z)

}
≥ 0, z ∈ D, |ζ| ≤ k.

Definition 1.6. Sk,p = {F ∈ ST | F (z) = zf ′(z), f ∈ k − UCV }
Let f(z) ∈ A given by (2) and g(z) = z+

∑∞
n=2 bnz

n. The convolution
f and g, denoted by f ∗ g, is a function in A, given by

(f ∗ g)(z) = z +
∞∑
n=2

anbnz
n
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For more dentils to this theory refer the book by Ruscheweyh [3].

2. Convolution condition

Theorem 2.1. Let |z| < R ≤ 1, 0 < k < 1, |x| = 1 and x ̸= −1. The
function f is a k-unformly convex function if and only if

1

z

[
f(z) ∗ z + ke−iθ(x+ 1)− x+ 2)z2

(1− z)3

]
̸= 0. (2.1)

where θ = Arg
[
zf ′′(z)
f ′(z)

]
.

Proof. The function f is k-uniformly convex in |z| < R if and only if

Re

{
1 + (z − ζ)

f ′′(z)

f ′(z)

}
> 0, z ∈ D, 0 < |ζ| < k. (2.2)

Since (zf ′(z))′

f ′(z)
= 1 at z = 0, (2) is equivalent to

1 + (z − ζ)
f ′′(z)

f ′(z)
̸= x− 1

x+ 1
, |x| = 1, x ̸= −1, (2.3)

Hence, we have:

1 +
zf ′′(z)

f ′(z)
− ζ

z
(1 +

zf ′′(z)

f ′(z)
) +

ζ

z
̸= x− 1

x+ 1
,

or equivalently
(zf ′(z))′ − ζ

z
(zf ′(z))′ + ζ

z
f ′(z)

f ′(z)
− x− 1

x+ 1
̸= 0, z ∈ D, |ζ| ≤ k

which simplifies to

(zf ′(z))
′
[
(x+ 1)(1− ζ

z
)

]
+ f ′(z)[

ζ

z
(x+ 1)− x+ 1] ̸= 0. (2.4)

The condition is fulfilled for every z ∈ D and 0 ≤ |ζ| ≤ k. Choosing
θ = Arg[ zf

′′(z)
f ′(z)

] and ζ = kze−iθ, from (2.4), we obtain that

(zf ′(z))
′ (
(x+ 1)(1− ke−iθ)

)
+ f ′(z)

(
ke−iθ(x+ 1)− x+ 1

)
̸= 0.(2.5)

Since the function f given by (1.1), we obtain

(zf ′(z))
′
= 1 +

∞∑
n=2

n2anz
n−1 = f ′(z) ∗

(
∞∑
n=1

nzn−1

)
= f ′(z) ∗ 1

(1− z)2

So that the left hand side of (2.5) may be expressed as

f ′(z) ∗
[
(x+ 1)(1− ke−iθ)

1− z2
+
ke−iθ(x+ 1)− x+ 1

1− z

]
̸= 0 (2.6)
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thus, the inequality (2.6) is equivalent to

f ′(z) ∗
1 + ke−iθ(x+1)−x+1

2
z

(1− z)2
̸= 0.

Hence, we have

1

z

[
zf ′(z) ∗

z + ke−iθ(x+1)−x+1
2

z2

(1− z)2

]
̸= 0, (2.7)

Since zf ′(z) ∗ g(z) = f(z) ∗ zg′(z), we can write (2.1) and this com-
plete the proof of theorem. �
Corollary 2.2. Let |z| < R ≤ 1, 0 < k < 1, |x| = 1 and x ̸= −1.
f ∈ Sk,p if and only if

1

z

[
f(z) ∗

z + ke−iθ(x+1)−x+1
2

z2

(1− z)2

]
̸= 0.

where θ = Arg
[
zf ′′(z)
f ′(z)

]
.

Corollary 2.3. Let |z| < R ≤ 1, |x| = 1 and x ̸= −1. The function f
is a uniformly convex function if and only if

1

z

[
f(z) ∗ z + e−iθ(x+ 1)− x+ 2)z2

(1− z)3

]
̸= 0.

where θ = Arg
[
zf ′′(z)
f ′(z)

]
.

Corollary 2.4. Let |z| < R ≤ 1, 0 < k < 1, |x| = 1 and x ̸= −1.
f ∈ Sp if and only if

1

z

[
f(z) ∗

z + e−iθ(x+1)−x+1
2

z2

(1− z)2

]
̸= 0.

where θ = Arg
[
zf ′′(z)
f ′(z)

]
.
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Abstract. A main difficulty with the collocation method is that
its coefficients matrices become ill-conditioned when the degree of
approximations increases. This can cause numerical troublesomes
and decreases the accuracy of the solutions. Here, three meth-
ods are presented based on the combination of Bernstein colloca-
tion and optimization methods for approximate solutions of linear
integro-differential equations. Several numerical examples are pre-
sented which demonstrate the effectiveness of presented methods.

1. Introduction

A linear Fredholm-Volterra integro-differential equation (LFVIDE)
of order n is generally as follows:

L
(
y(x)

)
≡

n∑
i=0

pk(x)y
(k)(x) + λ1

∫ b

a

Kf (x, t)y(t)dt

+λ2

∫ x

a

Kv(x, t)y(t)dt = g(x)

(1.1)

along with the mixed conditions

Sl
(
y(x)

)
≡

n−1∑
k=0

nk∑
j=1

ajkly
(k)(djkl) = µl, l = 1, . . . , n− 1, (1.2)
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where, the known functions pk(x), Kf (x, t), Kv(x, t) and g(x) are de-
fined on [a, b], λ1, λ2, ajkl, djkl, µl are appropriate constants, and nk
are positive integers. Clearly, L and Sl are linear operators.

The Bernstein polynomials are well known as the basis for polyno-
mial spaces and have been used extensively in the literature [1, 2].
Also, collocation methods have been widely used to solve a variety of
functional equations [1, 5]. But, a main difficulty with these methods
is that its coefficients matrices become ill-conditioned as the degree of
approximations increases.

In this paper, we present some optimization-based schemes to ap-
proximate solution of LFVIDE (1.1) and (1.2). Our methods guaran-
tee that the obtained approximate solution satisfies exactly the mixed
condition (1.2). The numerical results show that they are more ac-
curate than the standard collocation method. In addition, they are
numerically stable as degree of approximations increases.

2. Bernstein polynomials

Let denote the Bernstein polynomials of degree m on the interval
[a, b] by Bi,m(x). It is mathematicaly convenience to set Bi,m = 0, if
i < 0 or i > m. Define

ϕm(x) = [B0,m(x) B1,m(x) . . . Bm,m(x)]
T , (2.1)

we can write ϕ′
m(x) = Dϕm(x) and ϕ

(k)
m (x) = Dkϕm(x) by extension,

where, D is operational matrix of derivative with elements [2]:

di,j =


−j, i = j − 1

2j −m, i = j

m− j, i = j + 1

0, otherwise.

, i, j = 1, . . . ,m+ 1

Next underlying theorem provides an appropriate framework of using
Bernstein polynomials for approximating of functions [6].

Theorem 2.1. If y ∈ Ck[a, b], for some integer k ≥ 0, then B(i)
m (y;x)

converges uniformly to y(i)(x) for i = 0, . . . , k, as m→ ∞, where,

Bm(y;x) =
m∑
k=0

y(a+
(b− a)i

m
)Bi,m(x).

3. Standard collocation method

Let
ym(x) =

m∑
i=0

ciBi,m(x) = ϕm(x)
TC (3.1)
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approximate the solution of (1.1) and (1.2) where, C = [c0, c1, . . . , cm]
is the unknown coefficients vector and ϕm(x) is the basis functions vec-
tor is defined in (2.1). By substituting ym in (1.2), using the operational
matrix of derivative D and the linearity of Sl, we obtained:(

Sl(ϕm(x))
)T
C = µl, l = 1, . . . , n− 1, (3.2)

Also, by substituting ym in (1.1), using the linearity of L and applying
the collocation points xj ∈ [a, b], j = 1, . . . ,m− n+ 2, we can write

L
(
ϕm(xj)

)T
C = g(xj) j = 1, . . . ,m− n+ 2. (3.3)

Now, by solving the set of m + 1 linear equations (3.2) and (3.3) we
obtain the unknown vector C and thus approximate solution ym.

4. New optimization-based schemes

The residual function for integro-differential (1.1), is defined as:
R(y;x) = L

(
y(x)

)
− g(x).

Therefor, for approximate solution ym, the residual function is
Rm(x) ≡ R(ym;x) = L

(
ϕm(x)

)T
C − g(x).

We determine the unknown vector C by combining the collocation
method and minimizing the error corresponding to Rm(x).

Obviously, ym must satisfy the mixed conditions (1.2), this gives us
n− 1 equations. Consider collocation points x1, . . . xnp ∈ [a, b], where,
np ≥ m−n+2. We partition these points into two distinct subsests A
and B and represent the point indices of these two sets with I and J ,
respectively. For each j ∈ J , we set Rm(xj) = 0 to mean that at these
points (1.1) is set exactly. These points are chosen so that they are
distributed throughout the interval [a, b]. Their number should be less
thanm−n+2 (say, 1

2
(m−n+2)). Otherwise, corresponding collocation

equations precisely determine ym. For points in A, we minimize the
errors corresponding to the residual function Rm(x). This explanation
leads to the suggestion of the following three schemes: i) Least squares
of errors, ii) Minimizing the sum of absolute errors, and iii) Minimizing
the maximum of absolute errors. In each of these schemes if np =
m− n+ 2, then the errors are zero at all collocation points and so the
method is equivalent to the collocation method.

5. Numerical experiments

We considered eight experimental problems from literature. The
performance profiles that introduced by Dolan and Moré [3] is used as
a comparison measure of different methods for m = 5, 10, 15, 25 and
35. Here, pi(τ) indicates the fraction of problems for which method i
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is within a factor of τ ≥ 1 of the best method according to the statistic
chosen [3]. Therefore, the algorithm whose efficiency function graph is
higher has better performance in comparison. The performance profiles
of the methods on all considered test problems could be seen in Figure
1. The curves denoted by “CM”, “PM1”, “PM2” and “PM3” respec-

Figure 1. The performance profiles for collocation and
our three proposed methods.

tively give mean errors of the collocation method, minimizing squares
of errors, minimizing sum of absolute errors, and minimizing maximum
of absolute errors. Clearly, Figure 1 shows that our optimization-based
methods here significantly outperform the standard collocation method
on the test problems.
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Abstract. We introduce the concepts of L∗–limited and almost
L∗–limited sets in Banach lattices. We obtain some characteriza-
tions of them with respect to some well known geometric properties
of Banach spaces, such as, weak DP∗ property, strong relatively
compact Dunford-Pettis property and almost limited completely
continuous operators on such Banach lattices.

1. Introduction

A subset A of a Banach space X is called limited, if every weak∗ null
sequence (x∗n) in X∗ converges uniformly on A, that is

lim
n→∞

sup
a∈A

|⟨a, x∗n⟩| = 0.

Every relatively compact subset of E is limited. If every limited subset
of a Banach space X is relatively compact, then X has the Gelfand–
Phillips (abb. GP) property. For example, c0, ℓ1, reflexive spaces and
Schur spaces (i.e., weak and norm convergence of sequences in X co-
incide) have the GP property [3]. Also we recall that a Banach space

1991 Mathematics Subject Classification. Primary 46A40, 47L20; secondary
46B28, 46B99.
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X has the GP property if and only if every limited and weakly null
sequence (xn) in X is norm null.
In this article, at first we define the concepts of L∗–limited and almost
L∗–limited sets in Banach lattices. At first, we remember some defini-
tions and terminologies from Banach lattice theory.
It is evident that if E is a Banach lattice, then its dual E∗, endowed
with the dual norm and pointwise order, is also a Banach lattice. The
norm ∥.∥ of a Banach lattice E is order continuous if for each general-
ized net (xα) such that xα ↓ 0 in E, (xα) converges to 0 for the norm
∥.∥, where the notation xα ↓ 0 means that the net (xα) is decreas-
ing, its infimum exists and inf(xα) = 0. BE is the closed unit ball of
E. The lattice operations in the Banach lattice E are weakly sequen-
tially continuous if for every weakly null sequence (xn) in E, |xn| → 0
for σ(E,E∗). We refer the reader for undefined terminologies, to the
classical references [4].

2. Main results

Following the introducing of the concept limited sets in Banach
spaces, we define L∗–limited sets and almost L∗–limited sets in Banach
lattices.
Definition 2.1. Let E be a Banach lattice. A norm bounded subset
B of a Banach lattice E is said to be an L∗–limited set if every weakly
null and limited sequence (xn) of E∗ converges uniformly to zero on
the set B, that is supf∈B |f(xn)| → 0.
It is clear that every limited set in X is L∗–limited and every subset of
an L∗–limited set is the same. Also, it is evident that every L∗–DP set
is weak∗ bounded and so is bounded.
Recall from [2], that a subset A of a Banach lattice E is called almost
limited if every disjoint weakl∗ null sequence (x∗n) in E∗ converges uni-
formly on A.
Definition 2.2. Let E be a Banach lattice. A norm bounded subset
B of a Banach space E is said to be an almost L∗–limited set if every
weakly null and almost limited sequence (xn) of E∗ converges uniformly
to zero on the set B, that is supf∈B |f(xn)| → 0.
It is clear that every almost L∗–limited in E is L∗–DP and every sub-
set of an almost L∗–limited set is the same. Also, it is evident that
every almost L∗–limited set is weak∗ bounded and so is bounded. The
following theorem gives aditional properties of these sets.
Proposition 2.3. (a) Absolutely closed convex hull of an almost

L∗–limited is an almost L∗–DP set,
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(b) relatively weakly compact subsets of Banach lattices are almost
L∗–limited set.

Note that the converse of assertion (b) in general, is false. In fact, the
following theorem, shows that the closed unit ball of c0 is an almost
L∗–DP set, but it is not relatively weakly compact.
Recall from [?] that a Banach lattice E has the strong GP property if
all almost limited subsets of E are relatively compact. It is clear that
the strong GP property implies the GP property.
It is well known that every limited set is conditionally weakly compact.
However, Bℓ∞ is indeed almost limited and by Rosenthal’s ℓ1-theorem,
Bℓ∞ is not conditionally weakly compact.
By [4], an element e in a Banach lattice E is called a weak unit if
Be = E, where Be is the band generated by e. For example, C[0, 1] is
a Banach lattice with the weak unit u(t) = t. Banach lattices M [0, 1],
of all signed Borel measures on [0, 1] of bounded variation and (ℓ∞)∗,
do not have any weak unit.

Theorem 2.4. [?] Let E be a Banach lattice such that E∗ has a weak
unit or E has order-continuous norm. Then every almost limited set
A in E is conditionally weakly compact.

Theorem 2.5. Let E be a Banach lattice such that E∗∗ has a weak
unit or E∗ has order-continuous norm. Then E∗ has the strong GP
property iff every bounded subset of E is an almost L∗–limited set.

Definition 2.6. A bounded linear operator T from a Banach lattice
X into a Banach space E is almost L∗–limited if T (BX) is an almost
L∗–limited set in E. We denote this class of operators by L∗

ali(E, Y ).

Definition 2.7. A bounded linear operator T from a Banach space
X into a Banach lattice E is almost L∗–limited if T (BX) is an almost
L∗–limited set. We denote this class of operators by L∗

ali(X,E).

It is easy to see that the operator space L∗
ali(X,E) is a norm-closed

subspace of L(X,E).
A Banach space X has the GP proeprty if and only if for each Banach
space Y , Lcc(X,Y ) = L(X,Y ).

Theorem 2.8. An operator T is almost L∗–limited if and only if its
adjoint T ∗ is alcc. Also each weakly compact operator is almost L∗–
limited.

A Banach lattice E has the weak DP∗ property if every relatively
weakly compact set in E is almost limited set.
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Theorem 2.9. If E∗ has the weak DP∗ property, then each almost
L∗–limited set in E is a limited set.
Definition 2.10. A Banach lattice E into a Banach space E is almost
L∗–limited property, if all almost L∗–limited sets in E are relatively
weakly compact.
Corollary 2.11. Dual Banach lattice E∗ has the strong GP property
and E has the almost L∗–limited property, iff E is reflexive.
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Abstract. A nonsingular n×n real matrix A is called a G-matrix
if there exist nonsingular diagonal matrices D1 and D2 such that
A−T = D1AD2. Let J = diag(±1) be a signature matrix (a diag-
onal matrix that each of whose diagonal entries is +1 or −1). A
nonsingular real matrix Q is called J-orthogonal if QTJQ = J . In
this note we investigate some properties of G-matrices and we find
a relation between G-matrices and J-orthogonal matrices.

1. Introduction

The concept and properties of G-matrices were originally studied in
[1] by Fiedler and Hall, see also [4]. For n ≤ 3, the set of all n × n
G-matrices has been characterized but there is no characterization in
case n ≥ 4, see [2].

Proposition 1.1. A 2 × 2 matrix is G-matrix if and only if it is
nonsingular and has four or two nonzero entries. In other words every
2× 2 G-matrix has one of the following forms:
1−

(
a 0
0 d

)
or
(

0 a
d 0

)
where a ̸= 0 ̸= d.

2−
(
a b
c d

)
where a ̸= 0 ̸= d, b ̸= 0 ̸= c and ad− bc ̸= 0.

1991 Mathematics Subject Classification. Primary 15B10; Secondary:15A30.
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Proposition 1.2. A 3 × 3 matrix A is G-matrix if and only if it is
nonsingular and one of the following condition holds:
1− There exist a 2×2 G-matrix B and a scalar a such that A = B⊕[a],
(up to multiplication by a permutation matrix).
2− A = [aij] has at most one zero entry and

det

 a12a13 a22a23 a32a33
a11a13 a21a23 a31a33
a11a12 a21a22 a31a23

 = 0.

Some properties of G-matrices are collected in the following propo-
sition:

Proposition 1.3. The following statements are true:
1− All orthogonal (J-orthogonal) matrices are G-matrices.
2− All nonsingular diagonal matrices are G-matrices.
3− Any n positive real numbers are the singular values and eigenvalues
of a diagonal G-matrix D.
4− If A is a G-matrix, then both AT and A−1 are G-matrices.
5− If A is an n× n G-matrix and D is an n× n nonsingular diagonal
matrix, then both AD and DA are G-matrices.
6− If A is an n× n G-matrix and P is an n× n permutation matrix,
then both AP and PA are G-matrices.

2. G-matrices and J-orthogonal matrices

Denote by J = diag(±1) a diagonal (signature) matrix, each of whose
diagonal entries is +1 or −1. As in [5], a nonsingular real matrix Q is
called J-orthogonal if QTJQ = J, or equivalently, if Q−T = JQJ.

The following proposition gives a characterization of J-orthogonal
matrices. For a fixed signature matrix J , let

Γn(J) = {A ∈ Mn : A⊤JA = J}.

Proposition 2.1. (hyperbolic CS decomposition) Let q ≥ p and J =
Ip ⊕ (−Iq). Then every A ∈ Γn(J) is of the form

(U1 ⊕ U2)(

(
C −S
−S C

)
⊕ Iq−p)(V1 ⊕ V2), (2.1)

where U1, V1 ∈ Op, U2, V2 ∈ Oq and C, S ∈ Mp are nonnegative
diagonal matrices such that C2−S2 = I. Also, any matrix of the form
(2.1) is J-orthogonal.
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The following proposition gives an interesting topological property
of J-orthogonal matrices.

Proposition 2.2. Let J be an n×n signature matrix. If J ̸= ±I then
Γn(J) has four connected components.

For fixed nonsingular diagonal matrices D1 and D2, let

G(D1, D2) = {A ∈ Mn : A−T = D1AD2}.

Let A be a nonsingular Hermitian matrix. The inertia matrix of A is
the diagonal matrix i(A) = Ii+(A)⊕−Ii−(A) in which i+(A) is the num-
ber of positive eigenvalues of A, and i−(A) is the number of negative
eigenvalues of A, see [6].

The following known result from [1] shows that if A−T = D1AD2

then D1 and D2 have the same inertia matrix.

Proposition 2.3. Suppose A is a G-matrix and A−T = D1AD2, where
D1 and D2 are nonsingular diagonal matrices. Then i(D1) = i(D1).

Theorem 2.4. Let D1 and D2 be nonsingular diagonal matrices with
the inertia matrix J . Then there exist permutation matrices P and Q
such that

G(D1, D2) = {|D1|−1/2P TAQ|D2|−1/2 : A ∈ Γn(J)}.

Corollary 2.5. Let D1 and D2 be nonsingular diagonal matrices with
the inertia matrix J . If J ̸= ±I then G(D1, D2) has four connected
components.
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Abstract. In this talk, we review the categorical approach to
Hilbert C∗-modules. We would also present some applications of
vector bundles to study Hilbert C∗-modules.

1. Introduction and Preliminaries

One of the main approaches to study Hilbert C∗-modules is the cat-
egorical one. Indeed, a generalization of the Serre-Swan theorem states
that the category of Hilbert C0(Z)-modules is equivalent to the cate-
gory of bundles of Hilbert spaces over locally compact Hausdorff space
Z [7], [9]. Moreover, the generalization of this result to a C∗-algebra
over a non-commutative C∗-algebra holds. More precisely, the category
of Hilbert C∗-modules over C∗-algebra A is equivalent to some category
consisting of Hilbert bundles over the pure state space of A ([5]). We
mention in section 4 some results in Hilbert C∗-module theory which
has been obtained by regarding this equivalence of categories.

2. Continuous Fields of Hilbert Spaces

While studying category of Hilbert A-modules, where A is a com-
mutative C∗-algebra, the notion of continuous fields of Hilbert spaces
appears.
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Definition 2.1. Let Z be a locally compact Hausdorff space. Consider
((Hz)z∈Z ,Γ),where (Hz)z∈Z is a family of Hilbert spaces and Γ is a
subset of

∏
z∈Z Hz. Also, we set

C0 −
∏
z∈Z

Hz =
{
x ∈

∏
z∈Z

Hz : [x 7→ ‖x(z)‖] ∈ C0(Z)
}

The pair ((Hz)z∈Z ,Γ) satisfying the following properties is said to be a
continuous field of Hilbert spaces.

• Γ is a subset of C0 −
∏

z∈Z Hz.
• For every z ∈ Z, the set {x(z)|x ∈ Γ} is equal to Hz.
• For every x ∈

∏
z∈Z Hz, if for every z ∈ Z and every ϵ > 0,

there is an x′ ∈ Γ such that ‖x(z′) − x′(z′)‖ < ϵ, for all z′ in
some neighborhood of z, then x ∈ Γ;

The space H =
∏

z∈Z Hz is called the total space.

Note that the function z 7→ 〈x(z), y(z)〉 is an element of C0(Z), for
every x, y ∈ Γ.

Example 2.2. Let ((Hz)z∈Z ,Γ) be a continuous field of Hilbert spaces
over a discrete space Z. One can easily conclude from definition of
continuous field of Hilbert spaces that Γ =

∏
z∈Z Hz.

A morphism ψ : ((Hz)z∈Z ,Γ) −→ ((Kz)z∈Z ,Γ
′) of continuous fields

of Hilbert spaces is a family of linear maps {ψz : Hz −→ Kz : z ∈ Z}
such that the induced map ψ : H −→ K on the total spaces satisfies
{ψ◦x : x ∈ Γ} ⊆ Γ′ and also the map z 7→ ‖ψz‖ is locally bounded. By
[7, Proposition 4.7.], Γ has a structure of Hilbert C0(Z)-module with
pointwise multiplication and inner product

〈x, y〉(z) = 〈x(z), y(z)〉 (x, y ∈ Γ, z ∈ Z).

Indeed, the category of Hilbert C0(Z)-modules is equivalent to the
category of continuous fields of Hilbert spaces [7, Proposition 4.8]. In
particular, if ((Hz)z∈Z ,Γ) and ((Kz)z∈Z ,Γ

′) are the corresponding con-
tinuous fields of Hilbert spaces to Hilbert C0(Z)-modules X and Y ,
then for each Λ in End(X,Y ), the map Λz : Hz −→ Kz defined by
Λz(x(z)) = (Λ(x))(z) is a well-defined bounded linear operator, for
every z ∈ Z [7].

Example 2.3. If we consider A = C0(Z) as a Hilbert A-module, in the
natural way, then the corresponding continuous field of Hilbert spaces
to Hilbert A-module A is ((Cz)z∈Z ,ΓA), where Cz = C, for every z ∈ Z
and ΓA = {(f(z))z∈Z : f ∈ C0(Z)}. In particular, when Z is discrete
then ΓA = C0 −

∏
z∈Z Cz.
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3. Holomorphic Hilbert bundles

Let A be a C∗-algebra, Â the spectrum of A and P (A) be the set
of pure states of A. In general, P (A) is not compact, in this case we
consider P0(A) = P (A) ∪ {0}. However, we set P0(A) = P (A), when
P (A) is compact.

We use the notations π = [f ] and f = (π, e), whenever π : A −→
B(Hπ) is a member of Â and e = h ⊗ h for some unit vector h ∈ Hπ

and f is the pure state f(·) = 〈π(·)h, h〉.
In this case, the unitary equivalence class of f (as a set) is equal to

R1(Hπ) := {e ∈ B(Hπ) : e is a rank one projection}.
The set R1(Hπ) has a natural holomorphic manifold structure that is
independent of the chosen representative element in each equivalence
class in P (A) [5]. Therefore, we can identify P (A) as the disjoint union
of projective spaces, i. e.,

P (A) =
∪
π∈Â

{π} ×R1(Hπ).

Then P0(A) has a natural holomorphic manifold structure and it has
a natural uniform structure determined by the seminorms arising from
evaluation at the elements of A.

In [5], G. A. Elliott and K. Kawamura introduced the concept of
uniformly continuous holomorphic Hilbert bundle of dual Hopf type
over pure states of a C∗-algebra.

4. Some Applications

In [8], the categorical approach to Hilbert C0(Z)-modules used to
determine the existence of frames in Hilbert C∗-modules [6, Question
8.1]. More precisely, the existence of a family {fi}i∈I of elements of
X, such that Σi∈I〈x, fi〉〈fi, x〉 is convergent in unltra weak operator
topology to some element in universal enveloping von Neumann algebra
of A. Also, there exist constants 0 < C ≤ D < ∞ such that for all
x ∈ X,

C〈x, x〉 6 Σi∈I〈x, fi〉〈fi, x〉 ≤ D〈x, x〉

Theorem 4.1. Let (H,X(H)) be a continuous field of Hilbert spaces
over an infinite locally compact Hausdorff space T with some accumula-
tion points. There is a countable subsetW ⊆ T and a point t∞ ∈ W̄/W
that Ht is separable for every t ∈ W and Ht∞ is non-separable. More-
over, X(H) as a Hilbert C0(T )-module has no frames.

Moreover, for a C∗-algebra of compact operators, i.e. a C∗-algebra
that admits a non-degenerate representation in K(H), for some Hilbert
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space H, this approach has been applied to determine the structure of
a Hilbert Au C-module that admits no-frames [1] and [2].

In [3, Definition 1.3], algebra-valued G-frames in Hilbert C∗-modules
has been defined as a family {Λi ∈ End(X,A) : i ∈ I} such that there
exist constants 0 < C ≤ D <∞ that for every x ∈ X,

C〈x, x〉 ≤
∑
i∈I

〈Λi(x),Λi(x)〉 ≤ D〈x, x〉, (4.1)

where, by using the standard isometric embedding of A into its univer-
sal enveloping von Neumann algebra A∗∗, the value

∑
i∈I〈Λi(x),Λi(x)〉

is the limit of the increasingly ordered net of its finite partial sums
with respect to the ultraweak topology on A∗∗. Considering a Hilbert
C0(Z)-module as a continuous field of Hilbert spaces, the following
result holds.
Theorem 4.2. [3, Corollary 2.6] Every Hilbert C∗-module over a com-
mutative C∗-algebra A admits an algebra-valued G-frame iff A is C∗-
algebra of compact operators.

Also, in [4], orthogonality preserving pairs of operators on continuous
fields of Hilbert spaces, which is one of the interesting problems in the
study of linear preserving problems has been studied. By definition,
pair of Ψ,Φ : E → F , where E and F are Hilbert C0(Z)-modules, such
that for every x, y ∈ E, 〈x, y〉 = 0 implies 〈Ψ(x),Φ(y)〉 = 0.
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Abstract. An operator T ∈ L(X) is calledM -topologically tran-
sitive, if for each pair of nonempty open subsets U ,V of M that
are relatively open, there is a positive integer n ≥ 0, such that
Tn(U) ∩ V ̸= ϕ and M is an invariant subspace under Tn. In
this paper, we describe the local subspace transitivite operator and
some topological properties of the set JM (x) will be investigated.

1. Introduction

Assume that X is an arbitrary Banach space with a closed subspace
M and T ∈ L(X) is a continuous linear map. If for every pair of
nonempty open subset (U, V ) of X, there is an n ∈ N, so that subset
T n(U) ∩ V ̸= ϕ and M is an invariant subspace under T n, then the
operator T is called M -topologically transitive. When M = X, then
T is called topologically transitive and for the first time, Birkhoff [3]
proposed the topological transitivity operator with an example, which
plays an important role in approximating any entire function belong-
ing to H(C). In [7], [8] and [9] one can see more information about
M -topologically transitive.

1991 Mathematics Subject Classification. Primary; 47A16, Secondary; 37B99,
54H99.

Key words and phrases. topologically transitive operators, subspace hypercyclic-
ity, J-class operators.
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Authors in [4] and [5] tried to introduce the localized notion of topo-
logically transitivity. In fact, they proposed J(x) for a vector x in
Banach space X as following:

J(x) = {z ∈ X; there exist a sequence {zn} ⊂ X and a strictly

increasing sequence of positive integers {mn}, such
that zn −→ x and Tmnzn −→ z}.

An equivalent definition for the set J(x) through the open sets and a
criterion for J-class operators were presented in [1]. Two good books
for the study on transitivity and J-class operators are [2] and [6].

In this paper, we will define the definition of M -extended limit set
for a vector x and some topological properties of it will be investigated.

2. Preliminaries and Main Results

Although this section is devoted to the main results of this paper,
but firstly we give some preliminaries.

Definition 2.1. M -extended limit set of vector x under an operator
T ∈ L(X) is the set of all y ∈ M such that there is a sequence {zn}
in subspace M and a strictly increasing sequence {kn} ⊂ N such that
zn −→ x and T knzn −→ y, and for all n, T kn(M) ⊆M .
The M -extended limit set of vector x under an operator T is denoted
by JM(x).

Proposition 2.2. Let T ∈ L(X) be anM-topologically transitive oper-
ator. Then for every nonempty relatively open subsets U , V ofM , there
is an infinite subset P ⊆ N such that for all n ∈ P ,the set V ∩ T−n(U)
is nonempty and M is an invariant subspace under T n.

Proof. If T ∈ L(X) is anM -transitive operator and U , V are nonempty
relatively open subsets of M and if n0 ≥ 0, so that T−n0(U) ∩ V ̸= ∅
and T n0(M) ⊆ M , then two distinct vectors x, y ∈ T−n0(U) ∩ V and
relatively open subsets Ux and Uy of M are assumed, so that Ux,Uy ⊂
T−n0(U) ∩ V and Ux ∩ Uy = ∅.
According to the assumptions, there is an integer k ≥ 1, such that we
have T k(M) ⊆M and T−k(Ux)∩Uy ̸= ∅. Thus, the set V ∩T−(k+n0)(U)
is nonempty and, clearly, T (n0+k)(M) ⊆ M . By repeating the above
method, it can be ensured that there is an infinite subset P of N, such
that for every n ∈ P , V ∩ T−n(U) ̸= ∅ and T n(M) ⊆M . �
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The recent proposition shows that one can find a strictly icreasing
sequence {kn} ⊂ N with desirable property in the following theorem.
Theorem 2.3. Assume that T ∈ L(X) and x ∈ M . In this case,
we have JtraM (x) = JM(x) where JtraM (x) is the set of all y ∈ M such
that for every relatively open neighborhoods Ux, Vy of vectors x, y in M
respectively, and every positive integer n0, there exists an integer n > n0

such that T n(Ux) ∩ Vy ̸= ∅ and T n(M) ⊆M .
Proof. Assume that y ∈ JtraM (x), k0 = 1, N = kn−1 and set U(x,n) =

B(x,
1

n
)∩M , V(y,n) = B(y,

1

n
)∩M , for every n ∈ N. By the assumption,

integer kn > N and vector xn ∈ U(x,n) exist such that T kn(M) ⊆ M
and T knxn ∈ V(y,n). Thus the sequences {kn} and {xn} are proposed by
induction so that we have xn −→ x and T knxn −→ y. This completes
the proof of nontrivial side. �

For an operator T ∈ L(X), if equality JM(x) =M is established for
a vector x ∈ M , then x is a subspace J-class vector for subspace M
under T . We then call T a JM -class operator.

According to the earlier proposition which in fact defines a local-
ized M -transitive operator, it is concluded that T ∈ L(X) is an M -
transitive operator if and only if JM(x) =M for all x ∈M . Now, some
topological properties of the set JM(x) will be investigated.
Theorem 2.4. Let T ∈ L(X). Then the set of all subspace JM -class
vectors for subspace M under T is a closed, connected and T -invariant
set.
Proof. For convenience in the proof process, set:

J = {x ∈M ; JM(x) =M}.
Clearly, the set J is a T -invariant set .

step1. the set J is connected. For the proof of this claim and to
overlook the trivial state, assume that x ∈ J , y ∈ M , λ ∈ C and
λ ̸= 0. In this case, there is a strictly increasing sequence {kn} ⊂ N
and a sequence {xn} ⊂M , such that xn −→ x and T knxn −→ 1

λ
y.

If {λn} ⊂ C, λn −→ λ, then, λnxn −→ λx and T kn(λnxn) −→ y. Thus
y ∈ JM(λx), or equivalently, JM(λx) = Cx.
Note that fore every vector x, the set Cx is connected and J =

∪
x∈J

Cx.

In the end of this step, if λn −→ 0, then JM(0) = M or 0 ∈ J . Since
0 ∈

∩
x∈J

Cx, so J is a connected set.
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step2. Suppose that an arbitrary sequence {yn} ⊆ JM(x) converges
to x, then we claim that y ∈ JM(x).
If N ∈ N and two arbitrary relatively open sets Ux and Uy are consid-
ered, then by the theorem 2.3, there exis integer n1 > N , yn1 ∈ Uy and
relatively open set Uyn1

such that Uyn1
⊂ Uy. Reuse of the theorem

2.3 shows that there is an integer n > n1, such that;
∅ ̸= T n (Ux) ∩ Uyn1

⊆ T n(Ux) ∩ Uy and T n(M) ⊆M.

Hence, the proof is completed.
�
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Abstract. For an operator T ∈ L(X) and a vector x ∈ X,
JT (x) denotes the set of all points y ∈ X for which there is a
sequence {zn} ⊂ X and a strictly increasing sequence {kn} ⊂ N
such that zn −→ x and T knzn −→ y. For some non-zero vector x,
if JT (x) = X, then x is called a J-class vector for J-class operator
T . In this paper, we show that, the set of all J-class operators on
a Banach space X is either empty or, it contains at least two oper-
ators of L(X). Also, by providing a nontrivial example, we show
that JT (0) = X however, T is not a J-class operator, so J-class
vector should be a non-zero vector.

1. Introduction

Assume that X is a Banach space over the field C of complex num-
bers space and T ∈ L(X). If for every pair of nonempty open subsets
(U, V ) ofX, there is n ∈ N, so that subset T n(U)∩V is nonempty; then,
the map T is transitive. For the first time, Birkhoff [3] proposed the
topological transitivity operator with an example, which plays an im-
portant role in approximating any entire function belonging to H(C).
If the underlying space is considered as a separable Banach space, then
transitivity is equivalent to hypercyclicity. To clarify the notion of
hypercyclicity, note that, if for an x ∈ X the orbit of x under T , i.e.
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orb(T, x) = {T nx; n = 0, 1, 2, · · · } is dense in X, then x is called a hy-
percyclic vector for the hypercyclic operator T . Ansari [1] constructed
a hypercyclic operator for an arbitrary infinite-dimensional separable
Banach space. Therefore every non-separable Banach space is deleted
in hypercyclicity.

Authors in [4] proposed JT (x) for an operator T and a vector x in
Banach space X as following:

JT (x) = {z ∈ X : there exist a sequence {zn} ⊂ X and a strictly

increasing sequence of positive integers {mn}, such
that zn −→ x and Tmnzn −→ z}.

Then they claimed that an equivalent definition for this set as follows;

JT (x) = {z ∈ X : for every pair of neighborhoods U, V of

x, z respectively, there exists a positive integer

n such that T nU ∩ V ̸= ϕ}.

An operator T is called a J-class operator if there exists a non-zero
x ∈ X such that JT (x) = X. In fact, authors in [4] have tried to
introduce the localized notion of hypercyclicity. Firstly with an exam-
ple, we demonstrate the above localization is wrong. Indeed, consider
the backward shift operator B on ℓ2(N) the space of square summable
sequences, and set T = 1

2
B. Now consider a vector z ∈ ℓ2(N) such

that Tz ̸= 0. Obviously the vector Tz belongs to the recent set, but
for every strictly increasing sequence of positive integers {kn} and ev-
ery sequence {zn} ⊂ X, if zn −→ z then T knzn −→ 0 and we get
JT (x) = {0}. Thus the above recent set is not equivalent to JT (x).
It worth to mention that, an equivalent definition for the set JT (x)
through the open sets was introduced by Asadipour and Yousefi, [2].
To be precise;

JT (x) = {z ∈ X : for every pair of neighborhoods U, V of

x, z respectively, and every N ∈ N there exists

an integer n > N such that T nU ∩ V ̸= ϕ}.

In the following, we use this new definition to construct new J-class
operators from a J-class operator. Also, we show that, why should the
J-class vector be non-zero?
More information on the J-class operators and hypercyclicity can be
seen in [5], [6] and [7].
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2. Main results

As we mentioned in the previous section, the underlying Banach
space in hypercyclicity should be separable, however, this restriction is
not in the J-class. In other words, in addition to the separable spaces,
which are considered in the hypercyclicity, some non-separable Banach
spaces such as ℓ∞(N) support J-class operators, [4]. So we stress that
in the following, X denotes only a Banach space, unless emphasis on
its separability or non-separability.

Theorem 2.1. Let T ∈ L(X) be a J-class operator. Then for ev-
ery invertible operator, S ∈ L(X), the operator S−1TS is a J-class
operator.

Proof. Consider x ∈ X as a J-class vector for the operator T and fix
an N ∈ N. If y ∈ X is an arbitrary vector and US−1x, Vy are two open
neighborhoods of S−1x and y, respectively, then by invertibility of S,
there exists an integer n > N such that;

T nS(US−1x) ∩ S(Vy) ̸= ϕ.

Therefore S−1T nS(US−1x) ∩ Vy ̸= ϕ or equivalently y ∈ JS−1TS(S
−1x).

Hence the vector S−1x is a J-class vector for the operator S−1TS. �

So the set of all J-class operators on a Banach space X is either
empty, or contains many operators of L(X). As you see, the proof
was very easily expressed with the help of the equivalent definition for
JT (x) through the open sets. Now we want to answer the following
question;

Why should the J-class vector be non-zero in definition?
Contrary to the obvious example provided in [4], in the following, a
nontrivial operator T will be raised such that JT (0) = X however, is
not a J-class operator. In fact, the unilateral weighted backward shift
T on ℓ2(N) with the weight sequence {wn}n∈N ⊆ N is topological tran-
sitive, if, and only if lim sup

n
(
n∏
i=1

wi) = +∞, [6], therefore the following
operator T is not local topological transitive anywhere except at zero.

Example 2.2. Consider weighted backward shift operator T on ℓ2(N)
given by:

T (x1, x2, · · · ) = (2x2,
3

2
x3,

4

3
x4, · · · ).

Also let Y be the set of finite sequences with entries z ∈ C that
Re(z) ∈ Q, Im(z) ∈ Q. Since Y is dense in ℓ2(N), so there are
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strictly increasing sequence {2k}k, sequence {xk} ⊂ Y that
xk = (x1, 0, x3, 0, · · · , x2k−1, 0, 0, · · · ),

xk −→ 0 as k −→ ∞ and T 2kxk = 0. Now, for the random member
y = (y1, 0, y3, 0, · · · , y2m+1, 0, 0, · · · ) ∈ Y

and k ≥ 1, we set;

w2k(y) = (0, · · · , 0︸ ︷︷ ︸
2k−times

,
y1

2k + 1
, 0 ,

3y3

2k + 3
, 0, · · · , (2m+ 1)y2m+1

2(k +m) + 1
, 0, 0, · · · ).

Clearly, for every k ∈ N ∪ {0}, w2k(y) belongs to Y and the sequence
{w2k(y)} is a sequence in ℓ2(N). Since

||w2k(y)||2 =
2m∑
j=1

| j

2k + j
yj|2 ≤ 4m2

(2k + 1)2
||y||2,

so w2k(y) −→ 0, as k −→ ∞. Note that for n ≥ 1:

T n(x1, x2, x3, · · · ) =
(
(n+ 1)xn+1,

1

2
(n+ 2)xn+2,

1

3
(n+ 3)xn+3, · · ·

)
,

thus

T 2kw2k(y) =

(
(2k + 1)

1

2k + 1
y1, 0, (

2k + 3

3
)(

3

2k + 3
)y3, 0, · · · ,

(
2(k +m) + 1

(2m+ 1)
)(

2m+ 1

2(k +m) + 1
)y2m+1, 0, 0, · · ·

)
= y.

Hence all conditions of the J-class Criterion in [2] holds and JT (0) =
ℓ2(N).
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Abstract. In the following text for φ : N0 → N0 we show that if
σφ(E) ⊆ E, then φ is finite fiber, however the inverse implication
is not true (where E denotes the collection of all entire functions
and for

∑
n≥0

anz
n ∈ C[[z]] we have σφ(

∑
n≥0

anz
n) =

∑
n≥0

aφ(n)z
n).

1. Introduction

Generalized shifts have been studied in different areas like: “Dynamical
Systems”, “Functional Analysis”, “Group Theory”, “Ergodic Theory”,
“Transformation groups”, etc. (see e.g., [1, 3]), our main aim in this
text is to have a glance at generalized shifts with taste of “Complex
Analysis”, let’s mention that shift operators have been studied in an-
alytic approaches by so many authors (see, e.g., [4, 5, 6]) although
our point of view is different in some senses. It’s common to consider
an entire function as a member of all formal power series with coef-
fecients in complex domain C, C[[z]] =

{
+∞∑
n=0

anz
n : ∀n ≥ 0 an ∈ C

}
,
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where C[[z]] is a ring equipped with following sum and product (con-

sider
+∞∑
n=0

anz
n,

+∞∑
n=0

bnz
n ∈ C[[z]]):

+∞∑
n=0

anz
n +

+∞∑
n=0

bnz
n =

+∞∑
n=0

(an + bn)z
n ,

(
+∞∑
n=0

anz
n) (

+∞∑
n=0

bnz
n) =

+∞∑
n=0

(
∑
i+j=n

aibj)z
n .

For nonempty sets Γ, X and φ : Γ → Γ we call σφ : XΓ → XΓ

(xα)α∈Γ 7→(xφ(α))α∈Γ

a gen-

eralized shift (generalized shift has been introduced for the first time
in [2] as a generalization of one–sided and two–sided shifts).
For region U in C suppose H(U) denote the collections of all holomor-
phic functions on U , in particular E := H(C) denotes the collection
of all entire functions, so one may consider inclusions E ⊆ H(U) ⊆
C[[z]](= CN0 , where N0 = {0, 1, 2, ...} and U = {z ∈ C : |z| < 1}), so
for φ : N0 → N0 one may consider σφ �E and σφ �U, with σφ(

∑
n≥0

anz
n) =∑

n≥0

aφ(n)z
n. Note that σφ : C[[z]] → C[[z]] is a morphism of algebras.

Let’s mention that:

E =

{∑
n≥0

anz
n ∈ C[[z]] : lim

n→∞
|an|

1
n = 0

}
,

H(U) =

{∑
n≥0

anz
n ∈ C[[z]] : lim sup

n→∞
|an|

1
n ≤ 1

}
.

2. Main results and counterexamples

In this section for φ : N0 → N0 we show:
• σφ(H(rU)) ⊆ H(U) for all r > 1,
• if σφ(E) ⊆ E, then φ is finite fiber, i.e., for all n ≥ 0, φ−1(n) is
finite.

The text will be motivated by counterexamples.
Theorem 2.1. For φ : N0 → N0 if σφ(E) ⊆ E, then for all n ≥ 0,
φ−1(n) is finite.
Proof. If there exists m ≥ 0 such that φ−1(m) = {n1, n2, . . .} with
n1 < n2 < · · · , and zm =

∑
n≥0

anz
n ∈ E then lim sup

n→∞
|aφ(n)|

1
n =

lim
k→∞

|aφ(nk)|
1
nk = lim

k→∞
|am|

1
nk = 1 and σφ(zm) /∈ E. �
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In the following example we show in Theorem 2.1 one can not replace
E with U.

Example 2.2. For p ≥ 0, consider constant map φp : N0 → N0
n 7→p

, then

for all
∑
n≥0

anz
n ∈ C[[z]] we have:

lim
n→∞

|aφp(n)|
1
n = lim

n→∞
|ap|

1
n =

{
1 ap ̸= 0
0 ap = 0

which leads to σφ(H(U)) = σφ(E) = σφ(C[[z]]) ⊆ H(U).

Theorem 2.3. For φ : N0 → N0 and r > 1 we have σφ(E) ⊆
σφ(H(rU)) ⊆ H(U).

Proof. Consider
∑
n≥0

anz
n ∈ H(rU), then

∑
n≥0

an is a(n absolutely) con-

vergent serries and lim
n→∞

an = 0. Suppose θ := lim sup
n→∞

|aφ(n)|
1
n . There

exists n1 < n2 < · · · with θ = lim
k→∞

|aφ(nk)|
1
nk . We have the following

cases:
- Case 1: {φ(nk)}k≥1 has a constant subsequnce {φ(nkj)}j≥1: in this
case suppose φ(nkj) = p for all j ≥ 1, then θ = lim

k→∞
|aφ(nk)|

1
nk =

lim
j→∞

|aφ(nkj
)|

1
nkj = lim

j→∞
|ap|

1
nkj ∈ {0, 1}.

- Case 2: {φ(nk)}k≥1 does not have any constant subsequnce: in this
case using lim

n→∞
an = 0 for all ε > 0 there exists N ≥ 1 such that

|an| < ε for all n ≥ N . Since {φ(nk)}k≥1 does not have any constant
subsequnce there exists L ≥ 1 such that φ(nk) ≥ N for all k ≥ L,
hence θ = lim

k→∞
|aφ(nk)|

1
nk ≤ lim sup

k→∞
ε

1
nk = 1

Using the above cases θ = lim sup
n→∞

|aφ(n)|
1
n ≤ 1 and σφ(

∑
n≥0

anz
n) ∈

H(U). �

Example 2.4. Consider φ : N0 → N0 with φ(n!) = n (n ≥ 1),
then for ez =

∑
n≥0

zn

n!
∈ E and an = 1

n!
we have lim sup

n→∞
|aφ(n)|

1
n ≥

lim sup
n→∞

|aφ(n!)|
1
n! = lim sup

n→∞
|an|

1
n! = 1 hence by Theorem 2.3, σφ(

∑
n≥0

zn

n!
) ∈

H(U) \ E.

Following example shows that Theorem 2.3 is not valid for r = 1.
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Example 2.5. Consider φ : N0 → N0 with φ(n) = (n + 1)n, then for∑
n≥0

nzn ∈ H(U) and an = n we have:

lim sup
n→∞

|aφ(n)|
1
n = lim sup

n→∞
|a(n+1)n|

1
n = lim sup

n→∞
(n+ 1) = +∞ .

Hence
∀s > 0 σφ(

∑
n≥0

nzn) /∈ H(sU) .
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Abstract. In this paper, we establish Ostrowski’s type inequal-
ity for uniformly s-convex functions. Also, we obtain some new
inequalities of Ostrowski’s type for functions whose derivatives in
absolute value are the class of uniformly s-convex.

1. Introduction

In 1928 Ostrowski proved the following result:
IF f : I → R is continous on (a, b) and f ′ : I → R is bounded on (a, b)
such that ||f ′||∞ <∞ then

|f(x)− 1

b− a

∫ b

a

f(t)dt| ≤ [
1

4
+

(x− a+b
2
)2

(b− a)2
](b− a)||f ′||∞

for all x ∈ (a, b). The constant 1
4
in above inequality is the best.

Because of the attractiveness of the inequality topic, in recent years, a
lot of researchers have improved the Ostrowski and other inequality to
other functions (see[1], [3], [4], [5]).
In this section, we consider the basic concepts and results, which are
needed to obtain our main results.

In [[2], Definition 10.5], the class of uniformly convex functions is
defined as follows and we generalize this definition to uniformly convex
functions in the following.

1991 Mathematics Subject Classification. 26D15, 26D07, 39B62.
Key words and phrases. Uniformly s-convex functions, Hölder inequality, Os-

trowski inequality.
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Definition 1.1. Let f : R → R be a function. Then f is called
uniformly s-convex function with modulus ψ : [0,+∞) → [0,+∞] if ψ
is increasing, ψ vanishes only at 0, and

f(tx+ (1− t)y) + ts(1− t)ψ(|x− y|) ≤ tsf(x) + (1− t)sf(y), (1.1)

for each x, y ∈ [0,+∞) and t ∈ [0, 1]. Furthermore, if s = 1, then f is
called uniformly convex.

Example 1.2. ([2]) In view of the equality,

(tx+ (1− t)y)2 + t(1− t)(x− y)2 = tx2 + (1− t)y2,

for all t ∈ (0, 1) and x, y ∈ R, the function f(t) = t2 for t ∈ R is
uniformly convex with s = 1 and modulus ψ(t) = t2 for all t ≥ 0.

In [1], Alomari et al. proved the following inequality of Ostrowski
type for functions whose derivative in absolute value are s-convex in
the second sense.

Lemma 1.3. Let f : I ⊂ R → R be a differentiable mapping on Io and
a, b ∈ I with a < b. If f ′ ∈ L[a, b], then the following equality holds:

f(x)− 1

b− a

∫ b

a

f(t)dt =
(x− a)2

b− a

∫ 1

0

tf ′(tx+ (1− t)a)dt

− (b− x)2

b− a

∫ 1

0

tf ′(tx+ (1− t)b)dt

for each x ∈ [a, b].

2. Main results

2.1. Ostrowski type inequalities.

Theorem 2.1. Let f : I ⊂ [0,+∞) → [0,+∞) be a differentiable
mapping on Io such that f ′ ∈ L[a, b], where a, b ∈ I with a < b.
If |f ′| is uniformly s-convex on [a, b] for some fixed s ∈ (0, 1] and
|f ′(x)| ≤M,x ∈ [a, b], then the following inequality holds:

|f(x)− 1

b− a

∫ b

a

f(t)dt| ≤ M

b− a
[
(x− a)2 + (x− b)2

s+ 1
]

− 1

b− a
[
(x− a)2ψ(|x− a|) + (x− b)2ψ(|x− b|)

(s+ 1)(s+ 2)
].
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Proof. In view of Lemma 1.3 and uniformly s-convexity of |f ′|, one has

|f(x)− 1

b− a

∫ b

a

f(t)dt| ≤

(x− a)2

b− a

∫ 1

0

t|f ′(tx+ (1− t)a)|dt+ (b− x)2

b− a

∫ 1

0

t|f ′(tx+ (1− t)b)|dt

≤ (x− a)2

b− a

∫ 1

0

t[ts|f ′(x)|+ (1− t)s|f ′(a)| − ts(1− t)ψ(|x− a|)]dt

+
(x− b)2

b− a

∫ 1

0

t[ts|f ′(x)|+ (1− t)s|f ′(b)| − ts(1− t)ψ(|x− b|)]dt

≤ (x− a)2

b− a
[
|f ′(x)|
s+ 2

+
Γ(2)Γ(s+ 1)

Γ(s+ 3)
|f ′(a)| − Γ(s+ 2)Γ(2)

Γ(s+ 4)
ψ(|x− a|)]

+
(x− b)2

b− a
[
|f ′(x)|
s+ 2

+
Γ(2)Γ(s+ 1)

Γ(s+ 3)
|f ′(b)| − Γ(s+ 2)Γ(2)

Γ(s+ 4)
ψ(|x− b|)]

≤ (x− a)2

b− a
[
M

s+ 1
− ψ(|x− a|)

(s+ 3)(s+ 2)
] +

(x− b)2

b− a
[
M

s+ 1
− ψ(|x− a|)

(s+ 3)(s+ 2)
]

≤ M

b− a
[
(x− a)2 + (x− b)2

s+ 1
]− 1

b− a
[
(x− a)2ψ(|x− a|) + (x− b)2ψ(|x− b|)

(s+ 3)(s+ 2)
]

�

Remark 2.2. In Theorem 2.3, if s = 1, then

|f(x)− 1

b− a

∫ b

a

f(t)dt| ≤ M

b− a
[
(x− a)2 + (x− b)2

2
]

− 1

b− a
[
(x− a)2ψ(|x− a|) + (x− b)2ψ(|x− b|)

12
].

New inequalities of Ostrowski’s type for uniformly s-convex functions
as follows:

Theorem 2.3. Let f : I ⊂ [0,+∞) → [0,+∞) be a differentiable
mapping on Io such that f ′ ∈ L[a, b], where a, b ∈ I with a < b. If |f ′|q
is uniformly s-convex on [a, b] for some fixed s ∈ (0, 1], p, q > 1, 1

p
+1
q
= 1

and |f ′(x)| ≤M,x ∈ [a, b], then the following inequality holds:

|f(x)− 1

b− a

∫ b

a

f(t)dt| ≤(x− a)2

b− a
(

1

p+ 1
)
1
p [
2(s+ 2)M q − ψ(|x− a|)

(s+ 1)(s+ 2)
]
1
q

+
(x− b)2

b− a
(

1

p+ 1
)
1
p [
2(s+ 2)M q − ψ(|x− b|)

(s+ 1)(s+ 2)
]
1
q
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Proof. By Lemma 1.3 and Hölder’s inequality, we conclude

|f(x)− 1

b− a

∫ b

a

f(t)dt| ≤

(x− a)2

b− a
[(

∫ 1

0

tpdt)
1
p (

∫ 1

0

|f ′(tx+ (1− t)a)|qdt)
1
q

+
(x− b)2

b− a
[(

∫ 1

0

tpdt)
1
p (

∫ 1

0

|f ′(tx+ (1− t)b)|qdt)
1
q

≤ (x− a)2

b− a
(

1

p+ 1
)
1
p (
|f ′(x)|q

s+ 1
+

|f ′(a)|q

s+ 1
− ψ(|x− a|)

(s+ 1)(s+ 2)
)
1
q

+
(x− b)2

b− a
(

1

p+ 1
)
1
p (
|f ′(x)|q

s+ 1
+

|f ′(b)|q

s+ 1
− ψ(|x− b|)

(s+ 1)(s+ 2)
)
1
q

≤ (x− a)2

b− a
(

1

p+ 1
)
1
p [
2(s+ 2)M q − ψ(|x− a|)

(s+ 1)(s+ 2)
]
1
q

+
(x− b)2

b− a
(

1

p+ 1
)
1
p [
2(s+ 2)M q − ψ(|x− b|)

(s+ 1)(s+ 2)
]
1
q .

�
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Abstract. In this paper, some relationships between vector variational-
like inequality problem and non-smooth vector optimization prob-
lem by using α-preinvex non-smooth weak subdifferen- tiable func-
tions are proved. The vector critical points, the weakly efficient
points and the solutions of the weak vector variational- likeinequal-
ity, based on the weak subdifferentiablity and pseudo-α-preinvexity
assumptions are introduced.

1. Introduction

The notion of weak subdifferential which is a generalization of the
classic subdifferential, is introduced by Azimov and Gasimov [7]. The
main ingredient is the method of supporting the given nonconvex set.
Subgradients plays an important role in deriving of optimality condi-
tions and duality theorems. The first canonical generalized gradient
introduced by Clarke. He applied this generalized gradient systemati-
cally to nonsmooth problems in a variety of problems.
The concept of vector variational inequality was introduced by [3]. Sev-
eral authors have discussed relationships between vector variational
inequalities and vector optimization problems under some convexity
or generalized convexity assumptions. The variational-like inequality

1991 Mathematics Subject Classification. Primary 47J30; Secondary 30H05,
46A18.

Key words and phrases. Non-differentiable vector optimization, invex set, Weak
subdifferential, Vector variational-like inequality, G-α-preinvex Functions .
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problems are closely related to the concept of the invex and pre-invex
functions [2, 4],which generalize the notion of convexity of functions.
Yangand Chen [6] and Noor [4] have shown that the minimum of in-
vex functions on the invex sets can be characterized by variational-like
inequalities. Ruiz-Garzon et al. [2] presented relationships between
vectorvariational-likeinequality and optimization problems,under the
assumptions of pseudo-preinvexity.

Definition 1.1. [7] Let f : R → R be a function and x̄ ∈ R be a given
point. A pair (x∗, c) ∈ R × R+ where R+, the set of nonnegative real
numbers, is called the weak subgradient of f at x̄ ∈ X if the following
inequality holds:

(∀x ∈ R) f(x)− f(x̄) ≥ x∗(x− x̄)− c|x− x̄|.

The set

∂wf(x̄) =
{
(x∗, c) ∈ R×R+ : (∀x ∈ R) f(x)−f(x̄) ≥ x∗(x−x̄)−c|x−x̄|

}
of all weak subgradients of f at x̄ ∈ R is called the weak subdifferential
of f at x̄ ∈ R. If ∂wf(x̄) ̸= ∅ , then f is called weakly subdifferentiable
at x̄.

Now we generalize the weak subdifferential for f : R → Rp as follows.

Definition 1.2. Let f : R → Rp be a function and x̄ ∈ R be a given
point. A pair (x∗, c) ∈ Rp×R+p where R+, the set of nonnegative real
numbers, is called the weak subgradient of f at x̄ ∈ X if the following
inequality for i = 1, 2, ..., p holds:

(∀x ∈ R) fi(x)− fi(x̄) ≥ x∗i(x− x̄)− ci|x− x̄|.

The set of all weak subgradients of f at x̄ ∈ R is called the weak sub-
differential of f at x̄ ∈ R. If ∂wf(x̄) ̸= ∅ , then f is called weakly
subdifferentiable at x̄.
Let Rp be the p-dimensional Euclidean space and R+, be its non-
negative orthant. The following stipulation for equalities and inequal-
ities will be used throughout this paper. If x, y ∈ Rp, then

(1) x 6 y ⇐⇒ xi ≤ yi, i = 1, 2, ..., p with strict inequality holding
for atleast one i;

(2) x ≤ y ⇐⇒ xi ≤ yi, i = 1, ..., p;
(3) x = y ⇐⇒ xi = yi, i = 1, ..., p;
(4) x < y ⇐⇒ xi < yi, i = 1, ..., p.
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2. Main results

In the sequel we first recall the definition of α-invexity [1] and then
we state the main results.

Definition 2.1. Let the function η : S × S → R and α : S × S →
R+ − {0}, S ⊂ R. The set S is called α − invex, if for all x, x̄ ∈ S,
λ ∈ [0, 1], x̄+ λα(x, x̄)η(x, x̄) ∈ S

Definition 2.2. Let S be a closed and α − invex non-empty set and
i = 1, 2, ...p. The weak subdifferentiable function f : S → Rp is called

(1) α-preinvex if there exist the functions η : S × S → R and
α : S × S → R+ − {0} satisfying
∀x, x̄ ∈ S, fi(x)− fi(x̄) ≥ α(x, x̄)(x∗i η(x, x̄)− ci|η(x, x̄)| )
for all (x∗i , ci) ∈ ∂wfi(x̄)

(2) strictly α-preinvex if there exist the functions η : S × S → R
and α : S × S → R+ − {0}
satisfying
∀x, x̄ ∈ S, fi(x)− fi(x̄) > α(x, x̄)(x∗i η(x, x̄)− ci|η(x, x̄)| )
for all (x∗i , ci) ∈ ∂wfi(x̄)

(3) pseudo α -preinvex if there exist the functions η : S × S → R
and α : S × S → R+ − {0} satisfying

∀x, x̄ ∈ S, fi(x)− fi(x̄) < 0 =⇒ α(x, x̄)(x∗i η(x, x̄)− ci|η(x, x̄)|) < 0,

for all (x∗i , ci) ∈ ∂wfi(x̄).

The following definitions will be utilized in the following.

Definition 2.3. [1] For a given open subset S ⊂ R and f : S → Rp, a
point x̄ ∈ S is said to

(1) efficient(Pareto) solution to NVOP if there does not exist a
x ∈ S satisfying f(x) 6 f(x̄);

(2) weakly efficient (Pareto) solution to NVOP if there does not
exist a x ∈ S satisfying f(x) < f(x̄).

Definition 2.4. for a given open subset S ⊂ R and f : S → Rp. For
nonsmooth case,

(1) a vector variational-like inequality problem (VVLIP for short)
is to find a point x̄ ∈ S, and for any (x∗, c) ∈ ∂wf(x̄), there is
no x ∈ S satisfying x∗η(x, x̄)− c|η(x, x̄)| ≤ 0

(2) a weak vector variational-like inequality problem (WVVLIP for
short) is to find a point x ∈ S, and for any (x∗, c) ∈ ∂wf(x̄),
there is no x ∈ S satisfying x∗η(x, x̄)− c|η(x, x̄)| < 0.
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Now, we establish some results about VVLIP and NVOP under the
condition of α-preinvexity.
Theorem 2.5. Let S be a closed α-invex non-empty set and f : S → Rp

weakly subdifferentiable at x̄ ∈ S and α-preinvex with respect to η and
α .If x̄ ∈ S is a solution to the VVLIP with respect to the same η and
α, then x̄ is an efficient solution to the NVOP.

The following result states relation between the solution sets of NVOP
and WVVLIP.
Theorem 2.6. Let S be a closed α-invex non-empty set and f : S → Rp

be weakly subdifferentiable at x̄ ∈ S and pseudo-α-preinvex with respect
to η and α. If x̄ ∈ S is a solution to the WVVLIP then x̄ is a weak
solution for NVOP.
Theorem 2.7. Let S be a closed α-invex non-empty set and f : S → Rp

and strictly α-preinvex with respect to η and α ,for i = 1, 2, ...p,. If
x̄ ∈ S is a weak efficient solution to NVOP, then x̄ is an efficient
solution to NVOP.
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Abstract. We extend the notion of approximate quas-iconvexity
and we obtain relation between approximate solution existence of
theses problems and differential of set-valued functions. Hence,
we consider sufficient or necessary conditions of the existence of
approximate solution for Stampacchia variational inequality.

1. Introduction

Optimization problems and variational inequalities have played a
crucial role for solving engineering and economics problems. Set-valued
optimization problem deals with the problem of finding efficient ele-
ments of a set-valued function. Hence, the pioneer work in the theory
of vector variational inequalities in 1980 began by Giannessi that ex-
tended the classical variational inequality for vector-valued functions
and proposed Stampacchia variational inequality. In the last decades,
many problems with different constraint in engineering and econom-
ics have been considered that as mathematical modeling and these
models can be considered as optimization problems and variational
inequalities. Mishra and Laha in [3] and Gupta and Mishra in [2]
considered approximate convexity assumption and obtained necessary
or sufficient conditions for existence of solution of scalar optimization
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problems and Minty and Stampacchia variational inequalities. But we
generalized approximate convexity concepts and focus on set-valued
mappings and relation between set valued optimization problems and
Minty and Stampacchia variational inequalities.
The outline of this paper is as follows: In this section, we define an op-
timization problem and some preliminary definitions and results which
are utilized in the following. In section 2, we obtain necessary and
sufficient condition relation between optimization problem and Clarke
subdifferentials, hence we obtain some relations between existence of
solution of vector parametric optimization problems and Stampacchia
variational inequality.
We recall some definitions and preliminary results which are used in
the next sections. Let X and Y be normed spaces and P be a topo-
logical space. Let A and B be nonempty closed convex subsets of X
and Y, respectively, η : A × A −→ A is a continuous function such
that η(x, y) = −η(y, x) and C : X × P −→ 2Y be a set-valued map-
ping such that for any x ∈ X and for any p ∈ P , C(x, p) is a closed,
convex and pointed cone in Y such that intC(x, p) ̸= ∅. Assume that
e : X × P −→ Y is a continuous vector valued mapping satisfying
e(x, p) ∈ intC(x, p). Hence, suppose that K1 : A × P −→ 2A and
K2 : A× P −→ 2B.
Let the machinery of the problems be expressed by F : A× P −→ 2Y .
Consider the following parametric vector optimization problem, for
given p ∈ P :

(V OP (p)) Find x̄ ∈ clK1(x̄, p) such that, ∃ȳ ∈ F (x̄, p) ∩K2(x̄, p) :

∀x ∈ K1(x̄, p) (F (x, p)− ȳ) ∩ (−intC(x̄, p)) = ∅.
We denote the set of solutions of the above problems (V OP (p)) by S(p).
Special cases of the above problems are considered in [2] and [3]. We
extended approximately convex concept for set-valued functions then
by using of submonotonicity definition extend the following statements
for set-valued functions that stablished for single-valued functions by
Daniilidis and Georgiev in [5].

Function f is approximately convex iff ∂f is submonotone.
We introduce the following new classes of set valued functions, that
generalize definitions [2, 4].

2. Main results

In this section, we obtain some sufficient conditions for the existence
of solution of Problem (V OP (p)). Let us define
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Γ(p) = {x̄ ∈ A : ∀ȳ ∈ F (x̄, p) ∩K2(x̄, p)

∃x ∈ K1(x̄, p) : (F (x, p)− y) ∩ (−intC(x, p)) ̸= ∅},

Ē(p) = {x ∈ A : x ∈ clK1(x, p)}.
Theorem 2.1. Let A be a convex set and x0 ∈ A and F be approxi-
mately pseudoconvex of type II at x0 ∈ X. Then (x0, y0) is locally weak
minimal solution of

min
x∈A

F (x),

if and only if 0 ∈ ∂0F |A(x0, y0).
The following definitions generalize definitions of approximate effi-

cient solutions for optimization problems that were introduced in [3].
Definition 2.2. (a) A vector x0 ∈ X is said to be an approximate
efficient solution of type one of the Problem (V OP (p)) if and only if for
all ε > 0, there isn’t δ > 0 such that for all x ∈ k1(x0, p)∩Bδ(x0)\{x0}
∃y0 ∈ K2(x0, p)∩F (x0, p) : (F (x, p)−y0−εe(x0, p)∥x−x0∥)∩−intC(x0, p) = ∅.
(b) A vector x0 ∈ X is said to be an efficient solution of type two of
the Problem (V OP (p)) if and only if for all ε > 0, there exists δ > 0
such that for any x ∈ Bδ(x0) ∩K1(x0, p),

∃y0 ∈ K2(x0, p)∩F (x0, p) : F (x, p)−y0+εe(x0, p)∥x−x0∥ ⊆ Y \−intC(x0, p).

(c) A vector x0 ∈ X is said to be an efficient solution of type three of
the Problem (V OP (p)) if and only if for all ε > 0, there exists δ > 0
such that for any x ∈ Bδ(x0) ∩K1(x0, p),

∃y0 ∈ K2(x0, p)∩F (x0, p) : (F (x, p)−y0−εe(x0, p)∥x−x0∥)∩(−intC(x0, p)) = ∅.
The following definitions is genaralization of Definition 2.4 [2].

Definition 2.3. Function F is
(a) approximately quasiconvex of type I corresponding to η at x0 if for
all ε > 0 there exists δ > 0, that if x, y ∈ k1(x0, p) ∩Bδ(x0) and

F (x, p)− F (y, p) ⊆ Y \ −intC(x0, p).

then
⟨x∗, η(x, y)⟩ − εe(x0, p)∥x0 − x∥ ∈ −C(x0, p) ∀x∗ ∈ ∂F (x, p).

(b) approximately quasiconvex of type II corresponding to η at x0 if
for all ε > 0 there exists δ > 0, that if x, y ∈ k1(x0, p) ∩Bδ(x0) and

(F (x, p)− F (y, p) + εe(x0, p)∥x− x0∥) ∩ C(x0, p) ̸= ∅,
then

⟨x∗, η(x, y)⟩ ∈ −intC(x0, p) ∀x∗ ∈ ∂F (x, p).
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Definition 2.4. (a) A vector x0 ∈ clK1(x0, p) is said to be an ap-
proximate efficient solution of type one of Stampacchia variational in-
equality if and only if for all ε > 0, there isn’t δ > 0 such that for all
x ∈ K1(x0, p) ∩Bδ(x0)

∃z ∈ ∂F (x, p) : < z, η(y, x0)) > −εe(x0, p)∥x0 − x∥ ∈ Y \ −C(x0, p).
(b) A vector x0 ∈ clK1(x0, p) is said to be an efficient solution of type
two of Stampacchia variational inequality if and only if for all ε > 0,
there exists δ > 0 such that for any x ∈ K1(x0, p) ∩Bδ(x0),

∃z ∈ ∂F (x, p) : < z, η(x0, x) > +εe(x0, p)∥x− x0∥ ∈ Y \ −intC(x0, p).

(c) A vector x0 ∈ X is said to be an efficient solution of type three of
Stampacchia variational inequality if and only if for all ε > 0, there
exists δ > 0 such that for any x ∈ K1(x0, p) ∩Bδ(x0),

∃z ∈ ∂F (x, p) : < z, η(x0, x) > −εe(x0, p)∥x− x0∥ ∈ Y \ −intC(x0, p).

Theorem 2.5. Let F : X −→ 2Y be a function. Then
• (i) if F is approximately quasiconvex of type II at x0 ∈ X and
x0 is an efficient solution of type one of Stampacchia variational
inequality, then x0 is also an efficient solution of type one of
the Problem (V OP (p)) .

• (ii) if F is approximately quasiconvex of type II at x0 ∈ X
and x0 is an efficient solution of type two of the Stampacchia
variational inequality, then x0 is also an efficient solution of
type two of the Problem (V OP (p)).

• (iii) if F is approximately quasiconvex of type II at x0 ∈ X
and x0 is an efficient solution of type three of Stampacchia
variational inequality, then x0 is also an efficient solution of
type three of the Problem (V OP (p)) .
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Abstract. In this paper we by using fixed point Theorem prove
the stability of the Jensen functional equation in quasilinear spaces.

1. Introduction

Many authors have used the following fixed point theorem to proof
the stability of functional equations ( see[2]-[4]).
Theorem 1.1. Let (X, d) be a complete generalized metric space and let
J : X → X be a contraction map with a Lipschitz constant 0 < L < 1.
Then for each given element x ∈ X, either d(Jnx, Jn+1x) = ∞ for all
nonnegative integers n or there exists a positive integer n0 such that

(1) d(Jnx, Jn+1x) <∞ for all n > n0;
(2) the sequence Jnx converges to a fixed point x∗ofJ ;
(3) x∗ is the unique fixed point of J in the set Y := {y ∈ X|d(Jn0x, y) <

∞};
(4) d(y, x∗) ≤ 1

1−Ld(y, Jy) for all y ∈ Y .

Definition 1.2. [1]A set X is called a quasilinear space (qls, for short),
if a partial order relation 6 , an algebraic sum operation and an oper-
ation of multiplication by real numbers are defined in it in such a way

1991 Mathematics Subject Classification. 39B72, 47H10.
Key words and phrases. fixed point, Jensen functional equation, quasilinear

space.
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that the following conditions hold for any elements x, y, z, v ∈ X and
any a, b ∈ R:

(1) x 6 x;
(2) x 6 z if x 6 y and y 6 z;
(3) x = y if x 6 y and y 6 x;
(4) x+ y = y + x;
(5) x+ (y + z) = (x+ y) = z;
(6) there exists an element 0X ∈ X such that x+ 0X = x;
(7) a.(b.x) = (a.b).x;
(8) a.(x+ y) = a.x+ a.y;
(9) 1.x = x;
(10) 0.x = 0X ;
(11) (a+ b).x 6 a.x+ b.x;
(12) x+ z 6 y + v if x 6 y andz 6 v;
(13) a.x 6 a.y if x 6 y.

Definition 1.3. Let X be a qls. A real function ∥.∥X : X → R is
called a norm if the following conditions hold:

(1) ∥x∥X > 0 if x ̸= 0X ;
(2) ∥x+ y∥X ≤ ∥x∥X + ∥y∥X ;
(3) ∥α.x∥X = |α|.∥x∥X ;
(4) if x 6 y, then ∥x∥X ≤ ∥y∥X ;
(5) if for any ε > 0 there exists an element xε ∈ X such that

x 6 y + xε and ∥x∥X ≤ ε then x 6 y.
A qls X, with a norm defined on it, is called normed quasilinear space.

Hausdorff metric on normed quasilinear space X is defined by

hX(x, y) = inf{r ≥ 0 : x 6 y + ar1, y 6 x+ ar2}, ∥ari∥ ≤ r}.
The function hX(x, y) satisfies all of metric axioms and hX(x, y) ≤

∥x− y∥X .

2. Main results

Throughout this section, assume that X is a linear space and Y is a
complete normed quasilinear space.

Theorem 2.1. If function f : X → Y with f(0) = 0Y and symetric
function φ : X × X → [0,∞) for all x, y ∈ X satisfy the following
conditions:

(1) hY (2f(
x+ y

2
), f(x) + f(y)) ≤ φ(x, y),
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(2) hY (2f(x), f(2x)) ≤ hY (2f(x), f(x) + f(x)),
(3) φ(2x, 2x) ≤ 2Lφ(x, x),
(4) lim

n→∞
φ(2nx,2ny)

2n
= 0,

for some 0 ≤ L < 1. Then there exists an unique mapping g : X → Y
such that for all x ∈ X,

g(x) = lim
n→∞

f(2nx)

2n
,

hY (f(x), g(x)) ≤
1

2− 2L
φ(x, x),

2g(
x+ y

2
) = g(x) + g(y),

and g(nx) = ng(x) for all n ∈ N.

Proof. Suppose E = {g|g : X → Y, g(0) = 0Y } and define a generalized
metric d on E by

d(g1, g2) := inf{c ∈ [0,∞] : hY (g1(x), g2(x)) ≤ cφ(x, x)}
Then, d is a complete generalized metric on E. Now define the

mapping J : E → E by J(h(x)) := 1

2
h(2x). By (3), we have

hY (
1

2
g1(2x),

1

2
g2(2x)) ≤

1

2
d(g1, g2)φ(2x, 2x) ≤ Ld(g1, g2)φ(x, x).

Therefore, J is a contraction mapping with constant at most L.
letting y = x in (1) and by condition (2) we get

hY (2f(x), f(2x)) ≤ φ(x, x),

for all x ∈ X. Hence d(f, Jf) ≤ 1

2
. By theorem 1.1, J has a unique

fixed point g : X → Y in A = {g ∈ E : d(f, g) <∞}. Furthermore,

d(f, g) ≤ 1

1− L
d(f, Jf) ≤ 1

2− 2L
.

This implies the following inequality,

hY (f(x), g(x)) ≤
1

2− 2L
φ(x, x).

Since d(Jnf, g) → 0, then g(x) = lim
n→∞

f(2nx)

2n
.

It follows from (1), (4),
102



Z. DEHVARI AND S. M. S. MODARRES MOSADDEGH

hY (2g(
x+ y

2
), g(x) + g(y)) = lim

n→∞

1

2n
hY (2f(

2nx+ 2ny

2
), f(2nx) + f(2ny))

≤ 1

2n
φ(2nx, 2ny) = 0.

So 2g(
x+ y

2
) = g(x) + g(y).

If I is an another mapping such that for all n ∈ N, I(nx) = nI(x)

and for all x, y ∈ X, 2I(x+ y

2
) = I(x) + I(y), and

hY (f(x), I(x)) ≤
1

2− 2L
φ(x, x),

then d(f, I) <∞ and I is a fixed point of J in A. Since g is an unique
fixed point of J in A, therefore I = g. �

Corollary 2.2. Let r <
1

2
and θ be nonnegative real numbers and

f : X → Y be a mapping that f(0) = 0Y and for all x, y ∈ X,

hY (2f(
x+ y

2
), f(x) + f(y)) ≤ φ(x, y),

hY (2f(x), f(2x)) ≤ hY (2f(x), f(x) + f(x)),

Then there exists a unique mapping g : X → Y such that,

2g(
x+ y

2
) = g(x) + g(y),

hY (f(x), g(x)) ≤
θ

1− 2r−1
∥x∥r.

Proof. By taking φ(x, y) = θ(∥x∥r + ∥y∥r) in Theorem 2.1, we get the
desired result. �
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Abstract. A new generalization of the Banach contraction through
the notions of the generalized F -contraction, simulation function
and admissible function is introduced. The existence and unique-
ness of fixed points for a self-mapping on complete metric spaces
by the new constructed contraction are investigated.

1. Introduction and Preliminaries

In 1922, Banach proved the following famous and fundamental result
in fixed-point theory [2]. Let (X, d) be a complete metric space. Let T
be a contractive mapping on X, that is, there exists q ∈ [0, 1) satisfying

d(Tx, Ty) ≤ q.d(x, y),∀x, y ∈ X.

This theorem, is called the Banach contraction principle. This prin-
ciple has been generalized in different directions by various researchers.

Theorem 1.1. [6] Let (X, d) be a complete metric space, q ∈ [0, 1) and
T : X → X be a continuous mapping. If for each x ∈ X there exists a
positive integer k = k(x) such that

d(T k(x)x, T k(x)y) ≤ qd(x, y),

1991 Mathematics Subject Classification. Primary 47J30; Secondary 30H05,
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for all y ∈ X, then T has a unique fixed point u ∈ X. Moreover, for
any x ∈ X, u = limn→∞ T nx.

Definition 1.2. [8] Let (X, d) be a metric space. The mapping T :
X → X is called an F -contraction, if there exist F and τ > 0 such
that, for all x, y ∈ X,

d(Tx, Ty) > 0 ⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y)),

where F : (0,∞) → R is strictly increasing, limn→∞ F (αn) = −∞
iff limn→∞ αn = 0 and there exists a number k ∈ (0, 1) such that
limα→0+ α

kF (α) = −∞. We denote the set of all these functions by F .

If we replace the third condition with F is a continuous mapping,
then the collection of all functions F : (0,+∞) → R is denoted by G.

Definition 1.3. [4] Let ζ : [0,∞)× [0,∞) → R be a mapping, then ζ
is called a simulation function if satisfies the following conditions:

(ζ1) ζ(0, 0) = 0;
(ζ2) ζ(t, s) < s− t for all t, s > 0;
(ζ3) if {tn}, {sn} are sequences in (0,∞) such that lim

n→∞
tn = lim

n→∞
sn >

0 and tn < sn for all n ∈ N, then

lim sup
n→∞

ζ(tn, sn) < 0.

We denote the set of all simulation functions by Z.

Theorem 1.4. [5] Let (X, d) be a complete metric space and T : X →
X a mapping which satisfies the following condition: If there exists
F ∈ F and τ > 0 such that for each x ∈ X there is a positive integer
n(x) such that for all y ∈ X

d(T n(x)(x), T n(x)(y)) > 0 ⇒ ζ(F (d(x, y)), τ+F (d(T n(x)(x), T n(x)(y)))) ≥ 0.

Then, T has a unique fixed point z ∈ X and T n(x0) → z for each
x0 ∈ X, as n→ ∞.

Definition 1.5. [3] Let α : X × X → (0,+∞) be a given mapping.
The mapping T : X → X is said to be an α-admissible, whenever
α(Tx, Ty) ≥ 1 provided α(x, y) ≥ 1 and x, y ∈ X.

Definition 1.6. [1] An α-admissible map T is said to have the K-
property, while for each sequence {xn} ⊆ X with α(xn, xn+1) ≥ 1 for
all n ∈ N0, the nonnegative integer numbers, there exists a positive
integer number k such that α(Txn, Txm) ≥ 1, for all m > n ≥ k.
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2. Main results

In this section the main achievements of this article are presented.

Theorem 2.1. Let (X, d) be a complete metric space, α : X × X →
(0,+∞) be a symmetric function, where α(x, y) ≥ 1 and T : X → X
be a continuous mapping which satisfies the condition: If there exist
F ∈ F , τ > 0, L ≥ 0 and simulation function ζ such that for all
x ∈ X there is a positive integer n(x) such that for all y ∈ X and
d(T n(x)(x), T n(x)(y)) > 0,
ζ(τ + α(x, y)F (d(T n(x)x, T n(x)y)), F (m(x, y) + LN1(x, y))) ≥ 0, (2.1)

where

m(x, y) = max

{
d(x, y), d(x, T n(x)x), d(y, T n(x)y),

d(x, T n(x)y) + d(y, T n(x)x)

2

}
,

and
N1(x, y) = min{d(x, T n(x)x), d(x, T n(x)y), d(y, T n(x)x)}.

Then, T has a unique fixed point.

Corollary 2.2. Theorem 3.3 of [7] reduces to Theorem 2.1 by taking
n(x) = 1. Because in this case

ζ(τ + α(x, y)F (d(Tx, Ty)), F (m(x, y) + LN1(x, y))) ≥ 0.

Now, by (ζ2) we have
0 ≤ ζ(τ + α(x, y)F (d(Tx, Ty)), F (m(x, y) + LN1(x, y)))

≤ F (m(x, y) + LN1(x, y))− (τ + α(x, y)F (d(Tx, Ty))).

Therefore
τ + α(x, y)F (d(Tx, Ty)) ≤ F (m(x, y) + LN1(x, y)).

Corollary 2.3. Theorem 1.4 is contained in Theorem 2.1 by taking
m(x, y) = d(x, y), α(x, y) = 1 and L = 0.

Theorem 2.4. Let (X, d) be a complete metric space, α : X × X →
(0,+∞) a symmetric function, where α(x, y) ≥ 1. Assume that T :
X → X is a mapping which there exist F ∈ G, τ > 0 and the simulation
function ζ such that for all x, y ∈ X with T n(x)x ̸= T n(x)y, where n(x)
is a positive integer and 1

2
d(x, T n(x)x) ≤ d(x, y) implies

ζ(τ + α(x, y)F (d(T n(x)x, T n(x)y)), F (m(x, y))) ≥ 0 (2.2)
where m(x, y) is defined as in Theorem 2.1, satisfying the following
conditions:
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(i) T is α-admissible,
(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iii) if {xn} is a sequence in X such that xn → x as n → ∞ and

α(xn, xn+1) ≥ 1 for all n ∈ N0, then α(xn, x) ≥ 1 for all n ∈ N0,
(iv)T has the K-property.

Then T has a fixed point in X.
Corollary 2.5. If in Theorem 2.4, we put n(x) = 1, then

ζ(τ + α(x, y)F (d(Tx, Ty)), F (m(x, y))) ≥ 0.

Now, by (ζ2), we have
0 ≤ ζ(τ + α(x, y)F (d(Tx, Ty)), F (m(x, y)))

≤ F (m(x, y))− (τ + α(x, y)F (d(Tx, Ty))).

Therefore
τ + α(x, y)F (d(Tx, Ty)) ≤ F (m(x, y)).

Hence we get Theorem 3.3 of [7].
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Abstract. Two specific sub-Hilbert spaces in the Fock spaces are
studied. First the reproducing kernels of these spaces are identified
and then the members of the H(φ) are shown. Finally, we will see
that these sub-Fock Hilbert spaces are equal with equivalence of
norms.

1. Introduction

Let C be the complex planee, H(C) be the family of entire functions
on C and for any positive parameter α, we consider

dλα(z) =
α

π
e−|z2|dA(z).

where dA(z) is the Euclidean area measure on the complex plane.
Let F 2

α denote the Fock space consisting of all entire functions f in
L2(C, dλα), which means

F 2
α = L2

α ∩H(C).
F 2
α is a closed subspace of L2(C, dλα). consequently, F 2

α is a Hilbert
space with the following inner product inherited from L2(C, dλα):

⟨f, g⟩α =

∫
C
f(z)g(z)dλα.

1991 Mathematics Subject Classification. Primary 47B35; Secondary 30H05,
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It is well-known that for nonnegative integers n, the functions
en(z) =

√
αn/n! zn

form an orthonormal basis for F 2
α. This implies that for

f(z) =
∞∑
n=0

anz
n,

we have
∥f∥2α =

∞∑
n=0

n!

αn
|an|2.

The Fock space is a reproducing kernel Hilbert space; for every f ∈ F 2
α

we have
f(w) = ⟨f, kw⟩ =

∫
C
f(z)kαw(z)dλα(z),

where
kαw(z) = eαzw̄

is the reproducing kernel for F 2
α. More information on this topic can

be found in [5].
Recall that for any fixed weight parameter α, the orthogonal projec-

tion
P : L2

α → F 2
α

is an integral operator,

Pf(z) =

∫
C
K(z, w)f(w)dλα(w),

where K(z, w) = kαz (w).
Given φ ∈ L∞(C), we define the linear operator Tφ : F 2

α → F 2
α by

Tφ(f) = P (φf), f ∈ F 2
α.

We call Tφ the Toeplitz operator on F 2
α with symbol φ. It is clear that

Tφ is bounded with ||Tφ|| ≤ ||φ||∞. We have the following properties
for any bounded functions φ and ψ, for any complex numbers a and b:

• Taφ+bψ = aTφ + bTψ,
• Tφ = T ∗

φ,
• Tφ ≥ 0, if φ ≥ 0.

Suppose T is a bounded operator on a Hilbert space H. We denote by
M(T ) the range of T equipped with the following inner product:

< Tx, Ty >M(T )=< x, y >H , x, y ∈ H ⊖ ker T.

If T is a contraction on H, the Hilbert space
H(T ) = M((I − TT ∗)1/2)
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ON CERTAIN SUB-HILBERT SPACES IN THE FOCK SPACE

is called the complemented space to M(T ). The theory of sub-Hardy
Hilbert spaces was studied by de Branges, Rovnyak, Sarason and some
of their students. Kehe Zhu introduced sub-Bergman Hilbert spaces in
[3] and generalized Sarason’s work. He proved that both sub-Bergman
Hilbert spaces contain the Banach space of all bounded analytic func-
tions on the unit disk. In [1] Abkar and Jafarzade generalized the
results obtained by Kehe Zhu to weighted Bergman spaces. Here we
will see that some similar results hold in the case of Fock spaces.

2. Main results

We now identify the Sub-Fock Hilbert spaces, then we calculate
the reproducing kernels of these spaces. let φ ∈ L∞(C), we consider
Toeplitz operators on F 2

α, which are bounded operators on F 2
α. For

the sake of simplicity, we use M(φ) andM(φ̄) instead of M(Tφ) and
M(Tφ̄), repectively. Soppuse φ ∈ L∞(C) and φ is a contractive mul-
tiplier, so Tφ and Tφ̄ are contractive operators on F 2

α. We write H(φ)
and H(φ̄) instead of H(Tφ) and H(Tφ̄), repectively and we call them
sub-Fock Hilbert spaces.

First, the reroducing kernels of sub-Fock Hilbert spaces are com-
puted.
Proposition 2.1. Let φ ∈ L∞(C) and φ be a contractive multiplier on
F 2
α. For any positive parameter α, the reproducing kernels of Hα(φ)

and Hα(φ) are given, respectively, by
(1) Kα

φ(z, w) = (1− φ(z)φ(w))eαzw;
(2) Kα

φ(z, w) =
∫
C(1− |φ(u)|2)eαzu+αuwdλα(u).

Now for every φ ∈ L∞(C), we find a representation for the elements
of Hα(φ).
Proposition 2.2. Let φ ∈ L∞(C) and α be any positive parameter.
Then every element of Hα(φ) has the representation

f(z) =

∫
C
(1− |φ(w)|2)g(w)eαzwdλα(w)

where g is an entire function satisfying∫
C
|g(z)|2(1− |φ(z)|2)dλα(z) < +∞.

In the next proposition, we explore some relations between Hα(φ)
and Hα(φ).
Proposition 2.3. Let φ ∈ L∞(C) be a contractive multiplier on F 2

α,
and let α be a positive parameter and f ∈ F 2

α. Then
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(1) f ∈ Hα(φ) if and only if Tαφ ∈ Hα(φ) and in this case
||f ||2Hα(φ) = ||f ||2F 2

α
+ ||Tαφ f ||2Hα(φ)

(2) f ∈ Hα(φ) if and only if Tαφ ∈ Hα(φ) and in this case
||f ||2Hα(φ) = ||f ||2F 2

α
+ ||Tαφ f ||2Hα(φ)

(3) M(Tαφ ) ∩Hα(φ) = φHα(φ).

Proposition 2.4. Let φ ∈ L∞(C) , be a contarctive muiltiplier on F 2
α

for some positive parameter α. Then every ψ ∈ L∞(C) is a multiplier
on both Hα(φ) and Hα(φ), moreover ||Tαψ || ≤ ||ψ||∞.

The main theorem says that two sub-Fock spaces coincide.
Theorem 2.5. Let φ ∈ L∞(C) be a contractive multiplier on F 2

α for
some positive parameter α. Then Hα(φ) = Hα(φ) with equivalence of
norms.
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Abstract. Let X be a Banach space. We prove that the com-
position operator on X-valued weighted Bergman spaces is weakly
compact if and only if X is reflexive and the corresponding compo-
sition operator on scalar-valued weighted Bergman space is weakly
compact.

1. Introduction

Let D denote the open unit disk in the complex plane C and H(D)
denote the space of analytic functions on D. Let (X, ‖·‖X) be a complex
Banach space. A function f : D → X is analytic if it is weakly analytic,
i.e., if x∗ ◦ f ∈ H(D) for all functionals x∗ ∈ X∗, where X∗ is the dual
space of X. The space of analytic X-valued functions on D is denoted
by H(D, X).

For an analytic self-map φ of D, the composition operator Cφ is
defined by Cφ(f) = f ◦φ, for every f ∈ H(D, X). An easy computation
gives that Cφ is a well defined linear operators as well as continuous
with respect to the compact-open topology.

