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Cryptocurrencies and their economic implications

Khosrow Dehnad
Columbia University & Director of Analytics and Chief Data Scientist CONCORD ADVICE.

Abstract. There is a great deal of controversy in the financial community about Bitcoin and
cryptocurrencies. Optimists believe that Bitcoin and the blockchain technology behind it have
the potential to transform the Financial Industry and the way transactions are done in the
Economy. On the other hand, pessimists believe that Bitcoin is a fad and a bubble similar to
Tulip Mania and will implode and cause a great deal of financial pain.

This talk examines the mathematical and computer science foundation

of cryptocurrencies. It also discuss the challenges to regulators and

central banks and the question of trading and risk managing such assets.
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Utility Maximization Under Ambiguity

Erfan Salavati
Amirkabir University

Abstract: In classical utility theory, the basic assumption is that each
individual is trying to maximize the expected utility of his outcome.
This expectation is assumed to be taken under some known probability
distribution P.
After the financial crisis of a decade ago, the assumptions of classical
utility theory have been called into question. One of these assumptions
has been the specificity of the probability distribution. The proposed
alternative is a situation in which even the distribution is not known a
priori, but rather it comes from a family of distributions. This family is
called the ambiguity set. Instead of ordinary expected utility, the
individual is trying to maximize a robust utility functional,
XminQ€e[U(X)]
Where @ is the ambiguity set.
In recent years a lot of research has been done in Robust Utility
Maximization, each one concerned with a different assumption on
ambiguity set. Among these works, the G-expectation theory of Peng
(2007) seems to have been the most successful.
In this talk, we generalize the G-expectation to the heavy-tailed
distributions. We also propose a new risk measure which is suitable for
such non-linear expectation. Then, we find the explicit solution for the
optimal portfolio under this new risk measure.
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The uncertain shape of grey swans

Hamidreza Arian
Sharif University

Abstract. Extreme Value Theory (EVT) is one of the most commonly
used approaches in finance for measuring the downside risk of
investment portfolios, especially during financial crises. In this paper,
we propose a novel approach based on EVT called Uncertain EVT to
improve its forecast accuracy and capture the statistical characteristics of
risk beyond the EVT threshold. In our framework, the extreme risk
threshold, which is commonly assumed a constant, is a dynamic random
variable. More precisely, we model and calibrate the EVT threshold by a
state-dependent hidden variable, called Break-Even Risk Threshold
(BRT), as a function of both risk and ambiguity. We will show that
when EVT approach is combined with the unobservable BRT process,
the Uncertain EVT's predicted VaR can foresee the risk of large
financial losses, outperforms the original EVT approach out-of-sample,
and is competitive to well-known VaR models when back-tested for
validity and predictability.
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STOCHASTIC VOLATILITY DRIVEN BY WEIGHTED
FRACTIONAL BROWNIAN MOTION WITH DELAY

Mahdieh Tahmasbi

Tarbiat Modares University

Abstract. Malliavin Calculus is an infinite-dimensional differential
calculus on the Wiener space and there are various applications in
finance, for example in pricing and hedging financial options and also in
sensibility with respect to the parameters. In this Lecture, we give a brief
introduction of Malliavin calculus on the stochastic integrals of
weighted fractional brownian motion (wfBm) and then we state its
application to approximate the price of one financial derivative with
stochastic volatility driven by wfBm and some time-delay tau.

Keywords: Malliavin calculus, Stochastic volatility models, Weighted
fractional Brownian motion, Implicit Euler scheme.
Classiffcation: 65C30, and 60HO7.
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On Stein method and applications in
finance & insurance

Ehsan Azmodeh
Leeds University

Abstract: Stein method is devised in the early seventies by Charles
Stein (1920-2016) a Stanford statistician to measure the distance
between probability distributions by means of characterizing differential
operators. Stein's motivation was to develop an effective alternative to
Fourier methods to prove Berry-Esseen type CLTs when dealing with
functionals of dependent random variables. A few years after, the
method was adapted to the Poisson approximation by Louis Chen, his
former Ph.D student. Since then, Stein's original idea has got a lot of
attentions and the methodology has been applied to a very broad family
of probability distributions. In this talk, we explain the Chen-Stein road
map and illustrate some applications in finance and insurance
mathematics.
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Market consistent and hedging consistent
valuation

Hirbod Asa
Kent Business School

Abstract: The existing literature on market-consistent valuation MCV)
always assumes that the liquid assets cannot change the market
valuation of a risky portfolio. In other words, an MCV needs also to be a
hedging consistent valuation (or HCV). In this talk, we will discuss how
HCV can be a restrictive condition when it comes to MCV. Then we
consider a pure MCV, or MCV without hedging, and discuss how one
can relate it to market sub-consistent valuation (MSCV). The
discussions will follow by proposing methods for real word implement.
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ABSTRACT. This paper, deals with the application of mathematical control theory tech-
niques of optimization in an economics problem. Here, we consider the optimization
problem of a dynamic duopoly system that it’s model is stated by a first order ordinary
differential equation. This system, consists of two agents such that each one has a dis-
tinct cost function that should be minimized. Our purpose is to solve this minimization
problem by means of control theory techniques. To that end, it is necessary to reformu-
late the economic model into a linear control model. So, at the first step, by introducing
suitable matrices, we reform the problem’s model into a standard model of linear control
system with quadratic cost functions. Afterwards, by stating a theorem, we propose an
optimum control strategy to optimize the corresponding costs of the system and show
that the optimal control law is unique and obtains from solving HJB partial differential
equation.

Keywords: Control theory; Optimization; Duopoly problem; HJB equation.
Classification: 37N40; 93C05; 49J20.

1. INTRODUCTION

Various kinds of optimization problems appear in modern world such as science, social
science, engineering and business. This variety of applications lead to development of
optimization methods which are applicable for different subjects. Among these methods,
control theory techniques for optimization seem to be useful tools for dealing with some
dynamic economic problems. Application of control theory techniques in economics prob-
lems attracted considerable attention of authors in recent years; To study a few works on
this subject, one can refer to [1],[2],[3] and the references therein.

In this paper, we consider a dynamic duopolistic optimization problem which is dis-
cussed in [4],[5], and propose an optimization method that stems from optimal control
theory strategies. To that end, we consider the standard form of linear time invariant
(LTT) control system stated by a first order ordinary differential equation known as state
equation:

#(t) = Az(t) + Bu(t) (1.1)

where A € R(™™ and B € R™™) are system matrices, z(t) € R is the state of the
system (which can represent a set of economic variables) and u(t) € R™ is the vector
of variables that are used to control the system. For the most optimization problems,
the linear system (1.1) is accompanied with an infinite time or finite time quadratic cost
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criterion of the following general form that should be minimized:

T

J = 2" ()Qrx(t) +/ (2T ()Qx(t) + u” (t)Ru(t)) dt (1.2)

0

where ) and Q)7 are symmetric matrices and R is a positive definite and symmetric
matrix. One can obtain the minimum cost of the above mentioned problem by finding a
continuously differentiable function:

V(t,z) = mJn{xT(t)QT:r(t) +/O (" ()Qx(t) + u (t)Ru(t)) dt}, V(T,z) = Qp(T, x)

(1.3)
which is the solution of a partial differential equation (PDE) known as Hamilton-Jacobi-
Bellman (HJB) equation of following form [5]:

_ V(L)

vV (t,x)
g T(Ax + Bu)] (1.4)

= min[z” Qx + u” Ru +

In what follows, we introduce a suitable substitution in matrix form that reforms our
economic duopolistic system into a standard LTI control system, and then, by using
HJB partial differential equation, propose an optimum control strategy to optimize the
corresponding costs.

2. MAIN RESULTS

As a dynamic duopoly problem we consider a market with only two sellers offering an
identical product. By assuming that the rate of change of the market price is a function
of the difference between the current market price and the price indicated by the linear
demand function, [5] has modeled the problem as follows:

p(t) = sfa — (us(t) + uz(t)) — p(t)} (2.1)

where p(t) is the market price at time ¢, s > 0 is the adjustment speed parameter, a > 0
is a constant and u;(t) > 0 is the output rate of company i, (i = 1,2). The cost to be
optimized for each company is:

J; = /0 e " p(t)ui(t) — cou(t) — %uf(t)} dt (2.2)

where ¢; € (0,a) are fixed parameters and r > 0 is the discount rate.

In order to use control theory optimization strategies, we should reform the above
problem into LTI system representation. A simple substitution and calculation shows
that the following choices for vectors and system matrices, reformulate our problem to
the standard framework (1.1) with controllable pairs (A, B;) and cost functions (1.2)
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(fori=1,2):

(2.3)

—S

B; = O],(fori:LZ)

11
—2 3¢ :

Q; = , (fori=1,2)
1o -4
1 ,

R; .= 5,(]”07”1 =1,2)

Now, by applying the set of introduced transformations in (2.3) into (2.1) and (2.2), our
problem reduces to:

s.t.
t(t) = Ax(t) + Bivi(t) + Bava(t)

The next theorem proposes the optimum control strategies v;, which are obtained from
the solution of (2.4)’s corresponding HJB equation.

(2.4)

Theorem 2.1. The minimization problem (2.4) has a unique solution:

v; = —R;'Bl'Siz, (fori=1,2) (2.5)
in which S; is an n X n positive definite symmetric matrix resulted by solving the following
differential ricati equation:

S;+ S;A+ ATS; — S;B;R'BT'S; + Q; = 0, Si(T) =0 (2.6)

Proof. Let Vi(t,x), (fori = 1,2) be the minimum cost of (2.4) that satisfies the boundary
condition V;(7T', ) = 0. Under the assumption of continuous differentiability of V;, we have
the following HJB equation (resulted from (1.4)):

OVi(t, x) OVi(t, z)

ot Ox
As it is not easy to compute V;(¢, z) directly from (2.7), we consider a candidate solution
to this HJB equation. Due to [0], for a quadratic cost function (for any arbitrary ¢ € [0, T

and £ € R™) the minimum cost results from a quadratic solution to the corresponding
HJB equation. So, we consider a quadratic candidate solution as follows:

= II})]H[%‘TQZ$ + UiTRﬂ}i + (A$ + Bﬂ}l + BQUQ)] (27)

Vit ) = %xTSi(t)x (2.8)

where S;(t) is an unknown n X n matrix. As (2.8) must satisfy its corresponding equation,
substituting it into (2.7) yields:

1 .
- 51:T5i(t):t = min (27 Qs + vl Ryv; + 27 S;(t)(Ax + Byvy + Bovy)] (2.9)
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To carry out the minimization on the right hand side, we let:

d
d—[xTQix + 0] Riv; + 27 S;(t)(Ax + Bvy + Bowy)] =0 (2.10)
%

which yields:

vf = —R;'B]S;(t)x (2.11)
To show that the resulting v minimizes the objective function, we consider the second
derivative of the right hand side of (2.9) with respect to v;:

d2
W[Z'TQlw —+ UiTRZ"UZ‘ + xTSl(t)(Ax + 31U1 + BQUQ)] = Rz (212)
According to our assumption, R; is a positive definite matrix, so, the resulting v} in (2.11)
is the optimum control strategy.

To determine S;(t), one can substitute (2.11) into (2.9), which leads to the following
matrix differential ricati equation:

To show uniqueness of v}, notice that according to [7] positive definiteness of @); and
controllability of (A, B;), (fori = 1,2) guarantee the existence of a unique S; satisfying

in (2.13) and this implies uniqueness of v (because it is expressed in terms of S;) and
this completes the proof. O

i
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ABSTRACT. The time fractional Black—Scholes model(TFBSM) is employed to price
American or European call and put options on a stock paying on a non-dividend basis.
In this paper, We examine pseudospectral method for numerical solution of TFBSM,
based on Gegenbauer polynomials and Chebyshev spectral differentiation matrix . The
presented method reduces TFBSM to a generalized Sylvester matrix equation, which can
be solved by the global GMRES method.

Keywords: Time fractional Black—Scholes model, Gegenbauer pseudospectral method,
generalized Sylvester matrix equation, global GMRES method.
Classification: 34K37, 97TN50, 656M70.

1. INTRODUCTION

Recently, Wyss in [7] performed the pricing for the European call option by using a time
fractional Black—Scholes model. Also, Cartea in [2] led a further investigation into this
model and showed that the value of derivatives of the European style could be described by
a partial-integral-differential equation and include a non-local time-to-maturity operator
named the Caputo fractional derivative [6]. A discrete implicit numerical approach was
proposed by Zhang et al. in [8] for European option pricing using the TFBSM with a
temporal accuracy order of 2 — « and a spatial accuracy of the second-order. Golbabai
and Nikan [3] adopted the moving least-squares method for determining the approximate
solution of the TFBSM. Currently, the following is suggested as the TFBSM corresponding
to the value of an option model with final and boundary (barrier) conditions:

QSN | 152620°CEN | (. DYSEED _10(S, 1) =0, (S,t) € (0,00) x (0,T)
C(S,T) = v(S),

(1.1)
where 0 < o < 1, T is expiry time, r is the risk-free rate, D the dividend rate and
o(> 0) is the volatility of the returns from the holding stock price S, and aaacT(as,t) denotes
a modified right Riemann-Liouville derivative [0] defined as follows:

I'(l—a) 0 (n—t)«
ate S g =1,

C(S,t) { L4 (1OEN-CET gy < o < 1,
ot
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For the special case o = 1, the model (1.1) converts to the classical Black—Scholes model.
Suppose t =T — 7, for 0 < a < 1, we get

occ(s,t)  —1 i/T C(S, T —-¢& —C(S,71) i
ore  T(1—a)dr J, (1 — &)~ '
So, the model (1.1) can be rewritten to the following expression:
D2V (2, 7) = §o* 2L 4 (1~ 1o — D)YET) (s, 7),
U(_OO77-) ( ) U(OO,T) - (7->7 (12)
Ul(z,0) = u(z),
by supposing x = In S, defining U(z,7) = C(e*,T — 1), and u(x) = v(e*), where the
fractional derivative is (DU (x,T) = ﬁ% N de, 0<a<l

To well approximate the numerical solution of the above-mentioned model, it is essential
to work in a constrained interval. Therefore, we truncate the interval of variable x in (1.2)
to a symmetric finite domain (—1, 1) with homogeneous boundary conditions. In fact, an
arbitrary (I, I,,) and nonhomogeneous boundary conditions can be transformed by using
the change of variables and special transformation, respectively. Therefore, we consider
the following dimensionless model:

DU (z,7) = 1 298D 1 4,200 (2, 7) + f(a, T),
U-1,7)=U(1l,7)=0, 0<7<T, (1.3)
U(I‘, O) = u(m),

where v, = %az and 75 = r — D — ;. For the objectives of validation, a source term

f(z,7) is added. In the current paper, we approximate the solution of the TFBSM by
the Gegenbauer pseudospectral method, that further information will provide in the next
Sections.

