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NO Name _ Degree | Article] __From _
1 |Rajendra Bhatia Prof India
2 |Ole Christensen Prof Denmark
3 |Munibur Rahman Chowdhury |Prof Bangladesh
4 |S.L. Lee Prof Singapoor - E
5 |A. Mayeli Germar:\y -
6 |Md. Shafiqul Islam Bagglade's:t;
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In what follows the following theorem is crucial, o

Theorem 2.18. Letn € N, F o field, § an irredu ucible semigroup in M, (F), and %

@ nonzero semigroup ideal of 8. Then either trace is identically zero on 8 or
(4 € Alg(8U{T) : (A7) = {0}) = {0}. ;
We use I(n) to denote the length of the algebra M, (F) (see [3] for the definition).

Pappacena proved that i(n) < ny2n?/(n ~ 1)+ 1/d+n/2—2 (see (3, Corollary 3.2])..
In the next two results, we give slight generalizations of triangularizability results due,
to Radjavi and Guralnick, respectively (see [5, Theorem 2.2.1) and [2]). .

Corollary 2.14 (Radjavi’s Trace Theorem). (i) Letn > 1, F a field with
ch(F)=0o0r>n/2, meN, and F a family of triangularizable matrices in My (F).
Then ¥ is triangularizable if and only if tr((AB - BA)S) = 0 for all A,B € F and
all words S in F of length at least m. . :

(i) Letn > 1, F a field with ch(F) =0or > n/2, and a family of triangularizable

matrices in Mn(F). Then ¥ is triangularizable if and only if tr((AB - BA)S) = 0
Jor all A, B € F and all words S in F of length at most I(n).

Corollary 2.15. (i) Let F be a field, n,m € N, and F a family of triangularizable
matrices in My (F). Then F is triangularizable if and only if (AB ~ BA)S is nilpotent
Jor all A, B € F and all words S in F of length at least m.

(i) Let F be a field, n € N, and F o family of triangularizable matrices in Myp(F).

Then F is iriangularizable if and only if (AB ~ BA)S is nilpotent for all ABedF
and all words S in F of length at most i(n).
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Remark. In [6], it is shown tha
; , t & one-gi
(resp. continuous linear operators) on : ld

one-sided ideal is generated by a i
rank i ;
Hiorall 4, 5 tn the onc-sided ideal, - Porent i and only if rank(AB - BA) <
llowing result gives a criteri i
o ] on for trian izabili
closed, and A an FEt:D be a division ring, F a subfield of its center that is not
e t:r1 B M—a :qebm of matrices in M, (D) with inner eigenvalues in i“; ﬂ;‘ s
i subﬁe!df‘* ‘:’;iz ¢ if and only if every A € A is triangularizable. Convers‘tzt‘ hf .
o ) € ce:tzter‘ of D be given. If every F-algebra A of tri Yr et
ces in My (D) with inner eigenvalues in F is ¢r A of triangularizable
2-cloged. riangularizable, then F is not
Us i ;
Cor:l‘li:};ezp ;e?eémgltheoreim, We present a new proof of Kaplanski’s Theore
w0, and § a 'aemig:oi;g;ki st: beorem), Letn & N, F a field uith ch(F) >mr; or
' ' f matrices in M (F) on which trace i
ﬁm(‘g’? Sl triangularizable. In particular, if trace is 2670 on G semsgroug 8 1
C:)rol'lary 9 Oe (?i‘glfmegenemted by 8 is a nilpotent algebra of matrices o
ring, F sub}ield of‘:ts i::zr'r;iaﬁular!;agon Theorem). Let D bé a dfmion
M.(D) with 4 _ » end A an F-algebra of triangulari ices i
H:E;gil :':;h mner eigenvalues in F. Then, after g simﬂaritgu ;”::b:; rbné?t;zces in
mngutar form such that the sero diagonal blocks of A, if there is any, are all one.
pairs. That is, aft :rnonz_er? dsfzgonal _blocks of A occur in either linked o;r- inde :ﬂe'
o ates e 5 after a :3miiamty, A is in block triangular form with dig ona;;e ;} e;::
either m, " " i:= I-a:ld_it, ﬂlA‘!‘ "0+ e =mn so that for each pair (i, 5) f <4,j th
and i5(A) = 1-dg() A & 4]~ ey, nSs 9% & oo =y > ]
My, (F) x My, (F). = Mni(F), or {(i-dg(4), j-dg(A)) : A € A} =
ma L] . .
the cor;l;!a;; cg'n:ffg l;'en:qubi';}i preceding corollary is the following: Let A be as in
: - - is semni-si ; ;
if ‘E"“: T’)“y ker(A) o (e ker(A.;e;m{ Ds;mpie, then it contains the identity matrig
e and F be as in the i :
) preceding coroll ; '
simi ’ ; rollary. The followi
withlai::ty’ c}lxara.ctenzeg all simple F-algebras of triangularizable rf:lgatl"?mt: up to a
Coroll:re; e;g;nvaé;:es in F containing the identity matrix rices in Mu (D)
. 7. Letn € N, D a division ri ' '
simple F- . i ng, F a subfield of it
confa:nin aﬁebf% J friangularizable matrices in M, (D) with in{z::: ec:gnter’l i
ot g the i enttt_y matriz. Lot r,m. € N be the minimal monar, ye?:;ﬂ ues in F
o t:en.:;c;n of a mzfu?rnal nonzero invariant subspace of A respectz't:; ;?;A and
where A € ﬁ;_gni(’;? dxf::e:;;:m= :;;/m, and after simila;'ity A = digé(-“l .e“! A)
rank(A) for all A € A. » the minimal nonzero rank in A, ie., r, divi
I(‘u{ ;_ftf)r a similarity, A = M,(F) if and only if r = 1
m nzncomrzlriaf:?]d' an_d €a C(_)llection of matrices in MR(F ). A polynomial P i
: ative variables with coefficients from F is called a tmceyider:;; f lg
y o

if w(P(Cy,. = '
r(P(Cy,....Cn)) =0 forall C, € @ (1 <4< m). The polynomial P is called

up 8 in

divides

o
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an n-trivial trace identity, or simply n-trivial, if it is a trace identity of Mp{F). It

{s obvious that f = 1@z — @27 is an n-trivial trace identity for all n € N. It is

not difficult to see that (zy@g — T221)*zT3zs — (T122 — Tox1 ) T4Ts i8 a 2-trivial trace

identity but not a 3-trivial trace identity. Motivated by the proof of Radjavi's Trace

Theorem (|5, Theorem 2.2.1]) we state the following result. _

Theorem 2.8. Let n € N, K a field with ch(K) > n/2 or =0, and F a subfield of

K. Let A be an F-algebra of triangularizable matrices in My (K) with spectra in F,

and f a polynomial in m noncommutative variables with coefficients from Fthat is

not @ 2-trivial trace identity. Then the F-algebra A is triangularizable if and only if

f is a trace identity of A. o
The following is & generalization of Kolchin’s Theorem. ' B

Theorem 2.9. Letn € N, F g field with ch(F) > n/2 or =0, and ¥ a family
of triangularizable matrices in Mn(F) with trace zero. Then, every semigroup of
triangularizable matrices of the form I + A with A € F is triangularizable.
The following question was asked in [4]. As pointed out there, an affirmative answer
to the following question would be a sweeping generalization of a celebrated theorem-

Of Brauer. PR SRR

Question. Letting 8 be any irreducible semigroup of triangularizable matrices’in

M (K) with spectra in a subfield F' of K, must § be defined on F? In othet words,

does there ezist an invertible matriz T € Mo(K) such that T™'8T C Mu(F)?
We now give an affirmative answer to the Brauer type question above tnder the
weaker hypothesis that the semigroup in the question has traces in the stibfield F*
provided the subfield F' is k-closed for each k dividing n with k > 1, or it is finite.
Theorem 2.10. (i) Let n > 1, K a field, F o subfield of K that s k-closed for
cach k dividing n with k > 1, and 8 an irreducible semigroup in Mn(K) such that
{0} # tr(8) C F. Then, after a similarily, Algp(8) = Mn(F), and hence § is
defined over F. In particular, if F is algebraically closed, then, after a similarity,
Algg(8) = Mu(F) and s0 8 is defined over F', : S
(i) Let n > 1, K a field, F a fimte subfield of K, and 8§ an irreducible semigroup
in Mn(K) such that {0} # tr(8) C F. Then 8 is finite and s defined over F. - .
Here is a characterization of all fields F for which Burnside’s Theorem holds in
M (F). . o
Theorem 2.11. Let F be a field and n > 1. The following are equivalent.
(i) The only irreducible algebra in My(F) is M (F).
(ii) Every irreducible family of matrices in Mn(F) is absolutely irreducible.
(iii) The commutant of every irreducible family of of matrices in My (F) consists
of scalars. -
(iv) Every non-scalar matriz in Mn(F) has a nontrivial hyperinvariant subspace.
(v) The field F is k-closed for all k dividing n with k > 1.

: Using Burnside’s Theorem and the notion of simultaneous triangularization, one
can present a simple proof of the following theorem of Wedderburn (see [7] and {10,
Theorem 2.2.13}).

Theorem 2.12 (Wedderburn). Let F be a field and A o finite-dimensional algebra
over the field F. If the algebra A is spanned by nilpotents as a vector space over F,
then A is nilpotent as an algebra.
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For each finite subfamily {Avi i) of 7 and fer every € > 0 there exist a reducible
Jamily {T, ... T)n} satisfying
Ny =Ty) < o,

Jor every 1 < j < m. Then & is veducibls,

Let R be a subring of a field F, By an R-algebra A in L(V) (resp. M, (D)), we mean
a subring of L(V) (resp. M, (D)) that is closed under scalar multiplication by the
elements of the subring R, For & collection € in L(V) (resp. M, (D)), we use Algp(€)
to denote the R-algebra generated by €, By Alg(€) we simply mean Alg(€), where Z
denotes the center of D. For 4 & M, (D), we say that A € D is an inner eigenvalue of
A relative to a member M of a triangularizing chain € for A if there exists a column
vector z € M such that Az — zA € M_, where M_. is the predecessor of M in €
(note that dim M/M_ = 1). If D = K, then the inner eigenvalues of 4 ¢ M, (K)
relative to the members of a triangularizing chain € for A are the eigenvalues of 4. If
A € Mp(D) has inner eigenvalues in F relative to the members of a triangularizing
chain for A, then it is easy to verify that the inner eigenvalues of A relative to the
members of any other triangularizing chain for A are in F. For a given field F and
k € N with k > 1, we say that F is k-closed if every polynomial of degree k over F is
reducible over F. It is plain that a field & is algebraically closed iff F is k-closed for
all k € N with k& > 1. It can be shown that finite fields are not k-closed for all k eN
with k > 1. For a collection F of matrices in M, (D), we say that F is defined over a
subfield F of the center of D if there exists S € GLn(D) such that 5-155 ¢ M, (F).

Here is a useful lemma. . -
Lemma 1.5. Let V be ¢ right (resp. left) vector space over a division ring D, § a
semigroup in L(V), and T a nonzero right (resp. left) linear transformation in L(V).
If 8 is irreducible, then so is T8|n, where R =TV is the range of T'.

We now use the preceding lemma to give a simple proof of Levitzki’s Theorem on
division rings, _

Theorem 1.6 (Levitzki’s Theorem). Let D be a division ring and n € N. Then
every semigroup 8 of nilpotent matrices in M, (D) is triangularizable.

Levitzki’s Theorem implies the following result which shows that the triangulariz-

ability of a collection of triangularizable matrices with inner eigenvalues in the center
of a division ring D does not depend on the ground division ring D.
Corollary 1.7. Let D < D' be two division rings, F a subfield of Z(D) N Z(D'),
n €N, and F a family of triengularizable matrices in My, (D) with inner eigenvalues
in F. Then ¥ is triangularizable over D if and only if it is triangularizable over D'
In particular, a collection of nilpotent matrices in M,(D) is triangularizable if and
only if it is triangularizable over any division ring I’ that includes D.

The following is also a consequence of Levitzki’s Theorem.

Theorem 1.8. Let D be a division ring,

A TASTE OF SIMULTANEOUS TRIANGULARIZATION

ite-dini over division rings. Also note that this _rtlﬂlﬁ |
be ﬁnnsideﬂdl sider eﬂ::o: ‘gle::::?;z;tpizfzf Levitzki’s Theorem. It is also wo;fthulnotl:\;t
be con: of the theorem below is identical to that of Theorem 1.7.3 of (5] ‘-,bgbj-g
PJ}:IE pr:g:ni 9 (Radjavi). Let V be a left or right ﬁnit.e-dtq;er::m wector spa
a d?t?isiﬂﬂ ri.ng D. A set N of nilpotent mnsfomqﬂo;s mm 4 mmngu!aﬁm
if it has the property that whem?er A (.lﬂt.f E;\[ are in N, o n rfeommm. o
polynomial p such that AB + p(A,B)A isin N.

L R

2. Main results . o
i for irreducible F- . ebrits 0
ing is a Wedderburn-Artin type theore’m irreducible F- ey
; Tl-tle fslis:::;ges in My (D). Note that no finite-dimensionality v:s:u!ﬁb e
gih?lp.algebm nor on the ground division ring. We do nqti t: I 888 ..m:_}\_.; P it
on d division ring is algebraic over the subfield F' nor Qve'r‘t' 8 centel ﬁa‘ vﬁd*ﬁ‘ﬂ
glt;un em 2.1. Let D be a division ring, F a sub}g;d t}{e : 5 meﬂi%é‘ o éiﬂu
el g i ices in Mn(D). Let T € N"be the sm
i -algebra of F-algebraic matrices in Mn(D). Let T € 1 be 1€
mdwfée:fn:!fmemfm A. Then, the integer r divides ﬂ?f'}g djeer P'Ew
::l,omeM /r(Dy), where D, s an irreducible d-ivis(z;-r; ;"' da%?b;ﬁeaﬁ%)p rae o ﬁ
== nfri<r/: ) o K or €A . l
. ver, the integer r divides ran O T
::n;:i:i(lfr?i;tyMimi M, (Dy), where Dy is an F-algebraic subdiﬁﬁoh‘?mgfmq&
;ﬁﬁk= é';:ery irreducible F-algebra of F-algebm_ic mafingsaiiﬂqmm
: . 9 1] - ;. an " I .
identi triz and is simple artinian, bothas a ring and a8 a adlgem o
zde’;i:zyf;;gw?ﬁg result can be thought of as a ge'nera.hzation 3; Ertt,h ?'_I'hOOﬂ' h
irreducible F-algebras of triangularizable matrices in M (D) wit] ‘“""_. e dﬂ‘n pest
in the subﬁ;k; F :Let D be a division ring, F a subfield of ‘its .déntcr,f: aﬂ":fh;ra
Eh?;!;ef?alg:eb.m of triangularizable matrices in M,,(D) unthdm::: ;tg;ni‘ o
i‘t*;::ﬁ after a similarity, A = Mn(F). Therefore, -ﬂktid;ﬁne rf AR
intd;wibfe “and the subfield F is k-closed for ear.:h = M (}:') A po" R
Let F t;e a field, and € a collection of matrices in : na.lla;:l N rii!id" ﬁ.‘.y p
noncommutative variables with coefficients .from Fisc e el Bt ol
;‘(A Ap) is nilpotent forall 4; € € (1 <é< n) The (l:;jﬂy;l(F) “The Cht
n-tn‘lz:ilx.llr‘aﬂident-ity, or simply n-trivial, if lfi isa ng;‘d:nr::t):lt of \&ura.l!;i ek v df
i ds a special case . P T
f the following corollary exten _ |
:in (see [2]). Part (iv) extends Lemma 1.3.7 of [5]. 1 of its conter. Lét A
Tﬁiarem 2.3. Let D be a division ring and F' a e‘mbﬁe_ of 1 o e AP
F-algebra of triangularizable matrices in M, (D) ynth mﬂ;‘r e;:r,r e )
-?5 The F-algebra A is triangularizable Ti,ﬂ' A has a fu!_-z e-ﬂAm t;;) 9 lb'br'élfAf
(ii) The F-algebra A is triangularizable if ra;ﬂ;(.P({:;;‘:‘;!;I,e ’ ovgr_}?-fgf all Ag
is a polynomial in m noncommutalive o i)
A’-tfsh? éoﬂ?;(Fr;o{l < i < m) such that ra?.nk(P(Bh—-_- ’%'n)g;t}or cach A1
emsis‘i) i"he F-algebra A is triangularizable iff AB-BA is n}po! i A “m
giu) Ifrank(AB — BA) < 1 for each A, B € A, then the F-alg

izable.
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:1;22 e:n?; ::f;nite dimensions,
the sl.tL::g:ct;l:1 ;:;111 f;: ?;;;:g::; l::f:rcizi?) e Herat
i T, 58 b il

ring and 1 e . :::i ‘trd‘l:, uniess otherwise stated, D and X den, ivisi
OF & SUb) of B i_s, uzz‘:lldIFFa{:aays stands for a subfield of T;? " eson
8 ¥ =R or Cand H denotes the difri:;.:::e:in(:

Quaternions. We view th
_ € memb .
on, 4he left of D", where D" is the :Eh?f My (D) as linear transformations acting