For 1 ≤ p < ∞, the vector-valued Hardy space Hp(X) is the space
of all analytic functions f : D → X such that

‖f‖pHp(X) = sup
0<r<1

1

2π

∫ 2π

0

‖f(reiθ)‖pXdθ <∞,

1991 Mathematics Subject Classification. Primary 47G10; Secondary 47B38.
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and for p = ∞, ‖f‖H∞(X) = supz∈D ‖f(z)‖X <∞. In the scalar-valued
case whereX = C, the spacesHp(C) are just the classical Hardy spaces
Hp.

Given a positive integrable function ω ∈ C2[0, 1), we extend it by
ω(z) = ω(|z|), z ∈ D, and call such ω a weight function.

Definition 1.1. [4] A weight function ω is called admissible if
(W1) ω is non-increasing,
(W2) ω(r)(1− r)−(1+δ) is non-decreasing for some δ > 0,
(W3) limr→1− ω(r) = 0.

We define the weighted Bergman space Bp
ω(X) as the space of func-

tions f ∈ H(D, X) with

‖f‖p
Bp

ω(X)
=

1

π

∫
D
‖f(z)‖pXω(z)dA(z) <∞,

where dA denotes the Lebesgue area measure on the plane. If ω(z) =
(1 − |z|2)α with α > −1, then we write Bp

α(X) and if α = 0 we just
omit α. If X = C we omit X in the notation.

Compactness and weak compactness of Cφ have been studied on
many classical Banach spaces such as Hardy spaces, Bergman and
Bloch spaces, and BMOA (see [2, 6]). For fast and normal weights
Kriete and MacCluer characterized the boundedness and compactness
of composition operators on scalar-valued weighted Bergman spaces
[5]. The boundedness and compactness of weighted composition op-
erators between weighted Hilbert spaces, when the weight is admis-
sible, has been characterized in [3]. In this work we investigate the
boundedness and weak compactness of composition operators between
vector-valued weighted Bergman spaces, in the case that the weight is
admissible. The notations A . B and A ≈ B mean that A ≤ cB and
cB ≤ A ≤ CB, respectively, for some positive constants c and C.

2. Main Results

The generalized Nevanlinna counting function associated to the weight
ω play a key role in our work and is defined as below.

Definition 2.1. Let φ ∈ H(D) such that φ(D) ⊆ D and ω be an
admissible weight. For every z ∈ D \ {φ(0)} we define

Nφ,ω(z) =
∑

φ(a)=z,a∈D

ω(a).
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Note that Nφ,ω(z) = 0 when z /∈ φ(D) and when z = φ(0), Nφ,ω(z) =
0. When ω(z) = log 1

|z| , Nφ,ω is the usual Nevanlinna counting func-
tion Nφ. For our purpose it is convenient to introduce the modified
Nevanlinna counting function

Ñφ,ω(z) =
∑

φ(a)=z,a∈D

(1− |a|2)2ω(a), z ∈ D \ {φ(0)}.

The partial Nevanlinna counting function is defined for 0 < r < 1 by

Nφ(r, z) =
∑

φ(a)=z,|a|≤r

log
r

|z|
, z ∈ D \ {φ(0)}.

For a continuous subharmonic function u we have
1

2π

∫ 2π

0

u(φ(reiθ))dθ = u(0) +
1

2π

∫
D
Nφ(r, z)d[∆(u)](z),

where 0 < r < 1 and φ(D) ⊆ D is analytic with φ(0) = 0. When
f ∈ H(D, X), d[∆(‖f‖X)](z) denotes integration with respect to the
distributional Laplacian of ‖f‖X , which is a positive measure on D
since the map z 7→ ‖f(z)‖X is subharmonic. This means that for every
infinitely differentiable function τ on C with compact support we have∫

τ(z)d[∆(‖f‖X)](z) =
1

2π

∫
D
‖f(z)‖X∆τ(z)dA(z).

Proposition 2.2. Let X be a complex Banach space.
(i) If Cφ : Bp

ω(X) → Bp
ω(X) is bounded, then Cφ : Bp

ω → Bp
ω is

bounded.
(ii) If Cφ : Bp

ω(X) → Bp
ω(X) is compact, then Cφ : Bp

ω → Bp
ω

is compact and X is finite-dimensional. In particular, if X
is infinite-dimensional, then Cφ : Bp

ω(X) → Bp
ω(X) is never

compact.
(iii) If Cφ : Bp

ω(X) → Bp
ω(X) is weakly compact, then X is reflexive

and Cφ : Bp
ω → Bp

ω is weakly compact.

For obtaining our results we need the following lemma.

Lemma 2.3. Let X be a complex Banach space and ω be an admissible
weight. Then for each z ∈ D and f ∈ B1

ω(X) there exists a positive
constant C independent of f such that

‖f(z)‖X ≤ C
‖f‖B1

ω(X)

ω(z)(1− |z|2)2
.
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Theorem 2.4. If f ∈ H(D, X), φ(0) = 0 and ω is an admissible
weight, then

‖Cφ(f)‖B1
ω(X) ≈ ‖f(0)‖X +

1

2π

∫
D
Ñφ,ω(z)d[∆(‖f‖X)](z).

For the general case let φ(0) = a and φa(z) = a−z
1−az denote the

automorphism of the unit disc. Then ψ = φa ◦ φ is an analytic self-
map with ψ(0) = 0 and Cφa is bounded on B1

ω(X). Thus Cφ is bounded
on B1

ω(X) if and only if Cψ is bounded.
For the special case that φ is the identity map, it follows from The-

orem 2.4 that

‖f‖B1
ω(X) ≈ ‖f(0)‖X +

1

2π

∫
D
(1− |z|2)2ω(z)d[∆(‖f‖X)](z).

There is a precise connection between the weak compactness of Cφ
on B1

ω(X) and the compactness of Cφ on B1
ω. Note that Proposition

2.2(iii) implies that X is reflexive, whenever of Cφ is weakly compact
on Bp

ω(X). For 1 < p < ∞ the space Bp
ω(X) is reflexive whenever X

is reflexive, because Bp
ω(X) is then a closed subspace of the reflexive

space Lp(D, X). Hence only p = 1 or p = ∞ are interesting for weak
compactness.
Theorem 2.5. Let X be a complex Banach space and ω be a concave
and admissible weight. Then Cφ : B1

ω(X) → B1
ω(X) is weakly compact

if and only if X is reflexive and lim sup|z|→1
Nφ,ω(z)

(1−|z|2)2ω(z) = 0.
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Abstract. At the present paper, we investigate quasi-multipliers
on the second dual Banach algebra Lc(X )∗∗. Indeed, we show that
QM(Lc(X )∗∗) is isomorphic with M(X ). As an application, we
prove that QM(Lc(X )∗∗) = L(X ) if and only if X is discrete.

1. Introduction

Throughout the paper, X denotes a locally compact Hausdorff space,
M(X ) is the Banach space of all bounded complex-valued regular Borel
measures on X with the total variation norm and Mp(X ) is the set
of all probability Borel Measures on X . We also devote the sym-
boles Cb(X ), C0(X ), and Cc(X ) for the space of bounded continuous
complex-valued functions on X , those that vanish at infinity, and those
that have compact support, respectively.
Definition 1.1. The space X is called a hypergroup if there is a map
λ : X × X −→Mp(X ) with the following properties:

(i) the measures λ(x,y) have compact support for all x, y ∈ X .
(ii) for each f ∈ Cc(X ), the mapping (x, y) 7→

∫
X f(t) dλ(x,y)(t) is

in Cb(X × X ), and the mappings

x 7→
∫
X
f(t) dλ(x,y)(t), x 7→

∫
X
f(t) dλ(y,x)(t)

2010 Mathematics Subject Classification. 43A62, 43A20, 43A22, 47B48.
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are in Cc(X ) for all y ∈ X .
(iii) the convolution (µ, ν) 7→ µ ∗ ν on M(X ) defined by∫

X
f(t) d(µ ∗ ν)(t) =

∫
X

∫
X

∫
X
f(t) dλ(x,y)(t) dµ(t) dν(t)

is associative, where f ∈ C0(X ), µ, ν ∈M(X ).
(iv) there is a unique point e ∈ X (say the identity) such that

λ(x,e) = δx = λ(e,x) (x ∈ X ),

where δx denotes the Dirac measure at x.

With the above definition, M(X ) can be regarded as a Banach alge-
bra. Furthermore, Ghahramani and Medghalchi in [1] defined L(X ) as
a subalgebraM(X ), consisting of all measures µ for which the mappings
x 7→ |µ| ∗ δx and x 7→ δx ∗ |µ| from X to M(X ) are norm continuous.
They have shown that L(X ) is a closed ideal in M(X ) and also that
if X admits a left invariant measure m, then L(X ) = L1(X ,m) [1,
Remark 1]. The hypergroup X is called foundation if

X =
∪

{(µ) : µ ∈ L(X )}.

In this case, the Banach algebra L(X ) has a bounded approximate
identity, see [1] and [2]. We note that all hypergroups considered in
this article are assumed to be foundation hypergroups without left in-
variant Haar measure. Let L(X )∗ and L(X )∗∗ be the first and second
topological duals of L(X ), respectively.

Definition 1.2. A compact set K ⊆ X is called a compact carrier for
F ∈ L(X )∗∗ if we have

〈F, f〉 = 〈F, fχK〉 (f ∈ L(X )∗),

where fχK ∈ L(X )∗ defined by 〈fχK , µ〉 = 〈f, µχK〉.

Now, we set

Lc(X )∗∗ = clL(X )∗∗{F ∈ L(X )∗∗ : F has compact carrier },

which is a Banach algebra with the first Arens Product �. We note
that if X = G is a locally compact group, then Lc(X )∗∗ = L∞

0 (G)∗,
where L∞

0 (G) is the introverted subspace of L∞(G) consisting of all
f ∈ L∞(G) such that, for given ε > 0, there is a compact subset K of
X for which ‖g‖G\K ≤ ε; see also [3] and [4].

117



QUASI-MULTIPLIERS OF SECOND DUAL OF CERTAIN HYPERGROUP ALGEBRAS

2. Main results

Quasi-multipliers were first studied within the framework of Banach
algebras with a bounded approximate identity by K. McKennon [7]. In
this paper, we concentrate on multiplier and quasi-multiplier algebra
of the second dual of hypergroup algebras. Precisely, we show that the
multiplier and quasi-multiplier algebra of Lc(X )∗∗ is isomorphic with
M(X ), where X is a foundation hypergroup. As a consequence, we
prove that QM(Lc(X )∗∗) = L(X ) if and only if X is discrete.

Definition 2.1. For a Banach algebra A a bilinear map m : A×A −→
A is called a quasi-multiplier if for all a, b, c, d ∈ A,

m(ab, cd) = am(b, c)d.

We note that the quasi-multiplier algebra of A is the set of all sepa-
rately continuous quasi-multipliers on A which is denoted by QM(A).
In the case whereA admits a bounded approximate identity, it is shown
in [7, Theorem 2] thatQM(A) is a Banach space with the norm defined
by

‖m‖ = sup{‖m(a, b)‖ : a, b ∈ A, ‖a‖ = ‖b‖ = 1}.
Recall that an approximate identity (eα) in a Banach algebra A will be
called an ultra-approximate identity for A if for all m ∈ QM(A) and
a ∈ A, the nets (m(eα, a)) and (m(a, eα)) are ‖ · ‖-Cauchy.

Proposition 2.2. Let X be a hypergroup. Then the multiplier algebra
of Lc(X )∗∗ is isomorphic with M(X ).

Proof. Let (eα) be a bounded approximate identity of L(X ) with norm
1. So, if we assume that E is a weak∗ cluster points of (eα), then E
is a right identity in Lc(X )∗∗. Now, let T : Lc(X )∗∗ −→ Lc(X )∗∗ be a
right multiplier. We conclude that

T (m) = T (m�E) = m�T (E) (m ∈ Lc(X )∗∗).

Now, it follows that
T (m) = m�n = m�π(n).

Now, we know that the algebra consisting of elements π(n) is exactly
M(X ). On the other hand, since M(X ) has an identity we conclude
that the multiplier algebra of Lc(X )∗∗ is M(X ). �

Now, we are ready to characterize quasi-multipliers of the second
dual Banach algebra Lc(X )∗∗.

Theorem 2.3. Let X be a hypergroup. Then the quasi-multiplier al-
gebra of Lc(X )∗∗ is isomorphic with M(X ).
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As a consequence, we obtain a necessary and sufficient condition for
which the quasi-multiplier algebra Lc(X )∗∗ is equal to L(X ).

Corollary 2.4. Let X be a hypergroup. Then the following assertions
are equivalent.

(i) QM(Lc(X )∗∗) = L(X ).
(ii) X is discrete.

Proof. Let X be discrete hypergroup. Thus by [6, Theorem 14(c)] we
conclude thatM(X ) = Lc(X )∗∗ = L(X ). Now, it follows from Theorem
2.3 that

QM(Lc(X )∗∗) =M(X ) = L(X ).

Conversely, suppose that quasi-multiplier algebra of Lc(X )∗∗ is equal
to L(X ). By Theorem 2.3, we deduce that M(X ) = L(X ) and so X is
discrete. �
At the end, we obtain a result on the right annihilator of Lc(X )∗∗ which
is denoted by Annr(Lc(X )∗∗) and defined by

Annr(Lc(X )∗∗) = {R ∈ Lc(X )∗∗| Lc(X )∗∗�R = {0}}.

Theorem 2.5. Let X be a hypergroup and m : Lc(X )∗∗×Lc(X )∗∗Lc(X )∗∗

be a quasi-multiplier. Then the following statements hold:
(i) m(L(X )× L(X )) ⊆ L(X ).
(ii) m(Annr(Lc(X )∗∗)× Annr(Lc(X )∗∗)) ⊆ Annr(Lc(X ))∗∗).
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Abstract. In this work, we prove a the coincident point theorem
of two self mappings in a uniform space generated by a family of
b-pseudometrics. Our results are generalizations and extensions of
the results Acharya (1974) and Faraji et al. (2019).

1. Introduction

In 2019, Faraji et al. [5] introduced the concept of the uniform spaces
generated by a family of b-pseudometrics, in order to generalize one of
the main results in [1]. For further details on fixed point theory in
uniform space, see e.g. [2, 3, 4, 6, 7, 9, 10].

A uniformity U on X is a family of subsets of X × X, that the
following conditions hold:

U1): U ∈ U implies ∆ = {(x, x) ∈ X ×X : x ∈ X} ⊂ U ;
U2): U1, U2 ∈ U implies U1 ∩ U2 ∈ U ;
U3): For each U ∈ U , there exists V ∈ U such that V ◦ V ⊂ U ;
U4): U ∈ U implies that V −1 = {(x, y) ∈ X×X : (y, x) ∈ V } ⊂ U

for some V ∈ U ;
U5): If U ∈ U and U ⊆ V imply V ∈ U .

Then, the pair (X,U) is called a uniform space. A sequence {xn}
in uniform space (X,U) is convergent to a point x ∈ X, if for each
U ∈ U there exsits n0 ∈ N such that (xn, x) ∈ U , for all n ≥ n0.

1991 Mathematics Subject Classification. Primary 47H10; Secondary 54H25.
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Moreover, it is called a Cauchy sequence, if for any U ∈ U , there exsits
n0 ∈ N such that (xn, xm) ∈ U , for all n,m ≥ n0. A uniform space
(X,U) is called sequentially complete, if every Cauchy sequence in X is
convergent. Let U be the uniformity generated by a nonempty family
F of b-pseudometrics with the same parameter s ≥ 1. Define

V(p,r) = {(x, y) ∈ X : p(x, y) < r},

where p ∈ F and r > 0 and let V be the family of all sets of the form
k∩
i=1

V(pi,ri),

where k is a positive integer, pi ∈ F and ri > 0 for i = 1, . . . , k.
We can easily check that V is a base for the uniformity U and for
V =

∩k
i=1 V(pi,ri) ∈ V and α > 0, we have

αV =
k∩
i=1

V(pi,αri) ∈ V .

Let Y ⊆ X, then

UY = {U ∩ (Y × Y )|U ∈ U},

is a uniformity on Y and VY = {V ∩ (Y × Y )|V ∈ V} is a base for UY
(see, e.g., [8]).

2. Main results

Throughout this section, we assume that (X,U) is a Hausdorff uni-
form space and uniformity U is generated by a family F of b-pseudometrics
with the same parameter s ≥ 1 on X. Let V be the family of all sets
of the form

k∩
i=1

{
(x, y) ∈ X ×X : pi(x, y) < ri

}
,

where k is a positive integer, pi ∈ F and ri > 0 for i = 1, . . . , k.

Theorem 2.1. Let f, g be self-mappings on X such that

(f(x), f(y)) ∈ αV if (g(x), g(y)) ∈ V, (2.1)

for all V ∈ V and x, y ∈ X, where α > 0 and 0 < sα < 1. If
f(X) ⊆ g(X) and (g(X),Ug(X)) is sequentially complete, then f and g
have a unique coincident point.

121



A COINCIDENCE POINT THEOREM

Proof. Let x0 be an arbitrary point in X. Choose a point x1 in X such
that f(x0) = g(x1). Continuing this process, we can define a sequence
{xn} such that yn = f(xn) = g(xn+1) for each n ≥ 0. Let V ∈ V
and p be the Minkowski’s b-pseudometric of V . Fix x, y ∈ X and set
p(g(x), g(y)) = r. Let ε > 0 be given. Then, we have

(g(x), g(y)) ∈ (r + ε)V.

Therefore by (2.1), we have
(f(x), f(y)) ∈ α(r + ε)V.

Therefore,
p(f(x), f(y)) ≤ α(r + ε).

Since ε > 0 was arbitrary, we get
p(f(x), f(y)) ≤ αp(g(x), g(y)). (2.2)

Appling (2.2) for yn and yn+1, we get
p(yn, yn+1) = p(f(xn), f(xn+1))

≤ αp(g(xn), g(xn+1))

= αp(yn−1, yn),

for all n ≥ 1. Therefore,
p(yn, yn+1) ≤ αnp(y0, y1), (n = 1, 2, 3, . . . ). (2.3)

Let m,n ∈ N and m > n. Since sα < 1, by (2.3), we have
p(yn, ym) ≤ sp(yn, yn+1) + s2p(yn+1, yn+2) + · · ·+ sm−np(ym−1, ym)

≤
(
sαn + s2αn+1 + · · ·+ sm−nαm−1

)
p(y0, y1)

= sαn
(
1 + sα + · · ·+ (sα)m−n−1

)
p(y0, y1)

≤ sαn

1− sα
p(y0, y1).

Now choose N0 ∈ N such that
sαn

1− sα
p(y0, y1) < 1,

for all n ≥ N0. Then, p(yn, ym) < 1 for all n,m ≥ N0 . This implies
that (yn, ym) ∈ V , for all n,m ≥ N0. Since yi ∈ g(X), for all i ∈ N,
then (yn, ym) ∈ V ∩ (g(X) × g(X)), for all n,m ≥ N0. Since V was
arbitrary, {yn} is a Cuachy sequence in g(X). Hence, there is z in X
such that yn → g(z) as n→ +∞, that is

lim
n→∞

yn = lim
n→∞

f(xn) = lim
n→∞

g(xn+1) = g(z). (2.4)
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We show that f(z) = g(z). Let V ∈ V and p be the Minkowski’s
b-pseudometric of V . So, by (2.2), we have

p(f(xn), f(z)) ≤ αp(g(xn), g(z)), (n = 1, 2, 3, . . . ).

From (2.4), choose N1 ∈ N such that
αp(g(xn), g(z)) < 1,

for all n ≥ N1. Then (f(xn), f(z)) ∈ V , for all n ≥ N1. Since V was
arbitrary, limn→∞ f(xn) = f(z). Therefore, f(z) = g(z) = t, i.e., f
and g have a coincident point t. The point t is unique. To see this, let
f(z1) = g(z1) = t1. Let V ∈ V and p is the Minkowskis b-pseudometric
of V . Using (2.2), we have
p(t, t1) = p(f(z), f(z1)) ≤ αp(g(z), g(z1)) = αp(t, t1) < p(t, t1).

Then p(t, t1) = 0 and (t, t1) ∈ V . Since V was arbitrary, it follows that
t = t1. �
Corollary 2.2. For s = 1 and g = IdX , Theorem 2.1 reduces to
Theorem 3.1 in [1].
Corollary 2.3. For g = IdX , Theorem 2.1 is a generalization of the
Acharya type Theorem [5].
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Abstract. In this paper we introduce modular frame, woven
modular frame in Hilbert C∗- Modules. And we show that un-
der certain conditions the image of two woven modular frames is
woven modular framed under linear operators.

1. Introduction

Hilbert space frames were originally introduced by Duffin and Scha-
effer to deal with some problems in non harmonic Fourier analysis[5].
Frames can be viewed as redundant bases which are generalizations of
Riesz bases [1, 2, 3, 4]. This redundancy property sometimes is ex-
tremely important in applications such as signal and image processing,
data compression and sampling theory. Hilbert C∗-modules are gener-
alizations of Hilbert spaces by allowing the inner product to take values
in a C∗-algebra rather than in the field of complex numbers. Frames for
Hilbert spaces have natural analogues for Hilbert C∗-modules. These
frames are called Hilbert C∗-modular frames or just simply modular
frames. Modular frames are not trivial generalizations of Hilbert space
frames due to the complex structure of C∗-algebras. It is well known
that the theory of Hilbert C∗-modules is quite different from that of
Hilbert spaces. For example, we know that, any closed linear subspace
in a Hilbert space has an orthogonal complement. But this is no longer
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46H25.

Key words and phrases. frame, P-woven, modular frame, C∗-Modules.
124



AMIR KHOSRAVI AND MOHAMMAD REZA FARMANI

true in Hilbert C∗-module setting since not every closed submodule of
a Hilbert C∗-module is complemented. Moreover, the Riesz represen-
tation theorem for continuous functionals on Hilbert spaces does not
hold in Hilbert C∗-modules, and so there exist nonadjointable bounded
linear operators on Hilbert C∗-modules [1, 2]. Therefore it is expected
that problems about frames in HilbertC∗-modules are more compli-
cated than those in Hilbert spaces. While some of the results about
frames in Hilbert spaces can be easily extended to Hilbert C∗-modular
frames, many others cannot be obtained by simply modifying the ap-
proaches used in Hilbert spaces case.

2. woven modular frame

In this section, first we recall some definitions and basic properties
of Hilbert C∗- Modules and p-woven frame and g-frame in Hilbert C∗-
Modules [1, 2, 4]. Throughout this note A is a unital C∗-algebra and
H,Ki are finitely or countably generated Hilbert A-modules. For each
i ∈ I, L(H,Ki) will denote the set of all adjointable A-linear maps
from H to Ki. We also define

ℓ2(A) := {a = (ai) ∈ A :
∑

i∈I a
∗
i ai is norm convergent in A}

Definition 2.1. A pre-Hilbert A-module is a left A-moduleH equipped
with an A-valued inner product ⟨., .⟩ : H ×H −→ A, such that
(i) ⟨x, x⟩ ≥ 0 for all x ∈ H and ⟨x, x⟩ = 0 if and only if x = 0,
(ii)⟨x, y⟩ = ⟨y, x⟩∗ for all x, y ∈ H,
(iii) ⟨ax+ y, z⟩ = a⟨x, z⟩+ ⟨y, z⟩ for all a ∈ A and x, y, z ∈ H.

We assume that the linear operations of A and H are compatible.i.e.
λ(ax) = (λa)x for every λ ∈ C, a ∈ A and x ∈ H. For every x ∈ H,
we define

∥ x ∥=∥ ⟨x, x⟩ ∥ 1
2 and |x| = ⟨x, x⟩ 1

2 .

If the pre-Hilbert A-module (H, ⟨., .⟩) is complete with respect to ∥ . ∥,
it is called a Hilbert A-module or a Hilbert C∗-modules over A. In this
paper we focus on finitely and countably generated Hilbert C∗-modules
over unital C∗-algebra A. A Hilbert A-module H is (algebraically)
finitely generated if there exists a finite subset {x1, x2, ..., xm} of H
such that every element x ∈ H can be expressed as an A-linear com-
bination x =

∑m
i=1 aixi, ai ∈ A. A Hilbert A-module H is countably

generated if there exists a countable set of generators.
We now recall the definitions of frames and Riesz bases in Hilbert C∗-
modules as follows.
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Definition 2.2. Let H be a Hilbert A-module. A family {xi : i ∈ I}
of elements of H is a (standard) frame for H, if there exits constants
0 < C ≤ D <∞, such that for all x ∈ H,

C⟨x, x⟩ ≤
∑

i∈I⟨x, xi⟩⟨xi, x⟩ ≤ D⟨x, x⟩. (1)

Where the sum in the middle of the inequality convergent in norm for
x ∈ H.
The numbers C and D are called frame bounds, If C = D = λ, it
is called a λ-tight frame and when C = D = 1, it is called a Parseval
frame. {xi : i ∈ I} is said to be a Bessel sequence if only the right-hand
side inequality is required.If the sum of (1) is convergent in norm, the
frame is called standard.

According to what Arambasic and Khosravi proved, the above defi-
nition is equivalent to

C ∥ x ∥2≤∥
∑

i∈I⟨x, xi⟩⟨xi, x⟩ ∥2≤ D ∥ x ∥2, (1)

A sequence {xi : i ∈ I} is said to be a Riesz basis of H if it is a
frame and a generating set with the additional property that A-linear
combinations

∑
i∈S aixi with coefficients {ai : i ∈ S} ⊆ A and S ⊆ I

are equal to zero if and only if in particular every summand aixi equal
zero for i ∈ S.
Note that we can also define the analysis operator, synthesis operator
and frame operator for modular frame as follows.
Suppose that {xi : i ∈ I} is a frame of a finitely or countably generated
Hilbert A-module H over a unital C∗-algebra A. The operator T : H →
ℓ2(A) defined by Tx = {⟨x, xi⟩}i∈I , is called the analysis operator. The
adjoint operator T ∗ : ℓ2(A) → H is given by T ∗{ai}i∈I =

∑
i∈I aixi. T

∗

is called pre-frame operator or the synthesis operator. By composing
T and T ∗, we obtain the frame operator S : H → H,

Sx = T ∗Tx =
∑

i∈I⟨x, xi⟩xi, (1)

is a frame operator for H. That is S ∈ End∗A(H), positive and invert-
ible. Where End∗A(H) is the set of adjointable A-linear maps on H.
The frame {S−1xi : i ∈ I} is said to be the canonical dual frame of
{xi : i ∈ I}.

Remark 2.3. If A be a unital C∗-algebra, H be a finitely or countably
generated Hilbert A-module and {xi : i ∈ I} be Parseval frame(not nec-
essarily standard) ofH, then the reconstruction formula x =

∑
i∈I⟨x, xi⟩xi,

holds for every x ∈ H. Also from equation (1) we see that x =∑
i∈I⟨x, S−1xi⟩xi, is vailid for every x ∈ H.

Moreover, if {xi : i ∈ I} be standard frame, then there exists a unique
operator S ∈ End∗A(H) such that x =

∑
i∈I⟨x, Sxi⟩xi.

126



AMIR KHOSRAVI AND MOHAMMAD REZA FARMANI

Theorem 2.4. Let {xi : i ∈ I}, {yi : i ∈ I} be woven modular
frame with frame bounds C,D and Q1, Q2 ∈ L(H), Q1 be invertible
and ∥ Q−1

1 ∥∥ Q1 − Q2 ∥<
√

C
D
. Then {Q1xi : i ∈ I}, {Q2yi : i ∈ I}

are woven modular frame.

Proof. Since ∥ I − Q−1
1 Q2 ∥<

√
C
D
< 1, then Q2 is invertible , so

{Q2yi : i ∈ I} is a modular frame. Now for every σ ⊆ I and each
x ∈ H :

(
∑
i∈σ

⟨x,Q1xi⟩⟨Q1xi, x⟩+
∑
i∈σc

⟨x,Q2yi⟩⟨Q2yi, x⟩)
1
2 =

(
∑
i∈σ

⟨Q∗
1x, xi⟩⟨xi, Q∗

1x⟩+
∑
i∈σc

⟨Q∗
1x+(Q∗

2−Q∗
1)x, yi⟩⟨yi, Q∗

1x+(Q∗
2−Q∗

1)x⟩)
1
2

≥
√
C⟨Q∗

1x,Q
∗
1x⟩ −

√
D ∥ Q∗

2 −Q∗
1 ∥∥ x ∥

≥ (

√
C

∥ Q∗−1

1 ∥
−

√
D ∥ Q∗

2 −Q∗
1 ∥) ∥ x ∥ .

and

(
∑
i∈σ

⟨x,Q1xi⟩⟨Q1xi, x⟩+
∑
i∈σc

⟨x,Q2yi⟩⟨Q2yi, x⟩)
1
2 ≤ D(∥ Q∗

1 ∥2 + ∥ Q∗
2 ∥2) ∥ x ∥2 .

�
Corollary 2.5. Let {xi : i ∈ I}, {yi : i ∈ I} be woven modular frame
with bounds C,D and with frame operator S, S ′

, respectively. Then
{S−1xi : i ∈ I} and {S ′−1

yi : i ∈ I} are woven modular frames, when

∥ S − S
′ ∥<

√
C
D
∥ S−1 ∥−1 .

In this case their cononical dual frame {S−1xi : i ∈ I} and {S ′−1
yi :

i ∈ I} are woven modular frames.
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Abstract. Let φ be a nonconstant analytic self-map of the open
unit disk in C, with ‖φ‖∞ < 1. Consider the operator Dφ, acting
on the Hardy space H2, given by differentiation followed by com-
position with φ. We obtain results relating to the norm of such an
operator.

1. Introduction

Let D denote the open unit disk in the complex plane. The Hardy
space H2 is the Hilbert space consisting of all analytic functions f(z) =∑∞

n=0 anz
n on D such that

‖f‖ =
∞∑
n=0

|an|2 <∞.

We write H∞ to denote the space of all bounded analytic functions on
D, with ‖f‖∞ = sup{|f(z)| : z ∈ D}.
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For an analytic map φ : D → D, the composition operator Cφ is
defined by the rule Cφ(f) = f ◦ φ. Every composition operator is
bounded on H2, with√

1

1− |φ(0)|2
≤ ‖Cφ‖ ≤

√
1 + |φ(0)|
1− |φ(0)|

.

(See, for example, [2, Corollary 3.7].) For a function ψ in H∞, the
Toeplitz operator Tψ is defined Tψ(f) = ψ · f . Every such operator is
bounded on H2, with ‖Tψ‖ = ‖ψ‖∞ (see [7, Theorem 5]).

In the context of analytic functions on D, it also seems reasonable to
consider operators defined in terms of differentiation. It is easy to see
that the differentiation operator D(f) = f ′ is unbounded on the Hardy
space: ‖D(zn)‖/‖zn‖ = n for any natural number n. Nevertheless, for
many analytic maps φ : D → D, the operator

f(z) 7→ f ′(φ(z)) (1.1)

is bounded on H2. Many authors, following the example of [5] and
[6], have used the notation CφD to denote such an operator. Because
of the unboundedness of D, it makes sense to write (1.1) as a single
operator, particularly when that operator is bounded on H2. We will
write Dφ to denote the operator on H2 given by the rule

Dφ(f) = f ′ ◦ φ.

We will refer to such an operator as a composition–differentiation op-
erator. The Closed Graph Theorem shows that Dφ is bounded on H2

whenever Dφ takes H2 into itself.
Ohno [6] established a basic set of results relating to when the oper-

ators we are calling Dφ are bounded or compact on H2. We will only
be considering φ with ‖φ‖∞ < 1, in which case Dφ is guaranteed to be
Hilbert–Schmidt on H2, and hence both bounded and compact (see [6,
Theorem 3.3]). There are instances of bounded or compact Dφ with
‖φ‖∞ = 1, but they are beyond the scope of our current investigation.

The purpose of this note is to explore the operators Dφ in more de-
tail. In particular, we find a representation for the adjointD∗

φ when φ is
linear fractional (Theorem 2.1). In the specific case where ρ(z) = rz for
0 < |r| < 1, we compute the norm ‖Dρ‖ explicitly (Theorem 2.2). Ap-
plying established results relating to composition operators, we also ob-
tain estimates for the norm of Dφ whenever ‖φ‖∞ < 1 (Theorem 2.3).
In this paper, we state some results of [3]. Moreover, normality and self-
adjointness of a slightly broader class of composition–differentiation
operators were investigated in [4].
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For any point w in D, define Kw(z) = 1
1−wz . It is well known that

Kw acts as the reproducing kernel function for point-evaluation:
〈f,Kw〉 = f(w)

for any f in H2. In a similar manner, define

K(1)
w (z) =

z

(1− wz)2
.

Observe that K(1)
w acts as the reproducing kernel for point-evaluation

of the first derivative: ⟨
f,K(1)

w

⟩
= f ′(w)

2. Main results

The goal of this section is to obtain information about the adjoint
and norm ofDφ in certain specific instances. If φ(z) = az+b

cz+d
is a noncon-

stant linear fractional self-map of D, then the map σ(z) = az−c
−bz+d . also

takes D into itself (see [1, Lemma 1]). It is not difficult to show that
‖σ‖∞ < 1 whenever ‖φ‖∞ < 1. The relationship between these two
maps has long been considered in reference to the adjoints of composi-
tion operators. In the context of composition–differentiation operators,
we obtain the following formula.

Theorem 2.1. For a pair of linear fractional maps φ and σ, as de-
scribed above, D∗

φT
∗
K

(1)
σ(0)

= T
K

(1)
φ(0)

Dσ.

This result bears a close resemblance to Cowen’s adjoint formula for
composition operators (see [1, Theorem 2]), which can be rewritten
C∗
φT

∗
Kσ(0)

= TKφ(0)
Cσ.

Theorem 2.2. If ρ(z) = rz for some real number 0 < r < 1, then

‖Dρ‖ =

⌊
1

1− r

⌋
r⌊1/(1−r)⌋−1, (2.1)

where b · c denotes the greatest integer function.

There are several interesting consequences of Theorem 2.2. First of
all, ‖Dρ‖ = 1 for 0 < r ≤ 1/2 and ‖Dρ‖ > 1 for 1/2 < r < 1. Secondly,
‖Dρ‖ tends to ∞ as r goes to 1. Since composition with a rotation is
an isometry, (2.1) holds with r replaced by |r| for any complex number
r with 0 < |r| < 1. Likewise, the same formula holds for ‖Dφ‖ where
φ(z) = rzk for any k in N.
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Let ‖φ‖∞ ≤ r < 1 and define φr = (1/r)φ. Observe that
Dφ = CφrDρ. (2.2)

Since ‖Dφ‖ ≤ ‖Cφr‖‖Dρ‖, we obtain the following estimate for ‖Dφ‖.
Theorem 2.3. If φ is a nonconstant analytic self-map of D, with
‖φ‖∞ < 1, then√

1 + |φ(0)|2(
1− |φ(0)|2

)3 ≤ ‖Dφ‖ ≤

√
r + |φ(0)|
r − |φ(0)|

⌊
1

1− r

⌋
r⌊1/(1−r)⌋−1,

whenever ‖φ‖∞ ≤ r < 1.
Example 2.4. If ‖φ‖∞ ≤ 1/2, we may take r = 1/2 to see that√

1 + |φ(0)|2(
1− |φ(0)|2

)3 ≤ ‖Dφ‖ ≤

√
1 + 2|φ(0)|
1− 2|φ(0)|

.

In particular, ‖Dφ‖ = 1 whenever both ‖φ‖∞ ≤ 1/2 and φ(0) = 0.
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Abstract. In this article we consider the existence of three weak
solutions to the fourth order boundary value problem (1.1) Our
approach is based on variational methods and critical point theory.

1. Introduction

The aim of this paper is to establish the existence of at least three
weak solutions for the following nonlinear fourth-order boundary value
problem{

uiv + αu′′ + β(x)u = λf(x, u) + h(u), x ∈]0, 1[,
u(0)− u(1) = u′′(0)− u′′(1) = 0,

(1.1)

where α is a real constant, β(x) is a continuous function on [0, 1] and
λ is a positive parameter, f : [0, 1] × R → R is an L2− Carathéodory
function and h : R → R be a Lipschitz continuous function with the
Lipschitz constant L ≥ 0; i.e.,

|h(t1)− h(t2)| ≤ L|t1 − t2| (1.2)

1991 Mathematics Subject Classification. Primary 35J20; Secondary 34B15.
Key words and phrases. Fourth-order equation; Three weak solutions; Varia-

tional methods .
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for all t1, t2 ∈ R, satisfying h(0) = 0.

2. preliminaries

Theorem 2.1. ([2, Theorem 5.1]) Let X be a reflective real Banach
space, Φ : X −→ R be a coercive, continuously Gâteaux differen-
tiable and sequentially weakly lower semi-continuous functional whose
Gâteaux derivative admits a continuous inverse on X∗,Ψ : X −→ R be
a continuously Gâteaux differentiable functional whose Gâteaux deriv-
ative is compact such that

inf
x∈X

Φ(x) = Φ(0) = Ψ(0) = 0.

Assume that there exist r > 0 and v̄ ∈ X, with r < Φ(v̄), such that:
(a1)

supΦ(x)≤r Ψ(x)

r
< Ψ(v̄)

Φ(v̄)
;

(a2) for each λ ∈ Λr :=
]
Φ(v̄)
Ψ(v̄)

, r
supΦ(x)≤r Ψ(x)

[
the functional Φ − λΨ

is coercive.
Then, for each λ ∈ Λr, the functional Φ−λΨ has at least three distinct
critical points in X.

Lemma 2.2. ([3, Lemma 2.3]). For every u ∈ X

∥ u ∥2≤
1

π2
∥ u′′ ∥2 . (2.1)

From which we have as a consequence

∥ u′ ∥2≤
1

π
∥ u′′ ∥2 . (2.2)

Now put
(1) σ1 := 1− α

π2 +
β1
π4 , σ2 := 1 when β2 ≤ 0 and α ≥ 0;

(2) σ1 := 1 + β1
π4 , σ2 := 1− α

π2 when β2 ≤ 0 and α < 0;

(3) σ1 := 1− α
π2 , σ2 := 1 + β2

π4 when β1 ≥ 0 and α ≥ 0;

(4) σ1 := 1 and σ2 := 1− α
π2 +

β2
π4 when β1 ≥ 0 and α < 0;

(5) σ1 := 1 − α
π2 + β1

π4 and σ2 := 1 + β2
π4 when β1 < 0 < β2 and

α ≥ 0.

In each of these cases, if σ1 > 0 and

θi :=
√
σi (i = 1, 2) (2.3)

then by (2.1) and (2.2)

θ1 ∥ u′′ ∥2≤∥ u ∥≤ θ2 ∥ u′′ ∥2 (2.4)
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where

∥ u ∥=
(∫ 1

0

(|u′′(x)|2 − α|u′(x)|2 + β(x)|u(x)|2)dx
)1/2

and so, ∥ . ∥ defines a norm on X equivalent to usual norm of X
inherited from W 2,2([0, 1]).
In the remainder, we suppose θ1 defined by (2.3) satisfies θ1 > 0 and
therefore (2.5) holds. The following result is useful for proving our
main result.

Proposition 2.3. For every u ∈ X then

∥ u ∥∞≤ 1

2πθ1
∥ u ∥ .

Proof. Taking (2.1) and (2.2) into account, the conclusion follows from
the well-known inequality ∥ u ∥∞≤ 1

2
∥ u′ ∥2. �

Let us recall that a weak solution of (1.1) is a function u ∈ X such
that∫ 1

0

[u′′(x)v′′(x)−αu′(x)v′(x) + β(x)u(x)v(x)]dx−
∫ 1

0

h(u(x))v(x)dx

(2.5)

− λ

∫ 1

0

f(x, u(x))v(x)dx for every v ∈ X

Moreover, a function u : [0, 1] → R is said to be a generalized solu-
tion to problem (1.1) if u ∈ C3([0, 1]), u′′′ ∈ AC([0, 1]), u(0) = u(1) =
0, u′′(0) = u′′(1) = 0, and uiv + αu′′ + β(x)u = λf(x, u) + h(u) for
almost every t ∈ [0, 1]. If f is continuous in [0, 1] × R, therefore each
generalized solution u is a classical solution.
Corresponding to the functions f and H, we introduce the functions
f : [0, 1]× R → R and h : R → R, defined as follow

F (x, ξ) =

∫ ξ

0

f(x, t)dt and H(ξ) =

∫ ξ

0

h(x)dx (2.6)

Put

Φ(u) =
1

2
∥ u ∥2 −

∫ 1

0

H(u(x))dx and Ψ(u) =

∫ 1

0

F (x, u(x))dx

(2.7)
for every u ∈ X.
Let us introduce the energy functional Iλ related to the problem (1.1):

Iλ(u) := Φ(u)− λΨ(u)
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and we observe that, for each λ > 0 the critical points u of Iλ are the
weak solutions of (1.1), i.e.∫ 1

0

[u′′(x)v′′(x)− αu′(x)v′(x)+β(x)u(x)v(x)]dx−
∫ 1

0

h(u(x))v(x)dx

− λ

∫ 1

0

f(x, u(x))v(x)dx = 0

for every v ∈ X. In order to obtain weak solutions for the problem
(1.1), we make use of recent critical points results.
Lemma 2.4. Suppose h : R → R satisfies (1.2) and H(ξ) defined by
(2.6) for every ξ ∈ R. Then the functional Θ : X → R defined by

Θ(u) :=

∫ 1

0

H(u(x))dx (2.8)

is a Gâteaux differentiable sequentially weakly continuous functional on
X with compact derivative

Θ′(u)[v] =

∫ 1

0

h(u(x))v(x)dx

for every v ∈ X.

3. Main results

Theorem 3.1. Assume that there exist M > 0, L < π4θ21, and
(1) F (x, t) ≥ 0, for each (x, t) ∈ [0, 1]× R;
(2) k(ξ) = min{K(a, b), a, b ∈ [ξ, 1− ξ], a ≤ b}.

which is defined for every 0 < ξ < 1
2
. such that

π3k(ξ)Mθ1
π4θ21 − L

≤
π2k(ξ)

∫ b
a
F (x, v̄)dx

2(π4θ21 + L)
. (3.1)

Then, for every λ =
]

2(π4θ21+L)

π2k(ξ)
∫ b
a F (x,v̄)dx

,
π4θ21−L

π3k(ξ)Mθ1

[
, the problem (1.1) ad-

mits at least three distinct weak solutions in X.
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FREE BOUNDARY PROBLEM FOR A SUBLINEAR
ELLIPTIC EQUATION
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Abstract. We study solutions and the free boundary ∂{±u > 0}
of the sublinear equation

∆u = f(x, u),

from a regularity point of view. We assume that f(x, u) ≈ |u|q for
wome 0 < q < 1.

1. Introduction

Let B1 be the unit ball in Rn (n ≥ 2), g ∈ W 1,2(B1) ∩ L∞(B1), and
consider a minimizer of the functional

J(u) =

∫
B1

(
|∇u|2 + 2F (x, u)

)
dx, u− g ∈ W 1,2

0 (B1).

This minimizer satisfies the semilinear problem
∆u = f(x, u), in B1, (1.1)

where f is the derivative of F with respect to the variable u, i.e. f =
Fu. The main question concerns the analysis of local regularity of
solutions and the free boundary ∂{u > 0} ∪ ∂{u < 0}. We assume
that f(x, u) = λ(x, u)|u|q for some q ∈ (0, 1) and the function λ(x, u)
satisfies

0 < λ0 ≤ |λ(x, u)| ∈ C0,β(B1 × R), λ(x, u)u ≥ 0.

1991 Mathematics Subject Classification. Primary 35B65; Secondary 35J61,
35R35.
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2. Regularity of solution

It was shown that in [7] the positive solutions have the optimal regu-
larity C [κ],κ−[κ], where κ = 2/(1−q). However, without the assumption
u ≥ 0, the result will be more complicated and we can not expect to
obtain C [κ],κ−[κ]-regularity in general case. Indeed, the ODE y′′ = yq,
with initial condition y(0) = 0 6= y′(0), has a solution whose third
derivative is unbounded, y′′′ = qy′yq−1.

In order to study the optimal growth (regularity) of solution, we
start with the following definition.
Definition 2.1. The vanishing order of u at point x0 is defined to be
the largest value V(x0) which satisfies

lim sup
r→0+

‖u‖L∞(Br(x0))

rV(x0)
< +∞.

The following proposition classifies the vanishing order of the solu-
tion at x0 ∈ {u = 0}. This also shows the necessary condition for the
regularity of the solution.
Proposition 2.2. Let u be a nontrivial solution of (1.1) and u(x0) = 0,
then

V(x0) ∈ {1, 2, 3, · · · , bκc, κ}.
Proof. The classical regularity theory implies that u ∈ C1,α and then
we can assume that |u(x)| ≤ C1|x−x0| for some constant C1 > 0. Thus
V(x0) ≥ 1 and also |∆u| ≤ C|u|q ≤ CCq

1 |x − x0|q. Now apply Lemma
1.1 in [3], we can write u(x) = P (x) + Γ(x), where P is harmonic
polynomial of degree b2 + qc = 2 and |Γ(x)| ≤ C̃Cq

1 |x − x0|2+q. Then
if V(x0) > 1, we must have V(x0) ≥ 2. And if V(x0) > 2, then P ≡ 0
and so |u(x)| ≤ CCq

1 |x− x0|2+q. If we repeat this argument and apply
again Lemma 1.1 in [3], we will see that V(x0) ∈ {1, 2, 3, · · · , bκc} or
V(x0) ≥ κ. Now use Lemma 4.1 in [5], the nondegeneracy property,
to find out that ‖u‖L∞(Br(x0)) ≥ c0r

κ, for some positive constant c0.
Therefore V(x0) ≤ κ. �

A sufficient condition for the vanishing order of κ is proved in the
next theorem.
Theorem 2.3 (Theorem 1.2 in [5]). Let u be a solution of (1.1) and
‖u‖L∞(Br(x0)) = o(rs) for some 0 < s < κ. Then V(x0) > s.

Note that the definition of vanishing order obviously yields that
V(x0) ≥ s, but it is not easy to find out V(x0) is strictly greater than
s. In particular, when s = bκc, it along with Proposition 2.2 proves
that V(x0) = κ.
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3. Regularity of free boundary

There are few results for the regularity of free boundary for problem
(1.1). In [7], it has been shown that for f(u) = (u+)q the free boundary
∂{u > 0} has locally finite Hn−1-Hausdorff dimension when −1 < q <
1. Then the non-coincident set {u > 0} has locally finite perimeter
and we are able to define the reduced part of free boundary, ∂red{u >
0}, where a tangent plane exists in a weak sense. Alt and Phillips
shows ∂red{u > 0} is a C1,α surface, [1]. They, however, show that
Hn−1 (∂{u > 0} \ ∂red{u > 0}) = 0, when −1 < q < 0. They also can
prove C1,α-regularity of the free boundary near the regular points for
−1 < q < 1. Moreover, in [2] the regularity of free boundary around
the singular points is studied and it is shown that the singular points
lie in a Lipschitz surface. The critical assumption in these researches
is positivity of the solution.

One of the main difficulties encountered in studying the regularity of
the free boundary in problem (1.1) is classification of global solutions.
In dimension two when f(u) = λ+(u

+)q − λ−(u
−)q, we are able to

present a fairly good analysis of global homogeneous solutions, and
hence a better understanding of the behavior of the free boundary,
[4, 5, 6]. In higher dimensions the problem becomes quite complicated,
but we are still able to obtain partial results; e.g. we prove that if a
solution is close to one-dimensional solution in a small ball, then in an
even smaller ball the free boundary can be represented locally as two
C1-regular graphs ∂{u > 0} and ∂{u < 0}, tangential to each other.
It is noteworthy that the above problem (in contrast to the case q =
0) introduces interesting and quite challenging features, that are not
encountered in the case q = 0. For example one obtains homogeneous
global solutions that are not one-dimensional. This complicates the
analysis of the free boundary particularly in singular points of free
boundary.

To investigate the regularity of free boundary, we consider “asymp-
totically one-phase-points” that is, a subset of {u = 0} such that the
blow-ups1 belong to

H := {x 7→ αmax(x · ν, 0)κ : ν ∈ Rn is a unit vector} .

Members of this class are κ-homogeneous global solutions of (1.1).

Definition 3.1. We denote byRu the set of all (regular free boundary)
points x0 ∈ {u = 0} such that at least one blow-up of u at x0 is in H.

1Any limit of the sequence u(x0 + rnx)/r
κ
n when rn → 0 is called a blow-up of

solution u at point x0.
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Our main result concerning the regularity of the free boundary is
presented in the following theorem.
Theorem 3.2 (Regularity of the free boundary). The set of regular
free boundary points Ru is locally in B1 a C1,β-manifold.

We choose the epiperimetric inequality approach to prove this result.
Theorem 3.3 (The epiperimetric inequality, Theorem 3.1 in [6]).
There exist ϵ ∈ (0, 1) and δ > 0 such that if c ∈ W 1,2(B1) is a homo-
geneous function of degree κ and ‖c− h‖W 1,2(B1) ≤ δ for some h ∈ H,
then there exists a function v ∈ W 1,2(B1) such that v = c on ∂B1 and

M(v)−M(h) ≤ (1− ϵ) (M(c)−M(h)) ,

where M is the boundary adjusted energy

M(u) =

∫
B1

(
|∇u|2 + 2F (x, u)

)
dx− κ

∫
∂B1

|u|2 dσ.

Proof of Theorem 3.2. The epiperimetric inequality with a monotonic-
ity formula, Proposition 2.3 in [6], provides an estimate for the energy
decay. Indeed, one can control the rate of convergence ‖u(x0 + ·) −
h‖L1(Br), where h belongs to H. We can show that the rate of con-
vergence is rn+κ+β for some β > 0. For the detail of proof refer to
[6]. �
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REMARKS ON FIXED POINTS IN PARTIAL
SYMMETRIC SPACES

A.P. FARAJZADEH AND S.GHAHRAMANI∗

Department of Mathematics, Razi University, Kermanshah, 67149, Iran
farajzadehali@gmail.com,saeedgha68@gmail.com

Abstract. In this note, a class of partial symmetric spaces (PSS)
on a family of bounded and continuous functions is introduced.
Some fixed points theorems on different contractions defined on a
family are presented. An example to illustrate the main theorem
is given.

1. Introduction

In 1922, Banach[1] introduced Banach contraction principle. This
principle has been extended to different class of spaces, see, for in-
stance [3, 4] . Matthews[2] originated the concept of partial metric
spaces and generalized Banach contraction principle , Kannan-Ciric
and Ciric quasi type fixed point results. The symmetric spaces are
not continuous and the uniqueness of the limit of a sequence may fail
because of the awol of triangular inequality. In this note we consider
the combination of partial metric spaces and symmetric spaces which
called partial symmetric spaces(PSS, for short) and we provide some
fixed point theorems in the setting of PSS.

The following definitions are needed in the next section.
Definition 1.1. Let ξ denote the set of all bounded and continuous
functions defined on a non-empty set S. The mapping ζ : ξ×ξ −→ R+

1991 Mathematics Subject Classification. Primary 47J30; Secondary 30H05,
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is a partial symmetric space PSS if, for all α, β, γ ∈ ξ,
(i) β = α iff ζ(α, α) = ζ(β, β) = ζ(α, β);
(ii) ζ(α, α) ≤ ζ(α, β);
(iii) ζ(α, β) = ζ(β, α);

Remark that one can equip ξ by a complete meter as follows
d(f, g) = sup{f(x)− g(x) : x ∈ S}.

Definition 1.2. A sequence {αn} in (ξ, ζ) is said to
if

• convergent to α ∈ ξ, if
ζ(α, α) = lim

n→∞
ζ(αn, α).

• ζ-caushy if lim
m,n→∞

ζ(αn, αm) exists and is finite

Definition 1.3. (ξ, ζ) is said to be ζ-complete if every ζ-cauchy se-
quence {αn} in ξ is ζ-convergent to a point α ∈ ξ, such that

ζ(α, α) = lim
n→∞

ζ(αn, α) = lim
m,n→∞

ζ(αn, αm).

Definition 1.4. Let (ξ, ζ) be a PSS. A mapping F : ξ −→ ξ is said
to be a k-contraction if for all α, β ∈ ξ, ζ(Fα, Fβ) ≤ kζ(α, β), where
k ∈ [0, 1).

2. Main results

The first theorem is a version of Banach contraction principle in the
setting of PSS.
Theorem 2.1. Assume that ξ denotes the set of all bounded continuous
functions defined on a non-empty set S, ζ : ξ × ξ −→ R+ is a partial
symmetric space and F is a function defined on the complete partial
symmetric space (ξ, d). If F is a k−contraction mapping, for some
0 ≤ k < 1 then F has a unique fixed function.

The following theorem is PSS version of the main theorem presented
in [2] .

Theorem 2.2. Let (ξ, ζ) be a PSS and F be a continuous mapping on
ξ such that
d(F (f), F (g)) ≤ kmax{d(f, g), d(f, F (f)), (d(g, F (g)), d(f, F (g)), d(f, F (g))},

(2.1)
where k ∈ [0, 1/2). In that case, F has a unique fixed function.
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Proof. Let µ0 ∈ ξ and {µn} an iterative sequence as follow
µ1 = Fµ0, µ2 = F 2µ0, µ3 = F 3µ0, ..., µn = F nµ0.

Then
d(µn+1, µn) =d(F (µn), F (µn−1)) ≤ kmax{d(µn, µn−1), d(µn, µn+1)

, d(µn, µn−1), d(µn, µn), d(µn−1, µn+1)}
= kmax{d(µn, µn−1), d(µn, µn+1), d(µn−1, µn+1)}.

Since 0 ≤ k < 1/2, so
kmax{d(µn, µn−1), d(µn, µn+1), d(µn−1, µn+1)} ≤

kmax{d(µn, µn−1), d(µn−1, µn+1)}.
Now, if d(µn, µn−1) ≤ d(µn−1, µn+1), then

d(µn+1, µn) ≤ kd(µn−1, µn+1) ≤ k(d(µn−1, µn) + d(µn, µn+1)),

and this results d(µn, µn+1) ≤
k

(1− k)
d(µn−1, µn).

Since 0 ≤ k < 1/2, therefor λ =
k

(1− k)
< 1. In any case d(µn+1, µn) ≤

λd(µn−1, µn). Since 0 ≤ λ < 1, it is easy to see that the sequence µn is
a cauchy sequence and so lim

n→∞
µn = µ.

On the other hand, (ξ, d) is a complete metric space, then µ ∈ ξ.
Since F is continuous, so µ = lim

n→∞
µn+1 = F ( lim

n→∞
µn) = F (µ).

Uniqueness, let there exist α, β ∈ ξ such that Fα = α, Fβ = β. It
follows from (2.1) that

d(Fα, Fβ) ≤kmax{d(α, β), d(α, Fα), d(β, Fβ), d(α, Fβ), d(β, Fα)}
=kmax{d(α, β), d(α, α), d(β, β), d(α, β), d(β, α)}
=kmax{d(α, β), d(α, β), d(β, α)} = kd(α, β).

Since 0 ≤ k < 1/2, then d(α, β) = 0, and because d(α, β) = sup |α− β|.
Therefore α = β. �

Example 2.3. Suppose F : ξ −→ ξ is defined by F (α(x)) =
1

4
α(x),

for all α ∈ ξ and 0 ≤ x < 1 where ξ is bounded and continuous.
Then, for all α, β ∈ ξ

d(Fα, Fβ) =d(
1

4
α,

1

4
β) = sup

∣∣∣∣14α− 1

4
β

∣∣∣∣ = 1

4
sup |α− β|

≤1

4
max{(d(α, β), d(α, Fα), d(β, Fβ), d(α, Fβ), d(β, Fα)}.
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Hence by Theorem 2.1, F has a unique fixed function which is α = 0.
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Abstract. We obtained q−versions of Poisson and gamma proba-
bility distributions by using basic tools of quantum time scale. For
these quantum nabla and delta distributions or q−distributions
and 1/q−distributions, some statistical properties are proved.

1. Introduction

Time scale calculus is a methodology which aims to unify and ex-
tend continuous and discrete calculus. By choosing T = R, the theory
reduces to real analysis, while choosing T = Z, the theory reduces to
discrete analysis. However, the concepts extend to other time scales.
Probability is a discipline in which appears to be many applications of
time scales. The approach of time scales gives to probability theory the
unification of discrete and continuous. For further details about time
scale theory, we refer readers to [4, 5]. Quantum calculus is obtained
by choosing the time scale

Tq := qZ = {qn; n ∈ Z} ∪ {0},
where we have fixed q ∈ (0, 1) ∪ (1,∞). The choice of choosing q > 1
or 0 < q < 1 is a matter of preference. One can switch between the
two using the transformation q → q−1. Recently, we have presented a
system of probability distributions in our works [6, 7, 8] on time scale

1991 Mathematics Subject Classification. Primary 26E70; Secondary 60E05.
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calculus. In these works, some of probability distributions on discrete
time sale, where equipment of delta and nabla calculus are introduced.
Here, we discover Poisson and gamma distributions on quantum time
scales equipment with delta and nabla calculus. The Poisson distri-
bution on quantum time scale equipment of delta calculus is called
the delta Poisson ( 1/q−Poisson) distribution and ones on quantum
time scale equipment with nabla calculus is called the nabla Poisson
( q−Poisson) distribution. CH. Charalambides in [1] has studied dis-
crete q−distributions such as Euler and Heine distributions that are
q−analogous of Poisson distribution. Here, we get them by defining
Poisson distribution on quantum time scale equipment of delta and
nabla calculus, respectively.

2. Main results

We say that the delta Poisson distribution or 1/q− Poisson distribu-
tion with (λ, q) parameters is given by pmf

P ([X]1/q = [x]1/q) = eq(−λ)
q(

x
2
)λx

[x]q!
x = 0, 1, ... (2.1)

where 0 < q < 1, 0 < λ < ∞ and which is denoted by [X]1/q ∼
Po1/q(λ). Since [X]r,1/q = q−xr+(

r+1
2
)[X]r,q, for this distribution we have

E([X]r,1/q) = eq(−λ)
∞∑
x=r

[X]r,1/qq
−rx+(r+1

2
)qx(x−1)/2λx

[x]q!

= λreq(−λ)
∞∑
x=r

q−rx+(
r+1
2
)qr(x−r)qr(r−1)/2q(x−r)(x−r−1)λx−r

[x− r]q!

= λreq(−λ)Eq(λ) = λr,

then E([X]1/q) = λ and V ar([X]1/q) = λ(1 − λ(1 − 1/q)), where
V ar([X]1/q) = 1/qE[X]2,1/q + E[X]1/q − E2[X]1/q. A family of non-
negative integer valued random variable {Xλ, 0 < λ < ρ ≤ ∞} is said
to be a power series distribution if its pmf can be written in the form
of

f(x;λ) =
a(x)λx

g(λ)
, x = 0, 1, ...

where 0 < λ < ρ and g(λ) =
∑∞

x=0 a(x)λ
x. It is well known that

mean-variance equality E(Xλ) = V ar(Xλ), 0 < λ < ρ characterizes
the Poisson family of distributions (see [2] and [3]). This requirement
that this equality holds for all 0 < λ < ρ has been overlooked by some
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authors (see [10]). In the following theorem is derived an analogues of
this characterization for the 1/q−Poisson distribution.
Theorem 2.1. Assume that a family of non-negative integer valued
random variables obeys a power series distribution. Then, [X]1/q has a
1/q−Poisson distribution if and only if

E[X]2,1/q = E2[X]1/q (2.2)
for all λ ∈ (0, ρ).

To continue, first we provide a definition of 1/q−gamma distribution,
and then obtain a relationship between it and 1/q−Poisson distribu-
tion.

The random variableX1/q has a 1/q−gamma distribution with (α, β, q)
parameters if

fX1/q
(x1/q) =

eq(−βx)q(
α
2
)xα−1βα

Γq(α)
, x ∈ R+

q , (2.3)

where α > 0, β > 0, 0 < q < 1 and q(α2) = Γq(α + 1)

2!Γq(α− 2 + 1)
. It denotes

as Γ1/q(α, β). We call the special case α = 1, fX1/q
(x1/q) = βeq(−βx)

as 1/q−exponential distribution.
Theorem 2.2. (1/q−gamma−Poisson relationship) Suppose thatX1/q ∼
Γ1/q(α, 1) and [Y ]1/q ∼ Po1/q(x, q), where α is a integer, then P (X1/q 6
x) = P ([Y ]1/q > α).

Similarly, we can define q−Poisson and q−gamma distributions. We
say that, the nabla Poisson distribution or q−Poisson distribution with
(λ, q) parameters is given by the pmf

P ([X]q = [x]q) = Eq(−λ)
λx

[x]q!
, x = 0, 1, ... (2.4)

where 0 < q < 1, 0 < λ < 1/(1 − q) and which is denoted by [X]q ∼
Poq(λ). By example 3.3.4 in [9], we saw that for this q−distribution
E[X]r,q = λ, then, we have E([X]q) = λ and V ar([X]q) = λ(1− λ(1−
q)), where V ar([X]q) = qE[X]2,q+E[X]q−E2[X]q (see [1]). Also, there
is a similar theorem to theorem 2.1 in [9] for q−Poisson distribution,
such that gives the following result for all λ ∈ (0, ρ),

E[X]2,q = E2[X]q. (2.5)
It is said that the random variable Xq has a q−gamma distribution
with (α, β, q) parameters if its pdf is given by

fXq(xq) =
Eq(−qβx)xα−1βα

Γq(α)
, x ∈ R+

q , (2.6)
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where α > 0, β > 0, 0 < q < 1 and it denotes as Γq(α, β). The special
case α = 1, fXq(xq) = βEq(−qβx) is called q−exponential distribution.
Theorem 2.3. (q−gamma−Poisson relationship) Suppose that Xq ∼
Γq(α, 1) and [Y ]q ∼ Poq(x, q), where α is a integer, then P (Xq 6 x) =
P ([Y ]q > α).

3. Conclusion

In this work, we studied some quantum distributions belong to the
class of distributions on quantum time scales equipment of delta and
nabla calculus. the class of 1/q− distributions generate by delta quan-
tum calculus and q− distributions by delta quantum calculus.
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Abstract. In this paper, we introduce the notion of continuous
∗-C-controlled frames in Hilbert C∗-modules. We present some
results of these frames in Hilbert C∗-modules. Then we define
∗-(C,C ′)-frames and study multiplier operators for these frames.

1. Introduction

In 1952, the concept of discrete frames for Hilbert spaces were in-
troduced by Duffin and Schaeffer [3] to study some problems in non-
harmonic Fourier series. Frame theory has been used in many fields
such as filter bank theory, image processing, etc. we refer to [1] for an
introduction to frame theory in Hilbert spaces and its applications.

Frank and Larson [4] presented a general approach to the frame
theory in Hilbert C∗-modules. Theory of frames have been extended
from Hilbert spaces to Hilbert C∗-modules, see [5, 6, 7, 8].

In this paper, we introduce the notion of continuous ∗-C-controlled
frames in Hilbert C∗-modules. We present some results of these frames
in Hilbert C∗-modules. Then we define ∗-(C,C ′)-frames and study
multiplier operators for these frames.

First, we recall some definitions and basic properties of Hilbert C∗-
modules. Throughout this paper, A shows a C∗-algebra.
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Definition 1.1. A pre-Hilbert module over C∗-algebra A is a complex
vector space U which is also a leftA-module equipped with anA-valued
inner product 〈., .〉 : U × U → A which is C-linear and A-linear in its
first variable and satisfies the following conditions:
(i) 〈f, f〉 ≥ 0,
(ii) 〈f, f〉 = 0 iff f = 0,
(iii) 〈f, g〉∗ = 〈g, f〉,
(iv) 〈af, g〉 = a〈f, g〉,
for all f, g ∈ U and a, b ∈ A.

A pre-Hilbert A-module U is called Hilbert A-module if U is com-
plete with respect to the topology determined by the norm ‖f‖ =

‖〈f, f〉‖ 1
2 . We consider GL(U) as the set of all bounded linear invert-

ible operators with bounded inverse.

2. Main Results

In this section, we introduce continuous controlled frames in Hilbert
C∗-modules with C∗-valued bounds, and then we give some results for
these frames. We assume that A is a unital C∗-algebra and U is a
Hilbert A-module.

Let Y be a Banach space, (X , µ) a measure space, and f : X → Y
a measurable function. Integral of the Banach-valued function f has
been defined by Bochner and others. Most properties of this integral are
similar to those of the integral of real-valued functions (see [2]). Since
every C∗-algebra and Hilbert C∗-module is a Banach space, hence we
can use this integral in these spaces.

Definition 2.1. Let C ∈ GL(U). A mapping F : X → U is called a
continuous ∗-C-controlled frame for U if

(C1) F is weakly-measurable, i.e, for any f ∈ U , the mapping X 7−→
〈f, F (X )〉 is measurable on X .

(C2) There exist strictly nonzero elements A,B in A such that

A〈f, f〉A∗ ≤
∫
X
〈f, F (x)〉〈CF (x), f〉dµ(x) ≤ B〈f, f〉B∗, (f ∈ U).

(2.1)

Example 2.2. Let U = A = l2(C) with theA-inner product 〈{an}n∈N, {bn}n∈N〉 =
{anbn}n∈N. Consider the linear operator C : U → U defined as C{an}n∈N =
{αan}n∈N, where α ∈ R+. Let (X , µ) be a measure space in which
X = [0, 1] and µ is the Lebesgue measure. Suppose

F : X → U

x 7−→ {
√
3(1

2
+ 1

n
)x}n∈N.
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If f = {an}n∈N ∈ U , then we see that∫
X
〈f, F (x)〉〈CF (x), f〉dµ(x)

=
√
α{1

2
+

1

n
}n∈N〈{an}n∈N, {an}n∈N〉

√
α{1

2
+

1

n
}n∈N.

Therefore F is a continuous tight ∗-C-controlled frame with bound√
α{1

2
+ 1

n
}n∈N.

Definition 2.3. Let C ∈ GL(U), and let the mapping F : X → U
be a continuous ∗-C-controlled Bessel map in Hilbert C∗-module U .
The operator SCf =

∫
x∈X 〈f, F (x)〉CF (x)dµ(x) is called a continuous

∗-C-controlled frame operator.

Theorem 2.4. Let C ∈ GL+(U), and let the mapping F : X → U
be a continuous ∗-C-controlled frame in Hilbert C∗-module U . Then
continuous ∗-C-controlled frame operator SC is invertible, positive and
‖A−1‖−2 ≤ ‖SC‖ ≤ ‖B‖2.

In the sequel, we assume that C,C ′ ∈ GL(U).

Definition 2.5. The mapping F : X → U is called a continuous ∗-
(C,C ′)-controlled frame in Hilbert C∗-module U , if
(CC1) C ′F is weakly-measurable, i.e, for any f ∈ U , the mapping
X 7−→ 〈f, C ′F (X )〉 is measurable on X .

(CC2) There exists strictly nonzero elements A,B in A such that

A〈f, f〉A∗ ≤
∫
X
〈f, C ′F (x)〉〈CF (x), f〉dµ(x) ≤ B〈f, f〉B∗, (f ∈ U).

(2.2)

Theorem 2.6. Let F and G be continuous ∗-(C,C) and ∗-(C ′, C ′)-
controlled Bessel maps with ∗-frame bounds B and B′, respectively.
Let m ∈ L∞(X , µ). The operator

Mm,CF,C′G : U → U
f 7−→

∫
X m(x)〈f, CF (x)〉C ′G(x)dµ(x)

is a well-defined bounded operator.

Now, we give the concept of multipliers for continuous ∗-(C,C ′)-
controlled Bessel maps.

Definition 2.7. Let F and G be continuous ∗-(C,C) and ∗-(C ′, C ′)-
controlled Bessel maps for U , respectively. Let m ∈ L∞(X , µ). The
operator Mm,CF,C′G is called the continuous ∗-(C,C ′)-controlled Bessel
multiplier of F,G and m.
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We give the following results.
Corollary 2.8. Let C and C ′ be unitary operators in End∗A(U). Sup-
pose F and G be continuous ∗-(C,C) and ∗-(C ′, C ′)-controlled Bessel
maps with ∗-frame bounds B and B′, respectively. Then

Mm,CF,C′G = C ′Mm,F,GC
∗.

Corollary 2.9. Let C ∈ GL+(U), and let m(x) ≥ δ > 0 a.e., then
for any continuous ∗-(C,C)-controlled Bessel map F , the multiplier
Mm,CF,CF is a positive invertible operator.
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Abstract. We present some fixed point theorems for (α, p)-nonexpansive
mappings in CAT (0) spaces. Moreover we study the existence of
fixed points for (α, p)-nonexpansive mappings.

1. Introduction and Preliminaries

A metric space M is a CAT (0) space if it is geodesically connected
and if every geodesic triangle in M is at least as thin as its comparison
triangle in the Euclidean plane. CAT (0) spaces are convex metric
spaces, that is, for each x, y ∈ M and t ∈ [0, 1], there exists z ∈ [x, y]
such that

d(x, z) = td(x, y), d(y, z) = (1− t)d(x, y). (1)
For the sake of readerships, denote the unique element (1− t)x⊕ ty in
(1) by z. If (M,d) is a CAT (0) space, then

d((1− t)x⊕ ty, z) ≤ (1− t)d(x, z) + td(y, z),
for all x, y, z ∈M and t ∈ [0, 1].

Lemma 1.1. [1, Proposition 2.2] Let (M,d) be a CAT (0) space,
p, q, r, s ∈M and t ∈ [0, 1]. Then

d(tp⊕ (1− t)q, tr ⊕ (1− t)s) ≤ td(p, r) + (1− t)d(q, s).

1991 Mathematics Subject Classification. Primary 47H09 ; Secondary 47H10.
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We now adopt the notation α1x1⊕α2x2⊕· · ·⊕αnxn =
∑n

i=1[αi, xi].
Then for each convex metric space, when

∑n
i=1 αi = 1, αi ≥ 0 for all i,

we have

d(
n∑
i=1

[αi, xi], z) ≤
n∑
i=1

αid(xi, z),

for all x1, · · · , xn and z ∈ X. Therefore lem 1.1, yields the following
inequality:

d(
n∑
i=1

[αi, xi],
n∑
i=1

[αi, yi] ≤
n∑
i=1

n∑
j=1

αiαjd(xi, yj), (2)

for all x1, · · · , xn and y1, · · · , yn ∈ X. Goebel and Pineda introduced
the class of (α, p)-nonexpansive mappings in Banach spaces [3]. Simi-
larly in CAT (0) spaces we define:

Definition 1.2. A function T : C → C is called (α, p)-nonexpansive
if, for some α = (α1, α2, · · · , αn) with

∑n
i=1 αi = 1, αi ≥ 0 for all

1 ≤ i ≤ n, α1, αn > 0, and for some p ∈ [1,∞),
n∑
i=1

αid(T
ix, T iy)p ≤ d(x, y)p,

for all x, y ∈ C.

In particular, their proofs rely heavily on the nonexpansive property
of the following mapping

Tα := α1T ⊕ α2T
2 ⊕ · · · ⊕ αnT

n.

Clearly d(Tx, Ty)p ≤ 1
α1
d(x, y)p, that is d(Tx, Ty) ≤

(
1

α
1/p
1

)
d(x, y),

and consequently k(T ) ≤ 1

α
1/p
1

, hence d(T jx, T jy) ≤
(

1

α
1/p
1

)j
d(x, y).

When the multi-index α isn’t specified, we say T is mean nonexpansive.
If T is identity or constant mapping, then T is (α, p)-nonexpansive
mapping. Also, let C = [0, 1] × [0, 1] and T (x, y) = (x, 0) for all
(x, y) ∈ C be the projection. Therefore, T is an (α, p)-nonexpansive
mapping.

2. Main Results

Let (M,d) be a complete CAT (0) space and C be a nonempty convex
subset of M .
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Definition 2.1. We say that the (α, p)-nonexpansive mapping T :
C → C is (α, p)-metrically invariant, if for any two points x and y in
C and for all i, j ∈ {1, 2, · · · , n} and i ̸= j, we have

d(T ix, T iy)− d(T ix, T jy)− d(T jx, T iy) + d(T jx, T jy) ≥ 0,

The following Lemma plays an important role in this article.
Lemma 2.2. The mapping Tα is nonexpansive mapping, whenever T
is (α, p)-metrically invariant.
Theorem 2.3. Let (M,d) be a complete CAT (0) space. Let C be a
nonempty bounded closed and convex subset ofM . Then any ((α1, α2), 1)-
metrically invariant mapping T : C → C with α1 ≥

1

2
, has an approx-

imate fixed point sequence.
Example 2.4. Let M = l1 with a metric inherited from the standard
norm, ∥x∥ = ∥(x1, x2, · · · )∥ =

∑∞
i=1

|xi|, C := Bl1 the closed unit ball
of l1 and α = (1 − k, k) for all 0 < k < 1. Suppose T : C → C be a
mapping defined for every (x1, x2, · · · ) ∈ C by

T (x) = (s2x2, s3x3, · · · , sjxj, · · · )

where sj =
1− (−k)j−1

1− (−k)j
for j ∈ {2, 3, · · · }. Then d(T ) = 0. Clearly,

(a,
a

s2
,
a

s2s3
,

a

s2s3s4
, · · · , a

s2s3 · · · sj
, · · · ) is a fixed point of T for all a ∈

(0, 1).
Now, we generalize the results of Section 3 for (α, p)-nonexpansive

mappings, when p ≥ 1.
Theorem 2.5. Let (M,d) be a complete CAT (0) space. Let C be a
nonempty bounded closed and convex subset of M with diam(C) >
0. If T : C → C is (α, p)-nonexpansive with n ≥ 2 for some α =
(α1, α2, · · · , αn) and p ≥ 1, such that

(1− α1)
(
1− α

n−1
p

1

)
≤ α

n−1
p

1

(
1− α

1
p

1

)
, (3)

then d(T ) = inf{d(x, Tx) : x ∈ C} = 0.
Theorem 2.6. Let (M,d) be a complete locally compact CAT (0) space.
If C be a nonempty bounded closed and convex subset of M , then
C has the fixed point property for (α, p)-nonexpansive mappings with
n ≥ 2, α = (α1, α2, · · · , αn) and p ≥ 1 such that

(1− α1)
(
1− α

n−1
p

1

)
≤ α

n−1
p

1

(
1− α

1
p

1

)
.

Moreover, if the above inequality is strict then Fix(T ) = Fix(Tα).
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Abstract. In this paper, the numerical solution of the wave equa-
tion is considered by the fragile points method. To achieve the
test and trial functions, the generalized finite difference method
has been applied. Interior Penalty Numerical Fluxes (IPNF) have
been proposed to establish the consistency of the method. Finally,
numerical results are provided.

1. Introduction

In many problems, numerical analysis researchers use the finite ele-
ment method (FEM) [2] , Finite Volume Method (FVM) and Boundary
Element Method (BEM) to discretize the spatial dimension. Another
group of numerical methods known as meshless methods that do not
require mesh for discretization such as Element Free Galerkin (EFG)
and Meshless Local Petrov-Galerkin (MLPG). Attaining trial functions
by these methods cause a lot of complexity in trial functions and weak
form integrations. Hence, Leiting Dong and colleagues to provide a
general method for solving problems so that the test and trial func-
tions are simple, local, and discontinuous polynomials introduced a
new meshless method called the Fragile Points Method (FPM) [3].

1991 Mathematics Subject Classification. 35L05; 65M99; 68W25.
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Fluxes, Wave equation.
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In this paper, wave equation
∂2u

∂t2
(x, t) = α2∇2u(x, t) + f(x, t) x ∈ Ω, (1.1)

with initial conditions

u(x, 0) = g1(x),
∂u

∂t
(x, 0) = g2, (1.2)

and the boundary conditions

u(x, t) = h1(x, t), x ∈ ΓD, ∇u.n(x, t) = h2(x, t), x ∈ ΓN , (1.3)

will be studied by Fragile Points Method (FPM).

2. Main results

2.1. Polynomial discontinuous trial and test functions. Inside
the domain Ω and it’s boundary ∂Ω, several points are distributed
sporadically. The Voronoi Diagram method has been selected for the
partition of the domain. The trial function uh in the subdomain E0

which includes the point P0 can be written as

uh(x, t) = u0(x, t) + (x− x0)∇u(x, t)|P0 , x ∈ E0. (2.1)

In the above equation, u0 is the value of uh at P0 and x0 denotes the
coordinate of the point P0.

We employ the Generalized Finite Difference (GFD) method to cal-
culate ∇u at P0 in terms of the values of uh at several neighboring
points of P0 that named q1, q2, ..., qm. In the following, to calculate the
amount of the gradient of ∇u at P0, we minimize a weighted discrete
L2 norm J so that

J =
m∑
i=0

(
∇u|P0 . (xi − x0)

T − (ui − u0)
)2
wi. (2.2)

If we assume that weight function w is constant, due to the stationarity
of J we have

∇u = BuE, (2.3)
where

A =


x1 − x0 y1 − y0
x2 − x0 y2 − y0
... ...

xm − x0 ym − y0

 , B =
(
ATA

)−1
AT


−1 1 0 . . . 0

−1 0 1
. . . ...

... ... . . . . . . 0
−1 0 · · · 0 1


m×(m+1)
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and uE = (u0, u1, ..., um)
T . Also by substituting (2.3) into (2.1) the

relation between uh and uE will be obtained as
uh = NuE, ∀x ∈ E0, N = [x− x0]B+ [1, 0, . . . , 0]1×(m+1). (2.4)

2.2. Implementation of numerical flux corrections. We can rewrite
wave equation (1.1) using mixed form as following,

σ = ∇u(x, t), in Ω,

−α2∇.σ = −∂
2u

∂t2
(x, t) + f(x, t), in Ω. (2.5)

By multiplying the first and second equations in (2.5) by test functions
τ and ν respectively and integrating it on the subdomain E, using the
Green formula and by summing these equations over all subdomains
we have ∫

Ω

σh.τdΩ = −
∫
Ω

uh∇.τdΩ +
∑
E∈Ω

∫
∂E

ûhn.τdΓ,

α2

∫
Ω

σh.∇ν = α2
∑
E∈Ω

∫
∂E

σ̂h.nνdΓ−
∫
Ω

∂2u

∂t2
(x, t)νdΩ +

∫
Ω

f(x, t)νdΩ.

In the above equations values σ̂h and ûh represent approximations σh
and uh on ∂E. These values are named Numerical Fluxes [1]. Then we
define operators the average and the jump which by these operators, we
can manage the numerical fluxes. As regards Γ = Γh+ΓD+ΓN , Table
3.1 in [3] and by substituting the Interior Penalty Numerical Fluxes
(IPNF), we have

α2
∑
E∈Ω

∫
E

∇uh.∇νdΩ− α2
∑

e∈Γh∪ΓD

∫
e

({∇uh} [ν] + {∇ν} [uh]) dΓ

+ α2
∑

e∈Γh∪ΓD

η

he

∫
e

[ν] [uh] dΓ =

∫
Ω

f(x, t)νdΩ−
∫
Ω

∂2u

∂t2
(x, t)νdΩ

+ α2
∑
e∈ΓD

∫
e

(
η

he
ν −∇ν.n

)
h1(x, t)dΓ + α2

∑
e∈ΓN

∫
e

νh2(x, t)dΓ.

The above equation is the formula of FPM, which is called FPM-Primal
method. If the matrix form of this method is expressed as follows:

α2Ku+Cü = F, (2.6)
By Substituting values B instead of ∇ν and ∇u, N instead of uh and
ν in equation (2.6), the point stiffness matrices will be achieved.

158



DONYA HAGHIGHI AND SAEID ABBASBANDY

2.3. Numerical results. In this section, a example to verify the ac-
curacy and efficiency of the present method will be evaluated.
Example 2.1. Consider the two-dimensional inhomogeneous wave equa-
tion equation as follows
utt(x, y, t) = ∇2u(x, y, t) + cos(x), x ∈ (0, π), y ∈ (0, π), t > 0.

Dirichlet boundary conditions u(0, y, t) = 1+ sin(y)sin(t), u(π, y, t) =
−1 + sin(y)sin(t),u(x, 0, t) = cos(x), u(x, π, t) = cos(x) and initial
condition u(x, y, 0) = cos(x) and ut(x, y, 0) = sin(y) and analytical
solution can be expressed as u(x, y, t) = cos(x)+sin(y)sin(t). Relative
errors r0 and r1 have been shown in Table 1.

Table 1. The relative errors of the Example 2.1 at T = 1.

points Parameters r0 r1 cpu time
N = 121 he = 1 , η = 6 1.7263× 10−2 9.5218× 10−2 1.6s
N = 676 he = 0.1 , η = 3 4.4831× 10−3 2.7873× 10−2 11s
N = 2601 he = 0.1 , η = 3 2.7653× 10−3 1.5448× 10−2 91s

According to the results of the Table by FPM, we can be seen that
the method is stable and has good precision. Also, the method does
not have much computational cost and depending on the number of
points used, it will achieve numerical solutions with good accuracy in a
short time that this is an advantage. Other advantages of this method
over other numerical methods are described in detail in Table 1 in [4].
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Abstract. In this talk, we first introduce ℓp-diversities as a gen-
eralization of ℓp-metrics, for all 1 ≤ p < ∞. Then, we state the
diversity setting of the well-known Bourgain theorem in metric em-
beddings. We show that every diversity (X, δ) on n points embeds
in diversities ℓO(logn)

p with distortion O(n log
1+p
p n) as 1 ≤ p ≤ 2,

and ℓO(log2 n)
p with distortion O(n log

2+p
p n) as 2 < p <∞.

1. Introduction

Diversities were introduced in [1] as a generalization of metric spaces.
Actually, a nonnegative real number is assigned to each finite subset of
a given set. To be precise, let X be a nonempty set and ⟨X⟩ denote the
collection of all finite subsets of X. A diversity is a pair (X, δ) where
δ : ⟨X⟩ → R satisfies the following conditions for all A,B,C ∈ ⟨X⟩:
(D1) δ(A) ≥ 0, and δ(A) = 0 if and only if |A| ≤ 1;
(D2) If B ̸= ∅, then δ(A ∪ C) ≤ δ(A ∪B) + δ(B ∪ C).
Example 1.1. Let (X, d) be a metric space. Then the mapping δdiam :
⟨X⟩ → [0,∞) defined as δdiam(A) = max{d(a, b) : a, b ∈ A}, for all
A ∈ ⟨X⟩ is a diversity on X.

Below, we introduce ℓp-diversities for all p ∈ [1,∞). For p = 1, see
[2].

1991 Mathematics Subject Classification. Primary 46B85; Secondary 30L05.
Key words and phrases. Diversity, Metric embedding, Diversity embedding.
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Example 1.2. Let p ∈ [1,∞) and ℓp denote the set of all real sequences
{xi}∞i=1 with Σ∞

i=1|xi|p <∞. Define the mapping δp : ⟨ℓp⟩ → [0,∞) as

δp(A) =

(
∞∑
i=1

diam {ai : a ∈ A}p
) 1

p

(A ∈ ⟨Lp⟩).

Then δp is a diversity on ℓp.

More examples of diversities can be seen in [1, 2, 3, 4, 6].
Diversity embeddings were defined in [2] and then some results on

metric embeddings and L1-embeddable metrics were generalized to di-
versities, leading to some applications in combinatorial optimization
and theoretical computer science (see [2, 3, 7]). More precisely, a
mapping f : (X, δX) → (Y, δY ) of diversities is called a diversity em-
bedding if δX(A) = δY (f(A)), for all A ∈ ⟨X⟩. Also, a mapping
ϕ : (X, δX) → (Y, δY ) is said to have distortion c if for some α, β > 0
such that c = αβ we have

1

α
δX(A) ≤ δY (ϕ(A)) ≤ βδ(A), (1.1)

for all A ∈ ⟨X⟩. In this case, it is said that (X, δX) embeds in (Y, δY )
with distortion c.

2. Main results

In this section, embedding of arbitrary finite diversities into ℓp-
diversities is given. The case p = 1, a special case, is given in [2,
Theorem 13]. Let us first see the following lemma.

Lemma 2.1. Let δ(p)diam be the diameter diversity derived from the metric
space (Rm, dp), as 1 ≤ p <∞. Then, δ(p)diam ≤ δp ≤ m

1
p δ

(p)
diam.

Proof. The first inequality is trivial. For the second one, note that for
all k ∈ {1, · · · ,m}, there exist ak, bk ∈ A such that diam{ak : a ∈
A} = akk − bkk. We have

δp(A)
p =

m∑
k=1

(akk − bkk)
p ≤

m∑
k=1

∥ak − bk∥pp ≤ mδ
(p)
diam(A)

p
.

�

Theorem 2.2. Every diversity (X, δ) on n points embeds in the diver-
sities ℓO(logn)

p with distortion O(n log
1+p
p n) as 1 ≤ p ≤ 2, and ℓO(log2 n)

p

with distortion O(n log
2+p
p n) as 2 < p <∞.
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Proof. Let d be the induced metric for δ and δdiam denote the diameter
diversity. By [2, Theorem 4], for each finite subset A of X, we have

δdiam(A) ≤ δ(A) ≤ (|A| − 1)δdiam(A). (2.1)
Let 1 ≤ p ≤ 2. According to [5, Theorem 3.2, 3], there is a mapping
ϕ : X → RO(logn) such that

1

α
d(x, y) ≤ ∥ϕ(x)− ϕ(y)∥p ≤ βd(x, y), (2.2)

where αβ = O(log n). From (2.1), and (2.2), and Lemma 2.1, we have
1

nα
δ(A) ≤ 1

α
δdiam(A) ≤ δ

(p)
diam(ϕ(A)) ≤ δp(ϕ(A))

≤ m
1
p δ

(p)
diam(ϕ(A)) ≤ m

1
pβδdiam(A) ≤ m

1
pβδ(A),

(2.3)

where m = O(log n). We then see that the distortion of the mapping
ϕ : (X, δ) → ℓ

O(logn)
p is nαm

1
pβ = O(n log

1+p
p n).

Now let 2 < p < ∞. According to [5, Theorem 3.2, 5], there is
a mapping ϕ : X → RO(log2 n) satisfying (2.2). Thus (2.3) holds for
m = O(log2 n).Observe that nαm

1
pβ = O(n log

2+p
p n), which completes

the proof. �
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Abstract. In this paper, we investigate bounded below weighted
composition operators Cψ,φ on a Hilbert space of analytic func-
tions. Then for ψ ∈ H∞ and a univalent map φ, we characterize
all closed range weighted composition operators Cψ,φ on H2 and
A2
α. Also we show that for ψ ∈ H∞ which is bounded away from

zero near the unit circle, the weighted composition operator Cψ,φ
is bounded below on H2 or A2

α if and only if Cφ has closed range.

1. Introduction

Let D denote the open unit disk in the complex plane. The Hardy
space H2 is the set of all analytic functions f on D such that

∥f∥21 = lim
r→1

∫ 2π

0

|f(reiθ)|2 dθ
2π

<∞.

We recall that H∞(D) = H∞ is the space of all bounded analytic
functions defined on D, with supremum norm ∥f∥∞ = supz∈D |f(z)|.

Let dA be the normalized area measure in D. The weighted Bergman
spaces A2

α(D) = A2
α, for α > −1, are defined by

A2
α(D) = {f analytic in D : ||f ||2α+2 =

∫
D
|f |2dAα <∞},

1991 Mathematics Subject Classification. Primary 47B33; Secondary 47B38.
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where dAα = (α + 1)(1 − |z|2)αdA. We know that for α > −1, A2
α is

a Hilbert space. The case when α = 0 is known as the (unweighted)
Bergman space, and is often denoted simply A2.

Let φ be an analytic map from the open unit disk D into itself. The
operator that takes the analytic map f to f ◦φ is a composition oper-
ator and is denoted by Cφ. A natural generalization of a composition
operator is an operator that takes f to ψ · f ◦ φ, where ψ is a fixed
analytic map on D. This operator is aptly named a weighted composi-
tion operator and is usually denoted by Cψ,φ. More precisely, if z is in
the unit disk then (Cψ,φf)(z) = ψ(z)f(φ(z)). In this paper, we assume
that Cψ,φ is a bounded operator.

The automorphisms of D, that is, the one-to-one analytic maps of
the disk onto itself, are just the functions φ(z) = λ a−z

1−az , where |λ| = 1
and |a| < 1. We denote the class of automorphisms of D by Aut(D).

Closed range composition operators were studied on the Hardy and
weighted Bergman spaces in [1], [2], [4] and [5]. In the second section,
we investigate closed range weighted composition operators. We show
that if Cψ,φ is bounded below on a Hilbert space of analytic functions,
then Cφ has closed range. Next, we show that Cψ,φ is bounded below on
H2 or A2

α if and only if Cφ has closed range, when ψ ∈ H∞ is bounded
away from zero near the unit circle. In Theorem 2.5, for ψ ∈ H∞ and
φ which is a univalent, holomorphic self-map of D, we determine all
closed range operators Cψ,φ on H2 and A2

α. In this paper, we state
some results of [3].

2. Main results

Let H be a Hilbert space. The set of all bounded operators from H
into itself is denoted by B(H). We say that an operator A ∈ B(H) is
bounded below if there is a constant c > 0 such that c∥h∥ ≤ ∥A(h)∥
for all h ∈ H.

In the next lemma, we show that for operators A and B which have
closed range, if A is bounded below, then AB has closed range.

Lemma 2.1. Suppose that A and B belong to B(H). Let A and B
have closed range. If A is bounded below, then AB has closed range.

If f is defined on a set V and if there is a positive constant m so that
|f(z)| ≥ m, for all z in V , we say f is bounded away from zero on V .
In particular, we say that ψ is bounded away from zero near the unit
circle, that is, there are δ > 0 and ϵ > 0 such that

|ψ(z)| > ϵ for δ < |z| < 1.
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In Propositions 2.2 and 2.3 and Theorem 2.5, we investigate bounded
below weighted composition operators
Proposition 2.2. Suppose that H is a Hilbert space of analytic func-
tions. If Cψ,φ is bounded below on H, then Cφ has closed range.

Suppose that φ is a constant function. Then the range of φ on D
misses a neighborhood of the unit circle. [5, Corollary 4.2] and [5, Ex-
ample 1] imply that Cφ does not have a closed range on H2 and A2

α.
We use this fact in Theorem 2.3.

Theorem 2.3. Let ψ ∈ H∞ be bounded away from zero near the unit
circle. The composition operator Cφ has closed range if and only if
Cψ,φ is bounded below on H2 or A2

α.
In [2, Theorem 5.1], Akeroyd et al. found the following proposition.

