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Preface

It is our great pleasure and honor to welcome you at the 10" Seminar on Linear Algebra and its
Applications (SLAA10). The SLAA10 will be held on 16-19 August 2020, hosted by the Faculty of
Mathematics and Computer & Mahani Mathematical Research Center, Shahid Bahonar University of
Kerman, Iran. As a part of the series of the bi-annually held seminars of the Iranian Mathematical
Society (IMS), this seminar aims to create a friendly discussion atmosphere for researchers in linear
algebra and numerical linear algebra.

The SLAA10 received 130 submissions in that each submission was reviewed by three dedicated
members of the Scientific Committee. According to a thorough discussion by the reviewers, 76
submissions were accepted for publication: 59 as oral presentations and 17 as posters. In addition, the
third and fourth Mehdi Radjabalipour Prize for Linear Algebra and its Applications will be awarded
during this seminar.

We are proud to present a very interesting program. The Seminar program included 10 plenary
talks with distinguished invited speakers and two workshops: “Linear Algebra in Data Mining” and
“Software in Numerical Linear Algebra (Chebfun Toolbox)”.

Finally, we immensely thank the authors for submitting their research papers to the SLAA10, and
are grateful to the members of the Scientific Committee for dedicating their attention and time to
assessing the papers. We are also very thankful to the members of the Executive Committee for their

efforts in the arrangement, promotion, and organization of the seminar.

Seminar Organizing Committee
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A message from Chandler Davis

Dear Abbas Salemi,

It is kind and appropriate for you to take the occasion of this impressive gathering on Linear Algebra
to celebrate the 75th birthday of Professor Mehdi Radjabalipour. I am eager to add my words of
appreciation and gratitude to him.

He is the bond between us, being my doctoral student and your doctoral supervisor. But in the
same sense, he is the bond from the long-past Operator Theory Seminar Peter Rosenthal and I ran at
the University of Toronto, to the present and future flourishing community he led at Kerman after his
return to his homeland. He gave us a glimpse of this community by inviting us to his international
seminar in Kerman: not virtual, I was most grateful of the opportunity to take part in person, my first
and only time in Iran. What a cheerful and impressive sight you all were! I was honoured to have this
connection to such a healthy school, leading in addition to fruitful contacts since that time with you
and other members of the Radjabalipour circle.

Long life to Mehdi Radjabalipour and his followers, and to his school, and to his science which is

our science, and to his country in this world which is our world. Let no one divide us.

Chandler Davis
August 18, 2020
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A message from Peter Rosenthal

I first met Mehdi shortly after he arrived in Toronto to begin his graduate studies. Heydar Radjavi
had told me that Mehdi was a very strong student and it soon became apparent to me that Heydar was
correct. Mehdi completed an excellent Ph.D. thesis under the supervision of Chandler Davis in 1973.

Over the many years since then, Mehdi oscillated between Canada and Iran.

I'have been very privileged to be a co-author with Mehdi on a number of papers. Mehdi is an optimal
co-author. He is very knowledgeable and very creative. He is also very generous; he contributed more
than his share to each of the joint papers that he and I have been involved in. Thanks Mehdi.

Moreover, Mehdi is an extremely pleasant person to talk with, about mathematics and many other
things.

Happy Birthday Mehdi !!!

Peter Rosenthal
August 15, 2020
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Metrics and means on positive definite matrices

Rajendra Bhatia*
Ashoka University, Sonepat, India

Abstract

This lecture will be an introduction to the use of some geometric ideas
in defining a mean (barycentre) of a collection of positive definite matrices.
Developed over the last fifteen years, these ideas have found use in diverse
areas, both theoretical and practical.

The lecture will be addressed to graduate students interested in operator
theory, linear algebra and matrix analysis. It is recommended that they read
up on the basic facts about positive definite matrices before the lecture (eg,
from Horn and Johnson, Matrix Analysis, Chapter 7; or R. Bhatia, Positive
Definite Matrices, Chapters 1 and 4.)

*Speaker. Email address: rajenbhatia@gmail.com
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Crouzeix’s conjecture, extremal Blaschke products, and
K-spectral sets
Anne Greenbaum*
Department of Applied Mathematics, University of Washington

Joint with: Kelly Bickel, Michel Crouzeix, Pamela Gorkin, Kenan Li, Thomas
Ransford, Felix Schwenninger, Elias Wegert

Abstract

In 2004, Michel Crouzeix conjectured that for any square matrix A and
any polynomial (or analytic function) f,

Al <2 C ix’ jecture),
If(A)] < Zér‘}?a)|f(z)| (Crouzeix’s conjecture)

where W (A) := {¢*Aq : ¢*q = 1} is the numerical range of A and ||-|| denotes
the spectral norm. In 2017, Crouzeix and Palencia showed that the inequality
holds if 2 is replaced by 14 +/2, but the original conjecture remains unproved.

The form of functions f that maximize || f(A)||/ max,cy 4y | f(2)] is known:
f = B oy, where ¢ is any conformal mapping from W (A) to the unit disk
D and B is a finite Blaschke product of degree at most n — 1, when A is an
n X n matrix. For a given conformal mapping ¢, the Blaschke product Bg
that maximizes this ratio is referred to as an extremal Blaschke product. We
discuss some known properties of extremal Blaschke products. For example,
it is known that the left and right singular vectors corresponding to the largest
singular value of Bgog(A) are orthogonal to each other. An interesting prop-
erty that has been observed numerically but has not been proved is that an
extremal Blaschke product Bg corresponding to a given conformal mapping
¢ often has degree much less than n — 1. We also do not know if/when the
extremal Blaschke product is unique. I will give an example where there are
two extremal Blaschke products.

Additional work has been aimed at showing that other sets 2 that do not
necessarily contain W (A) are K-spectral sets; that is, that for a given value
K, || f(A)]| < Kmax,cq|f(z)| for all functions f analytic in Q. We show that
various annular regions are (1 + y/2)-spectral sets and that a more general
convex region with a circular hole or cutout is a (3 4 2v/3)-spectral set. I
show how these results can be used to give bounds on the convergence of
rational Krylov subspace methods.

*Speaker. Email address: greenbau@uw.edu
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Joint numerical ranges and commutative matrices

Chi-Kwong Li*

Department of Mathematics, College of William & Mary, Institute for Quantum
Computing, University of Waterloo
Joint with: Yiu-Tung Poon (Iowa State University) and
Yashu Wang (National Chung Hsing University)

Abstract

The connection between the commutativity of a family of n x n matrices
and their generalized joint numerical ranges is discussed. Implications of
the results to representation theory and quantum information science will be
mentioned.

*Speaker. Email address: ckli@Qmath.wm.edu
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Crouzeix’s conjecture

Michael L. Overton*
Courant Institute of Mathematical Sciences, New York University, USA

Joint with: Anne Greenbaum and Adrian Lewis

Abstract

Crouzeix’s conjecture is among the most intriguing developments in matrix
theory in recent years. Made in 2004 by Michel Crouzeix, it postulates that,
for any polynomial p and any matrix A, ||p(4)|| < 2max(|p(z)| : z € W(A)),
where the norm is the 2-norm and W (A) is the field of values (numerical range)
of A, that is the set of points attained by v* Av for some vector v of unit length.
Crouzeix proved in 2007 that the inequality above holds if 2 is replaced by
11.08, and recently this was greatly improved by Palencia, replacing 2 by
1+ \/(2) Furthermore, it is known that the conjecture holds in a number of
special cases, including n = 2. We use nonsmooth optimization to investigate
the conjecture numerically by locally minimizing the “Crouzeix ratio”, defined
as the quotient with numerator the right-hand side and denominator the left-
hand side of the conjectured inequality. We also present local nonsmooth
variational analysis of the Crouzeix ratio at conjectured global minimizers.
All our results strongly support the truth of Crouzeix’s conjecture.

*Speaker. Email address: mol@nyu.edu
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A survey on preconditioning techniques for double saddle point
systems: spectral and field-of-values analyses

Fatemeh Panjeh Ali Beik"* and Michele Benzi?f

!Department of Mathematics, Vali-e-Asr University of Rafsanjan,
P.O. Box 518, Rafsanjan, Iran

2(lasse di Scienze, Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa, Italy

Abstract

In this talk some preconditioning techniques are presented for a class of linear
systems with double Saddle point structure arising in finite element discretizations of
coupled Stokes-Darcy flow [3,4] and modeling of liquid crystals directors [5]. We in-
vestigate different preconditionering techniques including block preconditioners [1-3],
constraint preconditioners [4] and augmented Lagrangian-based ones. We present
spectral and field-of-value analyses of the exact versions of these preconditioners. Nu-
merical experiments will be reported for test problems from two mentioned applica-
tions.

References

[1] F. A. P. Beik and M. Benzi. Iterative methods for double saddle point systems. STAM J. Matriz
Anal. Appl., 39:902-921, 2018.

[2] F. A. P. Beik and M. Benzi. Block preconditioners for saddle point systems arising from liquid
crystal directors modeling. Calcolo., 55:29 2018.