-~ With entries in D, We yse v (o denotes r_\"ﬁ'ctor space of all n x 1 column vectors

g some definitions and standard no-

defines a ring i cPresentation wi

w0 ation wit

F of linear tr‘am!';nr°fphism from L(V) onto M, (D) (rnas1 h.e‘lll.::‘S (o) pune fixed basis
mations, we use F to denote the conI:l:nut“(D"P). For a collection

Aall

1

: ﬁnite-dimensional,

ear transformation ig equiv-
o ‘ all t i

ngular matrix representation with resp'ec: a;si?;Titm’ns

asis,

ections of lineay transforma-

.

or an idempotent is a I
idempotent. near transformation P ¢ L(V) satis

subspaces of V, ie, M
3y definition P < (:2 if ;QN—- = e e
5, Lemma 7.5.2]). By the
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family F of transformations iff there exists a projection
(resp. TP = PTP for all T € FUF').
of a family of linear transformation
., dim V)

(resp. hyperinvariant) for a
P on M such that TP = PTP forall T € ¥
Therefore, if dimV < oo, then triangularizability
is equivalent to the existence of a finite chain of idempotents P; (¢ = 0,..
such that
0=P0<P1<--'<Pdgmv=f,
and that TP, = PTP; for al T € F and i = 1,...,dim V. If the underlying space
X happens to be a finite-dimensional real or complex Hilbert space (resp. Banach
space), we may assume that ||P;|| =1 (resp. [|P;|] £ VdimX in view of [1, Theorem
4.15)) for all 1 < 4 < dimX, where ||.|| denotes the operator norm induced by the
norm of X, -
We start off with the following result whose proof makes use of the the abqve
definition of the triangularizability. i o
lity Theorem). Let F be a family of lin-

Theorem 1.1 (Near Triangularizabi . .
ear transformations on a finite-dimensional vector space V over F with the following

property: For each finite subfamily {Ay, ..., Am} of ¥ and for every € > 0 there exist.

a triangularizable family {T1, .., Tm} satisfying ' o
14; - Till <

for every 1 < j < m where ||.|| denotes any given norm on B(V). Then ¥ is tmmgu—

larizable. _
Remark. The counterparts of the above Near Triangularizability Theorem as well

as the Near Reducibility Theorem below hold for collections of left or right linear
transformations on a left or right finite-dimensional vector space over H, the division’

ring of quaternions.
The following is a stronger version of the above Near Triangularizability Theorem

whose counterpart holds for collections of €, operators on real or complex Hilbert
spaces (see (10, Theorem 3.3.3]). S
Theorem 1.2. Let F be a family of linear transformations on a finite-dimensional
vector space V over F with the following property: For each finite subfamily { A1 .,Am}
of F, there is a constant K > 0 such that for every € > O there ezist a triangularizable
family {T1,...,Tm}, and an invertible transformation S = 8, satisfying - o

750 < K, 1872 A;8 - Tyl <&, ”
for every 1 < j < m where ||.|| denotes any given norm on B(V). Then 3 is triangii-

oy

larizable.
Recall that given a transformation T, a collection ¥ of linear transformations on a
real or complex vector space V, and a norm ||.|| on B(V), by definition dist(F,T) =

inf{]|A - T|| :+ A € F}. The following result is a quick consequence of the Near
Triangularizability Theorem. R

Corollary 1.3. Let 5, F (i € N) be nonempty families of linear transformations on’
a finite-dimensional real or complex vector space V. If each family Fn (n € N) is
triangularizable and lim, dist(Fn, A) = 0 for all A € F, then F is triangularizable.

Theorem 1.4 (Near Reducibility Theorem). Let ¥ be a family of linear trans-
formations on a finite-dimensional vector space V over F with the following property:

Jo7
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A NOTE ON SYMMETRY CLASSES OF TENSORS

Examples - - St
1. Let G = S, and A = ¢, the altenative character of S,,. Then A = Qumn, the set
of strictly increasing sequences of integers of length m chosen from 1, 2,..., n. So

A TASTE OF SIMULTANEOUS TRIANGULARIZATION.

G (L2 ), v (n—met Lo m= L) € & IN FINITE DIMENSIONS

and ;
. : : BAMDAD R. YAHAGHI
r(3) = 1‘.21“.2_"'_11 = min{r(a): a € Ay,
r{y) =nm — L“L’%’_'_ll = max{r(a): a€A}.
Hence School of Mathematics : '
. Institute for Studies in Theoretical Physics and Mathematics (IPM)
rmgr(a) + meag rla) =m{n+1) bamdad5@ipm.ir o

1] [+

ABSTRACT. Let V be a finite-dimensional right (resp. left) vect.nr
space over a general division ring. A collection of right (resp. left)
linear transformations on V is called simultaneously triangularizable

2, Lot G = S, and A = 1, the principal character of G. Then A = A = Gmp, the
totality of nondecreasing sequences of integers of length m chosen from1, 2, ..., n

e o x or simply triangularizable if there exists a basis for V' with reapq';ﬁ'
v —w—'-“l‘ INARL A (\__v_j‘n,n, Com el to which all transformations in the collection have upper triangular

m times m times matrix representation. In this talk, I will touch upon the not{qi_:f'

and simultaneous triangularization in finite dimensions over both generg'f o )

r(B) =m =min{r(a): ¢ € A}, ficlds and division rings hereby I will attempt to present a shore

) {r(a): a €A} survey of the subject. - _

r(v) = nm = max{r{a): o . S W

! [Man muss immer generalisieren. [One must always generalize.] -Carl Jacobi] © '

penee 1. Introduction and preliminaries LT

Upper triangular matrices are a useful class of matrices to work with, even oﬂ"
general rings. Observe that o
(i) An upper triangular matrix over a ring is nilpotent if and only if the edtﬂﬂi%
the main diagonal of the matrix are all nilpotent. ' [ ASEE
(ii) An upper triangular matrix over a unital ring is invertible if and or 5
entries on the main diagonal of the matrix are all invertible. - - e
(iii) Let R be a unital ring and T € M (R) an upper triangular matrix. Thet, the
equation TX = Y has a unique solution for X for every n x 1 (column) matrix
and only if the matrix T is invertible if and only if the entries on the main ling

of the matrix T are all invertible. o
For the above reasons, one might be interested in the family of all upper triatign
lar matrices, and more generally in all families of matrices each of which iahinﬁlasl

PO

minr(a) + maxr(a) = m(n + 1).
agd ach

In general, if A = A, then the property (0.1) holds.
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ABSTRACT. In this paper, we present the property
(0.1 i =
) mip r(a) + lgleagr(a) =m(n+ 1),

of A for linear characters of G in a special case. Some examples are
also given.

1. INTRODUCTION

mh':l;/ be an n-dimensional inner product space over C and let G be a subgroup of
lymmotrlc group Sy,. The m-th tensor power of V is denoted by V® ™ and
”W @ @ 8m, P(e) denotes the linear operator of V® ™ satisfying

Ptﬂ')(vl ® DUy = Ug-1(1) B+ R Vo1 (m)-

Suppose A is a complex irreducibl
e character of G and defi . .
ated with the character \ by efine the symmetrizer associ-

Aid
ﬂ&kﬁn%géywwm
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(1G] denotes the ordtr of ¢ and id the identity of G). The range of T{(G, A)
W(G) =T(G, N(Ve™)

s called the symmetry class of tensors associated with A.

The elements of VA(G) of the form T(G, /\)(v1 ® - @ Up) are called decomposable
symmetrized tensors and denoted by vy * -+ % Um.

We denote by T'm.n the set of the sequences & = {a1,...,am), where 1 £ a; < n.
Then the group G acts on U'mn by o0 = (Qg-1(1)s - 1&,—1(,“)) where 0 € G and
a € Tmne Let ola) = {0. a: o € G} be the orbit of o, and G, be the stabilizer
subgroup, i.e., Ga = fceG: o a= a}, and consider a system A of distinct
representatives of the orbits of T'm.n- Let {e1,. . Len} bea basis of V. The set

{2 =¢a, ®...Bcan ca€lmn}s
is a basis of V& ™. Therefore
{€h =€ay oo *Cap A E I )

spans the symmetry class of tensors Va(G).
We use A to denote the subset of A

A={oed:Nig,)#0),
where [ , | denotes the inner product of characters. Tt is well known that
A={aecA: ey #0}

For any o = (e@1,...,Qm) € Trn, We define r(a) = ¢ oy Clearly, the function
v Pmn — N is constant on the orbit . We obtain the following results.

2. RESULTS

Corollary 2.1. Let X be a linear character of G. Then we have

aEA

Corollary 2.2. Let A be a linear character of G and let A = {r(a):a € 5} If the
elements of A are consecutive, then '

min r(a) + maxr(a) = m(n +1).
ach acl
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WAVELETS AND HOMOGENEQUS SPACES

2. A more general case

In general case, —Eu is & measurable space with a strongly quasi-invariant measure
u induced from a rho-function p.In this section, we characterize those conditions on
(G, H) under which G has a representation on L*(§) which play the role of a quasi-
regular representation.

Let H be a closed subgroup of G and suppose that for each z € G there is
some h(z) € C such that w(z) : L*(§) — L*(%) defined by (m(z)9)(yH) =
h(z)p(z~'yH) is unitary. Then |h(z)|?p(zy) = p(y) for each y € G. In other words,
we can define such a unitary if and only if f’% depends only on z. For exanple, if
there is a rho-function p satisfies p(zy) = p(z)p(y), 7,y € G, then fé% = F(lﬁ just
depends on .

Thus we will achieve the following result:

Theorem 2.1. The ezistence of a homomorphism }ho-functian on (G, H) is a nec-
ssnary ond sufficient condition to have a representation 7 G — U(LY(§)), where
w(a): L(§) — L3($) given by (n(z)p)(yH) = h(z)p(z~*yH), for some constant
h{x).

Example 2.2, In a special case that G can be written as the semidirect product of
two groups H and K, G = H x; K, then one can define p by p(z) = g’é ") where
c=kheCGhe HkeK.
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ABSTRACT. Continuous wavelet transforms are obtained through the
action of & group G via a unitary representution o1 L*(R). We con-
sider a more general case L%(S), where § is a homogeneous space
which may have or doesn’t have a G-invariant Radon measure,

Let G be a locally compact topological group with left Haar mea-
sure dz and H be a closed subgroup of G. It has been shown in 17]
that C.(F) consists of all functions of the form Pf, where f iy a
continnons function on G with compact support and

Pf(zH) = ]H F(z6) de,

By using a rho-function f we can construct the Hilbert space
L*(§), when G considered as & messurable space with the strongly
quasi-invariant Radon measure # induced from rho-function p. In

this Hilbert space, for each v € Co(5),

e llagy =1l 7t pt fe2cy
where f € C.(G) is 5o that le|? = Pf.

2000 Mathematics Subject Classification. Primary 42040; Secondary 43A85,

Key words and phrases. Locally Compact Topological Group, Haar Measure, Ho-
maogeneous Space, Rho-Function, Invariant Measure, Strongly Quasi-Invariant Mea-
sure, Unitary Representation, Wavelet. '

. * Speaker.
TR e —— .

e maee el e o w

N. TAVALLAEIL R.A. KAMYABI GOL
1. On a special kind of homogeneous spaces

In this section, we assume that % hes a G-invariant Radon measure jo such that
for every f € C.(G),

[, Premautet = [ 1@ a)
§ fe
Via each = € G, we can define an isometry 7(x) from Co(§) onto C(G) as follows

"'T('r)(Pf] = P(L.l-'f)l fe Cc(_GJ

Theorem 1.1. There is o unique unitary ertension w(zx) : Ln(%) . Lgtg} .
Moreover m: G — U( L)) is a continuous unitary represeritation, et

From now on, let (™, M) be a square-integrable subrepresentation of L .le—vr
U(LXF)) . (n(2) ) (yH) = p(z'yH). Fix an admissible vector ¢ € M and define
a bounded linear operator T': M — L2(G) by To(z) = (o, m(x)y).

Theorem 1.2. For every ¢ € M and every x € G, Tn(z)p = L.(Tp) qt_uf_’.';'_"_‘{tf.? ¢
bounded linear operator,

Oue can show that T*7T is a bounded linear operator commutes with 7™ (z). So T

is a scalar multiple of an isometry U, where U = V:x T, and

V€ M, ITella = V/Cyll el

Define an isometry W,,, M < Lz{-g) _— L2(G)’ by Ww(tp) - VIC—WT(SO) Also
Co = il Jos 0, m(z))12 o |

Theorem 1.3 (Inversion Formula). For each v € M, the Jollowing equality (weak-
sense) satisfies '

1 €T)LE ) x.
o= L0Veo)@ntpa

I.fn other words, Ins = a% fa<" m(z)¥) m{z) da.

Henceforth, Ins = 2= [f.{., 7(z) ¥) n(z) dz and if Wy(p) is given, we can con-
struct ¢ € M as follows

o= 72_—; L (Wyio) (&)m(z)¥ da.
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3. THE EXPRESSION OF THE SOLUTION OF PROBLEM 2

When the solution Sg of Problem 1 is nonempty , it is easy to verify that Sg is a

closed convex set,therefore we have the following results.

Theorem 3.1. Given A € R™"™. Under the hypothesis of Theorem I, if Pmb_!em 1is
solvable,then Problem 2 has unique solution A" which can be ezpressed as

(3.1) A=Ay +U ("""W’“’f ’ ) ,

0 AzaQaqf
Where Ao, U are the same as in (2.9) and (2. 3),respectively

. . - - . A+ PAP
(32) A= UT (- Ay . Az = UF (A - Ao)Us , Ay = S5

Now we give the procedure to compute the optimal approximate solution A* of the
Problem 2.

Algorithm

(1) Input A, X, P

(2) Calculate Py, Py, Uy, Uz, U according to {2.1) and (2.2)
(3) Compute X1, X2 according to (2.5)

(4) Find the SVDs of X1, X2 according to (2.4) and (2.6)
(5) If (2.7) holds, then continue; otherwise, go to 1

(6) Compute Ag according to (2.9)

(7) calculate A* According to (3.1)
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Definition 1.2. Let P € R™*" be a given generalized reflection xna.t_r_ix._'i_.&__;_:}at.rix
A € R"*" is said to be an n x n reflexive matrix with respect to P if A satisfles
A=PAP;we denote the set of all n x n reflexive matrices by R (P) and A € Rnxn
is said to be an nxn anti-reflexive matrices with respect to P if A satisfies A=-PAP,the
set of all n x n anti-reflexive matrices be denoted by R}*™(P).

The following Problems are studied.
Problem 1. Given X=(z1, %2, ..., Zm) € R**™, 8 C R"*" A= diag(A1, Az, . Am)eR'“*m
Find Ac S such that AX=AX, where A1, Az, ...Ap, are the eigenvalues of matrix A, z;
is a eigenvector of matrix A associated with A;(i = 1,2,..m). '
Problem 2. Given A € R**", find A* € S such that nA A*|| =1nf 4es, || A = Al
where Sg is the solution set of Problem 1.
These problems initially arise in the design and modification of mass—spnng EVES
tems and dynamic structures have been applied in various areas. Many important
results have been achieved on the discussions of the above problems associated with
many kinds of matrix set S, such as Jacobi matrices, symmetric(nonnegative defi-

nite)matrices and so on.

2. SOLVABILITY CONDITIONS OF PROBLEM 1

Let Pe R®*™ be a given generalized reflection matrix.We have the following lem-

mas:

Lemma 2.1. (i) A€ RP*™(P) iff PA=AP,
(ii) A R1*"(P) iff PA=-AP.

Lemma 2.2. R = R*"(P)+Ry*"(P)
Lemma 2.3. Given A € R™*" then there exist unique A, € Rp*™ and Ay € RPM(p)
such that A = Ay + Ay and (Ay, Ap)=0 where,

A1 +P4P A2 A 1;,&9

A€ R™*™(p) if and only if that there exist M€ R™", HE R=r)*(n=7) guch that
A=u(™ °\uT
0 H
Set

@2.1) P = -12-(p +1) ad  B= %(: -P),

it is easy to prove that P; and P, are orthogonal projection matrices,that is,

) APPROXIMATION PROBLEM

Meph, PPR=0, P+P=I
Yo thon rank( Py )en - £, and

v* Pl ™ U;UIT, B= UQUE‘ Uy € X7, Uy € Rﬁx(ﬁ—r).
Assume U = (Uy,Us;) then _
(23) U€OR™", P=P-P= F’rIU1T - UpUT.