We use it in the next theorem in order to characterize all closed range
weighted composition operators Cψ,φ on H2 and A2

α, when φ is univa-
lent.

Proposition 2.4. LSuppose that φ is a univalent, holomorphic self-
map of D. Then Cφ has closed range on H2 or A2

α if and only if φ is
an automorphism of D.

If ψ ≡ 0, then it is easy to see that Cψ,φ has closed range. Therefore,
in the following theorem, we assume that ψ ̸≡ 0.

Theorem 2.5. Assume that φ is a univalent, holomorphic self-map of
D. Let ψ ∈ H∞ and ψ ̸≡ 0. The weighted composition operator Cψ,φ
has closed range on H2 if and only if φ is an automorphism of D and
there exits a constant m > 0 such that |ψ| ≥ m almost everywhere on
∂D. Moreover, the weighted composition operator Cψ,φ has closed range
on A2

α if and only if φ is an automorphism of D and ψ = hb, where
h ∈ H∞ is invertible in H∞ and b is a finite product of interpolating
Blaschke products.
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Abstract. In this paper, we obtain that C∗
ψ,φ is bounded below

on H2 or A2
α if and only if Cψ,φ is invertible.

1. Introduction

Let D denote the open unit disk in the complex plane. For α > −1,
the weighted Bergman space A2

α(D) = A2
α is the set of functions f

analytic in D with

∥f∥2α+2 = (α + 1)

∫
D
|f(z)|2(1− |z|2)αdA(z) <∞,

where dA is the normalized area measure in D. The case when α = 0 is
known as the (unweighted) Bergman space, and is often denoted simply
A2.

The Hardy space, denoted H2(D) = H2, is the set of all analytic
functions f on D, satisfying the norm condition

∥f∥21 = lim
r→1

∫ 2π

0

|f(reiθ)|2 dθ
2π

<∞.

The space H∞(D) = H∞ consists of all the functions that are analytic
and bounded on D, with supremum norm ∥f∥∞ = supz∈D |f(z)|.
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Let φ be an analytic map from the open unit disk D into itself. The
operator that takes the analytic map f to f ◦φ is a composition oper-
ator and is denoted by Cφ. A natural generalization of a composition
operator is an operator that takes f to ψ ·f ◦φ, where ψ is a fixed ana-
lytic map on D. This operator is aptly named a weighted composition
operator and is usually denoted by Cψ,φ. More precisely, if z is in the
unit disk then (Cψ,φf)(z) = ψ(z)f(φ(z)).

Suppose that H and H ′ are Hilbert spaces and A : H → H ′ is a
bounded operator. The operator A is said to be left semi-Fredholm if
there is a bounded operator B : H ′ → H and a compact operator K
on H such that BA = I +K. Analogously, A is right semi-Fredholm if
there is a bounded operator B′ : H ′ → H and a compact operator K ′

on H ′ such that AB′ = I +K ′. An operator A is said to be Fredholm
if it is both left and right semi-Fredholm. It is not hard to see that A
is left semi-Fredholm if and only if A∗ is right semi-Fredholm. Hence
A is Fredholm if and only if A∗ is Fredholm. Note that an invertible
operator is Fredholm. By using the definition of Fredholm operator,
it is not hard to see that if the operators A and B are Fredholm on a
Hilbert space H, then AB is also Fredholm on H.

The automorphisms of D, that is, the one-to-one analytic maps of
the disk onto itself, are just the functions φ(z) = λ a−z

1−az , where |λ| = 1
and |a| < 1. We denote the class of automorphisms of D by Aut(D).
Automorphisms of D take ∂D onto ∂D. It is known that Cφ is Fredholm
on the Hardy space if and only if φ ∈ Aut(D) (see [1]).

In the second section, we investigate Fredholm and invertible weighted
composition operators. In Theorem 2.7, we show that the operator C∗

ψ,φ

is bounded below on H2 or A2
α if and only if Cψ,φ is invertible. In this

paper, we state some results of [4].

2. Main results

Let H be a Hilbert space. The set of all bounded operators from H
into itself is denoted by B(H). We say that an operator A ∈ B(H) is
bounded below if there is a constant c > 0 such that c∥h∥ ≤ ∥A(h)∥
for all h ∈ H.

If f is defined on a set V and if there is a positive constant m so that
|f(z)| ≥ m, for all z in V , we say f is bounded away from zero on V .
In particular, we say that ψ is bounded away from zero near the unit
circle, that is, there are δ > 0 and ϵ > 0 such that

|ψ(z)| > ϵ for δ < |z| < 1.
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Now we state the following simple and well-known lemma, and we
frequently use it in this paper.

Lemma 2.1. Let Cψ,φ be a bounded operator on H2 or A2
α. Then, for

each w ∈ D, C∗
ψ,φKw = ψ(w)Kφ(w).

Lemma 2.2. Suppose that A and B are two bounded operators on a
Hilbert space H. If AB is a Fredholm operator, then B is left semi-
Fredholm.

Zhao in [5] characterized Fredholm weighted composition operators
on H2. Also Zhao in [6] found necessary conditions of φ and ψ for
a weighted composition operator Cψ,φ on A2

α to be Fredholm. In the
following proposition, we obtain a necessary and sufficient condition
for Cψ,φ to be Fredholm on H2 and A2

α. The idea of the proof of the
next proposition is different from [5] and [6].

Proposition 2.3. The operator C∗
ψ,φ is left semi-Fredholm on H2 or

A2
α if and only if φ ∈ Aut(D) and ψ ∈ H∞ is bounded away from zero

near the unit circle. Under this conditions Cψ,φ is a Fredholm operator.

In the next proposition, we find a necessary condition of ψ for an
operator C∗

ψ,φ to be bounded below on H2 and A2
α. Then we use Propo-

sition 2.4 in order to obtain all invertible weighted composition opera-
tors on H2 and A2

α.

Proposition 2.4. Let ψ be an analytic map of D and φ be an analytic
self-map of D. If C∗

ψ,φ is bounded below on H2 or A2
α, then ψ ∈ H∞ is

bounded away from zero on D and φ ∈ Aut(D).

Bourdon in [2, Theorem 3.4] obtained the following corollary; we
give another proof (see also [3, Theorem 2.0.1]).

Corollary 2.5. Let ψ be an analytic map of D and φ be an analytic
self-map of D. The weighted composition operator Cψ,φ is invertible on
H2 or A2

α if and only if φ ∈ Aut(D) and ψ ∈ H∞ is bounded away from
zero on D.

Note that if Cψ,φ is invertible, then C∗
ψ,φ is bounded below. Hence

by Proposition 2.4 and Corollary 2.5, we can see that C∗
ψ,φ is bounded
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below if and only if Cψ,φ is invertible.

The algebra A(D) consists of all continuous functions on the closure
of D that are analytic on D. In the next corollary, we find some Fred-
holm weighted composition operators which are not invertible.

Corollary 2.6. Suppose that φ ∈ Aut(D) and ψ ∈ A(D). Assume that
{z ∈ D : ψ(z) = 0} is a nonempty finite set and for each z ∈ ∂D,
ψ(z) ̸= 0. Then Cψ,φ is Fredholm, but it is not invertible.
Theorem 2.7. Suppose that ψ is an analytic map of D and φ is an
analytic self-map of D. The operator C∗

ψ,φ is bounded below on H2 or
A2
α if and only if φ ∈ Aut(D) and ψ ∈ H∞ is bounded away from zero

on D.
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Abstract. In this paper, we study on the boundedness and com-
pactness of a certain type of the product of composition and dif-
ferentiation operators on the weighted Hardy spaces. We also de-
termine its spectra and an expression to its adjoint.

1. Introduction

Let β = {β(n)}n∈N∪{0} be a sequence of positive real numbers with
β(0) = 1 and 1 ≤ p < ∞. Denote the weighted Hardy space Hp(β) by
the space of formal power series

f(z) =
∞∑
n=0

f̂(n)zn

such that

‖f‖p = ‖f‖pβ =
∞∑
n=0

|f̂(n)|pβ(n)p <∞.

Let f̂k(n) = δk(n). Then fk(z) = zk and {fk}k∈N∪{0} is a basis for
Hp(β). The weighted Hardy space Hp(β), 1 ≤ p < ∞, is a reflexive

1991 Mathematics Subject Classification. Primary 47B33; Secondary 30D15,
47A05.

Key words and phrases. Composition operator, differentiation operator, com-
pactness, boundedness, adjoint.
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Banach space with the ‖.‖β and its dual is Hq(βp/q) where 1
p
+ 1

q
= 1

and βp/q = {β(n)p/q}n. The classical Hardy, Bergman and Dirichlet
spaces are examples of weighted Hardy spaces, where β(n) = 1, β(n) =
(n+ 1)−1/2 and β(n) = (n+ 1)1/2, respectively.

If p = 2, H2(β) is a Hilbert space with the inner product

〈f , g〉 =
∞∑
n=0

f̂(n)ĝ(n)β(n)2

for all f(z) =
∑∞

n=0 f̂(n)z
n and g(z) =

∑∞
n=0 ĝ(n)z

n in H2(β). If the
weighted sequence {β(n)} satisfies

lim
n→∞

β(n)
1
n = ∞ (1)

then the elements of H2(β) are entire functions.
Let φ : C −→ C be any analytic map. The composition operator Cφ

on H2(β) is defined by
Cφ(f) = f ◦ φ.

A number of researchers have studied on the relation between op-
erator theoretic properties of Cφ and the function theoretic of φ. For
more information, the reader can refer to [1, 4, 5, 6].

Let D be the differentiation operator defined by

Df(z) = f
′
(z)

for any analytic function f on the complex plane. Note that the opera-
tor D is not necessarily bounded on any analytic function space. Since
H2(β) is a functional Hilbert space, Dφ is bounded on H2(β) if and
only if Dφ maps H2(β) into itself.

The product of composition operator Cφ and differentiation oper-
ator D, CφD, have been studied by many authors, for example see
[2, 3]. As in [2], we denote the product of composition operator and
differentiation operator CφD by Dφ on H2(β) is given by

Dφf = f
′ ◦ φ.

2. Main results

Let φ(z) = az + b, a, b ∈ C. In the case a = 0, b 6= 0 for f(z) =∑∞
n=0 f̂(n)z

n ∈ H2(β) we have

Dφf(z) =
∞∑
n=1

nf̂(n)bn−1
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and obviousely

‖Dφf‖2 ≤ ‖f‖2
∞∑
n=1

n2|b|2(n−1)

β(n)2
.

Using root test and condition (1), the above right hand series is con-
vergent and so the operator Dφ is bounded on H2(β).

If a, b ∈ C \ {0}, φ(z) = az + b, then for f(z) =
∑∞

n=0 f̂(n)z
n,

Dφf(z) =
∞∑
n=1

nf̂(n)(az + b)n−1

=
∞∑
k=0

∞∑
n=k+1

(
n− 1

k

)
nf̂(n)akbn−1−kzk.

Theorem 2.1. Let φ(z) = az + b for some a, b ∈ C \ {0} with |a| < 1.
Then the operator Dφ is bounded on H2(β) if the sequence {nβ(n−1)

β(n)
}n∈N

is bounded.
In the special case, if b = 0, then the operator Dφ is bounded on

H2(β) if and only if the sequence {n|a|
n−1β(n−1)
β(n)

}n∈N is bounded.

Theorem 2.2. Let φ(z) = az for some a ∈ C \ {0}. Then the operator
Dφ is compact on H2(β) if and only if

lim
n→∞

n|a|n−1β(n− 1)

β(n)
= 0.

Proposition 2.3. Let φ(z) = az for some a ∈ C \ {0}. Suppose that
the sequence {(n+1)|a|n β(n)

β(n+1)
}n∈N∪{0} is monotonically decreasing and

converges to a real number k. Then the spectrum of Dφ is contained in
the closed ball with the radius k.

Assume that φ(z) = az+b, for some a, b ∈ C and f(z) =
∑∞

n=0 f̂(n)z
n

belongs to the domain of Dφ. So

f (k)(b) =
∞∑
n=k

n!

(n− k)!
f̂(n)bn−k.

By Cauchy-Schwarz’s inequality and the root test one can conclude
that the mapping f 7→ f (k)(b) is a bounded linear functional of H2(β).

This shows that the domain of the adjoint of Dφ contains all holo-
morphic polynomials. So we have the following result.
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Proposition 2.4. If f(z) =
∑∞

n=0 f̂(n)z
n belongs to the domain of

D∗
φ, then D∗

φf(z) =
∑∞

n=0 f̂∗(n)z
n where f̂∗(0) = 0 and for n ≥ 1

f̂∗(n) =
n−1∑
k=0

n!

k!(n− k − 1)!
f̂(k)ākb̄n−1−k(

β(k)

β(n)
)2.
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Abstract. We give necessary and sufficient conditions for the
compactness of products of differentiation and composition opera-
tors between Zygmund type spaces.

1. Introduction
Let D denote the open unit ball of the complex plane C and H(D)

denote the space of all complex-valued analytic functions on D. For
0 < α <∞, a function f ∈ H(D) belongs to Bloch type space Bα if

∥f∥sBα = sup
z∈D

(1− |z|2)α|f ′(z)| <∞.

The space Bα is a Banach space equipped with the norm
∥f∥Bα = |f(0)|+ ∥f∥sBα ,

for each f ∈ Bα. The little Bloch type space Bα,0 is the closed subspace
of Bα consists of those functions f ∈ Bα satisfying

lim
|z|→1

(1− |z|2)α|f ′(z)| = 0.

2010 Mathematics Subject Classification. Primary 47B38; Secondary 47B33,
46E15.

Key words and phrases. generalized weighted composition operator, product of
differentiation and composition operator, compact operator, Zygmund type space.
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The classic Zygmund space Z consists of all functions f ∈ H(D) which
are continuous on the closed unit ball D and

sup
|f(ei(θ+h)) + f(ei(θ−h))− 2f(eiθ)|

h
<∞,

where the supremum is taken over all θ ∈ R and h > 0. By [1, Theorem
5.3], an analytic function f belongs to Z if and only if supz∈D(1 −
|z|2)|f ′′(z)| <∞. Motivated by this, for each 0 < α <∞, the Zygmund
type space Zα is defined to be the space of all functions f ∈ H(D) for
which

∥f∥sZα = sup
z∈D

(1− |z|2)α|f ′′(z)| <∞.

The space Zα is a Banach space equipped with the norm
∥f∥Zα = |f(0)|+ |f ′(0)|+ ∥f∥sZα ,

for each f ∈ Zα. The little Zygmund type space Zα,0 is the closed
subspace of Zα consists of those functions f ∈ Zα satisfying

lim
|z|→1

(1− |z|2)α|f ′′(z)| = 0.

The essential norm of a bounded operator T : X → Y between
Banach spaces X and Y is defined by

∥T∥e,X→Y = inf{∥T −K∥X→Y : K ∈ K(X,Y )},
where K(X,Y ) is the space of all compact operators K : X → Y .

For each non-negative integer k, the generalized weighted composition
operator Dk

φ,u is defined by

Dk
φ,uf(z) = u(z)f (k)(φ(z)),

for each f ∈ H(D) and z ∈ D. The class of generalized weighted
composition operators include weighted composition operators uCφ =
D0
φ,u, composition operators followed by differentiation DCφ = D1

φ,φ′

and composition operators proceeded by differentiation CφD = D1
φ,1

[2]. Also, weighted types of operators DCφ and CφD are of the form
Dk
φ,u, that is uDCφ = D1

φ,uφ′ and uCφD = D1
φ,u [3]. The aim of this

paper is to investigate compactness of products of differentiation and
composition operators between Zygmund type spaces.

2. Main results

It is known that for each n ≥ 2 and 0 < α <∞ we have

|f (n)(z)| ≤ ∥f∥Bα

(1− |z|2)α+n−1
,

176



PRODUCTS OF DIFFERENTIATION AND COMPOSITION OPERATORS

for all f ∈ Bα and z ∈ D (see [5]). Therefore, for each n ≥ 2 and
0 < α <∞ we have

|f (n+1)(z)| ≤ ∥f∥Zα

(1− |z|2)α+n−1
, (2.1)

for all f ∈ Zα and z ∈ D. Note that, by the definition of Zygmund
type spaces, it is clear that (2.1) also holds in the case of n = 1. Before
stating the main results of this section, we define the following test
functions for each 0 < α <∞ and z, a ∈ D.

fa(z) =
(1− |a|2)2

(1− az)α
, ga(z) =

(1− |a|2)3

(1− az)α+1
, ha(z) =

(1− |a|2)4

(1− az)α+2
.

Theorem 2.1. Let 0 < α, β < ∞ and n ≥ 1 with (n, α) ̸= (1, 1). If
Dn
φ,u : Zα → Zβ is a bounded operator, then the following statements

are equivalent:
(i) Dn

φ,u : Zα → Zβ is compact.
(ii) lim supj→∞ jα−2∥Dn

φ,uI
j+1∥Zβ

= 0.
(iii) lim sup|a|→1 ∥Dn

φ,ufa∥Zβ
= 0, lim sup|a|→1 ∥Dn

φ,uga∥Zβ
= 0,

lim sup|a|→1 ∥Dn
φ,uha∥Zβ

= 0.
(iv) lim sup|φ(z)|→1

(1−|z|2)β
(1−|φ(z)|2)α+n−2 |u′′(z)| = 0,

lim sup|φ(z)|→1
(1−|z|2)β

(1−|φ(z)|2)α+n−1 |2u′(z)φ′(z) + u(z)φ′′(z)| = 0,

lim sup|φ(z)|→1
(1−|z|2)β

(1−|φ(z)|2)α+n |u(z)φ′2(z)| = 0.

By applying Theorem 2.1, we get the following results for the com-
pactness of products of differentiation and composition operatorsDCφ :
Zα → Zβ and CφD : Zα → Zβ in the case of α ̸= 1.
Corollary 2.2. Let 0 < α, β <∞ with α ̸= 1. If DCφ : Zα → Zβ is a
bounded operator, then the following statements are equivalent:

(i) DCφ : Zα → Zβ is compact.
(ii) lim supj→∞ jα−2∥φ′(Ij+1)′ ◦ φ∥Zβ

= 0.
(iii) lim sup|a|→1 ∥φ′f ′

a ◦ φ∥Zβ
= 0, lim sup|a|→1 ∥φ′g′a ◦ φ∥Zβ

= 0,
lim sup|a|→1 ∥φ′h′a ◦ φ∥Zβ

= 0.
(iv) lim sup|φ(z)|→1

(1−|z|2)β
(1−|φ(z)|2)α−2 |φ′′′(z)| = 0,

lim sup|φ(z)|→1
(1−|z|2)β

(1−|φ(z)|2)α |3φ
′′(z)φ′(z)| = 0,

lim sup|φ(z)|→1
(1−|z|2)β

(1−|φ(z)|2)α+1 |φ′3(z)| = 0.

Corollary 2.3. Let 0 < α, β <∞ with α ̸= 1. If CφD : Zα → Zβ is a
bounded operator, then the following statements are equivalent:

(i) CφD : Zα → Zβ is compact.
(ii) lim supj→∞ jα−2∥(Ij+1)′ ◦ φ∥Zβ

= 0.
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(iii) lim sup|a|→1 ∥f ′
a ◦ φ∥Zβ

= 0, lim sup|a|→1 ∥g′a ◦ φ∥Zβ
= 0,

lim sup|a|→1 ∥h′a ◦ φ∥Zβ
= 0.

(iv) lim sup|φ(z)|→1
(1−|z|2)β

(1−|φ(z)|2)α |φ
′′(z)| = 0,

lim sup|φ(z)|→1
(1−|z|2)β

(1−|φ(z)|2)α+1 |φ′2(z)| = 0.

We next give the result of Theorem 2.1 in the case of (n, α) = (1, 1).
Theorem 2.4. Let 0 < β < ∞ and D1

φ,u : Z → Zβ be a bounded
operator. Then, D1

φ,u : Z → Zβ is compact if and only if
(i) lim sup|φ(z)|→1(1− |z|2)β|u′′(z)| log 2

(1−|φ(z)|2)α = 0,
(ii) lim sup|φ(z)|→1

(1−|z|2)β
1−|φ(z)|2 |2u

′(z)φ′(z) + u(z)φ′′(z)| = 0,
(iii) lim sup|φ(z)|→1

(1−|z|2)β
(1−|φ(z)|2)2 |u(z)φ

′2(z)| = 0.

Finally, it is worth mentioning that by applying Theorem 2.4 for the
operators DCφ = D1

φ,φ′ : Zα → Zβ and CφD = D1
φ,1 : Zα → Zβ, one

can get criteria for the compactness of such operators as in Corollary
2.2 and Corollary 2.3.
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Abstract. In this paper, we prove the existence of infinitely
many weak solutions for the (p1, · · · , pn)-biharmonic type systems
with Hardy potential. The main tool is an infinitely many critical
points theorem.

1. Introduction

The purpose of the present paper is to establish the existence of
infinitely many weak solutions for the following (p1, · · · , pn)-biharmonic
singular type systems∆2

pi
ui + ai(x)

|ui|qi−2ui
|x|2qi

= λFui(x, u1, · · · , un) in Ω,

ui = ∆ui = 0 on ∂Ω,
(1.1)

for 1 ≤ i ≤ n, where ∆2
pi
ui = ∆(|∆ui|pi−2∆ui) is the pi-biharmonic

operator, 1 < qi <
N
2
< pi for i = 1, · · · , n, Ω is a bounded do-

main in RN(N ≥ 3), containing the origin and with smooth boundary
∂Ω, ai ∈ L∞(Ω) such that ai := essΩ inf ai(x) > 0 for i = 1, · · · , n.
λ ∈ (0,∞) and F : Ω × Rn → R is a function such that the mapping
(t1, t2, · · · , tn) → F (x, t1, t2, · · · , tn) is in C1 in Rn for all x ∈ Ω, Fti
is continuous in Ω × Rn for i = 1, · · · , n, and Fti denotes the partial

Key words and phrases. Infinitely many solutions, variational methods, Hardy
potential, (p1, · · · , pn)-biharmonic system.
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derivative of F with respect to ti.
The investigation of singular elliptic problems has drawn the attention
of many authors (for example [2, 3, 4]), because it applies in some
parts of science such that boundary layer phenomena for viscous flu-
ids, chemical heterogeneous catalysts, chemical catalyst kinetics, and
theory of heat conduction in electrically conducting materials. These
kinds of problems also appear in glacial advance, in transport of coal
slurries down conveyor belts and in some other geophysical and indus-
trial contents.
Let X =

∏n
i=1W

2,pi(Ω) ∩W 1,pi
0 (Ω) endow with the norm

∥(u1, · · · , un)∥X =
n∑
i=1

∥ui∥,

where ∥ui∥ =
( ∫

Ω
|∆ui|pidx

) 1
pi for 1 ≤ i ≤ n.

We recall Rellich inequality [5], which says that∫
Ω

|u(x)|s

|x|2s
dx ≤ 1

H

∫
Ω

|∆u(x)|sdx, ∀u ∈ W 2,s(Ω) ∩W 1,s
0 (Ω) (1.2)

where 1 < s < N
2
and H := (

N(s− 1)(N − 2s)

s2
)s .

The embedding W 2,pi(Ω) ∩W 1,pi
0 (Ω) ↪→ C0(Ω̄) is compact whenever

pi >
N
2
, for i = 1, 2, · · · , n. So we have the compact embeding X →

C(Ω̄)× · · · × C(Ω̄) and there is a constant κ > 0 such that

κ = max{ sup
ui∈(W 2,pi (Ω)∩W 1,pi

0 (Ω))r{0}

maxx∈Ω̄ |ui(x)|pi
∥ui∥pi

: for 1 ≤ i ≤ n} < +∞.

Let p∗ = min{pi ; i = 1, 2, · · · , n} and for all ν > 0 we define

Q(ν) := {(t1, · · · , tn) ∈ Rn :
n∑
i=1

|ti| ≤ ν}.

We consider the functional gλ : X → R by gλ(u) := Φ(u) − λΨ(u) for
each u = (u1, · · · , un) ∈ X, where the functionals Φ,Ψ : X → R, as
follows

Φ(u) :=
n∑
i=1

1

pi

∫
Ω

|∆ui(x)|pidx+
n∑
i=1

1

qi

∫
Ω

ai(x)
|ui(x)|qi
|x|2qi

dx,

Ψ(u) :=

∫
Ω

F (x, u1(x), · · · , un(x))dx.
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By (1.2) we have
n∑
i=1

∥ui∥pi
pi

≤ Φ(u) ≤
n∑
i=1

∥ui∥pi
pi

+
n∑
i=1

∥ai∥∞
qiH

∫
Ω

|∆ui(x)|qidx,

for every u ∈ X, so Φ is well defined, coercive and sequentially weakly
lower semicontinuous. Moreover Ψ is sequentially weakly upper semi-
continuous.
For fixed x0 ∈ Ω, set R2 > R1 > 0 such that B(x0, R2) ⊂ Ω, where
B(x0, R2) denotes the ball with center at x0 and radiusR2 andB(x0, R2)
not containing the origin. Set

Lpi :=
Γ(1 + N

2
)(∑n

i=1(κpi)
1
pi

)p∗
π

N
2

(R2
2 −R2

1

2N

)pi 1

RN
2 −RN

1

Lqi :=
Γ(1 + N

2
)(∑n

i=1(κpi)
1
pi

)p∗
π

N
2

(R2
2 −R2

1

2N

)qi 1

RN
2 −RN

1

(1.3)

for every i = 1, · · · , n.

2. Multiple solutions

Our goal is to prove the existence of infinitely many solutions for the
problem (1.1). Due do this, we introduce the suitable hypothesis and
establish an open interval of positive parameters such that the problem
(1.1) admits infinitely many weak solutions.
The main tool used to prove our multiplicity result is the critical point
theorem of Bonanno (see Bonanno and Molica Bisci [1]). We set

ϕ(r) := inf
u∈Φ−1(−∞,r)

(supv∈Φ−1(−∞,r) Ψ(v))−Ψ(u)

r − Φ(u)

γ := lim inf
r→+∞

ϕ(r), δ := lim inf
r→(infX Φ)+

ϕ(r).

In the first case, we show that γ < ∞, so we obtain an unbounded
sequence of solutions (Theorem 2.1), in the second case, we show that
δ <∞, so we obtain a sequence of non-zero solutions strongly converg-
ing at zero (Theorem 2.2).

Theorem 2.1. Assume that
(A1) F (x, t1, · · · , tn) ≥ 0 for each (x, t1, · · · , tn) ∈ Ω× Rn

+.
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(A2) there exist x0 ∈ Ω, 0 < R1 < R2 as considered in (1.3) such
that A < LB, where L := min{Lpi , , i = 1, 2, · · · , n},

A := lim inf
ξ→+∞

∫
Ω
sup(t1,··· ,tn)∈Q(ξ) F (x, t1, · · · , tn)dx

ξp∗
,

B := lim sup
(t1,··· ,tn)→(+∞,··· ,+∞)

∫
B(x0,R1)

F (x, t1, · · · , tn)dx∑n
i=1

t
pi
i

qi

.

Then for each λ ∈ Λ :=
1(∑n

i=1(κpi)
1
pi

)p∗ ] 1

LB
,
1

A
[,

the system (1.1) has an unbounded sequence of weak solutions in X.
Theorem 2.2. Assume that (A1) holds and
(A3) F (x, 0, 0, · · · , 0) = 0 for x ∈ Ω.
(A4) There exist x0 ∈ Ω, 0 < R1 < R2 as considered in (1.3) such

that, E < L′F , where L′ := min{Lqi , , i = 1, 2, · · · , n} and

E := lim inf
ξ→0+

∫
Ω
sup(t1,··· ,tn)∈Q(ξ) F (x, t1, · · · , tn)dx

ξp∗
,

F := lim sup
(t1,··· ,tn)→(0+,··· ,0+)

∫
B(x0,R1)

F (x, t1, · · · , tn)dx∑n
i=1

t
qi
i

qi

.

Then for each λ ∈ Λ′ :=
1(∑n

i=1(κpi)
1
pi

)p∗ ] 1

L′F
,
1

E
[,

problem (1.1) admits a sequence (un) of weak solutions which converges
to zero.
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Abstract. Let T be a bounded linear operator on Hilbert space
H. Then there exists a unique z0 ∈ C, such that ∥T −z0∥2+ |λ|2 ≤
∥(T − z0) + λ∥2 for all λ ∈ C.

1. Introduction

Let H be a complex Hilbert space with inner product < ., . > and
the norm ∥.∥. Let B(H) be the set of all bounded linear operators on
H and T ∈ B(H). In [4], Stampfli introduced the concept of maximal
numerical range. The maximal numerical range of T is defined to be
the set,
W0(T ) := {λ ∈ C : ⟨Txn, xn⟩ → λ, ∥xn∥ = 1 and ∥Txn∥ → ∥T∥},

and the normalized maximal numerical range is given by

WN(T ) =

{
W0(T/∥T∥) if T ̸= 0,

0 if T = 0.
(1.1)

When H is finite dimensional, W0(T ) corresponds to the numerical
range produced by the maximal vectors (vectors x such that ∥x∥ = 1
and ∥Tx∥ = ∥T∥ ) . In [1], the author have shown that:
W0(T ) := {Λ(T ) : Λ ∈ B(H)∗,Λ(I) = 1 = ∥Λ∥ and Λ(T ∗T ) = ∥T∥2},

1991 Mathematics Subject Classification. Primary 47A12; Secondary 47C10.
Key words and phrases. Numerical range, Maximal numerical range, Zero inclu-

sion, Pythagorean relation.
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and the set is a non-empty, closed and convex set. Hamed and Spitkovsky
in [2] proved that the maximal numerical range W0(A) of a matrix A
is the (regular) numerical range W (B) of its compression B onto the
eigenspace L of A∗A corresponding to its maximal eigenvalue. Some
conditions under which W0(A) has a non-empty intersection with the
boundary of W(A) were established, in particular, when W0(A) =
W (A). The set W0(A) is also described explicitly for matrices uni-
tarily similar to direct sums of 2-by-2 blocks, and some insight into
the behavior of W0(A) was provided when L has codimension one. Re-
cently, Spitkovsky in [3] proved that the maximal numerical range of
an operator has a non-empty intersection with the boundary of its nu-
merical range if and only if the operator is normaloid (An operator T is
said to be normaloid if ∥T∥ = spectral radius of T ). Stampfli, though
using it as a powerful tool in determining the norm of a derivation,
seemed not to pay much interest to it, but instead treated it casually.
It is nevertheless remarkable to note that Fong(l979) considered the es-
sential maximal numerical range as an independent subject. The work
of Sheth and Duggal(l984) is also worth being acknowledged. They
initiated the study of maximal numerical range as a subject in itself.
Other major contributors in this field are Khan(l988), who revisited the
idea of essential maximal numerical range; and Cho(l988), whose result
about the joint maximal numerical range is of particular importance
in this area. One can clearly see from the foregoing that the maximal
numerical range is still a virgin area of study as opposed to the usual
numerical range. This project is therefore geared towards providing
a curtain raiser for future research in the area of maximal numerical
range.

2. Main results

Here we begin our investigation of when 0 ∈ W0(T ).
Theorem 2.1. If 0 ∈ W0(T ), then ∥T∥2 + |λ|2 ≤ ∥T + λ∥2 for all
λ ∈ C. Conversely, if ∥T∥ ≤ ∥T + λ∥ for all λ ∈ C, then 0 ∈ W0(T ).
Proof. If 0 ∈ W0(T ), then there exist Λ ∈ B(H)∗ such that

Λ(I) = 1 = ∥Λ∥ and Λ(T ∗T ) = ∥T∥2

Therefore,
∥T∥2 + |λ|2 = Λ(T ∗T + |λ|2)

= Λ((T ∗ + λ)(T + λ)) (since Λ(T ) = 0)

≤ ∥(T ∗ + λ)(T + λ)∥
= ∥T + λ∥2.
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Conversely, let ∥T∥ ≤ ∥T + λ∥ for all λ ∈ C. Assume 0 /∈ W0(T ). By
rotating T , we may assume that ReW0(T ) ≥ τ > 0. Let ℑ = {x ∈
H, Re < Tx, x >≤ τ/2}. Let η = sup{∥Tx∥ : x ∈ ℑ}. Thus η < ∥T∥,
since if η = ∥T∥, then there exist {xn} ⊂ ℑ such that ∥Txn∥ → ∥T∥.
Put λ = lim < Txn, xn >. Therefore λ ∈ W0(T ) and so Reλ ≥ τ . On
the other hand {xn} ⊂ ℑ, then Re < Txn, xn >≤ τ/2,which implies
Reλ ≤ τ/2, contrary to hypothesis. Therefore ∥T∥ − η > 0. Put
µ = min{τ/2, (∥T∥ − η)/2}. If x ∈ ℑ then

∥(T − µ)x∥ ≤ ∥Tx∥+ µ ≤ η + µ < ∥T∥

Let Tx = (a + ib)x + y where x /∈ ℑ and ∥x∥ = 1 and < x, y >= 0.
Then Ref(a) = x > τ/2 and

∥(T − µ)x∥2(a− µ)2 + b2 + ∥y∥2 = ∥Tx∥2 + (µ2 − 2aµ) < ∥T∥2

since a > µ > 0. Thus, ∥T − µ∥ < ∥T∥, contrary to hypothesis. �

Corollary 2.2. (Pythagorean relation for operators) Let T be a bounded
linear operator. Then there exists a unique z0 ∈ C, such that ∥T−z0∥2+
|λ|2 ≤ ∥(T − z0) + λ∥2 for all λ ∈ C. Moreover, 0 ∈ W0(T − λ) if and
only if λ = z0.

Proof. Since ∥T − λ∥ is large for |λ| large, so infλ∈C ∥T − λ∥ must be
taken on at some point, say z0. Then ∥T − z0∥ ≤ ∥(T − z0)+λ∥ for all
λ ∈ C and so 0 ∈ W0(T−z0). Thus, by Theorem 2.1, ∥T−z0∥2+ |λ|2 ≤
∥(T −z0)+λ∥2 for all λ ∈ C. If there exists another z, say z1, such that
∥T − z1∥2+ |λ|2 ≤ ∥(T − z1)+λ∥2 for all λ ∈ C. Put λ = z0− z1 in the
first inequality, so we have ∥T − z0∥2 + |z0 − z1|2 ≤ ∥T − z1∥2 and put
λ = z1−z0 in second inequality, then ∥T −z1∥2+ |z0−z1|2 ≤ ∥T −z0∥2.
Therefore

∥T − z0∥2 + |z0 − z1|2 ≤ ∥T − z1∥2 ≤ ∥T − z0∥2 − |z0 − z1|2

which implies |z0 − z1|2 ≤ −|z0 − z1|2 ≤ 0, and then z0 = z1. �

3. Further remarks

Given an element T , we define the center (or center of mass) of T to
be the point z0 specified in the Pythagorean relation, and designate it
by cT . Given an element, how does one determine cT ? In general there
is no simple answer. However, if T is normal (or hyponormal) then cT
is the center of the smallest circle containing the σ(T )=spectrum of T .
In any event, cT ∈ closure W (T ), however, cT need not be contained
in the convex hull of σ(T ). For more details see [4].
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Theorem 3.1. Let ∥S − T∥ ≤ δ. Then

|cS − cT | ≤
(δ + [δ2 + 8δ∥S − cS∥]

1
2 )

2.
In particular, the map T → cT is pointwise continuous.

Proof. By the Pythagorean relation for T and S we have
∥T − cT∥2 + |λ|2 ≤ ∥(T − cT ) + λ∥2 for all λ ∈ C, (3.1)

and
∥S − cS∥2 + |λ|2 ≤ ∥(S − cS) + λ∥2 for all λ ∈ C. (3.2)

We first assume that cS = 0. Put λ = cT in inequality (3.1) and
λ = −cT in inequality (3.2). Then we have

∥T∥2 ≥ |cT |2 + ∥T − cT∥2

≥ |cT |2 + (∥S − cT∥ − ∥T − S∥)2

≥ |cT |2 + (∥S − cT∥ − δ)2

= |cT |2 + ∥S − cT∥2 − 2δ∥S − cT∥+ δ2

and
∥S − cT∥2 ≥ ∥S∥2 + |cT |2.

Therefore
∥T∥2 ≥ ∥T∥2 − 2δ∥S∥+ 2|cT |2 − 2δ∥S∥ − 2δ|cT |

Thus

|cT | ≤
δ + (δ2 + 8δ∥S∥)1/2

2
.

To handle the case cS ̸= 0, we merely translate both T and S by
cSI. �
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Abstract. In this paper we study Hilbert pro-c*-modules and
we introduce some properties of generalized frames with algebraic
bounds in Hilbert pro-c*-modules.

1. Introduction

Frames that are a generalization of bases in Hilbert space, were in-
troduced by [1] in 1952. In 1986, Daubechies et al., [3] reintroduced
them. In other words, they replaced the sequence of bounded linear
operators instead of the sequence of element in Hilbert space. Frames
have many applications, such as: study and characterization of func-
tion spaces , signal and image processing, wireless communications,
transceiver design, data compression and so on.

The rest of this section will recall some definitions and results which
are needed in the next section.

We recall some basic definitions and properties of pro-C∗-algebras
and Hilbert modules over pro-C∗-algebras.
Definition 1.1. A pro-C∗-algebra is a complete Hausdorff complex
topological ∗-algebra A whose topology is determined by its continuous

1991 Mathematics Subject Classification. Primary 47J30; Secondary 30H05,
46A18.

Key words and phrases. pro-C*-algebras, generalized frame, *-g-frame trans-
form, synthesis operator.
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C∗-seminorms in the sense that a net (aλ) converges to 0 if and only
if ρ(aλ) → 0 for any continuous C∗-seminorm ρ on A. For any C∗-
seminorm ρ on A and each a, b ∈ A, we have

(i) ρ(ab) ≤ ρ(a)ρ(b);
(ii) ρ(a∗a) = ρ(a)2.

For each pro-C∗-algebra A, the set of all positive elements in A is
denoted by A+. Moreover, a ≥ 0 denotes a ∈ A+ and a ≤ b means
that b− a ≥ 0. We recall that every C∗-algebra is a pro-C∗-algebra.

The set of all continuous C∗-seminorms on A is denoted by S(A).
An element a ∈ A is bounded if ∥a∥∞ = sup{ρ(a) : ρ ∈ S(A)} < ∞.
The set of all bounded elements in A is denoted by b(A). Let A be
a unitary pro-C∗-algebra and a ∈ A. Then, non-zero element a ∈ A
is called strictly non-zero if zero does not belong to σ(a). Here, we
remember the following elementary result from [2].

Proposition 1.2. Let A be a unital pro- C*-algebra with the identity
1A and ρ ∈ S(A). Then

(1) ρ(a) = ρ(a∗) for all a ∈ A;
(2) ρ(1A) = 1;
(3) if a, b ∈ A+ and a ≤ b, then ρ(a) ≤ ρ(b);
(4) if 1A ≤ b, then b is invertible and b−1 ≤ 1A;
(5) if a, b ∈ A+ are invertible and 0 ≤ a ≤ b, then 0 ≤ b−1 ≤ a−1;
(6) if a, b, c ∈ A and a ≤ b, then c∗ac ≤ c∗bc;
(7) if a, b ∈ A+ and a2 ≤ b2, then 0 ≤ a ≤ b.

Definition 1.3. Let A be a pro-C∗-algebra. A pre-Hilbert A-module
is a complex vector space E which is also a right A-module, compatible
with the complex algebra structure, equipped with an A-valued inner
product ⟨·, ·⟩ : E×E −→ A which is C and A-linear in second variable
and satisfies the following conditions:

(i) ⟨x, y⟩∗ = ⟨y, x⟩
(ii) ⟨x, x⟩ ≥ 0
(iii) ⟨x, x⟩ = 0 ⇔ x = 0

We say that E is a Hilbert A-module or Hilbert pro-C∗-module over A
if E is complete with respect to the topology determined by the family
of seminorms

ρ̄E(x) =
√
ρ(⟨x, x⟩) x ∈ Eρ ∈ S(A).

Let E be a pre-Hilbert A-module. For every ρ ∈ S(A) and for each
x, y ∈ E, the following Cauchy-Schwartz inequality holds

ρ(⟨x, y⟩)2 ≤ ρ(⟨x, x⟩)ρ(⟨y, y⟩).
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Consequently, ρ̄E(ax) ≤ ρ(a)ρ̄E(x) for all a ∈ A, x ∈ E.
Let A be a pro-C∗-algebra and E be a pre-Hilbert A-module. We

recall that an element x in E is bounded if ∥x∥∞ = sup{ρ̄E(x) : ρ ∈
S(A)} <∞. We denote by b(E), the set of all bounded elements in E.
(See [4, Proposition 1.11] and [5, Theorem 2.1] for more details).

Definition 1.4. Let E and F be two Hilbert modules over pro-C∗-
algebra A. Then, the operator T : E −→ F is called uniformly bounded
(below), if there exists C > 0 such that ρ̄F (Tx) ≤ Cρ̄E(x) (Cρ̄E(x) ≤
ρ̄F (Tx)) for all ρ ∈ S(A) and x ∈ E. The number C is called an upper
bound for T and hence we set

∥T∥∞ = inf{C : C is an upper bound for T}.

Clearly, in this case we have ρ̂(T ) ≤ ∥T∥∞, for all ρ ∈ S(A).

2. Main results

This section is devoted to the main result of this paper.
Throughout this section, A is a pro-C∗-algebra, X and Y are two
Hilbert A-modules. Moreover, {Yi}i∈I is a countable sequence of closed
submodules of Y .

Definition 2.1. LetX be a Hilbert pro-C∗-module. A sequence {xi}i∈I
in X is said to be the standard ∗-frame for X if for each x ∈ X, the
series

∑
i∈I⟨x, xi⟩⟨xi, x⟩ is convergent in A and there exist two strictly

non-zero elements C and D in A such that

C⟨x, x⟩C∗ ≤
∑
i∈I

⟨x, xi⟩⟨xi, x⟩ ≤ D⟨x, x⟩D∗

for all x ∈ X. The elements C and D are called ∗-frame bounds for
{xi}i∈I . The ∗-frame is called tight if C = D and called Parseval if
C = D = 1. If in the above relation, we only need to have the upper
bound, then {xi}i∈I is called a ∗-Bessel sequence.

Definition 2.2. A sequence Λ = {Λi ∈ Hom∗
A(X,Yi)}i∈I is called a ∗-

g-frame for X with respect to {Yi}i∈I if there exist two strictly non-zero
elements C and D in A such that for every x ∈ X,

C⟨x, x⟩C∗ ≤
∑
i∈I

⟨Λix,Λix⟩ ≤ D⟨x, x⟩D∗.

The elements C and D are called ∗-g-frame bounds for Λ. The ∗-g-
frame is called tight if C = D and called Parseval if C = D = 1. If
in the above we only need to have the upper bound, then Λ is called
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a ∗-g-Bessel sequence. If
∑

i∈I⟨Λix,Λix⟩ is convergent in A , the ∗-g-
frame is called standard. Besides, if for each i ∈ I, Yi = Y , we call it
a ∗-g-frame for X with respect to Y .

Let Λ = {Λi ∈ Hom∗
A(X,Yi)}i∈I be a ∗-g-frame for X with respect

to {Yi}i∈I and bounds C and D in A. We define the corresponding
∗-g-frame transform

TΛ : X → ⊕i∈IYi TΛ(x) = {Λix}i∈I .

Theorem 2.3. Let Λ = {Λi ∈ Hom∗
A(X,Yi)}i∈I be a ∗-g-frame for X

with respect to {Yi}i∈I and bounds C and D in A. Then TΛ is well-
defined, closed and injective. Also TΛ is an uniformly bounded below
operator in HomA(X,⊕i∈IYi).

Now, we define the synthesis operator T ∗
Λ : ⊕i∈IYi −→ X for ∗-g-

frame Λ through
T ∗
Λ({yi}i) :=

∑
i∈I

Λ∗
i yi, (2.1)

where Λ∗
i is the adjoint operator of Λi.

Proposition 2.4. The synthesis operator defined by (2.1) is well-
defined, uniformly bounded and adjoint of the transform operator.

Let Λ = {Λi : i ∈ I} is a ∗-g-frame for X with respect to {Yi : i ∈ I}.
Define the corresponding ∗-g-frame operator SΛ = T ∗

ΛTΛ : X −→ X
via SΛ(x) =

∑
i∈I Λ

∗
iΛix. Then, SΛ is a combination of two bounded

operators and so it is a bounded operator.
Theorem 2.5. Let Λ = {Λi : i ∈ I} is a ∗-g-frame for X with respect
to {Yi : i ∈ I} with frame bounds C and D. Then, SΛ is invertible
positive operator. Moreover, it is a self-adjoint operator
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Abstract. In this paper, we introduce the notion of partial-compatibility
of mappings in an ordered partial metric space and use this no-
tion to establish coupled coincidence point theorems for g-mixed
monotone mappings satisfying a nonlinear contraction condition.
Our consequences is an extention of results of Shatanawi et al
[W. Shatanawi, B. Samet and M. Abbas, Coupled fixed point the-
orems for mixed monotone mappings in ordered partial metric
spaces,Mathematical and Computer Modelling, 55(3-4)(2012) 680-
687]. We also provide an example to illustrate the results presented
herein.

1. Introduction

The concepts of mixed monotone mapping and coupled fixed point
have been introduced in [2] by Bhaskar and Lakshmikantham and they
established some coupled fixed point theorems for a mixed monotone
mapping in partially ordered metric spaces.
Definition 1.1. Let X be a nonempty set and let p : X × X → R+

satisfies:
(P1) x = y ⇐⇒ p(x, x) = p(y, y) = p(x, y).
(P2) p(x, x) ≤ p(x, y).
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(P3) p(x, y) = p(y, x).
(P4) p(x, y) ≤ p(x, z) + p(z, y)− p(z, z), for all x, y, z ∈ X.
Then the pair (X, p) is called a partial metric space and p is called

a partial metric on X.
The function dp : X ×X → R+ defined by

dp(x, y) = 2p(x, y)− p(x, x)− p(y, y)

satisfies the conditions of a metric on X, therefore it is a (usual) metric
onX. On a partial metric space the following concepts has been defined
as follows:
Definition 1.2. (See e.g. [4, 5]).

(i) A sequence xn in a PMS (X, p) converges to x ∈ X iff p(x, x) =
limn p(x, xn).

(ii) A sequence xn in a PMS (X, p) is called Cauchy if and only if
limn,m p(xn, xm) exists (and is finite).

(iii) A PMS (X, p) is said to be complete if every Cauchy sequence
xn in X converges, with respect to τp, to a point x ∈ X such that
p(x, x) = limn,m p(xn, xm).

(iv) A mapping f : X → X is said to be continuous at x0 ∈ X, if for
every ε > 0, there exists δ > 0 such that f(B(x0, δ)) ⊆ B(f(x0), ε).

In this paper, we establish some coupled coincidence point results
of nonlinear contraction mappings in the framework of ordered par-
tial metric spaces. Our results extend and generalize the results of
Shatanawi et al [6].

2. Main results
We recall three easy lemmas which have a essential role in the proof

of the main results. This results can be derived easily (see e.g. [1, 4, 5]).
Lemma 2.1. (1) A sequence xn is a Cauchy sequence in the PMS (X, p)
if and only if it is a Cauchy sequence in the metric space (X, dp).

(2) A PMS (X, p) is complete if and only if the metric space (X, dp)
is complete. Moreover,

lim
n
dp(x, xn) = 0 ⇐⇒ p(x, x) = lim

n
p(x, xn) = lim

n,m
p(xn, xm).

We define a notion of compatibility in the following:
Definition 2.2. The mappings F and g where F : X × X → X and
g : X → X, are said to be partial-compatible if

1.
lim
n→∞

p(g(F (xn, yn)), F (g(xn), g(yn))) = 0,
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and
lim
n→∞

p(g(F (yn, xn)), F (g(yn), (gxn))) = 0,

whenever {xn} and {yn} are sequences in X, such that {F (xn, yn)} →
x, {g(xn)} → x, {F (yn, xn)} → y and {g(yn)} → y, for some x, y ∈ X.

2. p(x, x) = 0 implies that p(gx, gx) = 0.

Note that the above Definition extends and generalizes the notion of
compatibility introduced by Choudhury and Kundu [3].

Our main result is the following.

Theorem 2.3. Let (X,≼) be a partially ordered set and suppose that
there is a partial metric p on X such that (X, p) be a complete partial
metric space. Let F : X × X → X and g : X → X be two mappings
such that

p(F (x, y), F (u, v))
≤ α1p(gx, gu) + α2p(gy, gv) + α3p(F (x, y), gx) + α4p(F (y, x), gy)
+α5p(F (x, y), gu) + α6p(F (y, x), gv) + α7p(F (u, v), gx)
+α8p(F (v, u), gy) + α9p(F (u, v), gu) + α10p(F (v, u), gv)),

(2.1)
for every pairs (x, y), (u, v) ∈ X ×X such that gx ≼ gu and gy ≽ gv,
where:

a. α7 + α8 +
∑10

i=1 αi < 1, if α5 − α7 < 0 and α6 − α8 < 0.
b. α8 +

∑10
i=1 αi < 1, if α5 − α7 ≥ 0 and α6 − α8 < 0.

c. α7 +
∑10

i=1 αi < 1, if α5 − α7 < 0 and α6 − α8 ≥ 0.
d.
∑10

i=1 αi < 1, if α5 − α7 ≥ 0 and α6 − α8 ≥ 0.
Suppose that
1. F (X ×X) ⊆ g(X).
2. F has the mixed g-monotone property.
3. g is continuous and monotone increasing and F and g be partial-

compatible mappings.
Also suppose
(a) F is continuous, or,
(b) X has the following properties:
(i) if {xn} is a non-decreasing sequence and x ∈ X with lim

n→∞
p(xn, x) =

p(x, x) = 0, then xn ≼ x for all n,
(ii) if {xn} is a non-increasing sequence and x ∈ X with lim

n→∞
p(xn, x) =

p(x, x) = 0, then x ≼ xn for all n.
If there exist x0, y0 ∈ X such that gx0 ≼ F (x0, y0) and F (y0, x0) ≼

gy0, then F and g have a coupled coincidence point in X.

Many results can be deduced from the above theorem as follows.
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Corollary 2.4. Let (X,≼) be a partially ordered set and suppose that
there is a partial metric p on X such that (X, p) be a complete partial
metric space. Let F : X × X → X and g : X → X be two mappings
such that

p(F (x, y), F (u, v)) ≤ α1p(gx, gu) + α2p(gy, gv), (2.2)
for every pairs (x, y), (u, v) ∈ X ×X such that gx ≼ gu and gy ≽ gv,
where: α1 + α2 < 1.

Suppose that
1. F (X ×X) ⊆ g(X).
2. F has the mixed g-monotone property.
3. g is continuous and monotone increasing and F and g be partial-

compatible mappings.
Also suppose
(a) F is continuous, or,
(b) X has the following properties:
(i) if {xn} is a non-decreasing sequence and x ∈ X with lim

n→∞
p(xn, x) =

p(x, x) = 0, then xn ≼ x for all n,
(ii) if {xn} is a non-increasing sequence and x ∈ X with lim

n→∞
p(xn, x) =

p(x, x) = 0, then x ≼ xn for all n.
If there exist x0, y0 ∈ X such that gx0 ≼ F (x0, y0) and F (y0, x0) ≼

gy0, then F and g have a coupled coincidence point in X.
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AND FUNCTIONAL INTEGRAL EQUATIONS VIA

DARBO FIXED POINT THEOREMS
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Abstract. The aim of this article is to study the results of the
fixed point in coupled measure of noncompactness. We will use
the technique of measure of noncompactness for coupled measure
of noncompactness. Also, at the end of this paper, an application
with an example is provided to illustrate the results.

1. Introduction

In the nonlinear analysis, one of the important tools is the concept of
measure of noncompactness to address the problems in functional op-
erator equations. This important concept in the mathematical sciences
has been defined by many authors in various ways (see [1, 3, 4, 5, 8]). In
[2] was introduced Some generalizations of Darbo fixed point theorem
and they presented an application in functional integral equations.

In this paper, we investigate the results of the fixed point in coupled
measure of noncompactness via Darbo fixed point theorem.

Throughout this article, we consider E as the Banach space and
briefly show a measure of noncompactness with MNC, B(x, r) repre-
sents the closed ball in Banach space E to centre x and radius r. Also

1991 Mathematics Subject Classification. Primary 47J30; Secondary 47H08,
47H10.

Key words and phrases. Fixed point, Darbo fixed point theorem, Measure of non-
compactness, Coupled measure of noncompactness, Functional integral equation.
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we use Br to represent B(θ, r), where θ is the zero elements, the family
of all nonempty bounded subsets of Banach space E is represented with
BE. To begin, we have the following preliminaries from [7, 8, 9].

Definition 1.1. [8]. Let µ : BE → R+ be a mapping. The family BE
is called MNC on Banach space E if the following conditions hold:

(1) for each X1 ∈ BE, µ(X1) = θ if and only if X1 is a precompact
set;

(2) for each pair (X1, X2) ∈ BE × BE; we have

X1 ⊆ X2 ⇒ µ(X1) ≼ µ(X2);

(3) for each X1 ∈ BE, one has

µ(X1) = µ(X1) = µ(conv(X1))

where X1 represents the closure of X1 and convX1 represents the con-
vex hull of X1;

(4) µ(λX1 + (1− λ)X2) ≤ λµ(X1) + (1− λ)µ(X2) for λ ∈ [0, 1];
(5) if {xn}∞0 ∈ BE is a decreasing sequence of closed sets and limn→∞ µ(xn) =

0, then X1
∞ =

∩∞
n=0X

1
n ̸= ϕ.

2. Main results

We start this section with the following concept and then we turn to
the main subject.

Definition 2.1. Let E be a Banach space and µ : B2
E → R+ a mapping.

We say that µ is a coupled MNC on E If it has the following conditions:
(1) kerµ = {(X1, X2) ∈ B2

E : µ(X1, X2) = θ} is nonempty
(2) for every X1, X2 ∈ B2

E, µ(X
1, X2) = θ ⇔ (X1, X2) is a precom-

pact set;
(3) for each ((X1, X2), (X ′1, X ′2)) ∈ B2

E×B2
E and (X1, X2) ⊆ (X ′1, X ′2) ⇒

X1 ⊆ X ′1, X2 ⊆ X ′2; we have
(X1, X2) ⊆ (X ′1, X ′2) implies µ(X1, X2) ≼ µ(X ′1, X ′2);

(4) for every (X1, X2) ∈ B2
E, one has

µ(X1, X2) = µ(X1, X2) = µ(conv(X1, X2))

where conv(X1, X2) denotes the convex hull of (X1, X2);
(5) µ(λ(X1, X2)+(1−λ)(X ′1, X ′2)) ≤ λµ(X1, X2)+(1−λ)µ(X ′1, X ′2)

for λ ∈ [0, 1];
(6) if {X1

n}∞0 , {X2
n}∞0 in BE are decreasing sequences of closed sets

and
limn→∞ µ{(X1

n, X
2
n)}∞0 = 0 , then (X1

∞, X
2
∞) =

∩∞
n=0(X

1
n, X

2
n) ̸= ϕ.
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Theorem 2.2. Let G be a nonempty, bounded, closed and convex subset
of E and F : G→ G a continuous mapping such that

φ2(µ(FX
1, FX2)) ≤ φ2[µ(X

1, X2)− φ1(µ(X
1, X2))] (2.1)

for each ∅ ̸= X1 ⊆ G, ∅ ̸= X2 ⊆ G, where µ is an arbitrary coupled
MNC and functions φ1, φ2 : R2

+ → R+, such that φ2 is continuous
and φ1 is lower semicontinuous on R+. Furthermore, φ1(0, 0) = 0 and
φ1(r, s) > 0 for r, s > 0. Then F has at least one fixed point in G.

Theorem 2.3. Let G be a nonempty, bounded, closed and convex subset
of E and the mapping F : G→ G be a continuous that in the following
condition satisfying

µ(FX1, FX2) ≤ φ1(µ(X
1, X2)) (2.2)

for each ∅ ̸= X1 ⊆ G, ∅ ̸= X2 ⊆ G, where µ is an arbitrary coupled
MNC and φ1 : R2

+ → R+ is a nondecreasing functions such that
limn→∞ φn1 (r, s) = 0 for every r, s ≥ 0. Then F has at least one fixed
point.

Lemma 2.4. Let φ1 : R2
+ → R+ be a upper semicontinuous and nonde-

creasing function. In this case, the following conditions are equivalent:
(1) limn→∞ φn1 (r, s) = 0 for each r, s ≥ 0.
(2) φ1(r, s) < ts for any r, s > 0.
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Abstract. In this paper we give necessary and sufficient condi-
tions for the power boundedness and mean ergodicity of multiples
of composition operators λCφ on Bloch type spaces Bα for α > 1.

1. Introduction

Let D be the open unit disk in the complex plane C and H(D) be
the space of all analytic functions on D. For α > 0, the Bloch type
spaces, which is denoted by Bα, is the space of all functions in H(D)
such that

sup
z∈D

(1− |z|2)α|f ′(z)| <∞.

Consider that if α = 1 then B1 = B is the classical Bloch space. It is
easy to see that for each α > 0 the space Bα is a Banach space with
the norm

||f || = |f(0)|+ sup
z∈D

(1− |z|2)α|f ′(z)|.

[5] is a perfect source for studying about these spaces.
Each φ ∈ H(D) induces a linear composition operator Cφ : H(D) →
H(D) by Cφ(f)(z) = f(φ(z)) for every f ∈ H(D) and z ∈ D. For a

1991 Mathematics Subject Classification. Primary 47B38; Secondary 46E15,
47A35.
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positive integer n, the nth iterates of φ is denoted by φn.
The author in [4] showed that if 0 < α < ∞, then Cφ : Bα → Bα is
bounded, if and only if, τφ,α = supz∈D(

1−|z|2
1−|φ(z)|2 )

α|φ′(z)| < ∞. In the
case α > 1, always τφ,α <∞, so Cφ is always bounded on Bα for α > 1.

The analytic self map of the unit disk are divided in two classes of
elliptic and non-elliptic. The elliptic type is an automorphism and has
a fixed point in D. The non-elliptic one has a unique fixed point p ∈ D,
such that {φn}n converges to p uniformly on compact subset of D. This
point is called Denjoy-Wolff point. See [3] for more details.
Suppose T is a bounded linear operator on a locally convex Hausdorff
space, the Cesáro means of T is defined by T[n] := 1

n

∑∞
m=1 T

m, for all
n ∈ N. An operator T is uniformly mean ergodic if the sequence of
Cesáro means of T , {T[n]}∞n=1 converges in operator norm topology and
it is mean ergodic if {T[n]}n converges in the strong operator topology.
Also it is called power bounded if supn∈N ||T n|| <∞.

2. Main results

This section is devoted to the main result of this paper. Here we
give sketch of proof of all statements.

Proposition 2.1. Let φ be an analytic self map of D, α > 0 and
λ ∈ C. Suppose λCφ : Bα → Bα is bounded. If λCφ is power bounded,
mean ergodic or uniformly mean ergodic, then |λ| ≤ 1.
Proof. Since ||λnCφn1|| = |λ|n ≤ ||λnCφn|| and if λCφ is mean ergodic
or uniformly mean ergodic, ||λnCφn1||

n
= |λn|

n
→ 0 as n → ∞, in three

cases {|λ|n}n must be a bounded sequence. �
Theorem 2.2. Let φ be an analytic self map of D and α > 1. If
|λ| < 1 and φ has interior fixed point or |λ| = 1 and φ has interior
Denjoy-Wolff point, then ||λnCφn|| → 0 and consequently, it is power
bounded, mean ergodic and uniformly mean ergodic.
Proof. Without loss of generality we may assume that φ(0) = 0. Since
other wise, if φ(a) = a, for some a ̸= 0, let Φ = φa o φ o φa, where
φa(z) =

a−z
1−āz . Then Φ(0) = 0 and CΦ = Cφa o Cφ o Cφa is similar to

Cφ and ||Cφ|| = ||CΦ||. In the first case by Schwarz-Pick lemma for all
n ∈ N, τφn,α ≤ 1 and ||λnCφn|| ≤ |λ|n. In the second case, we can show
||λnφn|| → o. By this fact the theorem follows. �
Proposition 2.3. Let φ be analytic self map of D, |λ| = 1 and α > 0.
λCφ is power bounded, if and only if, Cφ is power bounded, if and only
if, φ has an interior fixed point.
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Theorem 2.4. Let φ be analytic self map of D with z0 ∈ ∂D as bound-
ary Denjoy-Wolff point, α > 1 and |λ| = 1. If λCφ : Bα → Bα is
bounded, then ||λnCφn|| → ∞, so it is not power bounded, nor mean
ergodic, nor uniformly mean ergodic.
Proof. Easy computation shows that f(z) = 1

(z−z0)α−1 − 1 is in Bα for
α > 1. Also

|λnCφnf(0)| = | 1

(φn(0)− z0)α−1
− 1| ≤ ||λnCφnf ||.

By Denjoy-Wolff theorem φn(0) → z0 and the theorem follows. �
Recall that for an operator T ∈ L(X) on a Banach space X, the

spectrum σ(T ) is the set of those λ ∈ C such that T − λI is not
invertible. The approximate spectrum σap(T ) is the set of β ∈ C for
which there is {xn} ⊆ X, with ||xn|| = 1 and limn→∞ ||T (xn)−βxn|| =
0.

Theorem 2.5. Suppose φ is an elliptic automorphism and |λ| = 1.
(1) If φ is similar to a rational rotation, then λCφ is uniformly

mean ergodic.
(2) If φ is similar to a irrational rotation, then λCφ is not uniformly

mean ergodic.
Proof. We can assume φ(z) = βz, where |β| = 1.

(1) Since for all k ∈ N, βk ̸= 1, we have {λβk : k ∈ N} = ∂D.
For z0 ∈ ∂D, there exists {nk} such that λβnk → z0. Let
gnk

(z) = znk

||znk || , so ||λCφgnk
− z0gnk

|| = |λβnk − z0| → 0, as
k → ∞. This means ∂D ⊆ σap(λCφ) ⊆ σ(λCφ). By Dunford-
Lin theorem (see [2]) λCφ can not be uniformly mean ergodic.

(2) If βk = λk = 1 for some k ∈ N, then (λCφ)[n] → 1
k

∑k
m=1 λ

mCφm .
If for all k ∈ N, λk ̸= 1, (λCφ)[n] → 0.

�
Bloch type spaces are Grothendieck Banach spaces which satisfy

Dunford Pettis property (GDP spaces) which Lotz proved that mean
ergodicity and uniform mean ergodicity are equivalent in these spaces.
See [1].

Theorem 2.6. Let φ be analytic self map of D and |λ| = 1. If α > 1,
then λCφ is uniformly mean ergodic if and only it is mean ergodic,
if and only if, φ has interior Denjoy-Wolff point or it is an elliptic
automorphism which is similar to a rational rotation.
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3. Further remarks

Ergodic theory is one of the most important branches of mathematics
which is related to dynamical system and especially used in ”random
process” topics.

The study of mean ergodicity of linear operators on Banach spaces
goes back to 1931, when Von Numann proved that for a unitary oper-
ator T on a Hilbert space H, there is a projection P on H, such that
T[n] converges to P in the strong operator topology. In 1939 Lorch
demonstrated that for reflexive Banach spaces, power bounded opera-
tors are mean ergodic and Lin showed that if T is an operator such that
||T n/n|| → 0, then T is uniformly mean ergodic if and only if Im(I−T )
is closed.Then Lotz extended this last result for Grothendieck Dunford-
Pettis (GDP) spaces and established that for a bounded linear operator
T on Grothendieck Dunford-Pettis space X satisfying ||T n/n|| → 0,
mean ergodicity is equivalent with uniformly mean ergodicity of T .
See [2]. The study of ergodic properties of composition operators has
received a special attention from many authors and this topic was inves-
tigated on various spaces of holomorphic functions. In [1] the authors
completely characterized power bounded, mean ergodic and uniformly
mean ergodic composition operators on Bloch type spaces. In this pa-
per we consider the multiples of composition operators on these spaces.
As we show the ergodic properties of λCφ depend on both λ and the
fixed point configuration of φ.
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Abstract. In this paper, F−harmonic maps with potential be-
tween Riemannian manifolds are studied. First, the variational
formulas for these types of maps are obtained. Then, stability of
F−harmonic maps from a Riemannian manifold into a standard
unit sphere is studied.

1. Introduction

In 1964, Sampson and Eells investigated the properties of harmonic
maps. They also proved the fundamental existence theorem for har-
monic maps. From up to now, many scholars have done research on
this topic,[3, 4]. These kind of maps have an important role in many
branch of physics, mathematics and mechanics such as liquid crystal,
ferromagnetic material, super conductor, etc., see [5, 6].
In [7], Ratto introduced the notion of harmonic maps with potential.
Recently many research have done on this topic, Y. Chu [2]. Let H be a
smooth function on a smooth manifold N and let ϕ : (M, g) −→ (N, h)
be a smooth map between Riemannian manifolds, . Assume that
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e(ϕ) :=
1

2
| dϕ |2. The function

EH(ϕ) =

∫
M

[e(ϕ)−H(ϕ)]dυg, (1.1)

is called the H−energy function of ϕ. Moreover, any critical points of
EH is said to be harmonic map with potential H.

F -harmonic maps as an extension of geodesics , minimal surfaces and
harmonic maps were first investigated by Ara in 1999, [1]. Consider a
C2-function F : [0,∞) −→ [0,∞) such that F ′ > 0 on (0,∞). The
smooth map ϕ is called F-harmonic if ϕ is a critical point of the
F -energy functional:

EF (ϕ) =

∫
M

F(
| dϕ |2

2
)dυg (1.2)

F -energy functional could be categorized as exponential energy, p-
energy, or energy when F(t) is equal to et, (2t)

p
2 /p (p ≥ 4) or t,

respectively. By calculating the first variation formula for F -energy
functional , it can be obtain that

τF(ϕ) := F ′(
| dϕ |2

2
)τ(ϕ) + dϕ(gradg(F ′(

| dϕ |2

2
))) = 0 (1.3)

The operator τF(ϕ) is said to be the F-tension field of the map ϕ.

In view of physics, F -harmonic maps have a key role in physical
cosmology, physics and mechanics. For instance, they are studied to
investigate the phenomenon of the quintessence,[3].

In this paper, F -harmonic maps with potential is introduced. Then,
the first and second variation formulas for these maps are derived.
Finally, the stability of F - harmonic maps with potential into the unit
sphere equipped with induced metric is studied.

2. Main results

In this part, first, the notion of F−energy functional with potential
H is studied. Then, the variation formulas are obtained. Finally, the
stability of these maps are investigated.
Consider the C3 map ϕ : M −→ N between Riemannian manifolds.
Denote the Levi-Civita connection ofM,N and ϕ−1TN by M∇,N ∇ and
∇̂. Let H be a smooth function on N and let F : [0,∞) −→ [0,∞) be a
C3− strictly increasing function . F-bienergy functional with potential
H can be considered as follows:

EF,H
(ϕ) =

∫
M

(F(
| dϕ |2

2
) +H ◦ ϕ)dυg. (2.1)
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A map ϕ is said to be F-harmonic with potential H if ϕ is a critical
point of the F-energy functional. F-harmonic maps with potential H
can be categorized as harmonic , p-harmonic or exponentially harmonic
when F (t) is equal to t, (2t) p

2 /p ( p ≥ 4) or et respectively. By choosing
a local orthonormal frame field {ei} on M , The F − H−tension field
of ϕ, τF,H(ϕ), is defined by

τF,H(ϕ) = F ′(
| dϕ |2

2
)τ(ϕ) + dϕ(gradF ′(

| dϕ |2

2
)) +N ∇H ◦ ϕ, (2.2)

here τ(ϕ) =
∑m

i=1{∇̂eidϕ(ei)− dϕ(M∇eiei)} is the tension field of ϕ.
According to the above notations we get
Lemma 2.1. (The first variation formula) Let ϕ : (M, g) −→ (N, h)
be a smooth map. Then

d

dt
EF,H(ϕt) |t=0= −

∫
M

h(τF,H(ϕ), V )dυg, (2.3)

where V = dϕt
dt

|t=0 .

By 2.1, the notion of F−harmonic map with potential H for the
functional EF,H can be defined as follows
Definition 2.2. A C2 map ϕ is said to be F−harmonic with potential
H for the functional EF,H if τF,H(ϕ) = 0.
Definition 2.3. Let ϕ : (M, g) −→ (N, h) be an F−harmonic map
with potential H, and let ϕt : M −→ N (−ϵ < t < ϵ) be a smooth
variation of ϕ0 = ϕ and V =

∂ϕt
∂t

|t=0. Setting

I(V ) =
d2

dt2
EF,H(ϕt) |t=0

The map ϕ is said to be stable if I(V ) ≥ 0 for any vector field V along
ϕ.

By computing the second variation formula, it can be seen that

I(V ) =

∫
M

F ′′(
| dϕ |2

2
)⟨∇̂V, dϕ⟩2dvg

+

∫
M

F ′(
| dϕ |2

2
)

{
⟨| ∇̂V |2 −h(traceg NR(V, dϕ)dϕ

− (∇N
V grad

NH) ◦ ϕ, V )

}
dυg (2.4)

where | ∇̂V | denotes the Hilbert-Schmidt norm of the ∇̂V ∈ Γ(T ∗M×
ϕ−1TN). By (2.4), we have
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Theorem 2.4. Let ϕ : (M, g) −→ Sn be a stable F− harmonic map
with potential H from a Riemannian manifold (M, g) to Sn(n > 2),
and let △SnH ◦ ϕ ≥ 0. Suppose that (F(e(ϕ)))′′ < 0 for n < 2. Then
ϕ is constant.

According to (2.4), we get
Corollary 2.5. Let ϕ : (M, g) −→ Sn be a stable F−harmonic map
with potential H from a Riemannian manifold (M, g) to Sn(n > 2).
Suppose that H is an affine function. Then ϕ is constant.
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Abstract. This paper deals with the approximation of the solu-
tion of singular Riccati differential equations using the reproducing
kernel Hilbert space scheme. In the meantime, the n-term approx-
imate solution is obtained. Some numerical examples have also
been studied to demonstrate the accuracy of the present method.

1. Introduction

In this work, we consider the following quadratic Riccati differential
equation with singularity in reproducing kernel space
P(r)u′(r) = Q(r)u2(r) +R(r)u(r) + S(r), u(0) = ξ, 0 ≤ r ≤ 1,

(1)
where P(r), Q(r), R(r) and S(r) coefficients are continuous real func-
tions, perhaps P(0) = 0 or P(1) = 0 and u(r) ∈ W 2

2 [0, 1].
In order to solution of (1), we construct a reproducing kernel functions.

Definition 1.1. ( [2]) Let E be a nonempty abstract set and C be the
set of complex numbers. A function K : E × E → C is a reproducing
kernel of the Hilbert space H if

• for each t ∈ E, K(., t) ∈ H,
• for each t ∈ E and ψ ∈ H, ⟨ψ(.), K(., t)⟩ = ψ(t).
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In Definition 1.1, second condition called the reproducing property,
the value of the function ψ at the point t is reproducing by the inner
product of ψ(t) with K(., t).

Remark 1.2. A Hilbert space H of functions on a set E is called an
RKHS if there exists a reproducing kernel K of H. That is a Hilbert
space which that possesses a reproducing kernel is called the RKHS.

Definition 1.3. The inner product spaceW 2
2 [0, 1] is defined asW 2

2 [0, 1] =
{x(t)|x(t), x′(t), is absolutely continuous, x(0) = α and x′′(t) ∈ L2[0, 1]}.
The inner product W 2

2 [0, 1] is defined by

⟨x(t), y(t)⟩W 2
2 [0,1]

= x(0)y(0) + x(1)y(1) +

∫ 1

0

x′′(t)y′′(t)dt, (2)

and the norm ∥x∥W 2
2 [0,1]

is denoted by ∥x∥W 2
2 [0,1]

=
√

⟨x, x⟩W 2
2 [0,1]

, where
x, y ∈ W 2

2 [0, 1].

Theorem 1.4. ( [4]) The space W 2
2 [0, 1] is a reproducing kernel space.

That is, for any x(t) ∈ W 2
2 [0, 1] and each fixed t ∈ [0, 1] there exists

Rz(t) ∈ W 2
2 [0, 1], such that ⟨x(t), Rz(t)⟩W 2

2 [0,1]
= x(z). The reproducing

kernel Rz(t) can be denoted by

Rz(t) =

{
t
6
((z − 1)t2 + z(z2 − 3z + 8)), t ≤ z,
z
6
(z2(t− 1) + t(t2 − 3t+ 8)), t > z.

(3)

Definition 1.5. The inner product spaceW 1
2 [0, 1] is defined asW 1

2 [0, 1] =
{x(t)|x(t), is absolutely continuous, x(0) = α and x′(t) ∈ L2[0, 1]}.
The inner product W 1

2 [0, 1] is defined by

⟨x(t), y(t)⟩W 1
2 [0,1]

= x(0)y(0) +

∫ 1

0

x′(t)y′(t)dt, (4)

and the norm ∥x∥W 1
2 [0,1]

is denoted by ∥x∥W 1
2 [0,1]

=
√

⟨x, x⟩W 1
2 [0,1]

, where
x, y ∈ W 1

2 [0, 1].

In [1] proved that W 1
2 [0, 1] is a complete reproducing kernel space

and its reproducing kernel is

Rz(t) =

{
1 + t, t ≤ z,
1 + z, t > z.

(5)

2. Main Results

In this section, the solution of (1) is given in the reproducing ker-
nel space W 2

2 [0, 1]. In (1), it is clear that L : W 2
2 [0, 1] → W 1

2 [0, 1] is
a bounded linear operator. Put χs(z) = Rzs(z) and ϕs(z) = L∗χs(z),
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where L∗ is the adjoint operator of L. The orthonormal system {ϕs(z)}∞s=1

of W 2
2 [0, 1] can be derived from Gram�Schmidt orthogonalization pro-

cess of {ϕs(z)}∞s=1 such that
ϕs(z) =

∑s
i=1 αsiϕi(z), (αss > 0, s = 1, 2, . . .).

Theorem 2.1. If {zs}∞s=1 is dense on [0, 1] and the solution of (1) is
unique, then the solution of (1) satisfies the form

υ(z) =
∞∑
s=1

s∑
i=1

αsif(zi, υ(zi))ϕs(z). (6)

3. Numerical simulations

In this section, the scheme in the paper will be applied to two nu-
merical examples.

Example 3.1. In equation (1), if P(r) = r, Q(r) = 1, R(r) = −
√
r

and S(r) = −1 then true solution is u(r) = 2
√
r−3

−2r+4
√
r−3

.

RKHS method, taking u(0) = 1, rs = s−1
N−1

, s = 1, 2, . . . , N with the
reproducing kernel function Rz(t) on [0, 1] . The numerical results at
some selected gird points for N = 51 and n = 7 are given in Table 1.

Table 1. Numerical results for Example 3.1.

r True solution Approximate solution Absolute error Relative error
0.1 1.223480959455358 1.223480953436179 6.0192× 10−9 4.9197× 10−9

0.2 1.306879269928204 1.306879257935626 1.1993× 10−8 9.1765× 10−9

0.3 1.351601504414804 1.351601534632646 3.0218× 10−8 2.2357× 10−9

0.4 1.366020440416440 1.366020491746745 5.1330× 10−8 3.7577× 10−8

0.5 1.353553390593274 1.353553470343467 7.9750× 10−8 5.8919× 10−8

0.6 1.316983583242455 1.316983693532165 1.1029× 10−7 8.3744× 10−8

0.7 1.259474520209441 1.259474421125751 9.9084× 10−8 7.8671× 10−8

0.8 1.184736379760737 1.184736316453742 6.3307× 10−8 5.3436× 10−8

0.9 1.096856471680698 1.096856438463759 3.3217× 10−8 3.0284× 10−8

1.0 1.000000000000000 1.000000025319537 2.5320× 10−8 2.5320× 10−8

Example 3.2. Consider the following singular equation

(1− r)u′(r) = u2(r) + u(r), u(0) = −1

2
, 0 ≤ r < 1,

with true solution u(r) = 1
r−2

. Using our method, taking rs = s−1
N−1

,
s = 1, 2, . . . , N and gird points N = 51 and n = 9, the numerical
results are as given in Figure 1.
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Figure 1. Comparisons of approximate solution with
the exact solution (left) and the absolute errors with the
relative errors of Example 3.2 (right).

4. Conclusions

Here, the reproducing kernel Hilbert space the scheme was imple-
mented for solving a singular Riccati differential equations. This con-
firms the validity of the present method, and it is efficient, accurate
and reliable for singular Riccati differential equations.
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Abstract. Here, (α, β)-nonexpansive mappings in Banach spaces
are introduced, which are a generalization of α-nonexpansive map-
pings. Then the demi-closedness principle is presented for these
maps.

1. Introduction

In 1973, Hardy and Rogers [1] introduced the following concept of
generalized nonexpansive mappings. A self-map F on a nonempty sub-
set E of a Banach space is called generalized nonexpansive if for all
x, y ∈ E, ∥Fx− Fy∥ ≤
a1∥x−y∥+a2∥x−Fx∥+a3∥y−F (y)∥+a4∥x−F (y)∥+a5∥y−F (x)∥,
where a1, · · · , a5 are nonnegative real numbers with a1+a2+a3+a4+
a5 ≤ 1.
By interchanging x and y, the above inequality is equivalent to the
condition ∥Fx− Fy∥ ≤
a∥x− y∥+ b

{
∥x−Fx∥+ ∥y−F (y)∥

}
+ c
{
∥x−F (y)∥+ ∥y−F (x)∥

}
,

for all x, y ∈ E, where a, b, c > 0 and a+2b+2c ≤ 1, by putting a = a1,
b = (a2 + a3)/2 and c = (a4 + a5)/2. Here, we study the following case
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in which a2 = a3 = 0, a5 = α, a4 = β and a1 =
(
1 − (α + β)

)
. Thus

b = 0, c = (α + β)/2 and a =
(
1− (α + β)

)
.

Definition 1.1. A mapping T with domain D(T ) and range R(T ) in
Banach space E, is said to be (α, β)-generalized nonexpansive mapping
if there exists 0 < α < 1 and 0 < β < 1 with α + β < 1, such that

∥Tx− Ty∥ ≤ α∥Tx− y∥+ β∥Ty − x∥+
(
1− (α + β)

)
∥x− y∥,

for all x, y ∈ D(T ).
In fact, a mapping T : E → E is nonexpansive if and only if it is

(0, 0)-generalized nonexpansive. Every (α, α)-generalized nonexpansive
is α-nonexpansive which is introduced by Song et al. in 2018 [2]. The
followings are direct consequence of Theorems 3, 4 and 6 in [3] and
Theorem 2 of [4].
Theorem 1.2. Let E be a compact Banach space and T be a continuous
(α, β)-generalized nonexpansive on E. If for any T -invariant closed
subset A of E with diamA > 0, there exist y, z ∈ A such that

sup{∥y − T n(z)∥ : n ≥ 0} < diamA,

then for any x ∈ E, {T n(x)} has a subsequence which converges to a
fixed point of T .

The subset E is normal with respect to T , if for any nonempty closed
convex T -invariant subset A of E, either diamA = 0 or there exists z
in A such that

sup{∥y − z∥ : y ∈ A} < diamA.

Theorem 1.3. Let C be a weakly compact convex subset of a Banach
space E and T be a continuous (α, β)-generalized nonexpansive on C.
If C is normal with respect to T , then T has a fixed point.

Let C be a bounded subset of Banach space E and y ∈ C. We set
ry = sup{∥x− y∥ : x ∈ C}, and r = inf{ry : y ∈ C}.

The point x is called the generalized center of C, if {x ∈ C : rx = r} =
{x}.

Theorem 1.4. Let C be a bounded convex subset of Banach space E.
Suppose that C has a generalized centre x0. If T : C → C is (α, β)-
generalized nonexpansive mapping such that C ⊂ coC, then x0 is a
fixed point of T .
Theorem 1.5. Let C be a closed convex subset of a strictly convex
Banach space E and T be a (α, β)-generalized nonexpansive mapping
on C. Then
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(a) The fixed point set Fix(T ) = {x ∈ C : T (x) = x} of T is
convex.

(b) If T is continuous, then F is nonempty and compact.
(c) If T is continuous, then for any x0 ∈ C, t ∈ (0, 1), {T nt (x0)}

converges to a fixed point of T , where Tt(x) = (1 − t)x +
tT (x) for every x ∈ X.

2. Main Results

Let C be a nonempty closed convex subset of a Hilbert space H with
the inner product ⟨., .⟩ and the norm ∥.∥. Then for each u ∈ H, the
metric projection PC : H → C is define by PC(u) = z, ∥z − u∥ =
infx∈C ∥x− u∥. The following property for metric projection PC is well
known:

z = PC(u) ⇐⇒ ⟨u− z, x− z⟩ ≤ 0 ∀x ∈ C,

Lemma 2.1. Let C be a nonempty closed convex subset of a Hilbert
space H and T : C → C be an (α, β)-generalized nonexpansive mapping
with Fix(T ) ̸= ∅. Then Fix(T ) is closed convex and

∥Tx− p∥ ≤ ∥x− p∥,

for all x ∈ C and p ∈ Fix(T ).

Lemma 2.2. Let C be a nonempty subset of Hilbert space H and
T : C → C be an (α, β)-generalized nonexpansive mapping. Then for
all x, y ∈ C we have

∥Tx− Ty∥ ≤ ∥x− y∥+ α + β

1− β
∥Tx− x∥. (1)

Theorem 2.3. (Demi-closedness principle) Let C be a nonempty closed
convex subset of Hilbert spaceH and T : C → C be an (α, β)-generalized
nonexpansive mapping. If a sequence {xn} in C converges weakly to
x ∈ C and

lim
n→∞

∥xn − Txn∥ = 0,

then x ∈ Fix(T ).

Theorem 2.4. Let C be a bounded subset of Hilbert space H. If
T : C → C is (α, β)-generalized nonexpansive mapping and α ≤ β,
then T is asymptotically regular, that is, for any x ∈ C,

lim
n→∞

∥T n+1(x)− T n(x)∥ = 0.
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Abstract. In this paper, we consider the relationships between
generalized approximate convexity for set-valued map, and gener-
alized monotonicity for their subdifferentials. Also, some relations
between variational inequalities and quasi efficient solutions under
approximate convexity are given.

1. Introduction

In recent years, extending and characterizing generalized convex
scalar-valued functions to set-valued maps have been studied by many
authers. In 1997, Sach and Yen [7] gave some necessary and sufficient
conditions for a set-valued map F to be K-convex in terms of contin-
gent derivative of the epigraphical multifunction for F with respect to
the ordering cone K. Also, Yang [9] introduced Dini directional deriv-
ative for set-valued mappings and used it to obtain some properties of
K-convex set-valued maps. Luc et al. [5] introduced the concept of
approximate convex functions using the ε-convex functions. The class
of approximate convex functions contain the class of convex functions,
strongly convex functions and weakly convex functions. The rest of
this section is devoted to recall some definitions and results which are
needed in the next section.

2020 Mathematics Subject Classification. 47N10; 65K10; 41A65.
Key words and phrases. Approximate convexity, Approximate monotonicity,

Variational inequality.
215



Z. KEFAYATI AND M. OVEISIHA

Let X and Y be two Banach spaces and X∗ be topological dual space
of X. The norm in X and X∗ will be denoted by ∥ . ∥. Also, suppose
that BX is the closed unit ball of X, and K ⊂ Y is a closed convex
cone.

Definition 1.1. [1] Let F : X ⇒ Y be a set-valued mapping. Then,
epigraphical multifunction EF : X ⇒ Y is defined by

EF (x) := {y ∈ Y |y ∈ F (x) +K}.

Definition 1.2. [4] Let X be a Banach space, Ω be a nonempty subset
of X, x ∈ Ω and ε ≥ 0. The set of ε-normals to Ω at x is

N̂ε(x; Ω) := {x∗ ∈ X∗| lim sup
u→x

< x∗, u− x >

∥ u− x ∥
≤ ε}.

If ε = 0, the above set is denoted by N̂(x; Ω) and called regular normal
cone to Ω at x. Let x̄ ∈ Ω, the basic normal cone to Ω at x̄ is

N(x̄; Ω) := lim sup
x→x̄,ε↓0

N̂ε(x; Ω).

Definition 1.3. [5] Let f : Ω ⊂ X → R be a real-valued function. f
is said to be approximately convex at x0 ∈ Ω, if for any α > 0, there
exists δ > 0 such that for any x1, x2 ∈ B(x0, δ) ∩ Ω and any t ∈ [0, 1],
one has
f(tx1 + (1− t)x2) < tf(x1) + (1− t)f(x2) + αt(1− t) ∥ x1 − x2 ∥ .

Definition 1.4. [4] A set-valued mapping F : Ω ⊂ X ⇒ Y is said to
be

• Lipschitz around x̄ ∈ domF iff there are a neighborhood U of
x̄ and l ≥ 0 such that

F (x) ⊂ F (u) + l ∥ x− u ∥ BY , ∀x, u ∈ Ω ⊂ X.

• epi-Lipschitz around x̄ ∈ domF iff EF is Lipschitz around this
point.

The set-valued mapping F is locally Lipschitz on X, if it is Lipschitz
around x̄, for every x̄ ∈ domF ∩X.
LetK be a closed, convex and pointed cone in Y and denote the positive
polar cone of K by

K+ := {y∗ ∈ Y ∗| y∗(k) ≥ 0, ∀k ∈ K}.
Given F : X ⇒ Y and y∗ ∈ Y ∗. We associated to F and y∗ a marginal
function fy∗ : X → R ∪ {±∞},

fy∗(x) := inf{y∗(y)| y ∈ F (x)},
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and the minimum set
My∗ := {y ∈ F (x)| fy∗(x) = y∗(y)}.

2. Main results

First, we present a generalization of approximate convexity for set-
valued maps.
Definition 2.1. Let Ω ⊂ X be a convex set and F : Ω ⊂ X ⇒ Y .

• F is said to be approximately K-convex at x0 ∈ domF if for
every α ∈ R there exists δ > 0 (depending on x0 and ε) such
that for all x1, x2 ∈ B(x0, δ) and t ∈ [0, 1], one has

tF (x1)+(1− t)F (x2)+αt(1− t) ∥ x1−x2 ∥ e ⊆ F (tx1+(1− t)x2)+K,
for an e ∈ intK with ∥ e ∥= 1.

• F is said to be approximately weakly K-convex type I at x0 ∈
domF if for every α ∈ R there exist δ > 0 for any xi ∈ B(x0, δ),
y∗ ∈ K+ ∩ SY ∗ and yi ∈My∗(xi) (i = 1, 2), one has

< ξ, x2 − x1 > −α ∥ x2 − x1 ∥≤ y∗(y2)− y∗(y1),

for some ξ ∈ ∂F (x1, y1)(y
∗).

• F is said to be approximately K-convex type II at x0 ∈ domF ,
if for every α ∈ R, there exist δ > 0 such that for any x1, x2 ∈
B(x0, δ), y∗ ∈ K+∩SY ∗ and y1 ∈My∗(x1) and ξ ∈ ∂F (x1, y1)(y

∗),
one has

< ξ, x2 − x1 > −α ∥ x2 − x1 ∥≤ y∗(y2)− y∗(y1).

Definition 2.2. The set-valued mapping ∂Fi : X × Y × Y ∗ ⇒ X∗ is
said to be approximately K-monotone at x0 ∈ domF if for any α ∈ R,
there exist δ > 0 such that for any xi ∈ B(x0, δ), y∗ ∈ K+ ∩ SY ∗ ,
yi ∈My∗(xi) and ξi ∈ ∂F (xi, yi)(y

∗), (i = 1, 2), one has
< ξ2 − ξ1, x2 − x1 >≥ −α ∥ x2 − x1 ∥ .

Now, we consider the following optimization problem:
minF (x), subject to x ∈ domF, (2.1)

where F : Ω ⊂ X ⇒ Y .
The next two definitions are allocated solutions of Problem (2.1).
Definition 2.3. A point (x̄, ȳ) ∈ grF is said to be a scalarized locally
quasi efficient solution (SLQE) of Problem (2.1) iff there exist α ∈ R
and δ > 0, such that for any y∗ ∈ K+\{0}, x ∈ B(x̄, δ) ∩ Ω and
y ∈ F (x), one has

y∗(ȳ) ≤ y∗(y) + α ∥ x− x̄ ∥ .
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Definition 2.4. A point (x̄, ȳ) ∈ grF is said to be locally weak quasi
efficient solution (LWQE) of Problem (2.1) iff there exist α ∈ R and
δ > 0, such that

(F (x)− ȳ) ∩ (−α ∥ x− x̄ ∥ e− intK) = ∅, ∀x ∈ B(x̄, δ) ∩ Ω.

The next lemma gives a relation between (SLQE) and (LWQE).
Lemma 2.5. Every solution of (SLQE) is a (LWQE) of Problem (2.1).
Theorem 2.6. Suppose that X, Y are Asplund spaces and F : X ⇒ Y
is a locally epi-lipschitz map. If F is approximately K-convex at x0 ∈
domF , then F is approximately weakly K-covex type I at this point.
Lemma 2.7. Let F : Ω ⊂ X ⇒ Y be locally lipschitz and approximately
weakly K-convex type I at x0. Then ∂F is approximately K-monotone
at x0.

Now, we consider the following variational inequality:
(MVIP): Minty variational inequality problem consists of finding a vec-
tor x̄ such that there exists δ > 0 such that for any x ∈ B(x̄, δ) ∩ Ω
and y∗ ∈ K+ ∩ SY ∗ , there exist y ∈ My∗(x) and ξ ∈ ∂F (x, y)(y∗) such
that

< ξ, x̄− x >≤ 0.

Theorem 2.8. Let F : Ω ⊆ X ⇒ Y be approximately weakly K-convex
type II. If x̄ is a solution of (SLQE), then it is a solution of (MVIP).
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Abstract. In this paper, we introduce the concept of triple Lie
hom-derivation on the triple Lie Banach algebras. We prove the
Hyers-Ulam stability of a special kind of triple Jensen s-functional
equation on these spaces and give some related results.