[3] M. Cai, M. Mu and J. Xu. Preconditioning techniques for a mixed Stokes/Darcy model in
porous media applications. J. Comput. Appl. Math., 233:346-355, 2009.

[4] P. Chidyagwai, S. Ladenheim and D. B. Szyld. Constraint preconditioning for the coupled
Stokes-Darcy system. SIAM J. Sci. Comput., 38:A668-A690, 2016.

[6] A. Ramage and E. C. Jr. Gartland. A preconditioned nullspace method for liquid crystal
director modeling. SIAM J. Sci. Comput., 35:B226-B247, 2013.

*Speaker. Email address: f.beik@vru.ac.ir
tEmail address: michele.benzi@sns.it
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From matrices to matrix polynomials

Panayiotis J. Psarrakos®

Department of Mathematics,
School of Applied Mathematical and Physical Sciences,
National Technical University of Athens

Abstract

The study of matrix polynomials of higher degree has attracted consider-
able attention in recent decades. The interest has been motivated by a wide
range of applications of polynomial eigenvalue problems in areas such as dif-
ferential equations, systems theory, control theory, mechanics and vibrations.
In this presentation, we will see how results of the standard matrix theory,
concerning Jordan structure, pseudospectra, eigenvalue condition numbers,
spectral distance problems, numerical ranges and (entry-wise) nonnegative
matrices, have been extended to the setting of matrix polynomials in a nat-
ural way. In particular, basic matrix theory can be viewed as the study of a
special case of matrix polynomials of first degree.
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Choi-Davis-Jensen inequality revisited

Mohammad Sal Moslehian™

Department of Pure Mathematics, Center of Excellence in Analysis on Algebraic Structures
(CEAAS), Ferdowsi University of Mashhad, P. O. Box 1159, Mashhad 91775, Iran

Abstract

Let f be an operator convex function defined on an interval J C R. Then the
so-called Choi-Davis-Jensen inequality f(®(A)) < ®(f(A)) holds for all self-adjoint
operators A with spectrum in J and all unital positive linear maps ®. The converse
holds true. If f is convex but not operator convex, then it is known that the Choi-
Davis-Jensen inequality remains valid for 2 x 2 Hermitian matrices A. Several variants
and reverses of this inequality have been obtained by some mathematicians. In this
talk, we explore recent results on this inequality as well as Kadison’s inequality. In
addition, some asymmetric Choi-Davis-Jensen inequalities are presented.
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Geometry and inequalities associated with symmetric space
of noncompact type
Tin-Yau Tam*
University of Nevada, USA
Joint with: Luyining (Elaine) Gan and Xuhua (Roy) Liu

Abstract

Denote by P, the space of n x n positive definite matrices. For A, B € P,,
the (metric) geometric mean was introduced by Pusz and Woronowicz (1975),
while the spectral geometric mean by Fiedler and Pték (1997):

AﬁB _ A1/2(A—1/QBA—1/2)1/2A1/2’
ALB = (A~4B)/2A(A~4B)/2.

where § and § denote the (metric) geometric mean and spectral geometric
mean.

The t-(metric) geometric mean and ¢-spectral geometric mean are paths join-
ing A and B in P,, t € [0, 1]:

AﬁtB _ A1/2(A_1/2BA_1/2)tA1/2,
AyB = (A"%B) A(A~4B)t.

P,, can be equipped with a suitable Riemannian metric so that the curve Afi; B
with 0 < ¢ <1 is the unique geodesic joining A and B in P,.

The t-spectral geometric mean was introduced by Ahn, Kim and Lim (2007).
When ¢ = 1/2, they are abbreviated as Af; B = Af{B and Al ,B = AjB.
We shall discuss the (metric) geometric mean and spectral geometric mean,
first in the space of P, and then in the context of symmetric space associated
with a noncompact semisimple Lie group.

*Speaker. Email address: ttam@unr.edu
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Chebfun and continuous linear algebra

Nick Trefethen®

University of Oxford, UK

Abstract

At the heart of the Chebfun project is the realization of continuous ana-
logues of the discrete structures and operations of numerical linear algebra.
For example, there are continuous analogues of the QR and LU decomposi-
tions and the SVD. This talk will review the mathematics and the algorithms
of continuous linear algebra with Chebfun demonstrations.

*Speaker. Email address: trefethen@maths.ox.ac.uk
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Generalized parallel sum of adjointable operators on Hilbert C*-modules

Qingxiang Xu*

Department of Mathematics, Shanghai Normal University
Shanghai 200234, P.R. China

Joint with: C. Fu, M.S. Moslehian and A. Zamani

Abstract

We introduce the notion of a tractable pair of operators as well as that of the
generalized parallel sum in the setting of adjointable operators on Hilbert C*-modules.
Some significant results about the parallel sum known for matrices and Hilbert space
operators are extended to the case of the generalized parallel sum. In particular, a
factorization theorem on the parallel sum is proved, and a common upper bound of
two positive operators is constructed in the Hilbert C*-module case. The harmonic
mean for positive operators on Hilbert C*-modules is also dealt with.
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Numerically solving the singular semi-Sylvester equation'

Majid Adib and Alireza Movahedian®

Department of Mathematics, University of Zanjan, Zanjan, Iran

Abstract

Matrix equations are one of the most widely used equations in various sciences.
The Sylvester equation is one of these important equations. In this paper we define
singular semi-Sylvester equation and then solve it using the Drazin-inverse generalized
minimum residual method. Finally, we show the efficiency of our method.

Keywords: Sylvester equations, Drazin-inverse
Mathematics Subject Classification [2010]: 15A03

1 Introduction

The semi-Sylvester equation AX — FEBX = C where A € R™*" E € R"*" B ¢ R™*"
and C € R™™5 are given and X € R™** is to be determined, is one of the most important
matrix equations in theory and applications and appear frequently in many areas. Several
direct and iterative methods are proposed for solving semi-Sylvester equation. During
last years, sevral projection methods based on Krylov subspace methods have also been
proposed [4]. Karimi and Attarzadeh showed that in a particular case, the semi-Sylvester
equation AX — EBX = C can be converted into the following multiple linear systems [3]

A0 — @) =12 . (1)

Ton et al. presented the Galerkin projection method for solving multiple linear systems [2].
Karimi and Attarzadeh have considered a special case of the semi-Sylvester equation [3],
in which the matrix B is normal. They studied the nonsingular case of multiple linear
systems (1) by presenting the following proposition and in this case, they applied Galerkin
projection method to solve the semi-Sylvester equation.

Proposition 1.1. (a) Assume A and B are symmetric matrices and E is symmetric
positive definite matriz and
(Az, z)

A< BT g9, 2
77 (Bx, x) J 5 (2)

where N\; is the eigenvalues of B. Then A = A — \E is symmetic positive definite.
(b) Let A, B and E be symmetric positive definite matrices and symmetric positive semi-

definite matriz, respectively. Then (A—\;E), j =1,2,...,s are symmetric positive definite,
where \; is the eigenvalues of B.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: ali.movahedian96@gmail.com
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In this paper, we intend to consider a general case that the above propositions 1.1 dose
not exist, that is, the multiple linear systems (1) be singular, so in this regard, we provide
the following definition.

Definition 1.2. We say that the multiple linear systems (1) is singular, if at least one
of the coefficients matrices is singular. Also we say that the semi-Sylvester equation is
singular if the corresponding multiple linear systems (1) is singular.

Now assume that the semi-sylvester equation is singular. In this case, we apply the
Drazin-inverse and DGM RES(m) method for solving the multiple linear systems (1) and
hence the semi-Sylvester equation. The results of this method will be compared with the
results of Galerkin projection method [3], in point of view CPU-time, accurancy and iter-
ation number. Note that the semi-Sylvester equation is the generalization of the standard
Sylvester equation (this means that, if F is identity matrix I or an arbitary nonsingular
matrix then the semi-Sylvester equation becomes the standard Sylvester equation).

2 Drazin-inverse generalized minimum residual method

Consider the following linear system Ax = b where A € R™*" is a singular matrix, b €
R™ and ind(A) is a. Here ind(A) is the smallest nonnegative number that satisfy in
rank(A°*tY) = rank(A®). The matrix X € R™*" satisfying the conditions

AX = XA, A°XA=A% XAX =X,

is called the Drazin-inverse of the matrix A. The Drazin-inverse of A denoted by AP. In [5]
the author proposed an effective model of usage for DGM RES, denoted DGM RES(m),
which is analogous to the GM RES(m) and requires a fixed amount of storage for its
implementation. In restarted DGMRES (DGM RES(m)) the method is restarted once
Krylov subspace reachs dimension m, and the current approximate solution becomes the
new initial guess for the next m iterations. The restart parameter m is generally chosen
small relative to n to keep storage and computation requirments reasonable. In the sequel,
we review the DGM RES(m) method.