! : g( 1+ A2y E R [/} i

(2.4) Xi=Ww|[Z: 0)yr _ 7
=W )V ﬁwlzvl :
where W=(W1, W»)€ OR™",V=(V}, V4 )& ORm=m, W, & Rren, VI R rf -

?ank(xi), 2] bl dlag(o‘hd'z Ty ) oy 0 < < r
§oarey 1 Sy 1 i § ﬂle’l’l AX -x A
; - 1 i 1 “ .m“b"

x;AXi" = XA )
Theorem 2.5. Given X € R"*™, A m dtag(A1, Ag, .. Am) € B™*™ Lt

(25)  UTX= (: ) Xy = UTX € RM*™ X, m UTX € Rin=r)xm,

and the SVD of X, is the same as (2.8) and the SVD of Xy is

FIERENEES

(2.6) Xo=0Q (53: :) z7 =27,

0

Cikgy

Where Q=(Q1,Q2)e OR(n-T)x(n=r), Z——(ZhZz)e OR™*™ @, & R;""‘”"" 3: I

R™X™2, 1y = rank(X3), Ty = diag(o1, 09, ..., 00,),00
12y ey i)OiIl...r.ﬂl
solvable n R;‘x“(P) if and only sf ra yrny g on AA=XA s

(2.7) XaAX} Xy = X)A, XoAXFXg = XA

and its general solution can be ezpressed as

(2.8) A= Ay+U G Wy 0 yT X (rer _ ‘-‘ )
T i) 7T YOS o,
Where

_ xXiAaxt
(2.9) Ag=U ( AKX ¢ ) UT, U is defined in (2.3).
@ XaAx) .

L
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ABSTRACT. We investigate how the element matrix of a general
quadrilateral element can be expressed in closed form by expanding
and simplifying the four terms in the numerical integration summa- -
tion and Gaussion quadrature rule. We develope a program, solved
by Mathematica, to obtain the output of the desired matrix given
the input only four vertices of quadrilateral. In this regard we enu-
merate three types of coordinate transformation. The performance

is depicted by numerical example.

ABSTRACT. In this paper which involve relativity between Inverse
eigenvalue problem for Reflexive matrix and Optimal Approxima-
tion, we get the sufficient and necessary condition for solving such
problem.Furthermore,the algorithmn to compute the optimal ApProx-
imate solution.

1. INTRODUCTION

First we introduce some symbols and notations:OR™ " denote the set of all n x n

orthogonal matrices.A™ be the Moore-Penrose generalized inverse of matrix A, }.||

i be the Frobenius norm of a matrix and for A, Be R™*", (4, B) = tr(BT A) denote
the inner product of matrices A and B.

Definition 1.1. A matrix P is said to be generalized reflection matrlix if P satisfies
PT = P and P? = I(see[1,2]).

2000 Mathematics Subject Classification. Primary 15A57; Secondary 15A18.
Key words and phrases. Reflexive Matrix,Inverse eigenvalue problem,Optimal

Approximation,Moore-Penrose generalized inverse of A.
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Theorem 1.4. Let A% be a symmetric positive definition matriz partitionsd, in. 4
(2 x 2) block form, let S*) be the corresponding Schur complement, and let W .
diag(AN)), D) = diag(AX), DI = diag(ALY). Let 3(‘;,’ be defined by (1.7), whers
AE=1 s symmetric positive definite. if: SR

(1.11) wh(SW" = AU Y0y < W Caus DY upven.

Then

(1.12) H(A®™ - BE:))A)U < w4t DR yvy -

Where; .

(1.13) Ca € Call+ A0 DP T AL (P )y

\ote that if ALY is diagonal, then Amin(DS A("]) =1 On the otlm hﬁhd; ,
.»'l ' has condition number 1. In practice, Amm(Dm Am) 1 is unacceptably
small when the problem is strongly anisotropic, but this shortcoming has to be re-
lated to the fact that damped Jacobian smoothing performs poorly anyway in such
cases. Results show that a standard approximation of A;; have disastrous effects om
the whole process while methods based onmeeting some row-sum criterion like thy
MILU factorization of Ay do stabilize the procedure [4]. This was viewed as & Fies i
ther gencralization of the definition of sparse block MILU® factorizations. Numerical,,
experitients made on both 2D and 3D problems showed that the condition llumbl!
was close to that of the two-level method. Further more, the method appeared robust
in the presence of discontinuity, even when the material interfaces were not aligned
S

with the coarse grid.
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these properties, one often transforms the linear system by a suitable linear transfor-
mation. This process is known as preconditioning. Recursive orderings are level of
orderings obtained by recursive (2 x 2) partitionings. The use of recursive orderings
was at the same time supported by the concurrent development of multigrid and hi.
erarchical based finite element methods [1,2]. The effectiveness of the solution was
further greatly enhanced by the introduction of additional polynomial preconditioning
steps, using an algebraic generalization of the multigrid technique.

{.L. Multilevel orderings. Recursive multilevel orderings togetlier with successive
2 x 2 block factorizations lead to a multilevel approximation of tﬂm mstrix
similar to the multigrid approximations. The multigrid method shd the action of
the preconditioner was indeed decomposed at each level into a fine grid component
and a coarse grid correction consisting of the successive application of a mm
operator, the coarse grid correction itself and a prolongation operator was adoplld
This interpretation led to the suggestion of exchanging the technique of stabiliza-
tion by polynomial preconditioning and the insertion of smoothing stages before the
restriction step and after the prolongation step, these smoothing stages being ob-
tained through low degree polynomlal preconditioning with classical smoothers such
as damped Jacobian or ILU! preconditioners [d]. Analyse was made by the combina-
tion of these techniques with a smoothing procedure, much the same as-the one used
in standard multigrid algorithms, except that smoothing, which was not: vequired on
the finest grid [3]. : Doer

Lemma 1.1. Let M%) be defined by
(1.1) (1 = AR ANy < (1 = RO AW = BRI Ay — R ARy

For given symmetric positive matrices; A®, BX) and R s a symmetric relaxation
aperator for AR I p(I — RM AR <1, then M) s q spnmelric positine definite
anid satisfies

(1.2) Amin(ME AR > min(1, Apnin BE ™" 4W)

(1.3) Armaz (MO AR < maz(1 Amas(BE T AK)))

By induction, the Lemma relationship (1.1), ensures the positive definiteness of

BW if the splittings associated with R are convergent for all &2, Further than that,

Hucomplete LU factorization
2Throughout this paper, AmazC and AminC denote, respectively, the Iargest ard
the smallest eigenvalue of C.
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inequalities (1.2), {1.3) show that smoochicng caunot have an adverse effect on the
eigenvalue distribution, Lo

Theorem 1.2. Let M(”, E=1,.,0—1, and A®, B®) R are symmetric positive
definte matrices, and B k= 2,0 ~ 1 is defined by;

(k) k) k)
(1.4) B = [ A - 1oAY An
AR M- I

For some 2 x 2 partitioning of A%®). Assume that;
(1.5) Amaz(R® ARy <1k =2,..,0-1

If. for some positive constants ca, Ca such that cq < 2, one has, fork=2,..,1 -1

6) e RS A - B < Cat R
Where;

L7 gm0 - [ AL AR Al

(A7) @ =\ A glk-1) [

Then, for k= 1,..,01 =1,

: 2 . 2
{1.8) Amin (MK AG)y > 5T Amaz (M AK)) < 5

—Ca

‘The Lemma 1.3 relation as follows, means that (1.10) may hold in cases for which
(1.9} does not hold or holds only for a prolongation p¥ that is not known a priori or
inpractical to use.

Lemma 1.3. Let A®) and A(k ~ 1) be symmclric positive dcﬁ‘nitu matrices. et
D) = riiray(;‘\(l‘}} and‘Dék] dzag(A(k)) If, for some p*) of the form p = ( J;z )
and r = M.

(1.9) Ut(A[k)" _ p{k]A(k-l)"‘r(k]}v < EAu"v‘D(kl-lv Y

Where; r¥) = p¥)', then

(1.10) (SHT = AK=DT Yy < Taw i DS g Vg

Where; S*)is the Schur complement of AX) related to the partitioning induced by
(k)
plk).
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AN ITERATIVE SOLUTION FOR A LINEAR SYSTEM
ARISING FROM DISCRETE APPROXIMATION TO
PARTIAL DIFFERENTIAL EQUATIONS
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AB3STRACT. This paper has dealt with the iterative solution of a large
sparse symmetric positive definite linear system; Az = b, arising from
the discretization of second order elliptic PDEs. It has shown that
the development of an approximate factorization, leads to the study
of so-called a modified method with attention Lo specific ordering
of a multilevel type. Finally it has shown that how the successful
development of a multigrid and hierarchical basis method prompted
the introduction of equivalent algebraic technique.

1. RECURSIVE ORDERINGS

In this study an approach for, the convergence of an iterative method was adopted
based on spectral properties of the matrix of the linear system. In order to improve

Key words and phrases. iterative methods for linear systems, preconditioning.
* Speaker.
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METHODS OF CONSTRUCTING SPECIFIC
STOCHASTIC MATRICES = o

H. SAEEDI'* AND N. MOLLAHASANI? -
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ABSTRACT. The inverse eigenvalue problem for stochastic n.t'at.ricisrs 'I
(SLIEP)is to determine the uecessary nud sufficient conditious on &

. list of complex numbers {1,)\1,...,)\“} where |\ € 1 such that
(LA, .-y Aubis the spectrumn of & stochastic matrix. Here the spe-
cific sufficient condition on a given list {1, A1, An} Where PRt
fori=1,...,n are obtained such that this list is the spectrum of a -

stochastic matrix. We apply the Branre's theoren to prove theorems,

According to these proofs, which are constructive, some algorithms

are obtained that we can produce stochastic matrices with prescribed

spectrum by them.

REFERENCES
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WAVELET AND MULTIPLICITY FUNCTION

Theorem 1.4. Let P be a projection valued measure on a Borel space (ﬁ:
exists a finite measure v and a measurable function m: S — {0,1,2, ..}’
(1) there exists a unitary operator U from 'H onto

oo i '
@ Ln(Ej': Vi, CJ) @ LQ(EJ Uj)‘gz(z))
j=1
where E; =m~1(j), and o
(2} U intertwines P with the canonical projection valued measure,
Moreover, if v/ and m/ are another finite measure and function, respectiv
properties (1) and (2) above, thenv=v' and m=m’ a.e. v, . ' '

In this decomposition, we have two "parameters” that deseribie ! réps
up to unitary equivalence. Indeed, if m andn’ are two represéntntidn!‘ﬁﬁh '
probability measures v, v’ and multiplicities m andm’ respectlvely, t.han k) is
equivalent to n' if and only ifvis equivalent to v/ and m = m’ a.lmost wy
the case of core representations, the multiplicity function alone comp letely
the representation. R

Weber proved that the multiplicity function introduced in is equ&l to thﬂ d_ £
function in the case of single wavelets on R. o

REFERENCES
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ABSTRACT. Methods from abstract harmonic andfunctx?ms.!‘a}:ﬂy-{ L
sis (specially multiplicity theory for projection valued measures and
Stone’s theorem on unitary representations of locally compact abelian
groups) are used to derive multiplicity function of multi wavelets.
There is a explicit description of the multiplicity function associated -'
to a multi wavelet. It can be shown that the set of multi wavelets
having a give multiplicity function is closed in the L%-norm. We show _
that the wavelet dimension and multiplicity functions in L#(R™)}are:
equal. This is a generalization of a classic result of Eric Wih\li ATH UV 39

s by

1. INTRODUCTION AND PRELIMINARIES
First, let us review the necessary terminology. For this paper, a dilation

A will be an expansive matrix which preserves Z", i.e., all eigenyalus
IA| > 1 and AZ" C Z". The transpose of A is denoted by B =

2000 Mathematics Subject Classification. 42C40.

Key words and phrases. wavelet, multiplicity function, dimension .
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JE€EZ ke 2 = L., L}
we use the convention

Vi = | det APy Adg —
foralljez, kezn
¥ is a wavelet,

L If i i
a multiwavelet 1 consists of a single element then we say that

ansi_ve dilation matrix .A generalized
o 3}2% of closed subspaces of L2(R™)
(1) V; € Vs for all 5.
(2) Da(V;) =V, ;1 for all .
(3) UV is dense in L*(R") and nv; =o

(4) Vb is invariant under the action of translation

IhGat dilat.ion operator for every f € L%(R™ define p f(z)
: g flx
- Mj?.:i alsq determines g mutually orthogonal sequence of
7+1=V; @ W; , whose closed linear span is L2(Rn)

= [det A2 f( Aq),
subspaces W;, defined

For a finite subset subset F — .
Z"-periodic function Dp by ’

L o
Pr=323" 3 1B+ 1)

I=1j=1ezn

L
-/} € L*R™) and & dilat_ion A, define the

where B = AT Function Dy is finite for g.e. P E R

Definition 1.2, The dimensio

' n functi i i
ated with a dilation 4 is the f, on of & multiwavelet ¥ = {y,.

nction Dy, given by

L oo
Pe=3 3" 3 [UBie + k2

I=1 j=1 gezn

- %"}) associ-

Theorem 1.3. Suppose U = {%, .

Ly , .
negative integer for g.e. Y eRN ¥} s @ muttivavelet, Then Dy () is a non

‘21
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ABSTRACT. Let M,,(:= Mn,,;{R)I) ,be.the real linear space of nll
n x m matrices for any integers n,m 2 1. For XY € Myp, wé
say X is matrix majorized from the left by Y and write X ~p ¥y

o bl
X = AYwheraAu>0mdzz\u=1(s,3-1 2,...,n). Then

= [Ai;] is called a row stochastic matrix. Also we write X ~ Y i
X <1 Y <; X. A mapping T: Mym — My, is said to be a strong
preserver of <, if {X € Mpm 1 X <1 Y} ={X € Mpmn : TX < TY}
for al Y € M.

A M. Hasani and M. Radjabalipour characterized the linear op-
erators T: My, — My, which strongly preserve the matrix ma-
jorization <; and proved that T has the form T'X = QXL for some
permutation matrix X € P(n) and an invertible matrix L in My,.
In the present paper we study the structure of (linear or nonlinear)
strong preservers of matrix majorization <;. For this purpose we
define two strong preservers T" and 7 are equivalent if 7X ~; 7X for: ::" V‘fﬂ
all X € Mpy,. We will show that if n > 2 and if T2 Mpy — Mpm
is a surjective strong preserver of ~<;, then T — T0 is equivalent to ﬂ‘ TR
linear strong preserver of <;. In addition, if T is a linear preserver,"
then it is injective and, hence, bijective. Also if T: R — R is any -
function, then T is a strong preserver of <; on M; = R but is not .
equivalent to a linear one.

Throughout the paper the real vector space of all 1 x m (row)
vectors is denoted by Ry,. For every X € My, R(X) C Ry will
denote the set of all distinct rows of X. For every z € R,,, we let
z{™ denote the n x m matrix such that R(z(™) = {z}. We define
C(A) = {X € Mym : X < A} and A(A) == {X € Mpm : X ~ A}
There is a right-sided type of matrix majorization <, on My, defined
by X =, Y wheneverX = AY for some row stochastic matrix A
depending on X and Y. In this paper we deal only with the left-
sided one and, hence, we use the conventions < and ~ for <; and ~p, . =
respectively. Also, observing that T: Muym — Mnpm is a surjective
strong preserver of < if and only if T'— T'0 is, we can assume without
loss of generality that T0 =0,

The proof of the main result is based on the following geometric
facts. .

(a) For every A € Mum, C(A) is a convex subset of Mpm.

(b) ext C(A) = (ext coR(A))"

For T as above, we will make use of an auxiliary mapping §: Ry, = -
R,,, called the border operator corresponding to T, defined by Sz =
y, where y{™) = Tz{"), We first show that S is injective and ext
coR(T A) = S(extcoR(A)). We conclude from this that if z and y are -
distinct vectors in Ry, then S((1—t)z+ty) = (1 - f(¢))Sz+ f(t)Sy,
for some strictly increasing function f from [0, 1] onto [0, 1]. By [4] it
follows that there exist a linear operator ¥: R, » Ry, a constant
vector a € R, and a constant b € R™ such that

S(z) = (1/0)(¥(z) + a)
for all £ € R.,. It then follows that S is a bijective linear operator.

Now, let K be the matrix of $~! with respect to the standard basis
of R,,. We will show that the operator T; M.m - Mm deﬂned .

T, . R TaY BT P U T

1en

- ON THE STRUCTURE OF STRONG PRESERVERS OF MATRIX MAJORIZATIO|
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H. PARSIAN : N

5. CONCLUSION

In this research work we compute an operational matrix for leﬂ.'
fractional derivative. This operational matrix develop the. applicatlon of

wavelets formalism to fractional calculus and fractional variationll problomas, -
R SR
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text books (8. Legendre wavelets is defined as below in {9] RO ES
2mil0k L _ —2 .
otherwise.

In which n = 1,2,... ,2%~1 m =y¢,1,. M — 1 and k is real positive numbes,
Lengendre wavelets are a complete orthonormal set over the interval [0, 1),

(12) / wn.m(z)wn',m’(m)dx = 611,:1‘ vt g
0 B Y
2. FRACTIONAL DERIVATIVE '

Several definitions for fractional derivative have been proposed. Theso d
include Riemann-Liouville, Grunwald-Letnikov, Weyl- Marchaud, Caputo md
fractional derivatives. These definitions is presented in [4, 5]. In this paper, We:
on Riemann-Liouville fractional derivative, which are defined as below in [4
The left Riemann- Liouville fmctwna! denvatwe

i
[2]) aDgf(I) = P(ﬂ Ct‘)( f (.’E __,J:§a)-i-1 -n
and
The right Riemann-Liouville fmctional derivative
' fi o
(22) DEf@) = e [t

Where a is the order of the derivative such that n -~ 1< a < n. If o is.an in
these definitions are reduce in to usual derivatives. R

3. OPERATIONAL MATRIX OF FRACTIONAL DERIVATIVE

The function f(z) in L2(R) over the [0, [0,1] can be expanded in term of Leg

wavelets
2k-1 Ar
(3.1) f@) 23" 3" cwr b m (@)
. n'=1m=0

We rcpresent (3.1) in the matrix form f(z) = CT¥(z). In which C and ¥
column matrices and 7 indicate the transpose of matrix,

CT = le10,011, s €1 M=1,€2,01 10 C2 M =11 +or) Cox—1 p1_1)

and

T4

V() = [¥1,0(2), ¥1,1(2), s Y100 -1(2), Y2,0(2), ooy o pg -1 (), ---,WQk.—l‘M_I(SU.)l,

qfnymﬁ:.-u{tmx_ OF RIBMANN-LIOUVILLE FRACTIONAL DERIVATIVE

For computation of fractional derivative S
z), we compute th fracti
S —— p ¢ Iractional derivative

(3.2) Do r.____ W(t)
0D2f(@) = OF (L [ o

If we represent ©q. (3.2) in the matrix forrn

(3.3) oD2f(2) = CToD2w(y)

In which ¢D2 is a A7 x M matrix.