2. GEGENBAUER POLYNOMIALS AND THEIR FRACTIONAL DERIVATIVES

The Gegenbauer polynomial of order n associated with the real parameter A\, A >
—3,A # 0, denoted by iV (t) in [—1,1], is given in [!] through the recurrence formula

O, () = 200V (1) — 210 (1), > 1, with CV(8) = 1,01V (t) = 20, as the

n n+1
first terms. For practical use of Gegenbauer polynomials on the time interval of interest
7 € [0,7], let the shifted Gegenbauer polynomials 07({\)(%7' — 1) be denoted by GV (),

then G4V (7) can be obtained by

n

G;’\) (1) = ZO Tmf;(lin::ii')z);:—m%)m ™, 0<7<T. (2.1)

where (), is the Pochhammer symbol, means 6(0 +1)(0+2)--- (0+n—1) for n > 1 and

Theorem 2.1. Let G$V (1) for 0 <7 < T as given in (2.1), and also suppose o > 0, then
1 d GW
- - = - b(a A) -
(1 —a)dr / (1 — = Z

b(a7>\) — ( 1)n_m(2)‘)n+m
m Tl —m)(A+ L) D(m+1—a)’

where
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Proof. See [5]. O

We can use a stable formula for computing coefficients bﬁff;,i‘) when 0 < o < 1:

@y _ _—2Antm)(n—m)
P T+ L m)(m L —a)

m=0,1,2...,n—1

where, we start with the following quantity:

pan _ (ZD" A
w0 nl(l—a)’

3. GEGENBAUER PSEUDOSPECTRAL STRATEGY FOR TFBSM

Consider Chebyshev-Gauss-Lobatto(CGL) nodes 2y, . . ., 2n,n, defined as zy ; = cos (%)
for j = 0,1,...,N. Let Iy;(z),j = 0,1,...,N, be the Lagrange polynomials based
on CGL nodes, that are expressed as Iy (z) = H o —Ni_ 5 = 0,...,N, with

175] ZN,j—ZN,i’

the Kronecker property Iy ;(2nvi) = { :; y Z’ Let ¢n(x) be a (N + 1)-
dimensional row vector function as d)N [ZNO( )oInai(z),. .., Iy n(2)], For any inte-

gers N and M, we consider the approx1mate solution of the problem (1.3) in the form
Ve, 1) = Z;V;ll ZkM:O Uj,klej(:L’)Gl(j\)(T) where w7 =1,...,.N =1,k =0,...,M, are
the unknown coefficients to be determined. By defining the unknown vector function
O(1) = [04(7),05(7), ..., Ox-1(7)], with 6;(7) = S0l u; GV (7). We have V(z,7) =
¢ n(2)O(7), where ¢y (§) denotes the (N — 1)-dimensional row-vector that obtained from

¢n (&) by removing the first and last components. So, we can approximate right hand
side of the first equation in the problem (1.3) by

(1@n (@D, + 26y (@)D, — rdy(2))O(T) + £, 7).

where Dg\T+)1 is the differentiation matrix of order m = 1,2, given in [], and the matrix

~ 2 (1) 2 (2)
Dg\?ﬁl obtained from D’ N +1 by removing the first and last columns. Let D 41 and Dy 1
are the matrices obtained from DE\I,)H and Dﬁil, by removing the first and the last rows,

respectively.
2)

3 (1) 5 (

We note that ¢y (x)DY,, = @y (@)D +10)(x) and @y (2)DR., = by @)Dy +
r®(z). There is no need to compute the two terms r™(z) and r®(z), because these
terms are eliminated during the collocation procedure with CGL points. Now, we consider
approximate solution V' (z,7) for the TFBSM (1.3), and collocate the resulting equation
in the internal grid points zxn;,j = 1,2,..., N — 1. Note that, e, = dBN(zN7p) is the p-th
row of the identity matrix Iy_;. By the notation [A](p) for the p-th row of the matrix A,
we imply that

2 (1) 2 (2)
Upfep(T) = (71 [DN+1](17) + 72 [DN+1](17) - rep>®(7') + f(zi,Na 7). (3.1)

The vector function ©(7) can be written as (1) = A, T3,(7), where A, is a matrix of
order (N — 1) x (M + 1) with unknown entries (u;g), for 1 <j < N -1, 0<k <M,
and Y9, (1) = [Gék) (), M), ..., GSV)}) (7)]*. Therefore, by Theorem 2.1 we get

(\a) 2 (1) 2 (2)
AuTj\/f (7) = (71DN+1 + 72DN+1 - TIN71>@(7') + F(T) + (I)(T)a (3-2)
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T
where 1) (r) = (60572, by 4 byt Y B ere
®(r) = F(T1:(—;) [U(ZN,1>7U(ZN,2),...,u(ZN,N_1)]T for initial condition w(z) = U(x,0) of

(1.3), and F(7) = [f(2n1,7), f(2n2,T), -+, f(znn—1,7)]". For determining the matrix
of unknowns A,, we collocate (3.2) in the real simple roots 73; € [0, 7] of GS\//\[)_H(T) for
j=0,1,..., M.

Finally, we have the generalized Sylvester matrix equation of the form

AN+ MA, T, = C, (3.3)
2 (1) 2 (2) ) )
where M = rIy_1 — 1Dy, — 72Dy, and Cis a (N — 1) x (M 4 1) matrix defined as
C = [F(rar0), F(ar1)s - - F(ram)] + [@(7ar0), @(arn), - -, P(Tarar)]-
Also,
T3 = (Y3 (Taro)s Tar (Tar)s - Yar (Tagan)],
Yo7 = (137 (7o) Tor (rara)s - Tor (rarn)].

We note that the generalized Sylvester matrix equation (3.3) has a unique solution
if the matrix <(T;\\f)T @In_1 + (13" @ M) is nonsingular, where ® is the Kronecker
product [1].

For solving the generalized Sylvester matrix equation (3.3), the restarted global GM-
RES (GIGMRES(k)) algorithm proposed in [I] can be used. We exploit Algorithm 1
to construct an F-orthonormal basis Vi, V5, ...V} for the corresponding matrix Krylov
subspace (A, V1), associated with the matrix equation (3.3). In Algorithm 1 ||A||F is
the Ferobenius norm of the matrix A, defined by ||Al|r = /tr(ATA). As mentioned in
[1], to save memory and CPU-time requirements, the global GMRES method should be

utilized in a restarted mode. The restarted Global GMRES algorithm is summarized as
Algorithm 2.

Algorithm 1 Modified global Arnoldi algorithm
1: Choose an (N — 1) x (M + 1) matrix V; such that |[Vi||r =1 (Vi = V/||V||F)
2: For j=1,2,...,k Do
V=V, 00"+ MV, T,
:Fore=1,2,...,7 Do

: ]:Lj,j :~<V’ V;>F’
1 V=V-— h@j%,
: End Do

: hj+1,j :J|‘7HF If hj+1,j = 0 then StOp

2 Vipr =V /hj,
: End Do
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A

lgorithm 2 Global GMRES(k) algorithm

1: Choose Xy, a tolerance € and set iter = 0.

Compute Ry = C — Xo X3 — MXY),, § = | Rollr, and Vs = Ry/f3
2: Construct the F-orthonormal basis Vi, V5, ..., Vi by Algorithm 1
3: Determine y; as solution of the least square problem:

min || Be; — Hyyll»
yERF

Compute Xi = Xo + Vi(yr @ Insi1)

Compute the residual Ry and || R r

If || Re||r < €||Ro|lr Then Stop

else Xg = Xy, Ry = Ry, 5= ||Rol|r, Vi = Ro/ and iter = iter + 1, Go to 2
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ABSTRACT. Implementing a set of microeconomic criteria, we develop price dynamics
equations using a function of supply with key symmetry properties. The function of
supply can be linear or nonlinear. The type of function determines the nature of the
tail of the distribution based on the randomness in the supply and demand. For ex-
ample, if supply and demand are normally distributed, and the function is assumed to
be linear, then the density of relative price change has behavior z=2 for large z (i.e.,
large deviations). The exponent approaches —1 if the function of supply and demand
involves a large exponent. The falloff is exponential, i.e., e~ if the function of supply
is logarithmic.

Keywords: normally distributed, function of supply, symmetric.

Classification: MSC2010 or JEL Classifications: G2, G4, D0, D4, D9

1. INTRODUCTION

Equations for price dynamics have generally fallen into one of two categories: (a)
continuum approaches for asset markets that assume infinite arbitrage and stochastics
without directly addressing supply and demand, (b) discrete approaches that examine
the micro-structure of supply and demand.

The latter approach that is used widely in the mathematical finance community is
expressed (see e.g., [, 2]) in the continuum form as

PP = pdt + odW 1.1
I

where P () is price at (continuous) time ¢, while W is Brownian motion, and p and o are
the mean and standard deviation of the stochastic process. This approach marginalizes
the issues involving supply and demand, modeling instead the price change as though (1.1)
were an empirically observed phenomenon. While there is some empirical justification for
this equation, there is large discrepancy between the implications for the frequency of
unusual events [5]. In particular, if one measures o for the S&P 500 then (1.1) would
imply that the frequency of a 4% drop, for example, occurs about one in millions of days,
instead of about 500 days, the observed frequency. This is a practical implication of the
puzzle known as "fat tails” that refers to rare events occurring much more frequently
than one might expect from classical results. More precisely, the density of relative price
changes is observed to fall as a power law rather than exponentially.

The theoretical justification for equation (1.1) is also limited, and its widespread use is
largely attributable to mathematical convenience [1].

* Speaker.
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On the other hand, the approach developed by economists, i.e., (b), often called excess

demand, is expressed as

pr—p-1 =d—s, (1.2)
[6], with p, as the price at discrete time, ¢, with supply, s, and demand, d, at time ¢ — 1.
Equation (1.2) must be regarded as a local equation that describes change at a particular
set of values of d and s. Clearly, the price change will depend upon the magnitudes of d
and s, and not just their differences. One can remedy this feature by normalizing d — s
by s, so that the right hand side of (1.2) is (d — s) /s. Similarly, the left hand side of (1.2)
needs to be normalized, for example by dividing by p;_;.

A third approach to price dynamics was built on this perspective to model an actively
traded asset or commodity (see e.g. [3]). With active trading one can regard the buy /sell
orders as flow. This led to the asset flow equations that were written in continuum form
in 1990 . The price equation has the form

1 dP(t) D(t)—S(t)

e @ S@ (1.3)

2. MAIN RESULTS

Here, 7y is a time constant that also incorporates a constant rate factor that can be
placed in the right hand side. The difference in the two approaches is due to fact that
(1.1) assumes infinite arbitrage. This means that there is always capital that can take
advantage of mispricing of assets. In this way the deviation from realistic value will be
small and random. Note that the equation (1.3) have the same value for the first term in
the perturbation of D =14 ¢ and S = 14 ¢ about § = ¢ = 0. (i) The price derivative
vanishes when D = S so that price does not change in equilibrium. When D > S, prices
rise, and vice-versa. (ii) The roles of D and S are anti-symmetric, in the sense that
D/S—S/D=—(S/D—D/S). (iii) A small change in the positive direction for supply,
S, has the same effect as a small change in the negative direction for demand, D. (iv)
When D — oo (with S fixed) the relative price change diverges to oo; when S — oo (with
D fixed) it diverges to —oo.

We can consider a more general form by stipulating the requirements for a function
G :RT—R so G(D/S) replaces the right hand side of

dlog P (t) D (t)

In addition one can readily verify that the following functions also satisfy this condition:
(1) G(x) = 27— 279 for ¢ > 0;
(ii) G (x) = (x — 27 1)? for ¢ an odd positive integer.

This last limit suggests that examining log (D/S) may yield an exponential decay. ILe.
we use the equation

_,dP
P7'=- = 1log (D/5).

Letting R := D/S, we know that if D, S are normal, then fr (z) ~ 272 so that

P{logRgsc,R>0}:P{R§6I,R>O}:/ f(s)ds.
0

Taking the derivative, we have then
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flogR (IE) - axP {10gR < x, R > O}

=0, /06” f(s)ds=e"f (%) ~e® (e*) > = e 7.

Hence, if D and S are bivariate normal with correlation less than 1, and the relative
change in price is proportional to log D/S, then the relative price change has a density
that falls off as e=*. Also, if p~* is an odd positive integer, then G (D/S) = [log (D/S)]"/?
yields a decay of 2P~te=*".

Note that G (z) = (logx)?, with ¢ an odd integer greater than 1, satisfies Condition
G, while G (z) = log z satisfies only the conditions (i) — (7i¢) . In place of (iv) and (v) it
satisfies the symmetry condition G’ () = 1 for all z € R*.

The results above establish a link between the relative price changes and the exponent
of the fat tails through (2.1) . One of the problems in empirically estimating the likelihood
of rare events is that one would need a very long time history, but this often takes us
back to a different time period that may be irrelevant. We can use our results to estimate
the exponents by examining a much smaller data set and fitting GG. To be precise, choose
small 6t and At so that

ot << At.

We approximate the left hand side of (2.1) as P7'§P/dt and obtain statistics for all
intervals of 6t within (¢,¢ + At). Then we can determine the function G that best fits the
data. Using the results of Sections 3.2 and 3.4 one can then ascertain whether the decay
in the density falls off exponentially (i.e., G is a logarithmic function) or with fat tails
(with a specific exponent).
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ABSTRACT. When two random variable have a bivariate normal distribution, Stein’s
Lemma provides an expression for the covariance of the first variable with a function
of the second. Stein’s Lemma has many application in statistics and probability and it
plays an important role in modern finance. Most of these applications were initially de-
rived in a multivariate normal context. In finance, however, asset returns do not always
display symmetry but may exhibit skewness. This paper introduced a unified multi-
variate skewed distribution and extend Stein’s Lemma for two version of multivariate
skewed distribution. The Capital Asset Pricing Model is derived for one version of this
unified form. It is shown that, under another version of the unified form, the portfolios
of all investors are expected utility maximizers are located on a single mean-variance
skewness surface. Keywords: Stein’s Lemma, Unified skewed distribution, portfolio se-

lection,Capital Asset Pricing Model.
Classification: MSC2010 or JEL Classifications: At most 3 items.

1. INTRODUCTION

Stein’s Lemma has shown to be very useful in various fields including statistics, prob-
ability, decision theory, finance and insurance (see Stein, (1986); Li,(1992)). Let X =
(X1, X3, ..., X3)T be multivariate normal vector. The equality,

E((Xi — pi)h(X;)) = Cov(X;, X;) E(K'(X5)), (1.1)

where h(z) is a function having finite E|h’(X}|, is known as Steinn’s Lemma. The covari-
ance form of this lemma

Cov(X:, h(X;)) = Cov(X;, X;)E(H (X)), (1.2)

subject to E[h(X;)] < oo, has a special interest in the financial economics and in actuarial
science for its important application to Capital Asset Pricing Models, where the vector
X is considered as a set of returns of n securities. If the returns on risky financial assets
follow a multivariate normal distribution Stein’s Lemma greatly simplifies the task of
portfolio selection.

It is well known that returns on financial assets are not normally distributed. They
exhibits both skewness and kurtosis. For this reason, the construction of skewed multi-
variate distributions have received some considerable attention in the past few decades.
There are so many proposals in construction of skewed distributions and it is worth to
find an overall class which covers all of these proposals.

Abtahi and Towhidi(2013) introduce an overall unification of multivariate skewed dis-
tributions. This unified multivariate class of skewed distributions includes all of the
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multivariate skewed distributions in the literature. Their ideas for constructing a unified
representation of multivariate skewed distributions are: (a) to separate the skewing mech-
anism from the symmetric distribution that serves as a starting point. A key advantage
of skewing a symmetric distribution is that by doing so, it is possible to retain some of the
properties of symmetric distribution, which are often well known.(b) to unify any skewed
version of the same symmetric distribution by choosing a particular skewing mechanism(
p), which represents and models the asymmetry.

Extensions of Stein’s lemma to distributions that accommodate this feature are thus
of interest. Adcock (2007, 2014) developed Stein Lemmas for various distributions that
allow for asymmetry.

The structure of this paper is as follows. Section 2 summaries the unified multivariate
skewed distribution and present the two skewing mechanisms which lead to an attractive
model in finance. Section 3 contains the extension of Stein s Lemma for two version of
unified form introduced in section 1. Section 4 shows how Stein’s Lemma applied to
portfolio selection and Capital Asset Pricing Models. The extension of the lemma shows
that, under these distributions, investors who are expected utility maximizers will be
located on a single mean-variance-skewness efficient surface, regardless of their choice of
utility function.