DGMRES(m) method is a Krylov subspace method for computing the Drazin-inverse
solution of consistent or inconsistent linear system Az = b [6]. In this method, there are
not any restriction on the matrix A. Thus, in general, A is non-Hermitian,a = ind(A)
is arbitrary, and the spectrum of A can be any shape. Thus, it is unnecessary for us to
put any restriction on the linear system Ax = b. So the system may be consistent or
inconsistent. We only assume that ind(A) is known. DGM RES(m) method starts with
an initial vector xy and generates a sequence of vectors x1,x2, - as follows

T = X0 + Gm—1(A)ro, ro = b— Az, (3)

where ¢p,—1(\) is a polynomial in A of degree at most m — 1 defined as follows

m—«

m—1(A) = Z ATt a = ind(A). (4)
i=1

We define p,,(A) =1 — Agm—1(A) and 7, = pm(A)ro. Thus we have

m—o m—o
T = o + E ATl rm =b— Az, =10 — g c; A%, (5)
i—1 i=1

14
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The Krylov subspace used is as follows
Km—a(A, A% ) = span{ A%y, A%Trg, ... A Irg). (6)

We can orthogonize the Krylov vectors { A%, A%t lrg, .-, A™ 1rq} by the Arnoldi- mod-
ified Gram-Schmidt process [1,4]. Let we set resulting orthonormal vectors as the columns
of the matrix V}, as follows

Vk:[vl\vg---wk], k=1,2,---,m. (7)

Thus we can write
Tm = To + meagma § € Rm—a, (8)

which we need to determine &,,. First, note that r,, = rg — Af/m_aﬁm, so we have
A%y = AOCTO - Aa+lvmfa§m = ﬁvl - Aa+lvmfa§m~ (9)

Next, we write AV, = Vk+1ﬁk where

_hn hig -+ - hik
hot hgg -+ - hop
_ 0 h ’ :
£=. 7 (10)
: e Dy
0 0 g

Note that Hy, € RE+D*k and rank(Hy) = k. If we apply (10) to A*T'V,,_, we have
Aa—i_lvm—a = Aan—a—l-le—a = Aa_lvm—a+2ﬁm—a+lﬁm—a = Am—i—lﬁm,

I:Im = E[mHmfl T Emfa-

Thus A%, = ﬂvl—VmHﬁmgm. We also have Vn{HVmH = I(m+1)x(m+1) and rank‘(ﬁm) =
m — «. We finally have the (m + 1) x (m — «) least squares problem

[A%rm || = [[Ber — méml| = cun 1Ber — Hmé|| (11)

Note that n is normally very large and m < n, which implies that the problem in (11) is
very small. Also, note that since H,, is a full rank, we can determine &m by applying the
QR decomposition on H,,. Thus H,, = QmPRm, where Q,, € RMtDx(m=a) jg 5 ynitary
matrix, that is, QL Q,, = I(m—a)x(m—a) and Ry, is an upper triangular matrix. Since

A~

H,, is full rank, so R,, is nonsingular, therefore we can compute &,, by solving the upper
triangular system as follows

Ry = B(Qher),  er=[1,0,---,0]". (12)
Consequently, the algorithm of the DGM RES(m) method is as follows
Algorithm 2.1. (DGMRES(m) algorithm).
1. Choose an initial guess xg = 0 and compute rg = b — Axg and A%rg.

2. Compute 5 = ||A%rg|| and set v1 = F_1(A%).

15
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. Orthogonalize the Krylov vectors A%ry, A%Tlrg, .. AmTo+1lyg via the Arnoldi-Gram-
Schmidt process carried out like the modified Gram-Schmidt process:
For j=1,---,mdo
u = Av;
Fori=1,---,75do
hij = (u,vj)
u=u— h; v

end

hjvi; = llull,  visr =u/hjy

end (The vectors vy, va, -« ,Up41 Obtained by this way form an orthonormal
set.)

. For k =1 :m form the matrices Vj, € R"™* and H, € Rk+1)xk

_hu hig -+ - hik
hot hog oo - hog

N _ 0  hso :

Vi = [vi|vz|---|og],  Hp=| . |
0 0 B

. Form the matrix ﬁm =H,Hy_1- Hpo.

. Compute the QR decomposition of H,, : H, = QmPBm; Qm € Rmtx(m=a) gnq
Ry, € Rim=a)x(m=c) (R is upper triangular.)

. Solve the (upper triangular) system R,,&, = B(QF e1), where e; = [1,0,---,0]7.

. Compute Ty = 20 4+ Vin—a&m(then [|[A% | = B1/1 — HQ%elHQ). If satisfied then
stop.

. Set xg = T, compute g = b — Axg, and go to 2.

3 Numerically solving the semi-Sylvester equation and some

experiments

In this section, we want to numerically solve the semi-Sylvester equation AX — EBX = C,
by using the following theorem.

Theorem 3.1. Let A € R"*™. Then A is a normal matrixz if and only if it is unitarily
similar to a diagonal matriz

Now let in the semi-Sylvester equation, B is a normal matrix. So, according to Theorem

3.1 there are a unitary matrix Qp and a diagonal matrix Ap such that

B = QpApQEL, (13)

where the diagonal components of Ap are eigenvalues of B and the columns of the unitary
matrix @) p are normalized eigenvectores of B. By substitution of (13) in AX —EBX = C,

16



Numerically solving the singular semi-Sylvester equation

we have AXQp — EXQpAp = CQp. By taking X = XQp and C' = CQp, we obtain the
following multiple linear systems

ADz0) — o), i=1,2,---,s, (14)

where A = (A — \E), @ is the i-th column of X and &é@ is the i-th column of C.
Therefore, the semi-Sylvester equation is converted to s linear systems. Notice, in this
paper we considered the general case; that is, we did not impose any conditions and
constraints on coefficients matrices of the resulting system. Therefore, it is possible to
solve the semi-Sylvester equation by using s-time of the DGM RES(m) method.

Now we use the corresponding multiple linear systems form (form (14)) to solve the
semi-Sylvester equation and we consider the singular case. In this case, we used the
DGMRES(m) method to solve these systems. The described method is written with
MATLAB.. In the following, we give an example. In this example the coefficients matrices
are singular and ill-conditioned. The initial matrix Xy, is the zero matrix and the stop
condition is [[A%r;||, < le — 04. The results obtained are presented in following table
which are compared with Galerkin projection method in point of view CPU-time, iteration
numbers and residuals norm. In the table the symbols itration and time are total
iteration numbers and total CPU-time respectively.

Example 3.2. In this example we consider semi-Sylvester equation that coefficients ma-
trices are singular, the maximum condition number is 3 : 36e + 22 and ind(A(7)) are all
equal to 5. The matrices constituting the semi-Sylvester are as follows:

A =5 x hilb(n,n), E = hilb(n,n),
1
1+s

1
B = tridiag (—1 + —'5,—-1+

115 ) ) C = ones(n, s),

where n = 1000 and s = 4. The numerical results obtained

method(1000,4,m) problem Tol | time(s) | iteration | min ||A%r;||, | max ||A%;,
Galerkin exapmle 3.2 | 1le-04 2.17 430 2.2590e-19 7.6387e-05
DGMRES(10) exapmle 3.2 | 1le-04 1.35 4 6.5855e-23 2.0287e-05

4 Conclusions

As the results of the table presented in the previous section show that when the coefficients
matrices are singular and ill-conditioned, in point of view CPU-time, iteration numbers
and residuals norm ||A“r;[|, , the DGM RES(m) method has a more better performance
than the Galerkin projection method.

References

[1] W. E. Arnoldi. The principle of minimized iterations in the solution of the matrix
eigenvalue problem. Quarterly of applied mathematics, 9(1)(1951),17-29.

[2] T. F. Chan and M. K. Ng. Galerkin projection methods for solving multiple linear
systems. SIAM Journal on Scientific Computing, 21(3)(1999),836-850.

17



M. Adib and A. Movahedian

3]

[4]

S. Karimi and F. Attarzadeh. A new iterative scheme for solving the semi sylvester
equation. Applied Mathematics, 4(01)(2013):6.

M. Robb’e and M. Sadkane. Use of near-breakdowns in the block arnoldi method for
solving large sylvester equations. Applied Numerical Mathematics, 584(9)(2008),486—
498.

A. Sidi. A unified approach to krylov subspace methods for the drazin-inverse solution
of singular nonsymmetric linear systems. Linear algebra and its applications, 298(1—
3)(1990),99-113.

A. Sidi. Dgmres: A gmres-type algorithm for drazin-inverse solution of singu- lar non-
symmetric linear systems. Linear algebra and its applications, 335(1-3)(2001),189-204.

18



ohd ,57.., S by augi olSiits shahid Bahanar University of Kerman, iran

7

o s i seminar /|
vV

O (gt s LS 5 and its Applications 7~

UVI/L:«‘ .ﬁ fy

TE9A 313,0 PY il VS August 16 - 19,2020

Implicitly restarted global GMRES for solving AXB = C"

Najmeh Azizizadeh*, Azita Tajaddini®> and Amin Rafiei®

L2Department of Applied Mathematics, Faculty of Mathematics & Computer Sciences,
Shahid Bahonar University of Kerman, Kerman, Iran

3Department of Applied Mathematics, Hakim Sabzevari University, Sabzevar, Iran

Abstract

Global Krylov subspace methods are generally used with restarting to reduce stor-
age costs. At the time of restart, some information is lost and this slows down the
convergence. Here, an implicitly restarted global GMRES method is proposed that
uses the implicitly generalized global Arnoldi algorithm to retain this information.
This method deflates the smallest eigenvalues and augments the approximate block
harmonic Ritz vectors to the generalized Krylov subspace but not with the usual start-
ing block vector. Ultimately, the efficiency of this method is evaluated by virtue of an
example.