We computed the ele : L
matrix for k=1 as below ments of this operational

i?-n-aif
F(Mi T, 3) N
M" 1 =M IR - M+2r+ +04+n—1-p1"
2?—8+1—|’I— 2"“1’-‘-"““5-:’-{"”( 'r';+'gr:l+ﬂ+‘lfl }I_)_r
In which F(M,r,s) = Z—a—- ZM 2r-1 g-:g”“ﬁmu 2r—-2)1/2R7=T
=r—1}al2%F3 '

4. EXAMPLE

4.1, Example 1. Consider the fractional different; i
ential equation below y der th -
ary values f(0) = 0 and f(1)=1. e eboun

(4.1) 092»5(090-5)'(@ y=1

;f:c choose M = 5 and from solving the eq. (4. 1), we obtain flz) =0, 5000594, o() +
f.( 8)87981,!;1,1(3) + 0.000251¢y,5(z) - 0. 001075¢1,3(z). The exact solution of 4,1 js -
z) =g, '

4.2. Example 2, Consider the fractional differential equation below under the bound-
ary values f(0) = 0 and f() =0, 169688.

(4.2) Dl 5(0D2 5f(£J) +0 Dl 2f($} — 30 a

We can easily find the matrix of 27 for k =

) fz)=
1075(442760, o(z) + 44965, 1(2)+18145y, 2(z)+2450¢1 (@)~ 15841 4(2)-30, ()
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ABSTRACT. In this paper, a notion of boundedness of a linear oper-
ator from a fuzzy normed linear space to another fuzzy normed Space
is introduced and the boundednessof such an operator is described.
Furthermore. the space of all bonded linear operators endowd with
this fuzzy norm is studied and two types of fuzzy bounded linear -
operators are defined.
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ABSTRACT. In this paper, we present an operational matrix for frac-

tional derivative of order a(n — 1 < @ < n and n € N). This opera-

tional matrix is based on expansion on Legendre wavelets. Legendre

wavelets to be defined over the interval [0,1]. This operational ma- |
trix develop the Legendre wavelets formalism to fractional calculus.
We formulate the problem in terms of left Riemann-Liouville frac-
tional derivative. Several examples demonstrate the validity of this
operational matrix.

1. LEGENDRE WAVELETS

Wavelets constitute a family of functions that constructed from dilation and trans- 3

lation of a single function. Legendre wavelets is proposed by Razzaghi and Yousefi ©
for solving variational problems [9],(10] and [11]. The mother function of Legendre
wavelets is Legendre functions. Legendre functions is covered in many mathematical

2000 Mathematics Subject Classification. 42C40; 65R10, 26A33.
Key words and phrases. Wavclet Numerical method, Fractional derivative.
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SPECTRAL CONJUGATE DISTANCE AND PROPERTIES OF FUNCTION DISTANCE

2. LOWER BOUND FOR pa(A, H)

In this section we find Lower bound for pa(4, H).

Theorem 2.1. Let A is n x n— complexr matriz and H will be the set of muotrices

with eigenvalues Ao £ ipo. Then for finding spectral distance between A and H we
have problem (I) or problem (II).

proof If A and o equal zero, then it is obvious that our problem will be spectral
distance between A and set of matrices with multiple eigenvalues zero and this is
problem(1). If Ag # 0 and g = 0, then our problem will be finding spectral distﬁnce
between A and set of matrices with multiple eigenvalues Ap, and this is too problem
(I). If Ao = 0 and po # 0, then our problem is finding spectral distance between A
and the set of matrices that has eigenvalues iy and —ipp, and this problem (I1). Now
assumne that both of g and o nonzero numbers, then we have

. D n
02n-1(Rag£iu (7)) = Ton—1 ( 1l ) =

0 D,
s ( A= (% = o)l Vi _
0 A= (Ao +ipo)ln
B~ 1:F-"l‘r*.ﬂ '?dn
T2 - = :
2n-1 ( 0 B - il ) T2n-1(Qino(¥))

where B = A — AI,. Then we can say that spectral distance between A and the set

of H equal the spectral distance between B and N, therefore our problem in this case .

will be kind of problem IL.

3. STUDY OF THE FUNCTION F )
When g = 0, we obtain Malyshev's function
Jol¥) = o2n-1(Po(7))

which was extensively studied in {1, Section 3]. It turns out that f(v) has the sa.me.
properties for an arbitrary Ag # 0, and from the properties of singular numbers and
the definition of Ra, () that f{v) is a continuous function of 4 and

=71 = ().
Lemma 3.1. f(y) — 0 as |y — oo.

The proof is the same as the proof of Lemma 2 in [1].

A. M. NAZARI, M. PARCHEHTALAB, D. ALIMOHAMMADI

Lemma 3.2. f(7) #0 forally or f(7) =0.

The proof is the same as the proof of Lemma 3 in (2.
The main results of this section are Theorems L and 2. The first theorem corre-
sponds to Lemma 6 in {1].

Theorem 3.3. . Let v > 0 be a local optimizer of the function (), withf(y") =

o* > 0. Then, there existu = YN andv = ( U the right and the left singular
) Uz vz :

vectors of oan-1{Brotie(7")) corresponding to the singular value a* such that
giuz ={.
Moreover, the matrices U = [uy ua] and V = [vy va] satisfy the relation
U'u=Vv'V.
Proof. Proof of this theorem very similar to theorem 1 of (2.

Theorem 3.4. . Let v* > 0 be a local optimizer of the function f(v), with f ()=
a* > 0. Then, .

f(r7) = p2( A H).
and if assume A = —o" VU™ then A+ A has two conjugate eigenvalue Ao £ po.

Example 3.5. If we use software of MATLAB and let @ = (ay;)axs by selecting
random this matrix we have '
0.4387 + 0.1338¢ 0.3200 + 0.3705i 0.7446 + 0.02721 0.6833 + 0.68311
0.4983 + 0.2071¢ 0.9601 + 0.5751¢ - 0.2679 + 0.31271  0.2126 + 0.0928i
0.2140 4 0.6072¢  0.7266 + 0.45141 0.4399 -+ 0.0129; 0.8392 + 0.03534
0.6435 + 0.6299¢ 0.4120 + 0.0439: 0.9334 + 0.3840i 0.6288 + 0.6124i

Let Ag & po = L % 2i, then by applying & = —o"VU* we have. eig(A+ &) = -
( 1.0000 — 2.0000i 1.0000 + 2.0000i 1.7271 + 0.7959; 0.8316 — 0.2627¢ |,

{1] 1. Malyshev A.N. A formula for the 2-norm distance from a matrix to the set of
matrices with multiple eigenvalues // Numer.Math. 1999. V. 83. P. 443-454.

(2] 2. Ikramov, Kh. D.; Nazari, A. M. On & metric problem for matrices. (Russian)
Zh. Vychisl. Mat. Mat. Fiz. 43 (2003}, no. 1, 3-11; translation in Comput. Math.
Math. Phys. 43 (2003), no. 1, 1-9
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ABSTRACT. An exact formula for the spectral distance between an
nxn— matrix 4 and the set of matrices with multiple zero eigenvalue
was recently found by A.N. Malyshev. It is discussed to what extent
the reasoning leading to this formula can be extended to the problem
of evaluating the distance between A and the set of matrices having
a pair of conjugate eigenvalues Ag £ 0. And we verify properties
distance function and find similar properties between this function
and Malyshev’s function.

1. INTRODUCTION

In the recent paper [1] of Malyshev, the following formula for the spectral dis-

tance between a complex n X n— matrix A and the nearest matrix having a multiple
eigenvalue zero was proved:

2000 Mathematics Subject Classification. Primary 39B82; Secondary 44B20,
46C05. '

Key words and phruses. Linear Algebra, Spectral distance , Singular value, .
* Speaker. '
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a(AL) = minll4 - L = maxozn-1 (00 e

The symbol o2n-1(") is the one but last singular value of the matrix Po(v), wherg_'_l

In
Po(’)‘}=(g TA )

We denote problem Malyshev (formula (1) ) by problem (I).

Tkramov and Nazari in 9003 found the following formula for spectral distance be- N

tween A and the set of matrices having a pair of eigenvalues Aoy —A0- _.
pa(A,K) > maxoza-1(Qxe (7). @
420 .
where, if we define By = A - Xala, By = A+ Aoln, then
| By vin
Qual) = ( s )
We denote problem Ikramov and Nazari (formula (2)) by problem (II).
The purpose of this paper is to show for all of Ag and jo spectral distance between

A and set of matrices that having a pair of conjugate eigenvalues Ao % ipio will stay
in problem (1) or problem (I1). The properties of the function

f('T) = U‘Jn—l(Ra\aiiuo(T)) (3)

Dy "."In J
Ragzipe(7) = ( o Da ) Cow

where

if we define Dy = A~ (o +ipo)n, Dy = A—=(Xg—ipo)]n are studied in Sectlion 3.
The basic result of this study is as follows: iff(y) # 0,, then, for each local optlmi?er.

~* > 0, we have
f(v") = p2(AH), (4)

if we denote set of matrices with eigenvalues A % ifio by H.
Thus,bound that we find will be similar bound (2) and this bound becomes a,
exact equality if the maximum on its right-hand side is attained at a positi\:e . Notl_,e;
that the proof of (5) is based on the properties of the singular vectors of the matrix
Ragtuo(7"), that are also studied in [2]. |
Relation (5) implies that f(y) is a unimodal function on the positive half-axis. Iny
final we illustrate example for our problem and Malyshev,s problem.
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transmitted signals in 7' time slots can be described as a T' x N " complex m
which is called a codeword. Since the transmitted signals are chosen from a
subset of complex numbers the number of codewords are also finite. The set of cod
words is called a spaces-time block code or an STBC. We require STBCs satisfyi
certain conditions depending on our system but there are some general criteria call :-\';
the design criteria which are crucial in designing STBCs. Therefor, we look for sets
matrices, usually represented as a matrix with variable entries(a code), which achie
the design criteria as much as possible when variables take values in a large subset
complex numbers. Hence, the signal set can be chosen from larger subsets of compl
numbers and we have more options to design STBCs for a fixed system. Some desigli
criteria for an STBC C = {C},Cy,...,Ci} are as follows: o "

Rank criterion : The error matrix D(C;, C;) = C; — C; has to be full rank
i % j in order to obtain full diversity. "
Determinant criterion : The minimum determinant of

A(C;, Cy) = D(Cy,Cy)* D(C;, Cy)

, among all i # 7 , has to be large to obtain high coding gains.
The minimum trace of A(C;,C;) = D(Cy,C;)*D(Cy, Cj)
all ¢ # 7 has to be large to obtain high coding gains.

Trace criterion :

For instance if N =2, M =1 and T = 2 The Alamouti’s code is defined as

81 82
—8 S

where s; and s, are arbitrary complex numbers. This code satisfies the first criterion -
and is easily decodable. _

In this talk we first introduce the basic theory of space-time coding [1] and then :
we present applications of field extensions and division algebras in finding full-rank -
spacetime block codes over a variety of signal sets for arbitrary number of transmit
antennas as presented in [2], [3] and [4] . Using transcendental field extensions, we
construct arbitrary rate codes that are full-rank for arbitrary number of antennas. In .
the later half of the talk, we discuss two ways of embedding noncommutative division
algebras into matrices: left regular representation, and representation over maximal
cyclic subfields. The 4 x 4 real orthogonal design is obtained by the left regular
representation of quaternions. Alamoutis code is just a special case of the construction
using representation over maximal cyclic subfields and we observe certain algebraic

ING 3
APPLICATIONS OF DIVISION ALGEBRAS IN SPACE-TIME COD

ple for constructing

istics of it. Also, W :
mest chiazacterisic® o ‘ ¢ a transcendental element. Another family

o he nth root 0
-, division algebras using the TO '
e o discovered by Brauer is also discussed.

of cyclic division algebras

o discuss a general princi
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(a) I{i £ f.“ ) satisfies “Daubechies’ criterion” then for sufficiently small b > 0, the
admissible function Lf(L)6 generates a wavelet frame for the lattice bl"

(b) Asa— 1, the ratio of the optimal frame bounds in (a) is
14+ 0 (Ja - 1f*logla - 1f),
for sufficiently small b > 0. (Here a is again the dilation parameter.)

In parti i
particular, we shall show that, if one uses the dilation parameter a = 23, then

or all sufficiently small b > 0 i
| , the admissible functi -
rame for bI" which is “nearly tight”. son 1780 enermies et

To clarify our terminology in Theorem 2.3:

® Ol = {by: v € I'}; here by, a dilate of .

e For a fixed dilation parameter a > 0, if ¢ is a function on G, j € Z .
v €T, we set ¢jpy(z) = a~ % ¢ ([7)~ta=72]) . e

e To say that an L? function 4 generates a wavelet frame for the latti i
to say that {@;p,(z):j € Z,v € T'} is a frame. e

e To 58y that a fu ctio a
Il n g e S RI i ies’ i i
ot ( ; ) 8 hs_.ﬁes Daube(‘hlcs criterion is to 5AY

2.1) =
A=inf 37 lga® )P > 0.
j==-o0

In [1], page 68, Daubechies observes that if G = R and I’ = Z, then this i
Dau =127, is
necessary condtion in Theorem 2.3 (a). Here we have put g()\) = Af(A) fo:

f € S(R*). Then it is easil
y seen that the series in (2.1 i
on compact subsets of (0, oc). 121 comverges unierly

_ REFERENCES
[t} I.Daubechies, Ten Lecture
o s on Wavelets., SIAM, Philadelphia, Pennsylvania,

[2] G.B.Folland, E.M.Stein, H
, E.M. . Hardy spaces on Homogeneous i
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3] A.Mayeli, Discrete and continuous wavelet transformation on the Heisenbe
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ABSTRACT. The use of multiple antennas in most future wireless
n order to increase

communication systems seems to be inevitable. I
the rate of transmission, decrease the error probability and also
achieve a high diversity, the use of multiple antennas in both the

transmitter and the receiver has shown to be very practical. Appli-
as resulted in a new theory of coding called

‘cation of multiple antenn
space-time coding which has been an interesting area of research for

both engineers and mathematicians since 1998.

1. INTRODUCTION

We start with a wireless communication system having N antennas at the transmit-
ter and M antennas at the receiver. At each time slot, N signals(complex numbers)
are transmitted simultancously by the antennas in the transmitter. Therefore the

ct Classification. Primary 16K20 ; Secondary 94A29.
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Key words and phrases. Division algebra , Wireless
coding, Max:mal subfield. _ o
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If G is strati its Li
18 stratified, its Lie algebra admits a canonical family of dilations, 1
. namely
a-(X | |
P(Xrt Xo+ ok X)) =X+ 72Xy 0™ X, (X; € V)
J‘ .

We identify G with '
¢ through the exponential ,
lying mani : ntial map. G is a Lie group wi
.g anifold R™, for some n. ( inherits dilations fr - group with under-
write om g: if £ € G and r > 0 we

(1.1)
- = (rdlxh"' :?"dnxn).

(Hel‘e d < - '.' sé
1 - i = &k - .

map z —+ rz is an automorphism of G.

The left Haar measure on G is si
is simply dz; ... dx,. Thei i
—z. The group law must have the form ' e '0f B

(1.2 :
wy = (pr(x,y),...,palz,y))
for certain polynomials py,...,p, in £ En, Y
tlreeey Ty 1!“')yﬂ‘

The number Q = 3.7 j(di
. = 2.1 J(@imV;) will be called "
¢ is a function on G and r > 0, we define ; btyhe homogeneous dimension of G. If
or(7) = r~g(r ).

<4 hOInO 101111 IILI; Q W W Y rom “. Ihus
Letr J‘K]g ,J‘(k be a basls 1[01 l[ (ercd as lefl‘.-lllv&llﬂunb HL’LtOI ﬁelds on G)‘ let

G

L is self-adjoint. operator and has spectral resolution
L= / AdPy
As usual, if f i :
. is a bounded Borel function on [0, 00), we define the operator f (IL) b
1 ator
- Y
1= [ roapy

thlﬁ 18 W(’ll dEﬁned and b ,‘ . 9
d d ( ) t-he ) I a.] Tem k‘ ve deno te b
oundea on L C! h pect t.hEO
I 5 t 2 COIrrespor ll (hs‘l,] ],II"L]I iy ke el (}1 ‘, e l}(}l] e{i ope a.tOI L Ihus

f(Lm=n=f(L)d VneS(G).