1. Introduction

A ternary Banach algebra A is a complex linear space, endowed with
a ternary product (a1, a2, a3) → [a1, a2, a3] from A3 into A such that

[[a1, a2, a3], b1, b2] = [a1, [a2, a3, b1], b2] = [a1, a2, [a3, b1, b2]]

and satisfies

∥[[a1, a2, a3]∥ ≤ ∥a1∥.∥a2∥.∥a3∥ and ∥[a, a, a]∥ = ∥a∥3 (see [8]).
Recall that, a Lie algebra is a Banach algebra endowed with the Lie

product [x, y] := (xy−yx)
2

. Similarly, a triple Lie Banach algebra is a
Banach algebra endowed with the product

[
[x, y], z

]
:= [x,y]z−z[x,y]

2
.

Definition 1.1. [4] Let A be a triple Lie Banach algebra. A C-linear
mapping h : A→ A is called triple Lie homomorphism if

h([[x, y], z]) = [[h(x), h(y)], h(z)] ∀ x, y, z ∈ A.

2020 Mathematics Subject Classification. Primary 17A40; Secondary 39B52,
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Definition 1.2. [4] Let A be a triple Lie Banach algebra. A C-linear
mapping D : A→ A is called triple Lie derivation if

D
(
[x, y, z]

)
= [[D(x), y], z]+[[x,D(y)], z]+[[x, y], D(z)], ∀ x, y, z ∈ A.

Definition 1.3. Let A be a triple Lie Banach algebras. Let h : A→ A
be a triple Lie homomorphism. A mapping D : A→ A is called a triple
Lie hom-derivation if d is a C-linear mapping and satisfies

D([x, y, z]) =[[D(x), h(y)], h(z)] + [[h(x), D(y)], h(z)]

+ [[h(x), h(y)], D(z)] ∀ x, y, z ∈ A.

The stability problem of functional equations has been first raised
by Ulam [7]. In 1941, Hyers [3] gave a first affirmative answer to
the question of Ulam for Banach spaces. Th. Rassias [6] then gave
a positive answer for both additive mappings and linear mappings by
using θ(∥x∥p+∥y∥p) where p < 1. In 1994, Gǎvruta [2] generalized these
theorems for approximate additive mappings controlled by a function
φ(x, y). In 2003, L. Cădariu and V. Radu [1] proved the Hyers–Ulam–
Rassias stability of the additive Cauchy equation by using the fixed
point method.

Theorem 1.4. [5] Let (A, d) be a complete generalized metric space
and let F : A → A be a strictly contractive mapping with Lipschitz
constant 0 < L < 1. Then for each given element a ∈ A, either

d(F i(a), F i+1(a)) = ∞

for all nonnegative integers i or there exists a positive integer i0 such
that

1 : d(F i(a), F i+1(a)) <∞, ∀i ≥ i0;
2 : the sequence {F i(a)} converges to a unique fixed point b∗ of F in

the set B = {b ∈ A | d(F i0a, b) <∞};
3 : d(b, b∗) ≤ 1

1−Ld(b, F (b)) for all b ∈ A.

Solution of the equation 2f(x+y
2
) = f(x) + f(y) is called an Jensen

mapping. Consider the triple Jensen type s-functional equations:

3f
(x1 + x2 + x3

3

)
+ 2f

(x1 − x2
2

)
− 2f

(x1 + x3
2

)
+ 2f

(x2 + x3
2

)
− f(x1)− f(x2)− f(x3) = s(f(x1 + x2 + x3)− f(x1)− f(x2)− f(x3))

(1.1)

where s ̸= 0,±1 is a complex number.
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In this paper, we solve the triple Jensen s-functional equation (1.1)
in triple Lie Banach algebras and we prove the Hyers–Ulam stability
of triple Lie hom-derivation in triple Lie Banach algebras.

2. Main results

Throughout the paper, let T1
1/n0

be the set of all complex numbers
eiθ, where 0 ≤ θ ≤ 2π

n0
and n0 is a fix positive integer number. Let A

be a triple Lie Banach algebra.

Lemma 2.1. A mapping f : A→ A which satisfies in (1.1) is additive.

Throughout this section, assume that φ, ψ : A3 → [0,∞) are func-
tions satisfy conditions

φ(
x1
3
,
x2
3
,
x3
3
) ≤ L

3
φ(x1, x2, x3), ψ(

x1
3
,
x2
3
,
x3
3
) ≤ L

33
ψ(x1, x2, x3)

(2.1)
for all x1, x2, x3 ∈ A and some 0 < L < 1.

Theorem 2.2. Let f : A→ A be a function satisfies∥∥∥3f(λ(x1 + x2 + x3)

3

)
+ 2f

(λ(x1 − x2)

2

)
− 2f

(λ(x1 + x3)

2

)
+ 2f

(λ(x2 + x3)

2

)
− λf(x1)− λf(x2)− λf(x3)

− s
(
f(λ(x1 + x2 + x3))− λf(x1)− λf(x2)− λf(x3)

)∥∥∥
≤ φ(x1, x2, x3)

(2.2)

where λ ∈ T1
1/n0

and φ : A3 → [0,∞) fulfill (2.1). Then there exist a
unique additive mapping T : A→ A such that

∥f(x)− T (x)∥ ≤ L

2(1− L)
φ(x, 0, 0)

In the next theorem, we prove the Hyer-Ulam stability of triple Lie
hom-derivation on triple Lie Banach algebras.

Theorem 2.3. Let f, h : A→ A be functions satisfy in (2.2) and
∥h([x1, x2, x3])− [[h(x1), h(x2)], h(x3)]∥ ≤ ψ(x1, x2, x3) (2.3)

∥f([x1, x2, x3])− [[f(x1), h(x2)], h(x3)]− [[h(x1), f(x2)], h(x3)]

− [[h(x1), h(x2)], f(x3)]∥ ≤ ψ(x1, x2, x3)
(2.4)

where λ ∈ T1
1/n0 and φ, ψ : A3 → [0,∞) fulfill (2.1). Then there exists

a unique homomorphism H : A → A and a unique hom-derivation
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D : A→ A such that

∥h(x)−H(x)∥ ≤ L

2(1− L)
φ(x, 0, 0), ∥f(x)−D(x)∥ ≤ L

2(1− L)
φ(x, 0, 0)

In Theorem 2.2 and Theorem 2.3, by taking and L = 21−r and
φ(x1, x2, x3) = ψ(x1, x2, x3) = θ(∥x1∥r + ∥x2∥r + ∥x3∥r)

where x, y, z ∈ X, r < 1 and θ are nonnegative real numbers, we ob-
tain the Hyers-Ulam-Rassias stability of Jensen s-functional and the
Hyers-Ulam-Rassias stability of triple Lie hom-derivation on triple Ba-
nach algebras.

Corollary 2.4. Let r < 1 and θ be two elements of R+. Suppose that
φ(x1, x2, x3) = θ(∥x1∥r + ∥x2∥r + ∥x3∥r). Assume f : A → A, satisfies
in (2.2). Then there exists a unique C-linear T : A→ A such that

∥f(x)− T (x)∥ ≤ 2θ

2r − 2
∥x∥r

Corollary 2.5. Let r < 1 and θ be two elements of R+. Suppose
that φ(x1, x2, x3) = ψ(x1, x2, x3) = θ(∥x1∥r + ∥x2∥r + ∥x3∥r). Assume
f, h : A → A, are functions satisfying in (2.2), (2.3) and (2.4). Then
there exist a unique triple homomorphism H : A → A and a unique
triple Lie hom-derivation D : A→ A such that

∥h(x)−H(x)∥ ≤ 2θ

2r − 2
∥x∥r, ∥f(x)−D(x)∥ ≤ 2θ

2r − 2
∥x∥r
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1. L. Cădariu and V. Radu, On the stability of the Cauchy functional equation: a

fixed point approach, Grazer Math. Ber. 346 (2004), 43-–52.
2. P. Gǎvruta, A generalization of the Hyers-Ulam-Rassias stability of approxi-

mately additive mappings, J. Math. Anal. Appl. 184 (1994), 431–-436.
3. D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad.

Sci. U. S. A. 27 (1941), 222–224.
4. G. F. Leger and E. M. Luks, Generalized derivations of Lie algebras, J. Algebra,

228 (2000), 165–203.
5. B. Margolis, J. B. Diaz, A fixed point theorem of the alternative for contractions

on the generalized complete metric space, Bull. Amer. Math. Soc. 126 (1968),
305–309.

6. Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc., 72 (1978), 297–300.

7. S. M. Ulam, Problems in Modern Mathematics, Chapter VI, Science ed. Wiley,
New York, 1940.

8. H. Zettl, A characterization of ternary rings of operators, Adv. Math. 48 (1983),
117–143.

222



Poster Presentation ∗ : Presenter

THE LEFT AND RIGHT NABLA DISCRETE
FRACTIONAL DIFFERENCE IN MATRIX

STRUCTURE

M. KHALEGHI MOGHADAM∗ AND Y. KHALILI

Department of Basic Science, Agricultural and natural source university, Sari,
Iran

m.khaleghi@sanru.ac.ir

Abstract. In this paper, we establish the matrix structure for
the following discrete fractional operator

(0∇α
ku)(k), (k∇α

T+1u)(k)

for k ∈ [1, T ]N0
where 0 ≤ α ≤ 1 and 0∇α

k is the left nabla discrete
fractional difference and k∇α

T+1 is the right nabla discrete frac-
tional difference and ∇ is the backward difference operator. An
example is included to illustrate the main results.

1. Introduction

This kind of problems play a fundamental role in different fields of
research, such as mechanical engineering, control systems, economics,
computer science, physics, artificial or biological neural networks, cy-
bernetics, ecology and many others[3, 4].
The aim of this paper is to establish the matrix structure for the fol-
lowing discrete fractional operator(

k∇α
T+1u

)
(k), (0∇α

ku) (k)

1991 Mathematics Subject Classification. Primary 26A33, 34B15; Secondary
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where 0 ≤ α ≤ 1 and 0∇α
k is the nabla discrete fractional difference

and k∇α
T+1 is the nabla discrete fractional difference and ∇u(k) =

u(k)− u(k − 1) is the backward difference operator and T ≥ 2 is fixed
positive integer and N1 = {1, 2, 3, · · · } and TN = {· · · T − 2, T − 1, T}
and [1, T ]N0 is the discrete set {1, 2, · · · , T − 1, T} = N1

⋂
TN.

Definition 1.1. [2] (i) Let m be a natural number, then the m rising
factorial of t is written as tm =

∏m−1
k=0 (t+ k), t0 = 1.

(ii) For any real number, the α rising function is increasing on N0 and
tα = Γ(t+α)

Γ(t)
, such that t ∈ R\{· · · ,−2,−1, 0}, 0α = 0.

Definition 1.2. let f be defined on Na−1

⋂
b+1N, a < b, α ∈ (0, 1),

then the nabla discrete new left Caputo fractional difference and the
right Caputo fractional difference are, respectively, defined by(
C
k∇α

a−1f
)
(k) = 1

Γ(1−α)
∑k

s=a∇sf(s)(k − ρ(s))−α, k ∈ Na(
C
b+1∇α

kf
)
(k) = 1

Γ(1−α)
∑b

s=k(−∆sf)(s)(s− ρ(k))−α, k ∈ bN,
and in the left Riemann sense by(
R
k∇α

a−1f
)
(k) = 1

Γ(1−α)∇k

∑k
s=a f(s)(k − ρ(s))−α, k ∈ Na,

and the right Riemann one by(
R
b+1∇α

kf
)
(k) = 1

Γ(1−α)(−∆k)
∑b

s=k f(s)(s− ρ(k))−α, k ∈ bN,
where ρ(k) = k − 1 be the backward jump operator.

We note that the nabla Riemann fractional differences and the nabla
Caputo fractional differences, for 0 < α < 1, coincide when f vanishes
at the end points that is f(a−1) = 0 = f(b+1) [1]. So, for convenience,
from now on we will use the symbol ∇α instead of R∇α or C∇α.

2. Main results

Now, define the finite T−dimensional Hilbert space

W := {u : [0, T+1]N0 → R : u(0) = u(T+1) = 0, u = (u(1), u(2), ..., u(T ))†},

which u† denotes the transpose of u and W is equipped with the usual
inner product and the norm ⟨u, v⟩ =

∑T
k=1 u(k)v(k), ∥u∥ := ⟨u, u⟩ =(∑T

k=1 |u(k)|2
)
. So, we set≪ u≫:= ⟨k∇α

0u,k∇α
0u⟩+⟨T+1∇α

ku,T+1∇α
ku⟩,

hence ≪ u ≫=
{∑T

k=1 | (k∇α
0u) (k)|2 + |

(
T+1∇α

ku
)
(k)|2

}
is an equiv-

alent norm in W . A direct computation shows that,

≪ u≫= u†Au, ∀u ∈ W. (2.1)
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Next, observe by Definition 1.2 that, for k ∈ [1, T ]N0

(k∇α
0u) (k) = ∇k

1

Γ(1− α)

k∑
s=1

u(s)(k − ρ(s))−α,

(T+1∇α
ku) (k) = (−∆k)

1

Γ(1− α)

T∑
s=k

u(s)(s− ρ(k))−α

we let

z(k) =
1

Γ(1− α)

k∑
s=1

u(s)(k − ρ(s))−α, w(k) =
1

Γ(1− α)

T∑
s=k

u(s)(s− ρ(k))−α

z̃(k) = (∇kz) (k) = z(k)−z(k−1), w̃(k) = (−∆kw) (k) = w(k)−w(k+1),

thus, one have

≪ u≫ =
T∑
k=1

| (k∇α
0u) (k)|2 + |

(
T+1∇α

ku
)
(k)|2

=
T∑
k=1

| (∇kz) (k)|2 + | (−∆kz) (k)|2

=
T∑
k=1

|z̃(k)|2 + |w̃(k)|2 = ∥z̃∥22 + ∥w̃∥22, (2.2)

z = (z(1), z(2), ..., z(T ))†, w = (w(1), w(2), ..., w(T ))†

z̃ = (z̃(1), z̃(2), ..., z̃(T ))†, w̃ = (w̃(1), w̃(2), ..., w̃(T ))†

hence, z = Bu, z̃ = Dz and w = B†u, w̃ = D†w where † denotes the
transpose and

B =


1 0 0 · · · 0

(1− α) 1 0 · · · 0
1
2!
(2− α)(1− α) (1− α) 1 · · · 0

... ... ... ... ...
(T−α−1)(T−α−2)···(1−α)

(T−1)!
(T−α−2)(T−α−3)···(1−α)

(T−2)!
· · · · · · 1


T×T

.

D =


1 0 0 · · · 0 0
−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
... ... ... ... ... ...
0 0 · · · · · · −1 1


T×T

.
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It is clear that BD = DB and B†D† = D†B†, let A = (DB)†DB, Ã =
DB(DB)†. Hence, for all u ∈ W

u†Au = u†(DB)†DBu = z†D†Dz = z̃†z̃ = ∥z̃∥22, (2.3)
u†Ãu = u†DB(DB)†u = w†DD†w = w̃†w̃ = ∥w̃∥22, (2.4)

Let A = A+ Ã, thus
u†Au = u†Au+ u†Ãu = ∥z̃∥22 + ∥w̃∥22,

therefore from (2.2) and (2.3) and (2.4), we have ≪ u≫= u†Au, ∀u ∈
W. Let λmin and λmax denote respectively the minimum and the maxi-
mum eigenvalues of A, for any u ∈ W , we have

λmin⟨u, u⟩ < u†Au < λmax⟨u, u⟩, (2.5)
Then from (2.1) and (2.5), ≪ u≫→ +∞ if and only if ⟨u, u⟩ → +∞.
We note that, this matrix can be useful in solving problems of differ-
ential equations with fractional order in discrete case.

We now present an example to illustrate the result.
Example 2.1. Let, T = 3 and α = 0.5. Then λmin = λ1 = 1 < λ2 =
5 < 18 = λmax where

B =

 1 0 0
0.5 1 0
5
8

1
2

1

 , D =

 1 0 0
−1 1 0
0 −1 1

, A =

 7 −6 2
−6 10 −6
2 −6 7

.
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Abstract. In this work, a differential pencil with the turning
point and jump condition on the half line is studied. We estab-
lish properties of the spectrum, give the formulation of the inverse
problem and prove the uniqueness theorem.

1. Introduction

Consider the boundary value problem B = B(q1, q0, β1, β0, a1, a2)
for second order differential pencil

y′′(x) + (ρ2r(x) + iρ q1(x) + q0(x))y(x) = 0, x ≥ 0, (1.1)
with the spectral boundary condition

U(y) := y′(0) + (β1ρ+ β0)y(0) = 0, (1.2)
and the discontinuous conditions
y(d+ 0, ρ) = y(d− 0, ρ), y′(d+ 0, ρ) = a1y

′(d− 0, ρ) + a2y(d− 0, ρ),
(1.3)

at x = d. Let r(x) = −1, x < a and r(x) = 1, x ≥ a. The weight-
function r(x) changes the sign in an interior point x = a (0 < a < d),
which is called the turning point. The coefficients β0, β1(β1 ̸= ±1),
a1 > 0 and a2 are complex numbers and ρ is a spectral parameter.

1991 Mathematics Subject Classification. Primary 34K29; Secondary 34B07.
Key words and phrases. Inverse problem, Pencil, Discontinuity, Turning point.
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The complex-valued functions q0(x) and q1(x) satisfy (1 + x)q
(ι)
l (x) ∈

L(0,∞) as 0 ≤ ι ≤ l ≤ 1 and q1(x) is absolutely continuous.
Differential equations with a turning point and jump condition

arise in various branches of natural sciences like physics, geophysics,
etc. [3]. The inverse problem for differential pencils without turn-
ing point and discontinuities was studied in [1]. The presence of the
turning point and discontinuity produces essential modifications in the
problem. Some researchers have investigated the discontinuous inverse
problem for differential pencils with the turning point. In this work,
we study the inverse problem for the discontinuous differential pencil
with the turning point and spectral boundary condition.

2. Preliminaries

Denote Π+ := {ρ : ℑρ > 0}, Π0 := {ρ : ℑρ = 0} and Π :=
Π+ \ {0}. There exists the Jost solution of Eq. (1.1) for sufficiently
large ρ ∈ Π+ with the following formula for m = 0, 1,

e(m)(x, ρ) = (iρ)mexp(iρx−Q(x))[1], x > d, (2.1)
where Q(x) = 1

2

∫ x
0
q1(t)dt and [1] := 1 +O (ρ−1) (see [4]).

Also uniformly for a ≤ x < d and sufficiently large ρ ∈ Π+, we have

e(m)(x, ρ) =
(iρ)m

a1
(exp(iρx−Q(x))[b+]

+(−1)m+1 exp(iρ(2d− x)− (2Q(d)−Q(x)))[b−]), (2.2)
where [b±] := b± +O (ρ−1) in which b± = 1±a1

2
.

For every fixed x, the functions e(m)(x, ρ), m = 0, 1, are holomorphic
and continuous for ρ ∈ Π+ and ρ ∈ Π+, respectively. Also these
functions are continuously differentiable for ρ ∈ Π.
Taking the Birkhoff FSS [4], we will have for sufficiently large ρ ∈ Π+,

e(m)(x, ρ) =
ρm

2a1
(E+(ρ) exp(ρ(x− a)− i(Q(x)−Q(a)))

+E−(ρ)(−1)m exp(−ρ(x− a) + i(Q(x)−Q(a)))), x ∈ [0, a), (2.3)
where

E±(ρ) = (1± i) exp(iρa−Q(a))[b+]

−(1∓ i) exp(iρ(2d− a)− (2Q(d)−Q(a)))[b−].

It follows from (2.1), (2.2) and (2.3) that for m = 0, 1 and C = const,

|e(m)(x, ρ)| ≤ C|ρ|m exp(−|ℑρ|x), x ∈ [a, d) ∪ (d,∞),

|e(m)(x, ρ)| ≤ C|ρ|m exp(−|ℑρ|a) exp(|ℜρ|(a− x)), x ∈ [0, a] (2.4)
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Let us consider∆(ρ) = e′(0, ρ)+(β1ρ+β0)e(0, ρ) as the characteristic
function of B which is entire in ρ ∈ Π+. Therefore by using (2.3), we
can give for sufficiently large ρ ∈ Π,

∆(ρ) =
ρ

2a1
(N+(ρ)(β1 − 1) exp(ρa− iQ(a))

+N−(ρ)(β1 + 1) exp(−ρa+ iQ(a))), (2.5)
where

N±(ρ) = (1∓ i) exp(iρa−Q(a))[b+]

−(1± i) exp(iρ(2d− a)− (2Q(d)−Q(a)))[b−].

Let δ > 0 be fixed. Put Gδ := {ρ ∈ Π+; | ρ − ρn |≥ δ, ρn ∈ Λ}, as
Λ = {ρ ∈ Π+ ∪ R; ∆(ρ) = 0}. Taking (2.5) one gets

|∆(ρ)| ≥ C|ρ| exp(−ℑρa) exp(ℜρa), ρ ∈ Gδ. (2.6)
By the Rouche’s theorem [2] and the known technique [5], one can

give that the roots of ∆(ρ) have the asymptotics

ρn =
1

a
(nπi+ iQ(a) + κ1 + κ2) +O

(
n−1
)
,

for large enough n, wherein κ1 = 1
2
lnβ1+1

β1−1
and κ2 = 1

2
ln i+1

i−1
.

We put

ϕ(x, ρ) =
e(x, ρ)

∆(ρ)
. (2.7)

The function ϕ(x, ρ) is a solution of Eq. (1.1) that is called the Weyl
solution for BVP(B). Denote M(ρ) = ϕ(0, ρ). We will call it the Weyl
function for BVP(B).
From (2.7) and properties of e(x, ρ) and ∆(ρ), we will have

M(ρ) =
1

ρ(β1 ∓ 1)
[1]. (2.8)

Inverse Problem. Given the Weyl function M(ρ), find q1, q0, β1, β0.

3. Uniqueness theorem

A boundary value problem B̃ = B(q̃1, q̃0, β̃1, β̃0, a1, a2) of the sim-
ilar form (1.1)-(1.3) with tilde, alongside B = B(q1, q0, β1, β0, a1, a2),
is considered. We suppose that if α signifies an object relevant to B,
then α̃ will signify the similar object relevant to B̃.

Theorem 3.1. Let M(ρ) = M̃(ρ). Then β1 = β̃1, β0 = β̃0, q1(x) =
q̃1(x) and q0(x) = q̃0(x) a.e. on x ≥ 0.
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Proof. By the assumption of theorem and the Weyl function (2.8),
we infer that β1 = β̃1.

Now we define the matrix P (x, ρ) = [Pj,k(x, ρ)]j,k=1,2 , by the formula

P (x, ρ)

[
φ̃(x, ρ) ϕ̃(x, ρ)

φ̃′(x, ρ) ϕ̃′(x, ρ)

]
=

[
φ(x, ρ) ϕ(x, ρ)
φ′(x, ρ) ϕ′(x, ρ)

]
,

where φ(x, ρ) = φ1(x, ρ)− (β1ρ+ β0)φ2(x, ρ) in which the entire func-
tions φj(x, ρ) are the discontinuous solutions of Eq. (1.1) under the
jump condition (1.3) and the initial conditions φ(m)

j (0, ρ) = δj(m+1),m =
0, 1 (δj(m+1) is the Kronecker delta). From the assumption of the the-
orem, the functions Pj1(x, ρ) and Pj2(x, ρ) are entire in ρ. Also, from
(2.4), (2.6), (2.7) and similar inequalities for φ(x, ρ), we have

|P11(x, ρ)| ≤ C, |P12(x, ρ)| ≤ C|ρ|−1. (3.1)
Thus we will have for sufficiently large ρ,

P11(x)φ̃(x, ρ) = φ(x, ρ), P11(x)ϕ̃(x, ρ) = ϕ(x, ρ). (3.2)
Taking the functions φ(x, ρ) and ϕ(x, ρ) in [0, a], one gets for suffi-

ciently large ρ and arg ρ ∈ (0, π
2
) :

φ(x, ρ)

φ̃(x, ρ)
= exp(−i(Q(x)− Q̃(x)))[1],

ϕ(x, ρ)

ϕ̃(x, ρ)
= exp(i(Q(x)− Q̃(x)))[1].

Together with (3.2), this yeids thatQ(x) = Q̃(x) and P11(x) = 1 for x ∈
[0, a]. Similarly we can prove that Q(x) = Q̃(x) for x ∈ [a, d) ∪ (d,∞)
and P11(x) = 1. So q1(x) = q̃1(x), q0(x) = q̃0(x) a.e. for x ≥ 0, and
β0 = β̃0. The proof is completed.
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Abstract. In this paper, we present some extensions of Kan-
torovich inequality for two operators on a Hilbert space. More-
over, the multiple version and a related inequality for positive lin-
ear maps are obtained. Also, we introduce the concept of Specht’s
ratio and improve some inequalities related to Specht’s ratio.

1. Introduction

The Kantorovich inequality state that if A is a positive operator on a
Hilbert space H satisfying MIH ≥ A ≥ mIH for positive scalars M,m,
then for every unit vector x in H

⟨Ax, x⟩⟨A−1x, x⟩ ≤ (M +m)2

4Mm
. (1.1)

Also the Kantorovich type inequality for positive linear maps asserts
that if A is a positive operator on a Hilbert space H satisfying MIH ≥
A ≥ mIH for positive scalarsM,m with m < M , and φ is a normalized
positive linear map from B(H) to B(K), whereH, K are Hilbert spaces,
then

φ(A−1) ≤ (M +m)2

4Mm
φ(A)−1. (1.2)

1991 Mathematics Subject Classification. Primary 47A63; Secondary 46L05;
47A60.
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Several mathematicians have explored Kantorovich inequality for ma-
trices and operators on a Hilbert space, see [1, 4, 6]. This note intends
to present an extension of inequalities (1.1) and (1.2). At first, let us
recall some definitions and concepts from [5].
The aim of this paper is to describe some new inequalities for operators
in Hilbert space H. We improve and generalize these inequalities by
Specht’s ratio concept.
Firstly, we state the Specht’s ratio concept and some properties. The
Specht’s ratio [2] was defined by

S(h) =
h

1
h−1

e log h
1

h−1

, (h ̸= 1 h > 0.) (1.3)

The Specht’s ratio has some properties in the following:
(i) S(1) = 1 and S(h) = S( 1

h
) > 1, for h > 0.

(ii) S(h) is a monotone increasing function on (1,∞).
(iii) S(h) is a monotone decreasing function on (0, 1).

Lemma 1.1. [3, Theorem 1] For a, b > 0 and ν ∈ [0, 1],
(1− ν)a+ νb ≥ S(( b

a
)r)a1−νbν,

where r = min{ν, 1− ν} and S(.) is the Spech’s ratio.
Theorem 1.2. [3, Theorem 2] Let A and B be two positive operators
andm,m′,M,M ′ be positive real numbers satisfying one of the following
conditions:

(i) 0 < m′I ≤ A ≤ mI < MI ≤ B ≤M ′I.
(ii) 0 < m′I ≤ B ≤ mI < MI ≤ A ≤M ′I,

with h ≡ M
m
, then we have
(1− ν)A+ νB ≥ S(hr)A♮νB

≥ A♮νB

≥ S(hr)(1− ν)A−1 + νB−1

≥ (1− ν)A−1 + νB−1.

where ν ∈ [0, 1], r = min{ν, 1− ν}, S(.) is the Spech’s ratio.
Remark 1.3. Note that if A = aI, B = bI, ν = 1

2
, and r = 1

2
in

Theorem 1.2, then
S(

√
h)
√
ab ≤ a+b

2
,

2. Main results

Theorem 2.1. Let A and B be two positive operators on a Hilbert
space H, satisfying A ≤ aIH, B ≤ bIH, AB = BA and AB ≤ IH for
positive scalars a, b. If φ is a normalized positive linear map from B(H)
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to B(K), and m,m′,M,M ′ are positive real numbers satisfying one of
the following conditions:

(i) 0 < m′I ≤ bA ≤ mI < MI ≤ aB ≤M ′I.
(ii) 0 < m′I ≤ aB ≤ mI < MI ≤ bA ≤M ′I,

with h ≡ M
m
, then for every unit vector x in H

⟨φ(A)x, x⟩⟨φ(B)x, x⟩ ≤ (ab+ 1)2

4S2(
√
h)ab

. (2.1)

and
⟨Ax, x⟩⟨Bx, x⟩ ≤ (ab+ 1)2

4S2(
√
h)ab

. (2.2)

Example 2.2. Let

A=
(

1
2

0
0 2

3

)
and B=

(
1
3

0
0 3

4

)
.

Therefore A ≤ 2I, B ≤ 6I, AB = BA and AB ≤ I. In this case
the condition (ii) of theorem 2.1 satify. Then by equality 1.3, we have

S2(
√
h) = 1/955967187. Moreover, for unit vector x =

(
x1
x2

)
, we have

⟨Ax, x⟩ = 1
2
x21 +

2
3
x22.

Then
1
2
= min{1

2
, 2
3
} ≤ ⟨Ax, x⟩ ≤ max{1

2
, 2
3
} = 2

3
.

Similarly, we can write
1
3
= min{1

3
, 3
4
} ≤ ⟨Bx, x⟩ ≤ max{1

3
, 3
4
} = 3

4
.

Hence ⟨Ax, x⟩⟨Bx, x⟩ ≤ 1
2
. Also, (ab+1)2

4S2(
√
h)ab

= 1/8000472384. Then we
get

⟨Ax, x⟩⟨Bx, x⟩ ≤ (ab+1)2

4S2(
√
h)ab

.
Therfore, we find two matrices that satisfy in conditions of inequality
(2.2) in Theorem 2.1.

Theorem 2.3. Let A and B be two positive operators on H satisfying
0 < A ≤ aIH, 0 < B ≤ bIH ,AB = BA and AB ≤ IH for positive
scalars a, b. If φ is a normalized positive linear map from B(H) to
B(K), and m,m′,M,M ′ are positive real numbers satisfying one of the
following conditions:

(i) 0 < m′I ≤ A ≤ mI < MI ≤ B ≤M ′I.
(ii) 0 < m′I ≤ B ≤ mI < MI ≤ A ≤M ′I,

with h ≡ M
m
, then

φ (A) ♮φ (B) ≤ ab+1

2S(
√
h)(ab)

1
2
.
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Theorem 2.4. Let A and B be two positive operators on a Hilbert
space H, satisfying A ≤ aIH, B ≤ bIH, AB = BA and AB ≤ IH for
positive scalars a, b. If φ is a normalized multiplicative positive linear
map from B(H) to B(K), and m,m′,M,M ′ are positive real numbers
satisfying one of the following conditions:

(i) 0 < m′I ≤ A ≤ mI < MI ≤ B ≤M ′I.
(ii) 0 < m′I ≤ B ≤ mI < MI ≤ A ≤M ′I,

with h ≡ M
m
, then

⟨φ(A2)x, x⟩⟨φ(A)φ(B)x, x⟩ ≤ (ab+ 1)2

4S2(
√
h)ab

⟨φ(A)x, x⟩2, (2.3)

and

⟨A2x, x⟩⟨ABx, x⟩ ≤ (ab+ 1)2

4S2(
√
h)ab

⟨Ax, x⟩2. (2.4)

Theorem 2.5. Let A and B be two positive operators on a
Hilbert space H, satisfying A ≤ aIH, B ≤ bIH, AB = BA and
AB ≤ IH for positive scalars a, b and A is invertible. If φ is
a normalized positive linear map from B(H) to B(K), then for
every unit vector x in H

φ(B)− φ(A)−1 ≤ (
√
b− 1√

a
)2IK.

Corollary 2.6. Let A and B be two positive operators on a
Hilbert space H, satisfying A ≤ aIH, B ≤ bIH, AB = BA and
AB ≤ IH for positive scalars a, b and A is invertible. Then for
every unit vector x in H

⟨Bx, x⟩ − ⟨Ax, x⟩−1 ≤ (
√
b− 1√

a
)2.

References
1. J.K. Baksalary, S. Puntanem, Generalized matrix versions of the Cauchy

Schwartz and Kantorovich inequalities, Aequationes Mathematicae 41
(1991), 103-110.

2. J.I. Fujii, Izumino, Saichi; Seo, Yuki. Determinant for positive operators
and Specht’s theorem, Sci. Math. 1 (1998), no. 3, 307–310.

3. S. Furuichi, Refined Young inequalities with Specht’s ratio, J. Egyptian
Math. Soc. 20 (2012), no. 1, 46–49.

4. W. Greub, W. Rheinboldt, On a generalistion of an inequality of L.V.
Kantorovich, Proc. Amer. Math. Soc 10 (1959), 407-415.

5. J. Pečarić, T. Furuta, J. Mićić Hot, Y. Seo, Mond-Pečarić Method in
Operator Inequalities, Element, Zagreb, (2005).

6. W.G. Strang, On the Kantorovich inequality, Proc. Amer. Math. Soc 22
(1959), 2904.

234



Oral Presentation ∗ : Speaker

REFINEMENTS OF NUMERICAL RADIUS
INEQUALITIES IN HILBERT SPACES

YASER KHATIB∗ AND MAHMOUD HASSANI.

Department of Mathematics, Mashhad Branch,
Islamic Azad University, Iran.
yaserkhatibam@yahoo.com
mhassanimath@gmail.com

Abstract. We present some inequalities related to the powers
of numerical radius inequalities of Hilbert space operators. Some
results that employ the Hermite–Hadamard inequality for vectors
in normed linear spaces are also obtained.

1. Introduction

Let B(H) denote the C∗-algebra of all bounded linear operators on
a complex Hilbert space H with inner product ⟨., .⟩. We recall some
definitions and concepts from [5]. The numerical radius satisfies

1

2
∥A∥ ≤ ω(A) ≤ ∥A∥. (1.1)

The second inequality in (1.1) has been improved in [4, Theorem 1] as
follows:

ω(A) ≤ 1

2
∥|A|+ |A∗|∥ ≤ 1

2
(∥A∥+ ∥A2∥

1
2 ) (1.2)
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for every operator A ∈ B(H). The left hand of inequality (1.2) was
extended in [3, Theorem 1] as follows:

ωr(A) ≤ 1

2

∥∥|A|2rν + |A∗|2r(1−ν)
∥∥, r ≥ 1, 0 < ν < 1, (1.3)

which, this inequality will be improved in the end of this paper. Dragomir
in [1, Theorem 1], proved the following inequality by the product of two
operators:

ωr(B∗A) ≤ 1

2

∥∥|A|2r + |B|2r
∥∥, r ≥ 1. (1.4)

By using of operator inequality, we improve the inequality (1.4). Recall
that the Specht’s ratio [2] was defined by

S(h) =
h

1
h−1

e log h
1

h−1

(h ̸= 1)

for a positive real number h, and it has some properties as follows:
(i) S(1) = 1 and S(h) = S( 1

h
) > 1 for h > 0.

(ii) S(h) is a monotone increasing function on (1,∞).
(iii) S(h) is a monotone decreasing function on (0, 1).

Lemma 1.1. For a, b > 0 and ν ∈ [0, 1], it follows that
(1− ν)a+ νb ≥ S(( b

a
)r)a1−νbν, where r = min{ν, 1− ν} and S(.) is the

Specht’s ratio.

Theorem 1.2. Let A and B be two positive operators and letm,m′,M,M ′

be positive real numbers satisfying the following conditions (i) or (ii):
(i) 0 < m′I ≤ A ≤ mI < MI ≤ B ≤M ′I,
(ii) 0 < m′I ≤ B ≤ mI < MI ≤ A ≤M ′I,

with h = M
m
. Then

(1− ν)A+ νB ≥ S(hr)A♮νB ≥ A♮νB ≥ S(hr){(1− ν)A−1 + νB−1}−1

≥ {(1− ν)A−1 + νB−1}−1,

where ν ∈ [0, 1], r = min{ν, 1− ν}, and S(.) is the Specht’s ratio.

Remark 1.3. Note that if A = aI, B = bI, ν = 1
2
, and r = 1

2
in

Theorem 1.2, then
S(

√
h)
√
ab ≤ a+b

2
,
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2. Main results

Lemma 2.1. Let f be a twice differentiable on [a, b]. If f is convex
such that f ′′ ≥ λ := min

x∈[a,b]
f(x) > 0. Then

f
(a+ b

2

)
≤ f(a) + f(b)

2
− 1

8
λ(b− a)2. (2.1)

Theorem 2.2. Let A,B,X ∈ B(H), let the continuous functions f and
g be non-negative functions on [0,∞) satisfying the relation f(t)g(t) = t
for all t ∈ [0,∞), and let k be a non-negative increasing convex function
on [0,∞) and twice differentiable such that k′′ ≥ λ > 0, with k(0) = 0.
Also let the positive real numbers m,m′,M,M ′ and h = M

m
satisfy one

of the following conditions:
(i) 0 < m′ ≤ ⟨B∗f 2(|X|)Bx, x⟩ ≤ m < M ≤ ⟨A∗g2(|X∗|)Ax, x⟩ ≤

M ′

(ii) 0 < m′ ≤ ⟨A∗f 2(|X|)Ax, x⟩ ≤ m < M ≤ ⟨B∗g2(|X∗|)Bx, x⟩ ≤
M ′,

k
(
ω(A∗XB)

)
≤ 1

2S(
√
h)

∥∥k(B∗f 2(|X|)B)+k(A∗g2(|X∗|)A)
∥∥− inf

∥x∥=1
ξ(x),

(2.2)
whenever

ξ(x) =
1

8S(
√
h)
λ
(〈(

A∗g2(|X∗|)A−B∗f 2(|X|)B
)
x, x
〉)2

,

Corollary 2.3. Let the assumptions of Theorem 2.2 hold. By taking
k(t) = t2 on [0,∞), thus the required λ would be ′2′. (i) If 0 < m′I <
B∗|X|B ≤ mI < MI ≤ A∗|X∗|A < M ′I or 0 < m′I < A∗|X∗|A ≤
mI < MI ≤ B∗|X|B < M ′I, for positive real numbers m,m′,M,M ′,
then

ω2(A∗XB) ≤ 1

2S(
√
h)

∥∥(A∗|X∗|A
)2

+
(
B∗|X|B

)2∥∥−
inf

∥x∥=1

1

4S(
√
h)

(〈(
A∗|X∗|A−B∗|X|B

)
x, x
〉)2

,

(ii) If X = I holds in conditions of (i), then

ω2(A∗B) ≤ 1

2S(
√
h)

∥∥∥|A|4+|B|4
∥∥∥− inf

∥x∥=1

1

4S(
√
h)

(〈(
A∗A−B∗B

)
x, x
〉)2

,

which improves inequality (1.4) in especial conditions. (iii) If A = B =
I holds in conditions of (i), then

ω2(X) ≤ 1

2S(
√
h)

∥∥∥|X∗|2 + |X|2
∥∥∥− inf

∥x∥=1

1

4S(
√
h)

(〈(
|X∗| − |X|

)
x, x
〉)2

,
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Theorem 2.4. Suppose that A,B,C,D in B(H) are operators that f
is a positve increasing operator convex function on R and also that f
is twice differentiable such that f ′′ ≥ λ > 0, with f(0) = 0. Let the
positive real numbers m,m′,M,M ′ satisfy one of the following condi-
tions:

(i) 0 < m′I ≤ A∗|B|2A ≤ mI ≤MI ≤ D|C∗|2D∗ ≤M ′I
(ii) 0 < m′I ≤ D|C∗|2D∗ ≤ mI ≤MI ≤ A∗|B|2A ≤M ′I,

with h = M
m
. Then for every x, y ∈ H, it follows that

f(|⟨DCBAx, y⟩|) ≤ 1

2S(
√
h)

[
⟨f(A∗|B|2A)x, x⟩+ ⟨f(D|C∗|2D∗)y, y⟩

(2.3)

− 1

4
λ(⟨A∗|B|2Ax, x⟩ − ⟨D|C∗|2D∗y, y⟩)2

]
,

Corollary 2.5. Suppose that T in B(H) that f is a positve increasing
operator convex function on R and also that f is twice differentiable
such that f ′′ ≥ λ > 0. Let the positive real numbers m,m′,M,M ′

satisfy one of the following conditions:
(i) 0 < m′I ≤ |T |2α ≤ mI ≤MI ≤ |T ∗|2β ≤M ′I
(ii) 0 < m′I ≤ |T ∗|2β ≤ mI ≤MI ≤ |T |2α ≤M ′I,

with h = M
m
. Then for every x, y ∈ H and α, β ∈ [0, 1] (with α+β ≥ 1),

it follows that

f
(∣∣∣〈T |T |α+β−1x, y

〉∣∣∣) ≤ 1

2S(
√
h)

[〈
f(|T |2α)x, x

〉
+
〈
f
(
|T ∗|2β

)
y, y
〉

(2.4)

− 1

4
λ
(
⟨|T |2αx, x⟩ − ⟨|T ∗|2βy, y⟩

)2]
,
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Abstract. In this paper, we first prove the existence and unique-
ness of a common best proximity point for a pair of non-self map-
pings satisfying in a F- contractive condition. Some interesting
consequences including fixed point results are presented.

1. Introduction

In a recent paper, Wardowski [1] presented a new contraction, which
called F -contraction and proved a fixed point results in complete met-
ric spaces. Then Omidvari et al.[2] proved existence of a unique best
proximity point for F -contractive non-self mappings. In this paper, we
extend their results by introduce a new version of Wardowski’s contrac-
tion for two mappings in a complete metric space and estabilish a new
common best proximity point theorem. By some fixed point results,
we support our main theorem and show some application of them .
Given two non-empty subsets A and B of a metric space (X, d), the
following notions and notations are used in the sequel .

d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B}
A0 = {a ∈ A : d(a, b) = d(A,B)for some b ∈ B}
B0 = {b ∈ B : d(a, b) = d(A,B)for some a ∈ A}.
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Definition 1.1. If A0 ̸= ∅ then the pair (A,B) is said to have P-
property if and only if for any a1, a2 ∈ A0 and b2, b2 ∈ B0{

d(a1, b1) = d(A,B)
d(a2, b2) = d(A,B)

=⇒ d(a1, a2) = d(b1, b2)

2. Main result

We begin our study with following definitions.
Definition 2.1. The mappings S : A→ B and T : A→ B are said to
have K-property if for all x, y, u, v ∈ A, they satisfy the condition that{

d(u, Sx) = d(A,B)
d(v, Ty) = d(A,B)

=⇒ d(u, v) ≤ d(x, y)

Definition 2.2. Let F : R+ → R be a mapping satisfying:
(F1) F is strictly increasing, i.e

α < β =⇒ F (α) < F (β) ∀α, β ∈ R+,
(F2) For each sequence {αn}n∈N of positive numbers

lim
n→∞

αn = 0 ⇐⇒ lim
n→∞

F (αn) = −∞,
(F3) There exists k ∈ (0, 1)such that lim

α→ 0+
αkF (α) = 0,

then self mappings S, T : X → X are said to satisfy an F -contractive
condition if there exists C > 0 such that
∀x ̸= y ∈ X s.t d(Sx, Ty) > 0 =⇒ C+F (d(Sx, Ty)) ≤ F (d(x, y)).

Theorem 2.3. Let A and B be non-empty subsets of a complete metric
space (X, d). Moreover, assume that A0 is nonempty and closed. Let
also the non-self mappings S, T : A→ B satisfy the following conditions
:

i) The pair (S, T ) has the K-property,
ii) The pair (A,B) the P -property,
iii) S and T are continuous,
iv) T (A0), S(A0) ⊆ B0,
v) S and T satisfy the F -contractive condition,

Then there exists a unique point a ∈ A such that d(a, Sa) = d(a, Ta) =
d(A,B).
Proof. Fix a0 in A0, since S(A0) ⊆ B0, then there exists an element a1
in A0 such that d(a1, Sa0) = d(A,B).
Similarly, since T (A0) ⊆ B0, a2 ∈ A0 can be chosen such that d(a2, Ta1) =
d(A,B). Continuing this process, we achieve a sequence {an} ∈ A0

such that {
d(a2n+1, Sa2n) = d(A,B)
d(a2n+2, Ta2n+1) = d(A,B)

(2.1)
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We wil prove that the sequence {an} is convergent in A0. (A,B) satis-
fies the P-property therefore from (2.1) we obtain

d(a2n+1, a2n+2) = d(Sa2n, Ta2n+1) (2.2)
If there exists m ∈ N such that d(am, am+1) = 0, since S, T have K-
property, it can be clearly shown {an} → am in A and d(am, Sam) =
d(am, Tam) = d(A,B).
Then we suppose that d(an, an+1) > 0 for all n ∈ N and by (2.2) we
have d(Sa2n, Ta2n+1) > 0 for all n ∈ N .
S and T are the F -contraction and (2.2) holds, hence for any positive
integer n we have
C + F (d(a2n+1, a2n+2)) = C + F (d(Sa2n, Ta2n+1)) ≤ F (d(a2n, a2n+1)),

(2.3)
also similarly
C+F (d(a2n+2, a2n+3)) = C+F (d(Sa2n+2, Ta2n+1)) ≤ F (d(a2n+1, a2n+2)).

(2.4)
Therefor by 2.3 and 2.4 we have

F (d(an, an + 1)) ≤ F (d(an−1, an))− C (2.5)
.

≤ F (d(a0, a1))− nC.

Put αn =: d(an, an+1). By (2.5), we obtain lim
n→∞

F (αn) = −∞ that
together with (F2) gives

lim
n→∞

αn = 0 (2.6)
Also From (F3) we have

∃k ∈ (0, 1) such that lim
n→∞

αknF (αn) = 0 (2.7)

On the Other hand, by (2.5) F (αn)− F (α0) ≤ −nC. Therefor
αknF (αn)− αknF (α0) ≤ −nαknC ≤ 0.

Letting n −→ ∞ in the above inequality and using (2.6) and (2.7) ,
we obtain lim

n→∞
nαkn = 0. Hence there exists N1 ∈ N such that nαkn ≤ 1

for all n ≥ N1 . Therefor for any n ≥ N1 αn ≤ 1

n
1
k
. This means that

series
∑∞

i=1 αi is convergent, then

∀ϵ > 0 ∃N ≥ 0 such that m ≥ n ≥ N,

m∑
i=n

αi ≤ ϵ. (2.8)

By the triangular inequality and(2.8)
d(am, an) ≤ αm−1 + αm−2 + ...+ αn ≤

∑m
i=n αi ≤ ϵ.

Therefor {an} is a cauchy seqvence in A0.
Since{an} ⊆ A0 and A0 is a closed subset of the complete metrice space
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(X, d), we can find a ∈ A0 such that lim
n→∞

an = a.
Now, from d(a2n+1, Sa2n) = d(A,B) d(a2n+2, Ta2n+1) = d(A,B),
taking n → ∞ and by continuity of S, T and d, we have d(a, Sa) =
d(a, Ta) = d(A,B). So a is a common best proximity point of the map-
pings S and T . The uniqueness of the best proximity point follows from
the condition that S and T are the F -contraction. That is, suppose x
is another common best proximity point of S and T such that x ̸= a,
i.e, d(a, Sa) = d(a, Ta) = d(A,B) d(x, Sx) = d(x, Tx) = d(A,B).
Then by the P -property of (A,B), we have d(a, x) = d(Sa, Tx). Also
d(a, x) > 0 ⇒ d(Sa, Tx) > 0. Therefore F (d(a, x)) = F (d(Sa, Tx)) ≤
F (d(a, x))− C < F (d(a, x)) which is a contradiction. Hence the com-
mon best proximity point of S and T is unique.
If in the definition (2.2) S is equal to T , then T is called F -contraction.
The following result is a special case of Theorem (2.3) by setting S = T .
Corollary 2.4. Let A and B be non-empty subsets of a complete metric
space (X, d) such that A0 is nonempty and closed. Let T : A → B be
a F -contraction non-self mapping such that T (A0) ⊂ B0. Assume that
the pair (A,B) has the P-property. Then there exists a unique a ∈ A0

such that d(a, Ta) = d(A,B).
The following result is a special case of Theorem (2.3) by setting

S = T and A = B.
Corollary 2.5. Let A be non-empty closed subsets of a complete metric
space (X, d). Let T : A → A be a F -contractive self-mapp. Then T
has a unique fixed point a ∈ A.

The next result ia an immediate consequence of Theorem (2.3) by
taking S = T , A = B and F (α) = lnα.
Corollary 2.6. (Banach Contraction Principle)Let A be non-empty
closed subsets of a complete metric space (X, d). Let T : A → A be a
contractive self-map. Then T has a unique fixed point a ∈ A.
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Abstract. In this paper, some refinements of Heron inequality
for positive numbers are proved and using these inequalities for
positive operator of these inequalities are obtained.

1. Introduction

Heron mean is defined by

Fν(a, b) = (1− ν)
√
ab+ ν

a+ b

2
.

It is easy to see that Fν(a, b) is an increasing function in ν on [0, 1] and
Heinz mean is defined by

Hν(a, b) =
aνb1−ν + a1−νbν

2

Hν(a, b) is a symmetric and convex function in ν on [0, 1] hence
√
ab ≤ Fν(a, b) ≤

a+ b

2
,
√
ab ≤ Hν(a, b) ≤

a+ b

2
(1.1)

Let H be a Hilbert space and let Bh(H) be the semi space of all
bounded linear self-adjoint operators on H. Further, let B(H) and
B(H)+ , respectively, denote the set of all bounded linear operators on
a complex Hilbert space H and set of all positive operators in Bh(H).
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The set of all positive invertible operators is denoted by B(H)++. For
more details about this property, the reader is referred to [2].

Zhao, Wu, Cao and Liao [3] gave an inequality for the Hienz and
Heron means as follows:
If A and B be two positive and invertible operators then

Hν(A,B) ≤ Fα(ν)(A,B) (1.2)
for ν ∈ [0, 1], where α(ν) = 1− 4(ν − ν2).

Refinements of Heron and Hienz means Kittaneh and manasrah [1]
gave a different type of improvement of Youngs matrix inequalities :

2r(A∇B − A♯B) ≤ A∇ν − A♯νB ≤ 2s(A∇B − A♯B) (1.3)
for A,B ∈ B(H), ν ∈ [0, 1], r = min{ν, 1− ν}, and s = max{ν, 1− ν}.
Young and Ren [4] obtained

Theorem 1.1. Let A,B ∈ B(H)++ be positive invertible operators, I
be indentity operator, and ν ∈ [0, 1], then we have

ν(1− ν)(A∇B − A♯B) + A♯B ≤ Fν(A,B) (1.4)
Fν(A,B) ≤ A∇B − ν(1− ν)(A∇B − A♯B) (1.5)

2. Main results

Theorem 2.1. For a, b ≥ 0 and ν ∈ [0, 1), we have

Fν(a, b) ≥
1

2
ν(1− νn−1)(

√
a−

√
b)2 +

√
ab (2.1)

and
(1− 2s

1− νn−1
)(
a+ b

2
) +

2s

1− νn−1

√
ab ≤ Hν(a, b) (2.2)

where s = max{ν, 1− ν} and ∀n ∈ N.

Proof.

Fν(a, b)−
1

2
ν(1− νn−1)(

√
a−

√
b)2

=
1

2
(νa+ νb+ 2

√
ab− 2ν

√
ab)

− 1

2
(νa+ νb− 2ν

√
ab− νna− νnb+ 2νn

√
ab)

=
1

2
(νna+ νnb− 2νn

√
ab) +

√
ab

= νn(
a+ b

2
−

√
ab) +

√
ab

≥
√
ab.
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then

Fν(a, b)−
1

2
ν(1− νn−1)(

√
a−

√
b)2 ≥ a♯b

Fν(a, b)−
1

2
ν(1− νn−1)(2a∇b− 2a♯b) ≥ a♯b

Fν(a, b)−
ν(1− νn−1)

2s
(a∇νb− a♯νb) ≥ a♯b (2.3)

replacing a by b and b by a, implies that

Fν(a, b) ≥
ν(1− νn−1)

2s
(b∇νa− a♯1−νb) + a♯b (2.4)

by the sum of the (2.3) and (2.4), we have

Fν(a, b) ≥
ν(1− νn−1)

2s
(a∇b−Hν(a, b)) + a♯b

hence

Hν(a, b) ≥
a+ b

2
− 2s

ν(1− νn−1)
(Fν(a, b)− a♯b)

=
a+ b

2
− 2s

ν(1− νn−1)
(ν(a∇b)− νa♯b)

=
a+ b

2
− s

(1− νn−1)
(2a∇b− 2a♯b)

= (1− 2s

1− νn−1
)(a∇b) + 2s

1− νn−1
a♯b,

where s = max{ν, 1− ν}. �
Theorem 2.2. For a, b ≥ 0 and ν ∈ [0, 1], we have

Fνn(a, b) = Fν(a, b)− ν(1− νn−1)(a∇b− a♯b) (2.5)

Theorem 2.3. Let A,B ∈ B(H)++ and ν ∈ [0, 1). Then

Fν(A,B) ≥ ν(1− νn−1)

2s
(A∇B −Hν(A,B)) + A♯B (2.6)

and
A∇B − 2s

ν(1− νn−1)
(Fν(A,B)− A♯B) ≤ Hν(A,B) (2.7)

for ∀n ∈ N . Where s = max{ν, 1− ν}.

It is know that ν(1 − νn−1)(A∇B − A♯B)is a positive real number,
this implies that the inequality (2.6) is a stronger than of the operator
Heinz inequality (1.1) and also know that 1 − νn−1 ≥ 1 − ν hence
inequality (2.6) is a stronger than of the inequality (1.4).
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Theorem 2.4. Let A,B ∈ B(H)++ and ν ∈ [0, 1]. Then
Fνn(A,B) = Fν(A,B)− ν(1− νn−1)(A∇B − A♯B) (2.8)

for ∀n ∈ N .
Theorem 2.5. Let A,B ∈ B(H)++ and ν ∈ [0, 1). Then

(1− 2s

1− νn−1
)A∇B + (

2s

1− νn−1
)A♯B ≤ Hν(A,B) (2.9)

where s = max{ν, 1− ν} and ∀n ∈ N.
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Abstract. Let A and B be C∗−algebras with σ(B) 6= ∅. In this
paper, we investigate the Posner’s first and second theorems for
elements of Der(A×ϕ,γθ B). We also characterize strong commuta-
tivity preserving elements of Der(A×ϕ,γθ B).

1. Introduction

Let A and B be Banach algebras and θ ∈ σ(B), the spectrum of B.
Let us recall from [8] that the θ−Lau product A and B is the direct
product A × B together with the component wise addition and the
multiplication

(a, b) ·θ (x, y) = (ax+ θ(y)a+ θ(b)x, by).

Note that if we permit θ = 0, the θ−Lau product A×θ B is the usual
direct product of Banach algebras. Hence we disregard the possibility
that θ = 0.

The θ−Lau products A ×θ B were first introduced by Lau [6], for
Banach algebras that are pre-duals of von Neumann algebras, and for
which the identity of the dual is a multiplicative linear functional. San-
jani Monfared [8] extended this product to arbitrary Banach algebras
A and B. In fact, he introduced a strongly splitting Banach algebra ex-
tension of B by A which present many properties that are not shared

2010 Mathematics Subject Classification. 47B47; 16W25, 46L05.
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by arbitrary strongly splitting extension. He also gave characteriza-
tions of bounded approximate identity, spectrum, topological center
and minimal idempotents of these products.

Let us recall that a Banach algebra A is called prime if aAb = (0)
implies that either a = 0 or b = 0.

Let T : A → A be a linear map. Then T is called centralizing if for
every a ∈ A

[T (a), a] ∈ Z(A),
where for each a, x ∈ A

[a, x] = ax− xa

and Z(A) denotes the center of A. Also, T is called a derivation if for
every a, x ∈ A

T (ax) = T (a)x+ aT (x).

One can define the concept of derivation on rings similarly.
Derivations on rings studied by several authors [2, 3, 4, 5, 7]. For

example, Posner [7] showed that the product of two nonzero derivations
on prime rings with characteristic different from two is not a derivation.
He also proved that the zero map is the only centralizing derivation on
a noncommutative prime ring. These results are known as the Posner’s
first and second theorems, respectively. Starting from this work, a
number of authors studied the relationship between the structure of
a prime or semiprime ring R and the behavior of additive mappings
defined on R. For example, Bresar [2] proved that there is no nonzero
additive mapping in a prime ring R of characteristic different from 2
which is skew-commuting on R.

In this paper, let θ, ϕ, γ ∈ σ(B) and Der(A×ϕ,γ
θ B) be the set of all

linear mappings d : A×B → A×B satisfying
d((a, b) ·θ (x, y)) = d(a, b) ·ϕ (x, y) + (a, b) ·γ d(x, y)

for all a, x ∈ A and b, y ∈ B. We show that if Der(A ×ϕ,γ
θ B) has a

nonzero element, then ϕ = γ. We also prove that if d1, d2 and d1d2 are
elements of Der(A ×ϕ,γ

θ B), then d1d2 = 0. Finally, we investigate the
concepts centralizing and strong commutativity preserving for elements
of Der(A×ϕ,γ

θ B).

2. Main results

Let A and B be C∗−algebras. In the sequel, let A ×θ B be a
C∗−algebra with following involution

(a, b)∗ = (a∗, b∗).
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Theorem 2.1. Let d ∈ Der(A×ϕ,γ
θ B) 6= 0. Then ϕ = γ.

Now, we investigate analogues of Posner’s first and second theorems.

Theorem 2.2. Let d1, d2 ∈ Der(A ×ϕ,γ
θ B). If d1d2 is an element of

Der(A×ϕ,γ
θ B), then d1d2 = 0.

Let η1, η2 ∈ σ(B). A mapping T : A × B → A × B is called
(η1, η2)−centralizing if for every a ∈ A and b ∈ B,
[T (a, b), (a, b)]η1,η2 := T (a, b) ·η1 (a, b)− (a, b) ·η2 T (a, b) ∈ Z(A)× Z(B).

Theorem 2.3. Let η1, η2 ∈ σ(B) and d ∈ Der(A ×ϕ,γ
θ B). If the

mapping (a, b) 7→ [d(a, b), (a, b)]η1,η2 is (η1, η2)−centralizing, then either
η1 = η2 or d = 0.

As a consequent of Theorem 2.3 we present the following result.

Corollary 2.4. Let η1, η2 ∈ σ(B). Then the only (η1, η2)-centralizing
element of Der(A×ϕ,γ

θ B) is zero.

A mapping T : A×B → A×B is called (η1, η2)−skew commuting if
for every a ∈ A and b ∈ B

〈d(a, b), (a, b)〉η1,η2 := d(a, b) ·η1 (a, b) + (a, b) ·η2 d(a, b) = 0.

Theorem 2.5. Let η1, η2 ∈ σ(B) and d ∈ Der(A ×ϕ,γ
θ B). If d is a

(η1, η2)−skew commuting, then d = 0.

Definition 2.6. A linear mapping T : A→ A is called strong commu-
tativity preserving if

[T (a), T (x)] = [a, x]

for all a, x ∈ A.

Derivation as well as strong commutativity preserving mappings have
been studied by several authors; see for example [1, 2]. In the next
result, we investigate this concept for elements of Der(A×ϕ,γ

θ B).

Theorem 2.7. Let ηi, ρi ∈ σ(B) for i = 1, 2. If d is an element of
Der(A×ϕ,γ

θ B) satisfying [d(a, b), d(x, y)]η1,η2 = [(a, b), (x, y)]ρ1,ρ2 for all
a, x ∈ A and b, y ∈ B, then d = 0 and ρ1 = ρ2.

Proposition 2.8. Let η ∈ σ(B). If d is an element of Der(A×ϕ,γ
θ B)

satisfying d((a, b) ·θ (x, y))− (a, b) ·η (x, y) ∈ Z(A)× Z(B), then d = 0.

We finish the paper with the following result.

Theorem 2.9. Let A×θ B be a C∗−algebra. If θ is ∗−isometry, then
B is a prime C∗−algebra.
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Abstract. In this paper, we prove the existence of solutions for
the infinite systems of fractional boundary value problem. We
also provide an illustrative example in verification of our existence
theorem.
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1. Introduction

The technique of measures of noncompactness is very important tool
for investigation of solvability of nonlinear integral-functional equa-
tions. In, (2018) Banas [2] formulate a criterion for relative compact-
ness in the space of functions regulated on a bounded and closed in-
terval [a, b], so-called regulated functions, and proved that the men-
tioned criterion is equivalent to a known criterion obtained earlier by
D. Frankova. In this paper, we shows the applicability of the mentioned
measures of noncompactness to the existence result for some nonlinear
infinite systems of fractional boundary value problem.

2. Main results

The symbol R, R+ and N will denote the set of all real numbers,
set of all nonnegative real numbers, and the set of all positive integers,
respectively. Assume that E be a Banach space with zero element θ. If
X is subset of E, thenX and ConvX denote closure and convex closure
of X, respectively. Also, denote by B(x, r) the closed ball centered
at x and with radius r. Moreover, let ME denote the family of all
nonempty and bounded subsets of E and NE its subfamily consisting
of all relatively compact sets.

Definition 2.1. [1] A mapping µ : ME → [0,∞), is said to be a
measures of noncompactness in the Banach space E if it satisfies the
following conditions:

1◦ The family kerµ := {X ∈ ME : µ(X) = 0} is nonempty and
kerµ ⊂ NE.

2◦ µ(X) ≤ µ(Y ) for X ⊂ Y .
3◦ µ(ConvX) = µ(X).
4◦ µ(λX + (1− λ)Y ) ≤ λµ(X) + (1− λ)µ(Y ) for λ ∈ [0, 1].
5◦ If (Xi) is a sequence of closed sets from ME such that Xi+1 ⊂

Xi(i = 1, 2, . . .) and if lim
i→∞

µ(Xi) = 0, then the intersection set

X∞ :=
∞∩
i=1

Xi is nonempty.

In the sequel we will use measures of noncompactness having some
additional properties. Namely, a measure µ is said to be sublinear if it
satisfies the following two conditions:

6◦ µ(λX) = µ|λ|(X) for λ ∈ R.
7◦ µ(X + Y ) ≤ µ(X) + µ(Y ).

A sublinear measure of noncompactness µ satisfying the condition
(weak maximum property)
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8◦ µ(X ∪ {y}) = µ(X), y ∈ E
and such that kerµ = NE is said to be regular.

Now, we recall some facts concerning regulated functions.
Definition 2.2. [2] A function x : [a, b] → R is said to be a regulated
function if for every t ∈ [a, b) the right-sided limit x(t+) := lim

s→t+
x(s)

exists and for every t ∈ (a, b] the left-sided limit x(t−) := lim
s→t−

x(s)

exists.
Denote by R(J,R∞) the space consisting of all regulated functions

defined on the interval J = [a, b] with values in R∞. Now, for x =
(xi) ∈ R(J,R∞) we put πi(x) = xi. This space equipped with the
family of seminorms
∥x∥n := sup{|πi(x)(t)| : t ∈ J, i ≤ n} becomes a Fréchet space. We
are going to present the construction of the regular measures of non-
compactness in the space R(J,R∞). Assume that X ∈ MR(J,R∞). For
x ∈ X and ε > 0 and let pi : J → (0,∞) (i = 1, 2, . . .) is a sequence of
functions. Put
ω+(X) = sup{pi(T )ω+(πi(X))}, ω−(X) = sup{pi(T )ω−(πi(X))},
and XR∞(X(t)) = sup{pi(T )XR(πi(X)(t))}, for i = 1, 2, . . . .
Finally, let us define the quantity

µ(X) := max
x∈X

{
ω−(X), ω+(X)

}
+ sup

t∈J
XR∞

(
X(t)

)
. (2.1)

We can formulate our first results.
Theorem 2.3. [3] The mapping µ : MR(J,R∞) → R+ given by (2.1),
defines a regular measures of noncompactness on R(J,R∞).

Next, we present an existence result for the infinite systems of bound-
ary value problem of Caputo fractional differential equations of arbi-
trary order q with finite many multistrip Riemann-Liouville type inte-
gral boundary conditions:
cDqxi(t) = f i(t, x1(t), x2(t), . . .), q ∈ (n− 1, n], n ≥ 2 t ∈ [0, T ],

xi(0) = 0, x
′

i(0) = 0, . . . , x
(n−2)
i (0) = 0, xi(T ) =

m∑
ς=1

γς [I
βςxi(ης)− Iβςxi(ζς)],

(2.2)
where cDq is Caputo fractional derivative of order q and f i : J×R∞ →
R (i = 1, 2, . . .) is given continuous function and Iβj is the Riemann-
Liouville fractional integral of order βj > 0, ς = 1, 2, . . .m, 0 < ζ1 <
η1 < ζ2 < η2 < . . . < ζm < ηm < T and γς ∈ R are suitable chosen
constants. we will write f i(t, x(t)) instead of f i(t, π1(x)(t), π2(x)(t) . . .)
for i = 1, 2, . . ..
We assume that the following conditions are satisfied.
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(A1) The functions f i : J ×R∞ → R (i ∈ N) are increasing for every
t ∈ J = [0, T ] and equiregulated on J for bounded variables
x = (xi) i.e. for every Ri > 0 family of
{f i(., π1(x)(t), π2(x)(t) . . .) : x ∈ BR∞(θ,R) = (BR(θ,R

i)) andR =
min{R1, R2, . . .}} is equiregulated on J also, f i satisfies assump-
tions (i), (ii) of the Theorem ??.

(A2) There exists the constant kij ≥ 0 such that
|f i(t, π1(x)(t), π2(x)(t) . . .)− f i(t, π1(y)(t), π2(y)(t) . . .)|

≤
∞∑
j=1

kij|πj(x)(t)− πj(y)(t)|,

for every t ∈ J and i = 1, 2, . . ..
(A3) Define the functions gi : J × R∞ → R (i ∈ N) such that gi are

increasing and satisfies the following conditions:
(a) |f i(t, π1(x)(t), π2(x)(t) . . .)| ≤ |f i(τ, π1(x)(τ), π2(x)(τ) . . .))

−f i(s, π1(x)(s), π2(x)(s) . . .))|+ |gi(t, π1(x)(t), π2(x)(t) . . .))|,
for every t, s, τ ∈ J such that τ ̸= s and i = 1, 2 . . ..

(b) There exist continuous functions ai, bi : J → R+ such that

|gi(t, π1(x)(t), π2(x)(t) . . .)| ≤
(
ai(t)

∞∑
j=1

kij|πj(x)(t)|+ bi(t)
)
(|τ − s|),

for every t, s, τ ∈ J such that τ ̸= s and i = 1, 2 . . ..
(A4) There exists a constant l ∈ [0, 1) and increasing functions mi :

J → [1,∞), such that Λ
∑∞

j=1 kij
mj(t)
mi(t)

≤ l, where 2
{

T q

Γ(q+1)
+

T q+n−1

|λ|Γ(q+1)
+ Tn−1

|λ|
∑m

ς=1 γς
η
q+βς
ς −ζq+βς

ς

Γ(q+βς+1)

}
= Λ > 0, for i = 1, 2, . . .

and t ∈ J .
Theorem 2.4. [3] Suppose that the assumptions (A1) − (A4) are sat-
isfied. Then the nonlinear infinite System of Caputo fractional differ-
ential equation (2.2) has at least one solution in the space R(J,R∞).
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MULTIPLICITY RESULTS FOR FRACTIONAL
p(x, ·)-KIRCHHOFF-TYPE PROBLEM
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Abstract. This paper is concerned with the existence of infin-
itely many weak solutions for a fractional p(x, ·)-Kirchhoff-type
problem. By means of the Fountain Theorem, we establish condi-
tions ensuring the multiplicity of solutions for the problem.

1. Introduction

A very interesting area of nonlinear analysis lies in the study of ellip-
tic equations involving fractional operators. This category of operators
come up in a quite natural way in many different applications such
as phase transition phenomena, continuum mechanics, population dy-
namics, minimal surface and game theory. For the basic properties of
fractional Sobolev spaces, we refer the reader to [3].
In this paper we are interested in the following fractional equation{

M
(
σp(x,y)(u)

)
Lp(x,·)K (u) = f(x, u) in Ω,

u(x) = 0 in RN\Ω, (1.1)

where

σp(x,y)(u) =

∫
Q

|u(x)− u(y)|p(x,y)

p(x, y)
K(x, y) dx dy, (1.2)

1991 Mathematics Subject Classification. Primary 46E35; Secondary 35A15,
35D30.

Key words and phrases. Fractional p(x, ·)-Laplacian, Cerami condition, Fountain
Theorem.
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where Ω ⊂ RN is an open bounded set with Lipschitz boundary ∂Ω,
Q := R2N\(CΩ× CΩ) with CΩ = RN\Ω, p : Q → (1,+∞) is bounded
continuous function, N ≥ 3, M : R+ → R+ is a continuous function,
f : Ω × R → R is a Carathéodory function and Lp(x,·)K is the integro-
differential operator that generalized (−∆p(x,·))

s, defined as follows

Lp(x,·)K (u) = p.v.

∫
RN

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))K(x, y) dy

= lim
ϵ→0

∫
RN\Bϵ(x)

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))K(x, y) dy,

for all x ∈ RN , where p.v. is a commonly used abbreviation in the
principal value sense. The energy functional associated with it is given
by the functional

JK(u) = M̂
(
σp(x,y)(u)

)
−
∫
Ω

F (x, t) dx, (1.3)

where σp(x,y)(u) is defined in (1.2), M̂(t) =
∫ t
0
M(τ) dτ and F (x, t) =∫ t

0
f(x, s) ds. Now, we can state our main result.

Theorem 1.1. Let Ω be a Lipschitz bounded domain in RN and s ∈
(0, 1), let p : Q → (1,+∞) be a continuous function satisfying (2.1) and
(2.2) with sp+ < N . Assume that the Kirchhoff function M : R+ → R+

is a continuous function and f : Ω×R → R is a Carathéodory function
satisfying
(H0) there exists m0 > 0 such that M(t) ≥ m0 for all t ≥ 0;
(H1) there exists µ ∈ (0, 1) such that M̂(t) ≥ (1 − µ)M(t) t for all

t ≥ 0;
(H2) M is differentiable and decreasing function on R+.
(f0) there exist c1 > 0 and 1 < q(x) < p∗s(x) =

Np(x)
N−sp(x) with p(x) =

p(x, x) such that |f(x, t) ≤ c1(1+ |t|q(x)−1) for all (x, t) ∈ Ω×R;
(f1) lim|t|→+∞

F (x,t)

|t|
p+

1−µ

= +∞, uniformly for a.e. x ∈ Ω;

(f2) there exists C∗ > 0 such that G(x, t) ≤ G(x, t′)+C∗ for each x ∈
Ω, 0 < t < t′ or t′ < t < 0 where G(x, t) = tf(x, t)− p+

1−µF (x, t)

and p+ is defined in (2.1) ;
(f3) limt→0

F (x,t)

|t|p+
= 0, uniformly for a.e. x ∈ Ω;

(f4) f(x,−t) = −f(x, t) for all x ∈ Ω and t ∈ R;
If q− > p+, then problem (1.1) has a sequence of weak solutions {±uk}
such that Jk(±uk) → +∞ as k → +∞.
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2. Variational framework and proof of main result

Let Ω be a Lipschitz open bounded set in RN . We assume that
1 < p− = min

(x,y)∈Ω×Ω
p(x, y) ≤ p(x, y) ≤ p+ = max

(x,y)∈Ω×Ω
p(x, y) < +∞,(2.1)

and
p is symmetric, that is p(x, y) = p(y, x) for all (x, y) ∈ Ω× Ω.

(2.2)
We set p(x) = p(x, x), for any x ∈ Ω. Define the fractional Sobolev
space with variable exponent via the Gagliardo approach as follows

X :=
{
u : RN → R is measurable, such that u|Ω ∈ Lp(x)(Ω) with∫

Q

|u(x)− u(y)|p(x,y)

λp(x,y)
K(x, y) dx dy < +∞, for some λ > 0

}
.

Moreover, X is endowed with the norm ∥u∥X := ∥u∥Lp(x)(Ω)+[u]K,p(x,y),
where

[u]K,p(x,y) = inf
{
λ > 0;

∫
Q

|u(x)− u(y)|p(x,y)

λp(x,y)
K(x, y) dx dy ≤ 1

}
,

then we have (X, ∥ · ∥X) is a separable reflexive Banach space, see
[1]. We shall work in the closed linear subspace X0 = {u ∈ X; u(x) =
0 a.e. in RN\Ω}. For any u ∈ X0, we define the functional ρ0K,p(·,·)(u) =∫
Q |u(x) − u(y)|p(x,y)K(x, y) dx dy, then the norm associated with the
convex modular ρ0K,p(·,·) is given by ∥u∥X0 = [u]K,p(x,y) = inf

{
λ >

0; ρ0K,p(·,·)(
u
λ
) ≤ 1

}
. We know (X0, ∥ · ∥X0) is a separable, reflexive and

uniformly Banach space, see [1].

Definition 2.1. We say that u ∈ X0 is a weak solution of problem if

M
(
σp(x,y)(u)

) ∫
Q
|u(x)− u(y)|p(x,y)−2(u(x)− u(y))(φ(x)− φ(y))K(x, y) dx dy

−
∫
Ω

f(x, u)φ(x) dx = 0,

for all φ ∈ X0. By the assumptions on M , f , we have JK ∈ C1(X0).

Definition 2.2 (See [2]). LetX0 be a Banach space and JK ∈ C1(X0,R).
given c ∈ R, we say that JK satisfies the Cerami condition (we denote
condition (Cc)), if

(i) any bounded sequence {un} ⊂ X0 such that JK(un) → c and
J ′
K(un) → 0 has a convergent subsequence;
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(ii) there exist constants δ, R, β > 0 such that
∥J ′

K(u)∥X∗
0
∥u∥X0 ≥ β for all u ∈ J −1

K ([c−δ, c+δ])) with ∥u∥X0 ≥ R.

If JK ∈ C1(X0,R) satisfies condition (Cc) for any c ∈ R, we say that
JK satisfies condition (C).
Proposition 2.3. Under assumptions (H0)-(H2) and (f0)-(f2), JK
satisfies the Cerami condition.
Remark 2.4. Since X0 is a reflexive and separable Banach space, then
X∗

0 is too. Then, there exist (see [5]) {ej}j∈N ⊂ X0 and {e∗j}j∈N ⊂ X∗
0

such thatX0 = span {ej : j = 1, 2, ...},X∗
0 = span {e∗j : j = 1, 2, ...},

and ⟨ei, e∗j⟩ =
{

1 if i = j,
0 if i ̸= j,

where ⟨·, ·⟩ denote the duality product between X0 and X∗
0 . We define

Xk = span {ek},Yk =
⊕k

j=1Xj and Zk =
⊕∞

j=kXj.

Proposition 2.5 (Fountain Theorem, see [4]). Let (X0, ∥ · ∥X0) be a
real reflexive Banach space, JK ∈ C1(X0,R) is an even functional
satisfying the Cerami condition. Moreover, for each k = 1, 2, · · · , there
exist ρk > rk > 0 such that
(A1) ak := inf{u∈Zk, ∥u∥=rk} JK(u) → +∞ as k → +∞,
(A2) bk := max{u∈Yk, ∥u∥=ρk} JK(u) ≤ 0,

then the functional JK has a sequence of critical values which tends to
+∞.

The functional JK satisfies the Cerami condition by Proposition 2.3
and using (f4), we get JK(−u) = JK(u) for any u ∈ X0. As for the
geometric features of JK , conditions (A1) and (A2) can be proved.
Hence, the proof of Theorem 1.1 is complete.

References
1. E. Azroul, A. Benkirane and M. Shimi, General fractional Sobolev spaces with

variable exponent and applications to nonlocal problems, Adv. Oper. Theory, 5
(2020), 1512–1440.

2. G. Cerami, An existence criterion for the critical points on unbounded manifolds,
Ist. Lombardo. Accad. Sci. Lett. Rend. A, 112 (1978), 332–336.

3. E. Di Nezza, G. Palatucci, E. Valdincoci, Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math., 136,No. 5 (2012), 521-573.

4. M. Willem, Minimax Theorems, Birkhäuser, Boston, 1996.
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Abstract. In this paper we deal with the existence of weak so-
lution for a variable s(·)-order with p(·)-fractional problem{

(−∆)
s(·)
p(·)u(x) = λ(x)|u|q(x)−2u in Ω,

u(x) = 0 in RN\Ω,
By using the Mountain Pass Theorem, we establish conditions en-
suring the existence result.

1. Introduction

Recently, a great attention has been focused on the study of the frac-
tional and nonlocal operators of elliptic type, see for example [1, 3, 8]
.. Indeed, the change in temperature can be better describe by us-
ing variable order derivatives of nonlocal integro-differential operators.
From this, a great attention has been devoted to the study of fractional
variable order spaces. We refer the reader to [5], [6] and [7]. In this
paper we are interested in the following fractional equation{

(−∆)
s(·)
p(·)u(x) = λ(x)|u|q(x)−2u in Ω,

u(x) = 0 in RN\Ω,
(1.1)

where Ω ⊂ RN , N ≥ 2 is a bounded smooth domain with N >
s(x, y) p(x, y) for any (x, y) ∈ Ω × Ω where s(·) ∈ C(R2N , (0, 1)) and
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p(·) ∈ C(R2N , (1,∞)).Here, the main operator (−∆)
s(·)
p(·) is the fractional

variable s(·)-order p(·)-Laplacian given by

(−∆)
s(·)
p(·)u(x) = p.v.

∫
RN

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|N+s(x,y)p(x,y)
dy, x ∈ RN ,

along any u ∈ C∞
0 (RN), where p.v. denotes the Cauchy principle value.

From now, we set some notations as follows. We denote

s− = min
(x,y)∈R2N

s(x, y), s+ = max
(x,y)∈R2N

s(x, y), p− = min
(x,y)∈R2N

p(x, y)

p+ = max
(x,y)∈R2N

p(x, y), s(x) = s(x, x), p(x) = p(x, x) for x ∈ Ω,

and the fractional critical exponent

p∗s(x) =
Np(x)

N − s(x)p(x)
, x ∈ Ω.

Now, we assume that s(·) : R2N → (0, 1) and p(·) : R2N → (1,∞) are
continuous functions fulfilling
(H1) 0 < s− ≤ s+ < 1 < p− ≤ p+,

(H2) s(·) and p(·) are symmetric, that is s(x, y) = s(y, x) and p(x, y) =
p(y, x) for any (x, y) ∈ R2N .

Let us assume that function λ(x) satisfies the following conditions:
(Λ1) λ(x) ∈ L∞(Ω),
(Λ2) there exists an x0 ∈ Ω and two positive constants r and R

with 0 < r < R such that BR(x0) ⊂ Ω and λ(x) = 0 for
x ∈ BR(x0)\Br(x0) while λ(x) > 0 for x ∈ Ω\BR(x0) \Br(x0).

Furthermore the function q(x) fulfilling:
(Q1) q ∈ C+(Ω) and 1 ≤ q(x) < p∗s(x) for any x ∈ Ω,
(Q2) either maxBr(x0)

q(x) < p− < p+ < minΩ\BR(x0)
q(x),

or maxΩ\BR(x0)
q(x) < p− < p+ < minBr(x0)

q(x).
Our main result concerning problem (1.1) is given by the following

theorem.

Theorem 1.1. Let Ω be a bounded smooth domain of RN , with N >
s(x, y)p(x, y) for any (x, y) ∈ Ω × Ω. Assume that (H1) − (H2),
(Λ1) − (Λ2) and (Q1) − (Q2) hold. Then there exists a positive
constant λ∗ > 0 such that problem (1.1) has a positive non-trivial weak
solution, provided that ∥λ∥L∞(Ω) < λ∗.
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2. Variational framework

In this section, we give some definitions and results of variable order
fractional Sobolev spaces with variable exponent. We first define the
new space

X :=
{
u : RN → R is measurable, such that u|Ω ∈ Lp(x)(Ω) with∫

Q

|u(x)− u(y)|p(x,y)

νp(x,y)
K(x, y) dx dy < +∞, for some ν > 0

}
.

where Q := R2N\(CΩ × CΩ) with CΩ := RN\Ω. We endow X with
the norm ∥u∥X = ∥u∥p(·) + [u]X , where

[u]X = inf
{
ν > 0;

∫∫
Q

|u(x)− u(y)|p(x,y)

νp(x,y)|x− y|N+s(x,y)p(x,y)
dx dy < 1

}
.

Now, let X0 = {u ∈ X; u(x) = 0 a.e. in RN \ Ω}, with the norm

∥u∥X0 = inf
{
ν > 0;

∫∫
Q

|u(x)− u(y)|p(x,y)

νp(x,y)|x− y|N+s(x,y)p(x,y)
dx dy

=

∫∫
R2N

|u(x)− u(y)|p(x,y)

νp(x,y)|x− y|N+s(x,y)p(x,y)
dx dy ≤ 1

}
,

where the equality is a consequence of the fact that u = 0 a.e. in RN .
Then (X0, ∥ · ∥X0) is a separable reflexive Banach space, see [4].

Definition 2.1. Let J ∈ C1(X0,R) and c ∈ R. The functional J
satisfies the (PS)c condition, if any sequence (un) ⊂ X0 such that
J (un) → c and J ′(un) → 0 as n → +∞ in X∗

0 , where X∗
0 is the dual

space of X0, has a convergent subsequence in X0.

Next, we state the Sobolev-type embedding theorem for X0.

Theorem 2.2. [4, Lemma 3.4] Let Ω be a smooth bounded domain
in RN , N ≥ 2 and s(·) and p(·) satisfy (H1) − (H2) such that N >
s(x, y)p(x, y) for all (x, y) ∈ Ω×Ω and q(x) ∈ C+(Ω) such that q(x) <
p∗s(x) for any x ∈ Ω. Then there exists a constant C = C(N, s, p, q,Ω)
such that for every u ∈ X0

∥u∥q(·) ≤ C∥u∥X0 .

Moreover, this embedding is compact.
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3. Proof of the main result

Clearly, the weak solutions of (1.1) are exactly the critical points of
the Euler-Lagrange functional J : X0 → R, defined by

J (u) =

∫∫
R2N

1

p(x, y)

|u(x)− u(y)|p(x,y)

|x− y|N+s(x,y)p(x,y)
dx dy −

∫
Ω

λ(x)

q(x)
|u|q(x) dx.

In what follows, in order to study the existence of solution for problem
(1.1), we prove that the functional J possesses the Mountain Pass
geometry [2].
Lemma 3.1. Assume that (H1)−(H2), (Λ1)−(Λ2) and (Q1)−(Q2)
hold. Then there exists λ∗ > 0 such that provided ∥λ∥L∞(Ω) < λ∗, there
exist ρ1 > 0 and δ1 > 0 such taht J (u) ≥ δ1 > 0 for any u ∈ X0 with
∥u∥X0 = ρ1.
Lemma 3.2. Assume that (H1)−(H2), (Λ1)−(Λ2) and (Q1)−(Q2)
hold. Then there exists ψ ∈ X0, ψ ̸= 0 such that limt→+∞ J (t ψ) →
−∞.
Lemma 3.3. Assume that (H1)−(H2), (Λ1)−(Λ2) and (Q1)−(Q2)
hold. Then J satisfies the (PS)c condition in X0 for any c ∈ R.

References
1. K.B. Ali, M. Hsini, K. Kefi, N.T. Chung, On a nonlocal fractional p(·, ·)-

Laplacian problem with competing nonlinearities, Complex Anal. Oper. Theory,
https://doi.org/10.1007/s11785-018-00885-9.

2. A. Ambrosetti and P.H. Rabinowitz, Dual variational methods in critical
points theory and applications, J. Funct. Anal., 14 (1973), 349-381.

3. A. Bahrouni, V. D. Rădulescu, On a new fractional Sobolev space and
applications to nonlocal variational problems with variable exponent, Discrete
Contin. Dyn. Syst., 11 (2018), 379-389.

4. Y. Cheng, B. Ge, R.P. Agarwal, Variable-order fractional Sobolev spaces
and nonlinear elliptic equations with variable exponent, J. Math. Phys., 61,
071507 (2020), doi: 10,1063/5.0004341.

5. K. Kikuchi, A. Negoro, On Markov processes generated by pseudodifferential
operator of variable order, Osaka J. Math., 34 (1997), 1319-335.

6. C.F Lorenzo, T.T. Hartley, Variable order and distributed order fractional
operators, Nonlinear Dynam., 29 (2002), 57-98.

7. M.D. Ruiz-Medina, V.V. Anh, J.M. Angulo, Fractional generalized random
fields of variable order, Stoch. Anal. Appl., 22 (2004), 775-799.

8. M. Xiang, V.D. Rădulescu, B. Zhang, Superlinear Schrödinger-Kirchhoff
type problems involving the fractional p-Laplacian and critical exponent, Adv.
Nonlinear Anal., 9 (2020), 690–709.

262



Oral Presentation

REFINEMENT OF JENSEN-MERCER INEQUALITY

A. MORASSAEI

Department of Mathematics, Faculty of Sciences, University of Zanjan, University
Blvd., Zanjan 45371-38791, Iran.

morassaei@znu.ac.ir

Abstract. In this paper we present the refinement of Jensen’s
inequality and then we state Jensen-Mercer inequality. In contin-
uation, we give refinement of Jensen-Mercer inequality.

1. Introduction

Throughout this paper, suppose that I and J are intervals in R,
(0, 1) ⊆ J and functions h and f are real non-negative functions defined
on J and I, respectively.

In [4], Varošanec defined the h -convex function as follows:
Let h : J ⊆ R → R be a non-negative function, h ̸≡ 0. We say
that f : I → R is a h-convex function, or that f belongs to the class
SX(h, I), if f is non-negative and for all x, y ∈ I, t ∈ (0, 1) we have

f(tx+ (1− t)y) ≤ h(t)f(x) + h(1− t)f(y) . (1.1)
If inequality (1.1) is reversed, then f is said to be h-concave, that is
f ∈ SV (h, I).

If h(t) = t, then all non-negative convex functions belong to SX(h, I)
and all non-negative concave functions belong to SV (h, I).

A function h : J → R is said to be a super-additive function if
h(x+ y) ≥ h(x) + h(y) , (1.2)

1991 Mathematics Subject Classification. 26D15.
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for all x, y ∈ J . If inequality (1.2) is reversed, then h is said to be a
sub-additive function. If the equality holds in (1.2), then h is said to
be a additive function.

Function h is called a super-multiplicative function if

h(xy) ≥ h(x)h(y) , (1.3)

for all x, y ∈ J [4]. If inequality (1.3) is reversed, then h is called a sub-
multiplicative function. If the equality holds in (1.3), then h is called
a multiplicative function.

Example 1.1. [4] Consider the function h : [0,+∞) → R by h(x) =
(c + x)p−1. If c = 0, then the function h is multiplicative. If c ≥ 1,
then for p ∈ (0, 1) the function h is super-multiplicative and for p > 1
the function h is sub-multiplicative.

2. Jensen’s and Jensen-Mercer type inequality

In [1], Mercer proved that

f

(
x1 + xn −

n∑
j=1

tjxj

)
≤ f(x1) + f(xn)−

n∑
j=1

tjf(xj) . (2.1)

where xj’s also satisfy in the condition 0 < x1 ≤ x2 ≤ · · · ≤ xn, tj ≥ 0
with

∑n
j=1 tj = 1 and f is a convex function on an interval containing

the xj.
In this section, we present the Jensen-Mercer inequality for h-convex

functions and then we give a refinement of Jensen-Mercer inequality for
convex functions and a refinement of Jensen’s inequality for h-convex
functions.

Theorem 2.1. [4, Theorem 19] Let t1, · · · , tn be positive real numbers
(n ≥ 2). If h is a non-negative super-multiplicative function, f is a
h-convex function on I and x1, · · · , xn ∈ I, then

f

(
1

Tn

n∑
j=1

tjxj

)
≤

n∑
j=1

h

(
tj
Tn

)
f(xj) , (2.2)

where Tn =
∑n

j=1 tj.
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Theorem 2.2. Let f be a h-convex function on an interval containing
the xj (j = 1, · · · , n) such that 0 < x1 ≤ · · · ≤ xn, then

f

x1 + xn −
n∑
j=1

tjxj

 ≤

 n∑
j=1

h(tj)[h(λj) + h(1− λj)]

(f(x1) + f(xn)
)

−
n∑
j=1

h(tj)f(xj) ,

where for every j = 1, · · · , n, there exists λj ∈ [0, 1] such that xj =
λjx1 + (1− λj)xn.

Corollary 2.3. With the assumptions of previous theorem, if h is a
super-additive function such that for every probability vector (t1, · · · , tn),∑n

j=1 h(tj) ≤ 1, then

f

(
x1 + xn −

n∑
j=1

tjxj

)
≤ h(1)

(
f(x1) + f(xn)

)
−

n∑
j=1

h(tj)f(xj) .

Moreover, if h is multiplicative, then

f

(
x1 + xn −

n∑
j=1

tjxj

)
≤ f(x1) + f(xn)−

n∑
j=1

h(tj)f(xj) .

Let r = (r1, · · · , rm) and t = (t1, · · · , tn) be two probability tuples
i.e. ri, tj ≥ 0 (1 ≤ i ≤ m, 1 ≤ j ≤ n),

∑m
i=1 ri = 1 and

∑n
j=1 tj = 1.

By a (discrete) weight function (with respect to r and t), we mean
a mapping ω : {(i, j) : 1 ≤ i ≤ m, 1 ≤ j ≤ n} → [0,∞), such
that

∑m
i=1 ω(i, j)ri = 1 (j = 1, · · · , n), and

∑n
j=1 ω(i, j)tj = 1 (i =

1, · · · ,m).
In [3] Rooin proved that if C is a convex subset of a real linear space,
x1, · · · , xn ∈ C and φ : C → R is a convex mapping, then

φ

(
n∑
j=1

tjxj

)
≤

m∑
i=1

riφ

(
n∑
j=1

ω(i, j)tjxj

)
≤

n∑
j=1

tjφ(xj) .

The following example shows that above inequalities can be strict [2,
Example 4.1].

Example 2.4. If u = (u1, · · · , um) and v = (v1, · · · , vn) with
∥u∥ =

(∑m
i=1 u

2
i

)1/2 ≤ 1 and ∥v∥ =
(∑n

j=1 v
2
j

)1/2 ≤ 1 belong to r⊥
and t⊥, respectively, where ⊥ denotes the usual orthogonality, then
the function ω with ω(i, j) = 1 + uivj (1 ≤ i ≤ m, 1 ≤ j ≤ n) is a
weight function. For instant, set t = (t1, t2) = (2

5
, 3
5
), r = (r1, r2, r3) =
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(1
5
, 3
10
, 1
2
), v = (1

2
,−1

3
) and u = (1

2
, 1
2
,−1

2
). Also, assume that φ : R → R

is the convex function φ(t) = t2. Hence

φ

(
2∑
j=1

tjxj

)
<

3∑
i=1

riφ

(
2∑
j=1

ω(i, j)tjxj

)
<

2∑
j=1

tjφ(xj).