Keywords: Harmonic Ritz value, Deflation, GLGMRES-IR
Mathematics Subject Classification [2010]: 15A23

1 Introduction

Consider the following matrix equation
AXB=C (1)

where A € R™"™ and B € R**® are nonsingular and C € R™* (s < n) are given
matrices and X € R"*¢ is an unknown matrix. Note that the matrix equation (1) can be
reformulated by the following linear system

Azr = ¢,

where A = BT ® A and the vectors = vec(X) and ¢ = vec(C). However, it seems quite
costly and ill-conditioned to solve the above linear system of equations. The matrix equa-
tion (1) was put into quite a few applications such as control theory and image restoration.
Over the last decade, several iterative methods have been proposed to solve the matrix
equation (1), for example, the global GMRES methods [4], the NSCG method [1]. The
convergence of the global FOM and global GMRES for solving AX B = C are investigated
in [2]. For solving matrix equations, we are able to make use of restarting techniques.
Restarting is fundamentally needed to reduce storage requirements and orthogonaliza-
tion costs. However, restarting slows down the convergence and makes the choice of the

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: nazizizadeh@yahoo.com
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new starting vector difficult. To overcome these problems, implicit restarting has been
presented as a new variant of restarting.

This new technique can be viewed as a truncated form of the implicitly shifted QR
iteration. In [5], implicit restarting with Arnoldi iteration is applied and is showed that the
rate of convergence improves. In [3], implicitly restarted GMRES for solving nonsymmetric
equations has investigated.

In this paper, the restarting global Krylov subspace method is employed for solving the
matrix equation (1). At the time of restart, some information is lost and this slows down
the convergence. However, some important information is kept at the restart time. So to
store this information, it should be updated a starting matrix of the generalized global
Arnoldi algorithm. Accordance with this, the generalized global Arnoldi factorization is
updated through QR iterations. This iteration is an extension of the implicit double- shift
QR iteration. This iterative scheme is called the implicitly generalized global Arnoldi
algorithm (IGGA). Eventually, the global GMRES is combined with IGGA Algorithm
to solve matrix equation (1). This method is called implicitly restarted global GMRES
(GI-GMRES-IR).

This paper is organized as follows. In section 2, the generalized global Arnoldi pro-
cess is reviewed. Subsection 2.1 is allocated to the implicitly generalized global Arnoldi
process and its relations. In section 4, the GI-GMRES method and its eigenvalue prob-
lem are investigated. Eventually, this method will be compared with another methods.
Thoroughout this paper, the following notations are used. Let R™*" be the set of m x n
real matrices. The symbols AT, ||Allz and trace(A) will denote the transpose, 2-norm
and trace of a matrix A € R™*" respectively. For any two matrices A and B in
R™$ < A B >p= trace(AT B) is defined as the inner product. The associated norm
is the Frobenius norm obtained by ||.|r. Further, vec(.) will stand for the vec opera-
tor, i.e. wec(A) = (al,al,...,al)T for the matrix A = (a1,a2,...,as) € R where
aj,j =1,2,...,s is the j-th column of A and A® B = (a;; B) denotes the Kronecker prod-
uct of the matrices A and B. Let A = [A1, ..., A)] € R™P$ and B = [By, ..., B] € R™!s
where A;, B; € R™*°. The matrix AT o B is defined by (AT o B)ij =< A;, Bj >F.

2 The generalized global Arnoldi process

Let V' be a matrix of size n x s. Then the generalized Krylov subspace is defined as

GK(A,V,B) =span{V,AVB, A’V B?, ..., A™ v B}

m
:{Z aiAi_lVBi_1|ozi eER, i=1,...,m},
=1

where A = B0 = T.

The generalized global Arnoldi process allows us to construct an F-orthonormal basis for
the generalized Krylov subspace, for more details see [4]. This Algorithm uses the Gram-
Schmidt process to compute an F-orthonormal basis V,,, = [Vi, Va,..., V], Vi € R"** for
the generalized Krylov subspace GK,,,(A,V, B) and an upper Hessenberg matrix H,, €
R™*™_ Let H,, be the corresponding m + 1 by m matrix with last row having only the
nonzero element Ap,41,,. The relations:

AV (I, @ B) = Voo (Hp @ L) + R (el @ 1),
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= Vi1 (Hpm ® 1), (2)
VI o (AV, (I, ® B)) = Hy, (3)

hold, where V,, € R"*™, One can also verify that VI oV, = I, Vg,;of%m =0. R,, € R"%s
is called the residual matrix. An alternative way to write (2) is as follows:

Hy,
AVi(Im ® B) = (Vin, Viny1) ( h T ) ® I, )
m+1,mEm
where Ny q1,m = ”RmHF and Vi1 = hml?:,m‘

By this representation, it is obvious that (4) is just a truncation of the complete reduction
AWV Vaem)(I;m ® B) =

N H, M
(mevnfm) ( hm+1,m(€1€£b) I;[n—m ) ®Isa (5)

where (V,, vn,m) € R™ " is F-orthonormal, and H,,_,, € R"=™)*(=m) ig an upper Hes-
senberg matrix. In the subsection 2.1, the generalized global Arnoldi Algorithm through
a new version of implicit shifted QR iteration is updated and so it is called implicitly
generalized global Arnoldi process.

2.1 The implicitly generalized global Arnoldi process

In this section, the generalized global Arnoldi factorization via QR iterations is updated.
This will lead to an updating formula that may be used to implement iterative techniques
to derive the residual matrix f?k = hj41,kVi+1 to zero. In the following, we describe one
iteration step of the p shifts of the generalized implicit shifted QR iteration.

Let the positive integer k be a fixed pre-specified integer of the modest size. Let p
be another positive integer and consider k + p steps of the generalized global Arnoldi
Algorithm. Therefore, the relation

AViipTip @ B) = Vieyrp(Hiyp © Is) + Rk+p(€£+p ® Is),

hOldS, where Rk+p = hk+p+17k+ka+p+1.

Let 7 be a shift. In addition, consider the QR factorization of Hy, — 111, = Q1 R4,
where Q1 € RFtPXE+P is an orthogonal and R, is an upper triangular matrix. Then it can
be easily shown that

AV p(Q1 ® Is)(Iyp ® B) — Vigp(Q1 ® Is) (T L 1p + R1Q1) ® 1)

= hk+p+1,k+pvk+p+1(€;€+le ® Is)- (6)

Since Hy1) — T1dpyp = Q1R1 and QTQ; = I. Multiplying this relation from right side in
Q1 and left side in QT it gets

Q1 HyipQ1 = R1Q1 + 711y (7)
Substituting (7) in (6), it yields

T
Avk+p<Q1®fs><Ik+p®B>=<vk+p<cz1®fs>,vk+p+1>( Q1 HiryOn ))M,

T
hk+p+1,k+p(ek+pQ1
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where QT H, k+p@1 is still an upper Hessenberg matrix.
Now, if we apply p shifts, as a result, we will have
H+

k+p ) ® I, (8)

AVE (L, ® B) = (Vi .V <
k+p( k+p )= ( k+p ktptl) hk+p+1,k+p(€£+pQ>

where V,:er = Vip(Q ® 1), Hkﬂrp = QTHpy,Q and Q = Q1...Q, with Q; be the
orthogonal matrix associated with the shifts 7,7 = 1,2,...,p. Now partition Vlj ip and
H Ij p in the following form

. HF M
Vit =V V,), H;" =< k ) 9
k+p ( k P) k+p hLLk@lef Hp ( )
and consider 3
Metp 1 ktpChip@ = (0,0, Mkt gy ). (10)

Substituting (9) and (10) into (8), it follows that

H, M

AWVE V) Tk ® B) = (Vi V), Vk+p+1)( higeier  Hy | @ Is>~ (11)

hhtptihipeh b
Since the first k£ columns on both sides of (10) are equal, then it obtains
AV (Iy ® B) = ViF (H @ I,) + R} (e} @ L),

where Rl‘: = hLLkVp(el ® Ig) + Pggpt1ktpVirpt1 (in fact, R,‘f is a new version of Ry).
Hence

- + H,!
AV (I ® B) = (V, ’Vk+1)< < Wiy el ) ® Is>, (12)
77— and hivie = IREIlF. Note Vi o (Vpe1) = 0 and Vi o Vigprr = 0.
k+1,k ’

Thus (12) is a logical generalized global Arnoldi factorization of (BT ® A). The above

process run until R: = 0. The above process is called the implicitly generalized global
Arnoldi (IGGA).

+
where Vk+1 =

3 The global GMRES method and its eigenvalue problem

In this section, a brief description of the GI-GMRES method for solving the matrix equa-
tion (1) is given. For further details, refer to [2,4].