£2

S(RY) = { fecCc™ (RF) : VI, F9 decays rapidly at infinity and

APPLYING SPECTRAL RESOLUTION OF

Let R* = [0,00) and set

lim FOA }
x-%l+f (A} exists

Then by Borel's theorem on {he existence of smooth functions with arbitrary Maclau-

rin series we have S (RT) = S(R)|r+-

2. Main Results

group G [2] (for instance, the Heisen-

Let L denote the sub-Laplacian on a stratified
$ is admissible if for some ¢ # 0,

berg group H"). If 6 € S(@) and [ ¢ =0, we say

Calderdn's reproducing formula:
o
f Ba * b a”'da = B
0

jons, where @a(z) = a~Qp(a~'z), Q is the
1y and & denotes the point mass at0€G.
" i equivalent to the one generally

holds in the sense of tempered distribut
homogeneous dimension of G, () = dlz~
(We shall show that this definition of "admissible
used in wavelet theory.) We show:

Theorem 2.1. Let f be a nonzero element of S(RY). Then Lf(L)s € S(G) is

admissible.
(L)6 is the distribution kernel of DY

e~ % § is admissible. (Here f
{ the Mexican Hat Wavelet

~% § is a very natural generalization o
1 was shown for this function in Mayeli [3].

For example, L
Up to a constant, Le
to G. In case G = H", Theorem 2.
As a corollary of Theorem 2.1, we show:

Corollary 2.2.
(G) with all moments vanishing.

(@) There exist admissible ¢ € S
(b) There exist admissible ¢ € CZ(G) with arbitrarily many moments vanishing.

we will in fact show that ¢ can be chosen to have the

In Corollary 2.2 (a) and (b),
R*). Corollary 2.2 improves on Lemmas 1.61 and

form ¢ = Lf(L)é for some [ € S
1.62 of Folland-Stein [2] for stratified groups.

Moreover, we show:

Theorem 2.3. Let I be a lattice subgroup of G, and let f again be a nonzero element

of S(R"). Then,

63
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ABSTRACT. Applying the spectral resolution of sub-Laplacian oper-
ator L on any stratified Lie group &, we construct compa.ctl_).r s??
ported smooth continuous wavelets, with arbitrarily many vanishing
moments on G. We also show that if the wavelets satisfies a gener-
alization of Daubechies’ criteria, then they generate a wavelet frame

for any sufficiently fine lattice of G.

1. Notations

Y

Following [2], we call a Lie group G stratified if it is nilpotent, connected and sim;ly
connected, and its Lie algebra g admits a vector space decompositiong = V;®---& Van
such that [Vi, Vi] = Viyy for 1 < k <m and [V;, V] = {0}

Y

1 ] ficati C40, 42B20, 22E25.
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ator, Schwartz Functions, Stratified Groups.
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ABSTRACT. Linear Diophantine systems have many applications in

various-areas of mathematics and engineering such as integer pro- .

gramming, graph theory, design of integrated circuits for radio pro-
cessing, market split problem, etc. There are several classes of algo-
rithms for solving these systems such as algorithms based on tech-

ot
oG

niques for triangularization of the coefficient matrix [1}, and the .

LDDSBR of Chou and Collins [2] based on Rosser’s idea (3], al-
gorithms based on triangularization of the first principle minor of
the coefficient matrix (2], and algorithms which can be considered as
the generalization of incremental algorithm for solving a single lin-
ear Diophantine equation [4]. Recently a class of methods has been

_ proposed by Esmaeili, Mahdavi-Amiri and Spedicato [7] for solving

systems of linear Diophantine equations, the so called EMAS algo-

MR

rithms, which is a specialization of ABS methods of Abaffy, Broyden

and Spedicato [6]. The main difficulty in solving systems of linear
Diophantine equations is the rapid growth of intermediate results
called intermediate expression swell. One effective algorithm to con-
trol this growth is the LDDSBR of Chou and Collins. Here, we
first describe a generalization of Rosser’s algorithm for a single linear
Diophantine equation to an algorithm for solving systems of linear
Diophantine equations. Next we show that the generalized Rosser’s
algorithm ( GRA) presents a new formulation of the LDSSBR of Chou
and Collins. Then we consider the integer ABS algorithms given by
Esmaeili, Mahdavi-Amiri and Spedicato, and show how to modify
the EMAS algorithms so that the parameters of the new algorithms
can be chosen to generate the same solution iterates as the GRA,
while having different null space generators. In the i-th iteration of
an EMAS algorithm, a matrix H;yq € Z%*", the Aballlan matrix, is
generated the rows of which span the integer null épace of the first i
rows of the coefficient matrix. Esmaeili, Mahdavi-Amiri and Spedi-
cato [7, 8), refuting a statement made by Egervary [9], showed that
every complete linearly independent rows of the matrix H;4, do not
necessarily form a basis for the integer null space of the first i rows
and thus the Abafian may not produce an integer basis. Here, we
present a new class of integer algorithms, based on extended ABS
algorithms [10] (EABS) for the real case, for solving systems of lin-
ear Diophantine equations, improving both upon the efficiency of the
EMAS algorithms by generating Abaffians with independent rows
and controlling the growth of intermediate results by generating so-
lution iterates with small numbers of digits. Finally, we show that
the EMAS algorithms and the GRA (and hence the LDSSBR) belong
to the class of integer EABS rithms (JEABS), introduced here,
by specifving the parameters of the JEARBS algorithms so that both
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which has led to the study of scale-space analysis defined by the sca.le—space operatﬁr
Mif(z,y) = Gy*flz,y)

tl, (‘”) fa( ){u,v)du,

commonly known as Gaussian scale-s
pace. It is also well-kn, .

coefficients (binomial distributions), { 5;_ M ij=o0 own that the binomial

n J' . — .

' : s-..yn}, and the uniform B-
splines, By, of order n, when suitably normalized, approximate the Gaussian function 4

for large ;:;, a process known as normal approzimation. The binomial coefficients and
the B-splines are related by the scaling equation

Bn(z) = zﬂ: ;n( )B,..(2;r: ~J), z€eR,

in which B,, is called a scaling function and { (“) j= .,n} is called its mask.

The talks deal with the simultaneous approximation of the Gaussian function by
a family of sequences (¢n)72, of scaling functions and their masks of the form

#nl(z) = Ean(j)¢n(2m —J)h zER,
=0
which include the B-splines and binomial coefficients. We show that ®n converge
. 3 - - - n
to G. 1'f and only if thEI.r masks {an(f) : j = 0,...,n} converge to G. Very general
conditions on the locations of the roots of the polynomials An(z) = 37 an(f)2d
are also found for various forms of convergence. Conditions are given fir_‘odlﬁ'ei t
€1
orders of convergence and we identify a family of sequences of scaling functions that
converge to the Gaussian faster than the B-splines.
We shall a.lsrj\ give pe?perties that the approximating scaling functions ¢n inherit
from the Gaussian function. In particular we shall consider the following:

1. The Gaussian function is optimal in time-frequency localization. More pre-
cisely it is the unique function, up to dilation and shift, that attains the
bound of the Heissenberg uncertainty product. We shall show that the ap-

proximating scaling functions are
asymptotically optimal
locallization. ¥ optimal in time-frequency

2. Differentiating the Gaussian function gives the Hermite polynomials:
(=1)"G"™)(z) = Ho(2)G(z),

where Hp,(z) are Hermite polynomials of degree m, and

f. _ Hu(0)Ha@)G(a)de = miv Tt

5¢

APPROXIMATION OF GAUSSIAN AND ITS PROPERTIES

ie., thesequences {(-1)"G™ :m =0,1,...} and {Hm :m =0,1,. .} are -
biorthogonal. We shall define sequences of polynomials, Pj, a.ssocmted with
the approximating scaling functions , ¢n, for each arbitrary fixed n, in the
same way as the Hermite polynomials H,, are associated with the Gaussian,
and show that the sequences {P% :n = 0,1,...} and {(— "™ m o=
,1,...} are biorthogonal and that P (z) = Hn(z), z €R, as n — o0.

The Gaussian scale-space operator,

T, f@) = ! f G (“ - “) Fw)du,

which represents the function f at scale 7, enjoys the causality propertx,'
i.e. no new features are introduced as 7 increases. The Gaussian function
G(z) = e~*'/? is the unique linear space-scale kernel that has the causality -
property. We study the approximation of the Gaussian scale-space operator .
by scale-space operators where G is substituted by its approximating acalmg .
functions. Causality of the scale-space is & scientific and engineering concept,
which, as far as we know, has no rigorous mathematical definition. We shall -
give a mathematical definition of causality using the concept of variation
diminishing, extend the definition, and show that the scale-space operators
defined by the approximate scaling functions, in particular the B-splines,
also enjoy the causality property in the extended sense.
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Theorem 8.2. There exists a basis for the null space of the matriz M(t-(v,t + 1))

consisting only of t-(v,t + 1) intercalates.
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Abstract

i i ies and is
i = eo'/2 interesting properties an
The Gaussian function G(z) = e™* has many

fundamental to many branches of mathematics, statistics, physics and engineering.
undamenta :
Gaussian
It is well-known that the scalled au e
= — e
Ge(z,y) : t2,',TG(:E/V’2t)G(y\/2t) on

i i s t) = Gy *
is the convolution kernel for the solution of the heat equation, i.e. u(z,y,t) =G
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f(z,y) is the solution of
ou_Pu | O u(z,y,0) = f(z,¥),
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A. A. KHANBAN, M, MAHDIAN, E. 5. MAHMOODIAN

1. INTRODUCTION AND PRELIMINARIES

kWe follow the notations of [9] as much as possible. Let V := {0,1,...,v -1} and
V¥ be the set of all ordered k-tuples of the elements of V, i.e. V¥ := {lz1,. @) |
2 € Vii=1,...,k}. Also, let Vf := {(u1,...,w); |t € Vii = 1,...,t}, where I is

a sube.iet of size t of the set {1,...,k}. For a pair of elements of V* and VE, where
I'={iy...,is} and 4 < --- < iy, we define

(ul,...,ut);e(zl,...,zk) = Uj = Ty, j=1,...,t.

An orthogonal array OA (v, k_, A) on a set V is a collection of k-tuples of elements of
V such that for each I C {1,...,k}, [I] = t, every element of V} belongs to exactly A

elements of the collection. Orthogonal arrays were first defined by Rao [8] and have
been used in studying designs and codes.

Next we define the t-inclusion matrix M(t-(v, k)). The columns of this matrix cor-
respond to the elements of V* (in lexicographic order) and its rows correspond to the
elements of U; V!, where the union is over all t-subsets of {1,...,k}. The entries of
the matrix are 0 or 1, and are defined as follows. B ’

M(ul‘....u,);,(m....,a:p.) =1 = (ulr'“lul)f € (I],--.,Ik)-

. .It is folkloric that any latin square of order 7 is equivalent to an OA2(n,3,1). And
1t is easy to see that any OA.(v, %, A) can be thought of a solution to the equation

(1.1) MF = AT,

where M = M(¢-(v, k)), T is a vector of appropriate size with all components equal to

1, and F is a non-negative integer valued frequency vector meaning that F(x) is the
number of times that OA contains the ordered k-tuple x.

2. ORTHOGONAL ARRAYS
We prove the fgllowing theorem, from the following lemmas.
Theorem 2.1. The rank of the matriz M(t-(v, k)) is equal to

ranck(M) = i (f) (v - 1)\,

i=0

We need the following notations. For every ordered k-tuple x = (z1,...,2%), the
set Iy is defined as T

Fe={(yn--u) ly € {0,z:},i=1,...,k}.

A LINEAR ALGEBRAIC APPROACH TO ORTHOGONAL ARRAYS AND LATIN SQUARE

Also, we define Ax = {i | 2; # 0} and Ly = |Ax], and let Cx denote the column of ;
the matrix M corresponding to the k-tuple x. e

Lemma 2.2. For everyy € Fy, y # X, we have Ly < Lx and y < z, where <
denotes the lezicographic order. '

Lemma 2.8. The number of linearly independent rows of M(t-(v, k)) is at least the,
number of columns Cy with Lyx < 1. -

Lemma 2.4. rank(M(t-(v,k))) 2 Yioo (5)(v = 1)".
Lemma 2.5. For every vector x € Vi with Ly > t, we have
(2.1) Y (-1)Cy =D.
yEFy
Where 0 is a vector of appropriate size with all components equal to 0.

Lemma 2.6. rank(M(t-(v,k))) < oo () (v = 1),
Theorem 2.1 follows from Lemma 2.6 and Lemma 2.4.

3. LATIN SQUARES AND LATIN TRADES

A latin trade is a pair of disjoint partial latin squares of the same shape and order,
which are row-wise and column-wise mutually balanced. The concept of a latin trade
in a latin square is similar to the concept of a mutually balanced set or a trade in a
block design, see [6]. Latin trades have been studied by many authors. The same as
trades in design theory, the discussion of latin trades is related to intersection prob-
lems. For example see [5] and [1]. Also latin trades arise naturally in the discussion
of critical sets in latin squares (see for example [7] and [4]). See[2] for further use of
trades. A latin trade of volume 4 which is unique (up to isomorphism), is said to be
an intercalate, .

Since a latin square of order n may be viewed as an 0OAj(n,3,1), the matrix
M(2-(n,3)) is of special interest. Latin trades are in the null space of M(2-(n,3)).

Theorem 3.1. There exists a basis for the null space of M(2-(n,3)) consisting only
of intercalates.

In (3], Donovan and Mahmoodian have introduced a simple combinatorial algo-
rithm which enables one to write a latin trade as the sum of intercalates.
We generalize the concept of intercalates to t-(v,t + 1) intercalates and show the

following.



Theorem 2.1 The Onl_y'liﬁé:a'f'lﬁiinm are 7,5 :[0,1]* > (0,1], given
T(x,y)=xy and S(x,y) = x+ y—xy, called the Product t-norm and the T
Probabilistic Sum t-conorm; respectively.

Definition 2.5 Let ® be a uninorm on L. R is said to be linear with
to first argument if for all X,¥,Z ¢ I' and @, f e (0] with @+ p<),

R(eX + fY.,Z)= ar (X, Z)+ AR (¥, 2). |
Theorem 2.2 The only linear uninorms on 7* are T,8: (L)z - L', give

'T(X,Y): (xryl-le’2 +X%,¥, +X,,) and S(X’Y)= (x,y, X)) X0, %,,); ca}. ;
Product t-norm and the Probabilistic Sum t-conorm on J- s respectively .
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the sense of Golan [7].

A uninorm U play an important role in constructing e-implications, pseudo
e-implications and introducing special classes of e-implications, where e is
the neutral element of U [8].

Recently uninorms on the lattice 2 studied by G. Deschrijver and Kerre [3
They discussed that the underlying structure of both interval-valued fuzzy
sets and intuitionistic fuzzy sets are I'-fuzzy sets in the sense of Goguen
[12]. Moreover uninorms play an important role on construction of multi-
valued implication within the fuzzy logic based theory, and hence in
approximate reasoning which is very important topic in information
processing [14]. This fact reveal the significance of any mathematical stud:
of uninorms.  In this paper we introduce the notion of a linear uninorm o
[0,1] in a natural manner. We show that a linear uninorm with neutral
element e €[0,1] is unique meanwhile there is no linear uninorm with neutr
element e e (0,1). This leads to find that the only two linear uninorms on

[0,1], which are in the forms of a t-norm and a t-conorm. We obtain the
same results for linear uninorms on the lattice 7°.

2. Preliminaries and Results

Definition 2.1 [5] A mapping U :[0,1} — [0,1] is called uninorm if it is
commutative, non-decreasing, associative and there exists e < [0,1] (called a
neutral element ) such that U(e,x) = x for all x <[0,1].

Definition 2.2 [3] Set
L= {(xt,xJ(x,,xz)e [0,1F and x, +x, < 1}
0,. =(0,) and 1. = (1,0).
Define
(xl,x;,_)éi__ (yi,yz)czr x, <y and x, > yz,V(x],xz),(y,,yz)E I".
It is shown that (L*,SL.) is a complete lattice [4].

Definition 2.3 [3] A uninorm Von I is an increasing, associative and
commutative mapping V: ('] - I’ that satisfies

Bee L)V X e I')Wle,x)= X)
Definition 2.4 Let R be a uninorm on [0,1]. R is said to be a linear uninor
with respect to first argument if for all o,,x,y,z € [0,1]] with «+B<1:

R(ax + By,z) o or,R(x, z)+ BR(y,2).