2. UNIFIED MULTIVARIATE SKEWED DISTRIBUTION

A random vector Xy, is said to have a unified multivariate skewed distribution with
functional parameters f and p, if its pdf be of the form

s(x|f,p) = f(x)p[F(21), F(xa|x1), ..., F (|21, ..., 1p1)]; x € RF, (2.1)

where f is a symmetric multivariate pdf corresponding to a random vector U on R* and
p is a multivariate pdf on [0, 1]*.
Note that for ¢+ = 2, ...k

F<$i|$1, ...,xi,l) = FU1($1|U1 = T, Ug = T2, ..., Uifl = .7}7;,1) (22)

is the conditional cumulative distribution of U;|Uy = x1,Us = x9, ..., U;—1 = x;_;.

We say that Xy, has the unified multivariate skewed distribution, denoted by Xy, ~
UMSD(f,p), if its pdf is given by (2.1).

In the above definition the density p specifies a skewing mechanism. Different skewing
mechanisms lead to different skewed symmetric distributions. Abtahi and Towhidi(2013)
proved every continuous multivariate skewed density function s(.) can be expressed in
the form of UM SD(f,p). Here, we present the different skewing mechanisms which lead
to different skewed distributions and show that all of these common-used distributions
can be viewed as a UM SD(f,p) by choosing an appropriate skewing mechanism p and a
symmetric distribution f.

(a) Multivariate skew-normal distribution

The probability distribution of X is multivariate skew-normal with parameters p, 3, A
and 7, denoted as X ~ MSN(u,3, A\, 7). The probability density function of this distri-
bution is
T+ MY (2 — ,u)) 1

VIHATEIX "0(7)
This density function is introduced by Azzalini and Dalla Valle’s (1996) with a change of
notation and generalization to accommodate a non zero value of 7. By defining f(x) =

8(x) = dn(x, 1+ A7, 2 + AN P( (2.3)
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fu(z) = dp(x)and (4|21, ..., %io1) = Fu,(as|ti=e1,....Ui_1=2:_) -the MSN can be stated as
(2.1) with the skewing mechanism

p(v) = ®[d(g1(v1), g2(v1,V2), vy Gu(V1, Vo, oy UE)) — (1 ooy )] (2.4)

®(7)

;. THNEL
where o/ = 5= and g;(vy, ..., v;) defined as follows

(21 =F 1) = gi(v)
zy = F~ (va]g1(v1)) = ga(v1, v2)

C 2k = F (uklgi(v1), oy gr—1(v1), oy 0—1)) = gr(v1, -0, vk)

and F~*(z;|zy, ..., x;_1) is the inverse of the cumulative distribution function of (U;|U; =
Ty, Ui = Iz‘—1)

(b)Multivariate elliptical distributions Let X has a multivariate elliptical distri-
bution, written as X ~ E,, (i, 3, f,,), if the density exists, it has the following form:

s(r) = fn[ (x — )" 27 (x — p)] (2.5)

\/ﬁ

for some function f, called density generator. This distribution can be stated as multi-
variate unified skewed distributions (see Abtahi and Towhidi(2013)).

3. EXTENSION OF STEIN,S LEMMA

The extension of Stein’s Lemma for two version of multivariate unified skewed distri-
bution is shown. The setup and method of proof follow Adcock (2007) and landsman
(2006).

Theorem 3.1. (Extension of Stein’s Lemma for the Multivariate skew-normal distribu-
tion) Let X be an n vector that has the distribution MSN (u, X, A, 7). For any scalar func-

tion h(x) such that ah(’;) is continuous almost everywhere and E{ ah(x)} <oo,i=1,.,n
Cov(X, h(X)) = (B + MW E{VL(X)} + A[Exh(X) — EL(X)])&1 (1), (3.1)

where E{.} denotes expectation taken over the MSN distribution defined above and En{.}
denotes expectation taken over a multivariate normal distribution with mean vector y and
covariance matriz . The vector Vh(X) is the vector of first derivatives of h(.) with
respect to the elements of X.

Let X ~ E, (i, %, f,). Let pu* and Z* be, respectively, the associated measure and
measurable map associated with the elhptlcal family. Let I(h f R z)dp* and
Xi =02" + 1,0j=so55, J = 1, .., n.

Theorem 3.2. (Extension of Stein,s lemma for the Multivariate elliptical distributions)
Suppose that vector X has finite expectations. Let function h(x) be differentiable almost
everywhere and I(|h'(X7)|) < 00,5 =1,...,n. Then

E((X; — p)h(X;)) = Cov(Xs, X;)E(W(X5)) iy = 1,y m. (3.2)
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4. MAIN RESULTS

4.1. Application To Portfolio Selection. A portfolio is a set of investment weight or
proportions {w;},i = 1,...,n, defined such that an investor invests 100w; of wealth in
asset 7. It is conventionally assumed that the weights sum to one. If the return on asset
¢ is denoted by the random variable R;,7 = 1,...n, then the return on the portfolio with
weights w; is Rp = >, w;R; = w' R, where w and R are vectors of length n containing
the investment weights and asset returns, respectively. For portfolio selection, the in-
vestor conventionally chooses the vector of portfolio weights w to maximize the expected
utility of portfolio return. For a general utility function, U(R,), the expected utility is,
[ ... JU(rp)f(r)dr = Z(w) where f(r) denote the density function of the multivariate
probability distribution of the vector of return R.

Following Kallberg and Ziemba(1983), the investor who is an expected utility maximizer
solves, maz(,»)Z(w)—n(u’'w—1), where, u is a vector of length n containing ones and 7 is
the Lagrange multiplier of the budget constraint. Ignoring this constraint for simplicity,
the first order conditions for the weight for asset ¢ are, g—i = [...[rU'(rp)f(r)dr The
right hand side of this last expression may be written as

E(R)EU'(Rp) + [ ... [ riE[R]JU(rp) f(r)dr = Cov(R;,U'(Rp)) + E(R;)EU'(Rp)
When returns follow the multivariate skew normal distribution, application of the theorem
3.1 gives the vector of first order conditions for all assets.

SEU") + (Z+ MWHE(VU') + MENU') — E(U)} (1)

where the vector VU’ is given by VU’ = %—lfq = wU”. The first order conditions may

re-expressed in terms of ©, the covarianve of the returns as
SEWU") +OwEU") + M(Ex(U") — E(U))&(1) = NIwWE(U")é(7)]

This equation is the same for all investors, except for the three scalar quantities, which
are functions of certain expected values of U(.) and U(.). When all elements of the vector
A are equal to zero, asset returns have a multivariate normal distribution and Kallberg
and Ziemba s(1983) result is obtained. That is, the portfolios of all investors who are
expected utility maximizers are located on Markowitz mean-variance efficient frontier.
Under the multivariate skew normal distribution, investors portfolios are located on the
mean variance-skewness-efficient surface.

4.2. Application To Capital Asset Pricing Models. The Capital Asset Pricing
Model (CAPM) describes the relationship between risk and expected return for assets,
particularly stocks. CAPM is widely used throughout finance for pricing risky securities
and generating expected returns for assets given the risk of those assets and cost of capital.

The main potential application of theorem 3.2, appears to be in Capital Asset Pricing
Models, where the vector R is considered as a set of returns of n securities.

Assume a market with n securities and that all securities have returns that are jointly
distributed as multivariate elliptical. Then, according to extension of Stein’s Lemma, the
expected rate of return for security j can be expressed as

E(R]) = RF + ﬂ][E(Rm) - RF]? fOTj = 17 27 L
where Rp is the risk-free rate, R,, is the market rate of return, and §; = %. For
more details see Lansman(2006)..

Indeed, the expected return on asset k gives a linear function of the risk-free Rp and
the expected return on the market. Investors expect to be compensated for risk and the

time value of money. The risk-free rate in the CAPM formula accounts for the time value
of money. The other components of the CAPM formula account for the investor taking
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on additional risk. The beta of a potential investment is a measure of how much risk the
investment will add to a portfolio that looks like the market. If a stock is riskier than the
market, it will have a beta greater than one. If a stock has a beta of less than one, the
formula assumes it will reduce the risk of a portfolio. A stock s beta is then multiplied
by the market risk premium, which is the return expected from the market above the
risk-free rate. The risk-free rate is then added to the product of the stock s beta and the
market risk premium. The result should give an investor the required return or discount
rate they can use to find the value of an asset. The goal of the CAPM formula is to
evaluate whether a stock is fairly valued when its risk and the time value of money are
compared to its expected return.
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ABSTRACT. In this work, we numerically solve a multi-asset European call option with
the finite difference method (FDM) and take the advantages of the antithetic Monte
Carlo simulation as a variance reduction technique in the end point of the domain, and
the linear boundary condition has been implemented in other boundaries. We also ap-
ply the grid stretching transformation to make a non-equidistance discretization with
more nodal points around the strike price which is the non-smooth point in the payoff
function to reduce the numerical errors around this point and have more accurate re-
sults. Superiority of our method (GSMCBC) will be demonstrated by comparison with
the standard finite difference scheme with the equidistance discretization and the linear
boundary conditions (LBC) and also combination of the LBC scheme with the standard
Monte Carlo simulation at the end point of the domain (MCBC). Furthermore, the root
mean square errors (RMSE) of these three schemes in the most interesting region which
is around the strike price, have been compared.

Keywords: Finite difference scheme, Black-Scholes equation, Monte Carlo simulation,
Operator spiliting method
Classification: MSC2010 or JEL Classifications: 65M06, 91G60

1. INTRODUCTION

The well-known Black-Scholes (B-S) equation [1] for multi-asset option pricing is the
following d-dimensional partial differential equation (PDE):

81) S t) 67 v(S,t) ov( S t)
Z 0:0,0:;5:5; 95,08, Zs —rv(S,t) =0, (1.1)

3,j=1

for (S,t) € (0,00)% x [0,T),

with the final condition v(S,T") = vy(S), where v(S,t) is the value of the option in the
multi-asset S = (51,5, ...,S54) at time ¢. T is the maturity time, o; is the volatility of
underlying asset .S;, p;; is the correlation of i-th and j-th assets , and r is the risk-free
interest rate.

However most of financial derivatives specially linear ones have analytical solutions, but
they are not often easy to implement. Therefore numerical methods would be suitable
way to find numerical approximations of them. Various numerical methods have been
considered for one and multi-dimensional Black-Scholes equations. For instance mesh

free methods [9], high-order option pricing schemes [10, 1 1], alternating direction implicit
schemes [2, 6] and etc. One of the common and easy to implement numerical methods for
* Speaker.
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solving PDEs is the FDMs. The main problem of FDMs for pricing multi-asset options
with non-linear payoffs is significant numerical errors around their boundary points and
also the strike price (K). Several works have been done to achieve an accurate numerical
solution of multi-asset options. Jeong et.al [3] proposed a useful remedy to reduce numer-
ical error around S,,,, by using the standard Monte Carlo simulation at this boundary
point. Here we improved their methodology by using the antithetic variate method in
Monte Carlo simulation [3], and furthermore a space transformation[!2] that causes more
nodal points around the strike price to get more robust solution.

2. NUMERICAL SOLUTION

Two-dimensional B-S equation with two assts x = S; and y = S5 is the following PDE:

Ou 122@—#1 i—Fao T Ou +m@+r Ou
ar 277 952 2yyay 2Py g oy T o T Yoy

for (r,y,7) € Qx [0,T),

with the initial condition u(x,y,0) = we(x,y) which is equation 1.1 with d = 2 and a
variable changing 7 = T' — ¢ in the truncated domain Q = (0, Zynaz) X (0, Ymaz). Suppose
Lps is the operator of the right hand side of equation 2.1. Now we discretize the time
interval with a uniform time step A7 = T'/N, and the following grid stretching trans-
formation that makes non-uniform space discretization of interval [Z,n, Tmaz] With more
nodal points around K:

r=K (1 - sinh(cyw —;501“ — w))) for w € [0, 1], (2.2)
where ¢; = arcsinh(15(zp, — K)/K) and ¢y = arcsinh(15(z e, — K)/K). Therefore
(W) € [Tmin, Tmaz| for any w € [0,1]. At first for the z-direction, we discretize the
interval [0, 1] uniformly to N, sub-intervals, then we use the transformation 2.2 in [0, Z,,4.]
and define hY = x;41 — 2, for i = 0,..., N, — 1. we discretize the interval [0, yq4z] to
N, sub-intervals similarly. Let for < =0,...,N,, 7 =0,...,N,and n =0,..., N, define
ug & u(x;, yj, 7,,) and use the operator sphttmg method for solvmg Equatlon 2 1 with the
following two discrete fractional time step equations|]:

T, (2.1)

S
i~ % n+i

]A—T] = (Lpsw)i; * (2.3)
n+1 n+%

Uit — U -

(e 2.4

-
which are defined by
n+i Uwa:,-Q n+i O20yPryTils n n+i r npel
( %Su>ij+2 = ( 2 ) Dxxuij+2 + #nyuij +r$iDzuij+2 - §uij+2v (25)

2
n oy N O 20y Py il n "
(E%s ) = —( y2]> Dyyuz‘;rl + = 2y ]ny U +2 + TZ/JD@/“ H 2uij+17 (2.6)

where the derivatives approximations are defined as

2 2 2
D ui; = Uim1j — = Ujj + ———Ujit1j, 2.7
PR+ )Y by b B 20
Dayuts; ~ Uit 1,41 — Ui—1j41 — Wit1,5—1 T Wi—1,5—1 (2.8)

RERY + hi B 4 hihY o+ R by

'Y —1
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he he = he hi

Dyuj ~ — - i—1,j ij i+1,55
Y T b Y TR he T R (e, + b)Y

(2.9)

By substituting above derivatives in Equation 2.3, the following equations will be
achieved:
n+ .
aluz 1] /62 1]2+ Z Z+1] f'L]? Z:]‘7"'7N1'7 (2'10)
where «;, §; and ~; are the lower, main and upper diagonal of the tridiagonal matrix
of the above system of equations and f;; is the constant vector of the system which are
defined as:
(0p1)? ra;h¥

= — + 2.11
“ hf (hz 1+h ) hz (hz 1_|_h:c> ( )

1 (opws)*  ray(hf —hiy) r

- AN 7 VI 2.12
p AT + h¥ | h¥ h¥ | h¥ + 2 (2.12)
)2 hZ
S - Y T 229
hi(hiy +h§)  hi(hi_y + hf)

= §Uxay,oxya:iijxyuij — Euij’ (2.14)

for fixed j and zero Dirichlet boundary condition at (x,y) = (0,0), antithetic Monte
Carlo simulation at (z,¥) = (TmazsYmaz) and the linear boundary condition at other
boundaries for instance uy; = 2u;; — ug;, for 7 = 1,..., N, and similarly for wuy, ;, o

1
and u; y,. The solution of above system of equations will be the vector uf y_ . Similarly
by substituting the derivatives approximations with respect to y in 2.4, we have another
system of equations to solve for finding value of the two-asset option.

2.1. Two-Asset European Call Option. Now we consider a two-asset European call
option with the payoff u(x,y,0) = mazr{maxz{z,y} — K,0}, K = 100, 0, = 0, = 0.3,

= 0.03, pzy = 0.5 and T" = 1. Then the exact analytical solutions of the option
[5] will be compared to the numerical solutions. Figure 1 shows the comparison of the
numerical solutions of two-asset Black-Scholes equation for an European call option with
different boundary conditions and space discretization: LBC, MCBC and GSMCBC with
N = 10° replications for the standard and antithetic Monte Carlo simulation. Now in
Table 1 we compare the root mean square error (RMSE) of LBC, MCBC and GSMCBC
in the most interesting region ., = [0.7K,1.3K] x [0.7K,1.3K]| with different domain
sizes (Tmazs Ymaz) = (L, L) and N, = N, = L at t = 0.