Let Xo € R™** be an initial guess for (1). At the mth step of the GI-GMRES method
find the approximation solution X, = Xo + Vp(d ® I) such that d € R™, and the
cloumns of V,, are an F-orthonormal basis for GKC,,,(A, Ry, B). The corresponding resid-
ual matrix will be R,,, = Ry — AV (I, ® B)(d ® I,), which should be F-orthogonal to
AGK (A, Ry, B)B. This orthogonality relation is equivalent to the minimiztion problem

mm” | Rollrer — ﬁde2. Now, in order to accelerate the convergence of the GI-GMRES

method, it requires to compute k (1 < k < m) harmonic Ritz pairs. Let the columns
of V,, be the F-orthonormal basis of G\, (A, Ry, B), we look for k harmonic Ritz pairs

(0;, gi) that satisfy

AV (Gi @ L) (I @ B) = 0V (Gi © 1) Lp AGK(A, Ry, B)(I,,, ® B), (13)
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fori=1,2,--- k.
Here, we want to deflate k smallest of eigenvalues in magnitude. Hence, we can compute

(05, g;) via solving the following generalized small-sized eigenvalue problem

((AVn(In © BYT 0 V)i = = (VI © BYT  (AVin(Ln © B)) i (14)

)

By (2) and (3), the relation (14) can be rewritten as
HLg = =H, Hnji. (15)

If H,, is nonsingular, then relation (15) can be written to the following form
(Hm + h?n—i-l,mH_Temeg@)gi = ézf]z (16)

Also, we define ”the harmonic Ritz block vectors” as Y; =Vm (g:®15), and the correspond-
ing harmonic residual block vector is as R; = AY; B — 6,Y;. In the following propositions,
two important results for the harmonic residual block vector is mentioned.

Proposition 3.1. The residual matriz for a harmonic Ritz block vector is F-orthogonal
to AGK,,(A, Ry, B)B.

Proposition 3.2. The residual harmonic Ritz block vector is a multiple of the residual
matriz associated with GI-GMRES method, i.e R; = 7v;Ro, where Ry = Ry, at the time
restart.

We will develop an implicitly restarting GI-GMRES algorithm that is called GI-GMRES
IR algorithm. This Algorithm is described in 3.3.

Algorithm 3.3. The implicitly restarted GI-GMRES (Gl-GMRES-IR).
Input: A € R™" B e R**% C, Xy € R™* and tol > 0, m and p are integer numbers and
k = m — p is the desired number of shifts.

1. Compute Ry = C — AXoB. Set V = Ry.

2. Apply the generalized global Arnoldi in [4] with m = k + p iteration and obtain H,,
and Vm+1.

3. Solve min||VL, | o Ry — Hpd|2 for d.
4. Compute X,, = Xo + Vin(d ® I,) and R,, = C — AX,,B. If | Rp||F < tol stop.

6. Set Xo = X, then the implicitly generalized global Arnoldi Algorithm to obtain
Vim+1, Hp, compute the k smallest eigenvalues of the matrix (16).Then go to step

4 Numerical results

In this section, the numerical behavior of the GI-GMRES-IR against the GIFOM and
GIGMRES methods [4] is evaluated. Here, m and k show the number of iterations for
each restart and the number of the harmonic Ritz block vectors, respectively. The initial
guess is taken to be zero and the right hand side matrix of the matrix equation (1)
is C = rand(n,s). The condition ||C — AX;B||r < 107%]|C| is considered as stopping
criterion.
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Example 4.1. In this example, the matrix A is selected from matrix market collection
and B is a bidiagonal matrix with 0.01,0.2, 10, 20, ...,10(s —2) and 0.1’s on the main and
the super diagonal, respectively. As observed from Table 1, GI-GMRES-IR is faster than
the other methods.

Table 1: Numerical results of the four methods on the cavity0l and the sherman4 matrices
with s = 25,m = 10,20 and k& = 6. Here, iter., res.norm and CPU show the number of
iterations, residual norm and run time.

(cavity01, B) (sherman4, B)
Methods iter ‘ res.norm ‘ CPU iter ‘ res.norm ‘ CPU
GI-GMRES-TR(10, 6) || 700 | 9.9963e-07 | 20.1721 || 103 | 8.5244e-07 | 3.0247
GL-FOM-DR(10, 6) 781 | 7.1374e-07 | 30.2738 || 192 | 1.6216e-07 | 10.6267
GIGMRES(10) 1273 | 9.9929¢-07 | 54.4906 || 232 | 9.9045¢-07 | 4.3000
GIFOM(10) 2001 | 1.5200e-06 | 35.5204 || 301 | 9.9780e-07 | 14.9061
GI-GMRES-TR(20, 6) || 126 | 9.9584e-07 | 38.9868 || 11 | 9.2388¢-07 | 0.1391
GI-FOM-IR(20, 6) 145 | 9.9341e-07 | 47.4272 || 31 | 6.6698¢-07 | 9.8022
GIGMRES(20) 297 | 9.9980e-07 | 41.5393 || 6 | 6.5130e-07 | 0.2912
GIFOM(20) 848 | 9.9950e-07 | 49.8374 || 16 | 2.7356e-07 | 2.5751
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Abstract

We investigate some classes of positive mappings (not necessarily linear) in the
setting of C*-algebras. First, we give some results about the superadditivity and
the starshapeness of such maps. Then, for a certain class of unital positive maps
D : o — A between unital C*-algebras, we present the relation between the n-
positivity, the linearity and the continuity of ®.

Keywords: C*-algebra, n-positive map, Superadditive, Nonlinear positive map
Mathematics Subject Classification [2010]: 15A60, 47A63

1 Introduction

Let s and 2 be complex Hilbert spaces. Let us denote by B(.7°) and B(.#") the algebras
of all bounded linear operators on s and ¢, respectively. In the case when 57 = C", we
identify B(C™) with the matrix algebra of n xn complex matrices M, (C). Here we consider
the usual Lowner order < on the real space of self-adjoint operators. An operator A is said
to be strictly positive (denoted by A > 0) if it is a positive invertible operator.Thanks to
the Gelfand—Naimark—Segal theorem, we may assume that any C*-algebra is a closed C*-
subalgebra of B(.7) for some Hilbert space 7. We use o/, %, --- to denote C*-algebras
and 7, and 7, ; to denote the sets of all positive and positive invertible elements of <7,

1
respectively. The geometric mean is defined by AfB = A3 (A_%BA_%> ® A2 for operators

A€ iy and B € o/, If A commute with B, then AfB = (AB)%.

A map @ : o — % between C*-algebras is said to be x-map or self-adjoint if it is *-
preserving i.e. ®(A*) = ®(A)* and it is called positive if it holds that ® (<7,) C ABy. It
is called strictly positive, whenever ® (<7, ) C AB. We say that ® is unital if &7, B are
unital and ® preserves the unit. For simplicity of notation, we denote both units of &/
and A by I. A map @ is called n-positive if the map ®,, : M, () — M, (A) defined by
®,,([aiz]) = [®(as5)] is positive, where M,,(o7) stands for the C*-algebra of n x n matrices

with entries in «/. A map & is said to be completely positive if it is n-positive for all
(n)

mon-t» Whenever the map ®,, is

n € N. We say a positive map ® : of — £ is in the class
monotone on positive elements of M, ().

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: dadkhah61@yahoo.com
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2 Main results

We start our work by giving some examples of positive maps in the class SI(I:LO)H ey

(n)

Example 2.1. Some examples of positive maps in the class S} ;5 :

e LEvery 2n-positive map is in the class Sr(r?o)n ey

e Power functions ®, : C — C defined by ®,(z) = |z|P (1 < p < 2) are in the class
s®

mon-+>

however, ®,, (1 < p < 2) are only 3-positive but not 4-positive.

e Every positive semidefinite matrix P € M,(C) induces a map ¢p : M,(C) — C
defined by ¢p(A) = |tr(AP)|, which is a 3-positive semi—norm on M, (C) belonging

to the class 8(2)

mon-+

e Every positive linear functional ¢ : & — C on a C*-algebra induces a non-linear
3-positive map ® : &/ — C given by ®(A) = |p(A)| that belongs to the class s

mon-+*

A map & : 2 C o — A is said to be superadditive on a subset 2~ of &7, which is
closed under addition, if

®(A+ B) > P(A)+ P(B)
for every A, B € 2 and it is strongly superadditive, if
PA+B+C)+P(A)>P(A+B)+P(A+O)

for every A, B,C' € 2.
It is knwon that [1] if ® : &/ — 2 is in the class Sggn+,
on 5274,_.

A map ¢ : 27 C o/ — A is called starshaped if ®(aA) < a®(A) for any A € 2" and
every « € [0, 1].
It is known that every starshaped function f : [0,00) — [0, 00) is superadditive. However,
the converse of this statement is not true, in general. The next theorem shows that the
strong superadditivity of a continuous positive map ® (with ®(0) = 0) on a subset 2~
(closed under addition) of &7, implies the starshapeness of ® on the 2.

then it is strongly superadditive

Theorem 2.2. Let o/, & be two C*-algebras. If & : o7 — A is a continuous (non-linear)
positive map, which is strongly superadditive on any subset Z  (closed under addition) of
oy, then the following statements are equivalent:

(i) (0) =0,
(i) ®(aA) < a®(A) for every a € (0,1] and A € X,
(iii) ®(aA) > a®(A) for every a € [1,00) and A € 2.