Theorem 2.5 (Refinement of Jensen-Mercer inequality). Assume that
0 < x1 ≤ x2 ≤ · · · ≤ xn and tj ≥ 0 with

∑n
j=1 tj = 1 and f is a convex

function on an interval containing the xj. Then

f

(
x1 + xn −

n∑
j=1

tjxj

)
≤

m∑
i=1

rif

(
n∑
j=1

ω(i, j)tj(x1 + xn − xj)

)

≤
m∑
i=1

ri

(
n∑
j=1

ω(i, j)tjf(x1 + x2 − xn)

)
(2.3)

≤f(x1) + f(xn)−
n∑
j=1

tjf(xj) ,

where r = (r1, · · · , rm) and t = (t1, · · · , tn) are two probability tuples
and ω(i, j) is a weight function.
Theorem 2.6 (Refinement of Jensen’s inequality for h-convex func-
tion). Assume that h : J → R+ is multiplicative function such that
h(t) ≤ t and f is a h-convex function on an interval containing the
xj (j = 1, · · · , n). Then

f

(
n∑
j=1

tjxj

)
≤

m∑
i=1

h(ri)f

(
n∑
j=1

ω(i, j)tjxj

)
≤

n∑
j=1

h(tj)f(xj) , (2.4)

where t = (t1, · · · , tn) and r = (r1, · · · , rm) are two probability tuples
and ω(i, j) is weight function (with respect to r and t).
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Abstract. In this talk, we introduce the concept of σ-two pa-
rameter groups of bounded linear operators as a generalization
of (σ-) one parameter groups and analyze their basic properties.
We also, describe a two parameter σ-C∗-dynamics as a uniformly
continuous σ-two parameter group of ∗-linear automorphisms on
a C∗-algebra and associate with each so-called σ-C∗-dynamics a
pair of σ-derivation, named as its generator. Finally, as an appli-
cation, we characterize each two parameter σ-C∗-dynamics on the
concrete C∗-algebra A := B(H), where H is a Hilbert space.

1. Introduction

LetA be a Banach space and σ be a bijective bounded linear operator
onA. A one parameter family {αt}t∈R of bounded linear operators onA
is called a σ-one parameter group if α0 = σ and σαt+s = αtαs (t, s ∈ R).
The σ-one parameter group {αt}t∈R is called uniformly continuous if
lim
t→0

∥αt−σ∥ = 0. The generator δ of the σ-one parameter group {αt}t∈R

as a mapping δ : D(δ) ⊆ A → A such that δ(a) = lim
t→0

αt(a)− σ(a)

t

where D(δ) = {a ∈ A such that lim
t→0

αt(a)− σ(a)

t
exists}. If {αt}t∈R is
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a σ-one parameter group with the generator δ, then one can easily see
that

(i) σαt = αtσ and σ−1αt = αtσ
−1 for each t ∈ R.

(ii) σ (δ(a)) = δ (σ(a)) and σ−1 (δ(a)) = δ (σ−1(a)) for each a ∈
D(δ).

The reader is referred to [4] for more details.
By a σ-two parameter group of bounded linear operators on A, we

mean a mapping α : R × R → B(A) which fulfills α0,0 = σ and
σαs+s′,t+t′ = αs,tαs′,t′ , for each s, s′, t, t′ ∈ R. As in σ-one parameter
case, the σ-two parameter group {αs,t}s,t∈R is called uniformly contin-
uous if lim

(s,t)→(0,0)
∥ αs,t − σ ∥= 0.

To any σ-two parameter group {αs,t}s,t∈R on A, we associate two
σ-one parameter groups {us}s∈R and {vt}t∈R defined by us := αs,0 and
vt := α0,t. One can see that the σ-two parameter group {αs,t}s,t∈R is
uniformly continuous if and only if so are {us}s∈R and {vt}t∈R. The
generators of {us}s∈R and {vt}t∈R are denoted by δ1 and δ2, respec-
tively. We denote the pair (δ1, δ2) as the generator of {αs,t}s,t∈R. In
the case that σ := IA, then the concept of uniformly continuous σ-
two parameter group is nothing more than a uniformly continuous two
parameter group in the usual sense. The concept of two parameter
semigroups and their relative concept was appeared in the frameworks
of Janfada and Niknam in 2004. We refer the reader to [2] for more
details. The σ-two parameter group property of {αs,t}s,t∈R implies that
usvt = αs,0α0,t = σαs,t = α0+s,t+0 = α0,tαs,0 = vtus.

On the other hand, it is known from [2] that if {us}s∈R and {vt}t∈R are
two uniformly continuous σ-one parameter groups on A with the gener-
ators δ1 and δ2, respectively, then the two parameter family {αs,t}s,t∈R
defined by αs,t := usvt forms a σ-two parameter group if and only if
δ1δ2 = δ2δ1.

One parameter groups of bounded linear operators are of highly
considerable magnitude because of their applications in the theory
of dynamical systems. The classical C∗-dynamical systems are ex-
pressed by means of uniformly continuous one parameter groups of
∗-automorphisms on C∗-algebras. On the other hand, the generator
d of a C∗-dynamics is a ∗-derivation. Recently, various generalized
notions of derivations have been investigated in the context of Banach
algebras. For instance, let A be a ∗-Banach algebra, and σ be a ∗-linear
operator. A ∗−linear map δ from a ∗-subalgebra D(δ) of A into A is
called a σ-derivation if δ(ab) = δ(a)σ(b) + σ(a)δ(b) for all a, b ∈ D(δ).
For instance, let σ be a linear ∗-endomorphism and h be an arbitrary
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self-adjoint element of A. Then the mapping δ : A → A defined by
δ = i[h, σ(a)] is a σ-derivation which is called inner (see [3, 5]).

2. Two parameter σ-C∗-dynamics of operator algebras

Throughout this section, let A be a C∗-algebra and σ is a ∗-linear
automorphism on A.

Definition 2.1. A two parameter σ-C∗-dynamics is a uniformly con-
tinuous σ-two parameter group {αs,t}s,t∈R of ∗-linear automorphisms
on the C∗-algebra A.

To each two parameter σ-C∗-dynamics {αs,t}s,t∈R, on can associate
C∗-dynamics {φs,t}s,t∈R on A defined by φs,t(a) := αs,t (σ

−1(a)) . In
this case, the pair (d1, d2) defined by dj(σ(a)) = δj(a), a ∈ D(δj) is its
generator, j = 1, 2. On the other hand, the following lemma provides
a method to construct a two parameter σ-C∗-dynamics from a two
parameter C∗-dynamics.
Lemma 2.2. Let σ : A → A be a ∗-linear automorphism and {φs,t}s,t∈R
be a two parameter C∗-dynamics on A such that φs,tσ = σφs,t. Then,
{φs,t}s,t∈R induces the two parameter σ-C∗-dynamics {αs,t}s,t∈R on A
defined by αs,t(a) := φs,t (σ(a)) .

Example 2.3. Let B be a C∗-algebra and take A := B × B. Suppose
that {ϕs,t}s,t∈R is a two parameter C∗-dynamics on B and consider the
associated two parameter C∗-dynamics {ϕs,t ⊕ ϕs,t}s,t∈R on A. Define
σ : A → A by σ(a, b) := (b, a). Then, σ is a ∗-linear automorphism onA
and the two parameter family {αs,t}s,t∈R defined by αs,t := (ϕs,t⊕ϕs,t)σ
forms a two parameter σ-C∗-dynamics on A with the same continuity
of {ϕs,t ⊕ ϕs,t}s,t∈R.

Theorem 2.4. Let {αs,t}s,t∈R be a two parameter σ-C∗-dynamics on
A with the generator (δ1, δ2). Then, δj is a σ-derivation, for j = 1, 2.

Definition 2.5. A σ-inner automorphism implemented by a unitary
element u of A is a ∗-linear automorphism α : A → A such that
α(a) = uσ(a)u∗ for every a ∈ A.

In the rest of the paper, we investigate this construction for a two
parameter σ-C∗-dynamics on the concrete C∗-algebra A := B(H).

Theorem 2.6. Let {Us,t}s,t∈R be a uniformly continuous two param-
eter group of unitary operators on B(H), and {αs,t}s,t∈R be the two
parameter σ-C∗-dynamics implemented by the unitary operators group
{Us,t}s,t∈R of σ-inner automorphisms with the generator (δ1, δ2). Then,
δj is an inner σ-derivation (j = 1, 2).
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It is now a pleasant surprise that each two parameter σ-C∗-dynamics
on B(H) is of this form, i.e., it is implemented by a unitary operators
two parameter group on H. To achieve this nontrivial result, first note
that each bounded derivation onB(H) is inner see [1, Lemma 1.3.16.2]).
So, we can characterize uniformly continuous two parameter inner ∗-
automorphisms groups on the C∗-algebra B(H) as follows.
Theorem 2.7. Let {φs,t}s,t∈R be a two parameter group on B(H).
Then, the following properties are equivalent.

(i) {φs,t}s,t∈R is a uniformly continuous two parameter ∗-automorphisms
group on B(H).

(ii) There are self-adjoint operators A,B in B(H) satisfying such
that φs,t(T ) = eit(A+B)Te−it(A+B).

Applying the previous theorem, one can obtain the following main
result.
Theorem 2.8. Let {αs,t}s,t∈R be a σ-two parameter group on B(H).
Then, the following properties are equivalent.

(i) {αs,t}s,t∈R is a two parameter σ-C∗-dynamics on B(H).
(ii) There is a uniformly continuous two parameter group {Us,t}s,t∈R

of unitary operators on B(H) such that αs,t(T ) = Us,tσ(T )U
∗
s,t.
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Abstract. Let A be a C∗-algebra acting on a Hilbert space H
which includes K(H), σ be a ∗-linear automorphism on A and
{αt}t∈R be a σ-C∗-dynamics on A with the generator δ. In this
paper, we demonstrate some conditions under which {αt}t∈R can
be implemented by a C0-groups of unitaries on H.

1. Introduction

Let A be a Banach space and σ be a bijective bounded linear operator
on A. A one parameter family {αt}t∈R of bounded linear operators on A
is called a σ-one parameter group if α0 = σ and σαt+s = αtαs (t, s ∈ R).
The σ-one parameter group {αt}t∈R is called strongly continuous if
lim
t→0

αt(a) = σ(a) for all a ∈ A. The generator δ of the σ-one parame-
ter group {αt}t∈R as a mapping δ : D(δ) ⊆ A → A such that δ(a) =

lim
t→0

αt(a)− σ(a)

t
whereD(δ) = {a ∈ A such that lim

t→0

αt(a)− σ(a)

t
exists}.

If {αt}t∈R is a σ-one parameter group with the generator δ, then one
can easily see that

(i) σαt = αtσ and σ−1αt = αtσ
−1 for each t ∈ R.

1991 Mathematics Subject Classification. Primary: 47D03, Secondary: 46L55,
46L57.

Key words and phrases. σ-C∗-Dynamics; (inner) σ-derivation; σ-inner auto-
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(ii) σ (δ(a)) = δ (σ(a)) and σ−1 (δ(a)) = δ (σ−1(a)) for each a ∈
D(δ).

As an example of σ-one parameter group, let Let B be a Banach
space and take A := B × B. Suppose that {ϕt}t∈R is a one parameter
group on B and consider the associated one parameter group {ϕt ⊕
ϕt}t∈R on A. Define σ : A → A by σ(a, b) := (b, a). Then, σ is a
bijective bounded linear operator on A and the one parameter family
{αt}t∈R defined by αt := (ϕt ⊕ ϕt)σ is a σ-one parameter group on A
with the same continuity of {ϕt ⊕ ϕt}t∈R. The reader is referred to [3]
for more details.

One parameter groups of bounded linear operators are of highly
considerable magnitude because of their applications in the theory
of dynamical systems. The classical C∗-dynamical systems are ex-
pressed by means of strongly continuous one parameter groups of ∗-
automorphisms on C∗-algebras. On the other hand, the infinitesimal
generator d of a C∗-dynamical system is a ∗-derivation.

Recently, various generalized notions of derivations have been in-
vestigated in the context of Banach algebras. For instance, it can be
pointed to “σ-derivations” as follows.

Let A be a ∗-Banach algebra, and σ be a ∗-linear operator. A
∗−linear map δ from a ∗-subalgebra D(δ) of A into A is called a
σ-derivation if δ(ab) = δ(a)σ(b) + σ(a)δ(b) for all a, b ∈ D(δ). For
instance, let σ be a linear ∗-endomorphism and h be an arbitrary
self-adjoint element of A. Then the mapping δ : A → A defined by
δ = i[h, σ(a)] is a σ-derivation which is called inner (see [1, 6] for more
information on σ-derivations).

In each case of generalization of derivation, a noted point which
draws the attention of analysts is trying to represent a suitable dy-
namical system whose infinitesimal generator is exactly the desired
extended derivation as well as being an extension of a C∗-dynamical
system. Such dynamical system is usually provided by adjoining a suit-
able property to (an extension of) a one parameter group of bounded
linear operators. Some approaches to preparing new dynamical systems
and their applications have been explained in [2, 4, 5].

Let σ be a ∗-linear automorphism on a C∗-algebra A. By a σ-
C∗-dynamics, we mean a strongly continuous σ-one parameter group
{αt}t∈R of ∗-linear automorphisms on A. It has been proved in [2] that,
the generator δ of the σ-C∗-dynamics {αt}t∈R is a ∗-σ-derivation.

Let σ be a ∗-linear automorphism on the C∗-algebra A. A σ-inner
automorphism implemented by a unitary element u of A is a ∗-linear
automorphism α : A→ A such that α(a) = uσ(a)u∗ for every a ∈ A.
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Suppose that h is a self-adjoint element in A, σ : A→ A is a ∗-linear
automorphism such that σ(h) = h. Inspiring the method as stated in
([2], Theorem 3.7) one can prove that, the inner σ-derivation δ(a) =
i[h, σ(a)] induces the σ-C∗-dynamical system αt(a) = eithσ(a)e−ith of
σ-inner automorphisms.

Let H be a Hilbert space and B(H) be the set of all bounded linear
operators on H. Due to the Gelgand-Naimark-Segal representation,
each non-commutative C∗-algebra can be regarded as a C∗-subalgebra
ofB(H), for some Hilbert spaceH. It is one of the key ideas of quantum
mechanics to use C0-one parameter groups of unitary operators on a
Hilbert space H to implement new dynamical systems on the operator
algebra B(H) and its C∗-subalgebras.

We recall that K(H), the set of all compact operators on H, is a
C∗-subalgebra of B(H) which contains F(H), the set of all finite rank
operators on H. Especially, K(H) = F(H) (see [7, Theorem 2.4.5]).

Let A be a C∗-algebra acting on a Hilbert space H which includes
K(H), σ be a ∗-linear automorphism on A and {αt}t∈R be a σ-C∗-
dynamics on A with the generator δ. In this talk, we are going to
characterize {αt}t∈R with respect to a C0-group of unitaries on H.

2. σ-C∗-dynamics of operator algebras

Theorem 2.1. Let {ut}t∈R be a C0-group of unitary operators on a
Hilbert space H and σ : B(H) → B(H) be a ∗-linear automorphism
satisfying σ(ut) = ut. Then, αt(a) = utσ(a)u

∗
t is a σ-C∗-dynamics on

K(H).

The following theorem manifests some conditions under which a σ-
C∗-dynamics on A can be implemented by a C0-groups of unitaries on
H.

Theorem 2.2. Let A be a C∗-algebra acting on a Hilbert space H
which includes K(H), σ be a ∗-linear automorphism on A and {αt}t∈R
be a σ-C∗-dynamics on A with the generator δ. If there exists a rank
one projection p ∈ A such that αt(p) = σ(p) for each t ∈ R, then there
is a C0-group {ut}t∈R of unitaries in B(H) such that αt(a) = utσ(a)u

∗
t .

The following result gives us a version of perturbation theorem in
the setting of σ-C∗-dynamical systems.

Theorem 2.3. Let δ1 be the generator of a σ-C∗-dynamics {αt}t∈R on
A and δ2 be a bounded ∗-σ-derivation on A such that δ2σ = σδ2. Then,
δ1 + δ2 generates a σ-C∗-dynamical system on A.
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Theorem 2.4. Let A be a C∗-algebra acting on a Hilbert space H
which includes K(H), σ be a ∗-linear automorphism on A and {αt}t∈R
be a σ-C∗-dynamics on A with the generator δ satisfying σδ = δ. If
there is a rank-one projection p ∈ D(δ), then there exists a bounded
∗-σ-derivation δp on A such that (δ + δp)(p) = 0 and δ + δp generates
a σ-C∗-dynamical system on A.
Theorem 2.5. Let A be a C∗-algebra acting on a Hilbert space H
which includes K(H), σ be a ∗-linear automorphism on A and {αt}t∈R
be a σ-C∗-dynamics on A with the generator δ satisfying σδ = δ. Then,
for a rank-one projection p ∈ D(δ), there exist a a σ-C∗-dynamical
system {αt,p}t∈R and a self-adjoint operator hp on H and such that
αt,p(a) = eith

p
σ(a)e−ith

p on A. Furthermore, if σ(hp) = hp, then there
is a self-adjoint operator h on H such that for each a ∈ D(δ) ∩ K(H),
δ(a) = i[h, σ(a)] and αt(a) = eithσ(a)e−ith on K(H).
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Abstract. In this paper, we study on the possible behavior of
the norm of the Matrix exponential that plays an important role
in linear control systems and ordinary differential equations. For
this Purpose, we consider the relation between the concepts of the
weighted logarithmic norm, the Lyapunov equation and the norm
of the matrix exponential.

1. Introduction

The logarithmic norm of a matrix A is defined by

µ[A] = lim
h−→0+

∥I +∆A∥ − 1

∆

for matrix norm ∥.∥ induced by a vector norm in Rn [2]. The formula
µ2[A] = λmax(

Â+ÂT

2
) is well-known [5] where λmax(F ) stands for the

maximal eigenvalue of a symmetric matrix F .

Lemma 1.1. [2, 3]. For any inner product on Rn, and the correspond-
ing inner product norm ∥.∥, we have

µ[A] = max
x ̸=0

(Ax, x)

∥x∥2

1991 Mathematics Subject Classification. Primary 65F35; Secondary 15A60.
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and
∥ exp(At)∥ ≤ exp(µ[A]t) (1.1)

Lemma 1.2. [1]. A real matrix A is stable if and only if, for any
given real symmetric positive definite matrix W , there is a symmetric
positive definite matrix H which is the unique solution of the following
Lyapunov equation:

ATH +HA = −2W

Definition 1.3. Assume that a symmetric matrix H is positive defi-
nite. For any vector x and any matrix A, the vector norm with weight
H, the matrix norm with weight H, and the logarithmic norm with
weight H defined, respectively, by

∥x∥H =
√
xTHx, ∥A∥H = max

x ̸=0

∥Ax∥H
∥x∥H

, µH [A] = max
x ̸=0

(Ax, x)H

∥x∥2H

2. Main results

Throughout this section, we assume that the symmetric positive def-
inite matrix H satisfies the Lyapunov equation

ATH +HA = −2I (2.1)

Theorem 2.1. [4] If a real matrix A is stable, then there is a weight
H logarithmic norm of A such that

µH [A] = − 1

λmax(H)
(2.2)

Theorem 2.2. [5] For any real matrix A,

µ(H)[A] = λmax

(
Â+ ÂT

2

)
, ∥A∥(H) =

√
λmax(ÂT Â) (2.3)

where H0 =
√
H and Â = H0AH

−1
0 .

Theorem 2.3. If a real matrix A is stable, we have

∥ exp(At)∥2 = β exp

(
− t

λmax(H)

)
(2.4)

where,

β =

√
λmax(H)

λmin(H)
(2.5)

.
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Proof. Here, with a different approach from [5] , the proof of the the-
orem is stated. Let H0 =

√
H and Â = H0AH

−1
0 , we have

exp(At) = H−1
0 exp(Ât)H0.

and
∥ exp(At)∥2 = ∥H−1

0 exp(Ât)H0∥2 = ∥H−1
0 ∥2∥H0∥2∥ exp(Ât)∥2 (2.6)

According to Lemma 1.1, Theorem 2.2 and Theorem 2.2, we have
∥ exp(Ât)∥2 = exp(µ2[Â]t)

= exp

(
tλmax

(
Â+ ÂT

2

))
= exp (µH [A]t)

= exp

(
− t

λmax(H)

)
(2.7)

On the other hand, since H0 is a symmetric positive definite matrix,

∥H−1
0 ∥2∥H0∥2 =

√
λmax(H)

λmin(H)
= β (2.8)

From (2.6)–(2.8), the inequality (2.4) holds. �
Corollary 2.4. Consider a stable linear time-invariant system of the
form

ẏ(t) = Ay(t). (2.9)
system (2.9) is asymptotically stable if and only if the weight H loga-
rithmic norm of matrix A is negative.
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Abstract. In this paper we consider a delayed Hopfield neural
networks model with three neurons. This system will analyze by
proving the local asymptotic stability, bifurcation and existence of
a Hopf bifurcating periodic solution. This purpose is achieved by
analyzing the associated characteristic transcendental equation.

1. Introduction

Analysis of neural networks from the viewpoint of non-linear dy-
namics is helpful in solving problems of theoretical and practical im-
portance. The vast applications of Hopfield neural networks such as
classification, associative memory, pattern recognition and optimiza-
tion [1, 3], have draw the attentions of researchers. Marcus and West-
ervelt [2] first found out that the delay can destabilize the network as a
whole and create oscillatory behavior. We consider here a bidirectional
three-neuron network with discrete delaya described by the following
system of delay differential equations:

u̇i (t) = −ui (t) +
3∑
j=1

aijf (uj (t− τj)) , i = 1, 2, 3, i 6= j (1.1)

1991 Mathematics Subject Classification. Primary 92B20; Secondary 30H05,
46A18.
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where ui (t) represents the activation state of i-th neuron i = 1, 2, 3
at time t , aij is the weight of synaptic connections from i-th neuron
to j-th neuron and τj ≥ 0 is the time delay. In (1.1), each neuron
not only is connected to itselfe but also it is connected to the other
neuron too via a non linear sigmoidal function f , which is a typical
transmitting function, among neurons. The initial value is assumed to
be ui (θ) = φi (θ) , θ ∈ [−k, 0] where φi (θ) ∈ C ([−k, 0],R) , i = 1, 2, 3
and k = max1≤j≤3 τj. The natural phase space for (1.1) is the space
C= C([−k, 0],R3) of continuous functions defined on [−k, 0] equipped
with the supremum norm ‖φ‖ = sup−k≤s≤0 ‖φ(s)‖ . Suppose f :R → R
is continuous. Then the solutions of equation (1.1) define the continu-
ous semiflow

Φ : R+ × C 7−→ C
(t, φ) 7−→ xφt

A function ξ̂ ∈ C is an equilibrium point (or stationary point) of Φ if
ξ̂ (s) = (ξ1, ξ2, ξ3) for all −k ≤ s ≤ 0 , satisfying

∑3
j=1 aijf (ξj) = −ξi,

i = 1, 2, 3. Suppose that f ∈ C1(R) , f (0) = 0 and uf (u) > 0 for
u 6= 0 . Therefore (0, 0, 0) is a stationary point of system (1.1).

2. Main results

For stability analysis, the system (1.1) has been linearized about
(0, 0, 0) and the following system of linearized equations obtained:

u̇i (t) = −ui (t) +
3∑
j=1

αijuj (t− τj) , i = 1, 2, 3, i 6= j (2.1)

Where αij = aijf
′
(0) , i, j = 1, 2, 3, i 6= j. Let a11 + a22 + a33 = 0 and

τ1 = τ2 = τ3 = τ .The associated characteristic equation of system (2.1)
is as follow∣∣∣∣∣∣

−λ− 1 + a11e
−λτ −α12e

−λτ α13e
−λτ

α21e
−λτ −λ− 1 + a22e

−λτ α23e
−λτ

α31e
−λτ α32e

−λτ −λ− 1 + a33e
−λτ

∣∣∣∣∣∣ = 0

(2.2)
The zero solution of system (1.1) is stable if and only if all roots
λ of characteristic equation (2.2) have negative real parts. If A =
(αij)n×n, B = e−λτIn×n,Λ = λ + 1, Then the characteristic equation
(2.2) can be written as the following equation

P (λ, τ) = det (ΛI − AB) = 0 (2.3)
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Formula (2.3) can be rewritten as follows

P (λ, τ) =
3∏

k=1

Pk (λ, τ) = 0 (2.4)

where Pk (λ,τ)=λ+1−µje−λτ and µ1, µ2 and µ3 are the eigenvalues of
the matrix A, i.e. the roots of polynomial

F (µ) = µ3 − pµ− q = 0 (2.5)

where p = α12α21 + α23α32 + α13α31 − α11α22 − α11α33 − α22α33 and
q = det(A). To solve F (µ) = 0, the following two cases are considered.

Case 1: If p ≤ 3(q2/4)
1
3 , solutions of F (µ) = 0 are given by

z = 2δ,−δ ± iξ

where δ = α+γ
2

, ξ =
√
3(α−γ)

2
,

α is the real value of [(q +
√
q2 − (4p3/27))/2]

1
3 and

γ is the real value of [(q −
√
q2 − (4p3/27))/2]

1
3 .

Case 2: If p > 3(q2/4)
1
3 , solutions of F (z) = 0 are given by z =

(2
√
pcos(2mπ+θ)/3)/

√
3 (m = 0, 1, 2) where tanθ =

√
−(q2 − 4p3/27)/q.

Theorem 2.1. If
(a) p ≤ 3(q2/4)

1
3 , max[|2δ|, |δ|+ |ξ|] < 1 and τ ≥ 0 or

(b) p > (q2/4)
1
3 , 2|√p|/

√
3 ≤ 1 and τ ≥ 0.

then all the roots of characteristic equation (2.4) have negative real part
and hence the trivial steady state (0, 0, 0)of (1.1) is locally asymptoti-
cally stable.

Theorem 2.2. If p ≤ 3(q2/4)
1
3 , δ 6= 1

2
, |2δ| < 1, |δ2 + ξ2| > 1 then

there exist some τ ∗ > 0 such that the trivial steady state (0, 0, 0)of
(1.1) is locally asymptotically stable when τ< τ ∗. Moreover, a Hopf
bifurcation occurs at the trivial steady state (0, 0, 0)of (1.1) when τ= τ ∗.

Proof. Clearly λ = 0 is not a solution of characteristic equation (2.4).
λ = iω is a root of (2.4) if and only if P (iω, τ) = 0.
Now P1 (iω, τ) = iω+1−(2δ)e−(iω )τ 6= 0, since |2δ| < 1. If P2(iω, τ) =
iω + 1− (δ + iξ) e−(iω)τ = 0 then

cos (ωτ) =
−δ − ξω

δ2+ξ2
, sin(ωτ) =

−ξ + δω

δ2+ξ2

and we have ω2 = δ2 + ξ2 − 1. By δ2 + ξ2 > 1, We denote the
positive root by ω∗ =

√
δ2 + ξ2 − 1. Therefore, for the imaginary
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root λ= iω of P2(iω, τ) = 0, we have two sequences {τ 1,j}∞0 , {τ 2,j}∞0
(j = 0, 1, 2, 3, . . . ), (m = 1, 2) as follow

τm,j =
1

ω∗

[
2[
m

2
]π − arccos

(
−δ − ξω∗

δ2+ξ2

)
+ 2jπ

]
, −ξ + δω∗ < 0

We assume that τ ∗ = min j=0,1,2,... {τ 1,j, τ 2,j} and λ (τ) = µ (τ)+ω (τ)
is a solution of P2(λ, τ) = 0 i.e. µ (τ ∗) = 0, ω (τ ∗) = ω∗. Thus we have

dλ

dτ
= − λ(−δ + iξ)e−λτ

1 + τ(−δ + iξ)e−λτ

From P2(iω, τ) = 0, we have e−λτ = 1+λ
−δ+iξ

Thus,
(
dλ
dτ

)−1
= − 1

λ(δ+iξ)e−λτ − τ
λ
. Evaluating

(
dλ
dτ

)−1 at τ = τ ∗ (i.e.,
λ = iω∗ ) and taking the real part, we have

Re

[(
dλ

dτ

)−1

| τ=τ∗
]
=

1

1 + (ω∗)2
=

1

δ2+ξ2
> 0

So dRe(λ)
dτ

is positive at τ = τ ∗. Thus, the solution curve of the charac-
teristic Eq. P2(iω, τ) = 0 crosses the imaginary axis. This shows that
a Hopf bifurcation occurs at τ = τ ∗>0. When τ < τ ∗, he origin of state
space of system (1) is locally asymptotically stable by continuity. By
the same argument for P3(iω, τ) = iω + 1 − (−δ − iξ) e−(iω)τ = 0, the
proof of the theorem is completes. �
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Abstract. In this paper, we introduce a new comprehensive sub-
class of meromorphic bi-univalent functions. We also find the up-
per bounds for the initial Taylor-Maclaurin coefficients |b0| and|b1|
for functions in this comprehensive subclass. The results presented
in this paper would generalize and improve several recent works on
the subject.

1. Introduction

Let Σ denote the family of meromorphic univalent functions f of the
form

f(z) = z + b0 +
∞∑
n=1

bn
zn
, (1.1)

which defined on the domain ∆ = {z ∈ C : 1 < |z| <∞}. Since f ∈ Σ
is univalent, it has an inverse f−1, that satisfy

f−1(f(z)) = z (z ∈ ∆)

and
f(f−1(w)) = w (M < |w| <∞, M > 0) .
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Furthermore, the coefficients of g, the inverse map of f , are given by
the Faber polynomial ([6]):

g(w) = f−1(w) = w +
∞∑
n=0

Bn

wn
= w − b0 −

∞∑
n=1

1

n
Kn
n+1

1

wn
, (1.2)

where M < |w| <∞,

Kn
n+1 = nbn−1

0 b1 + n(n− 1)bn−2
0 b2 +

1

2
n(n− 1)(n− 2)bn−3

0 (b3 + b21)

+
n(n− 1)(n− 2)(n− 3)

3!
bn−4
0 (b4 + 3b1b2) +

∑
j≥5

bn−j0 Vj

and Vj with 5 ≤ j ≤ n is a homogeneous polynomial of degree j in the
variables b1, b2, ..., bn. (See [1, 2] or [12]).

A function f ∈ Σ is said to be meromorphic bi-univalent if f−1 ∈ Σ.
The family of all meromorphic bi-univalent functions is denoted by ΣB.

Estimates on the coefficient of meromorphic univalent functions were
widely studied in the literature; for instance, the estimate |b2| ≤ 2/3
for meromorphic univalent functions f ∈ Σ with b0 = 0 was obtained
by Schiffer [10] and the inequality |bn| ≤ 2/(n + 1) for f ∈ Σ with
bk = 0, 1 ≤ k ≤ n/2 was proven by Duren [5].

For the coefficients of the inverse of meromorphic univalent functions,
Springer [11] proved that

|B3| ≤ 1 and |B3 +
1

2
B2

1 | ≤
1

2

and conjectured that

|B2n−1| ≤
(2n− 2)!

n!(n− 1)!
(n = 1, 2, 3, ...).

In 1977, Kubota [7] has proved that the Springer’s conjecture is cor-
rect for n = 3, 4, 5 and afterwards sharp bounds for the coefficients
B2n−1, 1 ≤ n ≤ 7 were obtained by Schober [8].

Recently, Bulut [3] introduced the following subclass of meromorphic
bi-univalent function and obtained non sharp estimates on the initial
coefficients |b0| and |b1| for functions in this subclass. In this paper, we
use the Faber polynomial expansion [6] to obtain not only improvement
of estimates of coefficients |b0| and |b1| which obtained by Bulut [3], but
also we find estimates of coefficients |bn| where n ≥ 1.

Definition 1.1 ([3]). A function f(z) ∈ ΣB given by (1.1) is said to
be in the class Mσ(α, λ) (0 ≤ α < 1, 0 ≤ λ < 1), if the following
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conditions are satisfied:

f ∈ ΣB, Re

{
zf ′(z)

(1− λ)f(z) + λzf ′(z)

}
> α

and

Re

{
wg′(w)

(1− λ)g(w) + λwg′(w)

}
> α,

where z, w ∈ ∆ and the function g is the inverse of f given by (1.2).

Theorem 1.2. [3]] Let the function f(z) given by (1.1) be in the class
be in the class Mσ(α, λ). Then

|b0| ≤
√

2(1− α)

1− λ
and |b1| ≤

1− α

1− λ
.

In the present paper by using the Faber polynomial expansions we
obtain estimates of coefficients |bn|, of functions in the subclassesNΣB

(λ, β, α).
The Faber polynomials introduced by Faber [6] play an important role
in various areas of mathematical sciences, especially in geometric func-
tion theory. Several authors worked on using Faber polynomial expan-
sions to find coefficient estimates for classes meromorphic bi-univalent
functions, see for example [3, 4, 9, 13].

2. Main results

In this section, we introduce and investigate the subclassNΣB
(λ, β, α)

of meromorphic bi-univalent functions defined on ∆.

Definition 2.1. A function f(z) ∈ ΣB given by (1.1) is said to be in
the class NΣB

(λ, β, α) (0 ≤ λ < 1, 0 ≤ β ≤ 1, 0 ≤ α < 1), if the
following conditions are satisfied:

f ∈ ΣB, Re

{
zf ′(z) + βz2f ′′(z)

(1− λ)f(z) + λzf ′(z)

}
> α

and

Re

{
wg′(w) + βw2g′′(w)

(1− λ)g(w) + λwg′(w)

}
> α,

where z, w ∈ ∆ and the function g is the inverse of f given by (1.2).

In the following theorem we find the upper bounds for the initial
Taylor-Maclaurin coefficients |b0|, |b1| and |b2| for functions in subclass
NΣB

(λ, β, α) (0 ≤ λ < 1, 0 ≤ β ≤ 1, 0 ≤ α < 1).
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Theorem 2.2. Let f(z) ∈ ΣB given by (1.1) be in the classNΣB
(λ, β, α) (0 ≤

λ < 1, 0 ≤ β ≤ 1, 0 ≤ α < 1). Then

|b0| ≤


√

2(1−α)
1−λ ; 0 ≤ α ≤ 1

2

2(1−α)
1−λ ; 1

2
≤ α < 1

and |b1| ≤
1− α

|β + λ− 1|
.

By putting β = 0 in Theorem 2.2, we conclude the following corol-
lary.
Corollary 2.3. Let f(z) ∈ ΣB given by (1.1) be in the classMσ(α, λ) (0 ≤
λ < 1, 0 ≤ α < 1). Then

|b0| ≤


√

2(1−α)
1−λ ; 0 ≤ α ≤ 1

2

2(1−α)
1−λ ; 1

2
≤ α < 1

and |b1| ≤
1− α

1− λ
.
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Abstract. Let p(z) be a polynomial of degree n. In this paper we
prove results concerning maximum modulus of the polar derivative
of p(z) with restricted zeros. Our results refine and generalize
certain well-known polynomial inequalities.

1. Introduction

Let p be a polynomial of degree at most n, according to Bernstein
theorem, we have

max
|z|=1

|p′(z)| ≤ nmax
|z|=1

|p(z)|. (1.1)

For the class of polynomials which does not vanish in |z| < 1, Erdös
conjectured and Lax [8] proved that

max
|z|=1

|p′(z)| ≤ n

2
max
|z|=1

|p(z)|. (1.2)

This result was improved by Aziz and Dawood [2] who, under the same
hypothesis, proved that

max
|z|=1

|p′(z)| ≤ n

2
{max
|z|=1

|p(z)| −min
|z|=1

|p(z)|}. (1.3)
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Bernstein [4] proved the following result from which inequality (1.1)
can be obtained for Q(z) = zn.
Theorem A. Let p(z) and Q(z) be two polynomials with degree of p(z)
not exceeding that of Q(z). If Q(z) has all its zeros in |z| ≤ 1 and

|p(z)| ≤ |Q(z)|, for |z| = 1

then
|p′(z)| ≤ |Q′(z)|, for |z| = 1. (1.4)

More generally, it was proved by Malik and Vong [10] that for any β
with |β| ≤ 1, inequality (1.4) can be replaced by

|zp′(z) + nβ

2
p(z)| ≤ |zQ′(z) +

nβ

2
Q(z)| for |z| = 1. (1.5)

Concerning maximum of polynomial p(z) Dewan and Hans [6] proved
the following theorem.
Theorem B. If p(z) is a polynomial of degree n which does not vanish
in |z| < 1, then for β with |β| ≤ 1

|zp′(z) + nβ

2
p(z)| ≤n

2
{(|1 + β

2
|+ |β

2
|)max

|z|=1
|p(z)| − (|1 + β

2
| − |β

2
|)min

|z|=1
|p(z)|},

Let Dαp(z) be an operator which carries p(z) to the polynomial
Dαp(z) = np(z) + (α− z)p′(z), α ∈ C, which is a polynomial of degree
at most (n−1). Dαp(z) generalizes the ordinary derivative p′(z) in the
sense that

lim
α−→∞

Dαp(z)

α
= p′(z).

Here we construct a sequence of polar derivatives
Dα1p(z) = np(z) + (α1 − z)p′(z)

Dαk
Dαk−1

...Dα1p(z) =(n− k + 1)Dαk−1
...Dα1p(z)+

(αk − z)(Dαk−1
...Dα1p(z))

′ for k = 2, 3, ..., n.

The kth polar derivative Dαk
Dαk−1

...Dα1p(z) of p(z) is a polynomial of
degree at most n− k. For pj(z) = Dαj

Dαj−1
...Dα1p(z), we have

pj(z) = (n− j + 1)pj−1(z) + (αj − z)p′j−1(z), j = 1, 2, ..., t,
(1.6)

p0(z) = p(z)

As an extension of (1.1) for the polar derivative Aziz and Shah [3]
proved

|Dαp(z)| ≤ n|αzn−1|max
|z|=1

|p(z)|, for |z| > 1. (1.7)
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Aziz [1] extended the inequality (1.7) to the jth polar derivative and
proved the following theorem.
Theorem C. If p(z) is a polynomial of degree n such that α1, α2, ..., αt,
(t ≤ n − 1), are complex numbers with |αi| > 1 for all i = 1, 2, ..., t,
then for |z| > 1

|pt(z)| ≤ n(n− 1)(n− 2)...(n− t+ 1)|α1α2...αt||z|n−tmax
|z|=1

|p(z)| (1.8)

For the class of polynomials having no zeros in |z| < 1, Dewan, Singh
and Mir ([7],Theorem 1 for µ = k = 1) proved
Theorem D. If p(z) is a polynomial of degree n which does not vanish
in |z| < 1, then for every α ∈ C with |α| > 1 and |z| = 1

|Dαp(z)| ≤
n

2

{
(|α|+ 1)max

|z|=1
|p(z)| − (|α| − 1)min

|z|=1
|p(z)|

}
. (1.9)

Recently Liman et al [9] obtained the following generalization of in-
equality (1.9).
Theorem E. If p(z) is a polynomial of degree n which does not vanish
in |z| < 1, then for all α, β ∈ C with |α| > 1, |β| ≤ 1 and |z| = 1

|zDαp(z) + nβ
α− 1

2
p(z)| ≤

n

2
[{|α + β

α− 1

2
|+ |z + β

α− 1

2
|}max

|z|=1
|p(z)|−

{|α + β
α− 1

2
| − |z + β

α− 1

2
|}min

|z|=1
|p(z)|],

(1.10)

2. Main results

In this paper we generalize the inequality (1.10) to the class of poly-
nomials of degree n which not vanishing in |z| < k where k ≤ 1. For
this reason, we shall extend inequality (1.5) to the polar derivative of
a polynomial. For proof of the main result, the following lemma is
needed. This lemma is due to Zireh [12, 13].

Lemma 2.1. If p(z) is a polynomial of degree n having all zeros in
|z| ≤ k, k ≤ 1, then for all α1, · · · αt ∈ C with |α1| ≥ k, |α2| ≥
k, · · · , |αt| ≥ k, (1 ≤ t < n), and |z| = 1 we have

|pt(z)| >
nt

(1 + k)t
× Aαt|p(z)|. (2.1)

where nt = n(n − 1)(n − 2)...(n − t + 1) and Aαt = (|α1| − k)(|α2| −
k) · · · (|αt| − k).
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Theorem 2.2. Let Q(z) be a polynomial of degree n having all its zeros
in |z| ≤ k, (k ≤ 1) and p(z) be a polynomial of degree at most n. If
|p(z)| ≤ |Q(z)| for |z| = k, then for all β, αi with |β| ≤ 1, |αi| > k for
i = 1, 2, ..., t, (t < n),

|ztpt(z) + β
ntAαt

(1 + k)t
p(z)| ≤ |ztQt(z) + β

ntAαt

(1 + k)t
Q(z)| for |z| > 1.

(2.2)
where nt = n(n − 1)(n − 2)...(n − t + 1) and Aαt = (|α1| − k)(|α2| −
k)...(|αt| − k).
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Abstract. We review variable exponent Hardy spaces in the unit
disk. In particular, we study the behavior of integral means of
analytic functions on small disks {z ∈ C : |z| < r < 1}.

1. Introduction

Variable Lebesgue spaces are generalizations of classical Lebesgue
spaces Lp where we allow the exponent p to be a measurable function.
Let D denote the unit disk in the complex plane. For a function f
analytic in the unit disk D and 0 < p <∞, the classical integral means
of f are defined by

Mp(f, r) =
1

2π

∫ 2π

0

|f(reıθ)|pdθ, 0 ≤ r < 1.

For fixed f and p, it is well-known that Mp(f, r) is a nondecreasing
function of r. For a given 0 < p <∞, the Hardy space Hp(D) is defined
as the space of all analytic functions on D for which limr→1− Mp(f, r)
is finite. For details on the theory of Hardy spaces, one refer to [4].
The well-known Hardy convexity theorem assert that Mp(f, r), as a
function of r on [0, 1), is nondecreasing and logarithmically convex.

1991 Mathematics Subject Classification. Primary 47B35; Secondary 30H05,
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Recall that the logarithmic convexity of a given function M means
that the function r 7→ logM(r) is a convex function of log r; which
means that if

log r = λ log r1 + (1− λ) log r2, 0 < r1 < r2 < 1, 0 < λ < 1,

then
logM(r) ≤ λ logM(r1) + (1− λ) logM(r2).

Recently, Kehe Zhu and his colleagues proved that a similar result is
true for the mean area of functions in the weighted Bergman spaces
(see [1] and [8]). Suppose that 0 < p < ∞, −1 ≤ α ≤ 0, and f is a
function in the weighted Bergman space Apα(D) consisting of analytic
functions in the unit disk for which the integral∫

D
|f(z)|p(1− |z|2)αdA(z)

is finite (here dA denotes the area measure on D). Then the function

r 7→Mp,α(f, r) =

∫
|z|<r |f(z)|

p(1− |z|2)αdA(z)∫
|z|<r(1− |z|2)αdA(z)

is logarithmically convex. In particular, if α = 0, then

r 7→Mp,0(f, r) =
1

πr2

∫
|z|<r

|f(z)|pdA(z)

is logarithmically convex.

2. Variable exponent spaces of analytic functions

Let Ω = [0, 2π] and put
p+ = p+Ω := ess sup

θ∈Ω
p(θ), and p− = p−Ω := ess inf

θ∈Ω
p(θ)

where p : Ω → [1,∞) is a measurable function. The measurable func-
tion p is called a variable exponent. We denote by P(Ω) the set of all
variable exponents p for which p+ <∞.

For a complex-valued function f : ∂D → C we define

ρp(.)(f) :=

∫ 2π

0

|f(eiθ)|p(θ)dθ.

Let p ∈ P(Ω). The variable exponent Lebesgue spaces Lp(.)(∂D) is
the set of all complex-valued measurable functions f : ∂D → C for
which ρp(.)(f) <∞. Equipped with the norm

‖f‖Lp(.)(∂D) := inf

{
λ > 0 : ρp(.)(

f

λ
) ≤ 1

}
.
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Lp(.)(∂D) is a Banach space.

Definition 2.1. A function p : [0, 2π] → [1,∞) is said to be locally
long-Holder continuous on [0, 2π) if there exists a positive constant C
such that

|p(x)− p(y)| ≤ C

log( 1
|x−y|)

for all x, y ∈ [0, 2π].

Definition 2.2. ([2]) Let p : [0, 2π] → [1,∞) be a measurable function
such that p(0) = p(2π). The variable exponent Hardy space Hp(.)(D)
is defined as the space of analytic functions f : D → C such that

sup
0≤r<1

‖fr‖Lp(.)(∂D) <∞,

where fr : ∂D → C is defined by fr(eiθ) := f(reiθ).

Each Hp(.)(D) is a linear space in which the norm of f ∈ Hp(.)(D) is
defined by

‖f‖Hp(.)(D) := sup
0≤r<1

‖fr‖Lp(.)(∂D).

Also it is shown that Hp(.)(D) can be identified with the subspace of
functions in Lp(.)(∂D) whose negative Fourier coefficients are zero, and
thus Hp(.)(D) is a Banach space.

3. Variable exponent version of the integral means

First we define a variable exponent version of the integral means for
analytic functions in the unit disk D.

Definition 3.1. For a function f analytic in the unit disk D and for a
measurable function p : [0, 2π] → [1,∞), the variable exponent version
of the integral means are defined by

Mp(.)(f, r) :=
1

2π
ρp(.)(fr), 0 ≤ r < 1

where fr : ∂D → C is defined by fr(eiθ) := f(reiθ).

It is now tempting to ask the following question.

Question 3.2. Let p : [0, 2π] → [1,∞) be a log-Holder continuous
function such that p(0) = p(2π), and let f ∈ Hp(.)(D) and 0 < r < 1.
Is the function r 7→Mp(.)(f, r) a convex function of log r?

We now shift from functions in the variable exponent Hardy spaces
to functions in variable exponent Bergman spaces. From now on we
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assume that Ω = D. Let p : D → [1,∞) be a log-Holder continuous
function on the unit disk with p+ < ∞. For an analytic function
f : D → C we define the modular ρp(·) by

ρp(·)(f) :=

∫
D
|f(z)|p(z) dA(z),

where dA(z) is the Lebesgue area measure on the unit disk. The norm
induced by this modular is given by

‖f‖Lp(.) := inf

{
λ > 0 : ρp(.)

(
f

λ

)
≤ 1

}
.

The variable exponent Bergman space Ap(·)(D) consists of all analytic
functions in the unit disk for which∫

D
|f(z)|p(z) dA(z) <∞.

Question 3.3. Is there any α for which the function

r 7→Mp(.),α(f, r) =

∫
|z|<r |f(z)|

p(z)(1− |z|2)αdA(z)∫
|z|<r(1− |z|2)αdA(z)

is a convex function of log r?
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Abstract. The aim of this manuscript is to introduce and analyze a nonstandard finite
difference (NSFD) scheme for Itô stochastic partial differential equations (SPDEs). We
also discuss on consistency, stability and convergence the NSFD scheme. The numerical
simulations obtained from the NSFD scheme show the efficiency of the proposed NSFD
scheme.

1. Introduction

Over the past few decades, stochastic partial differential equations have been consid-
ered for the modelling of realistic phenomena due to their possession real behavior. The
footsteps of SPDEs are found in various branches of sciences, technologies and medi-
cal problems including cardiovascular disease such as myocardial infraction, myocardial
ischemia, hypertension, heart failure, etc., and many scientists have devoted growing at-
tention to the analysis SPDEs. Hence, it is noteworthy to study the problem of modelling
related to that phenomenon. Finding the exact solutions of SPDEs in many cases is dif-
ficult. So, it is necessary to obtain their numerical solutions by using some numerical
methods. In this manuscript, a new NSFD scheme constructed for solving SPDE in the
following form:

ut(x, t) + aγuxx(x, t) + bu(x, t) + cu(x, t)Ẇ (t) = 0, x ∈ [0, 1], t ∈ [0, 1], (1.1)
with the initial and boundary conditions u(x, 0) = u0(x), u(0, t) = f(t) and u(1, t) = g(t),
where the parameters b and c are positive constants. Here Ẇ (t) is called white noise in
which Ẇ (t) is a Gaussian distribution with zero mean [1].

2. A NSFD scheme for parabolic SPDEs

In this part, we construct a NSFD scheme for SPDEs (1.1). In order to the concept of
NSFD scheme, consider an ordinary differential equation (ODE) in the form

dx

dt
= g(x(t), t), x(0) = x0, t ∈ [0, tf ]. (2.1)

2010 Mathematics Subject Classification. 65M1, 60M15.
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Let xn be the approximation of x(tn), then the discrete approximation dx
dt
|t=tn≈

xn+1−xn
ϕ(h)

, is
used for the differentiation in (2.1), where ϕ(h) = h+O(h2) [3]. Moreover, we will require
linear and nonlinear terms must be modeled by the nonlocal discrete representation. For
example, linear and nonlinear terms in the SPDE can be considered as unk ≈ 1

2
(unk+1 + unk)

and (unk)
2 ≈ unku

n
k+1, where the value of the numerical solution SPDE at the nodal point

(xk, tn) = (k∆x, n∆t) will be denoted by unk . Now we extend the above mentioned
approach for the SPDE (1.1). For this purpose, the time and space derivatives in the
SPDE and also the function u(x, t) in deterministic part can be approximated in the form
ut(k∆x, n∆t) ≈

un+1
k −unk
∆t

, uxx ≈ unk−1−2unk+u
n
k+1

∆x2
and unk ≈ unk+1+u

n
k

2
. Therefore, the NSFD

scheme of SPDE (1.1) is given by

unk+1 = −runk−1 + (1− 2r − s)unk − (r + s)unk+1 + cunk∆Wn, (2.2)

where r = a∆t
∆x2

, s = b∆t
2

and∆Wn = W ((n+1)∆t)−W (n∆t) ∼ N(0,∆t). In the reminder
of this manuscript we assume that the increments of Wiener process are independent of
the state unk .

3. Consistency and stability analysis

Consider a SPDE of the form Lv = G where L denotes the differential operator and G
is source term. Let Lnkunk = Gn

k denote the NSFD scheme. In order to analysis consistency
and stability the NSFD scheme (2.2), it is very important to consider a norm. Hence,
for a sequence {unk}0≤k≤M , we define ∥un∥ =

√
sup

0≤k≤M
|unk |2. In order to get consistency,

stability and convergence results, we give the following definitions [2].

Definition 3.1. A NSFD scheme Lnkunk = Gn
k is consistent with the SPDE Lv = G

at point (x, t), if for any continuously differentiable function Φ(x, t) in the sense of
mean square we have E∥un+1 − vn+1∥ → 0, for t = (n + 1)∆t and ∆t,∆x → 0,
where the vectors un+1 and vn+1 are defined by un+1 =

(
un+1
0 , un+1

1 , . . . , un+1
M

)
and

vn+1 =
(
vn+1
0 , vn+1

1 , . . . , vn+1
M

)
.

Theorem 3.2. The NSFD scheme (2.2) is consistent in the sense of mean square.

Proof. Let Φ(x, t) be a smooth function, thus

L(Φ)|nk = Φ(k∆x, (n+ 1)∆t)− Φ(k∆x, n∆t)

+ a

∫ (n+1)∆t

n∆t

Φxx(k∆x, s) ds+ b

∫ (n+1)∆t

n∆t

Φ(k∆x, s) ds

+ c

∫ (n+1)∆t

n∆t

Φ(k∆x, s) dW (s),

and

LnkΦ = Φ(k∆x, (n+ 1)∆t)− Φ(k∆x, n∆t)

+
a∆t

∆x2

(
Φ((k + 1)∆x, n∆t)− 2Φ(k∆x, n∆t) + Φ((k − 1)∆x, n∆t)

)
+
b∆t

2

(
Φ((k + 1)∆x, n∆t) + Φ(k∆x, n∆t)

)
+ c Φ(k∆x, n∆t)∆Wn.295
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Now by using the square property of Itô integral, one can obtain the following inequality

E
∣∣∣L(Φ)|nk − LnkΦ

∣∣∣2
= E

∣∣∣a ∫ (n+1)∆t

n∆t

[
Φxx(k∆x, s)−

1

∆x2

(
Φ((k + 1)∆x, n∆t)

− 2Φ(k∆x, n∆t) + Φ((k − 1)∆x, n∆t)
)]

ds

+ b

∫ (n+1)∆t

n∆t

[
Φ(k∆x, s)− 1

2

(
Φ((k + 1)∆x, n∆t) + Φ(k∆x, n∆t)

)]
ds

+ c

∫ (n+1)∆t

n∆t

(Φ(k∆x, s)− Φ(k∆x, n∆t)) dW (s)
∣∣∣2

≤ 4a2E
∣∣∣ ∫ (n+1)∆t

n∆t

[
Φxx(k∆x, s)−

1

∆x2

(
Φ((k + 1)∆x, n∆t)

− 2Φ(k∆x, n∆t) + Φ((k − 1)∆x, n∆t)
)]

ds
∣∣∣2

+ 4b2E
∣∣∣ ∫ (n+1)∆t

n∆t

[
Φ(k∆x, s)− 1

2

(
Φ((k + 1)∆x, n∆t) + Φ(k∆x, n∆t)

)]
ds
∣∣∣2

+ 4c2
∫ (n+1)∆t

n∆t

E
∣∣∣Φ(k∆x, s)− Φ(k∆x, n∆t)

∣∣∣2ds.
Since Φ(x, t) is a deterministic function, hence E|L(Φ)|nk −LnkΦ|2 → 0, as n, k → ∞. �

Definition 3.3. A stochastic NSFD scheme is said to be stable in the sense of mean
square, if there exist some positive constants ∆x0 and ∆t0 and nonnegative constants K
and β such that E∥un+1∥2 ≤ KeβtE∥u0∥2, for all t = (n + 1)∆t, 0 ≤ ∆x ≤ ∆x0, and
0 ≤ ∆t ≤ ∆t0.

Theorem 3.4. The NSFD scheme (2.2) with t = (n+ 1)∆t and s−1
2

≤ r ≤ −s is stable
with respect to sup–norm.

Proof. By applying E| · |2 in (2.2) and using the independence of the Wiener process
increments, we get

E
∣∣un+1
k

∣∣2 = E
∣∣− runk−1 + (1 + 2r − s)unk − (r + s)unk+1

∣∣2 + c2∆tE
∣∣unk ∣∣2

≤ (|r|+ |1 + 2r − s|+ |r + s|2 + c2∆t) sup
k

E
∣∣unk ∣∣2.

This implies that

sup
k

E|un+1
k |2 ≤ (1 + c2∆t) sup

k
E|unk |2 ≤ . . . ≤ (1 + c2∆t)n+1 sup

k
E|u0k|2

≤ ec
2∆t(n+1) sup

k
E|u0k|2 = ec

2t sup
k

E|u0k|2.

So, the NSFD scheme (2.2) is stable, with K = 1 and β = c2. �

Definition 3.5. A stochastic difference scheme Lnkunk = Gn
k approximating the SPDE

Lv = G is convergent in the sense of mean square at time t, if E∥un+1 − vn+1∥2 → 0, for
t = (n+ 1)∆t, ∆x→ 0 and ∆t→ 0. 296
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Theorem 3.6. The NSFD scheme (2.2) for SPDE (1.1) is convergent in the sense of
mean square with respect to sup–norm.
Proof. From the stochastic Lax–Richtmyer Theorem, one can conclude that the NSFD
scheme (2.2) is convergent. �

4. Numerical simulation

In this section, we apply the proposed NSFD scheme in Section 2 to illustrate the
results of the previous section.
Example 4.1. Consider the SPDE as follows

ut(x, t)− uxx(x, t) + u(x, t) + c u(x, t)Ẇ (t) = 0, x ∈ [0, 1], t ∈ [0, 1],

subject to the following initial condition u(x, 0) = sin πx for x ∈ [0, 1], with the boundary
conditions u(0, t) = 0 and u(1, t) = 0 for t ∈ [0, 1]. It is easy to check that in the absence
of the stochastic term, the exact solution is u(x, t) = sin πx e−(π2+1)t.

Suppose M and N are the total number for the space and time discretizations, respec-
tively. The NSFD scheme is conditionally stable for s−1

2
< r < −s. In Figure 1 we have

presented the result of NSFD scheme and the exact solution for c = 1, ∆x = 0.04 and
N = 4500. The numerical results NSFD scheme and the exact solution by taking c = 0.5,
∆x = 0.04 and N = 2500 have displayed in Figure 2. In Figure 3 the numerical solutions
of NSFD scheme compared with the exact solution with c = 2, ∆x = 0.04 and N = 5000.
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5. Conclusions

In this paper to solve stochastic parabolic partial differential equation, we propose a
NSFD scheme. Consistency, stability and convergence of the proposed NSFD scheme is
established. The study shows that the NSFD scheme is effective to solve SPDEs.
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Abstract. In this paper we present a fixed point theorem for
Kannan type mapping in a Banach group.

1. Introduction

The fixed point theory is one of the most useful and essential tools
of nonlinear analysis. The first important result in the theory of fixed
point about contractive mapping is Banach theorem [1]. In 1968 Kan-
nan [5] introduced a new type of contraction. Subrahmanyam [6]
showed that a metric spaces is complete if and only if, every Kannan
mapping has a fixed point. In 2018 Karapinar, by using the interpo-
lation notion, introduced a new Kannan type contraction to maximize
the rate of convergence [4].

On the other hand, group-norms have also played a role in the the-
ory of topological groups [2, 3]. Some results on the existence and
uniqueness of fixed points for Kannan mappings on normed groups
and Banach group are proved in this paper.

We begin with some basic notions which will be needed in this paper.
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Key words and phrases. Banach group, Fixed point, Normed group, Kannan

mapping.
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Definition 1.1. [2] Let L be a group. A norm on a group L is a
function ∥.∥ : L → R with the following properties:

(1) ∥w∥ ≥ 0, for all w ∈ L;
(2) ∥w∥ = ∥w−1∥, for all w ∈ L;
(3) ∥wk∥ ≤ ∥w∥+ ∥k∥, for all w, k ∈ L;
(4) ∥w∥ = 0 implies that w = e.

A normed group (L, ∥.∥) is a group L equipped with a norm ∥.∥. By
setting d(w, k) := ∥w−1k∥, it is easy to see that norms are in bijection
with left-invariant metrics on L.
Definition 1.2. A Banach group is a normed group (L, ∥.∥), which is
complete with respect to the metric

d(w, k) = ∥wk−1∥, (w, k ∈ L).
Definition 1.3. Let (L, ∥.∥) be a normed group and ϑ : L → L be a
mapping. Then ϑ is called Kannan contraction if there exists η ∈ [0, 1

2
)

such that
∥ϑ(w)ϑ(k)−1∥ ≤ η

[
∥wϑ(w)−1∥+ ∥kϑ(k)−1∥

]
, (w, k ∈ L).

2. Main results

In this section we extend the kannan’s theorem and we continue
by a generalization of the definition of Kannan type contraction via
interpolation notion.
Lemma 2.1. Let (L, ∥.∥) be a Banach group and A be a nonempty
closed subset of L and let ψ : A→ A be a mapping such that satisfying

∥ψ(w)ψ(k)−1∥ ≤ η
[
∥wψ(w)−1∥+ ∥kψ(k)−1∥

]
,

for all w, k ∈ A and 0 ≤ η < 1. If for arbitrary point a ∈ A there exists
b ∈ A such that ∥bψ(b)−1∥ ≤ r1∥aψ(a)−1∥ and ∥ba−1∥ ≤ r2∥aψ(a)−1∥,
when there exist constants r1, r2 ∈ R such that 0 ≤ r1 < 1 and r2 > 0,
Then ψ has at least one fixed point.
Proof. For an arbitrary element a0 ∈ A define a sequence (an)

∞
n=1 ⊂ A

such that
∥ψ(an+1)a

−1
n+1∥ ≤ r1∥ψ(an)a−1

n ∥,
and

∥an+1a
−1
n ∥ ≤ r2∥ψ(an)a−1

n ∥,
for n = 1, 2, .... It is easy to see that (an)

∞
n=1 is a Cauchy sequence.

Because A is complete, there exists c ∈ A such that lim
n→∞

an = c. Then

∥ψ(c)c−1∥ ≤ ∥ψ(c)ψ(an)−1∥+ ∥ψ(an)a−1
n ∥+ ∥anc−1∥

≤ η
[
∥cψ(c)−1∥+ ∥anψ(an)−1∥

]
+ ∥ψ(an)a−1

n ∥+ ∥anc−1∥,
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and

∥ψ(c)c−1∥ ≤ η + 1

1− η
∥ψ(an)a−1

n ∥+ 1

1− η
∥anc−1∥

≤ η + 1

1− η
rn1∥ψ(a0)a−1

0 ∥+ 1

1− η
∥anc−1∥ → 0,

as n→ ∞. So, ψ(c) = c. �
Theorem 2.2. Let (L, ∥.∥) be a Banach group and ϑ be a Kannan
contraction. Then ϑ has a unique fixed point in L.
Proof. Let w ∈ L be an arbitrary element. Consider k = ϑ(w). Then

∥kϑ(k)−1∥ = ∥ϑ(w)ϑ(k)−1∥ ≤ η
[
wϑ(w)−1∥+ ∥kϑ(k)−1∥

]
,

which implies
∥kϑ(k)−1∥ ≤ η

1− η
∥wϑ(w)−1∥.

For arbitrary w0 ∈ L define a sequence (wn+1 = ϑ(wn))
∞
n=1. By the

Lemma (2.1), this sequence is converges to z and ϑ(z) = z. If w be an
another fixed point of ϑ, we have

0 < ∥zw−1∥ = ∥ϑ(z)ϑ(w)−1∥ ≤ η
[
∥zϑ(z)−1∥+ ∥wϑ(w)−1∥

]
= 0.

Therefore, ϑ has a unique fixed point.
�

Theorem 2.3. Let (L, ∥.∥) be a compact normed group and let ϑ :
L → L be a continuous Kannan nonexpansive mapping. Then ϑ has a
unique fixed point.
Proof. The function α : L → [0,∞) defined by α(w) = ∥wϑ(w)−1∥ is
continuous. Since L is compact, there exists an element z ∈ L such
that ϑ(z) = inf{ϑ(w) : w ∈ L}. If ϑ(z) ̸= z, then

∥ϑ(z)ϑ(ϑ(z))−1∥ < 1

2

[
∥zϑ(z)−1∥+ ∥ϑ(z)ϑ(ϑ(z))−1∥

]
,

and
α(ϑ(z)) = ∥ϑ(z)ϑ(ϑ(z))−1∥ < ∥zϑ(z)−1∥ = α(z).

This is a contradiction and hence, ϑ(z) = z. It is obvious that z is a
unique fixed point. �
Definition 2.4. Let (L, ∥.∥) be a normed group. We say that the self-
mapping ϑ : L → L is an interpolative Kannan type contraction, if
there exist a constant η ∈ [0, 1) and µ ∈ (0, 1) such that

∥ϑ(w)ϑ(k)−1∥ ≤ η[∥wϑ(w)−1∥]µ.[∥kϑ(k)−1∥]1−µ, (2.1)
for all w, k ∈ L with w ̸= ϑ(w).
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Theorem 2.5. Let (L, ∥.∥) be a Banach group and ϑ be an interpolative
Kannan type contraction.Then ϑ has a unique fixed point in L.
Proof. For arbitrary element w0 ∈ L a sequence (wn)

∞
n=1 ⊂ L be de-

fined by wn+1 = ϑn(w0). Without loss of generality, we assume that
wn ̸= wn+1 for each non-negative integer n. Then ∥wnϑ(wn)−1∥ =
∥wnw−1

n+1∥ > 0. By taking w = wn and k = wn−1 in (2.1) we get
∥wn+1w

−1
n ∥ = ∥ϑ(wn)ϑ(wn−1)

−1∥ ≤ η[∥wnϑ(wn)−1∥]µ

[∥wn−1ϑ(wn−1)
−1∥]1−µ = η[∥wn−1w

−1
n ∥]1−µ[∥wnwn+1∥]µ,

so
∥wnw−1

n+1∥1−µ ≤ η[∥wn−1w
−1
n ∥]1−µ.

So, the sequence ∥wn−1w
−1
n ∥ is non-increasing and non-negative. As a

result, there is a non-negative constant z such that lim
n→∞

∥wn−1w
−1
n ∥ = z.

Then
∥wnw−1

n+1∥ ≤ η∥wn−1w
−1
n ∥ ≤ ηn∥w0w

−1
1 ∥.

By letting n → ∞ in the inequality above, we observe that z = 0.
By using a standard arguments based on the triangle inequality, we
conclude that the sequence (wn)

∞
n=1 is a Cauchy sequence.Since L is a

complete group, there exists v ∈ L such that lim
n→∞

∥wnv−1∥ = 0. By
substituting w = wn and k = v in (2.1), we have

∥ϑ(wn)ϑ(v)−1∥ ≤ η[∥wnϑ(wn)−1∥]µ.[∥vϑ(v)−1∥]1−µ.
Taking n→ ∞ in the inequality above, we thus get ∥vϑ(v)−1∥ = 0 and
hence v = ϑ(v). It is obvious that v is a unique fixed point.

�
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Abstract. In this note, concerning continuous conjugate linear
maps from unital C∗-algebras into their dual spaces, we show that
it can be reached from ternary derivability at zero to derivability
and ternary derivability at every point of the space.

1. Introduction

A linear map D from a Banach algebra A into a Banach A-bimodule
X is said to be derivable at a point z ∈ A if the identity

D(z) = D(a)b+ aD(b)

holds for every a, b ∈ A with ab = z. It is obvious that D is a derivation
if and only if it is derivable at every point z ∈ A.

In what follows we illustrate the interest of the mathematical com-
munity in these kind of problems by surveying some of the achievements
in this line. In 2002, W. Jing, S.J. Lu and P.T. Li [3] proved that if D is
a continuous linear map on a von Neumann algebra and also derivable
at zero, then D is a generalised derivation. Moreover, if D(1) = 0, then
D is a derivation. A.B.A. Essaleh and A.M. Peralta in [1, Corollary
2.16] proved the same result without assuming the continuity of D.

Linear maps which are generalised derivable at an element can be
defined in a similar way. W. Jing proved in [2, Theorems 2.2 and

2020 Mathematics Subject Classification. Primary 46L57; Secondary 17C65.
Key words and phrases. derivation, ternary derivation, ternary derivability at a

point, C∗-algebra.
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2.6] that for each infinite dimensional Hilbert space H, a linear map
δ : B(H) → B(H) which is generalised Jordan derivable at zero, or at
1, is a generalised derivation. Another related results appear in [1], [5]
and [7].

Every C∗-algebra A can be regarded as an element in the bigger
class of JB∗-triples when equipped with the triple product {a, b, c} =
1
2
(ab∗c+ cb∗a), (a, b, c ∈ A). A ternary derivation on a C∗-algebra A is

a linear map T : A→ A satisfying the generalised Leibnitz’s rule:
T{a, b, c} = {T (a), b, c}+ {a, T (b), c}+ {a, b, T (c)},

for every a, b, c ∈ A. Further, a linear map T : A → A is ternary
derivable at a point z ∈ A if the identity

T (z) = {T (a), b, c}+ {a, T (b), c}+ {a, b, T (c)}
holds for every a, b, c ∈ A with {a, b, c} = z.

Linear maps on C∗-algebras which are ternary derivable at zero are
studied in [1]. It is shown that if a continuous linear map on a C∗-
algebra is derivable or ternary derivable at zero, then it is a generalised
derivation. Furthermore, if a continuous linear map T on a C∗-algebra
is ternary derivable at zero with T (1) = 0, then T is a ternary deriva-
tion, and if the hypothesis T (1) = 0 is replaced with T (1)∗ = −T (1) the
same conclusion remains true. Thus being ternary derivable at zero im-
plies that the mapping is ternary derivable on the whole domain. If the
domain C∗-algebra is replaced with a von Neumann algebra W , then
every linear map T : W → W which is derivable or ternary derivable
at zero is continuous.

The main result of our paper proves that every continuous conjugate
linear map T : A → A∗, where A is a unital C∗-algebra, is a ternary
derivation whenever T is a ternary derivable at the zero element of A
and T (1) = 0 (see Theorem 3.5).

2. Preliminary definitions

In this section, we recall some definitions and basic facts in triple
structures.

Definition 2.1. A triple product on a complex vector space E is a
mapping

{., ., .} : E × E × E → E,

which is bilinear and symmetric in the outer variables and conjugate
linear in the middle one and satisfying the so-called “Jordan Identity”:
{a, b, {c, d, e}} = {{a, b, c}, d, e} − {c, {b, a, d}, e}+ {c, d, {a, b, e}},
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for all a, b, c, d, e in E. A complex vector space E is called a Jordan
triple when it is endowed a non-trivial triple product. A Jordan triple
E is called a Jordan Banach triple when it is a Banach space and the
triple product of E is continuous.

Ternary modules over Jordan triples are defined in [6, Subsection
2.2]. We need this structure in the following definition.

Definition 2.2. Let T be a conjugate linear mapping from a Jordan
triple E into a ternary E-module X. T is called a ternary derivable at
z ∈ E whenever it satisfies the identity

T (z) = {T (a), b, c}1 + {a, T (b), c}2 + {a, b, T (c)}3
for any a, b, c ∈ E with {a, b, c} = z. T is called a ternary derivation
whenever it is ternary derivable at every point of E.

Let A be a C∗-algebra. According to [4, Sec. 5] the following identity

{a, b, c} =
1

2
(ab∗c+ cb∗a), (a, b, c ∈ A)

defines a triple product on A which makes it a JB∗-triple. Let A∗

denotes the dual Banach space of A. The mappings:

{·, ·, ·}1 : A∗ × A× A→ A∗, ⟨c, {x, a, b}1⟩ = ⟨{a, b, c}, x⟩,

{·, ·, ·}2 : A× A∗ × A→ A∗, ⟨c, {a, x, b}2⟩ = ⟨{a, c, b}, x⟩,
{·, ·, ·}3 : A× A× A∗ → A∗, ⟨c, {a, b, x}3⟩ = ⟨{c, a, b}, x⟩,

where a, b, c ∈ A and x ∈ A∗, define a Banach ternary A-module struc-
ture on A∗.

We also consider A∗ as an (associative) Banach A-bimodule with
actions:

⟨b, ax⟩ = ⟨ba, x⟩, ⟨b, xa⟩ = ⟨ab, x⟩, (x ∈ A∗, a, b ∈ A), (2.1)

and define an involution ∗ on A∗ by the following identity:

⟨a, x∗⟩ = ⟨a∗, x⟩, (x ∈ A∗, a ∈ A).

Thanks to these structures we can consider associative and Jordan
derivations from A into A∗.

3. Main result

In what follows we extensively apply weak∗ continuity and weak∗
convergence, so the following theorem would has a pivotal role.
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Theorem 3.1. Let A be a C∗-algebra, and let D : A → A∗ be a
continuous linear mapping. Then D∗∗ : A∗∗ → A∗∗∗, the bitranspose of
D, is A∗-valued.

Given a C∗-algebra A, A∗∗∗ is regarded as the dual space of A∗∗, and
enjoys the A∗∗-bimodule structure, by actions (2.1).
Proposition 3.2. Let A be a C∗-algebra. Then A∗ is a A∗∗-submodule
of A∗∗∗.

The following two results prepare necessary background to reach the
main result.
Proposition 3.3. Let T be a continuous conjugate linear mapping
from a unital C∗-algebra A into A∗ with T (1) = 0. The linear mapping
T ◦ ∗ is a derivation whenever T is ternary derivable at zero.
Proposition 3.4. Let T be a continuous conjugate linear mapping from
a unital C∗-algebra A into A∗ with T (1) = 0. If T is ternary derivable
at zero, then T (a∗) = T (a)∗, for every a in A.

We can now obtain the main result of the paper.
Theorem 3.5. Let T be a continuous conjugate linear mapping from
a unital C∗-algebra A into A∗ with T (1) = 0. Then T is a ternary
derivation whenever it is ternary derivable at zero.

The restricting condition of the preceding result which emphasised
that T ought to vanish at the unit element, can not be removed. For
example if we take A to be a commutative unital C∗-algebra and T be
defined by T (x) = x∗b0, where b0 ∈ A∗ with b∗0 ̸= −b0, we see that T is
not a ternary derivation, however, it is a ternary derivable at zero.
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Abstract. In this note we prove that a continuous (conjugate) linear
map from a unital C∗-algebra A into its iterated dual space, A(n), which
is ternary derivable at the unit element of A, is a ternary derivation. This
result is a ternary module valued variant of a similar result on unital
C∗-algebras.

1. Introduction

One of the interesting problems in derivation theory is to find optimal
conditions on a map which guaranty its derivability. In this paper we pur-
sue this problem in the context of ternary derivations. In [1] it has been
shown that a continuous linear mapping T on a unital C∗-algebra A which
is ternary derivable at the unit element of A, is a ternary derivation. Try-
ing to replace the codomain of T by a ternary module in the sense of M.R.
Miri, H.R. Ebrahimi Vishki and the author of this note in [2], we prove
that the codomain of the mapping T in [1, Corollary 2.5] could be replaced
by the iterated dual spaces, A(n), which we regard them as Banach ternary
A-modules.

We begin by reviewing some basic facts in the category of Jordan triples.
By a triple product on a complex vector space E, we mean a mapping

{., ., .} : E × E × E → E,
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which is bilinear and symmetric in the outer variables and conjugate linear
in the middle one and satisfying the so-called “Jordan Identity”:

{a, b, {c, d, e}} = {{a, b, c}, d, e} − {c, {b, a, d}, e}+ {c, d, {a, b, e}},

for all a, b, c, d, e in E. A complex vector space E is called a Jordan triple
when it is endowed with a non-trivial triple product. A Jordan triple E
is called a Jordan Banach triple when it is a Banach space and the triple
product of E is continuous.

Definition 1.1. Let E be a Jordan triple and X be a complex vector space.
Consider the following mappings and axioms:

{·, ·, ·}1 : X × E × E → X, {·, ·, ·}2 : E ×X × E → X,

{·, ·, ·}3 : E × E ×X → X,

(1) {·, ·, ·}1 is linear in the first and second variables and conjugate linear in
the third one. {·, ·, ·}2 is conjugate linear in each variable.

(1)′ Each of the mappings {·, ·, ·}1, {·, ·, ·}2 and {·, ·, ·}3 is linear in the first
and third variables and conjugate linear in the second variable.

(2) {x, b, a}1 = {a, b, x}3, and {a, x, b}2 = {b, x, a}2 for every a, b ∈ E and
x ∈ X.

(3) Let {·, ·, ·} denote any of the mappings {·, ·, ·}1, {·, ·, ·}2, {·, ·, ·}3 or the
triple product of E. Then the identity

{a, b, {c, d, e}} = {{a, b, c}, d, e} − {c, {b, a, d}, e}+ {c, d, {a, b, e}},

holds for every a, b, c, d, e where one of them is in X and the other ones
are in E.

When the mappings {·, ·, ·}1, {·, ·, ·}2 and {·, ·, ·}3 satisfy the axioms (1), (2)
and (3), X is called a ternary E-module of type (I) and when they satisfy
the axioms (1)′, (2) and (3), X is called a ternary E-module of type (II).

We usually write the expression “ternary E-module”, without declaring
the type, whenever a statement is true for both types or the type is clear from
the context. The following theorem connect the two types of the ternary
modules.

Theorem 1.2. Let E be a Jordan triple. If X is a ternary E-module of
type (I) (resp. (II)) then its dual space, X∗, with the following actions

{·, ·, ·}1 : X∗ ×A×A→ X∗, ⟨φ, {θ, a, b}1⟩ = ⟨{a, b, φ}3, θ⟩,

{·, ·, ·}2 : A×X∗ ×A→ X∗, ⟨φ, {a, θ, b}2⟩ = ⟨{a, φ, b}2, θ⟩,
{·, ·, ·}3 : A×A×X∗ → X∗, ⟨φ, {a, b, θ}3⟩ = ⟨{φ, a, b}1, θ⟩,

where a, b ∈ E, φ ∈ X and θ ∈ X∗, is a ternary E-module of type (II) (resp.
(I)).
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It is easy to see that every Jordan Banach triple E is a Banach ternary
E-module of type (II) under its own ternary product as module actions.
Now, Theorem 1.2 confirms that E∗ is a Banach ternary E-module of type
(I), E∗∗ is a Banach ternary E-module of type (II), … . This means that
the nth iterated dual space, E(n), is a Banach ternary E-module of type (I)
whenever the integer n is odd and is a Banach ternary E-module of type
(II) whenever n is even.
Definition 1.3. Let E be a Jordan triple, and let X be a ternary E-module
of type (I) (resp. type (II)). A conjugate linear mapping (resp. linear
mapping) T : E → X is called ternary derivable at z ∈ E whenever it
satisfies the identity

T (z) = {T (a), b, c}1 + {a, T (b), c}2 + {a, b, T (c)}3
for any a, b, c ∈ E with {a, b, c} = z. T is called a ternary derivation
whenever it is ternary derivable at every point of E.

Let A be a Banach ∗-algebra. It is easy to see that

{a, b, c} =
1

2
(ab∗c+ cb∗a), (a, b, c ∈ A)

defines a triple product on A which makes it a Jordan Banach triple. The
iterated dual spaces of A, as the arguments before Definition 1.3 shows,
are supplied with ternary A-module structures. We also consider A(n) as
an (associative) Banach A-bimodule with the following recursively defined
actions:

⟨b, φθ⟩ = ⟨bφ, θ⟩, ⟨b, θφ⟩ = ⟨φb, θ⟩, (1.1)

where a ∈ A,φ ∈ A(n−1) and θ ∈ A(n), and define an involution ∗ on A(n),
recursively, by the following identity:

⟨φ, θ∗⟩ = ⟨φ∗, θ⟩, (θ ∈ A(n), φ ∈ A(n−1)). (1.2)

2. Main results

To prove the main result of this paper we need the following two propo-
sitions.
Proposition 2.1. Let T be a continuous (conjugate) linear mapping from
a unital C∗-algebra A into its dual space, A(n). If T is ternary derivable at
the unit element of A, then T ◦ ∗ is a derivation whenever n is odd and T
is a derivation whenever n is even.
Proposition 2.2. Let T be a continuous (conjugate) linear mapping from
a unital C∗-algebra A into its dual space, A(n). If T is ternary derivable at
the unit element of A, then T (a∗) = T (a)∗ for every a ∈ A.
Theorem 2.3. Let T be a continuous (conjugate) linear mapping from a
unital C∗-algebra A into its dual space, A(n). T is a ternary derivation
whenever it is ternary derivable at the unit element of A.
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Proof. Let n be an odd integer. Since, by Proposition 2.1, T ◦∗ is a derivation
when n is odd, for any a, b, c ∈ A, we have

T (ab∗c) = (T ◦ ∗)((ab∗c)∗) = (T ◦ ∗)(c∗ba∗)
= (T ◦ ∗)(c∗)ba∗ + c∗(T ◦ ∗)(b)a∗ + c∗b(T ◦ ∗)(a∗)
= T (c)ba∗ + c∗T (b∗)a∗ + c∗bT (a).

Also, by Proposition 2.2, we have T (b∗) = T (b)∗. Therefore
T (ab∗c) = T (c)ba∗ + c∗T (b)∗a∗ + c∗bT (a).

Now, by definitions (1.1) and (1.2), for any φ ∈ A(n−1), we have
⟨φ, T (ab∗c)⟩ = ⟨φ, T (c)ba∗⟩+ ⟨φ, c∗T (b)∗a∗⟩+ ⟨φ, c∗bT (a)⟩

= ⟨ba∗φ, T (c)⟩+ ⟨a∗φc∗, T (b)∗⟩+ ⟨φc∗b, T (a)⟩ (2.1)
= ⟨ba∗φ, T (c)⟩+ ⟨cφ∗a, T (b)⟩+ ⟨φc∗b, T (a)⟩.

Interchanging the role of a and c in the above identity, we obtain
⟨φ, T (cb∗a)⟩ = ⟨bc∗φ, T (a)⟩+ ⟨aφ∗c, T (b)⟩+ ⟨φa∗b, T (c)⟩. (2.2)

Applying the identities (2.1) and (2.2), we conclude that

⟨φ, T{a, b, c}⟩ = 1

2

[
⟨φ, T (ab∗c)⟩+ ⟨φ, T (cb∗a)⟩

]
= ⟨ba∗φ, T (c)⟩+ ⟨cφ∗a, T (b)⟩+ ⟨φc∗b, T (a)⟩

+ ⟨bc∗φ, T (a)⟩+ ⟨aφ∗c, T (b)⟩+ ⟨φa∗b, T (c)⟩

= ⟨{b, c, φ}3, T (a)⟩+⟨{a, φ, c}2, T (b)⟩+⟨{φ, a, b}1, T (c)⟩
= ⟨φ, {T (a), b, c}1⟩+⟨φ, {a, T (b), c}2⟩+⟨φ, {a, b, T (c)}3⟩.

This shows that T{a, b, c} = {T (a), b, c}1 + {a, T (b), c}2 + {a, b, T (c)}3.
A similar arguments, except for the position of the involution ∗, can be

applied to prove the above identity in the case of even integers. �
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Abstract. In this note by assuming a mapping d on a von Neu-
mann algebra M, which satisfies the generalised Leibnitz’s rule,
we prove that d is real linear and therefore is a real-homogeneous
ternary derivation.

1. Introduction

Derivations are of the most well-behaved mappings in analysis in the
sense that all their characters could be extracted from optimised sets
of conditions. There are a large number of results in the field which
explore these set of optimised conditions that guaranty the derivability.
Among all these efforts are local derivability, derivability at one point
and automatic continuity results. Maybe it could be said that the
work of R.V. Kadison [3] in 1990 is of the most earliest results in this
way by introducing the notion of local derivations and proving that
local derivations are derivations. P. Šemrl [8] introduced the notion
of 2-local derivations and without assuming the linearity in priori, he
deduced the linearity and the derivability. This way continued by the
author of this note and A.M. Peralta in [6] and [7] by introducing the
notion of weak-2-local derivations. In a different direction the notion
of derivability at one point of the space was introduced. To the best of
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our knowledge the work of W. Jing, S.J. Lu, and P.T. Li [2] is of the
most earliest results in this line.

A same direction was followed up in the context of triple structures.
M. Mackey [5] introduced the notion of local ternary derivations on
Jordan triples. Weak-local ternary derivations are also studied in [1].

A triple derivation on a Jordan triple E is a linear map T on E
satisfying the generalised Leibnitz’s rule:

T{a, b, c} = {T (a), b, c}+ {a, T (b), c}+ {a, b, T (c)} (1.1)
for all a, b, c ∈ E.

In this paper we obtain linearity of a mapping which satisfies the
identity (1.1). Precisely speaking, we prove the following theorem:

Theorem 1.1. Let d be a mapping (no linearity is assumed in priori)
on a von Neumann algebra M which satisfies the identity (1.1), and
continuous at the origin with d(1) = 0. Then d is a real-homogeneous
ternary derivation.

2. Preliminary definitions

In this section, we recall some definitions in the context of triple
structures.

Definition 2.1. A triple product on a complex vector space E is a
mapping

{., ., .} : E × E × E → E,

which is bilinear and symmetric in the outer variables and conjugate
linear in the middle one and satisfying the so-called “Jordan Identity”:
{a, b, {c, d, e}} = {{a, b, c}, d, e} − {c, {b, a, d}, e}+ {c, d, {a, b, e}},

for all a, b, c, d, e in E. A complex vector space E is called a Jordan
triple when it is endowed a non-trivial triple product. A Jordan triple
E is called a Jordan Banach triple when it is a Banach space and the
triple product of E is continuous.

A JB∗-triple is a Jordan Banach triple E which satisfies the following
two axioms:

(1) For any a in E the mapping x 7→ {a, a, x} is a hermitian oper-
ator on E with non-negative spectrum;

(2) ‖{a, a, a}‖ = ‖a‖3 for all a in A.
A JB∗-triple which has a predual as a Banach space is called a JBW ∗-

triple.
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Let A be a C∗-algebra. According to [4, Sec. 5] the following identity

{a, b, c} =
1

2
(ab∗c+ cb∗a), (a, b, c ∈ A) (2.1)

defines a triple product on A which makes it a JB∗-triple. Also, a
von Neumann algebra with triple product (2.1) is a JBW∗-triple.

3. Main result

Proof of the main result of this paper, i.e. Theorem 1.1, will be done
through presenting a series of lemmata. Throughout this section M
and d will denote the same objects as in the statement of Theorem 1.1.

Lemma 3.1. Let p be a projection in M. Then d(1− p) = − d(p).

Lemma 3.2. Let p be a projection in M. Then, there exists an anti-
symmetric element µp ∈ M, depending on p, such that

d(p) = µpp− pµp and d(1− p) = µp(1− p)− (1− p)µp.

In what follows, concerning any projection p ∈ M , we consider the
auxiliary mapping ϕp on M, defined by ϕp(a) = d(a)−µpa+aµp, where
a ∈ M. Note that, by definition, ϕp(p) = 0. In the other hand, by
Lemma 3.1, we have

ϕp(1− p) = d(1− p)− µp(1− p) + (1− p)µp

= −d(p) + µpp− pµp = −ϕp(p),

hence ϕp(1− p) = 0.
Also, the element µ1−p, as Lemma 3.2 suggests, could be taken equal

to µp. We do so, and by this choice, we have ϕ1−p = ϕp.

Lemma 3.3. Let p be a projection in M. Then, for any a ∈ M, we
have
ϕp(a) = ϕp(pap) + ϕp(pa(1− p)) + ϕp((1− p)ap) + ϕp((1− p)a(1− p)).

Lemma 3.4. Let p be a projection in M. Then, for any a, b ∈ M, we
have ϕp(p(a+ b)(1− p)) = ϕp(pa(1− p)) + ϕp(pb(1− p)).

Lemma 3.5. Let p be a projection in M. Then, for any a, b ∈ M, we
have ϕp(p(a+ b)p) = ϕp(pap) + ϕp(pbp).

We can now prove the main result of the paper.
Proof of Theorem 1.1. Let a, b ∈ M, and p be a projections in M. By
Lemma 3.3, we have
ϕp(a) = ϕp(pap) + ϕp(pa(1− p)) + ϕp((1− p)ap) + ϕp((1− p)a(1− p)).
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The same identity is true when a is replaced by b or a + b. Now,
applying Lemmata 3.4 and 3.5, and considering the argument before
Lemma 3.3, we obtain
ϕp(a+ b) = ϕp(p(a+ b)p) + ϕp(p(a+ b)(1− p)) + ϕp((1− p)(a+ b)p)

+ ϕp((1− p)(a+ b)(1− p))

= [ϕp(pap) + ϕp(pbp)] + [ϕp(pa(1− p)) + ϕp(pb(1− p))]

+ [ϕp((1− p)ap) + ϕp((1− p)bp)]

+ [ϕp((1− p)a(1− p)) + ϕp((1− p)b(1− p))]

= [ϕp(pap) + ϕp(pa(1− p)) + ϕp((1− p)ap)

+ ϕp((1− p)a(1− p))]

+ [ϕp(pbp) + ϕp(pb(1− p)) + ϕp((1− p)bp)

+ ϕp((1− p)b(1− p))]

= ϕp(a) + ϕp(b).

From this identity we conclude that
d(a+ b) = ϕp(a+ b)− µp(a+ b) + (a+ b)µp

= ϕp(a) + ϕp(b)− µpa− µpb+ aµp + bµp

= [ϕp(a)− µpa+ aµp] + [ϕ(b)− µpb+ bµp] = d(a) + d(b).

This proves that d is additive. Obviously, rational homogeneity of d
is deduced from its additivity. In the other hand, since the topology
of M is translation invariant and d is additive, continuity of d at the
origin implies its continuity at every point. Now, real homogeneity of
d is deduced from its rational homogeneity. �
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Abstract. In this talk,relation between kernel and Range of gen-
eralized Jordan ∗-derivation is investigated.

1. Introduction and preliminaries

Let A be a ∗-algebra. A Jordan ∗-derivation on A is a linear mapping
E : A −→ A which satisfies

E(a2) = aE(a) + E(a)a∗

for all a ∈ A. Note that for a fixed a ∈ A the mapping∆a(x) = ax−x∗a
is a Jordan ∗-derivation; such Jordan ∗-derivation are said to be inner.

In [1] and [6] we can see the following results
(1) Every Jordan ∗-derivation on complex ∗-algebra with identity

is inner.
(2) Every Jordan ∗-drivation on algebra of all bounded linear op-

erators on a real Hilbert space H(dimH > 1), is inner.
(3) Every Jordan ∗-drivation on the quaternion algebra is inner.
Let H be a complex infinite dimentional Hilbert space and let B(H)

be the Banach algebra of all bounded linear operators on H. For op-
erators A,B ∈ B(H) we define generalized Jordan ∗-derivation ∆A,B

by
∆A,B(X) = AX −X∗B
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Maximal numerical range.
314



ABOLFAZL NIAZI MOTLAGH

for X ∈ B(H). Note that if A = B then ∆A,A = ∆A is a Joradan
∗-derivation.

2. Main Results

Theorem 2.1. Let A,B ∈ B(H). Set T =

[
A 0
0 B

]
on H⊕H. Then

we have the following results:

(1) If R(∆T )
τ
∩ker(δT ∗) = {0} then R(∆A,B)

τ
∩ker(∆A∗,B∗) = {0},

where R(∆T )
τ denotes closure of R(δT ) respect to the norme

topoplogy or the weak operator topology.
(2) If R(∆T )∩ ker(∆T ∗) = {0} then R(∆A,B)∩ ker(∆A∗,B∗) = {0}.

Proof. Let C ∈ R(∆A,B)
τ
∩ ker(∆A∗,B∗). Then there exists a sequence

{Xn} ⊆ B(H) such that limτ ∆A,B(Xn) = C. Therefore we have
limτ AXn − X∗

nB = C. Also ker(∆A∗,B∗)(C) = 0 implies that A∗C =
C∗B∗.