TABLE 1. RMSE with different domain sizes in the region ..

L 150 200 250 300
LBC 4.0983 2.8751 0.5941 0.0936
MCBC  0.3189 0.0810 0.0095 0.0031
GSMCBC 0.1933 0.0163 0.0030 0.0024
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FIGURE 1. Two-asset call option curves(left figures) and error curves(right
figures) at t = 0 with (Zmaz, Ymaz) = (200,200), N, = Ny = 200 and
AT = 32 for LBC (top curves), MCBC (middle curves) and GSMCBC
(bottom curves).

3. CONCLUSION

We applied the FDM for solving numerically two-dimensional B-S equation with dif-
ferent space discretization and boundary conditions. Numerical experiments illustrated
that by applying the Monte Carlo simulation for the end point of the space domain
and discretization with grid stretching to put more nodal points around the non-smooth
point of the payoff function, we obtained more accurate numerical solution of a two-asset
European call option. These remedies can be implemented for higher dimensional B-S
equations and other finanaciel derivatives.



216 S. MASHAYEKHI, S. N. MOUSAVI

10.

11.

12.

REFERENCES

. F. BLack AND M. ScHOLES, The Pricing of options and corporate liabilities, Journal of Political
Economy, 81 (1973), 637-654.

W. CHEN AND S. WANG, A 2nd-order ADI finite difference method for a 2D fractional Black—-Scholes
equation governing European two asset option pricing, Math. Comput. Simul., 171 (2020), 279-293.

G. H. CHOE, Stochastic analysis for finance with simulations, Universitext, Springer, 2016.

D. J. DuFrFrY, Finite difference methods in financial engineering: A partial differential equation
approach. New York, Wiley, 2006.

E. G. Haug, The complete guide to option pricing formulas, New York: McGraw-Hill Companies,
2007.

. C. HENDRICKS, C. HEUER, M. EHRHARDT AND M. GUNTHER, High-order ADI finite difference
schemes for parabolic equations in the combination technique with application in finance, J. Comput.
Appl. Math., 316, (2017) 175-194.

D. JEONG, AND J. KiMm, A comparison study of ADI and operator splitting methods on option pricing
models Journal of Computational and Applied Mathematics, 247, (2013), 162-171.

D. JeoNG, M. Yoo, C. Y00, AND J. KiM, A hybrid monte carlo and finite difference method for
option pricing, Computational Economics 53, no. 1 (2019), 111-124.

L. KHODAYARI AND M. RANJBAR, A computationally efficient numerical approach for multi-asset
option pricing, Int. J. Comput. Math., 96, (2019), 1158-1168.

M.N. KoLEVA, W. MUDZIMBABWE AND L.G. VULKOV, Fourth-order conmpact finite schemes for a
parabolic-ordinary system of European option pricing liquidity shock model, Numer. Algorithms, 74,
(2017), 59-75.

B.J. MCCARTIN AND S.M. LABADIE, Accurate and efficient pricing of vanilla stock options via the
Crandall-Douglas scheme, Appl. Math. Comput., 143, (2003) 39-60.

D. TaveLLA AND C. RANDALL, Pricing Financial Instruments, the Finite Difference Method, Wiley,
New York, 2000.



6" Seminar of Mathematics and Humanities,

NUMERICAL METHOD FOR OPTION PRICING MODEL

MOHAMMAD MEHDIZADEH KHALSARAEI'*, ALI SHOKRI?, PARI KHAKZAD?

L Department of Mathematics, Faculty of Science, University of Maragheh, Maragheh, Iran.
mehdizadeh@maragheh.ac.ir

2 Department of Mathematics, Faculty of Science, University of Maragheh, Maragheh, Iran.
shokri2090Q@gmail.com

3 Department of Mathematics, Faculty of Science, University of Maragheh, Maragheh, Iran.
pari.khakzad@yahoo.com

ABSTRACT. Analytical solution of generalized Black-Scholes models are not available,
therefore, numerical simulations are of fundamental importance in gaining some use-
ful insights into the solutions. Numerical methods based on standard finite difference
approach, most of the time the essential qualitative properties of the solution are not
transferred to the numerical solution. Therefore, this might result in a calamitous er-
roneous outcome. One way to overcome this disadvantage is to use nonstandard finite
difference methods. In this paper, we propose a non-standard finite difference method
for solving the generalized Black-Scholes equation. In constructing the new scheme,
we use a nonlocal approximation in the reaction term of the generalized Black-Scholes
equation combined with an implicit time step technique. The new scheme is positivity
preserving, conditionally stable, consistent, and the order of the scheme with respect
to the space variable is two. Numerical investigations were conducted to validate these
results. Furthermore, the obtained results are more accurate than other existing results
in the literature.

Keywords: Generalized Black-Scholes equation, Option valuation, Nonstandard finite
difference, Positivity.
Classification: MSC2010 or JEL Classifications: At most 3 items.

1. INTRODUCTION

We consider the generalized Black-Scholes model as given in [1]:

0%v ov
_ov 1 g 207V v _
o (z,t)x 52 r(t):vax +rt)v=0, (x,t) € (0,Smax) x (0,7,

v(x, T) =v.(x — K), x€[0,SSmaxl,
v(0,t) =0, te€]|0,T],
V(Smax, t) = Smax — Ke~ I reds e 0,77,

where the function ). is defined as follows

(Y ify>e,
Ve(y) =4 co+tay+...+ey’ if —e<y<e,
0 ity < —e,
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for a sufficiently small € > 0, ¥.(y) satisfying
Ve(—e) = Yl(—¢) = ¥f(—¢) = ¢! (—e) = ¥l (=) =0,

ve(e) =, dile) =1, Yl(e)=u(e) = ¢lY(e) = 0.

By using these conditions one can easily find that

35 1 35 35

DT 9565 T2 T Gaer YT T 1283
7 5

Cg cg = c3=c5;=cC;=1c9=0.

= 64e T 25627

Equation (1.1) is a partial differential equation used for pricing options. The function
v(x,t) is the European call option price with asset price  and time ¢t. T is the maturity,
K is the price of strike, r(t) is the risk-free interest rate, and o(z,t) is the volatility
function of the underlying asset and time.

In this paper, we propose a non-standard finite difference method for solving the gener-
alized Black-Scholes equation. In the proposed NSFD scheme, we use a nonlocal approx-
imation in the reaction term of the generalized Black-Scholes equation combined with an
implicit time step technique. The method is conditionally stable, positivity preserving
and of second-order of convergence with respect to the space variable.

The rest of the paper is organized as follows. In Section 2, we propose a NSFD scheme
for model (1.1)-(1.4). In Section 3, the numerical results obtained from the new method
are presented and compared with the results in [1].

2. CONSTRUCTION OF THE NEW SCHEME

By using the strategy of nonstandard discretization methods|2, 3, 4, 5], we consider
the forward difference for %, the centered differences for g—;, %, and a(V7/,, + V) +

Lo\’ + _ o approximate the v in the reaction term. us, we propose a new
! VA VY to app te th th tion t Thus, we prop
discretization scheme for (1.1) given by

VTV L e GVE VI VE VA -V
3

J
At p (i) 12 2h
9 (a(VEy + VL) + (5 = a) (V2 + V) =0,

where V7, o/ and 7 are approximations of v(z,t), o(z,t) and r(t), respectively at the grid
point (x;,t;) with z; = th, t; = jAt (i=1,...,N—1;j=0,...,M —1) and h = %,
At= L.

The above discretization may be written for each j in a matrix form as:

PIVI 4+ = QIVIH 4yt (2.1)
where V7 = (V{, ..., VJ{,_l)T and Vitl = (V/T . ,V]{,tll)T are vectors containing ap-
proximations to v at time levels ¢; and ¢;,1, respectively. Also, & and &' are column
vectors that contain the known boundary-values and zeros, and P? and ()7 are tridiagonal
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matrices of the form:
. 1/o0zN° 1z 1 ol 1 /072 rix; ,
Pl = ——(2—1) - +ar); — ( : > ;——< : ) — - ar’y, (22
{ o\ ) T T Ty 2\ "h on (2:2)

i _ 1 I J
Q {—(i—a)r ’E’_(E_a)r } (2.3)

Theorem 2.1. If fori=1,....N—-1;5=0,...,M — 1 it is

j 2 .
Uﬂh‘) ol

R h
2ri

positivity preserving.

<a< ( : (2.4)

N | —

then, the method given in (2.1) i

V)

Theorem 2.2. The proposed method is conditionally stable, convergent and the local
truncation error is an O(h?, At).

3. NUMERICAL RESULTS

In this section, we give some numerical examples to confirm the theoretical results.The
results of our method are compared with the results obtained in [I]. As in [I], we have
used the approximate solution obtained for N = 2048 and M = 1024 as a reference
solution on the mesh points. We compute the maximum error as follows

Enum = T%XWZ-V’M — V(i t;),

where V(x,t) is a linear interpolation of the approximated solution V20481024 6 get, solu-
tions at other points. Also, we have used the following formula to compute the convergence

rate
log < LARY, )
Eon v

log 2

Ry =

Example 3.1. In this example, we compare the NSFD method with the method by Cen
and Le [1] to solve the generalized Black-Scholes equation (1.1)-(1.4) with 7" = 1, r = 0.06,
o =02(1+te™), K =25, Spax = 100 and & = 10,

TABLE 1. Comparison of errors and rates of convergence obtained by NSFD
method and the method by Cen and Le [!] for Example 3.1.

M =1024 N=128 N=256 N=512 N=1024

Results for NSFD method Ey s 3.3353e-2 1.4481e-2 5.3031e-3 1.2522¢-3
Ry m 1.204 1.449 2.082 -

Results for Cen and Le [I] Ena 6.8027e-2 3.1258e-2 1.2588e-2 3.4189e-3
Ry 1.122 1.312 1.880 -

Example 3.2. In the last example, we compare the NSFD method with the method by
Cen and Le [1] for solving the generalized Black-Scholes equation (1.1)-(1.4) with 7" =1,
r=0.06, 0 = 0.4(2 +sinz), K = 25, Spax = 100 and ¢ = 1074
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option value U

60

40

20

time t o o share price x

Fi1GURE 1. Computed option value V for Example 3.1 with N = M = 64
and ¢ = 1074

TABLE 2. Comparison of errors and rates of convergence obtained by NSFD
method and the method by Cen and Le [!] for Example 3.2.

M =1024 N=128 N=256 N=512 N=1024

Results NSFD method Ena 3.5388e-2 1.0353e-2 2.7108e-3  5.3870e-4
Ry m 1.773 1.933 2.331 -

Results for Cen and Le [I] Ena 5.7124e-2 1.9498e-2  5.1550e-3  1.0586e-3
Ry 1.551 1.919 2.284 -

option value U
IS
3

100

60
40
20

share price x

FiGURE 2. Computed option value V for Example 3.2 with N = M = 64
and ¢ = 1074

It can be seen from Tables 1 and 2 the good performance of the proposed method, con-
cerning accuracy and convergence rates. Figures 1 and 2 show some computed solutions
for N = M = 64 and ¢ = 10~%, showing the positivity preserving behaviour.
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ABSTRACT. The solution of the Black-Scholes partial differential equation determines
the option price, respectively according to the used initial conditions. In the computa-
tion of the fair price of an option, it is a natural demand that the resulting numerical
approximations, should be non-negative. Numerical methods based on standard finite
difference approach such as fully implicit, Crank-Nicolson, and semi-implicit schemes
are powerful tools for pricing. They are usually consistent with the original differential
equation and guarantee convergency of the discrete solution to the exact one, but in
the presence of discontinuous payoff and low volatility, essential qualitative properties
of the solution are not transferred to the numerical solution. Spurious oscillations and
negative values might occur in the solution The application of a nonstandard finite differ-
ence method and investigation of its positivity preserving and smoothing properties for
pricing European call options with a discrete double barrier is the subject of this paper.
The new scheme is positivity preserving, conditionally stable, consistent, and convergent.
Some numerical experiments have been performed to illustrate the efficiency of the new
scheme.

Keywords: Black-Scholes equation, Theta scheme, Nonstandard finite difference, Posi-

tivity preserving scheme.
Classification: MSC2010 or JEL Classifications: 65M06; 65M12..

1. INTRODUCTION

We consider the Black-Scholes model for pricing the European option as follows

ov v 1, ,0%
_ Z T 1.1
at—i—rSaS—i—QJSaSQ rv =0, (1.1)

with initial and boundary conditions following

v(5,0) = max(S — K,0)11,1(5), (1.2)
v(S,t) > 0as S—0or S — oo, (1.3)

by updating the initial condition on the monitoring dates t;(i = 0, ... F')
0(S,1) = v(S, )L (9), (1.4)
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which 1z, is an indicator function and is defined as follows

1 ifSelLU)
Loy = { 0 ifS¢ LU, (15)

where L and U are lower and upper barriers actives at all times ¢,,. Moreover, S is the
asset price, v is the value of the option, K is the price of the strike, and T is the expiration
date. The payoff function of this option is equal to max(S — K, 0), but if the price of the
asset falls outside the range of [L, U], the contract expires. The knock-out option at the
monitoring dates indicates a discontinuity in obstacles S = L and S = U, respectively.
The rest of the paper is divided as follows. we review #-method that is used to solve the
Black-Scholes equation. In Section 3, we examine the application of nonstandard method
for equation (1.1). The numerical results obtained from the new method are presented in
Section 4.

2. THE 6 -METHOD

Let us consider the computational domain € = [0, Spax| X [0, 7] and discretize it in the
following form. We introduce a grid of mesh points (S;,t,) where S; = jAS,t, = nAt,
j=0,1,...,M;n =0,1,.... X, the spatial step size is given by AS = Sy.x/M, and the
time step size is At = T//X. We denote the approximation of V'(Sj,t,) by V.

The #-method is defined by replacing the partial derivatives with respect to S at the mesh
point (S;,t,) as follows

o Vin -V

s~ 2AS
PV (g Vi m 2V VI oy v
05?2 AS? AS? ’

and the derivative with respect to t by
+1
ov _vim v

ot At
Therefore, the family of standard @-method for solving (1.1) leads to a difference equation
AV = By (2.1)

where V" = (‘/ln7 . V]\r/L[_l)T7 yntl — (Vn+1 VJ\ZJrll and
0 (05;\° 1 5,
A—tmdzag{ <AS)’E+0<AS> }

o 1—e(0S;\* rS; 1 oS, rS;
Bt”dw’g{ > (AS) TAS A ( ) > (AS) ToAS ([

3. CONSTRUCTION OF THE NEW SCHEME

In this section, we propose the new scheme by using the nonstandard discretization
techniques [1, 2, 3, 1]. By replacing

V(Sjitn) = a(Vity = 2V + Vi) + Vi, (3.1)
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FIGURE 1. Spurious oscillations in the solution provided by the #-method with AS =
0.01,At = 107%, and 0 = % Parameter values: r = 0.07,0 = 0.001,7 = 0.01,U = 80, K =
50, L = 20, Smas = 120.

in the reaction term of (1.1), the second derivative in the term of equation (1.1) by

82‘/ 1 n n+1 n
a5 ~ ag (Vi 2 V)
and the first partial derivatives by
ov 1 a1 "
o~ m (=)
ov 1 n "
89S T 2AS (Vj“ - VH)'

we construct the new method as:

1 n+1 n OQSJZ n n+1 n TSJ n n
g VT V) gage (Va — 2V V) 4 axs (- Vi) (59

= r(a(Viy = 2V + Vi) + Vi) =0,

The explicit form of (3.2) concerning the temporal variable is:
7S 05\ 2 n n rS; s5; )2 n
(—ﬁw(A—;) —ra ) VR + (& +2a) Vet (5 + 3 (%5) —re) Vi

1 O'S]' 2
A_t+<A_S> —+r

n+1 __
V;. =

(3.3)
where a is an arbitrary parameter to be determined by imposing positivity restrictions.
The corresponding finite difference approximation provides for each n = 0,1,..., X — 1,
the difference equation

Vil = NV (3.4)
where N is the matrix:
2 2
rS; 1 (0S; rS; 1 (oS,
s (B) cre Lo s+ i(5E) —ra
N = tridiag 5 : 5 : 5 , (3.5)
L) B @)
and V" = (V... Vi )T, vt = (V1”+1, . ,Vﬁtll)T are vectors containing approxi-

mations to V' at the discrete points, at time levels ¢,, and t,,1, respectively.