Eztended Abstracts of 4-th Seminaf
: on Linear Algebra.
and The Wavelets Workshop o it

7-9 March 2007, Vali-Asr University, Rdfaanjan, Iran,

FROM FOURIER ANALYSIS TO WAVELET ANALYSIS

R.A. KAMYABI GOL

Department of Mathematics, Ferdowsi University, Mashhad, Iran
Email:kamyabiOferdowsi.um.ac.ir , '

Fouri . . C
- c:;:;; z.a.nag's;s 1sla.n established subject in the core of pure and applied mathemat-
1s. Not only are the techniques in this subj
' : ject of fundamental i
- lmportance
oo ::ea.s 'oi' ::'.:l;e:ie and techuology, but both the integral Fourier transforin and the
series ave significant physical inter i
. pretations. In additi h
_—r . ‘ _ on, the compu-
e aspects o:l: the Fourier series are especially attractive, meainly because ofpit.s
ple expression in term of only tow functions: sin(z) and cos(z) .

mal:::;n::igz i::: ::J:;iﬁ::e::k anjysz“ has drawn much attention from both
. e. Analogous to Fourier analysis, ther
two important mathematical entities in wavelet ana.lyéis : the "intey:m'l mv:leT: -
" . | : L1 H ' -
::::o ! ﬁjntlzthwavelet series”, '?he‘ integral wavelet transform is defined to be t!::
ol respect to the dilation of the reflection of some function ¥, called
a.s-u: wawjlet”, while the wavelet series is expressed in termns of two ver | c
:::zt::n;l:t:::y dilt;tions and integral translations. However, unlike Four?e: I:IT::
, wavelet transformn with a basic wa ies i .
te:n:; of & wavelet ¢ are intimnately related. In fact, i?i,lﬁ:’ch?:: l:: :: ‘t:l:t":e::: n:'
::ec ;?;::::;T:::;tshor-the wavelet. series of any square-integrable function f a:el
prec 8 0 t. e 1nte:gra.l wavelet transform, evaluated at the dyadic position
. .oorrespondmg biuary dilated scale levels. Since the integral wavelet transfor:
mo‘; TLT:I::B:;T? loca.liz.ea [ and its Fourier transform f with the zoom-in an:
ot P " i ?', and since there are real- time algorithms for these sequences
a.pp.lcatlons of wavelet analysis seems to be endless. On the other 1 d‘
polynomial spline functions are among the simplest functions for both oomputat.li:i:a;

A and imp} tat

R.A. KAMYABI GOL

ansform analysis. The Fourier
harmonic signals or signals for
form X (f) and (1) is
he space of va.ridble

In this talk we will give an overview of Fourier tr
transform theory has been very useful for analyzing
which there is no need for local informnation. The Fourier trans
defined in the space and wavenumber domain, where ¢ represents t
and f the wavenumber(frequency). Although X (f) does not lose auy informa.t_iblfi_"_ﬁi
the signal z(t), it spreads out in the frequency domain. 1f there ate cmnput.gpti@&iﬂ
or observational errors involved in the signal x(t), it is almost impossible to stud
its properties from those of X(f). In spite of some remarkable successes, Fourie
transform analysis seems to be inadequate for at least tow reasons. First, the Fourié
f a signal does not contain any local information in the sense ‘that’]
vy with time. Second, the fourier transford
ems either in time(space) domain or in”eh

transform o
does not reflect the change of frequenc

method enables us to investigate probl

number) domain, but not simultaneously in both domains. B 4

frequency(wave

I !
me and frequency localization properties in ‘?j

d the Windowed Fourier transform
time-localization wiu_gs

In order to incorporate both ti
single transform function, Gabor first introduce
Short Time Fourier transform. His major idea was to use a
function Wy(t — b) for extracting local information from the Fourier trans{onékj
dow and parameter b

a signal, where the parameter a measures the width of win
n. However,;

used to translate the window in order to cover the whole time domai
Malvar(1990) recognized sone series algorithmic difficulties in the short time Four
transform. He resolved these difficulties by introducing new wavelets. - o

Wavelets are the results of truly interdisciplinary research, originating in the em
eighties, and involving mathematicians (approximation theories, harmonic and: fu
tional analysis), mathematical physicists as well as vesearchers from signal and i
processing. Wavelet theory incorporated influences from all these areas of rasaﬁ
and nowadays wavelets can be encountered as a well-established tool in many a.pa

ficlds.In this talk we aim to discuss the following questions: fja
1) What are wavelets? S

9) How are wavelets constructed?

3) What are the properties of wavelets? Which additional properties sre desi_réj
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A CHARACTERIZATON 0O

where P’ € Syl (Gy_,). . ~

g € Ng, (P). przE . :) iimalﬂ-p“(” D%, we have P € Syl,(Gn). Suppose that
n- 11g=v= Zi-l @iy, then P S (G")ﬂ' We can see v =

a1 € GF*(q). Hence g € (Gp)p,). If _ = a;vy, where

a -—-avtd,_FE —av'Jy_yv/2
h=1 0 E v

€ Ng_ (P
0 o o 6. (P),

hen we have E'€ Ng, _,(P’). Thus

a —av'J,E —avtd,_,v/2
Ne.P)={| 0  E e/

- ; - la € GF*(g),v € Vap_yy()},

vhere £ ¢ N, "o -
.)(“'”(pk N BT—I(P ). So !NG,‘ (P)| = pz( l)k(pk

.o:m:na 2.4. . Let G, = SO3,(q) and v e Vi (q):
if f(v,v) =0, then [(Gn)y] = prin=Dk(pn-1)k 1)(pen=2k _ |
i if f(v,0) = a #0, then (G,), = SO0 (p%) )

- 1J|Nc:.._,(P’)| = pﬂ(ﬂ~l)k(pk _
a

(P - 1).

‘orollary 2.5.

- If exp,(p) = 2nk, _
05, (") )= 2nk, then det(4 ~ 1) #0, for every r—element A of

emma 2.6, . If exp,, (p) = 2(n - 1)k, then
INap. (o) (R)] = 20" = 1)|Nap, _, (o) (B)1/(4,7 + 1),
here Ry € Syl,, (2Dn(q)) and R € Syl., (2D, _1(q)).
emma 2.7. . If exp,,(p) = 2(n — 2)k, where n >4 and R, € Syl,, (*Dn(q)), t.hen
Nep, ) (Ra)l = 20" (0™ — 1% Napy, o) (B /(4 p™ + 1),
ere Ry € Syly,(2Dp_»(q)).

ymma 2.8. . -
¥ remw )} = 2nk, M -
v — 1)k and |G| | [2Dn(q)], then G = 2D, (q). az{ezp, ()] 7 € monk(G)} =

2py ¢ e
F "Dn(q) BY ORDER OF NORMALIZER OF SYLOW SUBGROUP'!

LJ-u e

A IRANMANESH, N, AHANJIDEH
3. PROOF OF THE MAIN THEOREM

In what follows, we assume that [Ng(S)| = |Nap,, (g ()], for every prime 8, where
S € Syl,(G), § € Syls(*Dn(q)) and expy (p) = 9(n — i)k. Moreover, we suppose that
=g, p#2andn > 2.
Proof of the Main Theorem . Let 1 = Go € Gi < ... = G; = G be a chief
corics of G and jo = Maz{l < i < f| p € m(Gi/Gi-1)}. Assume that H:= G-y
and K:= Gj,. Sop ¢ m(G/K) and p € m(K/H). We know that 2Dy(q) = La(@®)
and 2Ds(q) = Ua(g). Moreover Lz(g) and Us(q) are characterized in (1} and 5},
respectively. Thus we assume that n > 4. At the first, by Frattini argument and thn,
above lemma, we can show that r; € 7(K/H) (i € {0,1,2}). By usining it, wecan -
bring |K/H|, = p""~1* and K/H is simple group of Lie type in characteristic P
Therefore, by Lemma 2.8, we have K/H % ?Dn(g). So G = 2pa(g). O
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ABSTRACT. Let G be a finite group. If [Ng(R)| = [Nap, (4)(R)| for ‘

every prime r, where R € Syl.(G), R € Syl.(*D,(q)) and p # 2,
n > 2, then G = 2D, (q).

1. INTRODUCTION

In 1992, Bi (1] showed that projective special linear group Ly(q) can be character-
»d only by the order of normalizer of its Sylow subgroups. This type of characteri-
tion is done for the following groups: '
rojective special linear group Ly, (q) such that n > 3 [2], projective symplectic group
(g) 3], alternating groups [4], Un(q) {5). Let (V. f) be a orthogonal space, where
= Vau(g), f is a nondegenerate orthogonal form and there are maximum (n — 1)

2000 Mathematics Subject Classification. Primary 39B82; Secondary 44B20,
{CO5.

-Key words and phrases. Linear Algebra, Sylow subgroup, projective special linear

aup, finite projective special orthogonal group, simple group of Lie type, character-
tion.
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"

distinct hyperplanes in V. Define 50;,(q) = {A € SLan(q)|f(Av, Aw) = f(v,w) for
allv, w € V} and 2D, (q) = 93,(¢)/Z, where 3,(q) = (807,(q))" and Z is the center
of {25,,(g). In this paper, we have proved the following theorem: .

Main Theorem . Let G be a finite group. If [Ng(R)| = |N2p,(q) (R)| for every prime
r, with p # 2 and n > 2, then G = 2Dp(g), where R € Syl (G) and R € Syl (*Dy(q)).
All further unexplained notations are standard and could be found in [6] and [7].

9. ON THE ORDER OF NORMALIZER OF SYLOW SUBGROUPS

In this section, we assume that p # 2 and n > 2.

Lemma 2.1. [2]. Let r and s be prime numbers (r # s ) and exp,(p) = mk (ﬂ/2<
m < n). Ifz,y € Lo(p*) with || = 7, ly| = st and if in addition s |/p*™ — 1 and
zy = yz, then st | |Ln-m(p*)| and m <n —2.

Lemma 2.2. [2]. Let r and s be prime numbers (r # s )y exp.(p) = mk (n/2_<"mis; '
n) and K < Ln(q). If exp,(p) = mk and R € Syl (K), and if in addition, there is

no element of order rs in K and s* | |Nk(R)|, then stim. L et
Lemma 2.3. . IfP e Sylp(2Dn(q)) and n > 2, then |N2p_(q) (P) = ﬂn-1?§w+ _
Dt — DD/ (4,p™ + 1), S

sy

Proof. By Frattini Argument, we have |Na pa@(P) = N so;n{‘(P)l,!(ll, o™ % 1), )
where P € Syl,(S0;,(q)). Let Gn = SOz,(q) end 8 = {vi,...,v2n} be an orthogonal.
basis of Van(g) such that

0 O 1
Jn = [.f]ﬁ =10 Jna O},
1 o0 0

where f is an orthogonal form over V;a(g). We can see

a —avtJa1B —avtdp_1v/2
(Gl ={| O B v
0 0] a~!

where B € Gn-1. Thus {{(Gn)iwll = pﬂ(n—l}k(pnk ~ pln=Dk 4 p* - 1)(p2(n.-:i)k _, :
1)...(p% ~1). Let
1 —vtJp1 B —viJp1v/2 A
P={ 0 B v 1UEV2(n—I)(P’=)1BGP,}S(Gﬂ)un .
0 O 1 -

e € GF* (g}, v € VQ(n-—l)‘Q)}?. |
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nark 2.12. By the previous example, it is not true that if z 96 0 then {z} is lin
sendent. But if L is a chain, then for every non-zero element z, the set {z} is lin
endent.

inition 2.13. Let (H, *,S) be a semimodule over (R,®,®). A linearly indepen
't B of H is called a basis for H over R, if < B >= H.

mple 2.14. Let L be as in Example 2.5. we have the following diagram:

36
/ AN
12 18
VNV N
4 6 9
AN / AN /
2 3
N /
1
Figure 2

i lattice the following subsets of L are linearly independent.:
{6}
{6,12}

{12,18}

{6,12,36}

{6,12,18,36}
he following subsets are linearly dependent:

{9}
{2,8}

< K3 >=< K4 >=< K5 >=< Kg >= L
< Kg >= {1,3,9} '
Clearly K3, K4, K5 are bases of L.

Remark 2.15. (i) Note that although < Ks >= L, but Kg contains no linearly in

pendent subset. _
(ii) For the basis K3 we have 6 = (6A12)V (6A18) = (2A12)V (3A 18) = (3A i2]V(2A i
Hence representation of any elements of L in terms of a linear combination of elements

a basis is not unique.

Example 2.16. Suppose (L, <) be a bounded distributive lattice. Clearly {1} is a b
for (L, A, <) over (L, A, V). Note that in semimodule (L2, A, <), the set {( 1, l’jﬁ} isﬂnel

independent but < {(1,1)T} ># L.
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bounded distributive lattice if L is so. For every bounded distributive lattice L (L,V,

e - ¥ LA |

b miring, by Example 1.5 and hence (L", A, €) is a lattice-ordered commutative me
y Example 1.2 which its identity ele_;nent is & column matrix such that all of its e

equal to 0. So we can easily construct a semimodule as follows:

.

(31\ (a/\al\

a2 a A ag

\an /] \ana )
that for simplifies we write it as A.
Defini
nition 2.2.  Let (H,#,<) be a semimodule over semiring (R, ® ®) and K
& non-empty subset of H such that (X,*,<) be a monoid. Then (K, x <) is called ¢
. , %, <) is called s

subsemimodule of (H,*,<) if it i .
vk, <) it it is a semimod .
K<, H. ule over (R,®,®) and it is denoted by

The following theorem can be proved easily.

Th . i n:
1 1

epty subset of H. Then K <,, H if and only if
(Jzxye K VYz,yeK,
(ii)ax e K VYae RVzeK.

Co _—
rollary 2.4. Let L be a bounded distributive lattice and K be a sublattice of L which
rontai i i
ains 0. Then (K™, V, <) is a semimodule over (L, V, A) if and only if for every element
. s

r€Land y€ K, wehavez Ay € K.

Example 2.5. =
- ple 2.5. Let L = {1,2,3,4,6,9,12,18,36} and « < y if « divides y. Consider the
U i = .
attice K = {1,2,3,6}. Then L and K satisfy on Corollary 2.4. So (K™ v, <) i
semimodule over (L, V, A). B

Definition 2.6. Let (H,#*,<) be a semimodule over (R. . ®) and ¥ be a siheet af

" In the other words, < X > is the smallest subsemi

multiplication ”.” and X b

X, we mean (@1.21) * ... % (@m-Tm) Where a1, ..., Gm

L x S n . ‘.I'K-.‘! R
imodule of H which contains X.

H,+,<) be a semimodule over semiring (R, ®,®) with s
G

Definition 2.7. Let (
e a subset of H. By a linear combination of elements 1, .

€ R and m is a positive int.éger.m

Let (H,*,<) be a semimodule over (R,®,®) and X be a subset

€ R and m is 2.pQ
en < X >

Theorem 2.8.
Consider M = {(a1.@1) * ... * (@m-Zm)|T1y s Em € X,01, ..y Am
integer }; as the set of all finite linear combinations of elements of X. Th
Proof: Follows from Definition 2.7. &

Example 2.9. Let L = [0,10]; the bounded chain of real numbers between 0 &

Consider semimodule (L%,V,A) over (L,V,A), where < is usual partial order on F

X, = {3, 17, (5,2)7,(2,4)7} the subsemimodule hull of X; is shown in Figure 1,

»T" is the transpose operation.

1
(10,10)

G

&2 54)

(2.2)

Ly G

Figure 1: Subsemimodule hull of X3

Definition 2.10. Let (H,*,<) be a semimodule over (R,®,®) with zero 0. ;

X of H is called linearly indepe

am € R such that, (a1.21) * ... *
pendent, it is called linearly dependent. .. iy

ndent if for all finite subset {1, o @m} C© X, th

elements ai, ..., (Gm.Tm) = € implies ay = ... = Gy

If the subset X is not linearly inde
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Abstract

In this paper, first we consider L™ as a semimodule over the bounded distributive
lattice L. Then we define the basic concepts of module theory for L™. After that, we
proved many similar theorems in linear algebra for the space L™.

Introduction and preliminaries

7y linear systems of equations and inequalities over a bounded chain have been studied 4

nany authors [4]. To extend this concept to L-fuzzy linear systems over a bounded

ributive lattice L, we need some basic definitions of linear algebra over lattices such

nearly independent subset, a subsemimodule generated by a set and so on. For more
ils see {2] and [3].

finition 1.1. Let (H,*,<) be an ordered commutative semigroup(monoid). If the

r < on H is a partial order then (H,*,<) is called a lattice-ordered commutative
igroup(monoid).

ample 1.2. Every lattice (L, <) is a lattice-ordered commutative semigroup, by letting

A or x =V, Clearly a bounded lattice is a lattice-ordered commutative monoid in
way.

finition 1.3. Let Mat,xm(L) be the $ef of all n x m matrices over the lattice (L, <).
Ry -

caegloaseTEe?

 X<YeaySyy Vi=lLdam¥i= b2yt

where X,Y € 'Mdtﬂxm(L). One can see that (Mataxm(L), <) is a lattice where its appﬂ
mum and infimum are defined compbnehtwise on Mataxm(L) induced by the suprerm;:l

and infimum of lattice L; respectively.

Definition 1.4. Let (R, ®) be a commutative monoid with neutral element 0 and (R, ¢
be a monoid with neutral elemept. 1 where 0 # 1. Moreover (R,®,®) is ca.lled_ a aemiril
with unity 1 and zero 0, if for all a,b,c € R, the following conditions hold: o
22 (b0 =(a®bh)e@®o) o
b@c)®a=(b®a)®(c®a),

0=a®0=0®a.

Example 1.5. Let L be a bounded distributive lattice. Then (L,V,A) and (L. AV

il

whe
semirings.