In [1], the authors presented the relation between the n-positivity, homogeneity and the
linearity of some positive mappings between C*-algebras. If ® : &/ — % is a continuous
unital 3-positive map between unital C*-algebras, which is in the class S ) and ®(0) =0,

mon-+
then

1. if ®(al) = al for some a € C; URy, then ®(aA) = a®(A) for every A € o7,
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2. if ®(al) = al for some a € C;URy with |a| # 0,1, then ®(A+B) = fP(A)+P(B)
for every f € Ry and A, B € &,

in which C; = {z € C: |z| < 1}. Moreover, if either ® is 6-positive or in the class Sr(fgn 4
then

1. if ®(al) = ol for some a € C;UR, with |a| # 0,1, then ®(SA+B) = fP(A)+P(B)
for every B € R and A, B € &,

2. if ®(21) = z I for some z € C with Im(z) # 0 and |z| < 1, then @ is linear on <.

The following examples show the necessity of some hypotheses in the above facts.

1
Example 2.3. (1) Consider the map ¢ : C — C defined by ¢(z) = z|% + \z\% +1). It is

3
known that ¢ is a 3-positive map and ¢ € Sl(fgn + (see [4, Theorem 5.1]). Evidently, there
exists a number z € [1.1,2] such that ¢(z) = z. However, ¢ is not additive on positive
numbers.

(2) Let (<, || - ||) be a unital C*-algebra. According to [1, Corollary 3.6], we see that || - ||
is not a 3-positive map in the most C*-algebras. For every a > 0, we have ||al|| = « while

Il - || is not additive on positive elements of <7, in general.

(3) The map |- | : C — C is a 3-positive map in the class Sr(f())nJr. However, | - | is not
6-positive, nor is in the class Sr(fgn +- For every o > 0, we have |af| = o, but |- | is not

additive on C, see [1].

We aim to give the relation between n-positivity and the continuity of a positive map
between C*-algebras. It is known that (see [5]) if & : &/ — 2 is a 2-positive map between
C*-algebras, then

D(AB) < B(A)i%(B)
for every A, B € o/, .

Theorem 2.4. Let o/ be a unital C*-algebra and % be a C*-algebra. If ® : of — B is a
2-positive map, then

s.0. — lim ®(A+¢el) = ®(A)
e—0
for every A € o7, , where the convergence is in the strong operator topology.
We have the following theorem.
Theorem 2.5. If ® : &/ — A is a positive map between C*-algebras in the class S§3n+,
then ®(<Z, || - ||) = (A, | - ||) is continuous.
3 Conclusion

Some results about positive linear maps between C*-algebras are still valid for non-linear
positive maps if they are n-positive for some n € N. Moreover, for a certain class of
positive maps, in order to be homogeneous and linear, it is sufficient to investigate the
homogeneity at only one scalar.
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Abstract

Feature selection problem is an important issue in both data clustering and data
classification. This paper introduces a supervised framework for the task of feature se-
lection. The proposed method is built based on applying the information gain method
into the framework of maximizing relevancy, and aims to reduce the redundancy be-
tween the selected features by using the idea of maximum projection and minimum
redundancy. Several experimental results on seven well-known microarray datasets
demonstrate the promising performance of the proposed method over some state-of-
the-art methods in this area.

Keywords: Machine learning, Supervised feature selection, Information gain, Maxi-
mum projection, Minimum redundancy

Mathematics Subject Classification [2010]: 62H30

1 Introduction

Dimensionality reduction, known as a challenging subject in machine learning, has deliv-
ered innumerable magnificent achievements over the past decades. It is noticeable that
a major category of problems regarding dimensionality reduction has formed based on
feature selection methods and related conceptions. In specific, these methods determine
the most representative features of the original feature space with respect to a selection
criterion [1].

During past years, a variety of techniques have been developed to characterize feature
selection problems. As an excellent example, the information gain (IG) method can be
mentioned which is a particularly prevalent attribute evaluation method that has found
widespread application in the context of feature selection [1,2]. The IG method works as
a univariate filter which ranks all the features in order of importance. In the next step,
the archetypal features are selected by the IG method according to a certain threshold.
Another notable example is matrix factorization-based approaches that have been widely
employed in the frame of feature selection problem. In [4], Wang et al. have propounded
a novel unsupervised feature selection method via matrix factorization (MFFS) which was

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: fdsaberi@gmail.com
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based on the subspace distance and made use of a especial matrix factorization criterion.
According to the notion of projection, Wang et al. [5] have introduced another feature
selection method via maximum projection and minimum redundancy (MPMR) in such a
way as to find non-redundant features from the whole feature set.

Most of the existing research works in the field of feature selection have been con-
structed by using some fundamental aspects such as the matrix factorization technique
and the geometric information of data. In addition to these considerations, another view-
point would be important to formalize the feature selection problem. This viewpoint is
referred to the concept of linear independence. To be more specific, for a given set of fea-
tures like microarray high-dimensional datasets in which the number of features is larger
than the number of samples, it may be possible to express one feature as a linear combina-
tion of the other features. As a novel feature selection method, Ebrahimpour et al. [2] have
applied the notion of linear independence to derive a supervised feature selection method
for determining representative non-redundant subsets of features in microarray datasets.

In this paper, motivated by the idea of MPMR to eliminate redundant features, and
taking advantage of the IG method to maximize relevancy, we propose a supervised feature
selection method in which the impact of selecting linearly independent subsets of features
on the feature selection problem is considered. In order to evaluate how well the theoretical
results are effective to perform simultaneously dimensionality reduction and classification
tasks, the algorithms are compared with several well-known supervised feature selection
methods through microarray high-dimensional datasets.

2 Notations

In the present paper, we indicate scalers by italic lowercase letters such as x; vectors by
bold lowercase letters such as x; matrices by bold uppercase letters such as X; and sets
by italic uppercase letters such as X. Throughout this paper, X = [x,...,x4] € R"*¢
is the data matrix associated with the original feature set {xi,...,x4}, where n is the
number of samples, and d is the number of features. For simplicity, the submatrix of X
associated with a feature subset X is denoted by the n x k matrix X, where [ is the
index set of selected features, and |I| is the number of elements in the set I. In addition,
|X||# denotes the well-known Frobenius norm of X, the transpose of X is denoted by X*
rank(X) indicates the rank of X, XT denotes the Moore-Penrose pseudo-inverse of X, and
span(X) is the set of all possible linear combinations of the columns of X.

3 Maximum projection and minimum redundancy

In recent times, the concept of maximum projection and minimum redundancy (MPMR)
has been introduced by Wang et al. [5] for constructing an unsupervised feature selection
algorithm. The procedure of feature selection based on MPMR is described in Algorithm
3.1. Tt is worthwhile pointing out that the main idea behind of MPMR is that minimizing
the redundancy of the selected features is equivalent to keeping them close to orthogonality;
for more discussion on the mechanism of MPMR, the reader is referred to [5].

Algorithm 3.1. Feature selection based on MPMR.

Input. Data matrix X = [x1,...,%X4] € R™*? and the number of selected features k.
1. X; = {x;,} and I = {i1} such that i; = argmin, ||X — x;(x} %;) %} X|| ;
2. for j=2,...,k do
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3. X1+ XjU{x;,} and I <= I U{i;} such that i; = argmax; ||Y;||r in which Y is the
ith column of Y = X — X (XTX)IXTX.
4. end for
Output. An index set of the selected features I C {1,...,d} and |I| = k.

In the rest of this section, it can be demonstrated that if Algorithm 3.1 proceeds k
steps, then the selected features form a linearly independent subset of original features.
Here, it should also be noted that since microarray datasets used in this paper are of full
row rank and n < d, it is assumed from now on that rank(X) = n.

Theorem 3.2. Let X = [x1,...,%q] € R™ be a data matriz such that rank(X) = n.
Assume that Algorithm 3.1 proceeds k steps and k < n. Then, the set {Xj,,...,X; } is a
linearly independent subset of the original features.