Theorem 3.1. If a < —<% and At < —— then the scheme in (3.4) for solving the

852 —2ra
Black-Sholes equation in (1.1) is positivity-preserving.

Theorem 3.2. Under the hypothesis of Theorem 3.1, the new scheme in (3.4) is condi-
tionally stable and convergent with local truncation error O(At, AS?).



226 MOHAMMAD MEHDIZADEH KHALSARAEI, ALI SHOKRI, PARI KHAKZAD

4. NUMERICAL RESULTS

Example 4.1. Consider the Black-Scholes equation in (1.1) to price a truncated call
option with parameters r = 0.07,0 = 0.001,a = —8800,7 = 0.01,U = 80, K = 50,L =
20, Spnaz = 120, AS = 0.01, At = 1074

FIGURE 2. Numerical solution provided by the new scheme. Parameters: r = 0.07,0 =
0.001,a = —8800,T = 0.01,U = 80, K = 50, L = 20, Smaz = 120, AS = 0.01, At = 1074

Figure 2 illustrates the numerical solution provided by the new scheme (left). We can
see in Figure 2 (right) that the positivity and stability are preserved.

Example 4.2. Consider the Black-Scholes equation in (1.1) to price a truncated call op-
tion with different values of the interest rate r and parameters o = 0.001,a = —1250,7T =
1,U =70, K =50, L = 30, Spax = 140, AS = 0.05, At = 1073,

FIGURE 3. Numerical solution provided by the new scheme with parameter values r = 0.01
(right) and parameter r = 0.001 (left). Other parameter values o = 0.001,a = —1250,T =
1,U =70, K = 50, L = 30, Smax = 140, AS = 0.05, At = 1073,

Figure 3 illustrates the new scheme preserves the positivity property, is stable and the
numerical results are in good agreement with the analytical solution for different values
of the interest rate, r = 0.01 and » = 0.001. If the conditions in Theorem 3.1 are violated,
the new scheme shows a poor performance (see Figure 4, for Example 4.1 (left) and
Example 4.2 (right)).
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FIGURE 4. Poor performance of the new scheme if the conditions in Theorem 3.1 are not
satisfied. Example 4.1 with parameter values » = 0.07,0 = 0.001,a = —1300,7 = 0.01,U =
80, K = 50, L = 20, Spaz = 120, AS = 0.01, At = 10~* (left) and Example 4.2 with parameter
values r = 0.01,0 = 0.00l,a = —50,7 = 1,U = 70, K = 50,L = 30, Smax = 140,AS =
0.05, At = 1073 (right).
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ABSTRACT. The main purpose of this paper is to investigate a new numerical method
based on backward finite difference method and spectral Galerkin method for solving
Black—Scholes equation for European put option. In this paper, by discretization in
time for the Black-scholes equation we get the ordinary system of differential equations
(ODEs) in the spatial domain. The obtained ODEs is solved by applying the spectral
Galerkin method based on the generalized Jacobi polynomials. The convergence of the
method in suitable spaces of functions, equipped with the weighted L?- norm is discussed.
Also, we provide numerical experiment to show the accuracy of method.

Keywords: Black-Scholes equation, Generalized Jacobi polynomials, Backward-difference
method, Convergence analysis
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1. INTRODUCTION

In option pricing theory, the Black-Scholes equation is one of the most effective models
for pricing options. Black-Scholes option pricing model (also called Black-Scholes-Merton
Model) values a European-style call or put option based on the current price of the
underlying (asset), the options exercise price, the underlying volatility, the options time
to expiration and the annual risk-free rate of return [I1]. Consider the Black-Scholes
equation for put options

1
Pi(S,t) + 50252395(5, t) + rSPs(S,t) — rP(S,t) = 0, (1.1)

with the conditions
P(S,T) = max(E—S,0), S€Q=[0,00), P(0,t)=FEe ™Y  P(S,t)=0, as S — oo.

where P(S,t) is the European put option price at asset price S and at time ¢, E is the
exercise price, T' is the maturity, r is the risk free interest rate, and o represents the
volatility function of underlying asset. During the past few decades, many researchers
studied about the solution of the Black-Scholes model using several methods such as
[ y Sy ]

The spectral method is built on approximating the series solutions for differential equa-
tions in terms of classical orthogonal polynomials (Legendre, Chebyshev, Hermit, Jacobi,
...), say Y ap¢r. There are three well-known versions used as popular techniques to de-

termine the expansion coefficients, namely collocation, tau, and Galerkin methods. The
228
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classical orthogonal polynomials are used successfully and extensively for the numerical
solution of differential equations in spectral methods (see [1]).

2. PRELIMINARIES

2.1. Generalized Jacobi polynomials. For real numbers «, § and r € Z, we define
the space

W ab = {u| u is measurable on I and ||u||yas, < 00},

equipped with the norm and semi-norm
T
Hu”“’a’ﬁvr - (Z Ha’ju”iaﬂfﬁw‘k)lﬂ? |u|wa’ﬁ,r = [|0zullperasre,
k=0

where ||ul2 = [v*wdz. The Generalized Jacobi polynomials (GJPs) [5] on [—1,1] are
define as follows

GeP(2) = (1—2) (U +2) "L (@), no=—(a+b), ab<—1,  (21)

n—no

for all n > ng and J,(l:fl’; ? (x) are the classical Jacobi polynomials (see [1] for more details)
n [—1,1]. An important property of the GJPs is that for a,b € Z*, we have

D'GCe(-1)=0, i=0,...,a—1, D'GC*(1)=0, j=0,...,b—1.

In this paper, we set a = b = —1, and @%_1’_1)(1’), the shifted GJPs on arbitrary interval
[lm, ZM] as

2x—lm—lM

@5;1,—1)(33) — G%*L*l)( )7 (2.2)

Iy — U,

with the homogenous boundary conditions
GOl (1,) = GEV D (1) =0, n>2. (2.3)

It can also be easily show that {G;“!(2) : n > 2} construct a complete orthogonal
system in L2, _, (see [7]). Define

A(—1,—1 A(—1,—1 A(—1,—1
B = span{G5 " (@), G5 "V (a), ., GV (@),
and consider the orthogonal projection W&l’fl : Li,l,,l — B defined by
<u-— W}l\}bu,v >, 1,.1=0, YveB.

In the following theorem, we estimate the projection errors which are useful in the error
analysis of spectral-Galerkin methods.

Theorem 2.1. [5] Assume that u € Wy-1.-1,, 0 < p < 7 and C a generic positive
constant independent of any function and N,

u— 7y g1t < ONF |11 (2.4)
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3. DESCRIPTION OF THE METHOD

At the first, we convert the problem (1.1) from backward to forward problem (a problem
with initial conditions). To do this, change of variable 7 =T — ¢ in Eq. (1.1) yields

P(5,7) = 50*5"Pss(S,7) + rSPs(S,7) — rP(S,7), (3.1)

P(S,0) = maz(E — S,0), P(0,7)=Ee ™, P(S,7)=0, as S — o0,

where P(S,t) = P(S,T — 1) = P(S,7). Assume Sy := So, < 0o, where is the suitably
chosen positive number. Now, due to the application of homogeneous boundary condi-
tions (2.3) of the GJPs, we must transform the Eq. (3.1) into a homogeneous boundary
condition problem. Setting

P(S,7) = W(S,7) + Be (1 — =), (3.2)
Swm
where W (S, 7) is a new unknown function, gives
N N Ee—'m
P.(S,7)=W.(S,7) —rEe""(1 — Si), Ps(S, 1) = Wg(S, 1) — ‘ , Pss(S,7) =Wss(S, 7).
M M
(3.3)
Substituting (3.3) into (3.1) yields
1 Be
W, (S.7) = 50°S*Wis(S,7) + rSWs(S,7) = iV (8,7) - 7”;—5 (3.4)
M
with
W(S,0) = max(E — S,0) — E(1 — Si), W(0,7) =W(Sy,7)=0.
M

3.1. A semi-discretization in time for Eq. (3.4). Given the discretization of the time
interval [0, 7] with step size h =T'/M,

O=mn<n<.<ty=T.
By applying the backward-difference method for the left side of Eq. (3.4) we obtain

' B ‘ 1 FEe"Tit1
WAS:Tuat) ZWAST) 4 630y = L0262, mn WS (S, o) =W (8, ) 2o 2
M

fori=0,1,..., M — 1. Taking the F;(.S), approximation of the exact solution W (S, ;) for
i =0,1..., M, we obtain an ordinary differential equation as follows

DE+1(S):RZ(S)7 E+1(O) :E+1(SM) :07 Z:O,l,,M, (35)

where

1 Be—rmini g
DFi11(S) = h50*S*Fy (S)+rhSFL, (S)=(L+rh) Fia (S), Ri(S) == h%—E(S).

For each time step ¢ with homogeneous boundary conditions. It is clear that for the first
step, @ = 0, from initial condition of (3.4), we have
S

Fy(S) = max(F — 5,0) — E(1 — %)
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The unknown functions F;(S), i = 1,..., M are approximated in the finite dimensional
space, B, as follows

N
Fin(S) =) e ;G H0(9). (3.6)
j=2

Substituting (3.6) into (3.5) yields the Galerkin residual functions (see [1]), Res;(S), as
follows

R€S¢<S) = DE+17N<S) - Rz<S), 1=0..M —1. (37)

The application of the Galerkin method for each time step ¢ = 0,1,...M — 1, yields the
following (N — 2) set of linear algebraic equations in the unknown expansion coefficients,
¢i j, namely

Snr N
/ Resy(S)GSH V(9w Y(S)dS =0, i=0,1,.M —1, j=2,...,M, (3.8)
0

The obtained system of algebraic equation can be solved for the unknown coefficients ¢; ;
and F; y(S) calculated for i =1, ..., M.

4. CONVERGENCE ANALYSIS
Theorem 4.1. [7] Assume K;1(s) == e 8 4nd L(S) := maz(E—S,0)— E(1— ).

Sm Sm
Then, the time semi-discrete problem (3.5) is unconditionally stable, i.e., if

-~

L(S) = L(S) +0(S),  Ki1(S) = Kia(s) + 0i1(S)

provide a perturbed sequence E(S), whose distance from the original sequence F;(S), is
uniformly bounded by the mazximum size of the perturbation, i.e.,

=U,...,2—

Theorem 4.2. [7] If
‘a”jW(S, T)
J'SoIT
then, the local truncation error e,, and global truncation error E, associated to the semi-
discrete method (3.5) satisfies

lenllss < CR?, || Enlloo < Ch.
Theorem 4.3. [7] The time semi-discrete method (3.5) is first order convergent, i.e.,
IW(S,7) = Fi(5)lloe < Ch.
The following Theorem show the convergence of the full discretization method that is
obtained by
IW(S,7) = Fon(S)lurora < [W(S,7) = Fi(S)lorta + | F(S) = Fun(S)o-rr
and Theorems 2.1 and 4.3, respectively. The idea o f the proof comes from [5, 7, (].

Theorem 4.4. Let W(S,7) be the solution of the initial boundary value problem (3.4)-
(??) and F; n(S) be the Galerkin approximation to the solution F;(S) in each time steps
t=0,...,M. Then,

|<C, 0<j<3, 0<i<4,

W (S, 7) — Esn(9)]|eo < C(h+ N?>7).

It is seen that the temporal and spatial rate of convergence are O(h) and O(N?™"),
respectively, where r is an index of regularity of the underlying function.
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FI1GURE 1. Exact solution in time ¢t = 7.

FIGURE 2. Approximate solution in time ¢t = T and N=25.

—— N=15 —— N=20 —— N=25

0.0025

0.0020

0.0015

0.0010

0.0005

F1GURE 3. Absolute error for various N = 15, 20, 25.

TABLE 1. The absolute errors (Abs.err) and values of S for N = 25 at time
t = 0.25.

Abs.err S Abs.err

2.758800e — 04 12 2.024524e — 04
2.244770e — 04 14 3.512227e — 04
2.884300e — 04 16 2.424921e — 04
2.637970e — 04 18 7.445729¢ — 05
0 9.394778e — 04 20 1.129299e — 04

= 00 O = N| U1

5. NUMERICAL RESULTS

Consider to Eq. (1.1) with parameters £ = 10, T = 0.25, » = 0.1, ¢ = 0.4 and
0 < 5 <20. The exact solution is

P(S,7) = Ee " T N(—dy) — SN(—dy),
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where
R S L CWE)++ENT-7)  W(E) A+ (r =T —7)
N<y)_\/_z—ﬁ/_of s = R T

Figs. 1 and 2, show the exact and numerical solution in ¢ = 0.25 for N = 25. The
absolute error is shown for various N = 15,20,25 in Fig. 3. Also, the absolute errors
(Abs.err) for various values of S are presented in Tab. 1. These results confirm the
theoretical results and accuracy of the method.
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ABSTRACT. Numerical methods based on the standard finite difference approach is con-
sistent with the original differential equation and guarantee convergence of the discrete
solution to the exact one, but they impose severe restrictions on the time step and in
the presence of discontinuous payoff and low volatility, essential qualitative properties
of the solution are not transferred to the numerical solution. Spurious oscillations and
negative values might occur in the solution. In this paper, we propose a combination of
the Laplace transform method and the nonstandard finite-difference method to solving
the Black-Scholes equation. The new scheme is positivity preserving, conditionally sta-
ble, consistent, and convergent. Compared with other standard numerical methods such
as the Mixed method, our results indicate that a properly implemented version of our
scheme is useful for the numerical integration of the considered Blach-Scholes equation.
The results obtained indicate that non-standard difference schemes may be promising
for solving problems that may have an impact.

Keywords: Black-Scholes equation, Laplace Transform, Nonstandard finite difference,

Positivity preserving.
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1. INTRODUCTION

We consider the Black-Scholes model for pricing the European option as follows

v ov 1 4, ,0% B
_E_}—TS%_FiUSw—TU_Q (1'1)

with initial and boundary conditions following

v(5,0) = max(S — K,0)1,1(5), (1.2)
v(S,t) >0as S —0or S — oo, (1.3)

by updating the initial condition on the monitoring dates t;(i = 0, ... F')
U(S, ti) = U(S’ t;>1[L7U](S)7 (1'4)

* Speaker.
234
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which 1z, is an indicator function and is defined as follows

1 ifSeLU)
Loy = { 0 ifS¢ LU, (15)

where L and U are lower and upper barriers actives at all times ¢,,. Moreover, S is the
asset price, v is the value of the option, K is the price of the strike, and T is the expiration
date. The payoff function of this option is equal to max(S — K, 0), but if the price of the
asset falls outside the range of [L, U], the contract expires. The knock-out option at the
monitoring dates indicates a discontinuity in obstacles S = L and S = U, respectively.
In this paper, we modify the method presented in [0] for (1.1) by combining the Laplace
transform method with the non-standard finite difference method. The rest of the paper
is divided as follows. In Section 2, we will apply Laplace transformation method for the
Black-Scholes equation. In Section 3, we examine the application of nonstandard methods
through spatial nonlocalized discretization. The numerical results obtained from the new
method are presented in Section 4.