Definition 1.6. Let (H,*,<) bea commutative ordered monoiq-with neut‘ra.l'g{feﬁdﬁ
and let (R,®,®) be a semiring with unity 1 and zero 0. Moreover mﬁ;’po&e that .
. R x H — H is a scalar multiplication such that for all @, B € R and for all a.-§ (]
(i) (a® B).a = a.(f.0) ”

(i) (2 @ B).a = (@) & (B0) y

(iii) a.(a* b) = (o.a) * (a.b)
(iv) Da=e o
S i Jith scalar multh
Then (H,*,<) is called an ordered semimodule over (R.®; ®) Vf 1 scalar mult]

tion".”.

-7

Remark 1.7. Let (L, <) bea bounded distributive lattice. Then (L, V, <) and (L,
- - ' [ : L R L
are semimodules over (L, V,A) and (L,A,V), with scalar multiplications "A” ang
respectively. '.f‘;"‘.ﬂfj
LAp

2 Basis for semimodule

‘ i ition of linear algebra to cbﬁ
et eamtin we need to extend some basic definition Ig x5 |



F. AUTHOR, 8. AUTHOR o LY

where:
U = Uy Un
X = XXX
0 = x+U = Oily-O

Let 1 < t < k < n be integer numbers. The system is called an (n, k, t)-additive
channel, if the error vector X = X} X, -+ X, satisfies the system of inequalities: ;

Xi+Xo+.  +Xe Lt
1Y2+X3+‘..‘+Xk+1 _<_t
(%)
Xnoker + Xneps2 +.. .+ Xn St

Let 4,(n, k) denote the set of all solutions of the system of inequalities (*) over Zy
and é‘(ﬂ,kJ =I ."lg(ﬂ,k) | .
Then it can be proved that the sequence of numbers ¢, (n, k) satisfies the recurrence
relation[1]{3}:

¢l(n1 k) = ¢1(ﬂ - 11 k) + é;(ﬂ - k!k)

Theorem 0.1. {1] For every n and k we have

é1(n, k) = i ( n - (k—1)(m-1) )

m=0 m
Let A, B C Z} then 4®; B is defined by the form:

A@yB={z+2ylz € Ay € B}

Theorem 0.2. The set of all solutions of the system inequalities (*) is equal to
.“lf ('H., k) = A,__l{n., k) eg Al(ﬂ,k)‘

Suppose ay i = da(n, k) = |Ar(n, k)|, so it can be written by the recurrence rela-
tion: .

Theorem 0.3. Let n > k then:

(24]+1 k-1
Gnk = Gn-tk + @n-ks2,k + Z (=1) ( ) Qe (b 1)k
j=0 J +1 '

Problem 0.4. Find the mazimal subset of Z3 like C such that for every distinct
“elements X and Y inC , X +2 Y € Ax(n, k).

Suppose Ce(n, k) be the maximal subset of Z3 satisfy in the condition problem{04]
I-and my(n, k) = |Ci(n, k)|, then: o

MAXIMALLY DECODED CODES IN ADDITIVE CHANNELS 3

Lemma 0.5. Forn 2 3, ma(n,3) = 231,

The values ma(n, k) =27 for2 < k<n < 16 is calculated in the [2]. The following

theorem results for the all value of n.
Theorem 0.6. For every 2 < k < n, ma(n, k=2 where s = [log,[;‘%m]].
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MAXIMALLY DECODED CODES IN ADDITIVE
CHANNELS

M. R. HOOSHMANDASL

Yazd University, Yazd, Iran
hooshmandasl@yazduni.ac.ir

ABSTRACT. A communication system is called an additive channel,
if the error vector X satisfies the system AX < B. The aim of this
work is finding the maximal subset of Z7 that can be separated by
the channel.
The following figure shows a communication system for transmitting information

from a source to a destination through a channel:

U
Source ————— Channel ——— Destination

X

Error vector

2000 Mathematics Subject Classification. Primary 94A05; Secondary 94B0S5,

- 94A40.
Key words and phrases. Code, Decode, Additive channel.
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it is known that the Gaussian generates a frame whenever ab < 1. The fact that one

can construct Gabor frames that are well localized in both time and frequency is just
ono motivation for the study of those frames, : :
Except the constructions given already in 4], only few Gabor frames are known
for which the generator as well as a dual are known explicitly, e.g., as finite linear
combinations of elementary functions. A recent construction appears in [2]:

Theorem 1. Let N € N. Let g € L%(R) be a real-valued bounded function with
supp g C [0, N, for which

(0.9) Dglz—n)=1.
ned .
Let b €]0, 557—]. Then the function g and the function % defined by
N-1
(0.10) h(z) = bg(z) + 2b Z g{z +n)
na=l

generate dual frames {EmbTug}m_,.ez’and {EmbTnh}m ner for L3(R).

Interesting special cases are obtained by letting the generator g be a B-spline:

in that case as well the generat as the dual generator arc given explicitly, and by

considering B-splines of sufficiently high order, very good decay properties in time
and frequency can be obtained.

Theorem 1 has a counterpart in L2(R?), see [3] for details.

REFERENCES

[1] Christensen, O.: An introduction to frames and Riesz bases. Birkhiuser Boston
2003.

[2] Christensen, O.: Pairs of dual Gabor frames with compact support and desired
frequency localization. Appl. Comp. Harm. Anal. 20 (2006), 403-410. .

[3] Christensen, O., Kim, R.Y.: Pairs of explicitly given dual Gabor frames in
L*(R%). J. Fourier Anal. Appl. 12 vol. 3 (2006), 243-255.

4] Daubechies, 1., Grossmann, A. and Meyer, Y.: Painless nonorthogonal expan-
sions. J. Math. Phys. 27 (1986), 1271-1283.

[5] Feichtinger, H. G. and Strohmer, T. (eds.): Gabor Analysis and Algorithms:
Theory and Applications. Birkhéuser, Boston, 1998.

[6] Feichtinger, H. G. and Strohmer, T. (eds.): Advances in Gabor Analysis.
Birkh&user, Boston, 2002.

[7] Grochenig, K. H.: Foundations of Gabor analysis. Birkhauser, 2000.

S0

Extended Abstracts of 4-th Seminar on Linear Algebra. Appl.
and The Wavelets Workshop
7-9 March 2007, Vali-Asr University, Rafsanjan, Iran.

SOLVING SYSTEMS OF LINEAR EQUATIONS WHOSE
COEFFICIENT MATRICES ARE LOW RANK
PERTURBATIONS OF HERMITIAN MATRICES

M. DANA

Kurdistan University, Sanandaj

ABsTrRACT. MINRES-N is an iterative method for solving systems
of linear equations with normal coefficient matrices whose spectira
are located on algebraic curves of a low degree. This method was
proposed in a previous publication of these authors. In this paper,

. the range of apﬁlicability of MINRES-N is extended in two direc-
tions. These are, first, rank-one perturbations of the normal ma-
trices described above (where the perturbed matrices need not be
normal) and, second, normal matrices that are low rank perturba-
tions of Hermitian matrices. Examples are given that demonstrate a
higher efficiency of MINRES-N for these classes of systems compared
to the well-known algorithm GMRES.

2000 Mathematics Subject Classification. Primary 39B82; Secondary 44B20,

46C05. . '
Key words and phrases. minimal residual method, system of linear algebraic equa-

tions, GMRES and MINRES methods.
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GENERAL FRAME THEORY

Let H be a separable Hilbert space wiﬁh the inner pfoduct {-,) linear in the first

entry. A countable family of elements {fx}ker in H is a frame for H if there exist
constants A, B > 0 such that '.

(0.1) ANFIE < 3 IE S < BIFIR, v e B,

kel
The numbers A, B in (0.1) are called frame bounds.

The sequence {fx}res is & Riesz basis for H if Spani{ fx }xes = H and there exist
constants A, B > 0 such that

02) DN ) SEVAPS-) S

for all finite sequences {cy}.

If at least the upper frame condition is satisfied, { fy}xer is called a Bessel sequence.
Every orthonormal basis is 4 Riesz basis, and every Riesz basis is a frame (the bounds
A, B in (0.2) are frame bounds). That is, Riesz bases and framos are natural tools
to gain more flexibility than possible with an orthonormal basis. For an overview of
the general theory for frames and Riesz bases we refer to the book [1]. The difference
between a Riesz basis and a frame is that the clements in a frame might be dependent:
a frame { fi}xes is a Riesz basis if and only if

(0.3) docfi=0, {ck} € ) = cx =0, Vk e 1.
kel

Given a frame { Jitrer, the associated frame operator is a bounded invertible op-
crator on H, defined by -

(0.4) Sf=3"Uf Ife.

kel
The series defining the frame operator converges unconditionally for all f e H.
Via the frame operator we obtain the frame decomposition, representing each f € H
as an infinite linear combination of the frame clements:

(0.3) F=8871 = 35,57 ) fre
kel

The family {S~! fr}rer is itself a frame, called the canonical dual frame. In case

{fx}rer is & frame but not a Riesz basis, there exist other frames {gr}rer which
satisfy that

(0.6) f=3 (g Vi € H;

kel

f

24

GABOR FRAMES AND THEIR DUAL FRAMES

each family {gx}resr with this property is called a dual frame.

While it can be very difficult to find the canonical dual frame, our purpose in
the next section is to show that sometimes other dual frames can be found easily.
We will discuss concrete frames in L?(R), based on two operators on L?(R), namely,
translation and modulation. These operators are defined as follows: -

(Tuf)(@) = flz —a), a>0, (Epf)(z)=e*"*f(z), b>0.
(GABOR FRAMES
One can prove that the set of functions

(0.7) {2y 0.01(2 = )} mmez = {€2 x0,1((@ = 1) }mncz

is an orthonormal basis for L2(R). More generally, given parameters a,b € R and a
function g € L*(R), a frame for L?(R) of the form ;

{eiﬂrmbzg(x _ nﬁ)}m‘nEZ

is called a Gabor frames. The word " Weyl-Heisenberg frame” is also used. Using the

operators translation and modulation operators, a Gabor frame can be written

{eimrmbzg(z — 1) }mnez = {EmbThagtmonez-

The books [3],(6] contain several articles related to different aspects (theory and ap--
plications) of Gabor theory. Another important source of information is the book (7]
by Grdchenig, where Gabor frames are used in the context of time-frequency analysis.
Most of the frame results can also be found in [1].

We will need the Fouricr transform, for f € L'(R) defined by

(0.8) Ff(y)= f(.” = -/-"00 f(z)e—him‘.;dm,

with the usual extension to f € L2(R).
A famous result about Gabor frames states that {EmpThag}m.nez can only be a
frame for L(R) if ab < 1; and if {EmbThag}mnez is a frame, it is a Ricsz basis if

and only if ¢b = 1. The Balian-Low Theorem restricts the class of functions g for

which {EmpTheg}m.nez can be a Riesz basis: it says that if {EmpThag}monez is a N

Riesz basis, then

([ testorpae) ([ matoar) = .

In words, the Balian-Low Theorem means that a function g generating a Gabor Riesz
basis can not be well localized in both time and frequency. In particular, the Gaussian
glz) = e~* does not generate a Gabor Riesz basis for ab = 1. On the other hand,
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group concept first appeared in conuection with permutation
i also generally acknowledgied that the abstract BEroup concep
appeared in a paper by A. Caylev. In a recent publication in |
ematics Magazine (USA) we have throughly analvzed this, an
subsequent papers by Cayley bearing the general title “The The

roups as Depending on the Symbolic Equation ¢, = 1" (185
and shown that Cayley was not only in full and conscious poss
of the abstract group concept, but also had developed abstract
theory to a considerable extent. Already in that paper we p
wared the view that Cayley’s encounter with a non-abelian 21
order six in connection with a problem in geometrical optics h
himn to generalise the group concept and this led him to the ak
group concapt. In this talk, we elaborate on this claim.

On November 2, 1853, Cayley sent off two papers for publi
in the Philosophical Magazine. One of these papers bore th
“On a property of the caustic by reflection at a cirele.” A cau
a curve that is always tangent that proceed from a point to
flected or refracted at a given surface; thus the caustic is the en
of the reflected or refracted rays. One way to compute a caust
to use the secondary caustic, which consists of the reflections
refractions of the source point across all lines tangent to the
tive or the refractive surface. The (primary) canstic is the evo)
the secondary caustic. In the cited paper Cayley proposes to o
strate the theorem, that the same caustic by refraction of a
may be considered as arising from six different systems of a r;
point, circle, and index of refraction. The demonstration is ol
by means of the secondary caustic, which is an oval of the Digsc
Such an oval has three foci, any one of which may be taken f
radiant point; whichever be selected, there can always be four
corresponding circles and indices of refraction. Cayley noted th
equation of the secondary caustic, which contains three pararr

(the abscissa of the radiant point), ¢ (the radius of the r
ing circle). and g (the index of refraction), can be put into s
equivalent forms. By examining these equations of the seco
caustic for symunetry, Cayley discovered six sets of transform
of the parameaters &, ¢, g (inchading the identity transformad
each of which transforms an equation of the secondary causti
an equivalent form of the equation; and we have therefore iden
the same caustic. Denoting these transformations by 1, «, 3
Cayley discovered that the relations connecting these symbols a
same as the relations connecting the six permutations of three |
(with appropriate assignation). "This discovery prompted Cay
generalise the group concept at an abstract level.
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GABOR FRAMES AND THEIR DUAL FRAMES

OLE CHRISTENSEN

Department of Mathematics, Building 303, Technical University of Denmark, 2800
Lyngby, Denmark

INTRODUCTION

An orthonormal basis in L?(R} is a useful tool in order to obtain expansions of
functions in L?(R). However, the conditions to an orthonormal basis are very re-
strictive, so often it is impossible to construct an orthonormal basis having ext;a
prescribed properties. Some of the limitations can be removed by considering frames
rather than orthonormal bases. We give the formal definition in the next section. For
now, we just mention that a frame is some kind of overcomplete basis: via a frame
for L2(R), one can express each function f € L#(R) as an unconditionally convergent
infinite linear combination of the frame elements, exactly us we are used to for bases.
However, the coefficients in the expansion are not necessarily unique; this opens for
the opportunity to choose the most convenient coefficients.

The overcompleteness of frames has already proved useful in several areas of mgna.l
processing. In this paper we concentrate on the mathematical properties. We first
present the general theory for frames in Hilbert spaces. After that, we discuss Gabor

frames and present new results.

2000 Mathematics Subject Classtﬁcahon Primary 42C15; Secondary 42C40.
Key words and phrases. Frames, dual frames.
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fact that eigenvecﬁofi of a ',qua,rn maotrix corresponding |
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eigenvalues are linearly independent. But in order to find

to the question “what is the maximum number of linear)
dent eigenvectors of a matrix?” we need the following thec
few books on Linear Algebra care to mention at all.

Theorem 0.1. Suppose A has k distinet eigenvalues \

Ak; suppose S, is a linearly independent set of eigenve

corresponding to eigenvalue XN, , i = 1,2,.... k. Thes
I

vectors U S is linearly independent.

i=1

Taking for each S; a basis of the eigenspace of A, L d o=

(that is, the solution space of the system of homogeneow:

THE ORIGIN OF THE _ABSTRACT GROUP CONCEPT!

I
(A — ANDa = 0), we get a sot of . = Zg,- linearly ir

eigenvectors of A, Here g; denotes the dirn‘;:sion of the sol MUNIBUR RAHMAN CHOWDHURY
of the system of homogeneous equations (A — A\ D =
called the geometric multiplicity of the eigenvalue X\;, ¢ =
We claim that this m is the maximum number of linearly ir

eigenvectors of the matrix A.

Intimately connected with the study of eigenvalues an
tors is the question of diagonalizablity of a square matr )
diagonalizable if and only if K™ has a basis consisting of e University of Dhaka, Bangladesh
of A. Since any basis of K™ consists of a set of n linear]
dent vectors, it follows that A is diagonalizable if and on

72 linearly independent eigenvectors.

Theorem 0.2. A is diagonalizable if and only if the geor
tiplicity of every eigenvalue of A is equal to its algebraic r.

Recall that the algebraic multiplicity of an eigenval

highest power of (¢t— ) dividing the characteristic polynon:
t).
To accomplish this, we need the well known fact. that tha
multiplicity of an eigenvalue cannot exceed its algebraic n
The geometric multiplicity of an eigenvalue A is equal

where p is the rank of the matrix A — AJ. Therefore we
ke
formula 1 = nk — E i, where n is the order of A an
Fasl
rank of the matrix A — A\, 7.
&

Corollary 0.3. A is dicgonalizable if and only if E 0

EEa

y 20A99.

2000 Mathematics Subject Classification. Primary 01A55; Secondar
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ABSTRACT. If two matrices A and B are close to each other, then
how close their eigenvalues must be? This question has obvious math-
ematical interest, and is of fundamental importance in physics, nu-
merical analysis and engineering. The matrix B is thought of as a
perturbation of A, or an approximation to A4 in different contexts.

A prototypical result due to H. Weyl (1912) says that if 4 and B
are n x n Hermitian matrices with eigenvalues a; > ap > --- > Qn
and 81 > 8y > .-+ > (,, respectively, then

— 3.1 < -
max la; - 5| < |A - B|.