Proof. Suppose that x;, # 0 has been chosen such that i; = argmin; || X—x;(x7x;)Tx? X .
Let I = {i1} and define P; = X;(X¥X;)TX7T to be the orthogonal projection of X;. If
we set Y = X — P;X, then it can be verified that Y;, = 0. From this fact and the
assumption that rank(X) = n, we can select a vector x;, not only x;, ¢ span(x;, ), but
also x;, = argmax; ||Y;||r. Therefore, X; = {x;,,x;,} is a linearly independent subset of
X. By continuing in this fashion, we are able to construct a linearly independent subset
X]:{Xil,...,xin}OfX. L]

4 Main results

In this section, the details of the proposed supervised feature selection via information
gain, maximum projection and minimum redundancy (SF-IG-MPMR) are described. The
proposed SF-IG-MPMR method consists of two steps:

1. The pre-processing step. As it can be seen from Algorithm 3.1, in case the value
of d is large, then this algorithm may be very expensive. For instance, the first step
of Algorithm 3.1 requires to compute the Moore-Penrose pseudoinverse of XiTxi for
i=1,...,d. In order to get rid of this difficulty, Algorithm 3.1 can be modified in
a way that not only does its computational complexity reduce, but also a subset of
features is selected with the aim of maximizing the relevancy. To achieve this goal,
in the pre-processing step, we propose that the information gain method should be
applied so as to assign a specific rank to each feature and to select features according
to an ordered ranking of all the features. Afterwards, in lieu of the original features,
the top-p ranked features are selected. In fact, the following procedure is performed:

Input. Data matrix X = [x1,...,%4] € R"¢ and the parameter p.
1. fori=1,...,d do
2. IG(7) «— Information gain (IG) score for the ith feature.
3. end for
4. Arranging the IG scores in descending order.
5. X"V +— Rearranging the features in X in terms of sorting order. Set X"V =
[TV, x5, x Y

Here, it should be highlighted that according to the results given in [3], the value of
p in this paper is selected to be equal to 2n.

2. The feature selection step. In this step, a linearly independent subset of features
is selected from the top-p ranked features that obtained from the pre-processing
step. Note that this selection procedure is guided by Algorithm 3.1. In this way, it
is expected that the redundancy among the selected features is significantly on the
decline due to the fact that they are linearly independent.
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5 Experimental results

In this section, some experiments are performed to study the effectiveness of the proposed
SF-IG-MPMR, method. This method is also compared with seven feature selection algo-
rithms, and the obtained results of the empirical experiments on a set of seven widely-used
binary microarray datasets are presented. The detailed characteristics of the datasets are
summarized in Table 1.

Table 1: Statistics of the seven binary microarray datasets applied in the experiments [1].

Brain CNS Colon DLBCL GLi85 Ovarian SMK

# Samples 21 60 62 47 85 253 187
# Features 12625 7129 2000 4026 22283 15154 19993

5.1 Comparison methods

In recent years, some feature selection methods have been suggested in the subject of
microarray datasets. Several commonly used instances of such methods applied in this
paper are as follows: IG, ReliefF, MRMR, SVM-RFE [1], RREFS [2], SFS-BMF1 and
SFS-BMF1 [3]. Furthermore, “No-FS”, mentioned in our experiments, refers to the case
in which no feature selection algorithm is used.

5.2 Experimental settings

There is a parameter that is required to be set. For the SF-IG-MPMR, SFS-BMF1 and
SFS-BMF1 methods, the number of selected features, k, is tuned from {5, 10, 15,20} for all
the datasets. For the rest of the feature selection methods IG, ReliefF, MRMR, SVM-RFE
and RREFS, the values of the parameter k are considered as suggested in the original ref-
erences [1,2]. In addition to this, three well-known classifiers C4.5, Naive-Bayes and SVM
are adopted to assess the classification performance of the feature selection algorithms.
Moreover, the 5-fold DOB-SCV technique is utilized in order to improve the performance
of the algorithms. For all the feature selection methods considered in the experiments,
the best results of the optimal parameters in terms of the classification performance are
reported. Moreover, the experiments are run 10 times and averaged.

5.3 Measures for evaluation

In order to have a fair criterion to assess the performance of the feature selection algo-
rithms, four well-known measures are occasionally applied: sensitivity (Se), specificity
(Sp), G-mean and accuracy (Ac) criteria. These criteria are defined as:

TP TN TP + TN
= — = —_——— - — A -
= TP EN’ P T TN Epr Ormean=VSexSp, A¢= e Te TN

where TP, TN, FN and FP indicate true positives, true negatives, false negatives and false

positives, respectively.

5.4 Results and analysis

This subsection discusses a number of empirical results associated with the performance
of the SF-IG-MPMR algorithm and presents comparisons of these results with those of
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the methods indicated in Subsection 5.1. It is notable that the number 50 assigned to IG,
ReliefF, and SVM-RFE, and the number 10 assigned to MRMR refer respectively to the
top 50 and 10 features in relation to the ranking techniques employed by those methods.

It is apparent that feature selection strategies specifically aim at deciding which fea-
tures are the most representative of the whole feature set in terms of their information
content. In this regard, the number of selected features do count for feature selection
methods. The results of this measure for various methods are reported in Table 2. Con-
sidering the data in Table 2, it is crystal clear that the SF-IG-MPMR method has the
ability to omit more than 99% of all the features. Furthermore, the number of features
selected by SF-IG-MPMR is almost by far the smallest compared to that number for the
other methods.

Table 2: Number of the selected features.

Methods Brain CNS Colon DLBCL Gli85 Ovarian SMK
1G-50 50 50 50 50 50 50 50
ReliefF-50 50 50 50 50 50 50 50
SVM-RFE-50 50 50 50 50 50 50 50
MRMR-10 10 10 10 10 10 10 10
RREFS 20 48 50 38 68 202 150
SFS-BMF1 5 20 5 20 20 20 20
SFS-BMF2 5 20 5 20 20 20 20
SF-IG-MPMR (Ours) 5 5 5 5 5 5 5

In order to illustrate the effectiveness of the proposed method, the average performance
of the three classifiers for different feature selection methods is illustrated in terms of the
evaluation measures Ac, Se, Sp and G-mean in Figures 1 and 2. It is worthwhile to note
that the higher the Ac, Se, Sp and G-mean values are, the better the classification results
will be.

In Figure 1, the x-axis indicates the measures Ac, Se, Sp and G-mean, and the y-
axis represents the obtained values of these measures for the different feature selection
methods. In Figure 2, the z-axis indicates the different feature selection methods, and the
y-axis represents the values of the measures Ac, Se, Sp and G-mean which are indicated
by the blue, purple, green and red colors, respectively.

0.9
0.8
1 “ I‘ IO
0.6
AC Se Sp

G_mean
u NO-FS u1G-50 ReliefF-50 SVM-RFE-50 u MRMR-10

H RREFS W SFS-BMF1 W SFS-BMF2 B SF-IG-MPMR (Ours)

Figure 1: Bar chart of the average values of the measures Ac, Se, Sp and G-mean for the
three classifiers C4.5, Naive-Bayes and SVM on microarray datasets after performing the
DOB-SCV method with 5 folds. Note that the higher the Ac, Se, Sp and G-mean values
are, the better the classification performance will be.

Figures 1 and 2 demonstrate that except for the SFS-BMF1 and SFS-BMF1 methods,
the SF-IG-MPMR method produces the better results in comparison with the other meth-
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Figure 2: Bar chart of the average values of the measures Ac, Se, Sp and G-mean for the three
classifiers C4.5, Naive-Bayes and SVM on microarray datasets after performing the DOB-SCV
method with 5 folds. Note that the higher the Ac, Se, Sp and G-mean values are, the better the
classification performance will be.

ods in terms of the aforementioned measures. Moreover, the performance of SF-IG-MPMR,
is almost the same as that of SFS-BMF1 and SFS-BMF1.

6 Conclusion

In this paper, a novel supervised framework for feature selection has been proposed. This
approach is grounded on maximizing relevancy and reducing redundancy among selected
features according to the use of information gain method. Experimental results on seven
well-known microarray datasets show the superiority of the suggested method over some
baseline methods.
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Abstract

In this work, we applied a new method for solving linear weakly singular Volterra
integral equations. We begin the theoretical study with the acquires of the variational
form, and we also use the finite element method to approximate our problems. We
estimate the error of the method by proving some theorems. Moreover, in the final
section, we present some numerical examples.

Keywords: Singular integro-differential equation, Finite element, Error estimation
Mathematics Subject Classification [2010]: 45D05, 65L60

1 Introduction

In subject finite element methods for differential equations and integral equations, many
authors have to work for example in [5]. In this paper we used of adaptive finite element
method (FEM) and Lagrange polynomials to obtain an approximate solution for linear
weakly singular Volterra integral equation as follow:

u(z) / Wa:—t ), 0<a<l, (1)

that W(x,t) and f(x) are known continuous functions, and u(z) is a unknown function.

2 Finite element method

First, we obtain weak and variational form of the equation (1), for this purpose we show
bilinear form with B: VxV — R and L : V — R is a linear functional, and V= H%(Q) =
Ly(€2), that Q = [a,b] C R is an infinite dimensional space, and for all arbitrary function
v(z) € V we have where

B(u,v) =L(v), and L(v /f

Blu,v) = /Q w(z)v(z)dz — / / Wz )dt)d (2)

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: erfaniyan@uoz.ac.ir
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thus

/ Wxt )—i—ﬁw())dtdx

B(7u+ﬂw,v)=/g(7“+5w) v@ dx_/ -

=vB(u,v) + fB(w,v),

then, B is a bilinear form. Consider {¢;}" ;, is a set of basis continuous piecewise Lagrange

polynomial functions of degree at most m, and V;, = span{¢1, ¢, ..., pn}, and
¢i(wj) = 0ij, i,7=1,2,...,N.