2. THE LAPLACE TRANSFORM METHOD FOR THE BLACK-SCHOLES EQUATION

we use the Laplace Transformation for the Black-Scholes equation (1.1). The Laplace
transform of function v(S,t) , is defined by V(S,\) fo e Mu(S,t)dt, and its k-th
derivative is defined as follows

k oo
d 1;():5;, A) — V(S \) = (_1)k/ the= My (S, 1)dt
0

multiplying each term by t*¢=*" and integration on the interval [0, 00) and by doing some
algebraic calculations, the following ordinary differential equation (ODE) is obtained:

1, pd?V® dv &) v(S,0) k=0
_ 2528 —rS ANV R — o ’ 2.1
20' 452 r S +(T+ ) _kv(k—l)’ k:]_727 ( )
In [6] by using the centered differences for d‘gé) nd ¢ d‘g; have derived:
(k) (k) (k) (k) (k)
1 252(V _2V +V;+1)—7”S‘(V}+1_Vj_1) ( +/\)V(k) U(S,O), k:O,
A52 I 2AS —kVED k=12 ...

(2.2)

with the boundary conditions V*) (0, \) = 0 and V*) (00, \) = 0, where V(k) is approxi-
mation V®) (S, \) at the grid point S; with S; = jAS(i =1,..., M — 1) and AS = S“”x
which lead to:

A, V) = 0(8,0), k=0, (2.3)
Ap VB = —gVED - =12 '
with
o 1[/ 0S8, S, oS;\* 1[[(aS;\? S,
pr—trldlag{—Q[(AS) AS} (r+A)+ (AS)’_2[<AS +r3s!| (-
(2.4)

As [0] ifin (23) k=1,...,N and A = % are assumed, the approximation vy (S;,t) of

v(S},t) using the post-wider formula [1], as follows is obtained
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(DN N N N

with A}im un(S;,t) = v(S;,t), as we prove in the sequel. An explicit form for vy (S;,T)
—r 00
is obtained combining (2.3) with (2.5)

UN(SJ’ T) =

N N+1

on (55, T) = (FApw)  v(S;,0), (2.6)

so that &£ Ay, is the iteration matrix.

According to Figure 1, the mixed method produces spurious oscillations and negative
values, when parameters o and r satisfy in 0? < r. The parameters used in drawing
Figure 1 are selected from [0].

0 < ATA 0

2 L L L L L L L L L 2 L L L L L L L L L
90 92 94 96 98 100 102 104 106 108 110 90 92 94 96 98 100 102 104 106 108 110
S S

FIGURE 1. Parameters: r = 0.05, ¢ = 0.001, 7" = 1, U = 110, K = 100, L = 90,
Smax = 200, AS = 0.05.

3. CONSTRUCTION OF THE NEW SCHEME

In the following, we use the strategy of NSFD discretization to overcome the above
mentioned-drawbacks [2, 3, 1, 5]. By using values at different spatial points for dis-
cretization V*) as a:

VO R @+ (VE+VE) - (1-20-0)VY, e feR

we proposed our new scheme

1 V»(f)l —2v ¥ 4 V(ff)l V(g ~ V‘(ﬁ (k) (k)
_50-25’]2( J AJSQ J ) —TS]'(%) +(T’+>\)(a+b)(‘/j+1+‘/j,1)

oy _op k) u(8:0), k=0,
+(7n_|_)\)(1 2a Qb)Vj —{_kv(k—1)7 k=1,2,---,
(3.1)

which a and b are the parameters that are obtained by imposing positivity restrictions.
The above discretization may be written in a matrix form as:

{vawszﬁ% k=0,

N 3.2
AV = VD k=19 (3.2
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with

o 1,0552 1rS; 0512 )

Ay —trldlag{ 5 (AS) +oxg (a+0)(r+\); (AS) (2a +2b — 1)(r + \);

1 O'Sj 2 T’Sj
- §(A_S) T 3AS + (a+b)(7’+)\)}.
The approximation vy (S;,t) of v(S;,t) by using the Post-Widder formula
N . . N+1
on (85, T) = ( Apw) (55, 0). (3-3)

Theorem 3.1. scheme (3.2) is positive, if

742

S 802(r+A)

Theorem 3.2. The proposed method is conditionally stable and convergent and also the
method is second-order respect to the spatial variable.

(a+b) < (3.4)

4. NUMERICAL RESULTS

To illustrate the advantage of the designed new positive scheme we again consider
the (2.1) with 0 < r. The proposed nonstandard scheme for different N produces an

, |~ — Exactsol _|— — Exactsol
Al N=100 [ el N=1000 |
A\l N=1000 7l N=10000

/

V(S,T)

ok M w A& 0 © ~N © ©
V(S,T)

O kB M W A O @ N ® ©

90 92 94 96 98 100 102 104 106 108 110 90 92 94 96 98 100 102 104 106 108 110
S S

FIGURE 2. Parameters: r = 0.05, ¢ = 0.001, T = 1, U = 110, K = 100, L = 90,
Smax - 200, AS =0.05.

acceptable solution, spurious oscillation free, and is positivity preserving. This can be
seen clearly in Figure 2, where the cross-section at ¢t = T of the analytical solution and
the numerical one obtained with the NSFD scheme are shown.

If condition (3.4) is violated, the solution obtained from the new method may produce
spurious oscillations and negative values in the solution, see Figure 3.
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ABSTRACT. The analytical investigations and numerical solutions of stochastic differen-
tial equations have always been of interest to researchers. During the several decades,
many efficient methods have been developed for solving different types of stochastic dif-
ferential equations with different properties. We need numerical methods because a lot of
stochastic differential equations are not analytically solvable. There are two dominating
versions of stochastic calculus, the Ité stochastic calculus and the Stratonovich stochastic
calculus. In this work, we concern the new class of stochastic Runge-Kutta method for
solution of Stratonovich stochastic differential equations with scalar noise. Using Rosen-
brock ordinary differential equation solver, we define stochastic Runge-Kutta Rosenbrock
type scheme. In recent years, implicit stochastic Runge?Kutta methods have been devel-
oped both for strong and weak approximations. For these methods, the stage values are
only given implicitly. Stratonovich Taylor expansion is applied to derive strong global
convergence order 1.0. Also, mean-square stability is studied and some examples are
presented to support the theoretical results.

Keywords: Stochastic Runge-Kutta Rosenbrock scheme, Stratonovich stochastic differ-
ential equations, Stratonovich Taylor expansion, Strong global order, Mean-square sta-
bility.

MSC2010: 60H35, 65106, 65L.20.

1. INTRODUCTION

In this paper, we discuss on numerical scheme for approximation of strong solutions of
Stratonovich stochastic differential equations (SDEs)

dz(t) = f(x(t)dt + g(z(t)) o dW (1), t€ [to,T], =€ R% (1.1

)
where the deterministic term f(x(t)) is the drift coefficient, the stochastic term g(x(t))
is the diffusion coefficient, and W (t) is a Wiener process whose increment AW (t) =
W (t+ At) — W(t) is a Gaussian random variable N (0, At).

In the recent years many literatures proved that for numerically solving of SDEs, sto-
chastic Runge-Kutta methods are an essential tool, for example see [1, 7, 8, 10]. Also,
in [12, 11] have presented a general class of stochastic Runge-Kutta methods, for case of
Stratonovich SDEs. For the numerical approximations of SDEs, economical Runge-Kutta
methods with strong global order one in the Stratonovich sense is proposed in [6]. In [7],
the authors consider a class of implicit methods based on stiffly accurate Runge-Kutta
methods and splitting techniques for Stratonovich SDEs, which are of mean-square order
1.0. Recently, in some papers developed a family of explicit schemes such as stochastic or-

thogonal Runge-Kutta Chebyshev methods for Stratonovich SDEs, for example see [9, 1].
239
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In this work, we propose a stochastic Runge-Kutta Rosenbrock type scheme to solve
(1.1). The main motivation for the methods proposed in this paper originates from
the [2, 3] which have been successfully applied to 1t6 SDEs. For solving the Stratonovich
SDE (1.1) a class of two-stage stochastic Runge-Kutta Rosenbrock type method is given
by

(1 =~hTp) K1 = arhf(yn) + b1J19(yn),

(1 =vhTp) K2 = ashf(yn + anKy) + baJ1g(yn + ba1 K1), (1.2)
Ynt1 = Yn + K1 + Ko,
where n = 0,1,2,..., N, yg = xy, constant step size h is defined as h = t, — t,,_1,

J1 = AW,, and J; is the Jacobian matrix of f.

Theorem 1.1. Let, f,g € C'3 (Rd,Rd). Then the stochastic Runge-Kutta Rosenbrock
type method (1.2) converges strongly to solutions of SDEs (1.1) with order 1.0 if the coef-
ficients of the stochastic Runge-Kutta Rosenbrock type method (1.2) satisfy the following
equations
a; + az = 1, bl + bz = 1, b1b2b21 = %,
(1.3)
b%begl - é, a1a9a91 + v(al + CLQ) = %

Proof. The conditions in Theorem 1.1 are easily derived by comparing the coefficients of
terms in the It6-Taylor expansion of order 1.0 and the Taylor expansion of the numerical
scheme (1.2). The solutions of system (1.3) are

Lo =3 gy, =8 7

47 2_47 21_37 (11(1—@1)7

which a; and ~ are free parameters. Thus both the mean-square error with strong local
order 1.0 and the local mean error with order 1.0

[E (2(t) = yny1) ]2 = O (B*?), E(2(t) = yur1) = O (h*),
hold. O

N[ =

by = ay=1—ay, ayn=

2. MEAN-SQUARE STABILITY ANALYSIS

In this section, we study the stability regions for methods (1.2) for the linear Stratonovich
test equation

z(t) = px(t)dt + Az (t) o dW (¢), (2.1)
with the deterministic initial condition z(0) = xy € R\ {0}. For u, A € R the solution of
2(t) = exp (Mt + pW (1)),

is mean-square stable if and only if

: 271 2
lim E z(®)] =0& XA+ p? <0. (2.2)

By applying the stochastic Runge-Kutta Rosenbrock type method (1.2) to the linear test
equation in (2.1) the approximate solution for methods (1.2) can be written in the follow
form

Yni1 = (1 + K1 + K2)yn, (2.3)
where
al)\h—kblu\/ﬁf a2(1+a21K1))\h—|—b2(1—i—bglKl),u\/Ef
K1 - ; K2 = .
1 —vAh 1 —~vAh
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By squaring both sides of equation (2.3) and taking its expectation, equation (2.3) can
be written in the form of E[y2,,] = D(h, A, u)E[y2]. Then, by applying the changes of
variables of u = A and v = p?h to the D(h, A, u) the stability function for our method is

D(u,v) = A* + (B + 2AC)v + 3C*v?, (2.4)
1_
where A = 1+ = + v’ . B = o + Bepptapbay O = o7 Figure 1

FIGURE 1. Comparison of stability regions of the method (1.2) (shaded
areas) with the stability region of the problem (squared triangle).

gives the MS-stability regions of the method (1.2), for some free parameters. The squared
triangle shows the MS-stability region of the linear test equation (2.1) and the shaded
areas shows the MS-stability regions of the our method. Comparison of the illustrated
regions in Figure 1 shows that the method (1.2) have big regions of MS-stability, when
v — 1.

3. NUMERICAL RESULTS

This section gives some numerical experiments to illustrate our theoretical results.
Example 3.1. Consider the nonlinear SDE
dz(t) = —a (1 — 2°(t)) dt + B (1 — 2*(t)) o dW (1), x(0) =z, ¢ € [0,1], (3.1)
with exact solution
o(t) = (14 zo) exp(—2at + 28W(t)) + xo — 1'
(14 xo) exp(—2at +26W(t)) —xo+ 1

Let zp =0and h = 1072 x237% k =1,...,5in turn. The numerical results for different

FIGURE 2. Strong MSE for nonlinear SDE (3.1).
values of a and ( are shown in Figure 3.1. In this figure, MSE is the mean-square of
error.

Example 3.2. For investigate the numerical stability of the our scheme (1.2), we consider
the following scalar SDE

dz(t) = —2x(t)(1 + |z(¢)|)dt + z(t) o dW(t), z(0) =1, t € [0,20]. (3.2)

We test the stability of the methods Milstein and (1.2) with different stepsizes. We take
h =1, 1/2, 1/4 and generate 5000 sample paths for each numerical method. The mean-
square stability of the numerical solution is plotted in Figure 3. Figure 3 shows that the

FIGURE 3. Computer simulation of E [|z(¢)|?] for methods Milstein and
(1.2) with different stepsizes.

our method is all mean-square stable under the stepsizes h =1, 1/2, 1/4.
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ABSTRACT. Stiff stochastic differential equations are usually solved numerically by (semi-
)implicit methods, and many numerical methods for solving of these case of stochastic
differential equations have been designed. This paper presents a family of explicit im-
proved Euler-Maruyama approximation method for solution of the stiff stochastic differ-
ential equations. We apply the linear growth bounds and Lipschitz conditions on the
drift and diffusion coefficients for analytical study of the stochastic differential equation.
One of the important points in the study of stochastic differential equations is the inves-
tigation of numerical solution behavior from the point of view of convergence. The strong
mean-square convergence of our new method is analyzed. Another important issue for
stiff stochastic differential equations is to check the stability of a numerical method. To
study the mean-square stability property of our method, we consider a one-dimensional
linear It6 test stochastic differential equation with a single noise term. A numerical ex-
ample is given to illustrate the accuracy and efficiency of the proposed method.
Keywords: Stiff stochastic differential equation, Strong convergence, Mean-square sta-

bility.
MSC2010: 60H10, 41A25, 93E15.

1. INTRODUCTION

Consider the non-autonomous It6 stochastic differential equation (SDE)
AX(1) = (L X(O)A -+ g(t, XOWAW (D), X(to) = Xo, L€ [o,T], (1)

where W (t) is an one dimensional Wiener process, the functions f and g are assumed to
satisfy the standard conditions to guarantee the existence of unique solution of the SDE
(1.1). The (semi-)implicit methods will face a increase the computational cost when the
SDE (1.1) is stiff [9]. Therefore, explicit schemes with extended stability regions could
greatly help to solution of stiff SDEs, for example see [1, 3, (].

For solving SDE (1.1), we consider an explicit improved Euler-Maruyama (EIEM)
method which defines an approximation process Yy ~ X (tx) with Yy = X and

1 + h |(9f/(tk;, }/k) - O'ga(tk, Yk>| ’
for k=0,1,...,N,and N =1,2,..., where h = % and AWy, = Wiy — Wy. Further,

f" and ¢’ are is the Jacobian matrix of f and g, respectively. The choice §# = o = 0 gives
the Euler-Maruyama method.

Yiqr =Y + 0,0 €0,1], (1.2)

243
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2. STRONG CONVERGENCE ANALYSIS

In this section, we prove the mean-square convergence of the EIEM method (1.2) by
the following propositions and convergence lemma given in [7].

Proposition 2.1. The functions f and g in SDE (1.1) satisfy Lipschitz conditions
[f(t2) = f(E )PV Ig(t o) = g(t.y)* < Crlar =y, (2.1)
and linear growth bounds
TtV gt ) < o (1+[af?) (22)
where positive constants Cy and Cy are independent of variables x,y € R?.

Proposition 2.2. Assume that the functions f(t, X (t)) and g(t, X(t)) in SDE (1.1) have
continuously bounded derivatives up to the required order for the following analysis, and
the coefficient functions in It6-Taylor expansions (up to a sufficient order) are globally
Lipschitz (2.1) and satisfy the linear growth (2.2) conditions.