Here ||T| denotes the norm of T as an operator on the n-dimensional
Hilbert space C».

This inequality can be generalised in different directions. We can
seek versions for other special classes of matrices, and for all matri-

NUMBER OF LINEARLY

THE MAXIMUM ENVECTORS OF A MATRIX

INDEPENDENT EIG
MUNIBUR RAHMAN CHOWDHURY

ces; we can use different measures of distance: and we can ask for
analogues in infinite dimensions.

In three talks we will survey the prominent results that are known,
and look at some techniques and proofs.
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$TRONG LINEAR PERSEVERES OF GW-MAJORIZATION

[ XY
2. AX »gu BY

3. aX + .BJ'u,m g aY + 8100
4

XC >"91|.' YC

Where Jon ts the n xm matriz whose all eniries are equal one.

Remark 2.3. Let A.B be two g-row stochastic matrices then, AB and A~ (If Ais

invertible) are g-row stochiastic matrices.

3. STRONG LINEAR PRESERVERS OF GW-MAJORIZATION

In this section, we will investigate linear operators on M,, that strongly preserves
gw-majorization.
Forl1<i1<n and 1 < j <m, Ej is the nxm malriz whose all entries are equal

sero except the (i, j)t" entry which is equal ome.
A-1RA € GR,, for every Re GR,

Lemma 3.1. Let & be an invertible matriz. Then,
that oA € GR,.

if and only if there erists o nor Zero sealar o, sueh
and B be two invertible matrices. Then the lineor operator T

Lemma 3.2. Let A
AX'B, for all Xe M,,, is not strong preserver af gu-

‘M, —M,,, where T(X) =

majorization.
ear operator that strongly preserpes guo-

Theorem 3.3. Let T ‘M, —M,, be a b
majorization. Then T strongly preserves the set of singular matrices.

In {6] Marcus and Purves proved the following Theorem.

Let T :M, —M,, be a linear operator. Then, T strongly preserues the

¢ rn,uh"if:f:,s A and B such that,

Theorem 3.4.
set of singular malrices,
T(X)=AXB,V X € M, or T(X)=AX'B,V X e My,
son M, that strongly preserves gw-majorization.

if and only there st noertibl

Now, we characterize linear operator

M, be o linear operator. Then T is strong preserver
stochastic invertible maotein A il

Theorem 3.5. Let T M,
of yw-mr:;,iur'imf.-.-'.rm if and ondy if there exist g-row

imuvertible matrix B such that, T(X)=AXB for ull Xin M, .
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APPLICATIONS OF LINEAR ALGEBRA IN COMBINATORICS

Let F be a family of subsets of some n-element set, and let L C {0,1,...} be
. c {0,1,... a

finite set of inte
gers. We say that F is L-intersecting i
¢ .
A, B of distinet members of F. OB o e ek

We prove the following result.

Theorem 1.6. -Wi ; | |
1.6. (Frankl-Wilson 1981) If F is an L-intersecting family of subsets of a

set of n elements, then |F| < SOIH (7,

=0 \4

1] 1. Akbari S.; Al \ i i
{2} ; J:;k anSS.,‘ ghpour A. Combinatorial results using inner product, Submmited
. na S. “Extremal Combinatorics with Applicati ‘ .
icat i i !
Second Edition, Springer(2001). prietions i Compter Science!

[3] 3. Wilson R. M. Some applicati
M pplications of falg i . .
Notes Caltech (2006) polynomials in combinatorics, Lecture
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STRONG LINEAR PERSEVERES OF
GW-MAJORIZATION

A. ARMANDNEJAD'* AND A SALEMI?

1yali- Ast University ot Rafsanjan and 2 Shahid Bahonar University ol Kenan

ABSTRACT. Let M, be the set of all n x n matrices with entries
in ¥, where F is the field of teal or complex numbers. A matrix
R € M,, with the property Re = ¢ is said to be a g-row stochastic
matrix, where e = (1,...,1)* € F". Let A,B € M,. The matrix B is
said to be gw-majorized by A if there exists an nxn g-row stochastic
matrix R such that B=RA, and denoted by A >gw B. In this paper
we will characterize all linear operators that strongly preserve gw-

majorization on M.,

1. INTRODUCTION

A nounegative matrix R € My which all it’s row sums are equal one is sall Lo be

row stochastic matrix.
The definition of matrix majorization was introduced by Dahl i (5], and this

notion generalized the definition of multivariate majorization. The matrix B is said

2000 Mathematics Subject Classification. 15AU3,
Key words and phrases. Strong persevere, g-doubly stochastic matrices, gw-

majorization,
* Speaker.
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APPLICATIONS OF LINEAR ALGEBRA IN
COMBINATORICS

S. AKBARI

Sharif University of Technology

ABSTRACT. We present a selection of applications of linear algebra
in graph theory and combinatorics. The general frame for the linear
algebra method in combinatorics is the following: if we want to come
up with an upper bound on the size of a set of objects, associate them
with elements in a vector space V of relatively low dimension, and
show that these elements are linearly independent, hence, we cannot
have more objects in our set than the dimension of V. One common
method of proving an inequality is to exhibit a set of m polynomials

that can be shown to be linearly independent, but which belong to
the span of n simple polynomials, in this way, we have proved m < n.

1. INTRODUCTION

A subset S C R" is a two-distance set when there are numbers o and 3 so that
la = b € {o, 3} for all distinct e,b € §. First we prove the following theorem.

2000 Mathematics Subject Classification. Primary 05C15; Secondary 05C38.
Key words and phrases. Linear Algebra, balanced set , two-distance set .
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f‘t{r any fixed u G. C, let m, be the degree of the minimal polynomial of the
:im?, rix Q(u). The minimal degree of Q()), as a matrix polynomial, is denot.e&
po..—t . ma..xgec ;n#. Also, tl';e numerical order of Q(A) is defined as the small

sitive integer k such that V¥[Q())] = ¢[Q(A)]. denoted b In view

1 n = i
of Proposition 2.1(iv), we have k < d. ' 7 QU = & T v

It is clear thlat VEQ)] = {neC: 0 VHQ(w)} forallk e N. (3.1)
So, for the special case Q(A) = A — A, we have V*[Q())] = V*(A). In this sense, the
polynom%al numerical hulls of a matrix polynomial are generalizations of the clas;ical.
polynomial numerical hulls. Here, we list some simple properties of V¥[Q(A)] :

Th i
eorem 3.2.‘ (general properties) Let Q()\) be a matriz polynomial as in (1
Then the following assertions are true. ' '

(i) VFIQ(N)] is closed.

(1) alQN)] = VIQN)] € VFHQ(N)] € VFQM)] C VIQW) =

(iii) VFIQ(A + a)] =VrQW) —a for a” «€ (3.l = Vleei=wiem
(i) V¥[aQ(N)] = V¥[Q(A)] for all nonzero a € C.

?U)) I}’;[[U'Q(A)U] = V¥[Q(N)] for any unitary matriz U € M,,. :
u A) = AgA™ + A A A " -1,

€ VM) and 5 £ 0. ¥ Amoadt A, then VARGINO} = ="

‘ By Propoiition 2.1(ii), the polynomial numerical hulls of matrices are compact sets. '
in €. But VF[Q()A)] need not be bounded, as shown in the following example

Example 3.3. Let Q(A) = M — I, where A = diag(a, -3, 17,0} such that a, 3
ar;d v are positive real numbers. Then by Theorem 3.2(vi), V2[Q())] = {u~! : ,E
?’ (A) and p # 0}. We know, by Example 2.5(ii), that V3{A) = o(A)U {it“‘ 0 <’: <
4}, where 4 = min{-"—_’fé,'y}, and hence V2[Q())] is.not bounded. . T

:‘henrem 34 Leth(A) be a matriz polynomial as in (1.1), and let p € C be a
oundary point of VX[Q(X)]. Then 0 is a boundary point of V*(Q(u)).

The converse of the above Theorem is not true. See the following example

E —
xamp.le 3.5.. L.et-‘. Q(A) = A I=ADs = MAI~Ds), where D5 = diag(1, ws, wi,wi wh)
and ws is a primitive 5 root of unity (i.e., wf =1 and wi# 1fori=123 4)5‘B;' ‘
:fiatlon (3.1), V2[Q(A)] = V3(Ds). Since Q(0) = 0, we have 0 is a bound:a.r;( ;‘)oint of
(Q(0)). By [2], 0 € Int(V?(Ds)) = Int(V2[Q(A)]), and hence 0 ¢ av2Q(N)).

'Itheorem 3.6. Let Q(A) be a matriz polynomial as in (1.1 ). Suppose all the coeffi-
cients A; of Q(X) are real matrices. Then VE[Q(N)] is symmetric with respect Lo th
real azis in the complex plane. e

12 »

—
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Proof. Let p(z) = axz® + -+ + a1z + ao be an arbitrary scalar polynomial in Py,
Define p(z) := @pz" + - + @12 + do. which is again a scalar polynomial in Py. Let
1 € VFIQ(M)] be given. So, |p(0)] = [B(0)] < {B(QUW)I = IB@Q@EN = @) =
Ip(Q(E))]- Thus, 7 € VEQN)] - ' c

For normal matrix polynomials, we have the following theorem.

Theorem 3.7. Let Q(A), as in (1.1), be a normal matriz polynomial. If0 ¢ VE(An),
then VX[Q(N)] is bounded.
V2(Q())] may or may not be bounded when 0 € V2(A.,), see the following example.

Example 3.8. (i) Let o, 0, and ~ be three nonzero complex numbers such that the '
origin is the orthocenter of the triangle generated by {a, 3,7} Let Q(X) = AA - I,
where A = diag(a, 8,v). Then by Example 2.5(i), 0 € V2(A). By Theorem 3.2(vi),
we know that V2[Q(\)] = {a~%,87",7"}. Hence V2(Q())] is bounded. (i) Let
Q(\) = AA - I, where A = diag(l,~1,0,). Then by Example 2.5(ii), 0 € V*(4) =
{1,-1}u {it : 0 < t < 1}, and hence by Theorem 3.2(vi), V2{[Q(N)] = {1,-1}u{it:
t < —1}. Therefore, VZ[Q())] is unbounded. '
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compact convex set in C [5]. Let

(1.1) Q) = AmA™ + Ay A™ 4+ A+ A

he a matrix polynomial, where 4; € M, (t=0,1,...,m) and A is a complex vari-
able. If the matrix Q(u) is normal for any fixed p € C, then Q(A) 1s said to be a
normal matrix polynomial. The spectrum of Q()) is denoted by glQN)]={reC:
detQ(u) =0} = {p € C: 0€ o(Q(r))}. Also, the numerical range of Q(A) is defined
s W[Q(N)] = {reC:2"Q(u)z =0 , for some nonzero ¢ € C'}={ueC: 0e
W(Q(u))}. Tt is known that W[Q(A)] is always closed but not necessarily compact
connected set in C, and o[Q(X)] € W(Q(A)]. For the special case Q(\) = AT — A,
where A € My, we have W[Q(A)] = W(A) and o[Q(\)] = a(A) = the set of all
igenvalues (L.e. the spectrum ) of the matrix A [4]. In section 2, the polynomial
numerical hulls of matrices and some of their important properties are studied. In
section 3, we introduce and study the polynomial numerical hulls of matrix polyno-
nials. Throughout this paper, for a given positive integer k, Pj denotes the set of

I scalar polynomials of degree k or less, and P := Use; Px is the set of all scalar
solynomials.

2. POLYNOMIAL NUMERICAL HULLS OF A MATRIX

Let A € M,. The notion of the (classical) polynomial numerical hull of A of order
v was first introduced by O. Nevanlinna in 1993 as V*(4) = {AeC: |p) <
[p(A)] for all p € Py}, and the polynomial numerical hull of A is defined as V(A) =
(A€ C: p(A)] < lip(A)]| for all p € P}, where || - || is the spectral matrix norm (6].
I'he following important properties of V*(A) can be found in (2] and [3)].

Proposition 2.1. (general properties) Let A € M,,. Then the following assertions
e true. (i) a(A) = V(A) C V¥1(A) C VF(A) C VI(4) = W(A4).

it) VE(A) is a compact subset of C.

i) V¥aA+ BI) =aV*(A)+3 forala,feC.

) Let r be the degree of the minimal polynomial of A. Then VE(A) = a(A)  for
ll k>,

v) VHU*AU) = V*(A) for any unitary matriz U € M,,.

vi) Let A€ M, and a € V*(A). Then V(A& [a]) = VF(4).

vii) Let A € M, be an Hermitian matriz. Then VE(A) = a(A) for all k > 2.

In view of the above Proposition (iv), there is a positive integer r such that
/T(A) = o(A). The smallest positive integer m such that V™(A) = o(A) is called

16
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the numerical order of A, denoted by num(A4) = m. In this sense we state the
following conjecture.

Conjecture 2.2. Let A € M,. If there is a positive integer k such that V"(A)
VEtL(4), then VF(A) = VFT1I(A) = ... = o(A).

For normal matrices, we have the following important properties.

Proposition 2.3. Let A be a normal matriz. Then the following assertions are true.
(i) VEA)={z"Az: € C" z*z=1,(z" Az)' = 2" A'z,i = 1,2,... k}.

(i) B(W(A)NV*(A) C o(A) forall k > 2, where 8(.) denotes the boundary.
(i) If v € C is a conical point of V*(A), then v € o(A).

Proof. The proofs of parts (i) and (ii) can be found in [2] and (3], respectively. For
(iii) [7], in view of Proposition 2.1(v), assume without loss of generality that A is a
diagonal matrix. Since v is a conical point of V*(A), there exists a closed convex
cone F' € C such that V*(A4) C 4 + F. Thus by Proposition 2.1(i), e(4) € v+ F,
and hence, W(A) C v + F. Therefore v is a conical point of W(A), and hence
v € o(A). 0

Theorem 2.4. (1] ; Let A € M, be a normal matriz with n > 3. Then V""1(4)
has at most n + 1 points.

Now, we state an applied example.

Example 2.5. [2}; (i) Let A € M, be a normal matrix whose spectrum consists
of three non-colinear points. Then VZ(A) = o(A4) U ({Ao} N W(A)), where Aq is the
orthocenter of the triangle generated by o(A).

(i} Let A = diag(e, —3,iv,0), where a, 3, and v are positive real numbers, and let
5 =min{%2,v}. Then V*(A) = o(A) U {it : 0 <t < 7}, and s0 num(4) > 3.

(ili) Let A = dz'aq(a, ~8,i~, —i60), where a, 3, and 6 are positive real numbers.
Let & := min{ u} A= mm{:"— 8}, 5 = mln{ .7}, and 0 := min{22,0}. Then
V2(A) = o(A) U [, &) Ui[-0,4] and so num(A) 2 3.

3. POLYNOMIAL NUMERICAL HULLS OF A MATRIX POLYNOMIAL

All the results of this section can be found in [7].

Definition 3.1. Let Q()) be a matrix polynomial as in (1.1). The polynomial
numerical hull of order k of Q(A) is denoted by V¥[Q(N)] = {u € € : [p(0)] <
Ip(Q(u)|l for all p € P}, and the polynomial numerical hull of @(}) is defined as

VIQW)] = {ueC: [p(0)] < p(Qu))]| for all p € P}.

n
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In The Name Of God |

It is our pleasure to welcome vou
~seminar on liner algebra andy itsto'a:‘al;::ict:t:'l;ltll;
| &wav?let workshop. We on behalf of organizin
committee wish you all a very l;la'ppy's"tay. It is al%
honor for Vali-E-Asr University to be: active in
orgamizing such seminars biyearly:"fﬁii’ﬂ'-aéf'}?"”as a host
for the tl}ird time. As before this semi nar is held with
cooperation of Shahid BahogarsUniversityof Kerman

and Iranian mathematical society.

We would like to take this opportu

Mm'ls.avi vice chancellor of theplp}niv;m! " ,tll))lt'a:lll‘mgfi
Al‘l.lll‘l ‘Khorasani chancellor of Shahid B.ahonar
university of kerman and Dr. Alireza Medghalchi
President of the Iranian mathematical .' Sii‘élety, for

their  unyielding enthusiasm,

cooperation. S ¥

Linear algebra, as the main subjeet of this
conference, is extremely versatile. It is not only a
fundamental and lively subject in pure.i 'f"!"'{"‘illema)t,ics
on its own, but also has broad applications in other
areas .of pure mathematics such as; ‘numerical
analysis, Lie algebras, differentiable nlfd!ds' and
oth.er su!)jects like mathematical phy s stati’stics
civil engineering, economics, etc; in return,’ they havé

2

—

|

" _ ) e

been instrumental in further development of linear
algebra as it is today. |

We are deeply grateful to Prof. M. M. Zahedi,
minister of science research and technology the board
of vice-chancellery committee, Iranian mathematical
society, eng. Karami shahrokhi; president of national
company of copper industry of Iran and Dr.Garami,
president of the centre of advanced technology and
Environmental science for their spiritual and
financial support. We are also thankful to our
colleagues and administrative committee for their
sincere effort that they have extended in this regard.
In the end we once again wish you all a pleasant stay
and success for the Seminar. .

Dr.Mehdi Ebrahiminejad Dr.Attalah Askari Hemat
Chancellor of Vali E Asr University ~ Executive Director to the seminar
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