Now set S =

[
0 C
0 0

]
and Yn =

[
0 Xn

0 0

]
on H⊕H. So

lim
τ
(TYn − Y ∗

n T ) = lim
τ

([
A 0
0 B

] [
0 Xn

0 0

]
−
[

0 0
X∗
n 0

] [
A 0
0 B

])
= lim

τ

[
0 AXn

−X∗
nA 0

]

Now suppose that limw

[
0 AXn −X∗

nB
0 0

]
=

[
T11 T12
T21 T22

]
on H⊕H.

Then for each x, y ∈ H we have

lim
∣∣∣〈 [ T11 T12 − (AXn −X∗

nB)
T21 T22

] [
0
x

]
,

[
y
0

]〉∣∣∣ = 0.

Therefore lim
∣∣〈T12 − (AXn − X∗

nB)x, y
〉∣∣ = 0 for all x, y ∈ H, which

implies that

lim
w
(AXn −X∗

nB) = T12.

Using same argument we prove that

T11 = T21 = T22 = 0.
315



ON THE RANGE AND KERNEL OF JORDAN ∗-DERIVATIONS

So this implies that

lim
w
(TYn − Y ∗

n T ) = lim
w

[
0 AXn −X∗

nB
0 0

]
=

[
0 limw(AXn −X∗

nB)
0 0

]
=

[
0 C
0 0

]
In the following, we show the above results for the norm topology.

Let

lim
∥.∥

[
0 AXn −X∗

nB
0 0

]
=

[
T11 T12
T21 T22

]
on H⊕H, then limn

∥∥∥ [ T11 T12 − (AXn −X∗
nB)

T21 T22

] ∥∥∥ = 0.

Hence limn ∥T12 − (AXn −X∗
nB)∥ = 0 and T11 = T21 = T22 = 0.

Now we can conclude

lim
∥.∥

[
0 AXn −X∗

nB
0 0

]
=

[
0 lim∥.∥(AXn −X∗

nB)
0 0

]
=

[
0 C
0 0

]
.

Hence, S =

[
0 C
0 0

]
∈ R(∆T )

τ . Since

S∗T ∗ =

[
0 C∗

0 0

] [
A∗ 0
0 B∗

]
=

[
0 C∗B∗

0 0

]

and

T ∗S =

[
A∗ 0
0 B∗

] [
0 C
0 0

]
=

[
0 A∗C
0 0

]
using equality A∗C = C∗B∗ we can conclude that S∗T ∗ = T ∗S. On the
other hand S ∈ R(∆T )

τ
∩ ker(∆T ∗) = {0}, hence C = 0.

This complete the proof of (1). The proof (2) follows immediately
from replacing R(∆T )

τ with R(∆T ). �

Theorem 2.2. Let A1,A2 ∈ B(H). Suppose that R(∆Ai,Aj
)∩ker(∆Ai,Aj

) =

{0} for i, j = 1, 2. Then R(∆T ) ∩ ker(∆T ) = {0} in which T =

A1 ⊕ A2 =

[
A1 0
0 A2

]
.
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Theorem 2.3. Let A1 and A2 denote unitary equivalent bounded oper-
ators on Hilbert space H, so that A2 = UA1U

∗ hold for some unitary op-
erator U. If R(∆A1)∩Ker(∆A1) = {0} then R(∆A2)∩Ker(∆A2) = {0}

Before stating the next corollary, we need the following theorem of
Putnam[5].
Theorem 2.4. Let A,B ∈ B(H) be normal operators and B similar to
A, so that B = C−1AC hold for some bounded invertable operator C. If
C = PU is the polar factorization of C, where P is positive definite and
U is unitary then B = U∗AU. Thus similarity equivalence of normal
operators implies their unitary equivalence.
Corollary 2.5. Let A,B ∈ B(H) be normal operators and B similar
to A. If R(∆A) ∩Ker(∆A) = {0} then R(∆B) ∩Ker(∆B) = {0}.
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Abstract. In this paper, the generalized Hyers-Ulam stability of
the functional inequality

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥, |k| < 2,

in non-Archimedean Banach algebras is established.

sectionIntroduction

LetK be a field. A non-archimedean absolute value onK is a function
|.| : K −→ [0,∞) such that for any a, b ∈ K we have

(i) |a| ≥ 0 and equality holds if and only if a = 0,
(ii) |ab| = |a||b|,
(iii) |a+ b| ≤ max{|a|, |b|}.
Condition (iii) is called the strict triangle inequality. By (ii), we have

|1| = |−1| = 1. Thus, by induction, is concluded from (iii) that |n| ≤ 1
for each integer n. In all, we always assume that |.| is non-trivial, i.e.,
that there is an a0 ∈ K such that |a0| /∈ {0, 1}.

Throughout this paper, we assume that that the base field is a non-
Archimedean valution field.

1991 Mathematics Subject Classification. Primary: 39B52; Secondary 39B82,
13N15, 46S10.

Key words and phrases. Banach algebra, Derivation, Generalized Hyers-Ulam
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Definition 0.1. Let X be a linear space over a scalar field K with
a non-archimedean non-trivial valuation |.|. A function ∥.∥ : X −→
R is a non-archimedean norm (valuation) if it satisfies the following
conditions:

(I)∥x∥ = 0 if and only if x = 0;
(II) ∥rx∥ = |r|∥x∥ for all r ∈ K and x ∈ X ;
(III) the strong triangle inequality (ultrametric); namely,

∥x+ y∥ ≤ max{∥x∥, ∥y∥ (x, y ∈ X ).

Then (X , ∥.∥) is called a non-archimedean normed space.

Stanislaw M. Ulam introduced a number of important unsolved prob-
lems during his talk at the university of Wisconsin in 1940 [11, 12].One
of his open problems was the first stability problems:

Let G1 be a group and let (G2, d) be a metric group. Given ε > 0 does
there exists a δ > 0 such that if a function f : G1 → G2 satisfies the
inequality d(f(xy), f(x)f(y)) < δ for all x, y ∈ G1, then there exists a
homomorphism T : G1 → G2 such that d(f(x), T (x)) < ε for all x ∈ G1?

Hyers [3] gave a first affirmative partial answer to the quastion of
ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [1] for
additive mappings and by Rassias [9] for linear mappings by considering
an unbounded Cauchy difference. The paper of Rassias [9] has had a lot
of influence in the development of what we call generalized Hyers-Ulam
stability or Hyers-Ulam-Rassias stability of functional equations[2, 10].

Beginning around the year 1980, the topic of approximate homo-
morphisms and derivations and their stability theory in the field of
functional equation and inequalities was taken up by several mathe-
maticians. Also, the stability problems in non-Archimedean Banach
spaces(algebras) are studied by Moslehian and Rssias [4], Moslehian
and Sadeghi[5, 6], Mirmostafaee[7] and Najati and Moradlou[8].

In this paper, we prove that if f satisfies the functional inequality

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥, |k| < |2|,
(0.1)

then f is a derivation, and prove the generalized Hyers-ulam stability
of functional inequlity (0.1) in non-Archimedean Babanach algebras.

1. The generalized Hyers–Ulam stability in
non-Archimedean Banach algebras

Throughout this section, A is a non-archimedean Banach algebra on
non-archimedean filed K that the characteristic of K is not 2 and X is
a non-Archimedean Banach A-bimodule.
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Proposition 1.1. Suppose that k is a fixed integer greater than 2 and
|k| < |2|. Let A be an unital non-archimedean Banach algebra,X is a
non-Archimedean Banach A-bimodule and f : A −→ X be a mapping
such that

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥ (1.1)

for all a, b, c, d,∈ A. Then f is a derivation.

Theorem 1.2. Suppose that k is a fixed integer greater than 2 and
|k| < |2|. Let r < 1, θ be nonnegative real numbers and f : A −→ X be
an odd mapping such that f(1) = 0 and

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ(∥a∥r + ∥b∥r + ∥cd∥r) (1.2)

for all a, b, c, d ∈ A. Then there exists a unique derivation D : A −→ X
such that

∥f(a)−D(a)∥ ≤ 2 + |2|r

|2|r
θ∥a∥r (a ∈ A). (1.3)

Theorem 1.3. Suppose that k is a fixed integer greater than 2 and
|k| < |2|. Let r > 1, θ be nonnegative real numbers and f : A −→ X be
an odd mapping such that f(1) = 0 and

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ(∥a∥r + ∥b∥r + ∥cd∥r) (1.4)

for all a, b, c, d ∈ A. Then there exists a unique derivation D : A −→ X
such that

∥f(a)−D(a)∥ ≤ 2 + |2|r

|2|
θ∥a∥r (a ∈ A). (1.5)

Theorem 1.4. Suppose that k is a fixed integer greater than 2 and
|k| < |2|. Let r < 1

3
, θ be nonnegative real numbers and f : A −→ X be

an odd mapping such that f(1) = 0 and

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ∥a∥r.∥b∥r.∥cd∥r (1.6)

for all a, b, c, d ∈ A. Then there exists a unique derivation D : A −→ X
such that

∥f(a)−D(a)∥ ≤ θ|2|r

|2|3r
∥a∥3r (a ∈ A). (1.7)
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Theorem 1.5. Suppose that k is a fixed integer greater than 2 and
|k| < |2|. Let r > 1

3
, θ be nonnegative real numbers and f : A −→ X be

an odd mapping such that f(1) = 0 and

∥f(a) + f(b) + cf(d) + f(c)d∥ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ∥a∥r.∥b∥r.∥cd∥r) (1.8)

for all a, b, c, d ∈ A. Then there exists a unique derivation D : A −→ A
such that

∥f(a)−D(a)∥ ≤ θ|2|r

|2|
∥a∥3r (a ∈ A). (1.9)
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Abstract. In this paper inspiring the concept of p-Bessel se-
quences, p-controlled Bessel sequences are presented and showed
that in the case that 1 < p ≤ 2 these two concept could replace
instead of each other.

1. Introduction

Controlled frames for spherical wavelets were first introduced in [2]
and the relation between controlled frames and standard frames were
developed in [1, 4, 5].
In this paper, motivated the concept of p-frames, we introduce p-
controlled frames on Banach spaces. In Section 2, we show that under
some strong condition the concept of p-Bessel sequences and controlled
p-Bessel sequences are equivalent. In other words, the equivalency of
these two concepts presented when 1 < p ≤ 2, however the general case
1 < p <∞ is more desirable that we did not reach.
Throughout this paper GL(X) is denoted as the set of all bounded and
invertible operators on the space X.
A sequence {fi}∞i=1 ⊆ H is a frame for H if there exist 0 < A ≤ B <∞
such that

A∥f∥2 ≤
∞∑
i=1

|⟨f, fi⟩|2 ≤ B∥f∥2, f ∈ H, (1.1)

1991 Mathematics Subject Classification. Primary 42C15; Secondary 42C40,
41A58.

Key words and phrases. p-frames; controlled p-frames; frame mappings.
322



NAME FAMILY

The constants A and B are called lower and upper frame bounds, re-
spectively. The sequence {fi}∞i=1 ⊆ H is a Bessel sequence for H, if
only the right hand inequality in (1.1) holds for all f ∈ H.

Definition 1.1. Let {fi}∞i=1 be a sequence of vectors in a Hilbert space
H and C,D ∈ GL(H). Then {fi}∞i=1 is called a frame controlled by C
and D or (C,D)-controlled frame if there exist two constants 0 < A ≤
B <∞, such that

A∥f∥2 ≤
∞∑
i=1

⟨f, Cfi⟩⟨Dfi, f⟩ ≤ B∥f∥2, f ∈ H. (1.2)

If only the right inequality in (1.2) holds, then {fi}∞i=1 is called a (C,D)-
controlled Bessel sequence. If A = B then {fi}∞i=1 is called a (C,D)-
controlled tight frame.

Definition 1.2. A sequence {gi}∞i=1 ⊆ X∗ is a p-frame for X (1 < p <
∞) if there exist constants, 0 < A ≤ B <∞ such that

A∥f∥ ≤ (
∞∑
i=1

|gi(f)|p)
1
p ≤ B∥f∥. (1.3)

The sequence {gi}∞i=1 is called a p-Bessel sequence if only the right
inequality in (1.3) holds.

If {gi}∞i=1 ⊆ X∗ is a p-frame for X. Then two operators
U : X → ℓp, Uf = {gi(f)}∞i=1,

and

T : ℓq → X∗, T{di}∞i=1 =
∞∑
i=1

digi,

is defined. The operator U is called the analysis operator and T is
called the synthesis operator of {gi}∞i=1. If {gi}∞i=1 is a p-frame (or just
a p-Bessel sequence) then U is a bounded operator and also T .

2. Main results

In this section first the concept of (C,D)-controlled p-Bessel sequence
is introduced and then it is proved that under some suprising condition
1 < p ≤ 2 and sgn(⟨f, Cgi⟩)sgn(⟨f,Dgi⟩) > 0 for each f ∈ X and
i ∈ N, the concept of (C,D)-controlled p-Bessel sequence and p-Bessel
sequence is equivalent.

Definition 2.1. Let {gi}∞i=1 be a family of vectors in X∗. Suppose that
C,D ∈ GL(X∗). The sequence {gi}∞i=1 is called a p-frame controlled
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by C and D or (C,D)-controlled p-frame if there exist constants 0 <
A ≤ B <∞ such that for each f ∈ X,

A2∥f∥2 ≤ ∥{⟨f, Cgi⟩}∞i=1∥2−pp

∞∑
i=1

|⟨f,Dgi⟩||⟨Cgi, f⟩|p−1sgn⟨f, Cgi⟩sgn⟨f,Dgi⟩

≤ B2∥f∥2. (2.1)

If only the right inequality in (2.1) satisfied, then {gi}∞i=1 is called a
(C,D)-controlled p-Bessel sequence.

Proposition 2.2. Let 1 < p ≤ 2. Suppose that sgn(⟨f, Cgi⟩)sgn(⟨f,Dgi⟩) >
0 for each f ∈ X and i ∈ N. Then the sequence {gi}∞i=1 ⊆ X∗ is a
(C,D)-controlled p-Bessel sequence if and only if it is a p-Bessel se-
quence.

Proof. Suppose that {gi}∞i=1 is a (C,D)-controlled p-Bessel sequence.
Then by (2.1)

(
∞∑
i=1

|⟨Cgi, f⟩|p)
1
p∞, f ∈ X.

Suppose that there exists 0 ̸= f0 ∈ X such that for each M > 0

(
∞∑
i=1

|⟨Cgi, f0⟩|p)
1
p > M. (2.2)

Consider
∑∞

i=1 |⟨f0, Dgi|⟩|⟨Cgi, f0⟩|p−1sgn⟨f0, Cgi⟩sgn⟨f0, Dgi⟩ = K. Then
three cases may happen:

(i) K = ∞.
(ii) 0 < K <∞.
(iii) K = 0.

Since 1 < p ≤ 2, the cases (i) and (ii) is a contradiction with (2.1) and
(2.2).
(iii) If K = 0, then sgn⟨f, Cgi⟩sgn⟨f,Dgi⟩ = 0, which is a contradic-
tion.
Therefore (

∑∞
i=1 |⟨Cgi, f⟩|p)

1
p < ∞, f ∈ X. So similar to the proof of

Lemma 3.1.1 in [3], there exists B′ > 0 such that (
∑∞

i=1 |⟨gi, f⟩|p)
1
p <

B′∥f∥, f ∈ X. Now suppose that {gi}∞i=1 is a p-Bessel sequence with
bound B for X. Since 1 < p ≤ 2, we have

∥{⟨f, Cgi⟩}∞i=1∥2−pp ≤ B2−p∥C∗f∥2−p, f ∈ X. (2.3)
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Also since 1
p
+ 1

q
= 1 and sgn(⟨f, Cgi⟩)sgn(⟨f,Dgi⟩) > 0 for each f ∈ X

and i ∈ N, we have
∞∑
i=1

|⟨f,Dgi⟩||⟨Cgi, f⟩|p−1sgn⟨f, Cgi⟩sgn⟨f,Dgi⟩

=
∞∑
i=1

|⟨f,Dgi⟩⟨f, Cgi⟩||⟨Cgi, f⟩|p−2

≤
∞∑
i=1

|⟨f,Dgi⟩||⟨Cgi, f⟩|p−1

≤ (
∞∑
i=1

|⟨f,Dgi⟩|p)
1
p (

∞∑
i=1

|⟨Cgi, f⟩|p)
1
q

≤ Bp∥D∗f∥∥C∗f∥
p
q , f ∈ X.

Therefore by (2.3) and above equations for each f ∈ X we have

∥{⟨f, Cgi⟩}∞i=1∥2−pp

∞∑
i=1

|⟨f,Dgi⟩||⟨Cgi, f⟩|p−1sgn(⟨f, Cgi⟩sgn(⟨f,Dgi⟩)

≤ B2∥D∥∥C∥∥f∥2.
�

3. Further remarks

The equivalency of p-Bessel sequences with (C,D)-controlled p-Bessel
sequences is our aim in this paper that we just obtain it in the case of
1 < p ≤ 2, however the general case 1 < p < ∞ is more desirable that
we did not reach and it remains as an open question.
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Abstract. In this paper we establish some new best proxim-
ity theorems in partially ordered non-Archimedean fuzzy metric
spaces. Moreover, we deduce some new fixed point results.

1. Introduction

Ran and Reurings [1] initiated the study of the existence of fixed
points in partially ordered sets with applications to matrix equations.
Recently many researchers presented some new results for nonlinear
contractions in partially ordered metric spaces (see for instance [2] and
the references therein). Paknazar in [3], introduced some new classes
of proximal contraction mappings and established best proximity point
theorems for such kinds of mappings in a non-Archimedean fuzzy met-
ric space. In this paper, as an application of that results we present
some best proximity and fixed point results in such spaces.

Here we recall some basic consepts used in the following.
If (X,≼) is a partially ordered set and T : X → X is such that, for all
x, y ∈ X with x ≼ y implies Tx ≼ Ty, then the mapping T is said to
be non-decreasing.

1991 Mathematics Subject Classification. Primary 47H10; Secondary 54H25.
Key words and phrases. fuzzy metric space, best proximity point, Partially

ordered.
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Definition 1.1. (Schweizer and Sklar [4]) A binary operation ⋆ :
[0, 1] × [0, 1] → [0, 1] is called a continuous t-norm if it satisfies the
following assertions:
(T1) ⋆ is commutative and associative;
(T2) ⋆ is continuous;
(T3) a ⋆ 1 = a for all a ∈ [0, 1];
(T4) a ⋆ b ≤ c ⋆ d when a ≤ c and b ≤ d with a, b, c, d ∈ [0, 1].

Definition 1.2. (George and Veeramani [5]) A fuzzy metric space is an
ordered triple (X,M, ⋆) such thatX is a nonempty set, ⋆ is a continuous
t-norm andM is a fuzzy set onX×X×(0,+∞) satisfying the following
conditions: for all x, y, z ∈ X and t, s > 0,
(F1) M(x, y, t) > 0;
(F2) M(x, y, t) = 1 if and only if x = y;
(F3) M(x, y, t) =M(y, x, t);
(F4) M(x, y, t) ⋆ M(y, z, s) ≤M(x, z, t+ s);
(F5) M(x, y, ·) : (0,+∞) → (0, 1] is left continuous.

If we replace (F4) by M(x, y, t) ⋆M(y, z, s) ≤M(x, z,max{t, s}), then
the triple (X,M, ⋆) is called a non-Archimedean fuzzy metric space.
Note that, each non-Archimedean fuzzy metric space is a fuzzy metric
space.

2. Main results

In this section we are going to present some best proximity and fixed
point results in partially ordered non-Archimedean fuzzy metric spaces.
Definition 2.1. Let A and B be nonempty subsets of a partially or-
dered fuzzy metric space (X,M, ⋆,≼). A mapping T : A→ B is said to
be proximally ordered-preserving if, for all x1, x2, u1, u2 ∈ A and t > 0, x1 ≼ x2,

M(u1, Tx1, t) =M(A,B, t),
M(u2, Tx2, t) =M(A,B, t)

=⇒ u1 ≼ u2.

Clearly, letting A = B, then, if T : A → A is proximally order-
preserving, then T is a non-decreasing mapping.
Definition 2.2. Let A and B be nonempty subsets of a partially or-
dered fuzzy metric space (X,M, ⋆,≼). Let T : A → B be a non-self
mapping. We say that T is an ordered φ-ω-proximal contractive map-
ping if, for all x, y, u, v ∈ A and t > 0, x ≼ y,

M(u, Tx, t) =M(A,B, t),
M(v, Ty, t) =M(A,B, t)

⇒ φ(M(u, v, t)) ≤ ω(t)φ(M(x, y, t)),
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where φ ∈ Φ and ω : (0,+∞) → (0, 1) is a function.

Definition 2.3. Let A and B be nonempty subsets of a partially or-
dered fuzzy metric space (X,M, ⋆,≼). Let T : A → B be a non-self
mapping. We say that T is an ordered ϕ-proximal contractive mapping
if, for all x, y, u, v ∈ A and t > 0, x ≼ y,

M(u, Tx, t) =M(A,B, t),
M(v, Ty, t) =M(A,B, t)

⇒M(u, v, t) ≥M(x, y, t) + ϕ(M(x, y, t)),

where ϕ : [0, 1] → [0, 1] is continuous and ϕ(s) > 0 for all s ∈ (0, 1).

Theorem 2.4. Let A and B be nonempty closed subsets of a complete
partially ordered non-Archimedean fuzzy metric space (X,M, ⋆,≼) such
that A0(t) is nonempty for all t > 0. Let T : A → B be a non-self
mapping satisfying the following assertions:

(i) T is proximally order-preserving and T (A0(t)) ⊆ B0(t), ∀t > 0;
(ii) T is an ordered φ-ω-proximal contractive mapping;
(iii) if {yn} is a sequence in B0(t) and x ∈ A, such thatM(x, yn, t) →

M(A,B, t) as n→ +∞, then x ∈ A0(t), ∀t > 0;
(iv) there exist x0, x1 ∈ A0(t) such that ∀t > 0 when x0 ≼ x1,

M(x1, Tx0, t) =M(A,B, t);
(v) if {xn} is an increasing sequence in X such that xn → x as

n→ +∞, then xn ≼ x for all n ≥ 1.
Then there exists x∗ ∈ A such that M(x∗, Tx∗, t) =M(A,B, t), ∀t > 0.

Proof. All of the conditions of Theorem 2.6 in [3] hold. So T has a best
proximity point and this completes the proof. �
Corollary 2.5. Let A and B be nonempty closed subsets of a complete
partially ordered non-Archimedean fuzzy metric space (X,M, ⋆,≼) such
that A0(t) is nonempty for all t > 0. Let T : A → B be a non-self
mapping satisfying the following assertions:

(i) T is proximally order-preserving and T (A0(t)) ⊆ B0(t), ∀t > 0;
(ii) T is an ordered φ-ω-proximal contractive mapping;
(iii) if {yn} is a sequence in B0(t) and x ∈ A, such thatM(x, yn, t) →

M(A,B, t) as n→ +∞, then x ∈ A0(t), ∀t > 0;
(iv) there exist x0, x1 ∈ A0(t) such that such that ∀t > 0 when

x0 ≼ x1, M(x1, Tx0, t) =M(A,B, t);
(v) if {xn} is an increasing sequence in X such that xn → x as

n → +∞, then there is a subsequence {xkn} with xkn ≼ x for
all n ≥ 1.

Then there exists x∗ ∈ A such that M(x∗, Tx∗, t) =M(A,B, t), ∀t > 0.
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Here we deduce the following fixed point results from the above best
proximity results.
Theorem 2.6. Let (X,M, ⋆,≼) be a complete partially ordered non-
Archimedean fuzzy metric space and T : X → X be a self-mapping
satisfying the following assertions:

(i) T is a non-decreasing mapping;
(ii) T is an ordered φ-ω-contractive mapping;
(iii) there exists x0 ∈ X such that x0 ≼ Tx0;
(iv) if {xn} is an increasing sequence in X such that xn → x as

n→ +∞, then xn ≼ x for all n ≥ 1.
Then T has a fixed point in X.
Theorem 2.7. Let (X,M, ⋆,≼) be a complete partially ordered non-
Archimedean fuzzy metric space and T : X → X be a self-mapping
satisfying the following assertions:

(i) T is a non-decreasing mapping;
(ii) T is an ordered ϕ-contractive mapping;
(iii) there exists x0 ∈ X such that x0 ≼ Tx0;
(iv) if {xn} is an increasing sequence in X such that xn → x as

n→ +∞, then xn ≼ x for all n ≥ 1.
Then T has a fixed point in X.
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Abstract. A class of explicit Runge-Kutta methods for numer-
ical solution of SDEs is described. These schemes are derivative-
free. The order conditions that this class of stochastic Runge-Kutta
methods must satisfy to have weak order two is obtained. Exam-
ples of the second-order explicit Runge-Kutta methods of this class
are shown. Numerical examples are presented to support the the-
oretical results.

1. Introduction

Stochastic Differential Equations can describe realer models because
of inserting the noise term in Ordinary Differential Equations. Since
many of physical systems have no analytic solution, numerical schemes
must be developed to obtain exact and efficient solutions.

A scalar Ito SDE is of the form
dXt = a(t, xt)dt+ b(t,Xt)dWt, Xt0 = x0 (1.1)

where a, b : [t0, T ] × R → R are the drift and diffusion coefficients,
{Wt}t0≤t≤T represents a one-dimensional standard Wiener process and
the initial value x0 ∈ R is nonrandom. Suppose that SDE (1.1) satisfies
conditions that is required for existence and uniqueness of solution [2].

1991 Mathematics Subject Classification. Primary65U05; Secondary 60H10.
Key words and phrases. stochastic differential equations, Runge-Kutta methods,

weak method, explicit method.
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2. Runge-Kutta methods for SDEs

In this section we generalize the methods that are given in [4] and we
propose the following form to obtain stochastic Runge-Kutta methods.

Xn+1 = Xn + (α1K0 + α2K1 + α3K2)∆ + S0Γ + S1Λ + S2Ω, (2.1)

with
K0 = a(tn, Xn),
S0 = b(tn, Xn),
K1 = a(tn + µ0∆, Xn + λ0K0∆+ S0L),
S1 = b(tn + µ̄0∆, Xn + λ̄0K0∆+ S0M),
K2 = a(tn + ρ0∆, Xn + φ0K0∆+ S0N),
S2 = b(tn + ρ̄0∆, Xn + φ̄0K0∆+ S0Q),

(2.2)

where Γ,Λ,Ω, L, M, N and Q are random variables of mean-square
order 1

2
. We seek values for the constants and conditions on these

random variables in order to the scheme has order two in the weak
sense. For this task we write weak second-order expansion of scheme
first and then we compare it with simplified order two Taylor scheme
[3]. With this comparison, we have following theorem:

Theorem 2.1. Suppose the coefficients a and b of the SDE (1.1) are
continuous, satisfy both Lipschitz and linear growth bound conditions
in x, and belong to φ2β+2

p . The Runge-Kutta scheme (2.1)-(2.2) has
order two in the weak sense if the following conditions hold:

α1 + α2 + α3 = 1,
α2µ0 + α3ρ0 =

1
2
,

α2λ0 + α3φ0 =
1
2
,

(2.3)

∆(α2L
2 + α3N

2)
(2)
≃ 1

2
∆2,

∆(α2L+ α3N)
(2)
≃ 1

2
∆∆Wn,

(2.4)

Γ + Λ + Ω
(2)
≃∆Wn,

(µ̄0Λ + ρ̄0Ω)∆
(2)
≃ 1

2
∆∆Wn,

(λ̄0Λ + φ̄0Ω)∆
(2)
≃ 1

2
∆∆Wn,

MΛ +QΩ
(2)
≃ 1

2
((∆Wn)

2 −∆),

M2Λ +Q2Ω
(2)
≃ 1

2
∆∆Wn,

(2.5)

(µ̄0MΛ + ρ̄0QΩ)∆
(2)
≃ 0,

(λ̄0MΛ + φ̄0QΩ)∆
(2)
≃ 0.

(2.6)
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Now, we can find two follwing schemes that satisfy above order con-
ditions:

Method SRK1

Xn+1 = Xn +
1

6
(K0 + 2K1 +K2)∆ +

1

4
(2S0 + S1 + S2)∆Wn

+
1

4
(S2 − S1)(

√
∆− (∆Wn)

2

√
∆

),

with
K0 = a(tn, Xn),
S0 = b(tn, Xn),

K1 = a(tn +
1
2
∆, Xn +

1
2
K0∆+ (3

5
∓

√
6

10
)∆Wns0),

S1 = b(tn +∆, Xn +K0∆+
√
∆S0),

K2 = a(tn +∆, Xn +K0∆+ 3
5
± 2

√
6

5
∆WnS0),

S2 = b(tn +∆, Xn +K0∆−
√
∆S0).

Method SRK2

Xn+1 = Xn +
1

4
(K0 +K1 + 2K2)∆ +

1

4
(2S0 + S1 + S2)∆Wn

+
1

4
(S2 − S1)(

√
∆− (∆Wn)

2

√
∆

),

with
K0 = a(tn, Xn),
S0 = b(tn, Xn),
K1 = a(tn +

1
2
∆, Xn +

1
2
K0∆),

S1 = b(tn +∆, Xn +K0∆+
√
∆S0),

K2 = a(tn +
3
4
∆, Xn +

3
4
K0∆+∆WnS0),

S2 = b(tn +∆, Xn +K0∆−
√
∆S0).

3. Numerical examples

We compare methods SRK1, SRK2 with method that proposed by
Platen [1]. We consider the nonlinear SDE

dXt = (
1

3
X

1/3
t + 6X

2/3
t )dt+X

2/3
t dWt, X0 = 1, (3.1)

with exact solution Xt = (2t+ 1 + Wt

3
)3.

We approximated the first moment of the solution at point t = 1 via
5000 independent trials. The exact value is E[X1] = 28. The results,
summarized in Table 1. We consider also speed of methods and sum-
marize time of evaluations as CPU-time in Table 2.
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Table 1. Errors and standard deviations in the approx-
imation of E[X1] in (3.1).

PLATEN SRK1 SRK2
∆ error st. d error st. d error st. d
2−1 5.874 6.11 5.197 6.26 5.291 6.24
2−2 2.182 7.99 1.845 8.09 1.888 8.08
2−3 0.772 8.71 0.649 8.75 0.664 8.75
2−4 0.229 9.23 0.191 9.24 0.196 9.24
2−5 0.029 9.17 0.019 9.17 0.020 9.17

Table 2. CPU-time of evaluations in Table 1.

∆ PLATEN SRK1 SRK2
2−1 0.078125 0.062500 0.062500
2−2 0.109375 0.140625 0.125000
2−3 0.171875 0.296875 0.281250
2−4 0.359375 0.453125 0.453125
2−5 0.718750 0.921875 0.921875

4. Conclusions

In this paper we obtained the conditions that proposed stochastic
Runge-Kutta method must satisfy to have order two in the weak sense.
Results shows that errors obtained by methods SRK1 and SRK2 are
less than those by Platen scheme for each step size. Also, CPU-time
in large step size for these schemes is less than those by Platen scheme
but not in smaller step size because of an extra stage.
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Abstract. Let B(X) be the algebra of all bounded linear
operators on infinite-dimensional complex Banach space X.
For T ∈ B(X) and λ ∈ C, let XT ({λ}) denotes the local spectral
subspace of T associated with {λ}. We investigate the form of all
maps φ1 and φ2 on B(X) such that, for every T and S in B(X),
the local spectral subspace of TS and φ1(T )φ2(S) are the same
associated with singleton set {λ}. Also, we obtain some interesting
results in direction when X = Cn.

1. Introduction

Throughout this paper, Let B(X) be the algebra of all bounded
linear operators on infinite-dimensional complex Banach space X and
its unit will be denoted by I. For any vector x0 ∈ X, let Bx0(X) be the
collection of all operators in B(X) vanishing at x0. The local resolvent
set, ρT (x), of an operator T ∈ B(X) at some point x ∈ X is the set of
all λ ∈ C for which there exists an open neighborhood U of λ in C and
a X-valued analytic function f : U −→ X such that (µI − T )f(µ) = x
for all µ ∈ U . The complement of local resolvent set is called the local
spectrum of T at x, denoted by σT (x), and is obviously a closed subset
(possibly empty) of σ(T ), the spectrum of T . For every subset F ⊆ C

1991 Mathematics Subject Classification. Primary 47A11; Secondary 47A15,
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the local spectral subspace XT (F ) is defined by
XT (F ) = {x ∈ X : σT (x) ⊆ F}.

Clearly, if F1 ⊆ F2 then XT (F1) ⊆ XT (F2). For more information
about these notions one can see the book [1].

The problem of describing linear or additive maps on B(X) pre-
serving the local spectra has been initiated by Bourhim and Ransford
in [5], and continued by several authors; see for instance [3] and the
references therein. Motivated by the result from the theory of linear
preservers proved by Jafarian and Sourour [7], Dolinar et al. [6], char-
acterised the form of maps preserving the lattice of sum of operators,
they showed that maps (not necessarily linear) φ : B(X) → B(X) sat-
isfy Lat(φ(A) + φ(B)) = Lat(A+B) for all A,B ∈ B(X), if and only
if there is a non zero scalar α and a map ϕ : B(X) → K such that
φ(A) = αA + ϕ(A)I for all A ∈ B(X). Recall that XT (Ω), the local
spectral subspace of T associated with a subset Ω of C, is an element of
Lat(T ), so one can replace the lattice preserving property by the local
spectral subspace preserving property.
In [2], Benbouziane et al. characterized the forms of all maps preserv-
ing the local spectral subspace of sum, difference, product and triple
product of operators associated with a singleton.
For a vector x ∈ X and a linear functional f in the dual space X∗ of
X, let x⊗ f stands for the operator of rank at most one defined by

(x⊗ f)y = f(y)x, ∀ y ∈ X.

We denote F1(X) the set of all rank-one operators on X and N1(X)
be the set of nilpotent operators in F1(X). Note that x ⊗ f ∈ N1(X)
if and only if f(x) = 0.

The following lemma gives an explicit identification of local spectral
subspace in the case of rank-one operator.

Lemma 1.1. [5] Let R ∈ F1(X) be a non-nilpotent operator, and let λ
be a nonzero eigenvalue of R. Then XR(0) = ker(R) and
XR({λ}) = Im(R).

The nonzero local spectrum of T ∈ B(X) at any x0 ∈ X is defined by

σ∗
T (x0) :=

{
{0} if σT (x0) = {0},

σT (T ) \ {0} if σT (x0) ̸= {0}.

Lemma 1.2. [4] For a nonzero vector x0 ∈ X and a nonzero operator
R ∈ B(X), the following statements are equivalent.
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(a) R has rank one.
(b) σ∗

RT (x0) contains at most one element for all T ∈ B(X).

In this paper, we investigate the form of all maps φ1 and φ2 on B(X)
such that, for every T and S in B(X), the local spectral subspace of
TS and φ1(T )φ2(S) are the same associated with the singleton set {λ}.

2. Main results

The following Lemma is a key of the proofs coming after.

Lemma 2.1. [2] Let x be a nonzero vector in X and T, S ∈ B(X). If
XT ({λ}) = XS({λ}) for all λ ∈ C. Then, σT (x) = {µ} if and only if
σS(x) = {µ} for all µ ∈ C.

This theorem will be useful in the proofs of the main results.

Theorem 2.2. [2] Let T, S ∈ B(X). The following statements are
equivalent.
(1) T = S
(2) XTR({λ}) = XSR({λ}) for all λ ∈ C and R ∈ F1(X).

Theorem 2.3. If two surjective linear maps φ1 and φ2 from B(X)
onto B(X) satisfy

Xφ1(T )φ2(S)({λ}) = XTS({λ}), ∀ T, S ∈ B(X), ∀ λ ∈ C
then φ2 maps Bx0(X) onto Bx0(X) and there exist two bijective linear
mappings A : X → X and B : X → X such that

φ1(T ) = ATB, (T ∈ B(X)),

and
φ2(T ) = B−1TA−1, (T /∈ Bx0(X)).

Proof. We break down the proof of Theorem into several steps.
Step 1. φ1 is bijective.
Step 2. φ1 preserves rank one operators in both directions.
step 3. φ2(Bx0(X)) = Bx0(X).
Step 4. There are bijective linear mappings P : X → X and Q : X⋆ →
X⋆ such that φ1(x⊗ f) = Px⊗Qf for all x ∈ X and f ∈ X⋆.
Step 5. For any x ∈ X and f ∈ X⋆, we have f(x) = (Qf)(φ2(I)Px)
Step 6. P is continuous and φ2(I) is invertible.
Step 7. φ2(T ) = B−1TA−1 for all T /∈ Bx0(X)), where A = α−1P for
some nonzero scalar α ∈ C and B = (φ2(I)A)

−1.
Step 8. φ1(T ) = ATB for every T ∈ B(X). �
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In the case X is a finite dimensional space, we have a good descrip-
tion of the concepts involved in local spectral theory; see for instance
[8]. Let Mn(C) denote the algebra of all n× n complex matrices, and
for any vector x0 ∈ Cn, let Mn,x0(C) be the collection of all matrices in
Mn(C) vanishing at x0.
Remark. [8]. Let T ∈ Mn(C) and λ1, λ2, ..., λr be the distinct eigen-
values of T and denote by E1, E2, ..., Er the corresponding root spaces.
We have Cn = E1 ⊕ E2 ⊕ ...⊕ Er and T = T1 ⊕ T2 ⊕ ...⊕ Tr where Ti
is the restriction of T to Ei. It follows that for every x ∈ Cn,

σT (x) =
∪

{σTi(Pix) : 1 ≤ i ≤ r} = {λi : 1 ≤ i ≤ r, Pi(x) ̸= 0}

where Pi : Cn → Ei is the canonical projection.

However, if X = Cn, then the surjectivity φ1 and φ2 in Theorem 2.3
is redundant, as is shown by our next result.
Theorem 2.4. Two maps φ1 and φ2 on Mn(C) satisfy

Xφ1(T )φ2(S)({λ}) = XTS({λ}) ∀ T, S ∈Mn(C), ∀ λ ∈ C
if and only if φ2 maps Mn,x0(C) into itself and there are two invertible
matrices A and B in Cn such that

φ1(T ) = ATB, (T ∈Mn(C)),
and

φ2(T ) = B−1TA−1, (T /∈Mn,x0(C)).
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Abstract. Let B(X) be the algebra of all bounded linear oper-
ators on Banach space X. For T ∈ B(X), let XT ({0}) denotes
the local spectral subspace of T associated with {0}. We describe
surjective linear maps φ on B(X) that satisfy

Xφ(T )({0}) = XT ({0}), ∀ T ∈ Q(X).

Furthermore, we characterize maps φ (not necessarily linear nor
surjective) on B(X) which satisfy Xφ(T )−φ(S)({0}) = XT−S({0})
for every T, S ∈ B(X) which T − S ∈ Q(X).

1. Introduction

Linear preserver problems, in the most general setting, demand the
characterization of linear maps between algebras that leave a certain
property, a particular relation, or even a subset invariant. This subject
is very old and goes back well over a century to the so-called first linear
preserver problem, due to Frobenius [6], that determines linear maps
preserving the determinant of matrices. Given a Banach space X over
the complex field C, we shall denote by B(X) the algebra of all linear
bounded operators on X and its unit will be denoted by I. The local
resolvent set, ρT (x), of an operator T ∈ B(X) at some point x ∈ X
is the set of all λ ∈ C for which there exists an open neighborhood
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U of λ in C and a X-valued analytic function f : U −→ X such that
(µI−T )f(µ) = x for all µ ∈ U . The complement of local resolvent set is
called the local spectrum of T at x, denoted by σT (x), and is obviously
a closed subset (possibly empty) of σ(T ), the spectrum of T . The local
spectral radius of T at x is given by rT (x) := lim supn−→∞ ∥T n(x)∥ 1

n ,
and coincides with the maximum modulus of σT (x) provided that T
has the single-valued extension property. We recall an operator T ∈
B(X) is said to have the single-valued extension property (henceforth
abbreviated to SVEP) provided that for every open subset U of C, the
equation

(µI − T )f(µ) = 0, ∀µ ∈ U,

has no nontrivial analytic solution f . The set of all operators in B(X)
which have the single-valued extension property will be denoted by
Q(X). It is easily verified that T ∈ B(X) has the single-valued ex-
tension property if no nonempty open subset of C is contained in the
point spectrum of T . In particular, T ∈ Q(X) if T has no eigenvalues
or if the spectrum of T is nowhere dense in C. The notion of SVEP
at a point dates back to Finch [5]. For every subset F ⊆ C the local
spectral subspace XT (Ω) is defined by

XT (Ω) = {x ∈ X : σT (x) ⊆ Ω}.

Clearly, if Ω1 ⊆ Ω2 then XT (Ω1) ⊆ XT (Ω2). For more information
about these notions one can see the books [1], [7].

Recently, there has been an upsurge of interest in linear and nonlinear
local spectra preserver problems, which demand the characterization of
maps on matrices or Banach space operators that leave the local spectra
invariant. Bourhim and Ransford were the first ones to consider this
type of preserver problem, characterizing in [4] additive maps on the
algebra of all linear bounded operators on a complex Banach space
X that preserve the local spectrum of operators at each vector of X.
Their results cleared the way for several authors to describe maps on
matrices or operators that preserve local spectrum and local spectral
radius; see, for instance, the last section of the survey article [3] and
the references therein.

For a vector x ∈ X and a linear functional f in the dual space X∗

of X, let x⊗ f stands for the operator of rank at most one defined by

(x⊗ f)y = f(y)x, ∀ y ∈ X.

We denote F1(X) the set of all rank-one operators on X and N1(X)
be the set of nilpotent operators in F1(X). Note that x ⊗ f ∈ N1(X)
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if and only if f(x) = 0.

The first lemma summarizes some known basic properties of the local
spectrum.

Lemma 1.1. [1], [7] Let X be a Banach space and T ∈ B(X). For
every x, y ∈ X and a scalar α ∈ C the following statements hold.
(a) If T has SVEP, then σT (x) ̸= ∅ provided that x ̸= 0.
(b) σT (αx) = σT (x) if α ̸= 0, and σαT (x) = ασT (x).
(c) If Tx = λx for some λ ∈ C, then σT (x) ⊆ {λ}. If, further, x ̸= 0
and T has SVEP, then σT (x) = {λ}.
(d) If S ∈ B(X) commutes with T , then σT (Sx) ⊆ σT (x).
(e) σTn(x) = {σT (x)}n for all x ∈ X and n ∈ N.

We require the following elementary properties of local spectral sub-
space.

Lemma 1.2. [1] Let T ∈ B(X) and F ⊆ C, then XT (F ) is a T-
hyperinvariant subspace of X, and

(T − λI)XT (F ) = XT (F ) ∀ λ ∈ C\F.

The following Lemma is a key of the proofs coming after.

Lemma 1.3. [2] Let x be a nonzero vector in X and T, S ∈ B(X). If
XT ({λ}) = XS({λ}) for all λ ∈ C. Then, σT (x) = {µ} if and only if
σS(x) = {µ} for all µ ∈ C.

In this paper, we describe surjective linear maps φ on B(X) that
satisfy

Xφ(T )({0}) = XT ({0}), ∀ T ∈ Q(X).

Furthermore, we characterize maps φ (not necessarily linear nor sur-
jective) on B(X) which satisfy Xφ(T )−φ(S)({0}) = XT−S({0}) for every
T, S ∈ B(X) which T − S ∈ Q(X).

2. Main results

The following lemma gives an explicit identification of local spectral
subspace in the case of rank-one operator.

Lemma 2.1. [4] Let R ∈ F1(X) be a non-nilpotent operator, and let λ
be a nonzero eigenvalue of R. Then
XR({0}) = ker(R) and XR({λ}) = Im(R).

The following Lemma is a key of the proofs next theorem.
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Lemma 2.2. Let φ : B(X) −→ B(X) be a surjective linear map. If
satisfies one of the following assertion:
(a) Xφ(T )({0}) ⊆ XT ({0}), ∀ T ∈ Q(X)
(b) XT ({0}) ⊆ Xφ(T )({0}), ∀ T ∈ Q(X)
then there exists a nonzero scalar λ ∈ C such that φ(I) = λI, where I
stands for the identity operator on X.
Theorem 2.3. Let φ : B(X) −→ B(X) be a surjective linear map.
Then the following assertions are equivalent.
(a) Xφ(T )({0}) ⊆ XT ({0}), ∀ T ∈ Q(X)
(b) XT ({0}) ⊆ Xφ(T )({0}), ∀ T ∈ Q(X)
(c) there exists a nonzero scalar λ ∈ C such that φ(T ) = λT , for all
T ∈ Q(X).

In the following lemma and theorem we give a concrete form of maps
that preserve the local subspace of the difference of two operators as-
sociated with {0}.
Lemma 2.4. Let φ : B(X) −→ B(X) be a map which satisfies
Xφ(T )−φ(S)({0}) = XT−S({0}) for every T, S ∈ B(X) which T − S ∈
Q(X). Then for every nonzero scalar λ ∈ C, there exists a nonzero
scalar µλ ∈ C such that φ(λI) = µλI + φ(0).
Theorem 2.5. Let φ : B(X) −→ B(X) be a map. Then the following
assertions are equivalent.
(a) Xφ(T )−φ(S)({0}) = XT−S({0}) for every T, S ∈ B(X) which T−S ∈
Q(X)
(b) there exists a nonzero scalar λ ∈ C such that φ(T ) = λT + φ(0),
for all T ∈ Q(X).
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Abstract. In this paper, we recall the notion of Karcher mean
in Hadamard spaces and prove every almost periodic sequence in
a Hadamard space is almost convergent.

1. INTRODUCTION

Lorentz in [?] characterized almost convergent scalar sequences in
terms of the concept of uniform convergence of the Vallee-Poussin
means, i.e., the uniform convergence of 1

n

∑n−1
i=0 xk+i respect to k, as

n → ∞, for the scalar sequence {xn}. In [?, ?] we see that every
almost periodic scalar sequence is almost convergent. Kurtz in [?] ex-
tended this result to the almost periodic vector sequence in Banach
spaces. In this paper, we prove almost convergence (respect to the
defined mean) of the almost periodic sequences in Hadamard spaces.

2. PRELIMINARIES

Let (X, d) be a metric space, a geodesic segment (or geodesic) be-
tween two points x0, x1 ∈ X, is the image of isometric mapping γ :
[0, d(x0, x1)] −→ X, with γ(0) = x0, γ(d(x0, x1)) = x1 and d

(
γ(t), γ(t′)

)
=

|t− t′| for all t, t′ ∈ [0, d(x0, x1)]. A metric space (X, d) is said to be a
geodesic metric space if every two points of X are joined by a geodesic

1991 Mathematics Subject Classification. Primary 40A05; Secondary 40J05.
Key words and phrases. Hadamard space, Karcher mean, almost periodic, almost

convergence.
342



HADI KHATIBZADEH AND HADI POULADI

and it is said to be uniquely geodesic if between any two points there is
exactly one geodesic that for two arbitrarily points x0, x1 denoted with
[x0, x1]. All points in [x0, x1] are denoted by xt = (1− t)x0⊕ tx1 for all
t ∈ [0, 1], where d(xt, x0) = td(x0, x1) and d(xt, x1) = (1− t)d(x0, x1).
A function f : X −→ R is said to be convex on the uniquely geodesic
metric space X if for all x, y ∈ X and all λ ∈ [0, 1],

f
(
(1− λ)x⊕ λy

)
6 (1− λ)f(x) + λf(y),

also f is said to be strongly convex with parameter γ > 0 if for all
x, y ∈ X and all λ ∈ [0, 1],

f
(
(1− λ)x⊕ λy

)
6 (1− λ)f(x) + λf(y)− λ(1− λ)γd2(x, y).

A uniquely geodesic metric space (X, d) is a CAT (0) space if and only
if the function d2(x, ·), for all x, is strongly convex with γ = 1, i.e., for
every three points x0, x1, y ∈ X and all 0 6 t 6 1,

d2(y, xt) 6 (1− t)d2(y, x0) + td2(y, x1)− t(1− t)d2(x0, x1),

where xt = (1− t)x0 ⊕ tx1 for every t ∈ [0, 1].
A CAT (0) space is uniquely geodesic. A complete CAT (0) space is
said to be Hadamard space. From now, we denote every Hadamard
space by H . Any lower semicontinuous (shortly, lsc), strongly convex
function in a Hadamard space has a unique minimizer.

Definition 2.1. Given a finite number of points x0, . . . , xn−1 in a
Hadamard space, we define the function

Fn(x) =
1

n

n−1∑
i=0

d2(xi, x), (2.1)

and for the points xk, · · · , xk+n−1, we define the function

Fk
n(x) =

1

n

n−1∑
i=0

d2(xk+i, x). (2.2)

From [?, Proposition 2.2.17] we know that these functions have unique
minimizers. For Fn(x) (resp. Fk

n(x)) the unique minimizer is denoted
by σn(x0, . . . , xn−1) or shortly, σn, (resp. σk

n(xk, . . . , xk+n−1) or shortly,
σk
n) and it is called the mean of x0, . . . , xn−1 (resp. xk, . . . , xk+n−1).

These mean is known as the Karcher mean of x0, . . . , xn−1
(resp. xk, . . . , xk+n−1) (see [?]).

The following lemma is a consequence of [?, Lemma 2.7] that we
need it to prove the main results.
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Lemma 2.2. Let {xn} be a sequence in Hadamard space H . Then for
σk
n defined as the above, for each y ∈H and k > 1, we have:

d2
(
σk
n, y
)
6

1

n

n−1∑
i=0

d2(xk+i, y)− 1

n

n−1∑
i=0

d2(xk+i, σ
k
n).

3. MAIN RESULTS

Definition 3.1 (Periodic and Almost Periodic Sequences). Let {xn}
be a sequence in metric space (X, d), we call this sequence is periodic
with the period p (or p−periodic) if there exists a positive integer p
such that xn+p = xn for all n. Also, we call it almost periodic if for
each ε > 0 there are natural numbers L = L(ε) and N = N(ε) such
that any interval (k, k+L) where k > 0 contains at least one integer p
satisfying

d(xn+p, xn) < ε, ∀n > N.

We need the following lemma for proving almost convergence of al-
most periodic sequences in Hadamard spaces.

Lemma 3.2. (see [?]) Let (H , d) be a Hadamard space and {fk
n}k,n

be a sequence of convex functions on H . If {xkn}k,n is a sequence
of minimum points of {fk

n}k,n and x is the unique minimizer of the
strongly convex function f , satisfying:

(I) the sequence {fk
n} is pointwise convergent to f as n tends to

infinity uniformly in k > 0,
(II) lim sup

n→∞
sup
k>0

(
f(xkn)− fk

n(xkn)
)
6 0,

then xkn converges to x uniformly in k > 0 as n→∞.

Theorem 3.3. Let {xn} be an almost periodic sequence in Hadamard
space H . Then the sequence {xn} is almost convergent.

Sketch of the Proof. Since {xn} is almost periodic, it is easy to
check that for each x, {d(xn, x)} is almost periodic, also clearly for
each x, {d2(xn, x)} is almost periodic. We know that the scalar se-
quence {d2(xn, x)} is almost convergent for all x ∈H [?]. Define:

Fk
n(x) :=

1

n

n−1∑
i=0

d2(xk+i, x), (3.1)

and

F(x) := lim
n→∞

1

n

n−1∑
i=0

d2(xk+i, x) uniformly in k > 0. (3.2)

344



HADI KHATIBZADEH AND HADI POULADI

Almost convergence of
{
d2(xn, x)

}
for any x ∈ H shows that (3.2) is

well defined. By the strong convexity of d2(·, x), the functions Fk
n and

F are strongly convex and therefore have unique minimizers σk
n and σ

respectively. We can show that assumption (II) of Lemma 3.2 holds,
then Fk

n and F satisfy all assumptions of Lemma 3.2 and hence, {xn}
is almost convergent to σ. �

Every N -periodic sequence is almost periodic and by the previous
theorem, it is almost convergent. We prove that it almost converges to
the mean of its N first points.

Theorem 3.4. Let {xn} be a N−periodic sequence in Hadamard space
H . Then the sequence {xn} is almost convergent to σN .

Sketch of the Proof. In Definition 2.1, we see that σn or the Karcher
mean of x0, · · · , xn−1 is the unique minimizer of the function (2.1) and
σk
n or the karcher mean of xk, · · · , xk+n−1 is the unique minimizer of

the function (2.2). By Lemma 2.2, we have:

d2
(
σk
n, σN

)
6

1

n

n−1∑
i=0

d2(xk+i, σN)− 1

n

n−1∑
i=0

d2(xk+i, σ
k
n).

Without loss of generality, for all n we can suppose that n = tN + r,
0 6 r < N . Now by N−periodicity of the sequence {xn} and the
definition of σN we obtain:

sup
k>0

d2
(
σk
n, σN

)
6
r

n
sup
k>0

sup
tN6i6tN+r−1

d2(xk+i, σN).

Now letting n→∞ completes the proof. �
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Abstract. In this paper, we introduce orthonoramal and Riesz
bases for g-fusion frames and show that the weights have basic
roles. Next, we prove an effective theorem between frames and
g-fusion frames by using an operator.

1. Introduction

The Riesz basis has been defined in [2] by the image of orthonormal
bases with a bounded bijective operator, but for fusion and generalized
frames, there are different strategies [1, 4]. In this paper, we trans-
fer some common properties of g-frames to g-fusion frames which have
been defined by authors. Throughout this paper, H and K are separa-
ble Hilbert spaces and B(H,K) is the collection of all bounded linear
operators of H into K. If K = H, then B(H,H) will be denoted by
B(H). Also, πV is the orthogonal projection from H onto a closed sub-
space V ⊂ H and {Hj}j∈J is a sequence of Hilbert spaces, where J is a
subset of Z. It is easy to check that if u ∈ B(H) and V ⊂ H is a closed
subspace, then ([3])

πV u
∗πuV = πV u

∗.

2010 Mathematics Subject Classification. Primary 42C15; Secondary 46C99,
41A58.

Key words and phrases. g-fusion frame, Dual g-fusion frame, gf-complete, gf-
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We define the space H2 := (
∑

j∈J ⊕Hj)ℓ2 by

H2 =
{
{fj}j∈J : fj ∈ Hj,

∑
j∈J

∥fj∥2 <∞
}
, (1.1)

with the inner product defined by

⟨{fj}, {gj}⟩ =
∑
j∈J

⟨fj, gj⟩.

It is clear that H2 is a Hilbert space with pointwise operations.

Definition 1.1. Let W = {Wj}j∈J be a collection of closed subspaces
of H, {vj}j∈J be a family of weights, i.e. vj > 0 and Λj ∈ B(H,Hj) for
each j ∈ J. We say Λ := (Wj,Λj, vj)j∈J is a generalized fusion frame
(or g-fusion frame) for H if there exists 0 < A ≤ B <∞ such that for
each f ∈ H

A∥f∥2 ≤
∑
j∈J

v2j∥ΛjπWj
f∥2 ≤ B∥f∥2. (1.2)

With the same method of Theorem 3.1.3 and 5.4.1 in [2], we can
prove the following results.

Theorem 1.2. Λ is a g-fusion Bessel sequence for H with bound B if
and only if the operator TΛ is well-defined and bounded operator with
∥Tλ∥ ≤

√
B.

Theorem 1.3. Λ is a g-fusion frame for H if and only if
TΛ : H2 −→ H,

TΛ({fj}j∈J) =
∑
j∈J

vjπWj
Λ∗
jfj

is a well-defined, bounded and surjective.

2. Main results

Definition 2.1. Let W = {Wj}j∈J be a collection of closed subspaces
of H and j ∈ J. We say that (Wj,Λj)j∈J is a g-f-orthonormal bases for
H with respect to {vj}j∈J, if
⟨viπWi

Λ∗
i gi, vjπWj

Λ∗
jgj⟩ = δi,j⟨gi, gj⟩ , i, j ∈ J , gi ∈ Hi , gj ∈ Hj

(2.1)∑
j∈J

v2j∥ΛjπWj
f∥2 = ∥f∥2 , f ∈ H. (2.2)

Definition 2.2. Λ = (Wj,Λj, vj)j∈J is called a g-f-Riesz basis for H if
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(1) Λ is g-f-complete,
(2) There exist 0 < A ≤ B < ∞ such that for each finite subset

I ⊆ J and gj ∈ Hj, j ∈ I,

A
∑
j∈I

∥gj∥2 ≤
∥∥∑
j∈I

vjπWj
Λ∗
jgj
∥∥2 ≤ B

∑
j∈I

∥gj∥2. (2.3)

It is easy to check that if Λ is a g-f-Riesz bases for H, then the
operator TΛ which is defined by

TΛ : H2 −→ H

TΛ({gj}j∈J) =
∑
j∈J

vjπWj
Λ∗
jgj,

is injective.
Theorem 2.3. [5] Let Λ = (Wj,Λj, vj)j∈J be a g-fusion frame for H
and suppose that (2.1) holds. Then Λ is a g-f-orthonormal basis for H.
Theorem 2.4. [5] Λ is a g-f-orthonormal bases for H if and only if

(I) vjπWj
Λ∗
j is isometric for any j ∈ J;

(II)
⊕

j∈J vjπWj
Λ∗
j(Hj) = H.

Corollary 2.5. Every g-f-orthonormal bases for H is a g-f-Riesz bases
for H with bounds A = B = 1.
Theorem 2.6. Let Θ = (Wj,Θj)j∈J be a g-f-orthonormal bases with
respect to {vj}j∈J and Λ = (Wj,Λj, vj)j∈J be a g-fusion frame for H
with same weights. Then, there exists a surjective operator V ∈ B(H)
such that ΛjπWj

= ΘjπWj
V ∗ for all j ∈ J.

Corollary 2.7. If Λ is a Parseval g-fusion frame for H, then V ∗ is
isometric.
Corollary 2.8. If Λ is a g-f-Riesz bases for H, then V is invertible.
Proof. Let V f = 0 and f ∈ H. Since TΛ is injective and

V f =
∑
j∈J

v2jπWj
Λ∗
jΘjπWj

f = TΛT
∗
Θf,

therefore, T ∗
Θf = 0. So, ∥f∥2 = ∥TΘf∥2 = 0, hence, f = 0. �

Corollary 2.9. If (Wj,Λj)j∈J is a g-f-orthonormal bases for H with
respect to {vj}j∈J, then V is unitary.
Proof. By Corollaries 2.5 and 2.8, the operator V is invertible. Let
f ∈ H, we obtain

∥f∥2 =
∑
j∈J

v2j∥ΛjπWj
f∥2 =

∑
j∈J

∥ΘjπWj
V ∗f∥2 = ∥V ∗f∥2.
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Thus, V V ∗ = idH and this means that V is unitary. �
Acknowledgements: We gratefully thank the referees for carefully
reading the paper and for the suggestions that greatly improved the
presentation of the paper.
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Abstract. In this paper, we consider the Toeplitz determinants
T2(1) = 1− a22 and T2(2) = a22 − a23 defined for the coefficients of a
functions f which belongs to the classes M(α) and N (α), for some
real α (α > 1).

1. Introduction

Let A the class of univalent functions of the form

f(z) = z +
∞∑
n=2

anz
n, (1.1)

which are analytic in the open unit disk U = {z ∈ C; |z| < 1}. Further,
by S we shall denote the class of all functions inA which are normalized
univalent in U.
SH. Owa and J. Nishivaki introduced the two subclass M(α) and N (α)
of analytic functions f(z) with f(0) = 0 and f ′

(0) = 1 in U.
Let M(α) be the subclass of A consisting of functions f(z) which
satisfy the inequality

Re{zf
′
(z)

f(z)
} < α (z ∈ U), (1.2)

1991 Mathematics Subject Classification. Primary 30C45.
Key words and phrases. Analytic functions, Univalent functions, Coefficient es-
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for some real α (α > 1).
And let N (α) be the subclass of A consisting of functions f(z) which
satisfy the inequality

Re{1 + zf
′′
(z)

f ′(z)
} < α (z ∈ U), (1.3)

for some real α (α > 1)[3].
Toeplitz determinants are closely related to Hankel determinants [2].
That, Toelitz matrices have constant entries along the diagonal. Toeplitz
matrices have some applications in pure and applied mathematics[5].
Thomas and Halim in [4] introduced the symmetric determinant Tq(n)
for analytic functions f of the form 1.1 defined by,

Tq(n) =

∣∣∣∣∣∣∣∣∣∣∣

an an+1 ... an+q−1

an+1 an ... an+q−2

. . . .

. . . .

. . . .
an+q−1 an+q−2 ... an

∣∣∣∣∣∣∣∣∣∣∣
q ∈ N \ 1, n ∈ N.

In the particular cases
q = 2, n = 1, a1 = 1 and q = 2, n = 2,
the Toeplitz determinant simplifies respectively to

T2(1) = 1− a22, and T2(2) = a22 − a23.

In this paper, we seek the bounds for the functional |1−a22| and |a22−a23|
for functions belonging to the two classes M(α) and N (α), for some
real α (α > 1).

2. Main results

To prove our main resuts, we need follow lemma and theorems.

Lemma 2.1 ([1]). If the function p ∈ P is given by the following series,
p(z) = 1 + p1z + p2z

2 + . . .

then
|pk| ≤ 2, (k = 1, 2, . . . )

where P be the class of functions with positive real part consisting of
analytic functions p : U → C satisfying p(0) = 1 and Re(p(z)) > 0[1].

Theorem 2.2 ([3]). If f(z) ∈ M(α), for some real α (α > 1), then

|an| ≤
∏n

j=2(j + 2α− 4)

(n− 1)!
, (n ≥ 2).
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Theorem 2.3 ([3]). If f(z) ∈ N (α), for some real α (α > 1), then

|an| ≤
∏n

j=2(j + 2α− 4)

n!
, (n ≥ 2).

Our results for the bounds of |T2(1)| and |T2(2)| of functions f be-
longing to the classes M(α) and N (α) are contained in:

Theorem 2.4. If f(z) ∈ M(α), then
|T2(1)| = |1− a22| ≤ 1 + 4(α− 1)2, (2.1)

and

|T2(2)| = |a22 − a23| ≤
1

4
(α− 1)2(16 + (4α− 2)2) (2.2)

Proof. With results of theorem2.2 and lemma2.1, we have,

p(z) =
α− zf

′
(z)

f(z)

α− 1

for f(z) ∈ M(α). Since,

αf(z)− zf
′
(z) = (α− 1)p(z)f(z),

which yields the following relations,
−a2 = (α− 1)p1, (2.3)

−2a3 = (α− 1)(p2 + a2p1). (2.4)
Therefore,

1− a22 = 1− (α− 1)2p21,

by using triangle inequality and lemma2.1, we got desired estimate on
|T2(1)| as asserted in 2.1.
From 2.3 and 2.4, we obtain,

a22 − a23 =
1

4
(α− 1)2(4p21 − (p2 + a2p1)

2), (2.5)

since,
|p2 + a2p1| ≤ 4α− 2,

from 2.5, by using triangle inequality and lemma2.1, we have,

|a22 − a23| ≤
1

4
(α− 1)2(16 + (4α− 2)2),

this completes the proof of theorem. �
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Theorem 2.5. If f(z) inN (α). then,
|T2(1)| ≤ 1 + (α− 1)2, (2.6)

and

|T2(2)| ≤
1

36
(α− 1)2(36 + (2α− 1)2). (2.7)

Proof. Similar to the proof of Theorem2.4, we obtain desired estimate
on |T2(1)| and |T2(2)| as asserted in 2.6 and 2.7. �
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Abstract. Let Q : Cn−1 → C be a homogenous polynomail
of degree 2. We consider the normalized extension of f to the
Euclidean unit ball Bn ⊆ Cn given by [ΦQ(f)](z) = (f(z1) +

f ′(z1)Q(ẑ),
√
f ′(z1)ẑ), where z = (z1, ẑ) ∈ Bn. In this paper, we

show that under certain conditions, ΦQ(f) preserve almost starlike
mappings of complex order λ.

1. Introduction

Let Cn be the vector space of n-complex variables z = (z1, . . . , zn)

with the Euclidean inner product ⟨z, w⟩ =
n∑
k=1

zkwk and Euclidean norm

∥z∥ = ⟨z, z⟩1/2. The open ball {z ∈ Cn : ∥z∥ < r} is denoted by Bn
r

and the unit ball Bn
1 by Bn. In the case of one complex variable, B1

is denoted by U . Let H(Bn,Cn) denote the topological vector space
of all holomorphic mappings F : Bn → Cn, and let Sn ⊆ H(Bn,Cn)
denotes the family of normalized univalent (one-to-one) mappings. The
normalization is F (0) = 0, DF (0) = In, where DF is the Fréchet
differential of F and In is the identity operator on Cn. Of course,
S1 = S is the classical family of schlicht mappings of U . Let Qn denote

1991 Mathematics Subject Classification. 32H02, 30C45.
Key words and phrases. Roper-Suffridge extension operator, Biholomorphic

mapping, Almost starlike mapping.
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the set of all homogenous polynomials Q : Cn → C of degree 2. That
is, Q(λz) = λ2Q(z) for all z ∈ Cn and λ ∈ C. It is well known that Qn

is a Banach space with the norm ∥Q∥ = supz∈Cn\{0}
|Q(z)|
∥z∥2 , Q ∈ Qn. A

map f ∈ Sn is said to be starlike if the image is a starlike domain with
respect to 0. We denote the classes of normalized starlike mappings
on Bn by S∗(Bn). The following notion of starlikeness of order α was
introduced in [1, 2].

Definition 1.1. Let f : Bn → Cn be a normalized locally biholomor-
phic mapping and let α ∈ [0, 1). The mapping f is said to be starlike

of order α if Re
(

∥z∥2

⟨[Df(z)]−1f(z), z⟩

)
> α, z ∈ Bn\{0}.

Remark 1.2. (i) In the case of one complex variable, the above relation
is equivalent to Re

(
zf ′(z)
f(z)

)
> α for z ∈ U . Let S∗

α(B
n) be the set

of starlike mappings of order α on Bn. In the case n = 1, S∗
α(B

1) is
denoted by S∗

α. Note that if f ∈ S∗
α(B

n), then
Re⟨[Df(z)]−1f(z), z⟩ > 0, z ∈ Bn\{0},

and thus f ∈ S∗(Bn) (see [3]).

The following notion of almost starlike mapping of complex order λ
was introduced by Bălăei and Nechita [4].

Definition 1.3. Let f be a normalized locally biholomorphic mapping
on Bn, and let λ ∈ C, with Reλ ≤ 0. The function f is said to be an
almost starlike mapping of complex order λ if

Re
(
(1− λ)⟨[Df(z)]−1f(z), z⟩

)
> −Reλ∥z∥2, z ∈ Bn\{0}.

In 1995, Roper and Suffridge [5] introduced an extension operator.
This operator is defined for normalized locally biholomorphic function
f on the unit disc U in C by

[Φn(f)](z) = (f(z1),
√
f ′(z1)ẑ), f ∈ S, z ∈ Bn,

where the branch of the power function is chosen so that
√
f ′(z1)|z1=0 =

1.
It is well known that Roper-Suffridge extension operator has the

following remarkable properties
(i) if f is a normalized convex function on U , then

Φn(f) is a normalized convex mapping on Bn;
(ii) if f is a normalized starlike function on U , then

Φn(f) is a normalized starlike mapping on Bn.
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The above results (i) was proved by Roper and Suffridge when they
introduced their operator [5]. However, theirs proof were very complex,
while the second result was given by Graham and Kohr [6]. Until now,
it is difficult to construct the concrete convex mappings and starlike
mappings on Bn. By making use of Roper-Suffridge extension operator,
we may easily give many concrete examples about these mappings.
This is one important reason why people are interested in this extension
operator. In 2005, Muir [8] modified the Roper- Suffridge extension
operator as follows:
Definition 1.4. Let Q ∈ Qn−1. For any f ∈ S, define the operator
ΦQ(f) : B

n → Cn by

[ΦQ(f)](z) =
(
f(z1) + f ′(z1)Q(ẑ),

√
f ′(z1)ẑ

)
, z = (z1, ẑ) ∈ Bn,

(1.1)

we choose the branch of the power function such that
√
f ′(z1)|z1=0 = 1.

Note that when Q = 0, the above operator is the well-kown Roper-
Suffridge extension operator. It takes a simple calculation to verify
that ΦQ(f) ∈ Sn for each f ∈ S, and therefore ΦQ : S → Sn for all
Q ∈ Qn−1. Muir [8] proved that this operator preserves starlikeness
and convexity if and only if ∥Q∥ ≤ 1/4 and ∥Q∥ ≤ 1/2, respectively.
For a function f ∈ S, we introduce the quantity

Λf (z) =
1− |z|2

2

f ′′(z)

f ′(z)
− z̄, z ∈ U. (1.2)

The disk automorphism transform is denoted by ψ. In other word,

ψ(w) =
z − w

1− z̄w
.

Consider the Koebe transform of f with respect to disk automorphism
ψ by the form

g(w) =
f(ψ(w))− f(ψ(0))

f ′(ψ(0))ψ′(0)
, w ∈ U.

Clearly, g ∈ S and a simple calculation shows that g′′(0) = −2Λf (z).
It then follows that g has a power series expansion of the form

g(w) = w − Λf (z)w
2 +O(|w|3), w ∈ U.

The well-known coefficient bound for the second coefficient of a function
in S gives |Λf (z)| ≤ 2, f ∈ S, and z ∈ U . In this paper, we show that
on the special conditions the operator ΦQ(f) preserves almost starlike
mappings of complex order λ.

In order to prove the main results, we need the following lemmas.
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Lemma 1.5. [9] Let f be a holomorphic function on the unit disc
U . Then Reh(z) ≥ 0, for every z ∈ U , if and only if there exists an
increasing function µ on [0, 2π], which satisfies µ(2π)−µ(0) = Reh(0),
such that h(z) =

∫ 2π

0
1+ze−iθ

1−ze−iθ dµ(θ) + iImh(0).

Lemma 1.6. [8] For all w ∈ U , Re
(
1− |w|2w2

(1− w)2

)
≥ 1− |w|4

(1 + |w|)2
. In

particular, Re
(
1− |w|2w2

(1− w)2

)
≥ 1− |w|2

2
.

Lemma 1.7. [7](Schwarz-Pick Lemma) Suppose that g ∈ H(U) satis-
fies g(U) ⊂ U , then |g′(ξ)| ≤ 1−|g(ξ)|2

1−|ξ|2 , for each ξ ∈ U .

2. Main Results

We start our main results by the following theorem.
Theorem 2.1. Let λ ∈ C with Reλ ≤ 0, and n ≥ 2 also Q ∈ Qn−1. If
f is an almost starlike function of complex order λ on the unit disc U
and ∥Q∥ ≤ 1

4|1−λ| , then ΦQ(f) is an almost starlike mapping of complex
order λ on Bn, where

[ΦQ(f)](z) =
(
f(z1) + f ′(z1)Q(ẑ),

√
f ′(z1)ẑ

)
, z = (z1, ẑ) ∈ Bn.
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Abstract. For an inverse semigroup S with the set of idempo-
tents E, we find necessary and sufficient conditions for the Fourier
algebra A(S) to be module biflat, or module biprojective (as ℓ1(E)-
module). As a result, when S is either a bicyclic inverse semigroup
or a Brandt inverse semigroup, A(S) is module biflat and module
biprojective.

1. Introduction

The concept of module amenability for a class of Banach algebras has
been developed by Amini in [1] and he showed that for every inverse
semigroup S with subsemigroup E of idempotents, the l1(E)-module
amenability of 1(S) is equivalent to the amenability of S. Amini and
the author defined the Fourier algebra A(S) of an inverse semigroup
S as the predual of semigroup von Neumann algebra L(S) in [3]. The
co-algebra structure of L(S) induces a canonical algebra structure on
A(S), making it a completely contractive Banach algebra. A(S) has an
extra structure of a Banach module on the semigroup algebra l1(E).
It is shown in [3] that if S is an amenable inverse semigroup S with
the set of idempotents E and a minimal idempotent, then the Fourier

1991 Mathematics Subject Classification. Primary 46L07; Secondary 46H25,
43A07.

Key words and phrases. module biflatness, module biprojectivity, inverse semi-
group, Fourier algebra.
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algebra A(S) is module operator amenable, as a completely contractive
Banach algebra and an operator module over l1(E).

There are some other concepts related to the notions of module
amenability such as module biprojectivity and module biflatness, in-
troduced in [4]. In other words, these concepts are module versions of
biprojectivity and biflatness for Banach algebras which are introduced
by Helemskii [7]. In this talk which is based on [5], we give necessary
and sufficient conditions for the Fourier algebra A(S) to be module
biflat, or module biprojective.
1.1. Module structure. Let A be a Banach algebra and A be a Ba-
nach algebra and a Banach A-module with compatible actions,

α · (ab) = (α · a)b (a, b ∈ A, α ∈ A),

and the same for the right action, then we say that A is an Banach
A-module.

We know that A⊗̂AA ∼= (A⊗̂A)/I where I is the closed ideal gener-
ated by elements of the form a · α ⊗ b− a⊗ α · b, for α ∈ A, a, b ∈ A.
We define ω : A⊗̂A −→ A by ω(a ⊗ b) = ab, and ω̃ : A⊗̂AA ∼=
(A⊗̂A)/I −→ A/J by

ω̃(a⊗ b+ I) = ab+ J (a, b ∈ A),

both extended by linearity and continuity where J = ⟨ω(I)⟩ is the
closed ideal of A generated by ω(I). Then ω̃, ω̃∗∗ are A-A-module
homomorphisms [1].

2. Main results

Here, we indicate two definitions from [4].
Definition 2.1. A Banach algebra A is called module biprojective (as
an A-module) if ω̃ has a bounded right inverse which is an A/J-A-
module homomorphism.
Definition 2.2. A Banach algebra A is called module biflat (as an
A-module) if ω̃∗ has a bounded left inverse which is an A/J-A-module
homomorphism.
Proposition 2.3. [5] Let A act trivially on A from the left and A/J be
a commutative A-module such that A be a left (right) Banach essential
A-module. If A is module biprojective, then A/J is biprojective.
Theorem 2.4. [5] Let A be a Banach algebra with A2 = A and A acts
trivially on A from the left. If A/J is biprojective (biflat), then it is
module biprojective (biflat). The converse is true if A is a left (right)
Banach essential A-module.
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For an inverse semigroup S, the equivalence relation defined by: s ∼ t
if and only if there is e ∈ E with es = et, gives the maximal group
homomorphic image GS := {[s] : s ∈ S} [6]. If T ⊆ S is an inverse
subsemigroup of S, then GT,S = {[t] : t ∈ T} is a subgroup of GS. We
say that two elements x, y ∈ S are T -equivalent, and write x ∼T y if
there is an element t ∈ T with xy∗ ∼ t. ∼T is an equivalence relation
[5]. We denote the set of all such classes by S/T , and define the E-
index of T in S by [S : T ]E :=

∣∣S/T ∣∣, where the right hand side is the
cardinality of S/T .

Lemma 2.5. [5] [S : T ]E = [GS : GT,S].

We say that T is E-abelian if st ∼ ts, for each s, t ∈ T . In this case,
the subgroup GT,S ≤ GS is abelian. We say that S is almost E-abelian,
if it has a subsemigroup T of finite E-index which is E-abelian.

Proposition 2.6. [5] S is almost E-abelian if and only if GS is almost
abelian.

It is shown in [10] that for a locally compact group G, A(G) is
biprojective if and only if G is discrete and almost abelian. Also, it
is proved in [10] that the module biflatness of A(G) implies that G is
almost abelian. In the following theorem, which is our main result,
we find the necessary and sufficient conditions for A(S) to be module
biprojective and module biflat.

Theorem 2.7. [5] Let S be an inverse semigroup with the set of idem-
potents E.

(i) A(S) is module biprojective if and only if S is almost E-abelian.
(ii) When S is amenable, then A(S) is module biflat if and only if

S is almost E-abelian.

Example 2.8. [5] Let S be the bicyclic inverse semigroup generated
by p and q, that is

S = {paqb : a, b ≥ 0}, (paqb)∗ = pbqa.

The multiplication operation is defined by
(paqb)(pcqd) = pa−b+max{b,c}qd−c+max{b,c}.

The set of idempotents of S is ES = {paqa : a = 0, 1, ...} which is also
totally ordered with the following order

paqa ≤ pbqb ⇐⇒ a ≤ b.

Since ts and st are idempotents, ts ∼ st ∼ e and hence S is ES-abelian.
On the other hand [S : S]E = 1. Thus, S is almost ES-abelian. Also,
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GS is isomorphic to the group of integers Z [2]. Since S is amenable
[6], A(S) is module biprojective and module biflat by Theorem 2.7.
Example 2.9. [5] Let G be a group with identity e, and let I be a
non-empty set (finite or infinite). Then, the Brandt inverse semigroup
corresponding to G and I, denoted by S = M(G, I), is the collection
of all I × I matrices (g)ij with g ∈ G in the (i, j)th place and 0 (zero)
elsewhere and the I × I zero matrix 0. Multiplication in S is given by
the formula

(g)ij(h)kl =

{
(gh)il if j = k
0 if j ̸= k

(g, h ∈ G, i, j, k, l ∈ I),

and (g)∗ij = (g−1)ji and 0∗ = 0. The set of all idempotents is ES =
{(e)ii : i ∈ I}

⋃
{0}. It is shown in [9, Example 3.2] that (g)ij ∼ 0

for all g ∈ G and i, j ∈ J and hence GS is the trivial group. This
means that S is almost ES-abelian. Besides, [S : S]E = 1. Due to the
amenability of S [6], A(S) is module biprojective and module biflat by
Theorem 2.7.
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Abstract. The aim of this note is to prove the solvability of a
biharmonic problem of a partial differential inclusion with Dirichlet
boundary conditions on the Heisenberg group applying variational
technique.

1. Introduction

We consider the following inclusion problem: −∆2
Hnu ∈ F(ξ, u) in Ω,

∂u
∂n

= 0 on ∂Ω,
u = 0 on ∂Ω.

(1.1)

Here Ω ⊂ Hn is the unit Korányi ball and F : Ω× R → P(R) is a real
multifunction (set value mapping) with the following assertions:

(†) F is upper Carathéodory multifunction;
(††) For every τ ∈ R, there exist w1 ∈ Lp(Ω), w2 ∈ L

p
1−σ (Ω) such

that
|f | ≤ w1(ξ) + w2(ξ)|τ |σ, (1.2)

for a.e. ξ ∈ Ω and f ∈ F(ξ, τ), where 2 ≤ p < Q∗, 0 ≤ σ < 1,
P(R) := {E ⊂ R : E is nonempty, compact, and convex subset of R}.

1991 Mathematics Subject Classification. 40D25; 35J91; 35R03; 49J52; 54C60.
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The notations that we use are standard but we bring some of them
which are essetial tools in the next section.

Through this note Ω is the unit Korányi ball centered at the ori-
gin and by ∇Hn and ∆2

Hn we denote the Heisenberg gradient and the
Heisenberg biharmonic operator on Hn, respectively. We consider the
Heisenberg Sobolev space H1(Ω) := HW 1,2(Ω) and H1

0 (Ω) is the clo-
sure of C∞

0 (Ω) with respect to the norm ∥u∥∗ = (
∫
Ω
|∇Hnu|2dξ) 1

2 . Also
we set H2(Ω) := HW 2,2(Ω) and we denote by H2

0 (Ω) the closure of
C∞

0 (Ω) with respect to the norm ∥u∥ = (
∫
Ω
|∆Hnu|2dξ) 1

2 . Actually,
H−2(Ω) is the dual space to H2

0 (Ω). The first theorem consists of com-
pact embeddings established in [2]:

Theorem 1.1. The following embeddings are compact:
(i) If Q = 4, then H2(Ω) ∩H1

0 (Ω) ↪→ Lp(Ω), 1 ≤ p < +∞.
(ii) If Q > 4, then H2(Ω) ∩ H1

0 (Ω) ↪→ Lp(Ω), 1 ≤ p < Q∗. where
Q∗ = 2Q

Q−2
is the critical Sobolev exponent of Q = 2n+ 2.

See more details about Heisenberg groups in [5, 6, 7, 8].

Definition 1.2. (Upper Carathéodory) F : Ω × R → 2R is called an
upper Carathéodory multifunction if F (., τ) : Ω → 2R is measurable for
each τ ∈ R and F (ξ, .) : R → 2R is upper semi-continuous for (almost)
each ξ ∈ Ω.

By S = S(Ω) we denote the set of all (classes of) Lebesgue-measurable
real functions on Ω and by NF (u)(ξ) the Nemytskii operator. Next
lemma is a fact in Section 8 of [4].

Lemma 1.3. If F : Ω× R → 2R is an upper Carathéodory multifunc-
tion, then S ∩NF (u) ̸= ∅.

For the last theorem of this section we need some assumptions:
Let ψ : Ω×X → R be a function, such that

(i) for every x ∈ X , the function Ω ∋ ω → ψ(ω, x) is measurable.
(ii) for any bounded subset B ⊂ X, there exists kB ∈ L1(Ω), such

that for almost all ω ∈ Ω and all x, y ∈ B we have
|ψ(ω, x)− ψ(ω, y)| ≤ kB(ω)∥x− y∥X .

Consider the integral functional Ψ : X → R defined by Ψ(x) :=∫
Ω
ψ(ω, x)dµ. The next is Theorem 1.3.9 of [3].

Theorem 1.4. If Ψ satisfies in above hypotheses and Ψ is finite at
some point x ∈ X, then Ψ is finite, it is Lipschitz on every bounded
subset of X and ∂Ψ(y) ⊆

∫
Ω
∂ψ(ω, y)dµ, for all y ∈ X.
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2. Proof of the main result

Let us start this section by defining what we mean by a solution
to the problem (1.1). Assume that N p

F : H2
0 (Ω) → H−2(Ω) is the

multivalued Nemytskii operator corresponding to F defined by
N p

F(u) := {v ∈ Lp(Ω) : v ∈ F(ξ, u) a.e. on Ω}, for p ≥ 2.

Definition 2.1. (Weak Solution) We say that u ∈ H2
0 (Ω) is a (weak)

solution of problem (1.1), if there exists v ∈ N p
F(u) such that∫

Ω

∆Hnu∆Hnwdξ = ⟨v, w⟩,

for all w ∈ H2
0 (Ω), where ⟨., .⟩ denotes the duality pairing between

H−2
0 (Ω) and H2

0 (Ω).

Notice that Definition 2.1 is quite natural, although it does not lead
to a regularity theory, as in general the function v ∈ Lp(Ω) remain
undetermined.
step1: We show that for u ∈ H2

0 (Ω), we have N p
F(u) ̸= ∅.

Applying Lemma 1.3, there exists a measurable selection v : Ω → R of
F such that v(ξ) ∈ F(ξ, u). By hypothesis (††), v ∈ Lp(Ω);
But Lp(Ω) ⊂ H−2

0 (Ω), and with similar method as applied in [1, The-
orem 2.12], for each f ∈ H−2

0 (Ω) the problem −∆2
Hnu = f(ξ) in Ω,

∂u
∂n

= 0 on ∂Ω
u = 0 on ∂Ω.

(2.1)

has only one solution u ∈ H2
0 (Ω). Therefore, there exists one to one

correspodence between u ∈ H2
0 (Ω) and v ∈ N p

F(u) defined as above.
step2: We define appropriate energy fuctional to the problem.
For u ∈ H2

0 (Ω), we introduce the function φ : Ω×R → R by φ(ξ, u(ξ)) :=
v(ξ), where v ∈ N p

F(u) is the measurable selection associated with u as
mentioned above. Also we can define locally Lipschitz continuous po-
tential φ : Ω× R → R by setting Φ(ξ, τ) =

∫ τ
0
φ(ξ, η)dη, for all τ ∈ R.

We can now define an energy functional for the problem by

I(u) =
1

2
∥u∥2 −

∫
Ω

Φ(ξ, u(ξ))dξ. (2.2)

for all u ∈ X := H2
0 (Ω) ∩H1

0 (Ω).
step3: To show that I has a critical point (K(I) ̸= ∅) and its critical
points are weak solutions of the problem, we check the conditions of
the non-smooth version of mountain pass theorem (MPT) ([3, Theorem
2.1.3]) in the following two lemmas:
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Lemma 2.2. The functional I defined in (2.2) is locally Lipschitz
continuous in X, and if u ∈ K(I), then u is a solution of problem
(1.1). Moreover, we have

∂I(u) ⊆ ∆2
Hnu−

∫
Ω

∂Φ(ξ, u(ξ))dξ.

Also, I satisfies a (PS)-type pre-compactness property:
Lemma 2.3. Let (un) be a bounded sequence inH2

0 (Ω) such that (I(un))
is bounded and mI(un) → 0. Then, (un) has a convergent subsequence.
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Abstract. Strong pseudo-amenability is introduced and the proper-
ties of this generalized notion of pseudo-amenability is discussed. As
an application, we investigate strong pseeudo-amenability of some semi-
group algebras. For instance, we show that for a Brandt semigroup
S = M0(G, I), ℓ1(S) is strong pseudo-amenable if and only if G is
amenable and I is finite. Also strong pseudo-amenability of some Munn
algebras is studied here.

1. Introduction

Johnson introduced the class of amenable Banach algebras. A Banach
algebra A is called amenable, if there exists a bounded net (mα) in A⊗p A
such that a ·mα−mα ·a→ 0 and πA(mα)a→ a for every a ∈ A. For further
information about the history of amenability see [7].

By removing the boundedness condition in the definition of amenability,
Ghahramani and Zhang in [5] introduced and studied two generalized no-
tions of amenability, named pseudo-amenability and pseudo-contractibility.
A Banach algebra A is called pseudo-amenable (pseudo-contractible) if there
exists a not necessarily bounded net (mα) in A⊗pA such that a·mα−mα·a→

2010 Mathematics Subject Classification. Primary 46H05,46M10, Secondary
20M18,43A20.

Key words and phrases. Semigroup algebras, Matrix algebras, Strong pseudo-
amenability, Brandt semigroup.

366



A. SAHAMI AND SH. KALANTARI

0 (a ·mα = mα · a) and πA(mα)a → a for every a ∈ A, respectively. Mo-
tivated by these considerations, we introduce a notion of amenability (say
strong pseudo-amenability) that on ℓ1(S) implies that G is amenable and
I is finite, where S = M0(G, I) is the Brandt semigroup over an index set
I. In fact we show that the strong pseudo-amenability stands between two
notions pseudo-contractibility and pseudo-amenability on some semigroup
algebras.

Here is the definition of our new notion:

Definition 1.1. A Banach algebra A is called strong pseudo-amenable, if
there exists a (not necessarily bounded) net (mα)α in (A⊗p A)

∗∗ such that
a ·mα −mα · a→ 0, aπ∗∗A (mα) = π∗∗A (mα)a→ a (a ∈ A).

Note that every commutative pseudo-amenable Banach algebra is strong
pseudo-amenable. Then the class of strong pseudo-amenable Banach alge-
bra is wide enough.

We present some standard notations and definitions that we shall need in
this paper. Let A be a Banach algebra. If X is a Banach A-bimodule, then
X∗ is also a Banach A-bimodule via the following actions

(a · f)(x) = f(x · a), (f · a)(x) = f(a · x) (a ∈ A, x ∈ X, f ∈ X∗).

Let A and B be Banach algebras. The projective tensor product A ⊗p B
with the following multiplication is a Banach algebra

(a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2 (a1, a2 ∈ A, b1b2 ∈ B).

Also A⊗p A with the following action becomes a Banach A−bimodule:
a1 · a2 ⊗ a3 = a1a2 ⊗ a3, a2 ⊗ a3 · a1 = a2 ⊗ a3a1, (a1, a2, a3 ∈ A).

The product morphism πA : A⊗p A → A is specified by πA(a⊗ b) = ab for
every a, b ∈ A.

2. Some properties of strong-pseudo amenability

This section is devoted to the general properties of strong-pseudo amenabil-
ity and its applications.

Proposition 2.1. Let A be a strong pseudo-amenable Banach algebra. Then
A is pseudo-amenable.

Let A be a Banach algebra and ϕ ∈ ∆(A). A Banach algebra A is called
approximately left ϕ−amenable, if there exists a (not necessarily bounded)
net (mα) in A such that

amα − ϕ(a)mα → 0, ϕ(mα) → 1, (a ∈ A).

For further information see [1].
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Corollary 2.2. Let A be a Banach algebra and ϕ ∈ ∆(A). If A is pseudo-
amenable, then A is approximately left ϕ-amenable.

A Banach algebra A is called biflat if there exists a bounded A-bimodule
morphism ρ : A→ (A⊗p A)

∗∗ such that π∗∗A ◦ ρ(a) = a for each a ∈ A [7].

Lemma 2.3. Let A be a biflat Banach algebra with a central approximate
identity. Then A is strong pseudo-amenable.

Lemma 2.4. Let A and B be Banach algebras. Suppose that B has a non-
zero idempotent. If A ⊗p B is strong pseudo-amenable, then A is strong
pseudo-amenable.

Let A be a Banach algebra and I be a totally ordered set. The set of
I × I upper triangular matrices, with entries from A and the usual matrix
operations and also finite ℓ1-norm, is a Banach algebra and it denotes with
UP (I, A).

Theorem 2.5. Let I be a totally ordered set with smallest element and let
A be a Banach algebra with ϕ ∈ ∆(A). Then UP (I, A) is pseudo-amenable
if and only if A is pseudo-amenable and |I| = 1.

Suppose that A is a Banach algebra and I is a non-empty set. We denote
MI(A) for the Banach algebra of I × I-matrices over A, with the finite ℓ1-
norm and the matrix multiplication. This class of Banach algebras belongs
to ℓ1-Munn algebras, see [2]. We also denote εi,j for a matrix belongs to
MI(C) which (i, j)-entry is 1 and 0 elsewhere. The map θ : MI(A) →
A ⊗pMI(C) is defined by θ((ai,j)) =

∑
i,j ai,j ⊗ εi,j is an isometric algebra

isomorphism.

Theorem 2.6. Let I be a non-empty set. Then MI(C) is strong pseudo-
amenable if and only if I is finite.

Remark 2.7. We give a pseudo-amenable Banach algebra which is not strong
pseudo-amenable.

Let I be an infinite set. Using [6, Proposition 2.7], MI(C) is biflat. By
[4, Proposition 3.6], MI(C) has an approximate identity. Then [4, Proposi-
tion 3.5] implies that MI(C) is pseudo-amenable. But by previous theorem
MI(C) is not strong pseudo-amenable.