Lemma 2.3. Assume for a one-step discrete time approximation Y that the local mean

error and mean-square error for all N = 1,2,..., and k = 0,1,..., N — 1 satisfy the
estimates
B ((Yirr = X (te41)) Ve = X (8))] < KL+ 5[ /20P, (2.3)
and
[B([Yirr — X (b ? [Yi = X(00))] 7 < (1 + [Vil?) 2002, (2.4)

when py > % and py > ps + % Then

1/2 _
(Y, — X (t2)2 [Yo = X (t0))|" < K(1 + [Yo[?)/2h7-1/2,

holds for each n = 0,1,...,N. Here K is independent of h but dependent on the length

of the time interval T — t.

Theorem 2.4. Let 0 < 0,0 < 1, than under the Propositions (2.1) and (2.2) the numerical
solution produced by the method (1.2) converges to the exact solution of SDE (1.1) in the

MS' sense with strong order of convergence %

Proof. First, We will prove that the inequality holds for the EIEM method (1.2) with
p1 = 2. For this purpose, applying Euler-Maruyama approximation step

VieN = VEM 4 hf (4, VM) + g(ty, YN AW, (2.5)
with the local mean and mean—square errors

[ (= X () [V = X (1)) | = 0(02) (2.6a)

1
2

B (| = X (b)Y = X (0)

—O(h), (2.6b)
respectively. Then from (2.6a), we have
5, = ‘E [(Yk+1 ~ X (b)) ‘Yk - X(tk)} \
< ‘E [(Y,ﬂ‘f — X (1)) ‘YkEM - X(tk)} ‘ + (JE [(Yk+1 — YEM) ‘Yk - YkEM} ‘ (2.7)
<O(Rh?) + 8y.
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Using linear growth bounds (2.2) and E[AW}] = 0, one can derive that
b = [E [ (Vi = Y2 |12 = v |

= ‘E |:h (hf(tk, Yk) + g(tk,Y;c)AWk:) 1 + h |9f/(tk Yvk) _ O'g/Q(tk Yk)l
L0 —oL]

2\3
Tngi— oz Vi B IYR)

Hence, from inequalities (2.7) and (2.8), we obtain p; = 2.

We prove that the inequality (2.4) with ps = 1 holds for the EIEM method. For this
aim, using Euler-Maruyama approximation step (2.5) and inequality (a+0b)? < 2(a?+b?)
we divide (2.4) into two parts as follows

0" (L, Yi) = 09” (L. )| H (2.8)

<h?

1

03 = ‘E [|Yk+1 — X(tg)? ‘Yk X(t k:)] ’

3 2 : (29
<[B |9 = X (b)Y = X(00)] | + B [Vieea = Y| |2 = v (29)
<O(h) 4+ /44,
Using linear growth bounds (2.2) and E[(AW},)?] = 0, we can write
64:E[Dp4—Yﬁ%fh@:}fM]
|0f/(tk‘7 )/;C) B Uglz(tky }/k:)| ?
=E [|h (hf(tg, Y; i, i) AW,

5 L%0— oL
<h
(14 hL|0 —oL])?
Thus the inequality (2.4) with p, = 1 holds for the EIEM method.

So, in Theorem 2.4 we can choose ps = 1 along with p; = 2 to establish strong order
1/2 of the EIEM method. O

Ko (1+ ’Yk|2) .

3. LINEAR MEAN SQUARE STABILITY PROPERTIES

For mean-square analysis of EIEM method (1.2), we take a one-dimensional linear It6
test SDE with a single noise term

X(t) = pX (B)dt + AX (AW (), (3.1)

where the parameters u, A € R. The zero solution of (3.1) is said to be mean-square (MS)
stable if tlim E|X (¢)]* = 0. Tt is well known [2] that the zero solution of (3.1) is MS-stable
—00

if and only if
lu|? +2X < 0.

Saito and Mitsui [10] introduce the following definition of MS-stability for a numerical
scheme.

Definition 3.1. The numerical method is said to be MS-stable if
ﬁ()‘muﬂ h) :E[D2()‘auvh7€k)] < 17 gk NN(O71>7

where D(\, i, h) is called MS-stability function and the set Dyg = {(A,u) € R? :
D(X, pu, h) < 1} is called the MS-stability domain of the numerical method.
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Applying the EIEM method (1.2) to the linear test (3.1), we obtained
}/;H—l = D()‘a Hy h7 gk)YI%

where

M+ uvhé

D()‘auahaék) =1+ 1+h|9)\—0'/$|

Now, using Definition 3.1 yields

D(\, u, h) =E [[D(X, 1, h, &)]7]
(1 +hX+ hlOX — op))? + 12h
(RO —opl?

where used E[¢;] = 0 and E[(&)?] = 1.
Figure 1 displays the MS-stability region of the EIEM method showing better stability
properties of the test equation (3.1) when 6,0 — 1.

0=0.25

FicURE 1. Comparison between the MS-stability region of the test equa-
tion (3.1) (gridded) and the stability regions of EIEM method (1.2).
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4. NUMERICAL RESULTS

Example 4.1. Consider the following nonlinear SDE [7]
dX(t) = — (a4 B°X(1)) (1 - X*@1)) dt + B (1 — X*()) AW (t), X(to) = Xo, t € [0,1].
(4.1)
with exact solution
(1+ Xo)exp(—2at +28W(t)) — Xo+ 1
In Tabel 1 and Figure 2, we use the parameters different values of the stiffness parameters

a and ( to demonstrate the means-quare errors (MSE) of the EIEM (1.2), Tamed [/],
(1.5)-sin [11] and (1.5)-tanh [I 1] methods at the terminal time 7" = AN = 1 and X, = 0.

TABLE 1. The MSE of the various methods for nonlinear SDE (4.1) with

a=p=1.0.
ETEM with 0 =0 =1 0.0474 0.0338 0.0235 0.0166 0.0121 0.0084 0.0059 0.0041
Tamed 0.0498 0.0348 0.0238 0.0167 0.0122 0.0084 0.0059 0.0041
(1.5)-sin 0.0481 0.0341 0.0236 0.0166 0.0121 0.0084 0.0059 0.0041
(1.5)-tanh 0.0474 0.0339 0.0235 0.0166 0.0121 0.0084 0.0059 0.0041

FIGURE 2. Value of the mean-square errors (MSE) of the EIEM (1.2) with
0 = o0 = 0.5, Tamed [1], (1.5)-sin [ 1] and (1.5)-tanh [11] methods for one
dimensional nonlinear SDE (4.1) with a = —2.0 and g = 0.1.
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ABSTRACT. In this paper, we investigate the exponential mean square stability for both
the solution of variable order fractional stochastic differential equations (FSDEs) with
Poisson jump, as well for the compensated Milstein scheme implemented of the proposed
model. First, we prove that the considered model has the property of exponential mean
square stability. Moreover, it is shown that the compensated Milstein scheme can inherit
the exponential mean square stability by using the variable order fractional stochastic
differential equations with Poisson jump in the paper. Eventually, numerical solution
are provided to show the effectiveness of the theoretical results. Also, by introducing the
compensated Milstein scheme and by using some numerical integration technique as well
approximating the integro part of the model by the simple trapezoidal rule, we obtain the
same exponential mean square stability property for some restrictive stepsizes. Finally,
we proved the exponential mean square stability by using the compensated Milstein
method.

Keywords: Compensated Milstein methods, Mean-Square stability, Variable-order frac-
tional stochastic, Poisson jump
Classification: 34K37, 34K50, 651.20.

1. INTRODUCTION

In special cases, fractional stochastic differential equations(FSDEs) with jump are a
type of stochastic differential equations (SDEs), stochastic models have been used in
many applications such as social sciences, physical sciences, finance, control engineering,
mechanics, electricity and industry. Stability analysis of stochastic models is one of the
most important research topics. In recent years, more and more researchers have been
interested in studying fractional differential calculus. It can be said that integer calculus
and conventional differential equations are no longer suitable tools for calculating many
systems and processes, such as the viscoelastic system ([1], [2], [3] and [1]).

In this article we consider jump-diffusion Ito stochastic differential equations (FSDEs)
of the form:

dr(t) = (= D V(™) + fla(t7)))dt
+ g(t,x(t7)dW (t) + h(t,z(t7))dNx(t), te|0,T], (1.1)
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where 2(0) = x9, t € [0,7] and constants g > 0. Also Riemann-Liouville fractional
differential operator D} ™ which is defined as follows:

-~ d e
DE V() = (T a(r), (1.2
where
1—a(t 1 ! $<t>
oL Wa(t) = T ) /o (T 5)20 ds, (1.3)

and o € C'0, T] C*' the space of continuously differentiable functions on [0, 7] with
that 0 < a(t) < o for each 0 < o* <1, also f(t,z(t7) : [0,T] x R is the drift coefficient,
g(t,z(t™) : [0, T]xR is the diffusion coePﬁment h(t,z(t™) : [0, T] xR is the jump coefficient.
Respectively W(t) and N,(t) are a standard Wiener process and homogeneous Poisson
process with jump intensity A that are independent of each other and defined on an
complete probability space (¢, F;, P) with filteration {F;}e0r) that are increasing and
right-continuous. xg be Fy — measurable and (Fy contains all P-null sets) independent of
W(t) and Ny(t) for all ¢ € [0, 7] and E|xo|* < oo.

Assumption: Assume that there exists a symmetric, nonnegative constants ;,7 =
1,2,...,8 such that for all x € R, and ¢t > O:

2zf(z) < — Bz,

| fa(@)]? < Bar?,

l9(2)* < Bya?,

|h(2)]* < Baa?,

[(Layg)(@)|* < Bsz?,

[(L-1y9)()[* < Boa?,

[(Layh)(2)* < Bra?,

[(L-nyh)(2)[* < Bsa. (1.4)
Let

L —H
M09 = T )= 970
1.

1\Iow we get an integral from equation (1.1), introduce the compensated Poisson process
N(t) = N(t) — At and fy(z(s7)) = f(z(s7)) + Ah(z(s7)) , we have:

z(t) = g +/ k(t,s)x(s™)ds +/ H(z(s7))ds + /Otg(as(s))dW(s) + /Oth(as(s))d]%\(t).
(1.5)

2. MEAN-SQUARE STABILITY

We first introduce the compensated Ito-Taylor expansion for the solution of jump-
diffusion It6 FSDEs (2.1). Such stochastic expansion generalizes the deterministic Taylor
formula and the Ito-Taylor expansion for diffusions to the case of FSDEs with Pois-
son jumps, and will be used to construct the compensated Milstein methods. We place
Fx(z(t)) = k(t, s)z(s) + f(z(s)). Let u(t, x) be twice continuously differentiable in x and
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once in t, and X(t) be the solution of (2.1). It follows from the stochastic jump-diffusion

chain rule that:
t

u(z(t)) = u(z(0)) —l—/o L(ﬁ)u(s,x(s_))ds—i—/ Layu(s,z(s™))dW (s)

—|—/0 Li_nyu(s,z(s7))dNx(s), (2.1)

where
U;(t,l’) + FA@? x)ugv(ta‘r) + 592@737)“;30@737)7 J= 07
Lyu(t, ) = § g9t 2)uy(t, x), j=1, (2.2)
u(t,x + h(t,x)) —u(t, ), j=-1,
We consider interval [0, T] and discretize it 0 = ¢y < t; < ... < ty = T and also

consider uniform stepsize At = % for a fixed N € N. Let t,, = nAt and z,, = z(t,) for
n=0,1,2,....N. Let
s — t)' ) pAt ety
bn—i—l,n = - = — . (23)
I'(1 = a(tni)(1 — ag,,,) I'(1 = atnir)) (1 — altns)

The Milstein method for the solution of {X,,} relation (1.1) is retain as follows:
Tt = To + busra®n + Fr(T0) At + g(2,) AW, + h(2,) AN, + (Lyg) (2,) (AW2 — At)

+ (L-0)9) (@) Dy + (Lyh) (20) Dy + (L-1)h) (20) (ANR,, — AN,), (2.4)
where
Na(tnt1) o1
D,= Y [W(T@)-W(t.)] - A W (s)ds + AW (t,,) At
i=N) (tn)+1 tn
D!, = AW,ANy,, — D, (2.5)

and I'(¢) is the instant of the ¢ — th jump of the Poisson process.
Theorem Let (1.4) hold. Then, there exists a step-size bound At*, such that for any
At € (0, At*) we have:

Elz,|> <e"TC(), 0<t<T, V¥n>0. (2.6)
(i1 2 = |20 4 [brsrna|” + [ fa(@n) At + |g(20) AW + h(z,) AN, [
1
+ 5 (Lw) @) (AW =AD" + (L-yg) (@) Dal

Lk (@) (AWL ARy, — D) + \%(L(_l)h)(xn)(ANin C AN

4 205 1022+ 2 fr(20) AL+ 26y 1 0T (1) A+ . (2.7)
Notice that AW;, AN,\J, 1=1,2,..., N — 1 are independent and:

E|AW,| =0, E|AW?| = At, E|AWS| = 3(At)?

E[AN,,| =0, E[ANF,|=A\At, EJANY,|=AAH(1+ 3AAL).

We take expected from the sides of the equation (2.7) and we obtain E|m,,| = 0, therefore
due to (1.4), we calculate:
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Elzp1|* < Elznl® + 4E|by g1 n@n|” + 248 BB |25 | + AtBE|z) | + AALSLE|2]
1
+ AL BE|2| + CAP By | + CAL BEr]
1
+ 5)\At(1 + AA) BE| 22| — At E|22], (2.8)

multiplying both sides of (2.8) times M*! and add —E|z,|? to both sides of equation
(2.6) and let M denotes any real number such thatM > 1. By multiplying both sides of
(2.8) times M™** and summing up from i = 0 to i = k yields, now by Cauchy-Schwarz
inequality, we have:

7At)

1 —
M(n+1)AtE’xn+1|2 S E|$O|2 + ( At

ALY T MEDAE| g2 + AM, ALY T MEDAE(2;)”
=0 =0

+ALB2Y  MUTVAE|?| 4+ Atfs Y MUTVAE2?)
=0 =0

+ AALS, z; MDA 2] 4 §At265 z; MUEFDAE| 22|

+CALB Y MUTVAE|? + CAPB, Y - MUTDAE|a3|

=0 1=0

1 i , ” .
= (i+1) At .2 (i+1) Aty |2
+2AAt(1+AAt)Bs§ M E|z?| Ale M E|z?|

=0 =0
< Elwol” + (M) Y - MUTDAE[23), (2.9)
=0
where
(1 — M—2Y 1
h(M) = (T +4M,, + 2AtBy + B3 + APy + §Atﬁ5 + CAtfs + CALB; — Br) At.

Then, for any time step At < At*, we have:

1
h(1) = (4M,, + 2At65 + B3 + Ay + §Atﬁ5 + CAtfs + CAtB; — B1) At <0, (2.10)
therefore

1
h(1) = (4M,, + 2AtBs + B3+ A\By + §Atﬁs + CAtfs + CALB; — Br) At

= (A28 + %& + C(Bs + CBr)) +4M, + B3+ A8y — B1) At <0, (2.11)

B1—4M—B3—ABa
so for At < o g eeros ML) < 0.

We have h(M) > O(meaning that lim,, 1o h(M) >0 if M =o00), h'(M) > 0 for
any M > 1:
dh(M) <(1 + AtM 1A%
dM At

JAt =1+ AtM 174 > 0. (2.12)
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So for any time step At < At*, there is a unique positive constant n* such that n* €
(1, M) and h(e”) = 0, taking M = 7" in (2.9) yields:

e HDAR 2 P < Elal? = C(v), (2.13)
therefore we obtain:
Elz,|? <e " TC(4). (2.14)
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ABSTRACT. Equity-linked insurance, also known as Variable annuities (VA), are mod-
ern life insurance contracts geared with investment vehicles. Although these contracts
are not fully introduced in the insurance market of Iran, according to their significant
popularity among developed countries, it is expected that these contracts may have a
considerable market share in the future. Due to the nature of these contracts, the area
of research on VAs is an interdisciplinary area of actuarial science and mathematical
finance, while the most important objective is to evaluate options included in VAs. In
this research, our main purpose is to study and elaborate various applications of data
clustering and machine learning on the estimation of the risk charge of a large portfolio
of VAs with guaranteed minimum death benefits. The results of this research indicate
that by applying machine learning algorithms, we reach the estimated risk charge of the
portfolio in considerably shorter time while the difference between estimated value and
calculated value by Monte Carlo simulation is not significant. This will enable us to
modify its application for the Iranian Insurance industry.