For a locally compact group G and a non-empty set I, set

M0(G, I) = {(g)i,j : g ∈ G, i, j ∈ I} ∪ {0},

where (g)i,j denotes the I × I matrix with g in (i, j)-position and zero else-
where. With the following multiplication M0(G, I) becomes a semigroup

�(g)i,j ∗ (h)k,l =
{
(gh)il j = k

0 j ̸= k,
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� It is well known thatM0(G, I) is an inverse semigroup with (g)∗i,j = (g−1)j,i.
This semigroup is called Brandt semigroup over G with index set I, which
by the arguments as in [4, Corollary 3.8], M0(G, I) becomes a uniformly
locally finite inverse semigroup.

Corollary 2.8. Let S =M0(G, I) be a Brandt semigroup. Then the follow-
ing are equivalent:

(i) ℓ1(S) is strong pseudo-amenable;
(ii) G is amenable and I is finite.

Remark 2.9. There exists a pseudo-amenable semigroup algebra which is
not strong pseudo-amenable.

To see this, let G be an amenable locally compact group. Suppose that I
is an infinite set. By [4, Corollary 3.8] ℓ1(S) is pseudo-amenable but using
Corollary 2.8 implies that ℓ1(S) is not strong pseudo-amenable, whenever
S =M0(G, I) is a Brandt semigroup.

Also there exists a strong pseudo-amenable semigroup algebra which is
not pseudo-contractible.

To see this, let G be an infinite amenable group. Suppose that I is a finite
set. By Corollary 2.8 ℓ1(S) is strong pseudo-amenable but [3, Corollary 2.5]
implies that ℓ1(S) is not pseudo-contractible, whenever S =M0(G, I) is the
Brandt semigroup.
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Abstract. In this paper we investigate conditions under which
Dales-Davie algebras are BSE-algebras. We also study BSE-
properties of infinitely differentiable Lipschitz algebras.

1. Introduction

Let X be a perfect compact plane set. A complex-valued function
f : X → C is called differentiable on X if at each point z0 ∈ X the
following limit exists

f ′(z0) = lim
z→z0
z∈X

f(z)− f(z0)

z − z0
.

For each n ∈ N, we denote the set of all n-times continuously differen-
tiable complex functions on X by Dn(X), and the set of all infinitely
complex-differentiable functions on X by D∞(X).
Definition 1.1. Suppose that M = {Mn}∞n=0 is a sequence of positive
numbers such that M0 = 1.

(i) The sequenceM is called an algebra sequence if for all m,n ∈ N
(m+ n)!

Mm+n

≤ n!

Mn

m!

Mm

.
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(ii) The algebra sequence M is called non-analytic if

d(M) = lim
n→∞

(
n!

Mn

) 1
n

= 0.

Definition 1.2. Let X be a perfect compact plane set and M be an
algebra sequence. The Dales-Davie algebra associated with X and M
is defined by

D(X,M) =

{
f ∈ D∞(X) : ‖f‖D(X,M) =

∞∑
k=0

‖f (k)‖X
Mk

<∞

}
,

where ‖ · ‖X denotes the uniform sup-norm on X [1, 2].

Let A be a commutative Banach algebra with maximal ideal space
ΦA and C0(ΦA) denote the space of all continuous functions on ΦA
vanishing at infinity. The algebra A is embedded in C0(ΦA) by con-
sidering the Gelfand transform a 7→ â, where â(φ) = φ(a) for each
φ ∈ ΦA. A commutative Banach algebra A is called without order
if a ∈ A and aA = {0} implies that a = 0. Given a without order
commutative Banach algebra A, a bounded linear operator T : A → A
is called a multiplier if a(Tb) = T (ab) for all a, b ∈ A. The set of all
multipliers on A is denoted by M(A) which is a commutative unital
Banach subalgebra of B(A), the space of all bounded linear operators
on A [5]. Larsen in [5] proved that for every T ∈ M(A) there exists
a unique bounded continuous function T̂ on ΦA such that (̂Tx) = T̂ x̂
for all x ∈ A.

A bounded continuous function σ on ΦA is called a BSE-function if
the following condition satisfies: there exists a constant β > 0 such that
for any finite numbers of φ1, φ2, . . . , φn in ΦA and complex numbers
c1, c2, . . . , cn, the inequality∣∣∣∣∣

n∑
i=1

ciσ(φi)

∣∣∣∣∣ ≤ β

∥∥∥∥∥
n∑
i=1

ciφi

∥∥∥∥∥
A∗

holds. The BSE-norm of σ is defined to be the infimum of all such
β in the above inequality and CBSE(ΦA) denotes the set of all BSE-
functions. The next definition is given by Takahasi and Hatori in [6].

Definition 1.3. A without order commutative Banach algebra A is
called a BSE-algebra if M̂(A) = CBSE(ΦA).

Bochner and Schoenberg in 1934 studied these algebras on the real
line and then Eberlein in 1955 gave the extension for locally compact
abelian groups G. Takahasi, Hatori, Kaniuth, Ulger and some other
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mathematicians studied this topic for the commutative Banach alge-
bras, Banach function algebras and some other well-known algebras
[4, 6]. In this paper we study BSE-properties of Dales-Davie algebras
and Lipschitz version of Dales-Davie algebras.

2. Main results

Dales-Davie algebras are often incomplete even for fairly nice plane
sets X. It is known that completeness of D1(X) is a sufficient condition
for the completeness of Dn(X) (n ∈ N) and D(X,M). We next intro-
duce the type of compact plane sets X for which D1(X) is complete
and we shall consider in this paper.

Definition 2.1. Let X be a compact plane set which is connected by
rectifiable arcs and let δ(z, w) be the geodesic metric onX, the infimum
of the lengths of arcs joining z and w.

(i) X is pointwise regular if for each z ∈ X there exists a constant
cz > 0 such that for every w ∈ X, δ(z, w) ≤ cz|z − w|.

(ii) X is uniformly regular if there exists a constant c > 0 such that
for every z, w ∈ X, δ(z, w) ≤ c|z − w|.

Dales and Davie in [1] proved that if X is a finite union of uniformly
regular sets, then D1(X) is complete. The proof given in [1] is also
valid when X is a finite union of pointwise regular sets [3].

Before stating our first result, we recall the following definition.

Definition 2.2. Let m,n ∈ N with n ≥ m and S(m,n) denote the
set of all n-tuples of non-negative integers (a1, a2, · · · , an) for which
a1 + a2 + · · · + an = m and a1 + 2a2 + · · · + nan = n. For an algebra
sequence M , the sequence {Am}∞m=1 is defined as follows:

Am = sup

{
1

Pn

n∏
k=1

(Pk)
ak : n ≥ m, (a1, a2, · · · , an) ∈ S(m,n)

}
,

where Pn = Mn

n!
for each non-negative integer n.

Lemma 2.3. Let X be a uniformly regular compact plane set and M
be a non-analytic algebra sequence. Then, the closed unit ball of the
Banach function algebra D(X,M) is pointwise closed in C(X).

Theorem 2.4. Let X be a uniformly regular compact plane set and
M be a non-analytic algebra sequence such that limm→∞(Am)

1
m = 0.

Then, the natural Banach function algebra D(X,M) is a BSE-algebra.
372



AMIR H. SANATPOUR AND ZAHRA S. HOSSEINI

Let X be a compact plane set and 0 < α ≤ 1. The Lipschitz algebra
of order α, denoted by Lip(X,α), is the algebra of all complex-valued
functions f on X for which

pα(f) = sup

{
|f(x)− f(y)|

|x− y|α
: x, y ∈ X and x 6= y

}
<∞.

Similar to the definition of Dn(X), for a perfect compact plane set X,
0 < α ≤ 1 and n ∈ N, the algebra of all complex-valued functions f on
X whose derivatives up to order n exist and f (k) ∈ Lip(X,α) for each
k (0 ≤ k ≤ n), is denoted by Lipn(X,α) [3].
Definition 2.5. For an algebra sequence M and 0 < α ≤ 1, the
Lipschitz version of Dales-Davie algebra Lip(X,M,α) [3] is defined to
consists of those f ∈

⋂∞
n=1 Lip

n(X,α) for which

‖f‖Lip(X,M,α) =
∞∑
k=0

‖f (k)‖X + pα(f
(k))

Mk

<∞.

By applying a similar method as in the case of Dales-Davie algebras
D(X,M), we get the following results for the BSE-properties of the
algebras Lip(X,M,α).
Lemma 2.6. Let X be a uniformly regular compact plane set and M
be a non-analytic algebra sequence. Then, the closed unit ball of the
Banach function algebra Lip(X,M,α) is pointwise closed in C(X).
Theorem 2.7. Let X be a uniformly regular compact plane set and M
be a non-analytic algebra sequence such that limm→∞(Am)

1
m = 0. Then,

the natural Banach function algebra Lip(X,M,α) is a BSE-algebra.
It is worth mentioning that Theorem 2.4 and Theorem 2.7 are gen-

eralizations of [4, Theorem 2.5] and [4, Theorem 2.12], respectively.
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Abstract. This paper is concerned with the existence of positive
solutions for a class of kirchhoff type systems.Our aim is to estab-
lish the existence of positive solution for certain range of λ using
the method of sub-supersolutions.

1. Introduction

In this paper, we are interested in the existence of positive solutions
for a class of Kirchhoff type problems of the form{

−M
(∫

Ω
|∇u|p dx

)
∆pu = λa(x)f(u)− 1

uα
in Ω,

u = 0 on ∂Ω, (1.1)

W here Ω is a bounded domain of RN with smooth boundary ∂Ω, 0 <
α < 1, 1 < p < N , M : R+ → R+ is a continuous and increas-
ing function , λ is positive parameter, f : [0,∞] −→ R is contin-
uous,nondecreasing function which are asymptotically p-linear at ∞,
the functions M,a, f satisfy the following conditions:
(H1) M : R+

0 → R+ is a continuous and increasing function and
m0 ≤M(t) ≤ m∞ for all t ∈ R+

0 , where R+
0 := [0,+∞);
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(H2) There exist σ1 > 0, k > 0 and s0 > 1 such that f(s) ≥ σ1s
p−1−k

for every s ∈ [0, s0].
(H3) lims→+∞

f(s)
sp−1 = σ for some σ > 0.

(H4) a : Ω → (0,∞) is a continuous function such that a0 = minx∈Ω a(x),
a1 = maxx∈Ω a(x).

Since the first equation in (1.1) contains an integral over Ω, it is no
longer a pointwise identity; therefore it is often called nonlocal problem.
This problem models several physical and biological systems, where u
describes a process which depends on the average of itself, such as the
population density, see [5].

In recent years, problems involving Kirchhoff type operators have
been studied in many papers, we refer to [2, 3, 6, 8, 9], in which the
authors have used variational method and topological method to get
the existence of solutions for (1.1). In this paper, motivated by the
ideas introduced in [4] and the properties of Kirchhoff type operators
in [1, 7], we study problem (1.1) in the infinite semipositone case. Using
the sub- and supersolutions techniques, we establish the existence of a
positive solution directly for certain range of λ. To our best knowledge,
this is a new research topic for nonlocal problems, see [1, 7].

In order to precisely state our main result we first consider the fol-
lowing eigenvalue problem for the p-Laplace operator −∆pu:{

−∆pu = µ|u|p−2u in Ω,
u = 0 on x ∈ ∂Ω.

(1.2)

Let ϕ1 ∈ C1(Ω) be the eigenfunction corresponding to the first eigen-
value µ1 of (1.2) such that ϕ1 > 0 in Ω and ∥ϕ1∥∞ = 1. Consider the
boundary-value problem{

−∆pz − µ|z|p−2z = −1 in Ω,
z = 0 on ∂Ω

By Anti-maximum principle ([10]), there exists ξ = ξ(Ω) > 0 such that
the solution zµ of for µ ∈ (µ1, µ1 + ξ) is positive in Ω and is such that
∂zµ
∂ν

< 0 on ∂Ω, where ν is outward normal vector at ∂Ω.
Since zµ > 0 in Ω and ∂zµ

∂ν
< 0 there exist m > 0, A > 0, and

δ > 0 be such that |∇zµ| ≥ m in Ωδ and zµ ≥ A in Ω \ Ωδ where
Ωδ := {x ∈ Ω : d(x, ∂Ω) ≤ δ}.

We will also consider the unique solution ep ∈ C1(Ω) of the boundary
value problem {

−∆pep = 1 in Ω,
e = 0 on x ∈ ∂Ω

(1.3)
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to discuss our result. It is known that ep > 0 in Ω and ∂ep
∂η

< 0 on ∂Ω.
Our main result is given by the following theorem.

Theorem 1.1. If the conditions (H1)-(H4) hold, then there exist pos-
itive constants s∗0(σ,Ω), J(Ω), λ, and λ̂(> λ) such that if s0 ≥ s∗0 and
σ1
σ
≥ J , (1.1) has a positive solution for λ ∈ [λ, λ̂].

2. Preliminaries

We will prove our result by using the method of sub- and super-
solutions, we refer the readers to a recent paper [1, 7] on the topic.
A function ψ is said to be a subsolution of problem (1.1) if it is in
W 1,p(Ω) ∩ C0(Ω) such that ψ = 0 on ∂Ω and satisfies

M

(∫
Ω

|∇ψ|p dx
)∫

Ω

|∇ψ|p−2∇ψ · ∇w dx ≤
∫
Ω

[λa(x)f(ψ)− 1

ψα
]w dx,

(2.1)
A function ϕ ∈ W 1,p(Ω) ∩ C0(Ω) is said to be a supersolution if ϕ = 0
on ∂Ω and satisfies

M

(∫
Ω

|∇ϕ|p dx
)∫

Ω

|∇ϕ|p−2∇ϕ · ∇w dx ≥
∫
Ω

[λa(x)f(ϕ)− 1

ϕα
]w dx,

(2.2)
Where W := {w ∈ C∞

0 (Ω) : w ≥ 0 in Ω}
The following result plays an important role in our arguments. The

readers may consult the papers [1, 7] for details.
Lemma 2.1. Assume that M : R+

0 → R+ satisfies the condition (H1).
If the functions u, v ∈ W 1,p

0 (Ω) satisfies

M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2∇u · ∇φdx

≤M

(∫
Ω

|∇v|p dx
)∫

Ω

|∇v|p−2∇v · ∇φdx
(2.3)

for all φ ∈ W 1,p
0 (Ω), φ ≥ 0, then u ≤ v in Ω.

From Lemma 2.1 we obtain the following basic principle of the sub-
and supersolutions method.
Proposition 2.2 (See [1, 7]). Let M : R+

0 → R+ be a function satis-
fying the condition (H1). Assume that f satisfies the subcritical growth
condition

|f(x, t)| ≤ C(1 + |t|q−1), llx ∈ Ω, ∀t ∈ R,

where 1 < q < p∗, and the function f(x, t) is nondecreasing in t ∈ R. If
there exist a subsolution u ∈ W 1,p(Ω) and a supersolution u ∈ W 1,p(Ω)
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of problem (1.1), then (1.1) has a minimal solution u∗ and a maximal
solution u∗ in the order interval [u∗, u∗], i.e., u ≤ u∗ ≤ u∗ ≤ u and if
u is any solution of (1.1) such that u ≤ u ≤ u, then u∗ ≤ u ≤ u∗.

In the practice problems, it is often known that the subsolution u
and the supersolution u are of L∞(Ω), so the restriction on the growth
condition of f is needless. Hence, the following theorem is more suitable
for our framework.
Proposition 2.3 (See [1, 7]). Let M : R+

0 → R+ be a function sat-
isfying the condition (H1). Assume that u, u ∈ W 1,p(Ω) ∩ L∞(Ω) are
a subsolution and a supersolution of problem (1.1) such that u ≤ u in
Ω. If f ∈ C(Ω×R,R) is nondecreasing in t ∈ [infΩ u, supΩ u] then the
conclusion of Proposition 2.2 is valid.
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Abstract. Let E be a Hilbert C*-module over a fix C*-algebra
and let B be a non-degenerate C*-subalgebra of L(E). In this
paper we study the embedding of R(B) into R(E). The inclusion
map i : K(E) → L(E) is a non-degenerate ∗-homomorphism which
induces the ∗-bijection R(K(E)) → R(E); t 7→ t̃ = π(t).

1. Introduction

Hilbert C*-modules are essentially objects like Hilbert spaces, except
that the inner product, instead of being complex-valued, takes its val-
ues in a C*-algebra. Although Hilbert C*-modules behave like Hilbert
spaces in some ways, some fundamental Hilbert space properties like
Pythagoras’ equality, self-duality, and even decomposition into orthog-
onal complements do not hold. A (right) pre-Hilbert C*-module over a
C*-algebra A is a right A-module E equipped with an A-valued inner
product 〈·, ·〉 : E × E → A , (x, y) 7→ 〈x, y〉, which is A-linear in the
second variable y and has the properties:

〈x, y〉 = 〈y, x〉∗, 〈x, x〉 ≥ 0 with equality only when x = 0.
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A pre-Hilbert A-module E is called a Hilbert A-module if E is a Ba-
nach space with respect to the norm ‖x‖ = ‖〈x, x〉‖1/2. A Hilbert
A-submoduleW of a Hilbert A-module E is an orthogonal summand if
W ⊕W⊥ = E, where W⊥ denotes the orthogonal complement of W in
X. We denote by L(E) the C*-algebra of all adjointable operators on
E, i.e., all A-linear maps t : E → E such that there exists t∗ : E → E
with the property 〈tx, y〉 = 〈x, t∗y〉 for all x, y ∈ X. A bounded ad-
jointable operator v ∈ L(E) is called a partial isometry if vv∗v = v,
see [?] for some equivalent conditions. For the basic theory of Hilbert
C*-modules we refer to the books [3].

An unbounded regular operator on a Hilbert C*-module is an ana-
logue of a closed operator on a Hilbert space. Let us quickly recall the
definition. A densely defined closed A-linear map t : Dom(t) ⊆ E → E
is called regular if it is adjointable and the operator 1+ t∗t has a dense
range. Indeed, a densely defined operator t with a densely defined
adjoint operator t∗ is regular if and only if its graph is orthogonally
complemented in E ⊕ E (see e.g. [1, 3]). We denote the set of all
regular operators on E by R(E). If t is regular then t∗ is regular and
t = t∗∗, moreover t∗t is regular and selfadjoint. Define qt = (1+ t∗t)−1/2

and ft = tqt, then Ran(qt) = Dom(t), 0 ≤ qt = (1 − f ∗
t ft)

1/2 ≤ 1 in
L(E) and ft ∈ L(E) [3, (10.4)]. The bounded operator ft is called the
bounded transform of regular operator t. According to [3, Theorem
10.4], the map t→ ft defines an adjoint-preserving bijection

R(E) → {f ∈ L(E) : ‖f‖ ≤ 1 and Ran(1− f ∗f) is dense in E}.

Consider t ∈ L(E), then t is regular and ‖ft‖ < 1. Consider t ∈ R(E).
Then t belongs to L(E) ⇔ D(t) = E ⇔ t is bounded ⇔ ‖ft‖ < 1. The
spaceR(E) from a topological point of view is studied in [4]. Very often
there are interesting relationships between regular operators and their
bounded transforms. In fact, for a regular operator t, some properties
transfer to its bounded transform Ft, and vice versa. Suppose t ∈ R(E)
is a regular operator, then t is called normal iff Dom(t) = Dom(t∗) and
〈tx, tx〉 = 〈t∗x, t∗x〉 for all x ∈ Dom(t). The operator t is called self-
adjoint iff t∗ = t and t is called positive iff t is normal and 〈tx, x〉 ≥ 0
for all x ∈ Dom(t). In particular, a regular operator t is normal (resp.,
selfadjoint, positive) iff its bounded transform ft is normal (resp., self-
adjoint, positive). Moreover, both t and ft have the same range and
the same kernel.

379



A CORRESPONDENCE FOR UNBOUNDED REGULAR OPERATORS

2. Main results

Let A, B, C be C*-algebras, such that A is an ideal in B, and let
E be a Hilbert C*-module. Suppose that α : A → L(E) is a non-
degenerate ∗-homomorphism. It is well known that α can be extended
uniquely to a ∗-homomorphism α̃ : B → L(E). If α is injective and A
is essential in B then α̃ is injective [3, Proposition 2.1]. In particular,
the inclusion map i : K(E) → L(E) is non-degenerate, and the idealiser
of K(E) is L(E), so i extends to a ∗-isomorphism between M(K(E)),
the multiplier of K(E), and L(E). The later fact motivates us for the
following results.

Consider a C*-algebra A and define E to be the Hilbert C*-module
over A such that E = A as a right A-module and 〈a, b〉 = b∗a for every
a, b ∈ A. Then the elements of R(E) are called elements affiliated with
A. We write also tηA instead of t ∈ R(E).

We fix a Hilbert C*-module E over a C*-algebra. At the same time,
we will consider a non-degenerate C*-subalgebra B of L(E). We will
look at an embedding of R(B) into R(E). Concerning the multiplier
algebra, we have:

M(B) = {x ∈ L(E) | for every b ∈ B that xb, bx ∈ B }
As pointed out in [5, 6] for Hilbert spaces, we can also embed R(B) in
R(E). Following the argument of Woronowicz [6], we state that a non-
degenerate ∗-homomorphism can be extended to the set of affiliated
elements.
Theorem 2.1. Consider a Hilbert C*-module E over a C*-algebra A.
Let B be a C*-algebra and π be a non-degenerate ∗-homomorphism
from B into L(E). Consider an element t affiliated with B. Then
there exists a unique element s ∈ R(E) such that fs = π(ft) and we
define s = π(t). We have moreover that π(D(t))E is a core for π(t)
and π(t)(π(b)v) = π(t(b)) v for every b ∈ D(t) and v ∈ E.

The last part of this theorem implies that π(D)K is a core for π(t)
if D is a core for t and K is a dense subspace of E.
Remark 2.2. Suppose moreover that π is injective. Then the canonical
extension of π to M(B) is also injective. Let s and t be two elements
affiliated with B. Utilizing the bounded transform ft, then s = t if and
only if π(s) = π(t).

The following result can be proven as [6, Theorem 1.2]. It follows
easily using the bounded transform ft.
Proposition 2.3. Consider a Hilbert C*-module E over a C*-algebra
A. Let B,C be two C*-algebras. Consider a non-degenerate ∗-homomorphism

380



KAMRAN SHARIFI

π from B into M(C) and a non-degenerate ∗-homomorphism θ from C
into L(E). Then (θπ)(t) = θ(π(t)) for every t η B.
Definition 2.4. Call π the inclusion of B into L(E), then π is a non-
degenerate ∗-homomorphism from B into L(E). Let t be an element
affiliated to B. Then we define t̃ = π(t), so t̃ is a regular operator on
E.

Because π is injective, we know immediately that the mapping
R(B) → R(E) : t 7→ t̃ = π(t)

is injective. We have also immediately that x̃ = x for every x ∈M(B).
Looking at example 4 of [6], we have also the following result. Consider
a regular operator t on E. Then there exists an element s affiliated with
B such that s̃ = t ⇔

(1) ft belongs to M(B),
(2) (1− f ∗

t ft)
1
2B is dense in B.

If there exists such an s, we have immediately that ft = fs, so ft will
certainly satisfy the two mentioned conditions. If ft satisfies these two
conditions, there exists an element s affiliated with B such that fs = ft.
So we have that fs̃ = fs = ft which implies that s̃ = t. This implies
immediately the following result.
Theorem 2.5. Consider a Hilbert C*-module over E over a C*-algebra
A. Then the mapping R(K(E)) → R(E) : t 7→ t̃ = π(t) is a ∗-bijection.
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Abstract. In this paper we introduce a new concept of module
cohomology for Banach algebras. We study the relation between
this type of cohomology with Hochschild cohomology of Banach
algebras.

1. Introduction and Preliminaries

Let Ln(X,Y ) (resp. LnA(X,Y )) denote the space of all bounded
n-linear (resp. module) maps from X into Y (when X and Y are A-
bimodules). We denote by X(n) the nth dual of a Banach space X.
Let A be a Banach A-bimodule. We say that the action of A on A
is compatible, if for each α ∈ A and a, b ∈ A, we have α · (ab) =
(α · a)b, (ab) · α = a(b · α). Throughout the rest of the paper, we
assume that A is a Banach A-bimodule with compatible actions. Let
X be a Banach A-bimodule and a Banach A-bimodule such that for
every α ∈ A, a ∈ A and x ∈ X, α · (a · x) = (α · a) · x, a · (α · x) =
(a · α) · x, (α · x) · a = α · (x · a), and the same for the right and
two-sided actions. Then we say that X is a Banach A-A-bimodule. If
moreover, for each α ∈ A and x ∈ X, α · x = x · α, then X is called a
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commutative Banach A-A-bimodule. In this case X∗, the dual of X is
also a commutative Banach A-A-bimodule with the canonical action.

Let I be the closed ideal of the projective tensor productA⊗̂A gener-
ated by the elements of the form a ·α⊗ b−a⊗α · b, for α ∈ A, a, b ∈ A.
Then, the module projective tensor product A⊗̂AA is the quotient
A⊗̂A
I

[4]. Let J be the closed ideal of A generated by π(I), where
π : A⊗̂A → A is the multiplication map.

LetX be a BanachA-A-bimodule. The space of all A-module deriva-
tions from A to X is denoted by Z1

A(A, X) and the subspace of inner
module derivations is denoted by B1

A(A, X). The first A-module co-
homology group of A with coefficients in X is defined as the quotient
seminormed space H1

A(A, X) :=
Z1

A(A, X)

B1
A(A, X)

.

2. Relation between module cohomology and Hochschild
cohomology

Let A and A and the closed ideal J be as in the previous section,
and X be a Banach A-A-bimodule. We say that the action of A on X
is trivial from left, if for every α ∈ A and x ∈ X,α · x = f(α)x, where
f is a character on A.

For the rest of this section, we assume that X is a commutative
Banach A-A-bimodule, both with a left trivial action of A, via the
same character f on A. We also assume that the Banach algebra A/J
is unital. In the next section, we provide examples satisfying all these
conditions.
Proposition 2.1. The Banach spaces Z1

A(A, X) and Z1(A
J
, X) are

isometrically isomorphic.
Proof. The map ρ : Z1

A(A, X) → Z1(A
J
, X) defined by ρ(D)(a + J) =

D(a), for D ∈ Z1
A(A, X) is a surjective isometry. �

Theorem 2.2. The seminormed spaces H1
A(A, X) and H1(A

J
, X) are

isomorphic.
Proof. The isomorphism ρ in the previous proposition induces a sur-

jective map Φ :
Z1

A(A, X)

B1
A(A, X)

→
Z1(A

J
, X)

B1(A
J
, X)

, given by Φ(D+B1
A(A, X)) :=

ρ(D) + B1(A
J
, X) that is an isomorphism of seminormed spaces. �

For the definition of an L1-space we refer the reader to [10]. Examples
of such spaces are L1(µ) for a measure µ and C(K)∗, for a compact
space K.
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Recall that J is a closed ideal of A and is equal to the closed linear
span of the set of elements of the form (a · α)b − a(α · b) with α ∈
A, a, b ∈ A. Let J0 be the closed linear span of the set of elements of
the form a · α − f(α)a with a ∈ A, α ∈ A. Since A

J
is assumed to be

unital, J0 ⊆ J . In practice, for most interesting examples (see the next
section), one has J = J0.

Lemma 2.3. With the above notation, assume that J = J0 and X is an
L1-space. Then the Banach spaces A

J
⊗̂X and A⊗̂AX are isometrically

isomorphic.

Proposition 2.4. (Reduction of dimension) Let A
J

is an L1-space.
Under the assumptions of Lemma 2.3,

(i) LkA(A, X∗) ≃ (A⊗̂A · · · ⊗̂AA︸ ︷︷ ︸
k−times

⊗̂AX)∗ is a commutative Banach

A-A- bimodule, for every k ∈ N,
(ii) We have the isomorphism Hn+k

A (A, X) ≃ Hn
A(A,LkA(A, X)), of

seminormed spaces, for every k, n ∈ N.

The isometric isomorphism in (i) follows from [9, Exercise 5.3.1].
Replacing cochains with module cochains, a similar argument in the
proof of [9, Theorem 2.4.6] shows (ii).

Corollary 2.5. Under the above assumptions, the spaces Hk
A(A, X∗)

and Hk(A
J
, X∗) are isometrically isomorphic.

Proof. By Proposition 2.4 and Theorem 2.2 we have

Hk
A(A, X∗) ≃ H1(

A
J
,Lk−1

A (A, X∗)) ≃ H1(
A
J
,Lk−1(

A
J
,X∗)) ≃ Hk(

A
J
,X∗).

�

3. Applications to semigroup algebras

Let S be an inverse semigroup with the set of idempotents E. Let
ℓ1(E) act on ℓ1(S) by multiplication from right and trivially from left,
that is, δe · δs = δs, δs · δe = δse = δs ∗ δe (e ∈ E, s ∈ S), where δs
is the point mass at s. Here the closed ideal J (see section 1) is the
closed linear span of the set {δset − δst : s, t ∈ S, e ∈ E}. We consider
an equivalence relation on S defined by

s ∼ t⇐⇒ δs − δt ∈ J (s, t ∈ S). (3.1)
The discussion before [1, Theorem 2.4] shows that S/ ∼ is a discrete
group. In this case, by the proof of [8, Theorem 3.3], we observe that
ℓ1(S)
J

≃ ℓ1(S/ ∼) as (commutative) ℓ1(E)-bimodules. The discrete
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group S/ ∼ is the same as the maximal group homomorphic image GS

of S.
Theorem 3.1. Let S be an inverse semigroup with the set of idempo-
tents E. Let ℓ1(E) act on ℓ1(S) by multiplication from right and trivially
from left. Then, H1

ℓ1(E)(ℓ
1(S), ℓ1(GS)

(2n+1)) = 0, for each n ∈ N ∪ {0}.

Next we generalize [6, Corollary 3.5] from Clifford semigroups to
arbitrary inverse semigroups.
Theorem 3.2. Let S be an inverse semigroup with the set of idempo-
tents E. Let ℓ1(E) act on ℓ1(S) by multiplication from right and trivially
from left. Then, for each n ∈ N ∪ {0}, H2

ℓ1(E)(ℓ
1(S), ℓ1(GS)

(2n+1)) is a
Banach space.
Proof. Note that for each locally compact group G and every n ∈
N, there is a compact Hausdorff space Kn such that L1(G)(2n) ≃
M(Kn) is an L1-space. Now for n = 0, ℓ1(S)

J
≃ ℓ1(GS) is a unital

Banach algebra and an L1-space. Also ℓ1(S)
J

⊗̂ℓ1(GS) ≃ ℓ1(GS × GS)
is an L1-space. Therefore, by Corollary 2.5,H2

ℓ1(E)(ℓ
1(S), ℓ∞(GS)) ≃

H2( ℓ
1(S)
J
, ℓ∞(GS)) ≃ H2(ℓ1(GS), ℓ

∞(GS)). By [7, Theorem 3.3], the last
space is a Banach space. For n ≥ 1, since ℓ1(GS)

(2n) is an L1-space, by
Corollary 2.5,H2

ℓ1(E)(ℓ
1(S), ℓ1(GS))

(2n+1)) ≃ H2(ℓ1(GS), (ℓ
1(GS))

(2n+1)).

Again, by [7, Theorem 3.3], the last space is a Banach space. �
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Abstract. In this paper, we show that in each finite dimensional
Hilbert space, a frame of subspaces is an ultra Bessel sequence of
subspaces. We also show that every frame of subspaces in a finite
dimensional Hilbert space has frameness bound.

1. Introduction

LetH be a separable Hilbert space. We say that a sequence {fi}∞i=1 ⊆
H is a frame for H, if there exist constants 0 < A,B <∞ such that

A∥f∥2 6
∞∑
i=1

|⟨f, fi⟩|2 6 B∥f∥2, f ∈ H. (1.1)

If A = B then we call {fi}∞i=1 is tight frame and if A = B = 1 it
is called a Parseval frame. If the right hand inequality of (1.1) holds
for all f ∈ H, then we call {fi}∞i=1 a Bessel sequence for H. In 2008,
the concept of ultra Bessel sequences in Hilbert spaces introduced and
investigated by Faroughi and Najati [5].
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Definition 1.1. Let H0 be an inner product space. Let {fi}∞i=1 be
a sequence of members of H0. Then {fi}∞i=1 is called an ultra Bessel
sequence in H0, if

sup
∥f∥=1

∞∑
i=n

|⟨f, fi⟩|2 → 0 (1.2)

as n → ∞, i.e., the series
∑∞

i=1 |⟨f, fi⟩|2 converges uniformly in unit
sphere of H0.

As a generalization of ordinary frame, frame of subspaces introduced
by Casazza and Kutyniok in [3].

Definition 1.2. Let {vi}∞i=1 be a family of weights, i.e., vi > 0, for all
i ≥ 1. A family of closed subspaces {Wi}∞i=1 of a Hilbert space H is
a frame of subspaces or fusion frame with respect to {vi}∞i=1 for H, if
there exist constants 0 < C ≤ D <∞ such that

C∥f∥2 ≤
∞∑
i=1

v2i ∥πWi
(f)∥2 ≤ D∥f∥2, f ∈ H. (1.3)

If the right hand inequality in (1.3) holds for all f ∈ H, we call
{Wi}∞i=1 a Bessel sequence of subspaces with respect to {vi}∞i=1 with
Bessel bound D.

Definition 1.3. For each family of subspaces {Wi}∞i=1 of H, we define
the set ( ∞∑

i=1

⊕Wi

)
ℓ2
=
{
{fi}∞i=1|fi ∈ Wi,

∞∑
i=1

∥fi∥2 <∞
}
.

It clear that
(∑∞

i=1⊕Wi

)
ℓ2

is a Hilbert space with the point wise
operations and with the inner product given by

⟨{fi}∞i=1, {gi}∞i=1⟩ =
∞∑
i=1

⟨fi, gi⟩.

It is proved in [3], if {Wi}∞i=1 is a frame of subspaces with respect to
{vi}∞i=1 for H then the operator

TW,v :
( ∞∑
i=1

⊕Wi

)
ℓ2
→ H, TW,v(f) =

∞∑
i=1

vifi

is bounded and onto and its adjoint is

T ∗
W,v : H →

( ∞∑
i=1

⊕Wi

)
ℓ2
, T ∗

W,v(f) = {viπWi
(f)}∞i=1.
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The operators TW,v and T ∗
W,v are called the synthesis and analysis op-

erators for {Wi}∞i=1 and {vi}∞i=1, respectively.
Also, it is proved in [3], if {Wi}∞i=1 is a frame of subspaces with

respect to {vi}∞i=1, the operator
SW,v : H → H, SW,v(f) = TT ∗(f)

is a positive, self-adjoint and invertible operator on H and we have the
reconstruction formula

SW,v(f) =
∞∑
i=1

v2i S
−1πWi

(f), f ∈ H.

The operator SW,v is called the frame operator for {Wi}∞i=1 and {vi}∞i=1.
The ultra Bessel sequence of subspaces were introduced in [2] by the

authors of this paper.

Definition 1.4. Let H0 be an inner product space. Let {Wi}∞i=1 be
a family of closed subspaces of H0. Then {Wi}∞i=1 is called an ultra
Bessel sequence of subspaces in H0, if

sup
∥f∥=1

∞∑
i=n

v2i ∥πWi
(f)∥2 → 0, (1.4)

as n→ ∞, i.e., the series
∑∞

i=1 v
2
i ∥πWi

(f)∥2 converges uniformly in the
unit sphere of H0.

Following proposition has been proved in [2] and we use it in the rest
of this paper.

Proposition 1.5. Let {Wi}∞i=1 be a family of closed subspaces in Hilbert
space H and {vi}∞i=1 be a family of weights such that

∑∞
i=1 v

2
i < ∞.

Then {Wi}∞i=1 is an ultra Bessel sequence of subspaces in H.

2. Main results

In this section, we prove that in a finite dimensional Hilbert space,
each frame of subspaces is an ultra Bessel sequence of subspaces. Also
we can divide a frame of subspaces {Wi}∞i=1 in two sets {Wi}N−1

i=1 and
{Wi}∞i=N , for which {Wi}N−1

i=1 is not a frame of subspaces, but {Wi}Ni=1

is a frame of subspaces. We refere to [1] for the proof of the following
results.

Theorem 2.1. Let {Wi}∞i=1 be a frame of subspaces for Hilbert space
H such that for all i ≥ 1, dimWi <∞. Then

(i) if H is an infinite dimensional Hilbert space, then {Wi}∞i=1 is
not an ultra Bessel sequence of subspaces.
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(ii) if H is a finite dimensional Hilbert space, then {Wi}∞i=1 is an
ultra Bessel sequence of subspaces, and there exists N0 > 1 such
that for each 1 6 n < N0, {Wi}ni=1 is not a frame of subspaces
of H, but {Wi}ni=1 is a frame of subspaces of H for each n > N0.

Definition 2.2. LetH be a finite dimensional Hilbert space and {Wi}∞i=1

be a frame of subspaces of H. Then we call the number N0 in the The-
orem 2.1, the frameness bound of the frame of subspaces {Wi}∞i=1.
Lemma 2.3. [4] Let H, K be Hilbert spaces, and suppose that
U : K → H is a bounded operator with closed range RU . Then there
exists a bounded operator U † : H → K for which

UU †f = f, ∀f ∈ RU . (2.1)
If {Wi}∞i=1 is a frame of subspaces forH with respect to {vi}∞i=1. Then

TW,v(T
∗
W,vS

−1
W,vf) = f, f ∈ H,

so T †
W,v = T ∗

W,vS
−1
W,v.

Theorem 2.4. Let H be a finite dimensional Hilbert space and {Wi}∞i=1

be a frame of subspaces of H with respect to {vi}∞i=1 an let N0 be
frameness bound of {Wi}∞i=1. Let n > N0 and Sn and Tn be the frame
frame operator and synthesis operator of {Wi}ni=1, respectively. Then

(i) Sn → SW,v in B(H),

(ii) Tn → TW,v in B
(
(
∑∞

i=1 ⊕Wi)ℓ2 , H
)
and T †

n → T †
W,v

in B
(
H, (

∑∞
i=1 ⊕Wi)ℓ2

)
.
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Abstract. In this paper, we investigate the relation between ker-
nel of a homomorphism defined on a Banach algebra and the left
identity of that Banach algebra. Then we generalize this cocept
to tensor product of homomorphisms and also, we characterize
Connes amenability of projective tensor product of dual Banach
algebras with certain preduals. For this purpose, we focus on pro-
jective tensor product of homomorphisms. Some results are also
given.

1. Introduction

The concept of amenability for Banach algebras was first introduced
by Johnson [2]. A generalization of amenability which depends on ho-
momorphisms was introduced by Kaniuth et al. in [3, 4]. This concept
was also studied independently, by Monfared in [6]. Let A be a Ba-
nach algebra and E be a Banach A-bimodule. A bounded Linear map
D : A → E is a derivation if it satisfies D(ab) = D(a).b + a.D(b) for
all a, b ∈ A. Given x ∈ E, the inner derivation adx : A → E is defined
by adx(a) = a.x − x.a. A Banach algebra A is amenable if for every
Banach A-bimodule E, every derivation from A into E∗, the dual of
E, is inner. A Banach A-bimodule E is called dual if there is a closed
submodule E∗ of E∗ such that E = (E∗)

∗, we say E∗ predual of E. The

2010 Mathematics Subject Classification. Primary 43A07, 46H25, 46M10; Sec-
ondary 46L06, 46J10, 46M18, 46M05.

Key words and phrases. dual Banach algebra, φ ⊗ ψ -Connes amenability, pro-
jective tensor product, ω∗-continuous, φ -Connes mean.
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Banach algebra A is called dual if it is dual as a Banach A-bimodule.
It is easily checked that a Banach algebra which is also a dual space is a
dual Banach algebra if and only if the multiplication map is separately
weak∗-continuous [7]. Every von Neumann algebra is a dual Banach
algebra [9, Corollary III.3.9]. We write A = (A∗)

∗ if we wish to stress
that A is a dual Banach algebra with predual A∗. A proper concept
of amenability for dual Banach algebras is the Connes amenability.
This notion under different name, for the first time was introduced by
Johnson, Kadison, and Ringrose for von Neumann algebras [2]. Also
the concept of Connes amenability for the larger class of dual Banach
algebras, which seems to be a natural variant of amenability for dual
Banach algebras, systematically was introduced and later extended by
Runde [7]. A dual Banach A-bimodule E is normal, if for each x ∈ E
the module maps A → E; a → x.a and a → a.x are weak∗-weak∗
continuous. A dual Banach algebra A is Connes amenable if every
weak∗-continuous derivation from A into a normal, dual Banach A-
bimodule is inner. For a given dual Banach algebra A and a Banach
A-bimodule E, σwc(E) denote the set of all elements x ∈ E such that
the module maps A → E; a → a.x and a → x.a are weak∗-weak
continuous, one can see that, it is a closed submodule of E. In [8,
Proposition 4.4], the author showed that E = σwc(E) if and only if
E∗ is a normal dual Banach A-bimodule. Also, it has been showed
that a dual Banach algebra A is Connes amenable if and only if there
exists a σwc-virtual diagonal for A [8, Theorem 4.8]. Also, φ-Connes
amenability and φ-Connes mean which seem to be natural variants of
Connes amenability and Connes mean for dual Banach algebras, sys-
tematically were introduced by Ghaffari and Javadi [1] and Mahmoodi
[5], although this concept is much older.
Let A and B be dual Banach algebras and φ ∈ ∆ω∗(A), the set of all
weak∗-continuous homomorphisms from A onto C and ψ ∈ ∆ω∗(B),
and let E be a Banach A-bimodule. In this note we study φ ⊗ ψ-
Connes amenability for projective tensor product of mentioned dual
Banach algebras. We write Z1(A, E) and N1(A, E), for the space of
all derivations and inner derivations from A onto E, respectively and
we recall that the quotient space H1(A, E) = Z1(A, E)/N(A, E) is
the first cohomology group of A with coefficients in E. A Banach al-
gebra A is called amenable if H1(A, E∗) = 0, for every dual Banach
A-bimodule E∗ with a canonical action. We investigate the Connes
amenability through vanishing of H1

ω∗(A, E∗∗) for Banach φ-bimodule
E and through the existence of a left identity for ker(φ⊗ ψ).

391



CONNES AMENABILITY OF DUAL BANACH ALGEBRAS

2. Main results

The next theorem improves the corresponding result given in [1].
Theorem 2.1. Let A = (A∗)

∗ be a Banach algebra and let φ ∈
∆(A)

⋂
A∗. Let φ♯, be the unique extention of φ to an element of

∆(A♯). Then kerφ♯ has a left identity if and only if kerφ has a left
identity.
Lemma 2.2. Suppose that A = (A∗)

∗, B = (B∗)
∗ and A⊗̂B = (A∗ ⊗ω

B∗)
∗ be unital dual Banach algebras, and let φ ∈ ∆(A) ∩ A∗, ψ ∈

∆(B) ∩ B∗. Then the kernel of φ⊗ ψ has a left identity if and only if
both kerφ and kerψ have left identity.

As an immediate consequence of Lemma 2.2 and Theorem 2.1 we
obtain
Corollary 2.3. Let A = (A∗)

∗, B = (B∗)
∗ be unital, dual Banach

algebras and let φ ∈ ∆(A) ∩ A∗, ψ ∈ ∆(B) ∩ B∗. Then A⊗̂B is
φ⊗ ψ-Connes amenable if and only if ker(φ⊗ ψ) has a left identity.
Proposition 2.4. Let A be a Banach algebra and φ ∈ ∆ω∗(A). Then
for each Banach φ-bimodule E,
(i) the following three conditions are equivalent:

(1) A has a φ-Connes mean;
(2) H1

ω∗(A, E∗∗) = 0 ;
(3) for each weak∗-continuous derivation D : A → E, there exists

a bounded net (xα) in E such that Da = limα(a.xα−xα.a) (a ∈
A).

(ii) (A∗∗,�) is φ̃-Connes amenable if and only ifA is φ-Conns amenable.
The purpose of following theorem is to investigate the relation be-

tween the φ-amenability and φ-Connes amenability of dual Banach
algebra under certain condition.
Theorem 2.5. Let A be a Banach algebra, E is a Banach A-bimodule
and φ ∈ ∆ω∗(A). Then the following three conditions are equivalent.
(i) A has a φ-Connes mean.
(ii) If the module action of A on E given by a.x = φ(a)x for all x ∈ E
and a ∈ A, then H1

ω∗(A, E∗) = {0}.
(iii) For A-bimodule σwc(kerφ)∗∗, by the left module action to be a.F =
φ(a)F for F ∈ σwc(A∗∗) and a ∈ A, each D ∈ Z1

ω∗(A, σwc(kerφ)∗∗)
is inner.
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Abstract. In this work, a with memory method is developed.This
technique enables us to achieve the high efficiency theoretically and
practically. The improvement of the order of convergence this fam-
ily is obtained by using one self-accelerating parameter, in which
the order of convergence is increased from 2 to 3 without any new
function evaluation. It means that, without any new function calcu-
lations, the order of convergence can be improved untill 50%. Numerical
examples and the comparison with existing one till four-point meth-
ods are included to demonstrate exceptional convergence speed of
the proposed method and confirm theoretical results. Aanother ad-
vantage is the convenient fact that this method does not use de-
rivative.

1. Introduction

Solving nonlinear equations is one of the most important problems in
numerical analysis. In this paper, we consider iterative methods to find
a simple root of a non-linear equation f(x) = 0, where f : D → R for
an open interval D is a scalar function. Newton’s method for a single

1991 Mathematics Subject Classification. Primary 65G99; Secondary 65H05.
Key words and phrases. With memory method,Convergence order, Self-

accelerator, Efficiency index.
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non-linear equation is defined by:

xk+1 = xk +
f(xk)

f ′(xk)
, k = 0, 1, 2, . . . (1.1)

This is an important and basic method, which converges quadratically.
Traub in his book classified iterative methods for solving such equa-
tions as one or multi point [7]. He proved the best one point itera-
tive method should achieve order of convergence n using n function
evaluations. Also, he and his Phd student in 1974 conjectured that any
multipoint method should achieve optimal order convergence 2n using
n + 1 evaluations [4]. It should be noted that these criteria are about
methods without memory, i.e.,methods that use the information of
the current iteration.On the other hand, Traub investigated that it is
possible to increase the convergence order of without memory meth-
ods by reusing the obtained information in the previous iteration. He
called such scheme as ”with memory method”. Following Traub’s idea
of developing method with memory,many authors have attempted to
construct methods with memory.[2, 4, 6, 7].We recall the so-called ef-
ficiency index defined by Ostrowski [5], as EI = p1/n, where p is the
order of convergence and n is the total number function evaluations
per iteration.

2. Main Results

In section, we deal with modifying four-point without memory method
by Geum-Kim [3]. Geum-Kim’s method has the iterative expression

yk = xk + θf(xk), g(xk) =
θf(xk)f(yk)
f(xk)−f(yk)

, zk = yk + g(xk), k = 0, 1, 2, . . . ,

K(xk) = g(xk)
f(xk)f(zk)

(f(xk)−f(zk))(f(yk)−f(zk))
, sk = zk +H(xk) +K(xk),

qk = zk +K(xk), T (xk) = K(xk)
f(qk)

(f(xk)−f(qk))(f(yk)−f(qk))(f(zk)−f(qk))
,

H(xk) = T (xk)(f(xk)f(yk) + f(zk)
2 − f(zk)f(qk)),

h1k = (f(zk)(f(zk)− f(sk)) + f(xk)f(yk))f(zk),

h2k = f(qk)(f(qk)− f(sk))(−f(xk)− f(yk) + f(qk) + f(sk)),

t1k = f(xk)f(yk)(h1− h2) + f(zk)f(qk)(f(zk)− f(qk))(f(zk)− f(sk))(f(qk − f(sk)),

t2k = (f(xk)− f(sk))(f(yk)− f(sk))(f(zk)− f(sk))(f(qk)− f(sk)),

W (xk) = T (xk)f(sk)
t1k
t2k

, xk+1 = sk +Wk

(2.1)
Considering just one step, we will have the following one-step method
without memory:{

wk = xk + βf(xk), k = 0, 1, 2, . . . ,

xk+1 = wk +
βf(wk)f(xk)
f(xk)−f(wk)

.
(2.2)
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Denoted by TM,where 0 ̸= β ∈ R. Let us note that in each iteration
we only evaluate f(xk), and f(wk) so that the method will be optimal
in the sense of Kung-Traub’s conjecture.We show that its convergence
order is 2. In what follows, we present the error equation of (2.2).
Theorem 2.1. Let I ⊆ R be an open interval, f : I → R be a scalar
function which has a simple root α in the open interval I, and also the
initail approximation x0 is sufficiently close the simple zero, then, the
one-step iteration method (2.2) has optimal convergence order 2.

Now,we choose the parameter β in without memory method (2.2) to
make it with memory method.We propose the following new methods
with memory,x0, β0 are given then w0 = x0 + β0f(x0){

βk =
−1

N ′
2(xk)

, k = 1, 2, · · · ,
wk = xk + βkf(xk), xk+1 = wk +

βkf(wk)f(xk)
f(xk)−f(wk)

, k = 0, 1, 2, · · · .
(2.3)

Theorem 2.2. If an initial guess x0 is sufficiently close to the zero α
of f(x) and the parameter βk in the iterative scheme (2.3) is recursively
calculated by the form given in (2.3), then the convergence order of the
with memory methods (2.3) is at least 3.

In order to check the effectiveness of the proposed iterative methods
we used the same test functions as Torkashvand et al. [8] in numerical
comparison:(the approximation x0 to α, where α is the exact root.)
f1(t) = t log(1 + t sin(t)) + e−1+t2+t cos(t) sin(πt), α = 0, x0 = 0.6,

f2(t) = 1 + 1
t4
− 1

t
− t2, α = 1, x0 = 1.4,

f3(t) = et
3−t − cos(t2 − 1) + t3 + 1, α = −1, x0 = −1.4.

By theoretical analysis and numerical experiments, we confirm that
the proposed method which is a derivative-free one-point method has
high computational efficiency. Its convergence order is 3 and its effi-
ciency index is 1.73205. Computational results and comparison with
the existing well known methods confirm robust and efficient of our
methods.
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Table 1. Numerical results for the test functions f1(t), f2(t), f3(t)

Methods function |x1 − α| |x2 − α| |x3 − α| |x4 − α| COC EI
Abbasbandy [1] f1(t) 0.83336(0) 0.36700(2) 0.36687(2) 0.36674(2) 3.00000 1.44225
Abbasbandy [1] f2(t) 0.14069(−1) 0.14716(−4) 0.16318(−13) 0.22249(−40) 3.00000 1.44225
Abbasbandy [1] f3(t) 0.45878(−1) 0.19008(−4) 0.21971(−14) 0.33940(−44) 3.00000 1.44225
Newton(1.1) f1(t) 0.15910(0) 0.24476(−1) 0.58950(−3) 0.34739(−6) 2.00000 1.41421
Newton(1.1) f2(t) 0.66116(−1) 0.75908(−2) 0.93257(−4) 0.13917(−7) 2.00000 1.41421
Newton(1.1) f3(t) 0.19629(0) 0.71856(−1) 0.14357(−1) 0.74750(−3) 2.00000 1.41421
Chebyshev[6] f1(t) 0.12676(1) 0.11282(1) 0.11213(1) 0.11213(1) 3.00000 1.44225
Chebyshev[6] f2(t) 0.68718(−1) 0.75645(−3) 0.57650(−9) 0.25292(−27) 3.00000 1.44225
Chebyshev [6] f3(t) 0.90711(−2) 0.90621(−6) 0.93272(−18) 0.10170(−53) 3.00000 1.44225
Halley [6] f1(t) 0.33637(0) 0.40072(−1) 0.28364(−4) 0.63850(−14) 3.00000 1.44225
Halley [6] f2(t) 0.68732(−1) 0.29397(−3) 0.31528(−10) 0.38862(−31) 3.00000 1.44225
Halley [6] f3(t) 0.67737(−2) 0.33595(−6) 0.41455(−19) 0.77888(−58) 3.00000 1.44225
Torkashvand(2.3) f1(t) 0.47811(0) 0.69702(−1) 0.30072(−3) 0.10244(−10) 3.00000 1.73205
Torkashvand(2.3) f2(t) 0.60801(−1) 0.88768(−3) 0.78586(−9) 0.60277(−27) 3.00000 1.73205
Torkashvand(2.3) f3(t) 0.24592(−1) 0.18316(−4) 0.63525(−14) 0.28029(−42) 3.00000 1.73205
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Abstract. In this talk, we consider unbounded continuous oper-
ators between Banach lattices by replacing weak convergence with
the unbounded absolute weak convergence. We shall investigate
the duality notion for these classes of continuous operators.

Suppose E is a Banach lattice. A net (xα) in E is said to be un-
bounded absolute weak convergent (uaw-convergent, for short) to
x ∈ E if for each u ∈ E+, |xα−x| ∧u w−→ 0. (xα) is unbounded norm
convergent (un-convergent, in brief) if ∥|xα− x| ∧ u∥ → 0. Both con-
vergences are topological. For ample information on these concepts,
see [2, 4, 5].

Now, we consider the following observations as unbounded versions
of continuous operators.

Suppose E is a Banach lattice andX is a Banach space. A continuous
operator T : E → X is called unbounded continuous if for each
bounded sequence (xn) ⊆ E, xn

uaw−−→ 0 implies that T (xn)
w−→ 0.

Observe that a continuous operator T : E → F , where E and F are
Banach lattices, is said to be uaw-continuous if T maps every norm
bounded uaw-null sequence into a uaw-null sequence. Consider this
point that sequentially uaw-continuous operators were introduced in
[3] at first as a beside note. Unbounded continuous operators as well
as uaw-continuous operators have been studied in [6], extensively.

1991 Mathematics Subject Classification. 46B42, 47B65.
Key words and phrases. Unbounded continuous operator, uaw-continuous oper-

ator, adjoint of an operator, Banach lattice.
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In this talk, we shall obtain some conditions under which, the dual of
an either unbounded continuous operator or a uaw-continuous operator
has a similar property. Furthermore, we investigate this duality with
weakly compact operators, as well. For undefined terminology and
related notions, see [1]

Remark 0.1. Observe that in general, there are no relations between
unbounded continuous operators and weakly compact ones. Consider
[3, Example 2.21]; the operator T : ℓ1 → L2[0, 1] defined by T (xn) =
(
∑∞

n=1 xn)χ[0,1] for all (xn) ∈ ℓ2 where χ[0,1] denotes the characteristic
function of [0, 1]. It is weakly compact but not unbounded continuous.
Indeed, the standard basis (en) in ℓ1 is uaw-null but T (en) is not weakly
null since

∫ 1

0
χ[0,1]dt = 1. Moreover, the identity operator on ℓ∞ is not

weakly compact yet it is unbounded continuous using [5, Theorem 7].

Theorem 0.2. Suppose E is a Banach lattice and F is an order contin-
uous Banach lattice. Then every weakly compact operator T : E → F
has an unbounded continuous adjoint.

Proof. Assume that (xn
′) is a norm bounded sequence in F ′ which is

uaw-null. By [5, Proposition 5] xn′
w∗−→ 0. By the Gantmacher theorem

[1, Theorem 5.23], T ′(xn
′)

w−→ 0, as desired. �
Remark 0.3. Weakly compactness of operator T and also order continu-
ity of F are essential in Theorem 0.2 and can not be dropped. Consider
the identity operator I : c0 → c0. I is not weakly compact but F is
order continuous. Furthermore, I is also unbounded continuous. Its
adjoint, I : ℓ1 → ℓ1 is not unbounded continuous; assume (en) is the
standard basis of ℓ1. It is uaw-null by [5, Lemma 2]. But, certainly, it
is not weakly null in ℓ1.

Also, consider the operator T : L2[0, 1] → ℓ∞ defined via T (f) =

(
∫ 1

0
f(t)dt,

∫ 1

0
f(t)dt, . . .). It is weakly compact but F is not order con-

tinuous. Consider the operator T ′ : (ℓ∞)′ → L2[0, 1]. It is not un-
bounded continuous. Consider the standard basis (en) which is uaw-
null in (ℓ∞)′. But < T ′(en), 1 >=< en,T(1) >= 1.

Theorem 0.4. Suppose E is a Grothendieck space and F is an order
continuous Banach lattice. Moreover, assume that T : E → F is an
unbounded continuous operator. Then T ′ : F ′ → E ′ is also unbounded
continuous.

Proof. Suppose (xn′) is a norm bounded uaw-null sequence in F ′. By [5,
Proposition 5], xn′

w∗
−→ 0. So, T ′(xn

′)
w∗
−→ 0 in E ′. By the Grothendieck

property, we have T ′(xn
′)

w−→ 0. �
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Observe that the Grothendieck property of E is essential in Theorem
0.4 and can not be removed. Consider again the identity operator I on
c0. By using [5, Theorem 7], it is easy to see that I is unbounded contin-
uous but its adjoint is not. Note that c0 dose not have the Grothendieck
property.
Theorem 0.5. Suppose E is a Banach lattice whose dual is order
continuous and atomic and F is an order continuous Banach lattice.
Then every positive operator T : E → F has a uaw-continuous adjoint.
Proof. Consider the positive operator T ′ : F ′ → E ′. Suppose (xn

′)

is a positive bounded sequence in F ′ such that xn′
uaw−−→ 0. By [5,

Proposition 5], xn′
w∗
−→ 0 so that T ′xn

′ w∗
−→ 0. By [4, Proposition 8.5]

and [5, Theorem 7], we see that T ′xn
′ uaw−−→ 0, as claimed. �

Furthermore, when the operator T is not positive, we may consider
the following.
Proposition 0.6. Suppose E is an order continuous Banach lattice
whose dual is also order continuous and atomic and F is an order
continuous Banach lattice. Then every continuos operator T : E → F
has a uaw-continuous adjoint.
Proof. Consider the operator T ′ : F ′ → E ′. Suppose (xn

′) is a positive
bounded sequence in F ′ such that xn′

uaw−−→ 0. By [5, Proposition 5],
xn

′ w∗
−→ 0 so that T ′xn

′ w∗
−→ 0. By [4, Theorem 8.4] and [5, Theorem 7],

we see that T ′xn
′ uaw−−→ 0, as claimed. �
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Abstract. Let A be a Banach algebra and X be an A-bimodule.
A linear map T : A −→ X is called an n-Jordan multiplier if
T (an) = aT (an−1), for all a ∈ A. In this paper, under special
hypotheses we show that every (n + 1)-Jordan multiplier is an n-
Jordan multiplier and vice versa.

1. Introduction

Let A be a Banach algebra and X be a Banach A-bimodule. A map
T : A −→ X is called left multiplier [right multiplier] if for all a, b ∈ A,

T (ab) = T (a)b, [T (ab) = aT (b)],

and T is called amultiplier if it is both left and right multiplier. Also, T
is called left Jordan multiplier [right Jordan multiplier] if for all a ∈ A,

T (a2) = T (a)a, [T (a2) = aT (a)],

and T is called a Jordan multiplier if T is a left and a right Jordan
multiplier.

The general theory of multipliers on Banach algebras has been de-
veloped by Johnson in [3]. He proved that each multiplier T : A −→ A
on without order Banach algebra A is linear and continuous.

Recall that the Banach algebra A is called without order, if for all
x ∈ A, xA = {0} [Ax = {0}] implies x = 0.

Clearly, every left (right) multiplier is a left (right) Jordan multiplier,
but the converse is not true in general, see [2, Example 2.6]. One may

1991 Mathematics Subject Classification. Primary 47B48; Secondary 46L05.
Key words and phrases. n-multiplier, n-Jordan multiplier, Banach A-module.
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refer to the monograph [5] for the additional fundamental results in the
theory of multipliers.

There exists another related concept, called (two-sided) multiplier.
A map T : A −→ X is said to be multiplier if for every a, b ∈ A,

aT (b) = T (a)b. (1.1)
If T is both left and right multiplier, then T is a multiplier, according

to (1.1), but the converse is, in general, false. The following example
obtained by the author in [6].

Example 1.1. Let

A =


0 a b
0 0 c
0 0 0

 : a, b, c ∈ R

 ,

and define T : A −→ A by

T

0 a b
0 0 c
0 0 0

 =

0 a 0
0 0 c
0 0 0

 .
Then, for all x, y ∈ A, T (x)y = xT (y), hence T is a multiplier as in
(1.1), but it is not left (right) multiplier, because T (x)y ̸= T (xy) = 0,
in general.

Let A be a unital Banach algebra with unit eA. An A-bimodule X
is called unitary if eAx = xeA = x, for all x ∈ X. For example, A∗ is
an unitary A-bimodule with the following actions.

a · f(x) := f(xa), f · a(x) := f(ax), a, x ∈ A, f ∈ A∗.

Definition 1.2. Let A be a Banach algebra, X be a left A-module and
let T : A −→ X be a linear map. Then T is called right n-multiplier if

T (a1a2...an) = a1T (a2...an),

for all a1, a2, ..., an ∈ A. Moreover, T is called right n-Jordan multiplier
if for all a ∈ A,

T (an) = aT (an−1).

The left version of n-multiplier and n-Jordan multiplier can be defined
analogously.

The concept of n-multiplier was introduced and studied by Laali and
Fozouni in [4], where some interesting results related to these maps were
obtained. The notion of n-Jordan multiplier was introduced in [1].

It is clear that every n-multiplier is an (n + 1)-multiplier, while on
the other hand it was shown in [4, Theorem 2], that in the general
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case Muln(A,X) (Muln+1(A,X), where Muln(A,X) is the set of all
n-multipliers from a Banach algebra A into its module X.

Moreover, by [4, Theorem 3] if A is an essential Banach algebra, then
Muln(A,X) =Muln+1(A,X).

Every n-multiplier is an n-Jordan multiplier but the converse is false
by [1, Proposition 6]. See also [2, Example 2.6] for n = 2.

On the other hand some (n+1)-Jordan multipliers fail to be n-Jordan
multipliers. Hence neither (n + 1)-Jordan multipliers are neccessarily
n-Jordan multipliers nor n-Jordan multipliers are automatically (n+1)-
Jordan multipliers. Now the following questions can be raised.

Under which conditions for a Banach algebra A is any (n+1)-Jordan
multiplier T : A −→ X automatically an n-Jordan multiplier and vice
versa? Moreover, when is any n-Jordan multiplier automatically an
n-multiplier?

In this paper we investigate this question and prove that under suit-
able conditions the concepts of (n + 1)-Jordan multiplier, n-Jordan
multiplier and Jordan multiplier are equivalent.

2. Main results

Since all results which are true for right multipliers have obvious
analogue statements for left multipliers, we will focus in the sequel just
on the right versions.
Lemma 2.1. Let A be a Banach algebra, X be a left A-module and let
T : A −→ X be a linear and right Jordan multiplier. Then T is a right
n-Jordan multiplier, for n ≥ 2.
Theorem 2.2. Let A be a unital Banach algebra, and X be a unitary
Banach left A-module. Suppose that T : A −→ X is a continuous linear
map. If T (ab) = aT (b) for all a, b ∈ A with ab = eA, then T is a right
n-Jordan multiplier.

As a consequence of Theorem 2.2, we have the next result.
Corollary 2.3. Let A be a unital Banach algebra, X be a unitary
Banach left A-module and let T : A −→ X be a continuous linear map.
If a ∈ Inv(A) and T (aa−1) = aT (a−1), then T is a right n-Jordan
multiplier.
Theorem 2.4. Let A be a unital Banach algebra, and X be a unitary
Banach lef A-module. Let T : A −→ X be a continuous linear map. If
for an idempotent p ∈ A, T (ab) = aT (b) for all a, b ∈ A with ab = p,
then T is a right n-Jordan multiplier on pAp.
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Theorem 2.5. Let n ∈ {2, 3} be fixed, A be a unital Banach algebra
and X be a unitary left A-module. Then every right (n + 1)-Jordan
multiplier T : A −→ X is a right n-Jordan multiplier.

Next we generalize Theorem 2.5, for all n ∈ N.
Theorem 2.6. Let A be a unital Banach algebra, X be a unitary
Banach left A-module. Then every right (n + 1)-Jordan multiplier
T : A −→ X is a right n-Jordan multiplier.

From Lemma 2.1 and Theorem 2.6 we get the following result.
Corollary 2.7. Let A be a unital Banach algebra and X be a unitary
Banach left A-module. Suppose that T : A −→ X is a linear map.
Then the following conditions are equivalent.

(1) T (a) = aT (eA), for all a ∈ A.
(2) T is a right Jordan multiplier.
(3) T is a right n-Jordan multiplier.
(4) T is a right (n+ 1)-Jordan multiplier.
Combining Corollary 2.7 and Theorem 2.2, we get the next result.

Corollary 2.8. Let A be a unital Banach algebra and X be a unitary
Banach left A-module. Suppose that T : A −→ X is a continuous linear
map. If T (ab) = aT (b) for all a, b ∈ A with ab = eA, then T is a right
n-multiplier.
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معادلات تقریبی حل برای برنشتاین چندجمله ای هم مکانی روش بر مبتنی بهینه سازی روش های
معمولی دیفرانسیل

انصاری محمدرضا

ایران قزوین، خمینی(ره)، امام بین المللی دانشگاه کاربردی، ریاضی گروه
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است. تقریب درجه افزایش با ضرایب ماتریس شدن بدشرط هم مکانی روش  در اساسی مشکل یک چکیده.
ترکیب اساس بر روش  هایی مقاله، این در می شود. جواب دقت در کاهش و عددی مشکلات باعث پدیده این
شرایط با خطی دیفرانسیل معادلات تقریبی جواب برای بهینه سازی روش های و برنشتاین هم مکانی روش
مقید بهینه ازی مساله یک جواب از استفاده با تقریبی جواب این جا، در است. شده پیشنهاد مرزی یا و اولیه
نتایج و شده گرفته نظر در مختلف مرتبه های از آزمایشی مسایل روش ها، کارایی بررسی برای می آید. دست به
شده پیشنهاد روش های که می دهند نشان بررسی ها می شوند. مقایسه دیگر روش های نتایج با آمده دست به

هستند. خوبی عددی پایداری دارای و کارا دقیق،

پیش گفتار .۱

n مرتبه خطی دیفرانسیل معادله تقریبی حل برای کارا و بالا دقت با روش هایی ارایه ما هدف مقاله، این در
است: زیر کلی شکل به متغیر ضرایب با

L(y) ≡
n∑
k=0

pk(x)y
(k)(x) = f(x), x ∈ [a, b] (۱ .۱)

می باشد. مساله دامنه [a, b] و معلوم توابعی ها pi(x) و f(x) ،n مرتبه خطی دیفرانسیل Lعملگر آن، در که
شرط n− 1 تعداد می شود. داده نشان y(k)(x) با x متغیر به نسبت y تابع kام مشتق ادامه، در و اینجا در

از: عبارتند (۱ .۱) حل برای لازم مرزی شرط یا اولیه

Sl(y) = ql, l = 1, . . . , n− 1 (۲ .۱)

2010 Mathematics Subject Classification. Primary 45J05; Secondary 90C90.
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هستند. معلوم و حقیقی qlها و بوده مرزی شرایط یا و اولیه شرایط خطی عملگرهای Slها آن، در که
توجه مورد بسیار هندسی طراحی و تقریب نظریه در خود خوب ویژگی های دلیل به برنشتاین چندجمله ای های
است شده استفاده غیرخطی و خطی دیفرانسیل معادلات انواع حل در چندجمله ای ها این از و داشته اند قرار
معادلات انواع حل برای گسترده صورت به هم مکانی روش های اخیر سال های در براین، علاوه .[۷ ،۵ ،۳ ،۲ ،۱]
یک حل به را مساله حل اغلب هم مکانی روش های خطی، مسایل در .[۶ ،۲ ،۱] شده اند استفاده دیفرانسیل
ضرایب ماتریس بودن بدشرط کند، بروز می تواند اینجا در که مشکلی می کنند. تبدیل خطی معادلات دستگاه
نقاط که می آید پدید زمانی اغلب مشکل این می  شود. جواب دقت وکاهش عددی مشکلات بروز باعث که است

باشند. نزدیک هم به خیلی هم مکانی
گرفته کار به موفقیت با مسایل از بسیاری حل و مدل سازی در بهینه سازی بر مبتنی روش های گذشته، در
هم مکانی معادلات با متناظر باقیمانده های کمینه سازی براساس روش  سه ما مقاله، این در .[۸ ،۶] شده اند
روش به نسبت تنها نه روش ها این می کنیم. پیشنهاد (۲ .۱) و (۱ .۱) معادله حل برای برنشتاین چندجمله ای های

می  باشند. پایدار تقریب درجه افزایش با عددی نظر از بلکه می دهند، دقیق تری جواب های هم مکانی

برنشتاین چندجمله ای  های .۲

متناظر سادگی، برای و می گیریم Bi,m(x)ها را [a, b] بازه بر m مرتبه از برنشتاین پایه چندجمله ای های
و تابع مقادیر محاسبه سادگی چندجمله ای ها، این مزایای از .Bi,m = 0 می  شود فرض i > m و i < 0 با

تعریف با .[۴] است مرزی نقاط در آن  مشتقات

ϕm(x) = [B0,m(x) B1,m(x) . . . Bm,m(x)]
T (۱ .۲)

:[۴] است زیر درایه های با مشتق عملیاتی ماتریس D آن، در که ϕ(k)
m (x) = Dkϕm(x) داریم

di,j =


−j, i = j − 1

2j −m, i = j

m− j, i = j + 1

0, اینصورت غیر در

i, j = 1, . . . ,m+ 1

می شود: تعریف زیر صورت به [a, b] بازه در y با متناظر برنشتاین چندجمله ای .y ∈ Ck[a, b] که کنید فرض

Bm(y;x) =
m∑
k=0

y(a+
(b− a)i

m
)Bi,m(x).

.[۲] می کند فراهم را توابع تقریب در چندجمله ای های این از استفاده برای مناسب بستر زیر قضیه

صورت، این در . y ∈ Ck[a, b] و باشد مثبتی صحیح عدد K > 0 که کنید فرض .۱ .۲ قضیه

lim
m→∞

B(k)
m (y;x) = y(k)(x), k = 0, 1, . . . , K.

هم مکانی روش .۳

به متناهی بعد با تابعی فضای یک از عضوی ،Ω بازه روی تابعی معادله یک برای ym هم مکانی جواب یک
برقرار هم مکانی نقاط نام به نقاط از خاص و متناهی مجموعه ای زیر در را معادله که است هم مکانی فضای نام
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برقرار نیز را شرایط این باید ym که است بدیهی آنگاه باشند، داشته وجود نیز مرزی یا اولیه شرایط اگر می کند.
کنید فرض و بگیرید نظر در را (۱ .۱) معادله کند.

ym(x) =
m∑
i=0

ciBi,m(x) = ϕm(x)
TC (۱ .۳)

پایه توابع بردار ϕm(x) و مجهول ضرایب بردار C = [c0, c1, . . . , cm] آن، در که باشد جواب تقریب
،xj ∈ [a, b] هم مکانی نقاط از استفاده و (۱ .۱) در (۱ .۳) جای گذاری با است. شده تعریف (۱ .۲) در که است

می آید: دست به j = 1, . . . ,m− n+ 2 )برای n∑
k=0

pk(xj)D
kϕm(xj)

)T
C = f(xj), j = 1, . . . ,m− n+ 2 (۲ .۳)

می آید: دست به Slها بودن خطی از استفاده و (۲ .۱) مرزی یا و اولیه شرایط در (۱ .۳) جای گذاری با )هم چنین،
Sl(ϕm)

)T
C = ql, l = 1, . . . , n− 1 (۳ .۳)

m+1 و m+1معادله از متشکل دستگاهی (۳ .۳) معادله n− 1 و (۲ .۳) m−n+2معادله مجموع
می آید. دست به ym نتیجه در و ciها آن حل با که می سازد مجهول

بهینه سازی بر مبتنی پیشنهادی روش های .۴

می شود: تعریف زیر صورت به باقیمانده تابع ،(۱ .۱) معادله با متناظر

R(y;x) = L
(
y(x)

)
− f(x).

با است برابر باقیمانده تابع ym تقریبی جواب برای

Rm(x) ≡ R(ym;x) = L
(
ϕm(x)

)T
C − f(x).

شد. خواهد تعیین Rm(x) تابع با متناظر خطای کمینه سازی و هم مکانی روش ترکیب از استفاده با C بردار
معادله n − 1 این شوند. برآورده دقیق طور به مرزی یا اولیه شرط n − 1 که شود تعیین طوری باید ym
را هم مکانی نقاط می ماند. باقی  آزادی درجه m − n + 2 تنها ym تعیین برای نتیجه در و می دهد دست به
B و A متمایز زیرمجموعه دو به را نقاط این .np ≥ m − n + 2 که می گیریم نظر در x1, . . . , xnp

می دهیم قرار j ∈ J هر برای می دهیم. نشان J و I با ترتیب به را مجموعه دو نقاط اندیس و کرده افراز
تا نقاط این است بهتر کند. صدق دیفرانسیل معادله در دقیق طور به ym نقاط این در تا ،Rm(xj) = 0
(برای m− n + 2 از کمتر باید آن ها تعداد و باشند شده توضیع [a, b] بازه در یکنواخت طور به ممکن حد
برای می کنند. معلوم دقیق طور به را ym معادلات این صورت، این غیر در باشد. (0.5(m−n+2) مثال،
بالا توضیح کرد. خواهیم کمینه را باقیمانده تابع با متناظر خطاهای می گیریم، نظر در I را آن ها اندیس که نقاط
پ) و خطا مجموع کمینه سازی ب) خطا مربعات مجموع کمینه سازی الف) می شود: رویکرد سه پیشنهاد به منجر
شده صفر هم مکانی نقاط همه در خطا ،np = m− n+ 2 اگر رویکرد سه هر در خطا. مجموع کمینه سازی
نظر مد بیشتری نقاط در خطا کمینه سازی چون صورت، این غیر در شد. خواهد هم مکانی روش هم ارز روش و
مورد نقاط روی دست کم تقریب خطای حداکثر باید است)، بزرگ تر امکان پذیر فضای عبارتی، (به می گیرد قرار

باشد. هم مکانی روش در تقریب خطای از کم تر استفاده
408



انصاری م.ر.

عددی نتایج .۵

مرتبه مساله ۷ شامل که گرفتیم نظر در مختلف مرتبه های از مرزی یا و اولیه شرایط با گوناگون آزمون مسایل ما
(کمینه سازی  ما پیشنهادی الگوریتم های کارایی سطح ۱ شکل نمودارهای بودند. بزرگ تر مرتبه از مساله ۶ و ۲
روی را CM هم مکانی روش و (PM3 خطا بیشینه و PM2 خطا مجموع ،PM1 خطا مربعات مجموع
استفاده [۴] موره و دولان معیار از مفایسه برای می دهد. نشان را مختلف های m برای و آزمون مسایل تمامی
بالاتر آن نمودار که دارد بهتر کارایی الگوریتمی الگوریتم، دو عملکرد مقایسه در معیار این به توجه با است. شده
بیشتري تفاوت باشد، بیش تر نمودار دو بین اختلاف چه هر البته و بگیرد قرار دیگر الگوریتم با متناظر نمودار از
که می دهند نشان خوبی به ۱ شکل نمودارهای است. داشته وجود آزمون مورد مسایل روی الگوریتم دو کارایی بین

میانگین خطای معیار با PⅯ۳ و PⅯ۲ PⅯ۱، ⅭⅯ، الگوریتم های عملکرد نمودارهای :۱ شکل

میان، این در داشته اند. بهتری عملکرد هم مکانی روش به نسبت ما بهینه سازی بر مبتنی پیشنهادی الگوریتم های
داده اند. نشان را عملکردها بهترین PⅯ۳ سپس و PⅯ۲ PⅯ۱، الگوریتم های ترتیب به
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پوستر

خطی دو شیوع نرخ با زمان−گسسته اپیدمی مدل یک مجانبی پایداری

1 پارسامنش محمود

ای حرفه و فنی دانشگاه اصفهان، مهاجر شهید دانشکده ریاضی، گروه 1

mparsamanesh@tvu.ac.ir

قالب در و توصیف واکسیناسیون با SIS نوع از اپیدمی مدل یک ابتدا مقاله این در چکیده.
می گردد مطالعه تعادل نقاط مجانبی پایداری سپس می شود. بیان تفاضلی معادلات دستگاه
آمده، بدست تئوری نتایج می شود. مشخص آستانه ای مقدار یک حسب بر مدل دینامیک و

می شود. بررسی نیز شده سازی شبیه عددی نتایج توسط

پیش گفتار .۱

وجود این با اند[۳]. شده بندی فرمول دیفرانسیل معادلات توسط اپیدمی مدلهای از بسیاری
گسسته صورت به ها داده معمولا که چرا هستند[۲]. مواجه افزون روز توجه با تفاضلی معادلات
همچنین است. دیفرانسیل معادلات از ساده تر تفاضلی معادلات سازی پیاده و هستند دسترس در

می گذارد. نمایش به غنی تری دینامیک تفاضلی معادلات دستگاه

مدل معرفی .۲

ابتلا، معرض در گروه سه به بیماری به نسبت وضعیتشان به بسته جامعه یک افراد کنیم فرض
با ترتیب به زمان در ها گروه این از یک هر افراد تعداد و شوند تقسیم واکسینه و شده، عفونی
مرگ که کنیم می فرض و است µ ها گروه همه در مرگ نرخ شوند. داده نمایش Vt و St ،It
معادل جمعیتی و است همراه زاد یک با مرگ هر کنیم می فرض علاوه به نداریم. بیماری اثر در
مابقی و شده واکسینه ها آن از q کسر یک که شود می افزوده جمعیت به زمانی واحد هر در µN
انجام φ نرخ با نیز S گروه افراد روی بر واکسیناسیون علاوه به بود. خواهند ابتلا معرض در

2010 Mathematics Subject Classification. Primary 92D30; Secondary 39A30.
. ژاکوبی ماتریس انشعاب، پایداری، واکسیناسیون، اپیدمی، مدل کلیدی. واژگان
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دست از را خود مصونیت θ نرخ با V گروه افراد و بوده موقتی واکسیناسیون طرفی از می شود.
است. بیماری از افراد بهبود نرخ γ و سالم افراد با شده عفونی افراد تماس نرخ β می دهند.
دستگاه بنابراین است. مثبت µ بعلاوه و شده اند فرض یک از کمتر و نامنفی پارامترها تمامی

بود: خواهد زیر صورت به مدل برای تفاضلی معادلات

St+1 = (1− q)µN − βStIt + [1− (µ+ φ)]St + γIt + θVt

It+1 = βStIt + [1− (µ+ γ)]It

Vt+1 = qµN + φSt + [1− (µ+ θ)]Vt

(۱ .۲)

: داریم جامعه کلی جمعیت برای

Nt+1 = St+1 + It+1 + Vt+1 = St + It + Vt = S0 + I0 + V0 = N0 = N

حذف با لذا و Vt = N − (St + It) صورت این در است. ثابت همواره مدل در جمعیت لذا
می کنیم: تمرکز زیر دستگاه روی معادلات از آن

(۲ .۲)
St+1 = [(1− q)µ+ θ]N − βStIt + [1− (µ+ φ+ θ)]St + (γ − θ)It

It+1 = βStIt + [1− (µ+ γ)]It

می مانند. نامنفی جواب ها که می کنند تضمین µ+ γ < 1 و µ+ φ+ θ + β < 1 شرایط

مدل پایداری .۳

می آیند: بدست زیر دستگاه های جواب از (۲ .۲) مدل تعادل نقاط

(µ+ φ+ θ)S̄ = [(1− q)µ+ θ]N − βS̄Ī + (γ − θ)Ī

(µ+ γ)Ī = βS̄Ī
(۱ .۳)

Q0 = (I0, S0) = بیماری از عاری تعادل نقطه دارد. وجود (۲) مدل برای تعادل نقطه دو
Q∗ = (I∗, S∗) = ( [(1−q)µ+θ]βN−(µ+φ+θ)(µ+γ)

β(µ+θ)
, µ+γ

β
). گیر همه تعادل نقطه و (0, [(1−q)µ+θ]N

µ+φ+θ
)

برای پایه مولد عدد R0 آن در که R0 =
[(1−q)µ+θ]βN
(µ+φ+θ)(µ+γ)

> 1 اگر دارد وجود تعادل نقطه این
است: زیر صورت به X = (I, S) در مدل این ژاکوبی ماتریس است. (۲ .۲) مدل

J(X) =

[
1− (µ+ γ) + βS βI
−βS + (γ − θ) 1− (µ+ φ+ θ)− βI

]
(۲ .۳)

است: زیر صورت به Q0 در ژاکوبی ماتریس لذا

J0 = J(Q0) =

[
1− (µ+ γ) + (µ+ γ)R0 0
(µ+ γ)R0 + (γ − θ) 1− (µ+ φ+ θ)

]
λ2 = و λ1 = 1 − (µ + γ) + (µ + γ)R0 از عبارتند ژاکوبی ماتریس ویژه مقادیر
اگر |λ1| < 1 علاوه، به و |λ2| < 1 داریم مدل مفروضات به توجه با 1 − (µ + φ + θ)

411



دوخطی شیوع نرخ با گسسته اپیدمی مدل یک

می شود: داده زیر صورت به Q∗ در ژاکوبی ماتریس همچنین .R0 < 1

J∗ = J(Q∗) =

[
1 (µ+φ+θ)(µ+γ)

(µ+θ)
(R0 − 1)

−(µ+ θ) 1− (µ+ φ+ θ)− (µ+φ+θ)(µ+γ)
(µ+θ)

(R0 − 1)

]
است: زیر صورت به J∗ مشخصه معادله

P (λ) = λ2 + a1λ+ a2

b2 و b1 و a2 = det(J∗) = 1 + b1 + b2 و a1 = −Tr(J∗) = 2 + b1 آن در که
و b1 = −[(µ + φ + θ)(1 + (µ+γ

µ+θ
)(R0 − 1))] شده اند: فرض زیر صورت به آن در

ماتریس موضعی مجانبی پایداری برای Jury شرایط .b2 = (µ+φ+θ)(µ+γ)(R0−1)
:[۱] است زیر صورت به J∗ ژاکوبی

|Tr(J∗)| < 1 + det(J∗) < 2

با است معادل Tr(J∗) < 1 + det(J∗) < 2 عبارت قبلی مقادیر جایگذاری با ،اولا

0 < (µ+ φ+ θ)(µ+ γ)(R0 − 1) < (µ+ φ+ θ)[1 + (
µ+ γ

µ+ θ
)(R0 − 1)]

−(1 + det(J∗)) < Tr(J∗) داد نشان می توان ثانیاً،  است. برقرار خودبه خود رابطه این که
اگر وفقط اگر

2[(µ+ φ+ θ) + βI∗] < 4 + (µ+ θ)βI∗ (۳ .۳)

می کنیم: بیان زیر قضیه در را آمده بدست نتایج

داریم: (۲) مدل مفروضات با .۱ .۳ قضیه
دارد. وجود (۲ .۲) مدل برای Q0 بیماری از عاری تعادل نقطه یک فقط R0 ≤ 1 اگر الف)

.R0 > 1 اگر دارد، Q∗ و Q0 تعادل نقطه دو مدل همچنین،
است ناپایدار و R0 < 1 اگر است مجانبی پایدار Q0 بیماری از عاری تعادل نقطه ب)

.R0 > 1 اگر
باشد. برقرار (۳ .۳) رابطه اگر فقط و اگر است مجانبی پایدار Q∗ گیر همه تعادل نقطه ج)

بحث و مثال .۴

،φ = 0.2 ،γ = 0.3 ،q = 0.6 است: زیر صورت به را مدل پارامترهای کنیم فرض
ثابت جمعیت و باشد میلیون یک جمعیت واحد کنیم فرض علاوه به .µ = 0.1 و θ = 0.2

گروه برای انشعاب نمودار یک ۱ شکل باشد. S0 = 2.4 و I0 = 0.8 اولیه مقادیر Nبا = 4.2
نمایش را β ∈ (0, 1) از تابعی عنوان به (۲ .۳) ژاکوبی ماتریس ویژه مقادیر و مبتلا افراد جمعیتی
بزرگترین β = 0.2 در است. پایدار Q0 بیماری از عاری تعادل نقطه β < 0.2 وقتی می دهد.
برای می دهد. رخ (fold bifurcation) شکستگی انشعاب یک و است یک برابر ویژه مقدار
دوره− انشعاب یک β ≈ 0.72 در و است پایدار Q∗ گیر همه تعادل نقطه 0.2 < β < 0.72
ماتریس طیفی شعاع چراکه می افتد اتفاق (period-doubling bifurcation) مضاعف
استخراج قابل نیز ۱ .۳ قضیه توسط انشعاب نقاط البته می باشد. ρ = −1 نقطه این در ژاکوبی
۲ شکل در β انشعاب پارامتر مختلف مقادیر برای (۱ .۲) دستگاه جواب های همچنین، است.
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مطابقت β مختلف مقادیر حسب بر پایداری برای فوق مباحث با جواب ها رفتار شده اند. آورده
دارد.

β مختلف مقادیر برحسب ژاکوبی ماتریس ویژه مقادیر و مبتلا افراد تعداد برای انشعاب نمودار :۱ شکل

β مختلف مقادیر برای مدل در (قرمز) واکسینه و (سبز) مبتلا (آبی)، سالم افراد تعداد جوابهای نمودار :۲ شکل
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نرم از استفاده با کوخ برفدانه فرکتالی مرزهای با لاپلاس معادله حل و سازی شبیه
کامسول افزار
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فرکتالی مرزهای با ناحیه ای برای لاپلاس معادله مدل سازی از گزارشی مقاله این چکیده.
نقاط تمامی در الکتریکی پتانسیل توزیع ارائه با آن به مربوط شبیه سازی و کوخ) (برفدانه

می کند. ارائه دیریکله مرزی شرایط و پنجم تا صفرم تکرار برای ناحیه

پیش گفتار .۱

می باشد. پدیده ها و پیچیده سیستمهای تحلیل و درک برای بنیادی و کمی روشی مدل سازی،
به دست علم از درستی درک رایانه ها در ریاضی مدل های از استفاده با می کوشد ریاضی مدل سازی
تجربی و نظری کار جایگزین نمی تواند اما است گروهی فعالیت مکمل ریاضی مدل سازی آورد.
یا خطرناک خیلی گران، خیلی گسترده، خیلی آزمایش ها انجام وقتی باشد. علمی تحقیقات در
به ریاضی مدل سازی می شود. استفاده آزمایش به جای اغلب مدل سازی باشد، گیر وقت خیلی
فرآیند، توسعه علمی، تحقیقات در مسائل انواع مطالعه برای ضروری و قدرتمند ابزاری عنوان
استفاده اندازه چه تا که دارد این به بستگی ریاضی مدل یک موفقیت است. کرده ظهور تولید و
واقعی دنیای در مسئله یک اینکه برای است. چقدر آن پیش بینی دقت و است ”آسان“ آن از

شود. انجام می بایست ۱ شکل در شده داده نشان مراحل شود شبیه سازی

2010 Mathematics Subject Classification. Primary 28A80; Secondary 35J05,
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واقعی دنیای در مسئله یک شبیه سازی مراحل :۱ شکل

لاپلاس معادله حل .۲

روشهای از می توان مشتقات جزئی با معادله دیفرانسیل یک بعنوان معادله لاپلاس حل برای
متغیرها، جداسازی تحلیلی روش می توان کرد. استفاده عددی و تحلیلی، نیمه تحلیلی، متنوع
HPⅯ، تحلیلی نیمه روشهای همچنین و محدود، عناصر محدود، تفاضل اویلر، عددی روش های
حتی اما است. آسان تر غیرخطی معادلات از خطی معادلات حل برد[۴]. نام را ⅮJⅯ AⅮⅯ،
حل به دنبال معمولا ما نیست. امکان پذیر خاص شرایط بعضی در نیز خطی معادلات تحلیلی حل
معمولا ما هستیم. مرزی شرایط و اولیه شرایط با همراه جزئی مشتقات با دیفرانسیل معادلات
هستیم. مرزی شرایط و اولیه شرایط با همراه جزئی مشتقات با دیفرانسیل معادلات حل به دنبال
ما مرزی شرایط مقاله این در باشند. نیومن یا (۲ (شکل دیریکله نوع از میتوانند مرزی شرایط

است. شده مشخص زیر شکل در می باشدکه دیریکله نوع از

الاضلاع. متساوی مثلث ناحیه اضلاع برای دیریکله مرزی شرایط :۲ شکل

سطحی اگر است. جذاب ریاضی ساختارهای از یکی فرکتال هندسه فرکتال. هندسه .۱ .۲
فرکتالها می کند. تکرار مختلف مقیاس های در را خودش متناوب بطور آن هندسه باشد فرکتال
و پرکنی فضا خاصیت مقیاسی، ناوردایی خودسانی، از عبارتند که می شوند بیان ویژگی چهار با
و هیلبرت خم و مینکوفسکی خم مثل فرکتالها در توان می را خواص این .[۳ ،۲ فرکتالی[۱، بعد
تکرارهای در است الاضلاع متساوی مثلث که ما اولیه مرز مقاله این در کرد. مشاهده کوخ برفدانه
آن عددی جواب کامسول افزار نرم از استفاده با و می شود کوخ برفدانه به تبدیل پنجم تا اول

می آید. بدست
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... لاپلاس معادله حل و سازی شبیه

عملکرد سیستم روش (Iterated Function System) تکراری. عملکرد سیستم .۲ .۲
باشد. می مفید فرکتالی ساختارهای ایجاد برای پذیری انعطاف العاده فوق روش (IFS) تکراری

باشد. می زیر بصورت ،w آفین تبدیلات از ای مجموعه یک اساس بر روش این

w(x, y) = (ax+ by + e, cx+ dy + f),

d و a کنند. می تعیین فضا در را فرکتال عنصر حرکت (a, b, c, d, e, f) ضرایب که طوری
.[۵] نمایند می مشخص را فرکتال عنصر خطی انتقال هم f و e و چرخش c و b مقیاس، تغییر

S مجموعه گوییم می آنگاه باشند، متوالی های انقباض w1, ..., wn کنید فرض .۱ .۲ تعریف
باشیم داشته اگر تنها و اگر است تکراری عملکرد سیستم برای ناوردا مجموعه یا ناوردا تبدیل یک

wS = ∪ni=1wi(S),

شود. می نامیده هوچینسون عملگر wS آن در که
است. آمده زیر [۵]در کوخ برفدانه برای تکراری عملکرد سیستم مثال به عنوان

w1(x, y) = [1
2
x−

√
3
6
y;

√
3
6
x+ 1

2
y] (۱) .۲ .۲ مثال

w2(x, y) = [1
3
x+ 1√

3
; 1
3
y + 1

3
] (۲)

w3(x, y) = [1
3
x; 1

3
y + 2

3
] (۳)

w4(x, y) = [1
3
x− 1√

3
; 1
3
y + 1

3
] (۴)

w5(x, y) = [1
3
x− 1√

3
; 1
3
y − 1

3
] (۵)

w6(x, y) = [1
3
x; 1

3
y − 2

3
] (۶)

w7(x, y) = [1
3
x+ 1√

3
; 1
3
y − 1

3
] (۷)

کاربرد سازنده و مدل سازنده محیط های .۳

است: فعال آنها از دوتا تنها عادی حالت در که دارد وجود متفاوت محیط سه کامسول در
اما هستند فعال عادی حالت در دومی و اولی فیزیک. سازنده و کاربرد، سازنده مدل، سازنده
نمود. فعال آن را و رفت باید Prereferenⅽes قسمت به فیزیک سازنده محیط سازی فعال برای
کاربرد” ”سازنده محیط به توانیم می کنیم کلیک ابزار منوی در کاربرد” ”سازنده کلید روی بر اگر
محیط به توانیم می کنیم کلیک مدل” ”سازنده کلید روی اگر نیز محیط آن در برعکس و برویم

.(۲ (شکل بازگردیم اول

نتیجه گیری .۴

و مهندسین معمولا که می کند ترغیب کامسول نرم افزار با کار به را ریاضیدانان مقاله این
پژوهشی کار عددی محاسبات و عددی آنالیز زمینه در که کسانی می کنند. استفاده آن از فیزیکدانان
و کوخ برفدانه شکل با فرکتالی مرزهای با لاپلاس معادله حل و مدلسازی روند می دهند. انجام
شبیه سازی های مقاله انتهای در که است مقاله نویسنده تحقیقی کار نمونه دیریکله مرزی شرایط

شده است. داده قرار ویدئویی ⅯP۴ فایل بصورت مربوطه
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پیشکو ا.

روش و فرم (راست)، کاربرد سازنده محیط در و مدل  سازی (چپ)، مدل سازنده محیط در :۳ شکل
کنیم طراحی
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*:سخنران سخنرانی

ریچی سولیتون تقریباً شرط با حجم مقایسه

اعظمی شاهرود و حاجی آقاسی∗ سکینه

خمینی(ره) امام المللی بین دانشگاه پایه، علوم دانشکده ریاضی، گروه
azami@sci.ikiu.ac.ir ،s.hajiagasi@gmail.com

نظر در است برداری میدان های شامل که ریچی انحنای روی شرطی مقاله این در چکیده.
می شود. بررسی منیفلد روی لاپلاسین مقایسه و حجم مقایسه شرط این تحت می شود. گرفته
منیفلد روی کوتاه روش یک بردن کار به با بکری−امری ریچی انحنای شرط با خاص حالت در
اصلی منیفلد برای را فوق نتایج می توان معمولی فرضیات از ضعیف تر شرایط تحت اصلی

آورد. بدست

پیش گفتار .۱

روی آنالیز و دیفرانسیل هندسه در ضروری ابزار یک بیشاب−گرومو حجم مقایسه ی قضیه
حجم نسبت ،−(n − 1)K پایین کران بافرض که می کند بیان قضیه این است. منیفلدها
کران مواقع از بسیاری در است. شعاع از صعودی تابع یک وفضا منیفلد ژئودزیک گوی های
کردن کم برای بسیاری تلاش های رو این از نیست. دسترس در ریچی انحنای روی نقطه ای پایین

می شود. انجام فرض این
نظر در را Ric+HessL ≥ −λg برداری میدان های شامل ریچی انحنای شرط مقاله، این در

است. گسترده تر بکری−امری ریچی شرط از که می گیریم
یا L که است منیفلد روی هموار تابع یک L و غیرثابت حقیقی مقدار تابع یک λ اینجا در
یافته ی تغییر ریچی انحنای یک روی را پایین کران شرط مشخص طور به باشد. کراندار |∇L|

V جهت در g لی مشتق LV g و هموار برداری میدان یک V که می کنیم اعمال Ric+
1

2
LV g

2010 Mathematics Subject Classification. 53C21, 58C25.
. بکری−امری. ریچی انحنای حجم، مقایسه ریمانی، متر کلیدی. واژگان
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این گرفتن نظر در برای قوی تری انگیزه اینشتینی میدان معادله و ریچی سولیتون مطالعه است.
مراجعه [۵] و [۴] ، [۳] ،[۲] ،[۱] به بیشتر مطالعه برای می کند. فراهم را ریچی شرط از نوع

کنید.

پژوهش دست آورد های .۲

در O ∈ M ثابت پایه ی نقطه ی همراه به را n بعد با (M, g) ریمانی منیفلد مقاله، این در
صورت به را ریچی انحنای تانسور روی اساسی شرط های می گیریم. نظر

Ric +
1

2
LV g ≥ −λg, (۱ .۲)

و

|V |(y) ≤ K

d(y,O)α
, (۲ .۲)

روی هموار برداری میدان یک V و ثابت غیر مقدار حقیقی تابع یک λ اینجا در بگیرید. نظر در
نماد از ادامه در هستند. ثابت 0 ≤ α < 1 و K ≥ 0 و است y تا O فاصله d(y,O) و M

می شود. استفاده a1, a2, ..., an پارامتر های به وابسته ثابت های برای C(a1, a2, ..., an)
جزئیات بودن طولانی علت به می آوریم. آن ها اثبات کلی طرح همراه به را قضایا ادامه در

کرده ایم. نظر صرف آن ها دقیق ارائه از محاسبات

∀r > 0 ازای به باشند. برقرار (۲ .۲) و (۱ .۲) روابط کنید فرض حجم۱): (مقایسه .۱ .۲ قضیه
می آید: بدست

V ol(B(x, r)) ≤ eC(α)Kr1−α+
∫ r
0 λt

2dtV ol(S
n−1)

n
rn (۳ .۲)

است. Rn در واحد کره ی Sn−1 اینجا، در که

در آنگاه باشد، x ثابت نقطه از y نقاط تمام فاصله s = d(x, y) که کنیم فرض اگر برهان.
داشت. خواهیم را زیر رابطه توزیع مفهوم

∆s− n− 1

s
≤ 1

s2

∫ s

0

λt2dt+ < V,∇s > +
C(α)K

sα
. (۴ .۲)

داریم: (۴ .۲) به توجه با

∂

∂s
ln(ω(s, .)) ≤ n− 1

s
+

1

s2

∫ s

0

λt2dt+
K

(d0 − s)α
+
C(α)K

sα
,
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با است. ژئودزیک قطبی مختصات در M منیفلد روی g متر حجمی عنصر ω(s, .) که
داریم: s1 ≤ s2 ≤ d0 = d(x,O) حالت برای فوق رابطه از انتگرال گیری

ln
ω(d0, .)

ω(s1, .)
≤ ln(

d0
s1
)n−1 +

1

s2

∫ d0

s1

∫ s

0

λt2dtds+ C(α)Kd1−α0 . (۵ .۲)

دادن میل با و می آید بدست s1 ≤ d0 ≤ s2 و d0 ≤ s1 < s2 حالت های برای مشابهاً
می شود: نتیجه s1 −→ 0

ω(s, .) ≤ eC(α)Ks1−α+
∫ s
0 λt

2dtsn−1, ∀s > 0. (۶ .۲)
رابطه ی به توجه با

d

dr
V ol(B(x, r)) =

d

dr

∫ r

0

∫
Sn−1

ω(t, θ)dθdt =

∫
Sn−1

ω(r, .)dθ,

می رسد. پایان به اثبات و آمده دست به نهایی نتیجه
�
نظر در K1 بالای کران با λ کران دار و مثبت تابع برای را ۱ .۲ قضیه بعدی قضایای در

می گیریم.

حجم، مقایسه اول قضیه شرایط بر علاوه کنید فرض الف) :(۲ حجم مقایسه (قضیه .۲ .۲ قضیه
V ol(B(x, r)) ≥ ρصورت به ثابت ρ > 0 بعضی و ∀x ∈M ازای به حجم نافروپاشی شرط
زیر صورت به حجم نسبت کران 0 < r1 < r2 ≤ 1 هر برای صورت این در باشد. برقرار

می آید. بدست

(۷ .۲)
V ol(B(x, r2))

rn2
≤ eC(n,K,K1,α,ρ)[K1(r32−r31)+K(r2−r1)1−α].

V ol(B(x, r1))

rn1
.

و بگیرید نظر در را Ric + HessL بکری−امری ریچی انحنای تانسور خاص حالت در ب)

متعلق y هر ازای به |∇L(y)| ≤ K

d(y,O)α
و Ric + HessL ≥ −λg روابط کنید فرض

این در باشند. برقرار α ∈ [0, 1] و K ≥ 0 ثابت  های و O ∈ M ثابت نقطه ی و M به
هستند. برقرار قضیه همین (الف) قسمت و ۱ .۲ حجم مقایسه قضیه نتایج صورت

است. بهبود قابل بالا نتایج باشد، دار کران |V | که قوی تر فرض تحت که داد نشان می توان
می آید. بدست حجم نافروپاشی شرط فرض بدون ۲ .۲ حجم مقایسه قضیه ویژه به

R + |∇L|2 − 2λL = 0 نرمال سازی با ریجی سولیتون گرادیان یک (M, g) کنید فرض
که وقتی است R ≥ 0 بنابراین باشد. λ = 0 برای R + |∇L|2 = 1 یا و λ ̸= 0 برای
کنیم فرض آن بر علاوه اگر است. R ≥ −C1(n) باشد، λ < که0 هنگامی و باشد λ ≥ 0

داریم: آنگاه باشد، |L| ≤ K

|∇L| ≤ Λ(n, λ,K),

420



اعظمی ش. و حاجی آقاسی س.

که طوری به

Λ(n, λ,K) =

{ √
2λK, λ > 0;

1, λ = 0;√
−2λK + C1(n), λ < 0.

سولیتون گرادیان (M, gij) که کنید فرض ریچی): سولیتون تقریباً گرادیان (حالت .۳ .۲ نتیجه
R + |∇L|2 − 2λL = 0 رابطه و باشد Rij + ∇i∇jL = λgij صورت به ریچی
δ شعاع و O ثابت نقطه بعضی برای B(O, 2δ) در کنید فرض این بر علاوه باشد. برقرار
داریم: پس است R ≥ 0 لذا است، مثبت λ که آنجا از بنابراین .|L| ≤ K:باشیم داشته
بنابراین می آید. بدست |∇L| ≤

√
2K1K نابرابری λ کران به توجه با و |∇L| ≤

√
2λK

هستند. برقرار زیر اظهارات
داریم. را زیر نابرابری 0 < r < d(x, ∂B(O, δ)) هر برای الف)

V ol(B(x, r)) ≤ C(n)e2
√
2K1Kr+K1r3rn. (۸ .۲)

است. برقرار زیر نابرابری 0 < r1 < r2 < d(x, ∂B(O, δ)) و x ∈ B(O, δ) هر برای ب)

V ol(B(x, r2))

rn2
≤ e[K1(r32−r31)+2

√
2K1K(r2−r1)].

V ol(B(x, r1))

rn1
. (۹ .۲)

مراجع
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پوستر

خودالحاقی دوم مرتبه خطی دیفرانسیل معادلات جواب های ریشه

خداپرست الهام

کاربردها و ریاضیات گروه پایه. علوم چابهار.دانشکده دریایی علوم و دریانوردی دانشگاه
el-kh-85@yahoo.com

جواب های ریشه تعداد محاسبه y
′′
(x)+S(x)y(x) = 0 دیفرانسیل معادله در چکیده.

و وجود مورد در مقاله این نیست.در ممکن مستقیم طور به بازه یک در بدیهی غیر های
کنیم. می بحث دیفرانسیل معادلات این های جواب های ریشه موقعیت

پیش گفتار .۱

مشتقات با ویا معمولی دیفرانسیل معادله یک صورت به مکانیکی و فیزیکی مسائل از بسیاری
y

′′
(x)+S(x)y(x) = دیفرانسیل معادله در شوند. می سازی مدل مرزی و اولیه شرایط با جزئی

از نیست. ممکن مستقیم طور به بازه یک در بدیهی غیر های جواب های ریشه تعداد محاسبه 0
مسائل ترین مهم از معمولی دیفرانسیل معادلات های جواب های ریشه موقعیت و وجود طرفی
بسیاری های پژوهش گذشته قرن طول در که طوری به باشند. می مرزی مقدار مسایل تئوری در

دوم مرتبه خطی دیفرانسیل معادله اگر است. گرفته صورت زمینه این در

a0(t)
d2y

dt2
+ a1(t)

dy

dt
+ a2(t)y(t) = 0 (1.1)

به که نوشت توان می ریاضی مهم مسائل از یکی صورت به را ان گاه ان باشند الحاقی خود
های ریشه موقعیت و وجود مورد در مقاله این در است. معروف لیوویل اشتورم مرزی مسئله

کنیم. می بحث دیفرانسیل معادلات این های جواب

دوم مرتبه همگن خطی دیفرانسیل معادله برای I ⊂ R کنید فرض .۱ .۱ تعریف

a0(t)y
′′
(t) + a1(t)y

′
(t) + a2(t)y(t) = 0 (1.2)

. خودالحاقی ، الحاقی معادلات دوم، مرتبه خطی دیفرانسیل معادلات کلیدی. واژگان
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خداپرست الهام

a2(t) و پیوسته اول مرتبه مشتق a1(t) و پیوسته دوم مرتبه مشتق دارای a0(t) ̸= 0 ان در که
کنیم می تعریف زیر صورت به را الحاقی معادله باشد پیوسته I روی

d2

dt2
(a0(t)y(t))−

d

dt
(a1(t)y(t)) + a2(t)y(t) = 0 (1.3)

داشت خواهیم بالا معادله مشتقات محاسه با

a0(t)
d2y

dt2
+ (2a

′

0(t)− a1(t))
dy

dt
+ (a

′′

0(t)− a
′

1(t) + a2(t))y = 0 (1.4)

خودش با ان الحاق هرگاه گوییم الحاقی خود را دوم مرتبه خطی دیفرانسیل معادله .۲ .۱ تعریف
باشد برابر

مشتق دارای a0(t) ̸= 0 ان در که (1.2) دوم مرتبه همگن خطی دیفرانسیل معادله .۳ .۱ قضیه
می نظر در باشد پیوسته I روی a2(t) و پیوسته اول مرتبه مشتق a1(t) و پیوسته دوم مرتبه

a
′
0(t) = a1(t) از است عبارت (1.2) خودالحاقی برای کافی و لازم شرط گیریم

در باشد الحاقی خود (1.2) دوم مرتبه همگن خطی دیفرانسیل معادله کنیم فرض .۴ .۱ نتیجه
شود می بیان زیر صورت به (1.2) معادله صورت این

d

dt
(a0(t)

dy

dt
) + a2(t)y(t) = 0 (1.5)

است معروف اشتورم−لیوویل مرزی مقدار مسئله به که

قضیه معمولی دیفرانسیل معادلات های جواب های ریشه موقعیت و وجود مورد در مهم نتیجه
در R کران بی و دار کران های دامنه در زیر خطی دیفرانسیل معادلات برای که است اشتورم

اید. می بدست En بعدی n فضای

lu =
n∑

i,j=1

Di(aijDju+ 2
n∑
i=1

biDiu+ cu = 0, (1.6)

Lv =
n∑

i,j=1

Di(AijDjv + 2
n∑
i=1

BiDiv + Cv = 0 (1.7)

بود. خواهد زیر صورت به الحاقی معادلات گاه ان باشند bi = Bi = 0 اگر

lu =
d

dx
(a(x)

du

dx
) + c(x)u = 0 (1.8)

Lv =
d

dx
(A(x)

dv

dx
) + C(x)v = 0 (1.9)

ξ مرز کنید فرض باشند بازه انتهای و ابتدا نقاط ξ و دار کران دامنه R الحاقی معادلات در
صورت به En نقاط باشند. پیوسته قطعه قطعه طور به نقطه هر در n نرمال یکه بردار تا R از
دهیم می نشان Di با xi به نسبت را ها ان مشتق شوند. می تعریف x = (x1, x2, ..., xn)

ضرایب که گیرند می قرار بررسی مورد α < x < β بازه روی دوم مرتبه الحاقی معادلات
می فرض پیوسته مقدار حقیقی R ∪ ξ روی (1.6), معادلات(1.7) در aij, Aij, c, C, bi, Bi
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خودالحاقی دوم مرتبه خطی دیفرانسیل معادلات جواب های ریشه

معادلات در همچنین اند.و شده تعریف مثبت و متقارن R در aij, Aij های ماتریس و شوند
کنیم. می تعریف صورت این به را lu از تغییر باشد bi = Bi = که0 الحاقی

V [u] =

∫
R

[
n∑

i,j=1

(aij − Aij)Diu Dju+ (C − c)u2]dx (1.10)

قطعه قطعه های پیوستگی ξ مرز که باشد En در محدود دامنه یک Rکنید فرض .۵ .۱ قضیه
اگر باشد bi = Bi = 0 (1.6), رابطه(1.7) دو در کنیم فرض چنین هم . دارد یکه نرمال

uجواب
V [u] ≥ 0 و باشد u = 0 ،ξ روی که طوری به باشد داشته وجود R در lu = 0 از بدیهی غیر

دارد: را زیر خصوصیات از یکی Lv = 0 از جواب هر پس
دارد. (α, β) در صفر یک حداقل v .۱
است. u از ثابت مضرب یک v .۲

و دارند ساده صفرهای فقط دوم مرتبه خطی دیفرانسیل معادلات های جواب n = 1 مورد در
پیدا کاهش باز بازه یک به که باشد داشته [α, β] در صفر یک باید Lv = 0 از v از جواب هر

باشد. u از ثابتی مضرب v اینکه مگر دارد (α, β) در صفر یک حداقل یعنی کند می

نتایج .۲

اگر باشد. a(x) = A(x) و c(x) < C(x)،α < x < β بازه در کنید فرض .۱ .۲ گزاره
،u(α) = u(β) = 0 که طوری به باشد داشته وجود Lu = 0 از u بدیهی غیر و حقیقی جواب

دارد. (α, β) در ریشه یک حداقل Lv = 0 از بدیهی غیر حقیقی جواب هر گاه ان

نتیجه باشد α < x < β بازه در a(x) > A(x) و c(x) < C(x) کنید فرض .۲ .۲ گزاره
است. معتبر قبلی

y
′′
+S(x)y(x) = دیفرانسیل معادله خطی مستقل جوابهای ϕ1, ϕ2 فرضکنید .۳ .۲ گزاره

صورت این در باشند متمایز ϕ1, ϕ2 های ریشه و باشند 0
هستند. منفرد فوق معادله بدیهی غیر های جواب های ریشه .۱

دارد. وجود ϕ2 از ریشه یک دقیق طور به ϕ1 از x1, x2متوالی ریشه دو هر بین .۲

بنابر دارد. بستگی S(x) علامت به y′′
+S(x)y(x) = 0 دیفرانسیل معادله نوسانی رفتار

کنیم. می بیان را زیر گزاره این

y
′′
+ معادله بدیهی غیر جواب گاه ان باشد S(x) ≤ 0 I، بازه روی اگر .۴ .۲ گزاره

باشد. داشته ریشه دو بازه این روی تواند نمی S(x)y(x) = 0

ریشه دو حداقل I بازه روی y(x) بدیهی غیر جواب یک کنیم فرض خلف برهان بر بنا برهان.
چون است. مثبت y تابع (x1, x2) رو که باشند y(x) متوالی ریشه دو x1, x2 باشد داشته
نمی y′

(x1) که کنیم می ثابت حال y′
(x2) < 0 و y′

(x1) > 0 داریم لذا است پیوسته S(x)
صورت این غیر در زیرا باشد نامثبت تواند

y
′
(x1) = 0 =⇒ y(x1) = 0
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خداپرست الهام

y(x) پس y′
(x1) < 0 اگر است. تناقض در ان بودن بدیهی غیر با که y(x) = 0 نتیجه در

بنابراین است. تناقض در y(x) بودن مثبت فرضیه با که بود خواهد منفی x > x1 هر برای

y
′′
(x) = −S(x)y(x) ≥ 0

پس است صعودی تابع یک I بازه روی y′
(x) لذا باشد می y′′

(x) ≥ 0 چون

0 > y
′
(x2) ≥ y

′
(x1) > 0

باشد. داشته ریشه دو تواند نمی y(x) غیربدیهی جواب بنابراین است. تناقض یک نیز این که
�
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دهنده *:ارائه پوستر

حاصل ضربی فضای یک تابعی سفتی

2 جهرمی کاروان مهرداد و ∗ 1 درخشان پریوش

فارس خلیج دانشگاه داده، علوم و هوشمند سیستمهای مهندسی دانشکده ریاضی، گروه 1
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فارس خلیج دانشگاه داده، علوم و هوشمند سیستمهای مهندسی دانشکده ریاضی، گروه 2

Mkaravanj@gmail.com

کاردینال یک دوگان برای تقریب یک عنوان به ضعیف تابعک سفتی و تابعی سفتی چکیده.
همگرایی توپولوژی تحت X مانند تابعی روی مقدار حقیقی پیوسته توابع تمام فضای پایدار
اولگ مسئله اثبات برای دیگری برهان ارائه مقاله این از ما هدف است. شده معرفی وار نقطه

می باشد. است، ضربی حاصل فضای روی تابعی سفتی مورد در که اوکانوز

پیش گفتار .۱

عنوان به آرخنگلسکی۱ توسط فضا یک از ضعیف) تابعک (سفتی نیم سفتی و تابعی سفتی
مقدار حقیقی پیوسته توابع تمام (فضای Cp(X) پایدار کاردینال یک دوگان برای تقریب یک
نسبتاً نیم سفتی و تابعی سفتی است. شده معرفی ( وار نقطه همگرایی توپولوژی تحت X روی
سال چند برای واقع، در هستند. منطبق زیادی، طبیعی حالت های در و می رسند نظر به یکسان
در رزنیچنکو۲ که این تا بود. مانده باز هستند، یکی نیم سفتی و تابعی سفتی آیا که سؤال این
مقاله این در نیست. تابعی سفتی و شماراست نیم سفتی که ساخت فضا یک از مثال یک ۱۹۸۷
و Cd(X,Y ) ،Y X نماد ،Y و X فضای برای است. تیخونف شده فرض فضاهای همه ی

2010 Mathematics Subject Classification. Primary 47J30; Secondary 47H10,
47H05.

. توپولوژی اوکانوز، اولگ مسئله تابعی، سفتی کلیدی. واژگان
سخنران ∗

1A. Arhangel’skii
2Reznichenko
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خوشه ای پیوسته توابع تمام مجموعه ی ،Y به X از نگاشت های تمام منظور ترتیب به C(X)

از {zn}n∈N دنباله ی برای می باشند. X روی مقدار حقیقی توابع تمام مجموعه و Y به X از
این در می کنیم. استفاده {zn} دنباله ی خوشه ای نقاط نمایش برای را {zn}d نماد ما Z فضای
با X تابعی سفتی ،X فشرده فضای روی آیا ” اوکانوز اولگ سوال برای دیگری راه حل مقاله

می دهیم. است؟“ارائه برابر Xω تابعی سفتی
به که است آن تابعی۴ سفتی سفتی۳و ،X توپولوژی فضای به وابسته کاردینال های مهم ترین از
است نامتناهی اصلی عدد ،κ از منظور بخش این در می دهیم. نشان t0(X) و t(X) با ترتیب

می باشند. هاسدورف) و منظم کاملا) تیخونف شده فرض توپولوژی فضاهای همه ی و

می کنیم: تعریف x را ∈ X نقطه در تابعی سفتی .۱ .۱ تعریف

t0(x,X) = min

{
κ : پیوسته − κ مقدار حقیقی تابع هر

باشد. پیوسته x نقطه ی در ،X روی

}
با: است برابر X فضای تابعی سفتی و

t0(X) = min
{
κ : باشد. پیوسته ،X روی پیوسته − κ مقدار حقیقی تابع هر

}
t0(Y ) 6 t0(X) آن گاه باشد، R−خارج قسمتی نگاشت p : X −→ Y اگر .۲ .۱ گزاره

است.

،ϕ ◦ p تابع باشد. κ−پیوسته تابع ϕ : Y −→ R و κ = t0(X) کنیم فرض برهان.
R−خارج قسمتی ،p چون و پیوسته ϕ ◦ p پس t0(X) = κ چون و است X روی κ−پیوسته
� است. پیوسته ϕ پس است

t0(X × Y ) 6 t0(X)t0(Y ) آن گاه باشد، فشرده موضعاً فضای X کنیم فرض .۳ .۱ گزاره
است.

� کنید. مراجعه [۱] به برهان.

دنباله ی هر برای هرگاه نامیم خوشه ای نقطه پیوسته را f ∈ Cd(X,Y ) نگاشت .۴ .۱ تعریف
باشد. f(x) ∈ {fnj

(xj)}d آن گاه ،f(x) ∈ f({xj}d)

f ∈ Cd(X,Y ) به خوشه ای۵ نقطه همگرایی را {fn} ⊆ Y X دنباله ی .۵ .۱ تعریف
باشد f({xn}d) ⊆ {fn(xn)}d ،{xn} ⊆ X دنباله ی هر برای اگر نامیم (cp−همگرا)
از یک هر اگر نامیم (hcp−همگرا) f به ۶ مورثی خوشه ای نقطه همگرایی {fn} هم چنین و

باشد. cp−همگرا زیردنباله هایش

به f به fn آن گاه باشد، fn
hcp−→ f و باشد شمارا فشرده ی فضای X کنیم فرض .۶ .۱ قضیه

همگراست. یکنواخت طور
3Tightness
4Functional Tightness
5cluster point convergent
6hereditarily cluster point convergent
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حاصل ضربی فضای یک تابعی سفتی

آن گاه ،x ∈ {xj}d ،fn از fnj
دنباله ی زیر هر برای یعنی باشد fn

hcp−→ f کنیم فرض برهان.

fn کنیم فرض خلف فرض به .fn
uni−→ f دهیم نشان می خواهیم است f(x) ∈ {fnj

(xj)}d

نباشد. همگرا یکنواخت طور به f به
∃ε > 0, ∃n1 < n2 < ... ∃xj, |fnj

(xj)− f(xj)| > ε

صورت این در باشد x ∈ {xj}d کنیم فرض

∃j0, ∀j > j0 |f(x)− f(xj0)| < ε/2

و
∀k > j0 ∋ |f(x)− f(xk)| < ε/2 & |fnk

(xk)− f(x)| < ε/2

نتیجه در
|fnk

(xk)− f(xk)| < ε

� است. ثابت حکم و باطل خلف فرض لذا مسئله فرض با است تناقض که

{xn}n∈N دنباله هر برای آن گاه باشد، κ−پیوسته ،f : X −→ Y اگر ،κ هر برای .۷ .۱ لم
است. f({xn}d) ⊆ {f(xn)}d ،X در

z = {xn}∪{x} روی f لذا است κ−پیوسته ،f چون باشد. x ∈ {xn}d کنیم فرض برهان.
است z در x از بازی همسایگی (f |z)−1(W ) ،f(x) از W همسایگی هر برای است. پیوسته
� است. {xn} از زیرمجموعه نامتناهی اشتراک بنابراین

کنیم فرض می گیریم. نظر در ثابت را x0 = {x0n}n∈ω ∈ Xω الف) .۸ .۱ تعریف

x≤n = {yk}k∈ω,
دهید قرار است. yk = x0k صورت این غیر در و yk = xk آن گاه ،k ≤ n اگر که

Sn = {x≤n : x ∈ ΠnXn},
می کنیم. تعریف pn(x) = x≤n قاعده ی با را pn : ΠnXn −→ Sn نگاشت و

را fn : ΠnXn −→ R نگاشت n هر برای است. f : ΠnXn −→ R کنیم فرض ب)
می کنیم. تعریف fn(x) = f(x≤n) قاعده ی با

باشد. پیوسته f |Sn اگر است پیوسته ،۸ .۱ تعریف به بنا fn کنیم فرض .۹ .۱ لم

است. خارج قسمتی pn نگاشت که می شود دیده آسانی به خارج قسمتی قضیه به بنا برهان.
pn فیبر هر لذا است. fn(x) = fn(y) آن گاه ،x≤n = y≤n ، x, y ∈

∏
nXn اگر هم چنین

پیوسته fn که می گیرد نتیجه اصل این است. f |Snopn = fn هم چنین است. fn فیبر شامل
باشد. پیوسته f |Sn اگر است

�
باشد. κ−پیوسته ،f : ΠnXn −→ R و t0(X) = κ فشرده، X کنیم فرض .۱۰ .۱ نتیجه

است. پیوسته fn هر آن گاه باشند، ۸ .۱ تعریف به بنا fn و pn اگر
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پیوسته f |Sn پس است κ−پیوسته ،Sn به f تحدید و t0(Sn) = κ ۳ .۱ قضیه به بنا برهان.
� است. پیوسته fn ،۹ .۱ لم به بنا لذا است.

{xn}n∈ω ⊆ Xω کنیم فرض هم چنین می کنیم. تعریف ۸ .۱ به بنا f و fn کنیم فرض .۱۱ .۱ لم
است. f(x) ∈ {fn(xn)}d آن گاه ،x ∈ {xn}d و

fn(x
n) شامل V ،f(x) از V دلخواه همسایگی یک برای که دهیم نشان می خواهیم برهان.

دهید قرار است.

Y = {xn≤m : n,m ∈ ω} ∪ {x≤n : n ∈ ω}

زیرفضای در باز (f |Y )−1(V ) لذا است. Y روی پیوسته f پس κ−پیوسته ،f که آن جایی از
که بیابید x از U پایهای باز همسایگی است. Xω از Y

U =< Ui1 , Ui2 , ..., Uik > ∩Y ⊆ (f |Y )−1(V )

است.
x≤n ∈ U ،n > n0 هر برای که طوری به n0 دارد وجود پس همگراست x≤n −→ x

است. x≤m, xm ∈ U که طوری به m ≥ n0 دارد وجود که x ∈ {xn}d هم چنین
xm≤m ∈ U که دهیم نشان می خواهیم است. xm≤m = {xmt }t≤m×{x0t}t>m کنیم فرض
xmij ∈ Uij ،ij ≤ m اگر ij, j = 1, 2, ..., k هر برای دهیم نشان اگر منظور این برای که
نتیجه در می آید دست به xm, x≤m ∈ U حالت دو هر که x0ij ∈ Uij آن گاه ،ij > m اگر و
� است. پیوسته f پس fm(xm) = f(xm≤m) ∈ V

t0(X) 6 t0(X
ω) .۱۲ .۱ گزاره

پس است. R−خارج قسمتی نگاشت یک p : Xω −→ X تصویر نگاشت که می دانیم برهان.
� است. برقرار حکم ۲ .۱ گزاره طبق

مراجع

1. A. V. Arhangel’skii, Functional tightness, R-quotient mappings and products,
Topology and its Applications 228 (2017), 236–242.

2. O. Okunev, The minitightness of product, Topology and its Applications 208
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طریق از Covid−19 بیماری انتقال دینامیکی سازی مدل نحوه به مطالعه، این در چکیده.
در و ایم کرده بررسی را سیستم پایداری و سیستم برای جواب ایم.وجود پرداخته مهاجرت
پرداخته بیماری انتقال از پیشگیری نحوه به سیستم روی مناسب های کنترل اعمال با نهایت

ایم.

مقدمات .۱

که است کرونا ویروس از شود،نوعی می شناخته Covid−19 عنوان تحت امروزه که بیماری
روی کنترل دو اعمال با ما پژوهش دراین شود. می گوارشی و تنفسی شدید های بیماری باعث
بیماری حد از بیش انتقال آلوده،از افراد بستری و بیماری به مشکوک افراد قرنطینه و سیستم

ایم. کرده جلوگیری

2010 Mathematics Subject Classification. Primary 47J30; Secondary 47H10,
47H05.

. دینامیکی های سیستم قرنطینه، بهینه، کنترل کووید− ۱۹، کلیدی. واژگان
سخنران ∗
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.Covid− بیماری19 انتقال دینامیکی مدل .۱ .۱
صورت به مهاجرت و قرنطینه گرفتن نظر در با C0vid− 19 بیماری انتقال دینامیکی سیستم

شود:[۱] می بیان زیر
dS

dt
= π + αq + σ(1− p)Q− (λ+ µ)S

dL

dt
= α(1− q) + λS − (τ1 + τ2 + µ)L

dI

dt
= τ1L− (γ + ν1 + δ1 + µ)I

dQ

dt
= τ2L− (σ + µ)Q

dJ

dt
= γI − (ν2 + δ2 + µ)J

dR

dt
= δ1I + δ2J + σpQ− µR

(۱ .۱)

افراد ، Q = قرنطینه افراد ، I = آلوده افراد ، L = کمون ، S = بیماری مستعد افراد آن، در که
λ = بیماری انتقال سرعت ، R یافته= بهبود افراد ، J = بیمارسان در بستری

q = هستند بیماری معرض در که مهاجر های انسان از کسری

مدل. پایداری وبررسی جواب وجود تحلیل .۲ .۱

میکنیم: استفاده زیر لم دو از جذب ناحیه و جواب وجود اثبات برای

شرایط با (۱ .۱) مدل برای (S(t), L(t), I(t), Q(t), J(t), R(t)) فرد به منحصر جواب .۱ .۱ لم
دارد.[۱] وجود t ≥ 0 هر ازای به مثبت اولیه

است صورت این به مدل(۱. ۱) برای شدنی زیستی ناحیه .۲ .۱ لم

Γ = (S(t), L(t), I(t), Q(t), J(t), R(t)) ∈ R6
+

آن در که

R6
+ : S(t) + L(t) + I(t) +Q(t) + J(t) +R(t) ≤ π + α

µ

[۱]. شود می محسوب جذب ناحیه و است مثبت ای ناحیه

مهاجر های انسان تمام یعنی α = 0 یا q = 1 که دارد قرار تعادل حالت در صورتی در سیستم این
نقطه حال است. ناچیز گرفتند قرار بیماری معرض در که افرادی آن نرخ یا و دارند قرار بیماری معرض در

میگیریم: نظر در زیر صورت به حالت این در را تعادل

εq0 = (S∗, L∗, I∗, Q∗, J∗) = (
π + α

µ
, 0, 0, 0, 0).

پایداری به منجر q = 1 شرط با همواره مدل(۱. ۱) از εq0 بیماری از عاری تعادل نقطه .۳ .۱ قضیه
[۱]. R∗

i ≤ 1 هرگاه (GAS) شود می سیستم سراسری
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بهینه. کنترل .۳ .۱
و ماسک از (استفاده و u1 = ها) مرز شدن باز هنگام قرنطینه و موثر آزمایش ) کنترل دو بخش این در
با و میکنیم اعمال (۱ .۱) سیستم روی را u2 = آموزش) طریق از خود از محافظت و ها دست شستن
کار این برای آوریم. می دست به (۱ .۱) سیستم برای را بهینه کنترل پونتریاگین ماکسیمم اصل از استفاده

کنیم: مینیم زیر شرایط با را F تابعی باید
F (u1, u2) = min

∫ tf

t0

[L+ I +Q+ J +
b1
2
u21 +

b2
2
u22]dt

که: طوری به
dS

dt
= (1− u1)[π + αq] + σ(1− p)Q− (1− u2)(λS)− µS

dL

dt
= α(1− q) + (1− u2)λS − (τ1 + τ2 + µ)L

dI

dt
= τ1L− (γ + ν1 + δ1 + µ)I

dQ

dt
= τ2L− (σ + µ)Q

dJ

dt
= γI − (ν2 + δ2 + µ)J

dR

dt
= δ1I + δ2J + σpQ− µR

(۲ .۱)

. S > 0, L ≥ 0, I ≥ 0, Q ≥ 0, J ≥ 0, R ≥ 0 که
ماتریس ابتدا است.پس F بودن بهینه،محدب کنترل جواب وجود برای شرط ترین اساسی اینکه به توجه با

آوریم: می دست به زیر فرم به را F (u1, u2) هسین

H =

[
b1 0
0 b2

]

اکیدا F (u1, u2) پس است. مثبت معین ماتریس یک H هستند، مثبت b1, b2 اینکه به توجه با
داریم: زیر فرم به را هامیلتونی پونتریاگین ماکسیمم اصل به توجه با حال است. محدب

H = L∗ + I∗ +Q∗ + J∗ +
b1
2
u21 +

b2
2
u22 + ψ1[(1− u1)(π + αq)

+ σ(1− q)Q∗ − (1− u2)(λS
∗)− µS∗]

+ ψ2[α(1− q) + (1− u2)λS
∗ − (τ1 + τ2 + µ)L∗]

+ ψ3[τ1L
∗ − (γ + ν1 + δ1 + µ)I∗]

+ ψ4[τ2L
∗ − (σ + µ)Q∗]

+ ψ5[γI
∗ − (ν2 + δ2 + µ)J∗]

+ ψ6[δ1I
∗ + δ2J + σpQ∗ − µR∗]

(۳ .۱)
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با زیر معادلات در که گیریم می نظر در صورت این به را i = 1, ..., 6, ψi حالت هم های متغیر حال
کند: صدق ψi(tf ) = 0 انتهایی شرایط

dψ1

dt
= − ∂H

∂S∗ = −ψ1[−µ− (1− u2)λ]− ψ2[(1− u2)λ]

dψ2

dt
= − ∂H

∂L∗ = −1 + ψ2(τ1 + τ2 + µ)− ψ3τ1 − ψ4τ2

dψ3

dt
= −∂H

∂I∗
= −1 + ψ3(γ + ν1 + δ1 + µ)− ψ6δ1

dψ4

dt
= − ∂H

∂Q∗ = −1− ψ1σ(1− p) + ψ4(σ + µ)− ψ6σp

dψ5

dt
= − ∂H

∂J∗ = −1 + ψ5(ν2 + δ2 + µ)− ψ6δ2

dψ6

dt
= − ∂H

∂R∗ = ψ6µ

(۴ .۱)

سیستم(۱. ۱) برای بهینه کنترل و(۱. ۳)و(۱. ۴) (i = 1, 2),
∂H

∂ui
= 0 بهینگی لازم شرایط به توجه با

است: زیر صورت به

u∗1 = min[max(0, ψ1(
π + αq

b1
), u1max]

u∗2 = min[max(0, (
(ψ1 − ψ2)λS

∗

b2
), u2max]

مراجع
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همبند موضعاً هاسدروف توپولوژیکی فضای در بسنده هم وردای پیوسته آماره
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کاشان دانشگاه ریاضی، علوم دانشکده آمار، گروه 1

mehdishams@kashanu.ac.ir

توپولوژیکی گروه های کمک به و فضاها روی توپولوژیکی ساختار به توجه با مقاله این در چکیده.
پیوسته چگالی های با احتمال اندازه های از خانواده هر می شود ثابت ریاضی آنالیز مفاهیم و
مقادیر با هم وردا پیوسته بسنده آماره یک و شده تولید جابه جایی تبدیلات گروه یک توسط

می کند. اختیار را حقیقی

پیش گفتار .۱

با همبند مسیری و همبند موضعاً هاسدورف توپولوژیکی فضای یک (X,U) کنید فرض
گروه (Θ,W) هستند) نیز هاسدورف توپولوژیکی، فضاهای تمام مقاله این (در باشد شمارا پایه
پیوسته X روی (Θ,W) گروه باشد. X روی همبند و همبند موضعاً پیوسته جابه جایی تبدیل
فرض هستند. پیوسته (θ, x) 7→ θx و θ 7→ θ−1 و (θ, τ) 7→ θτ توابع یعنی است،
اندازه Pθ ،θ ∈ Θ هر برای و باشد U توسط شده تولید σ−میدان ،A ⊂ P(X) کنید
توسط را ،Pθ|A احتمال اندازه θ ∈ Θ هر برای یعنی هست، θ تبدیل توسط شده تولید احتمال
خنثی عضو یک ϵ اگر خاص حالت در که می کنیم تعریف A ∈ A ،Pθ(A) := P (θ−1A)

همچنین می شود. تولید Θ تبدیل گروه توسط θ ∈ Θ ،Pθ خانواده .Pϵ = P باشد، Θ از
اندازه یک برای و است P به وابسته پیوسته چگالی یک Pθ ،θ ∈ Θ هر برای کنید فرض
داشته وجود هم ورداست که Tn مثل حقیقی مقادیر با پیوسته بسنده آماره یک n > 1 نمونه
برای آن گاه ،T (x′1, ..., x′n) = T (x′′1, ..., x

′′
n) اگر هم ورداست T : Xn → Y (تابع باشد.

2010 Mathematics Subject Classification. Primary 43-XX; Secondary 62F10.
. هم وردا بسنده آماره لبگ، اندازه احتمال، اندازه همبند، موضعاً هاسدروف توپولوژیکی فضای کلیدی. واژگان
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آماره یک فرضیات این تحت (.[۱] T (θx′1, ..., θx′n) = T (θx′′1, ..., θx
′′
n) ،θ ∈ Θ هر

توزیع که طوری به است بسنده θ ∈ Θ ،Pθ که دارد وجود X روی S حقیقی مقادیر با پیوسته
توزیع های مقیاس پارامتر خانواده یا ۱ واریانس با نرمال توزیع های مکان پارامتر خانواده یا S
جابه جایی تبدیل گروه های توسط که توزیع هایی خانواده های میان دیگر، عبارت به هست. گاما
خانواده و نرمال توزیع های مکان پارامتر خانواده در بسنده آماره می شوند، تولید نظم شرایط با
هم وردا و پیوسته ،۱ از بزرگتر نمونه اندازه های برخی برای تنها گاما توزیع های مقیاس پارامتر
است شده انجام [۴ ،۲] جمله از زیادی تحقیقات بسندگی و ناوردایی بین ارتباط مورد در هست.
مورد ارتباط این مقیاس و مکان خانواده مورد در ریاضی آنالیز مفاهیم دیدگاه از مقاله این در که

گرفت. خواهد قرار بررسی

بسنده آماره های و تبدیل گروه های .۲

θ : X → X تبدیلات Xباشد، روی هم وردا تابع یک T Xو روی تبدیلات گروه یک Θ اگر
θt := TθT−1{t} صورت به شده تعریف θ : T (X) → T (X) تبدیلات طبیعی طور به
ثابت عضو یک از تنها TθT−1{t} ،t ∈ T (X) برای می شود دیده (براحتی می کند القا را

است). تعریف خوش رو این از و شده تشکیل
احتمال Q|Aاندازه احتمال اندازه هر برای باشد. بورل میدان B و R توپولوژی O فرض کنید

کنید. تعریف B ∈ B ،Q ∗ T (B) := Q(T−1B) صورت به را Q ∗ T |B القایی

روی پیوسته تبدیلات گروه یک (Θ,W) و هاسدروف فضای یک (X,U) کنید فرض .۱ .۲ لم
،t ∈ T (X) هر برای گاه آن باشد، هم وردا و پیوسته T : X → R اگر باشد. (X,U)

است. پیوسته θ → θt

اگر باشد. پیوسته T : X → R و همبند موضعاً و همبند (X,U) کنید فرض .۲ .۲ لم
.A ∈ O ∩ T (X) گاه آن ،T−1A ∈ U و A ⊂ T (X)

روی پیوسته تبدیل گروه یک (Θ,W) و همبند موضعاً و همبند (X,U) کنید فرض .۳ .۲ لم
،θ ∈ Θ هر برای t → θt گاه آن باشد، هم وردا و پیوسته T : X → R اگر باشد. (X,U)

است. O−پیوسته ∩ T (X)

و پیوسته تبدیلات گروه یک (Θ,W) و توپولوژیکی گروه یک (X,U) کنید فرض .۴ .۲ لم
گاه: آن باشد. هم وردا و پیوسته T : X → R و (X,U) روی همبند

است. O−بسته ∩ T (X) و ناوردا S = {t ∈ T (X) : Θt = {t}} (i)
شده تشکیل نقطه یک از Wt مجموعه ،t ∈ T (X) و W ∈ W یک برای اگر (ii)

.t ∈ S گاه آن باشد،
و Pθ به وابسته T شرط به 1A از شرطی امید یک A ∈ A هر برای بسندگی تعریف به توجه با

داریم: می نامیم. p(A, .) را آن که دارد وجود θ ∈ Θ از ∫مستقل
p(A, t)1B(t)Pθ ∗ T (dt) = Pθ(A ∩ T−1B), ∀B ∈ B, θ ∈ Θ
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کنید: فرض .۵ .۲ لم

باشد. همبند موضعاً و همبند (X,U) (i)
باشد. جابه جایی و همبند همبند، موضعاً که پیوسته تبدیلات گروه (Θ,W) (ii)

.P (U) > 0 ،∅ 6= U ∈ U هر برای (iii)
اندازه های شده تولید خانواده برای که حقیقی مقادیر با پیوسته هم وردای آماره یک (iv)

باشد. داشته وجود باشد بسنده θ ∈ Θ ،Pθ ∈ A احتمال
بگیرید. نظر در را t0 ∈ T (U) با U ∈ U و t0 ∈ S و ۴ .۲ لم در شده تعریف S مجموعه
شامل I غیرتباهیده فاصله یک و M پوچ P−مجموعه ∗ T یک ،p(U, .) شرطی امید هر برای

.p(U, t) > 0 ،t ∈ I ∩M هر برای که طوری به دارد وجود t0
هرگاه گویند، g : X → Y تابع از انقباض یک را f : X → Y تابع .۶ .۲ تعریف

وجود ψ : g(X) → Y تابع یک صورت این در .f(x′) = f(x′′) گاه آن g(x′) = g(x′′)

.f = ψ ◦ g که دارد
کنید فرض .۷ .۲ لم

باشد. همبند موضعاً و همبند (X,U) (i)
باشد. جابه جایی و پیوسته همبند، موضعاً همبند، تبدیلات گروه (Θ,W) (ii)

برای که طوری به است U توسط شده تولید A σ−میدان روی احتمال اندازه یک P (iii)
.P (U) > 0 ،∅ 6= U ∈ U هر

به وابسته پیوسته چگالی یک θ ∈ Θ ،Pθ|A شده تولید خانواده احتمال اندازه هر (iv)
می نامیم. h(., θ) را آن که می پذیرد را P |A

وجود است بسنده θ ∈ Θ ،Pθ|A برای که حقیقی مقادیر با هم وردا پیوسته آماره یک (v)
دارد.

است. T از انقباض یک h(., θ) ،θ ∈ Θ هر برای صورت این در

است. شده استفاده ۷ .۲ تا ۱ .۲ لم های از آن اثبات در که می شود بیان مقاله اصلی قضیه اکنون

کنید: فرض .۸ .۲ قضیه
باشد. شمارا پایه با همبند موضعاً و مسیری همبند (X,U) (i)

باشد. X روی جابه جایی و همبند موضعاً همبند، پیوسته، تبدیل گروه (Θ,W) (ii)
،∅ 6= U ∈ U هر برای که طوری به است A σ−میدان روی احتمال اندازه یک P (iii)

.P (U) > 0
باشند. عمل ۲ از بیشتر شامل θ ∈ Θ ،Pθ|A شده تولید خانواده (iv)

نام به P |A به وابسته پیوسته چگالی یک Pθ|A احتمال اندازه ،θ ∈ Θ هر برای (v)
بپذیرد. را h(., θ)

برای که دارد وجود حقیقی مقادیر با هم وردا پیوسته آماره یک n > 1 اندازه یک برای (vi)
است. بسنده θ ∈ Θ ،Pθ|A

برای که دارد وجود X روی S حقیقی مقادیر با هم وردا و پیوسته آماره یک صورت این در
خانواده یا θ ∈ Θ ،Pθ ∗S القایی توزیع های خانواده که طوری به است بسنده θ ∈ Θ ،Pθ|A

هست. گاما توزیع های مقیاس پارامتر خانواده یا ۱ واریانس با نرمال توزیع های مکان پارامتر
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یکی دارای Pθ ∗ S که طوری به دارد وجود w : Θ → R پیوسته تابع یک دقیق تر، طور به
است: لبگ اندازه به وابسته زیر چگالی های از

a)r → (2π)−
1
2 e−

(r−w(θ))2

2 , r ∈ R;w(θτ) = w(θ) + w(τ)

b)r → 1

Γ(p)
w(θ)prp−1e−w(θ)r, r > 0; p > 0, w(θ) > 0, w(θτ) = w(θ)w(τ).

،Pθ|A برای که حقیقی مقادیر با هم وردا و بسنده آماره یک خاص حالت در می دهد نتیجه این
.(x1, ..., xn) −→

∑n
i=1 S(xi) ،n ∈ N هر برای که دارد وجود است بسنده θ ∈ Θ

باشد: کوشی توزیع P |B و X = R روی تبدیلات تمام از گروه یک Θ کنید فرض .۹ .۲ مثال
.[۵] دارد وجود Tn : Rn → R دواندازه پذیر یک به یک تابع یک n ∈ N هر برای (i)
است، دواندازه پذیر که این از هم ورداست. وضوح به است یک به یک Tn که این از

نمی شود. حذف پیوستگی شرط لذا است. بسنده θ ∈ Θ ،Pθ|B برای
یک مکمل روی که دارد وجود Tn : Rn → R پیوسته تابع یک n ∈ N هر برای (ii)
اندازه های تمام برای Tn .[۳] است یک به یک ،B در مناسب لبگ صفر مجموعه
حالت در لذا و پیوسته می شوند مغلوب Bn روی لبگn−بعدی اندازه توسط که احتمال
نمی شود. حذف هم وردایی شرط رو این از و است بسنده θ ∈ Θ ،Pθ|B برای خاص

چگالی با احتمال اندازه هر P |B و R روی تبدیلات از گروه یک Θ کنید فرض .۱۰ .۲ گزاره
بسنده آماره یک θ ∈ Θ ،Pθ خانواده صورت این در باشد. B روی لبگ اندازه به نسبت پیوسته

می پذیرد. را n نمونه اندازه هر برای R2 مقادیر با پیوسته هم وردای

1(0,1) چگالی داشتن توسط P |B و همسانی تبدیلات گروه Θ ،X = (0,∞) اگر .۱۱ .۲ مثال
هم وردا پیوسته بسنده آماره یک θ ∈ Θ ،Pθ|B وابسته خانواده تعریف شود، لبگ اندازه به وابسته

می پذیرد. نمونه هر برای را Tn(x1, ..., xn) = max{x1, ..., xn} حقیقی مقادیر با
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بسنده و ناوردا تقریباً ناوردا، سیگمایی میدان های
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هستند معادل ناوردا تقریباً و ناوردا σ−میدان های که می شود داده نشان مقاله این در چکیده.
باشد. مناسب بسنده σ−میدان یک از مستقل ناوردا σ−میدان اگر تنها و اگر

پیش گفتار .۱

ارتباط مقاله این در است. ناوردایی اصول از استفاده تصمیم، توابع روی محدودیت ها از یکی
داده ها اغلب آماری تصمیم مسأله یک در می گیرد. قرار بررسی مورد بسندگی و ناوردایی بین
این حال هستند. موفق مسأله بعد کاهش در دو هر و می شوند فشرده ناوردایی یا بسندگی توسط
[۴] همکاران و هال خیر؟ یا دارد وجود روش دو هر به کارگیری امکان آیا که می شود مطرح سوال
همزمان به طور اصل دو هر به کارگیری توسط می تواند تقلیل این خاص شرایط تحت که دادند نشان
و کرد اجتناب شرایط این بررسی از می توان حال هر به شود. انجام است بی اهمیت کدام که این و
جستجوی از قبل مشکلات این از دوری برای و کرد جابه جا بسنده آماره فضای با را نمونه فضای
و شوند فشرده بسندگی توسط داده ها ابتدا در مدل، ناوردایی برای تبدیلات از مناسب گروه یک
بسندگی اصول تصمیم مسائل برخی در برد. به کار بسنده آماره فضای روی را گروه ناوردایی سپس
،X ∼ N(0, σ2) اگر مثال عنوان به می شوند. داده ها در یکسان فشردگی به منجر ناوردایی و
g̃(a) = a و ḡ(σ2) = σ2 ،g(x) = −x تبدیل و SEL زیان تابع تحت σ2 برآورد مسأله
هستند δ(x) = δ(−x) صورت به (هم وردا) ناوردا تصمیم قواعد بنابراین و بود خواهد ناوردا

2010 Mathematics Subject Classification. Primary 43-XX; Secondary 62F10.
تقریباً ماکسیمال، ناوردای مینیمال، بسنده آماره ناوردا، σ−میدان دواندازه پذیر، تبدیلات گروه کلیدی. واژگان
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گرفت نتیجه می توان است کامل بسنده آماره X2 که این از است). x2 از تابعی δ(x) (یعنی
X2 از توابعی که قواعدی رده روی کردن محدود به منجر دو هر ناوردایی و بسندگی اصول که
قبل است ممکن که آنجا تا داده ها کردن خلاصه برای اغلب آماردانان بنابراین می شوند. هستند،
دو که است معقول زمانی تنها رهیافت این که می کنند استفاده بسندگی از ناوردایی به کار گیری از
نمونه براساس هم وردا قاعده هر برای و باشد ناوردا نیز یافته کاهش مسأله باشند. برقرار شرط
باشد. اولی قاعده خوبی به که باشد داشته وجود بسنده آمار اساس بر هم وردا قاعده یک اصلی،
آماره که است این اول، شرط با ارز هم قانون یک برقرارند. آماری مسائل بیشتر در شرط دو این

نیست. برقرار همیشه قاعده این می دهد نشان زیر مثال که باشد هم وردا بسنده

g(X) = X+a تبدیلات تحت توزیع این .X1, ..., Xn
iid∼ N(θ, 1) کنید فرض .۱ .۱ مثال

آماره که صورتی در هم ورداست، T1(X) = X̄ یعنی θ برای مینیمال بسنده آماره ناورداست.
زیرا نیست، هم وردا تقریباً و هم وردا T2(X) = (X̄, X1

X2
) بسنده

نیست. X1

X2
و X̄ از جا) همه تقریباً (حتی تابعی T2(X+ a) = (X̄ + a, X1+a

X2+a
)

با است ممکن که آنجا تا اگر لذا و هم ورداست مینیمال، بسنده آماره که می شود داده نشان
بود. خواهد برقرار اول شرط شود، سازی فشرده بسندگی از استفاه

مقاله این در است. شده پرداخته ناوردایی و بسندگی مفاهیم ارتباط به [۳ ،۵] نظیر مقالاتی در
σ−میدان اگر تنها و اگر هستند معادل ناوردا تقریباً و ناوردا σ−میدان های که می شود داده نشان

باشد. مناسب بسنده σ−میدان یک از مستقل ناوردا

ناوردایی و بسندگی .۲

روی احتمال توزیع های از خانواده یک P اندازه پذیر، نمونه فضای یک (X ,A) کنید فرض
فرض باشد. خودش به X از دواندازه پذیر و پوشا یک، به یک تبدیلات از گروه یک G و A
فرض .Pg−1 ∈ P ،g ∈ G و P ∈ P هر برای یعنی باشد، ناوردا G تحت P که  کنید
را G−ناوردا P−تقریباً مجموعه های همه σ−میدان باشد. بسنده σ−میدان یک AS ⊂ A کنید
می دهیم. نمایش AI ⊂ A توسط را A در G−ناوردا مجموعه های σ−میدان و AA ⊂ A توسط
باشند. P−معادل ،B و A اگر A ∼ B می نویسیم A,B ∈ A برای .AA ⊃ AI داریم
ولی ASI ⊂ AI وضوح به .ASI = {A ∈ AI : ∃B ∈ AS, B ∼ A} می دهیم قرار
می شود انتخاب طوری AS علاقه، مورد مثال های بیشتر در نیست. برقرار لزوماً ASI ⊂ AS

آماره یک می شود. تعریف مشابه طور به ASA ⊂ A اساسی اشتراک .ASI = AS ∩AI که
Sx = Sy و g ∈ G و x, y ∈ X هر برای اگر Gاست برای هم وردا S (X از اندازه پذیر (تابع
تابع یک می شود). جابه جا G با S می شود گفته [۱] مرجع در ) .Sgx = Sgy دهد نتیجه
القا ḡS = Sg توسط شده تعریف Ḡ یک به یک تبدیلات از گروه یک خودش برد روی هم وردا
داده σ−میدان یک برای S می شود فرض بعد به این از است. همریختی یک متناظر و می کند
دواندازه پذیر آن پی در و اندازه پذیر (B,B) ،Ḡ اعضای باید و است اندازه پذیر S برد روی B شده
S برد روی ḡ دواندازه پذیر تبدیل یک g ∈ G هر برای اگر گوییم هم وردا تقریباً را S باشند.

.Sg = ḡS رو این از و باشد داشته وجود
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،P ∈ P و g ∈ G برای آن گاه باشد، حقیقی مقادیر با کران دار آماره یک f اگر .۱ .۲ لم
.EP (f |gAS) ∼ E(fg|AS)g

−1

تقریباً آماره یک توسط القایی σ−میدان با معادل یا مینیمال بسنده آماره AS اگر .۲ .۲ لم
.gAS ∼ AS ،g ∈ G هر برای آن گاه باشد، S هم وردای

به توجه با باشد. حقیقی مقادیر با کران دار آماره f و مینیمال بسنده AS می کنیم فرض برهان.
هر برای چون که gAS ⊃ AS لذا و gAS پس ندارد. P به بستگی EP (f |gAS) ،۱ .۲ لم
فرض و گرفته نظر در را S هم وردای تقریباً آماره .gAS ∼ AS داریم است، درست g ∈ G

خاطر به اول هم ارزی .gS−1B ∼ S−1ḡB = S−1B ∼ AS لذا .AS ∼ S−1B می کنیم
� است. ḡ بودن دواندازه پذیر جهت به آخر به مانده یکی تساوی و S هم وردایی تقریباً

هم ارز اند: زیر گزاره های صورت این در .gAS ∼ AS ،g ∈ G هر برای کنید فرض .۳ .۲ لم

ناورداست. تقریباً E(f |AS) باشد، ناوردا تقریباً حقیقی مقادیر با کران دار آماره f اگر (i)
مستقل اند. ASA شرط به شرطی طور به AA و AS (ii)

هم ارزی اولین .E(f |AS)g ∼ E(fg|AS)g ∼ E(f |gAS) ∼ E(f |AS) داریم برهان.
است. برقرار gAS ∼ AS واسطه به سومی و ۱ .۲ لم جهت به دومی و fg ∼ f خاطر به
� است. [۴] از ۳ .۳ لم به توجه با (ii) و (i) گزاره های هم ارزی

AA برای AS آن گاه ،gAS ∼ AS ،g ∈ G هر برای اگر که است این لم این نتیجه یک
است. بسنده AA برای ASI داریم ،ASA ∼ ASI اضافی فرض تحت است. بسنده

بگیرید: نظر در را زیر گزاره های و شرایط موضوع، جمع بندی برای اکنون

1)ASA ∼ ASI ;

2)ASI ∼ {∅,X};
3)ASA ∼ {∅,X};
4)AS⊥AA;

5)AA⊥AI ;

است(6 AAبسنده ;ASAبرای

ASAهستند(7 شرط به شرطی AAمستقل ;ASو

8)∀g ∈ G, gAS ∼ AS;

است(9 کران دار کامل طور ;ASبه

است(10 AAبسنده AAبرای از زیرσ−میدان هر معادل طور AAبه روی می شود Pمتلاشی ;

11)P می کند ;Gتولید
12)AS ∨ AI ∼ A.

کنیم. بررسی را گزاره ها این بین روابط می خواهیم انتها در
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.3 ⇔ 1, 2 و 8 ⇒ 7 ⇒ 1 داریم ۳ .۲ لم طبق
برد روی Ḡ که است لازم اساساً 2 آن گاه شود، تولید S مثل هم وردا آماره یک توسط AS اگر

باشد. انتقالی S
11 ⇒ 10 وضوح به می شود. منطبق AA به P در اندازه ها محدودیت های یعنی 10 شرط
که Y ∼ N(µ, 1 − σ2) و X ∼ N(µ, σ2) کنید (اختیار نیست. برقرار آن عکس اما
ناوردای آماره و می دارد نگه ناوردا را P تبدیلات گروه X ⊥ Y و 0 < σ < 1 و µ ∈ R
برای AA ∼ AI که این از می شود. متلاشی AI روی P است. X − Y با برابر ماکسیمال

نمی کند. تولید را P ،G حال این با می شود. متلاشی AA روی P گروه، این

لذا .4 ⇔ 7, 12, 3, 5 همچنین .4 ⇔ 3 باشد برقرار 7 اگر لذا .4 ⇔ 3, 7 داریم .۴ .۲ قضیه
.3 ⇔ 4 ⇔ 3, 5 باشد، برقرار 7, 12 اگر

مینیمال بسنده آماره AS مثال طور (به باشد برقرار 7 که شود انتخاب طوری AS اگر
و ASA ∼ ASI دیگر عبارت به و AS ⊥ AA داریم بدیهی ASA برای آن گاه باشد)،

.1, 2, 8, 11 ⇒ 4 داریم همچنین .ASI ∼ {∅,X}
.6, 3 ⇒ 10 حال هر به باشد. اضافی 11 شرط می رسد نظر به ۴ .۲ قضیه به توجه با

می شود. بیان 9, 10 ⇒ 4 صورت به باسو قضیه و 3, 7 ⇔ 4 ⇔ 3, 8 همچنین
می آید. دست به نیز ۴ .۲ از که 12, 4 ⇒ 5 شده ثابت [۲] در
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غیرخطی بیضوی معادله برای نابدیهی ضعیف جواب وجود }چکیده.
−∆pu−∆qu = λf(x)|u|k−2

u+ g(x)|u|p
∗−2

u in RN
u(x) ≥ 0; x ∈ RN

کنیم. می بررسی را موجود، پارامترهای و توابع روی شرایطی تحت

پیش گفتار .۱

(p, q) شامل غیرخطی بیضوی مسئله برای نامنفی، ضعیف جواب وجود مطالعه ما هدف
باشد: می است، سوبولف بحرانی توان شامل که زیر، }−لاپلاسین

−∆pu−∆qu = λf(x)|u|k−2u+ g(x)|u|p
∗−2u در RN

u(x) ≥ 0; x ∈ RN (۱ .۱)

همچنین است. پارامتر یک 0 < λ و p < N, 2 ≤ q ≤ p < k < p∗ := Np
N−p که

Ω ⊂ RN باز زیرمجموعه روی که r = p∗

p∗−k با 0 ≤ f(x) ∈ C
(
RN
)
∩ Lr

(
RN
)

m عملگر ∆mu و 0 ≤ g(x) ∈ C
(
RN
)
∩ L∞ (RN

)
است، کراندار ، |Ω| > 0 ،با

است. −لاپلاسین

است موجود λ∗ > 0 ، ۱ .۱ در موجود پارامترهای و توابع روی بر بالا فرضیات با .۱ .۱ قضیه
دارد. X فضای در غیربدیهی ضعیف جواب یک حداقل مسئله λ > λ∗ هر برای که

2010 Mathematics Subject Classification. 35J62; 35B33, 35A15.
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اولیه قضایای و تعاریف .۲

فرض . φ ∈ C1 (X,R) و حقیقی باناخ فضای یک X کوهی)[۲] مسیر (قضیه .۱ .۲ گزاره
که: باشند موجود ای x1 ∈ X \Bρ (0) و α, ρ > 0 و φ (0) = 0 کنیم

u∥X∥؛ = ρ با u ∈ X هر برای φ (u) ≥ α (۱)
φ(x1)؛ < α (۲)

φ (un) → c و φ′ (un) → 0, که: است موجود {un} ⊂ X ی دنباله صورت آن در

c := inf

{
max
t∈[0,1]

φ (γ (t)) : γ ∈ C ([0, 1] , X) , γ (0) = 0 and γ (1) = x1

}
.

W 1,m
(
RN
)

نرم به ∞Cنسبت
0

(
RN
)

فضای بستار D1,mرا
(
RN
)

، 1 < m < N برای
صورت به که است انعکاسی باناخ فضای یک D1,m

(
RN
)

گیریم. می نظر در

D1,m
(
RN
)
:=

{
u ∈ Lm

∗ (RN
)
:
∂u

∂xj
∈ Lm

(
RN
)
, j = 1, . . . , N

}
,

که ∥u∥D1,m =

( ∫
RN

|∇u|mdx

) 1
m

نرم با ،m∗ := Nm
N−m که شود می مشخص نیز

است.[۱]. معادل W 1,m
(
RN
)

نرم با

دنباله را υn ∈ D1,p
(
RN
)

( prinⅽipⅼe ⅽonⅽentration−ⅽoⅿpaⅽtness ) .۲ .۲ لم
که، باشد موجود آن از ای زیردنباله اگر . Lp∗

(
RN
)

در υn ⇀ υ که بگیرید کراندار ای
i = برای ، υi > 0 و xj ∈ RN صورت آن در ای، υ اندازه برای |υn|p

∗
dx ⇀ υ

که دارد وجود 1, 2, 3, · · ·

υp
∗

n ⇀ |υ|p
∗
+

∞∑
i=1

υiδxi و
∞∑
i=1

υi
p
p∗ <∞

است. xi در دیراک اندازه δxi که

S = inf
{

∥∇u∥pp
∥u∥p

p∗
: u ∈ D1,p

(
RN
)
, u ̸= 0

}
. داریم: زیر صورت به را سوبولف ثابت

نتایج .۳

∥u∥X = ∥u∥D1,p + نرم با Xرا = D1,p
(
RN
)
∩D1,q

(
RN
)

انعکاسی باناخ فضای
.u− = u− u+ و u+ = max {0, u} دهیم می قرار گیریم. می نظر در ∥u∥D1,q

است: زیر صورت به ۱ .۱ با متناظر اویلر−لاگرانژ تابعک
(۱ .۳)

Eλ (u) =
1

p

∫
RN

|∇u|pdx+1

q

∫
RN

|∇u|q dx−λ
k

∫
RN

f(x)uk+dx−
1

p∗

∫
RN

g(x)up
∗

+ dx
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,p)−لاپلاسین q) برای جواب وجود

هستند. ۱ .۱ جوابهای آن بحرانی نقاط و است C1 کلاس از و تعریف خوش X در Eλ تابعک

پذیر: دیفرانسیل تابعکی E : X → R و باناخ فضای X .۱ .۳ تعریف
و E (un) → c اگر شود می گفته E برای c(PS)−دنباله یک {un} ⊂ X دنباله (۱)

n→ ∞ وقتی E ′ (un) → 0
شرط در E گوئیم باشد، ( X در ) همگرا ای دنباله زیر دارای هرc(PS)−دنباله اگر (۲)

کند. می صدق (PS)c

است. کراندار {un} آنگاه باشد، Eλ(u) برای c(PS)−دنباله یک {un} اگر .۲ .۳ لم

نامنفی تابع صورت آن در باشد، Eλ برای c(PS)−دنباله یک {un} ⊂ X اگر .۳ .۳ لم
.RN در جا همه تقریبا ∇un → ∇u که دارد وجود u ∈ X

کند: می صدق زیر شرایط در Eλ تابعک λ > 0 هر برای .۴ .۳ لم
.∥u∥ = R با Eλ(u) ≥ ρ که: دارد وجود R, ρ > 0 : i
.Eλ (u0) < 0 و ∥u0∥ > R که دارد وجود u0 ∈ X : ii

.C̃λ := inf
u∈X\{0}

max
t≥0

Eλ (tu) دهیم: می قرار λ > 0 هر برای

.0 < C̃λ <
S

N
p

N
∀λ > λ∗ : که دارد وجود ای λ∗ > 0 .۵ .۳ لم

ρ (مقدار C̃λ ≥ ρ > 0 لذا ، ∥u∥ = R برای Eλ(u) ≥ ρ > 0 که داریم ۴ .۳ لم از برهان.
باشد ای بگونه Ω داخل ساپورت با u0 ∈ X \ {0} اگر است). مثبت همیشه اما وابسته λ به

رابطه از ، ∥u0∥p∗ = 1 و u0 ≥ 0 که

Eλ (tu0) =
tp

p
∥u0∥pD1,p+

tq

q
∥u0∥qD1,q−

λtk

k

∫
RN

f(x)uk0dx−
tp

∗

p∗

∫
RN

g(x)up
∗

0 dx

لذا . t→ 0+ هرگاه ، Eλ (tu0) → 0+ و t→ ∞ وقتی Eλ (tu0) → −∞ که بینیم می
: λ > 0 هر برای بنابراین و max

t≥0
Eλ (tu0) = Eλ (tλu0) که دارد وجود ای tλ > 0

λ

∫
RN

f(x)uk0dx =
∥u0∥pD1,p

tλ
k−p +

∥u0∥qD1,q

tλ
k−q − tλ

p∗−k
∫
RN

g(x)up
∗

0 dx. (۲ .۳)

طرفی از . λ → ∞ وقتی tλ → 0 که گیریم می نتیجه لذا است مثبت بالا عبارت چپ سمت
که دارد وجود λ∗ > 0 پس ، tλ → 0+ وقتی Eλ (tλu0) → 0+ چون

.max
t≥0

Eλ (tu0) = Eλ (tλu0) <
S

N
p

N
هر برای λ > λ∗

� .λ > λ∗ هر برای C̃λ < S
N
p

N
که شود می نتیجه C̃λ ≤ max

t≥0
Eλ (tu0) چون
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لطیفی م.

و Eλ (un) → cλ که است موجود {un} دنباله که داریم ،۲ .۲ و ۴ .۳ لم از .۱ .۱ قضیه اثبات
تابع ۳ .۳ و ۲ .۳ لم طبق بر است.) Eλ برای دنباله − (PS)cλ یک {un} ). E ′

λ (un) → 0

بنابراین . RN در جا همه تقریبا ∇un → ∇u و un → u که است موجود u ∈ X نامنفی
: φ ∈ X هر ∫برای

|∇un|m−2∇un∇φdx→
∫

|∇u|m−2∇u∇φdx برای m = p, q∫
g(x) |un|p

∗−2 unφdx→
∫
g(x) |u|p

∗−2 uφdx∫
f(x) |un|k−2 unφdx→

∫
f(x) |u|k−2 uφdx.

حال . φ ∈ X برای E ′(u)φ = 0 نتیجتا و E ′ (un) (φ) → E ′(u)(φ) دیگر عبارت به
که دارد وجود ℓ ≥ 0 است، کراندار X در un که آنجا از u = 0 ∫اگر
|∇un|p dx+

∫
|∇un|q dx→ ℓ.

که داریم ، E ′
λ (un) → 0 چون طرفی از

(۳ .۳)∫
|∇un|p dx+

∫
|∇un|q dx = λ

∫
f(x)ukn+dx+

∫
g(x)up

∗

n+dx+ o(1)

ukn+ ⇀ 0 داریم: پس . RN در جا همه تقریبا ukn+ → 0 و است کراندار L
p∗
k در ukn+ چون و

.
∫
g(x)up

∗

n+dx→ ℓ پس f ∈ Lr = L
p∗

p∗−k =
(
L

p∗
k

)′
چون و L

p∗
k در

لذا Eλ(un) → cλ ≤ C̃λ ، λ > λ∗ هر برای اما
1

p

∫
|∇un|p dx+

1

q

∫
|∇un|q dx−

λ

k

∫
fukn+dx−

1

p∗

∫
gup

∗

n+dx→ cλ ≤ C̃λ

از اکنون . ℓ
N

≤ C̃λ یا
(

1
p
− 1

p∗

)
ℓ ≤ C̃λ ∫بنابراین

|∇un|p dx+
∫

|∇un|q dx ≥ S

(∫
|un|p

∗
dx

) p
p∗

≥ S

(∫
up

∗

n+dx

) p
p∗

تناقض که . C̃λ > ℓ
N

≥ S
N
p

N
بنابراین و ℓ

p
N = ℓ1−

p
p∗ ≥ S یا ℓ ≥ S(ℓ)

p
p∗ پس

� است.

مراجع
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معادله نوع یک برای را جواب سه حداقل وجود بونانو قضایای کمک با مقاله این در چکیده.
ارائه ادامه در نیز مثال یک و خاص حالت یک می کنیم. ثابت ششم مرتبه ضربه ای دیفرانسیل

است. شده

پیش گفتار .۱

می گیریم: درنظر را زیر ششم مرتبه ضربه ای مرزی مقدار مسئله مقاله این در

−u(6)(t) + u(4)(t)− (p(t)u′(t))′ + q(t)u(t) = λf(t, u(t)), t ̸= tj , t ∈ [0, 1]

u(0) = u(1) = u′′′(0) = u′′′(1) = 0

∆
(
u(3)(tj)

)
= µI1j(u(tj)), j = 1, 2, . . . ,m,

−∆
(
u(4)(tj)

)
= µI2j(u

′(tj)), j = 1, 2, . . . ,m,

∆
(
u(5)(tj)

)
= µI3j(u

′′(tj)), j = 1, 2, . . . ,m,

(۱ .۱)

f : [0, 1] × R → R و q ∈ L∞([0, 1]) و p ∈ C1([0, 1] × [0,+∞)) آن در که
I1j, I2j, I3j ∈ C(R,R) ،1 ≤ j ≤ m هر برای و است L1−کاراتئودوری تابع یک
به صورت ∆ عملگر و بوده 0 = t0 < t1 < t2 < · · · < tm < tm+1 = 1 و

2010 Mathematics Subject Classification. Primary 47J30; Secondary 47H10,
47H05.

. بحرانی. نقطه ضعیف، جواب کلاسیک، جواب ضربه ای، دیفرانسیل معادله کلیدی. واژگان
سخنران ∗

446



هلاکو ع.

و λ و می شود تعریف ∆(u(tj)) = u(t+j )− u(t−j ) = limt→t+j
u(t)− limt→t−j

u(t)

هستند. ثابتی مثبت اعداد µ

باشد، انعکاسی حقیقی باناخ فضای یک X کنیم فرض .([3.1 نتیجه ،۱]) ۱ .۱ قضیه
به طوری که باشد اجباری و محدب گاتو، مشتق پذیر پیوسته به طور تابعک یک Φ : X → R
به طور تابعک یک Ψ : X → R و است، X∗ روی پیوسته وارون یک دارای آن گاتوی مشتق

باشیم: داشته و است فشرده آن گاتوی مشتق که باشد گاتو مشتق پذیر پیوسته

inf
X

Φ = Φ(0) = Ψ(0) = 0.

و 2r1 < Φ(x̄) < r2
2

به طوری که باشند موجود x̄ ∈ X و r2 و r1 مثبت عدد دو کنیم فرض

؛
supx∈Φ−1((−∞,r1))

Ψ(x)

r1
< 2

3
Ψ(x̄)
Φ(x̄)

(B1)

؛
supx∈Φ−1((−∞,r2))

Ψ(x)

r2
< 1

3
Ψ(x̄)
Φ(x̄)

(B2)
هر برای (B3)

λ ∈ Λr1,r2 :=

(
3

2

Φ(x̄)

Ψ(x̄)
,min

{
r1

supx∈Φ−1((−∞,r1))Ψ(x)
,

r2
2

supx∈Φ−1((−∞,r2))Ψ(x)

})
نیز و می باشند Φ − λΨ تابعک موضعی کمینه های که x1, x2 ∈ X هر برای و

باشیم: داشته ،Ψ(x2) ≥ 0 و Ψ(x1) ≥ 0

inf
s∈[0,1]

Ψ(sx1 + (1− s)x2) ≥ 0.

مجزا بحرانی نقطه سه حداقل دارای Φ − λΨ تابعک ،λ ∈ Λr1,r2 هر برای این صورت در
می گیرند. قرار Φ−1((−∞, r2)) در که می باشد

Φ : باشد، انعکاسی حقیقی باناخ فضای یک X کنیم فرض .([3.6 قضیه ،۳]) ۲ .۱ قضیه
اجباری و دنباله ای ضعیف پایینی نیم پیوسته گاتو، مشتق پذیر پیوسته به طور تابعک Xیک → R
یک Ψ : X → R و ∗Xاست، روی پیوسته وارون یک دارای آن گاتوی مشتق به طوری که باشد
گاتوی مشتق که باشد دنباله ای ضعیف بالایی نیم پیوسته و گاتو مشتق پذیر پیوسته به طور تابعک
شرط با u1 ∈ X و r ∈ R کنیم فرض .Φ(0) = Ψ(0) = 0 به طوری که است فشرده آن

به طوری که باشند موجود 0 < r < Φ(u1)

supu∈Φ−1((−∞,r])؛ Ψ(u) < r Ψ(u)
Φ(u1)

(A1)

اجباری Φ−λΨ تابعک ،λ ∈ Λr :=
(

Φ(u1)
Ψ(u1)

, r
supu∈Φ−1((−∞,r]) Ψ(u)

)
هر برای (A2)

باشد.
X در مجزا بحرانی نقطه سه حداقل دارای Φ− λΨ تابعک ،λ ∈ Λr هر برای این صورت در

است.

جواب یک u اگر تنها و اگر می باشد (۱ .۱) مسئله ضعیف جواب یک u ∈ X .([۲]) ۳ .۱ لم
باشد. (۱ .۱) مسئله کلاسیک

باشد: برقرار زیر شرط کنیم فرض .۴ .۱ لم
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ششم مرتبه ضربه ای دیفرانسیل معادله یک برای جواب سه حداقل وجود

برای به طوری که باشند موجود i = 1, 2, 3 که ،σi ∈ [0, 1) و αi, βi > 0 اعداد (H1)
باشیم: داشته j = 1, 2, . . . ,m و i = 1, 2, 3 ،x ∈ R

|Iij(x)| ≤ αi + βi|x|σi

داریم: u ∈ X برای این صورت ∣∣∣∣∣در
m∑
j=1

∫ u(i−1)(tj)

0

Iij(x)dx

∣∣∣∣∣ ≤ m

(
αi∥u∥∞ +

βi
σi + 1

∥u∥σi+1
∞

)
, ∀i = 1, 2, 3

پژوهش دست آوردهای .۲

می دهیم: قرار

k =
δ2π2

288
(
1 + ∥p∥∞

π2 + ∥q∥∞
π4

) [
1
α5 +

1
(1−β)5

]
Γi,c =

αi
c
+

(
βi

σi + 1

)
cσi−1

در σi و βi ،αi ،i = 1, 2, 3 برای و بوده مثبت عدد یک c و 0 < α < β < 1 آن در که
شده اند. داده ۴ .۱ لم (H1) فرض

c < 2d
π

[
1
α3 +

1
(1−β)3

] 1
2 شرط با d و cمثبت عدد دو و بوده برقرار (H1) کنیم فرض .۱ .۲ قضیه

به طوری که: باشند موجود
F (t, ε) ≥ 0 باشیم: داشته (t, ε) ∈ ([0, α] ∪ [β, 1])× [0, d] هر برای (A1)∫ 1

0 max|ε|≤c F (t,ε)dt

c2
<

k
∫ β
α F (t,d)dt

d2
(A2)

lim sup|ε|→+∞
supt∈[0,1] F (t,ε)

ε2
≤ π2

∫ 1
0 max|ε|≤c F (t,ε)dt

4c2
(A3)

هر برای این صورت در

λ ∈ Λ =

(
2δ2π2d2

k
∫ β
α
F (t, d)dt

,
2δ2π2c2∫ 1

0
max|ε|≤c F (t, ε)dt

)
عدد

ρ =
1

2m
min
1≤i≤3

2δ2π2c2 − λ
∫ 1

0
max|ε|≤c dt

c2Γi,c
,
kλ
∫ β
α
F (t, d)dt− 2δ2π2d2

d2Γ
i,
(

d√
k

)


دارد. کلاسیک جواب سه حداقل (۱ .۱) مسئله ،µ ∈ [0, ρ) هر برای به طوری که دارد وجود

،x ∈ R هر برای و f(t, x) ≥ 0 ،(t, x) ∈ [0, 1] × R هر ازای به کنیم فرض .۲ .۲ لم
مسئله کلاسیک جواب u اگر .Iij(x) ≤ 0 باشیم: داشته ،i = 1, 2, 3 و j = 1, 2, . . . ,m

.u(t) ≥ 0 داریم: t ∈ [0, 1] هر ازای به آن گاه باشد (۱ .۱)
448



هلاکو ع.

می دهیم: قرار

Gi,c =
m∑
j=1

min
|ε|≤c

∫ ε

0

Iij(x)dx, ∀c > 0, i = 1, 2, 3

می کنیم: بیان زیر به صورت را دیگری نتیجه

شرط با d و c2 ،c1 مثبت عدد سه کنیم فرض .۳ .۲ قضیه

πc1

2
[

1
α3 +

1
(1−β)3

] 1
2

< d <

√
k

2
c2

به طوری که: باشند موجود
,f(t؛ x) ≥ 0 باشیم: داشته (t, x) ∈ [0, 1]× [0, c2] هر برای (B1)

؛
∫ 1
0 F (t,c1)dt

c21
< 2

3
k
∫ β
α F (t,d)dt

d2
(B2)

؛
∫ 1
0 F (t,c2)dt

c22
< k

3

∫ β
α F (t,d)dt

d2
(B3)

هر برای این صورت در

λ ∈ Λ′ =

(
3δ2π2d2

k
∫ β
α
F (t, d)dt

, δ2π2min

{
2c21∫ 1

0
F (t, c1)dt

,
c22∫ 1

0
F (t, c2)dt

})
عدد ،i = 1, 2, 3 و j = 1, 2, . . . ,m که Iij نامثبت تابع هر برای و

ρ∗ =
1

2
min
1≤i≤3

{
λ
∫ 1

0
F (t, c1)dt− 2δ2π2c21

Gi,c1

,
λ
∫ 1

0
F (t, c2)dt− δ2π2c22

Gi,c2

}
،ui کلاسیک جواب سه حداقل (۱ .۱) مسئله ،µ ∈ [0, ρ) هر برای به طوری که دارد وجود

.0 < ∥ui∥∞ ≤ c2 ،i = 1, 2, 3 هر ازای به که دارد X در ،i = 1, 2, 3
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پوستر

آن از مثالی بررسی و شبهدیفرانسیل عملگرهای غیرخطی کوانتش حساب

1 اندبیلی یزدانی سپیده

ایران صنعت و علم دانشگاه ریاضی، علوم دانشکده ریاضی، گروه 1

sepidehyazdani1394@gmail.com

میپردازد. مربوطه حساب و τ مرتبط کوانتش با شبهدیفرانسیل عملگر معرفی به مقاله چکیده.
گروههای روی معمولا ویل و پادکوهن−نیرنبرگ کوهن−نیرنبرگ، کوانتشهای غیرخطی حالت
ویل کوانتش برای مناسب تشابه وجود جهت ویژه به ،τ چندجملهای توابع برای پوچتوان لی
حالت در را مربوطه حساب مقاله این در هستند. مشاهده قابل غیرجابهجایی مجموعه در
قطبی هایزنبرگ گروه روی غیرخطی τ برای مثالهایی انتها در و داده قرار بررسی مورد Rn

نمود. بیان پوچتوان لی گروه از دیگری مثالهای میتوان که است شده بیان هایزنبرگ و

پیش گفتار .۱

معادلات جمله از متعددی زمینههای در شبهدیفرانسیل عملگرهای از استفاده ضرورت و اهمیت
و ویژگیها از است. مشهود تصویر پردازش و کوانتوم مکانیک جزئی، مشتقات با دیفرانسیل
مقاله در اشاره مورد کوانتشهای میشود. یافت [۱] و ،[۵] ،[۷] ،[۶] در عملگرها این خواص
مشاهده قابل غیرجابهجایی مجموعه در ویل کوانتش برای مناسب تشابه پیدایش چگونگی در
آن در و دارند را کوانتوم ماشین اساسی خاصیت متقارن کوانتشهای کلاس که طوری به هستند
و [۲] در مربوط مطالب که میشوند کوانتیده خود−الحاق عملگرهای به خود−الحاق سیمبلهای

هستند. مشاهده قابل [۴] در زمینه این در دیفرانسیل شبه عملگرهای حساب از نمونهای
است: زیر صورت به مقاله این در مطالعه مورد دیفرانسیل شبه عملگر

1

(2π)n

∫
Rn

∫
Rn

ei(x−y)·ξσ(x+ τ(y − x), ξ)u(y)dydξ (۱ .۱)

. هایزنبرگ گروه (کوانتیزاسیون)ویل، کوانتش دیفرانسیل، شبه عملگر کلیدی. واژگان
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،τ(x) = 0 خطی انتخابهای برای خصوص به است تابع یک τ : Rn −→ Rn آن در که

ویل و پادکوهن−نیرنبرگ کوهن−نیرنبرگ، کوانتش های ترتیب به ،τ(x) =
x

2
و τ(x) = x

می دهد. پوشش را
فضای روی (x, ξ) متغیر از تابعی به عملگر دادن ارتباط برای متعددی (کوانتش) روش های
پادکوهن− و کوهن−نیرنبرگ ویل، نامهای به که را زیر کوانتشهای اینجا در که دارد وجود فاز

میکنیم: مطالعه هستند، معروف نیرنبرگ

1

(2π)n

∫
Rn

∫
Rn

ei(x−y)·ξσ

(
x+ y

2
, ξ

)
u(y)dydξ,

1

(2π)n

∫
Rn

∫
Rn

ei(x−y)·ξσ(x, ξ)u(y)dydξ,

1

(2π)n

∫
Rn

∫
Rn

ei(x−y)·ξσ(y, ξ)u(y)dydξ.

پژوهش دست آورد های .۲

قرار معادل توسط کلی عملگرهای خواص حساب پیرامون نتایجی و مطالعات بیان به مقاله
سیمبلهای برای ترکیب فرمول و ترانهاده الحاقی، همچنین و میپردازد نظر مورد عملگر با آن دادن
τ−کوانتیده عملگرهای سپس میشود. داده ارائه τ کوانتش با مرتبط عملگر برای τ−کوانتیده

میشود. بیان آنها (پاراوارون) تقریبی وارون و بیضوی
تغییر با بعدی کوانتش به τ−کوانتش یک از حرکت برای دیگری روش یافتن پی در همچنین
نظر مورد عملگر L2−کرانداری برای و شده حاصل نتیجهای هادامارد قضیه از استفاده با و متغیر
تا باشد کراندار باید سیمبل مشتقات از تعداد چه که است این مهم سؤال یک هورماندر کلاس در
و شود تضمین کالدرون−ویلانکورت قضیه در دیفرانسیلی شبه عملگرهای L2−کرانداری شرایط

است. آمده دست به τ−کوانتیده عملگرهای برای کالدرون−ویلانکورت قضیه نتیجه یک ضمناً
مجموعههای در عملگرها آنالیز در طبیعی طور به τ−کوانتش چگونه که میشود داده نشان انتها در
به منجر دارد وجود همیشه تقارن توابع نمایی گروههای برای چون و میشود ظاهر غیرجابهجایی
گروه ماتریسی توصیف از که صورت بدین میشوند. ویل کوانتش در خاصیت با کوانتشهای
غیرجابهجایی مجموعههای در تقارن توابع از سادهای نمونههای و کرده استفاده قطبی و هایزنبرگ
میانی” ”نقطه تابع ساده شکل هایزنبرگ گروه در همچنین و شده آورده قطبی و نرمال هایزنبرگ
بدین میکند ایفا را ویل نقش τ−کوانتش قطبی هایزنبرگ گروه در میدهیم. نشان را m(x, y)

جالبی تاب و هستند خود−الحاقی خود−الحاقی، سیمبلهای با τ−کوانتیده عملگرهای که معنا
برای پوچتوان لی گروه از دیگری مثالهای نهایت در میشود. حاصل Hpol روی متغیر آخرین در
اشاره زیر قضیه به عملگرها این حساب برای هستند. بیان قابل زمینه این در غیرخطی حالت

است. شده بیان [۲] در کامل طور به که میکنیم

میکنیم: تعریف زیر صورت به را Aa مربوطه عملگر و a ∈ Amd کنید فرض .۱ .۲ قضیه

Aau(x) :=

∫
Rn

∫
Rn

ei(x−y)·ξa(x, y, ξ)u(y)dydξ, u ∈ S(Rn)

451



شبهدیفرانسیل عملگرهای غیرخطی کوانتش در حساب بررسی

که: طوری به σ سیمبل دارد وجود ،µ ≥ 0 مرتبه از τ قبول قابل تابع هر برای آنگاه

Aau(x) =

∫
Rn

∫
Rn

ei(x−y)·ξσ(x+ τ(y − x), ξ)u(y)dydξ,

است: زیر ضعیف مجانبی بسط دارای σ و
σ(x+ τ(y − x), ξ) ∼∑
α,β≥0

∑
|α|+|β|≤|δ|≤N(|α|+|β|)

kδ(τ, α, β, x− y)∂αx∂
β
y ∂

δ
ξa(v, v, ξ)|v=x+τ(y−x),

(۱ .۲)
موارد از یک هر و بگیریم نظر در N > 1 هر برای می توانیم که

kδ(τ, α, β, x− y)∂ax∂
β
y ∂

δ
ξa(v, v, ξ)|v=x+τ(y−x) ,

داریم: این بر علاوه است. Sm−|δ|
µ(|α|+|β|),τ در سیمبل یک

k0(τ, 0, 0, x− y) ≡ 1 .

ξ در مجانبی بسط یک که بود خواهد معنی این به ادامه، در و (۱ .۲) در ضعیف، مجانبی بسط
داریم: M ∈ N0 هر برای کلی طور به و است فضا متغیرهای در موضعی کلاسیک مفهوم در

σ(x+ τ(y − x), ξ)−
∑
α,β≥0

∑
|α|+|β|≤|δ|≤N(|α|+|β|)

kδ(τ, α, β, x− y)×

× ∂αx∂
β
y ∂

δ
ξa(v, v, ξ)|v=x+τ(y−x) ∈ Am−M

(µ+d)M . (۲ .۲)

در باقیمانده و Sm−(|α|+|β|)
µ(|α|+|β|),τ در شرایط با مجانبی جمع یک σ می گوییم مواردی چنین در

است. Am−(|α|+|β|)
(µ+d)(|α|+|β|)
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