Keywords: Variable Annuities, Equity-linked Insurance, Machine Learning, Monte Carlo
Simulation.
Classification: C15, C45, G22.

1. INTRODUCTION

Variable annuity (VA) with embedded guarantees which are also known as guaranteed
investment fund, unit-linked life insurance, or equity-linked life insurance has become
popular around the world in recent years [1]. There are certain guarantees that are in-
cluded in these policies by insurers, such as guaranteed minimum death benefit (GMDB),
guaranteed minimum accumulation benefit (GMAB), guaranteed minimum income bene-
fit (GMIB) and guaranteed minimum withdrawal benefit (GMWB) as riders. An annuity
rider is a provision you can add to your annuity contract to ensure it meets your financial
needs. Stochastic simulation and option pricing are two common approaches that have
been used for valuation of VA guarantees [3]. Researchers have extensively studied on
how to evaluate and price VAs over the past decades. Among these research, the focus
of most of these studies is the evaluation of a single contract. As an example, a gen-
eral mathod for evaluating guarantees embeded in variable annuities proposed by Bauer
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et al.(2008) [2]. The complex structure of VA products and computational complexity
of their accurate evaluation have compelled insurance companies to adopt Monte Carlo
(MC) simulations to evaluate their large portfolios of VA products. Because the MC
simulations are computationally demanding, insurance companies need more efficient val-
uation techniques [1]. However, machine learning models are useful for this purpose which
provide methods to solve this problem. Since the valuation of a large variable annuity
portfolio using traditional methods is very complicated and does not lead to a closed-form
formula, machine learning methods are appropriate tools for evaluation of these portfolios
with high accuracy and efficiency [7]. Here a stochastic model i.e., Black-Scholes model
is used to simulate future performance of the fund and generate a sample of accumulated
premiums of a VA contract at maturity. In practice, the Monte Carlo method is used
to evaluate VA contracts. This paper is going to use machine learning techniques which
do not require Monte Carlo method to calculate the risk-charge for every VA contract in
large portfolios. As a result, this method is able to reduce the computing time signifi-
cantly while the estimation is accurate enough. In this paper, the evaluation of a large
VA portfolio is a four-step process while our focus is on a portfolio of VA contracts with
guaranteed minimum death benefits. In addition, for the convenience of further com-
putations on next levels, it is assumed that portfolios contain only male policyholders,
the premium is single rather than an annuity, and that all contracts only hold death
benefit riders. The first step is to generate a synthetic portfolio of VA contracts with
death benefit riders based on the numerical attributes of the contract such as age of the
policyholder, amount of the premium, and time to maturity of the contract. The second
step after generating the portfolio is to classify the data set into groups so that we can
find representatives of each group. The representatives are the records in the data set
which have the minimum distance to other records of their group. For achieving this
purpose, we use an unsupervised learning algorithm named K-means clustering that is
appropriate for clustering data sets with numerical attributes as in our portfolio [5]. The
representatives of clusters are provided after applying the K-means clustering on the syn-
thetic portfolio. In the third stage, we use the Monte Carlo method in order to calculate
the risk charge of each representative of clusters. It is required to find the risk charge of
the portfolio after computing the risk charges of representatives. To reach this aim, the
Kriging machine learning algorithm known as Gaussian Process is used for interpolation
[?]. Based on the fact that each record in the data set is located in a distinct cluster, we
use Euclidian distance function to calculate the distances between each record and the
representatives of clusters and also the distances between representatives. The matrices
of the distances help us find the matrix of weights which is used to estimate the risk
charge of each contract. Finally, the risk charge of the portfolio is the sum of risk charges
of all contracts.

2. MAIN RESULTS

The final output of the prior methods is illustrated in Table 1 As it is shown, we pro-
ceeded the three steps of VA portfolio valuation with different numbers of clusters. In
each mode, we estimated the value of a large portfolio of VA contracts and we calculated
the total time consumed for evaluation. The estimated values are given in the second
row of the table. We also evaluated the generated portfolio by Monte Carlo that is pre-
sented in the third row of the table, and we calculated the time spent for Monte Carlo
simulation and evaluation which was 44.76 minutes. As we can see, the amounts of time
consumed for our method, presented in the fifth row, are considerably smaller than the
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time spent by Monte Carlo simulation. This outcome indicates the fact that using Monte
Carlo simulation is computationally demanding while the insurers need to update the sta-
tus of their portfolio frequently. Although they can deal with this problem by providing
stronger hardware, it seems it is more economic to change their method of evaluation. It
is shown in this paper that Monte Carlo simulation is considerably time consuming and
by using the proposed three step method, we reach the desirable result in significantly
shorter time while we can ignore the little difference between estimated value and the
actual value calculated by only MC simulation.

TABLE 1. The comparison of final results in terms of accuracy and speed
between MC simulation individually and our proposed three step method.

Number of Clusters 6 10 15
Estimated Values 345031.3 340625.6 361463.4
MC Values 336412.1 336412.1 336412.1

Diffenrences 2.5% 1.2% 7%

MC Time Consumend 44.76 min 44.76 min 44.76 min
Estimation Time Consumed 34.88 sec 56.89 sec  1.19 min

Another significant outcome of comparing the provided result of using MC simulation
for calculating the risk charge of the portfolio and using the introduced method in this
article for estimating the risk charge is the amount of difference between estimated value
by our method and the calculated value by Monte Carlo simulation. It is shown in the
fourth row of the Table 1 that the differences are 2.5, 1.2, and 7 percent for 6, 10, and 15
number of clusters respectively. Considering the fact that our algorithm is much faster
than the conventional method, we can claim that this amount of difference is negligible
for the insurance companies while they need to update their portfolio financial position
frequently.
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ABSTRACT. In this paper, a nonstandard finite difference (NSFD) scheme is imple-
mented to study the dynamic behaviours stochastic partial differential equations (SPDEs).
Afterwards, the consistency, stability and convergence analysis of the stochastic NSFD
scheme is discussed in detail. Numerical results show that the stochastic scheme is ef-
fective when applied to SPDEs.
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1. INTRODUCTION

Stochastic partial differential equations are applied in modeling many phenomena which
arise in different sciences such as mathematical finance, biology, medical and social sci-
ences. Since analytical solution can be obtained for few SPDEs, hence many researchers
have gone to solve these SPDEs by numerical methods. Whenever solution a SPDE has
been converted into discrete case, the properties of exact solution is not transferred fully
to the discrete scheme in the case of large stepsize in the discrete model. However, if we
use the NSFD scheme, the properties of the analytical solution can be preserved into its
discrete scheme. This paper is devoted to the construct a NSFD scheme for solving SPDE
as follows.

U (2, 1) = Ve (2, 1) + oul(z, )W (t), z€[0,1], te]0,1], (1.1)
subject to the initial and boundary conditions u(x,0) = ug(z) and u(0,t) = fi(¢), where
v and o are the positive parameters. Here W (t) is a one-dimensional standard Wiener
process such that the white noise W (t) is a Gaussian distribution with zero mean [1].

2. NONSTANDARD FINITE DIFFERENCE SCHEME FOR SPDESs

The initial foundation of NSFD schemes came from the exact finite difference schemes.
The NSFD schemes are different to standard finite difference (SFD) schemes. NSFD
schemes where they depend on the two rules. First, the denominator function should
be replaced by 0 < ®(h) < 1, where ®(h) = h + O(h?). Second, the stochastic term
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is approximated in a nonlocal way [3]. NSFD use fixed and equidistant grid points to
convert differential operators into discrete ones using neighboring points. Considering a
uniform space grid Az and time grid At in the time-space lattice, we can estimate the
solution of the SPDE at the points of this lattice. The value of the approximation solution
at the point (kAx nAt) will be denoted by uj. Here the time and space derivatives in the
u"+1 —un

SPDE are approximated by replacements u,(kAz, nAt) ~ -——* and u,,(kAx, nAt) ~
%@f;ﬂk“ . Also the function u(z,t) in stochastic part can be approximately in the
form u(kAz, nAt) ~ 3 (u +uj,,) . Therefore, the NSFD scheme approximates the SPDE
is given by

g n n
S} + g ) AW, (2.1)

where 7 = v£% | such that AW, = W((n + 1)At) — W(nAt) and AW, is a Gaussian
distribution with mean 0 and variance At. Here we assume that the increments of Wiener’s
process are independent of the state u}.

Z“ =ruy_y + (1 = 2r)up + rug, +

3. CONSISTENCY AND STABILITY ANALYSIS OF THE STOCHASTIC NSFD SCHEME

Consider the SPDE (1.1). This equation can be rewritten as u(x,t)—u(z,0)—7y fg Uz (2, 5)ds—

o fo x,s)dw(s) = 0, where the stochastic integral is the Ito integral with respect to an
R- valued Wiener process (W (), F})iejo,1) defined on a complete probability space (€2, F, P)
adapted to standard filtration (F})icpo1). Consistency, stability and convergence are im-
portant properties for the NSFD schemes. Consider a SPDE in the form Lv = G, where L
denotes the differential operator and G is called source term. Let Ljuj = G} denote the
stochastic NSFD scheme, where G is the approximation of the source term. In order to
investigate consistency and stability properties, it is necessary that define a norm. Hence,

for a sequence {uf I, we define ||u"| = sup |uf|?. We refer the reader to [2], for
1<k<M

the consistency, stability and convergence definitions of a stochastic NSFD scheme.

Definition 3.1. A NSFD scheme L}u; = G} is consistent with the SPDE Lv = G at point
(x,t), if for any continuously differentiable function ®(x,¢) in the sense of mean square
we have E|lu"*! — "] — 0, for ¢t = (n + 1)At and At, Ax — 0, where the vectors u"!
and v"™! are defined by v = (uf !, uft, o uf ) and 0T = (vt op L o).

Theorem 3.2. The stochastic difference scheme (2.1) is consistent in the sense of mean
square.

Proof. Let ®(x,t) be a smooth function, then we have

L(®)[; = ®(kAz, (n + 1)At) — ®(kAz, nAt)

(n+1)At (n+1)At
- ’y/ b, (kAz,s)ds — O'/ O(kAx, s)dW (s),

At nAt
and
Ly® = &(kAx, (n + 1)At) — ®(kAz,nAt)
At
SN
— %(@(kAm, nAt) + O((k + 1)Ax,nAt))(W((n + 1)At) — W(nAt)).

(<I>((l<: + 1Az, nAt) — 20(kAz, nAt) + ®((k — 1)Ax, nAt))



258 M. NAMJOO, M. AMINIAN, M. KARAMI, A. MOHEBBIAN

Therefore, if we use the square property of Ito integral, then we obtain
E|L(®)[; — Ly @[

(n+1)At
< 9E / (@m(kAx, 5)
nAt
1 2
A (@((kj + 1)Az,nAt) — 2®(kAz, nAt) + &((k — 1)Ax, nAt))ds
(n+1)At 1 9
+ 202/ E|®(kAx,s) — §(<I>(kAx,nAt) + ®((k + 1)Az,nAt))| ds.
nAt

Since ®(z,t) is a deterministic function, hence E|L(®)|? — Lr®|* — 0, as n, k — co. O

Definition 3.3. A stochastic NSFD scheme is said to be stable in the sense of mean
square, if there exist some positive constants Az and At, and nonnegative constants K
and 3 such that E[u"*!||? < KePE|u°|]?, for all t = (n + 1)At, 0 < Az < Az, and
0 < At < Aty.

Theorem 3.4. The stochastic difference scheme (2.1) witht = (n+ 1)At and 0 <r <

is stable with respect to || - || = . /sup| - |?.
k

Proof. Applying E| - |* in (2.1) and using the independence of the Wiener process incre-
ments, we get

1
2

o 2
IEZ|UJZ+1|2 =Erup_, + (1 —2r)uy +rup, + E(uz + up ) AW,

2
o
=Elrup_; + (1 —2r)ug + rup > + ZAtE‘“Z +up [
<(r|+1]1—2r]+ |7"|)2 SupE|uZ]2 + UQAtsupE|uZ|2 =((|r|+ 1 =2r|+ |7’|)2 + U2At) sup]E]uZ|2.
k k k

This holds for all k, now with 0 < r < 1, we get S%PE’UZHP < (1 + o2At) sipE]u}gP,

and by substituting At with 5, Ellu™||* < (1 + T‘L’—_itl)”+1E|]u0||2 < e'E||u®||2. So, the
stochastic difference scheme (2.1) is stable for 0 < r < %, according to Definition 3.3,

with K =1 and 3 = 0. O

Definition 3.5. A stochastic difference scheme Lju} = G} approximating the SPDE
Lv = @ is convergent in the sense of mean square at time ¢, if E|ju"™ — v"*||? — 0, for
t=(n+1)At, Az — 0 and At — 0.

Theorem 3.6. The stochastic difference scheme (2.1) for the SPDE (1.1) is convergent
in the sense of mean square with respect to the || - || = /sup|-|? with t = (n 4+ 1)At.
k

Proof. By stochastic version of the Lax—Richtmyer Theorem the convergence of the sto-
chastic NSFD scheme (2.1) is also concluded. O

4. NUMERICAL RESULTS

Analytical studies always remain incomplete without numerical verification of the re-
sults. In this section, numerical results from the implementation of stochastic difference
scheme (2.1) are presented. Also, the convergence and stability of the stochastic difference
scheme (2.1) is numerically investigated.
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FiGURE 1. Comparsion between deterministic and stochastic numerical so-
lution of (4.1) using the NSFD scheme v = 0.01, ¢ = 2, Az = 0.01,
At =0.001 and v = 0.001, 0 = 1, Az = 0.01 and At = 0.02.
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FIGURE 2. Representation of conditional convergence, u(x, 1) for different
values of N.

Example 4.1. Consider the SPDE

u(z,t) = Yuge(z,t) + ou(z, t)W(t), ze€l0,1], te]l0,1], (4.1)

subject to the following initial condition u(x,0) = exp(— (1_3.5)2) for z € [0, 1], with the
1 25

boundary conditions u(0,t) = Wexp(—%) and u(1,t) = ﬁexp(—%) for
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t € [0,1]. It is easy to verify that in the absence of the noise term, the exact solution is

u(z,t) = \/417“ exp ( — %). In Figure 1 the approximated solution of the stochastic

advection diffusion equation (4.1) using the stochastic scheme is represented for v = 0.01,
o =2, Ax =0.01, At =0.001 and v = 0.001, 0 = 1, Az = 0.01, At = 0.02.

Let M and N be the total number of grid points for the space and time discretizations,
respectively. The Proposed NSFD scheme is conditionally stable for 0 < r < %.Therefore,
if M = 100, then for the stability (or convergence) condition, we must have N > 100.
The convergence of the scheme at the end of time interval ¢ = 1, for the fixed space grid
points M = 100 and various time grid points N = 50,80,100, 110 is considered. Note
that the proposed scheme is unstable for N = 50.

5. CONCLUSION

This paper has provided a stochastic NSF'D scheme for the numerical solution of SPDEs.
Consistency and stability of the NSFD scheme is established. Convergence condition of
the proposed stochastic difference scheme are given. Some numerical results are included
to show the efficiency of the scheme.
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