For up(z) and vp,(x) we have

= wdi(x),  walx) =) bgs(x), (3)
i=1 J=1

hence, by substituting (3) in variational formulation we have

Zb{zaz{/@ Do~ [ o[ L a0 o)
- [ 1@y = o (4)

Since, b;, j = 1,2,...n, are arbitrary, we have

az{ [ serssarin ~ [ oyt [ D oty de) )

~ / F(2)65(x)d} = 0. (5)
Q

Now, we define

Cii— /gbz 2)é; (@ /¢] / )tlcb,-(t)dt)d:z, ii=1.2,n  (6)

and

thus
Zowaz =F, j=12,..,n, (8)
then from system (8) for F = [F}, [, ..., F,]7, we have
CTA =F, (9)
that,

A = a1, a2,....,a,)",  C=[Cy), for i,j=1,2,..n

By solving of the system (9), we can obtaine approximate solution of equation (1).
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3 Error Analysis

In this section, by using the theorem, we get an upper bound for the error of our method,
and we proved the order of convergence is a O(h¢). For this purpose, suppose that V and
B are a Hilbert space and symmetric respectively.

Definition 3.1. If B is a V-elliptic bilinear form, then an inner product energy is a
(,,.) : VXV — R and the energy norm as

2
HUHE = (U, U)B = B(’LL, U)v
Definition 3.2. For operator II : V — V), projection operators as ITu = ap, = > | a;¢i(x).

Theorem 3.3. Let o« > 0, then bilinear form B, defined by (2) is a V-ellipticity and
equation (1) has a unique solution, and order of convergence is a O(hS).

Proof. From equation (2) we have

uv|_\/ d:v—/ /W ©) bz,

with using of the Cauchy-Schwarz inequality and Le-norm, we have

b x u(t)
1B 0)| < el el + W] [ ota) [* v

b
1
= Nz + W1 [ o@otnn) [ ot pnataa
< Nl e + W1 / ulne) g (o — 1)~ {3 da
< il + L) [ oyt
W(b—a)l—e

< (1+ ?)HUHL?(Q)HUHL?(Q)

where
W =max|W(x,t)|, =z € la,bl,and t€ [a,x], (10)

then B is a continuous. Furthermore, we proved V-ellipticity of B, for this purpose we

have
B(v,v):/Qv()( dx/Q / W:U_t dtdx

> ol 30 —W(M)H 0l = )l e (1)

then B(v,v) > (n )HUHL () or B(v,v) > aHvHL , where

(b _ a)l—a

=1—
n W( T—a

);

if n > 0, thus B is a V-ellipticity, therefore, by using of Lax-Milgram theorem we proved
the equation (1) has a unique solution. Suppose uy, is an approximate solution, so we have

B(u, Uh) = l(vh), B(uh,vh) = l(vh), Yoy, € Vy,. (12)
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If e = u — uy, that u are an exact solution of equation(1), then
B(e,vp) =0, Yo, € Vy,. (13)
By Schwartz’s inequality, and relation between energy norm and inner product we have
[B(v,w)| < |[|v]|gl|lwl[z,  Vv,weV, (14)

by using of (13) we have (e, v,)p = B(e,vy) = 0. Therefore, e is an orthogonal for any vy,.
By using of Cea’s Lemma [?], and for each particular oy, in V},, and

|lu = up||p = min{[|lu — vn||E; vh € Vil

we have inf ||u — vp||lv < ||u — Op||v, if Uy, is equal to ayp, then ||u — u||ly < c||u — aplly, if
we get an upper bounded for the interpolation error, we have

|u—aplly < eMRB?, B >0,

and c is independent of h, therefore
CM

Thus h — 0, and the order of method is a O(h?). O

4 Numerical Examples

Example 4.1. Consider the linear weakly singular Volterra integral equation:

o1 4
u(x)—/ u(t)dt:x—fm%, 0<z<1,
0 r—1t 3

with the exact solution u(z) = x.

By using Lagrange polynomials of degree 2, and M = 10, the results obtained are
presented in Table 1 and Figure 1. The global error of 2.37E — 10 is reported by authors
(See [2] for more details).

x FExact Numerical RBFmethod
0.1 0.1000000  0.1000000 0.0999932
0.2 0.2000000  0.2000000 0.1999937
0.3 0.3000000  0.3000000 0.2999908
0.4 0.4000000  0.4000000 0.3999884
0.5 0.5000000 0.5000002 0.4999836
0.6 0.6000000 0.6000005 0.5997819
0.7 0.7000000  0.7000006 0.6999698
0.8 0.8000000  0.8000017 0.7999591
0.9 0.9000000  0.9000040 0.8999434

1 1.0000000  1.0000091 0.9999249

Table 1: Numerical results for Example 4.1.
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Figure 1: Diagrams of exact and numerical solutions and graph of error for Example 4.1.

Example 4.2. In this example, we consider

—u(t)
4V — tdt’

0<x<1,

le) = @)+ [

corresponding to the following data

1—=x

3

f(z) = (1+:1:)771 +§—%arcsi (

);

1+x

1
Vitz®
By using Lagrange polynomials of degree 2, and M = 10, the results obtained are
presented in Table 2 and Figure 2. For comparison, we note that the error of approximation
using product integration method with step size 0.05 is about 1.0E — 7 (See [4] for more
details).

with exact solution u(z) =

x Exact Numerical RBFmethod
0.1 0.9534625 0.9534606 0.9535137
0.2 0.9128709 0.9128768 0.9128688
0.3 0.8770580 0.8770625 0.8770231
0.4 0.8451542 0.8451618 0.8451318
0.5 0.8164965 0.8165025 0.8165060
0.6 0.7905694 0.7905842 0.7905978
0.7 0.7669649  0.7669637 0.7669830
0.8 0.7453559  0.7453482 0.7453433
0.9 0.7254762 0.7254816 0.7254464
1 0.7071067 0.7071089 0.7071263

Table 2: Numerical results for Example 4.2.

5 Conclusions

In this paper, we used of adaptive finite element method and Lagrange polynomials to
solving one of the most important linear weakly singular Volterra integral equations that
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Figure 2: Diagrams of exact and numerical solutions and graph of error for Example 4.2.

very important in the concrete problem of mechanics or physics. First, we obtain a weak
and variational form of the equation (1), and with using the system (9), we can obtain an
approximate solution. In section Error analysis we proved B is a V -ellipticity and equation
(1) has a unique solution, and order of convergence is a O(h¢). In section Numerical
Examples, we have solved three problems considered from [2-4] the results obtained are
presented in Table 1, 2 and Figure 1, 2, the comparison of results confirms the better
accuracy with this method.
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Abstract

In this paper we present two types of positivity for matrices and the latest de-
velopment in matrix differential equations maintaining the positivity of the initial
condition. Two important types of positivity are Comlpete Positivity and Total Posi-
tivity. Matrix A is completely positive if it can be decomposed as A = BB”, where B
is a nonnegative matrix. A matrix is called totally positive if all minors of the matrix
are positive. Two square matrices are said to be Isospectral if they have the same
eigenvalues. In this paper we introduce a matrix differential equation that preserves
the positivity property of the initial matrix.

Keywords: Isospectral flow, Completely positive matrix, Totally positive matrix
Mathematics Subject Classification [2010]: 58J53, 15A18, 15B35, 15A24

1 Introduction

An isospectral matrix flow is charachterized by the following matrix differential equation

A
PO _ (p4).4) 40)= 40, 120, 0
where F'(A) is a matrix function and [X,Y] = XY — Y X is known as Lie braket. It can

be shown that the solution of this differental equations is
A(t) =U(@)AU(t) L. (2)

Therefore the solution A(t) and the initial matrix Ag are isospectral. Since the eigenvalues
of A(t) remain invariant, this implies such flows are interesting in the context of numer-
ical linear algebra. In fact, the suitably constructed isospectral flows give a continuous
realization process for a discrete algorithm. It is proved that Toda lattice at each integer
value of ¢ gives the iterates of the QR algorithm [5].

Isospectral flows are also a useful tool in studying inverse eigenvalue problems, for
example see Chu [3]: seeking a matrix of a given structure that possesses a specified set of
eigenvalues. Such problems are important in a wide range of applications, ranging from
the theory of vibrations to control theory, tomography, system identification, geophysics,
and particle physics [3]. It is natural to ask for what matrix function F'(A) this flow also
maintains the positivity properties of the initail matrix Agy?

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: kghanbari@sut.ac.ir
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2 Main results

In this section we state some latest developments in isospectral matrix flows for an specific
type of matrix function F'(A). For general type of F/(A) the problem is still open [3].

Theorem 2.1. Suppose F(A) = AT — A+, where A* is upper triangular part of A. If
Ap is symmetric and totally positive, then A(t) the solutions of the matriz flow (1) is
symmetric and totally positive. Morover o(A(t)) = o(Ay), [7].

We developed this result to nonsymmetric matrices as follows:

Theorem 2.2. Suppose F(A) = A, — Ay, where Ay, A; are upper and lower triangular
part of A, respectivly. If Ay is totally positive, not necessarily symmetric, then A(t) the
solutions of the matriz flow (1) is totally positive. Morover o(A(t)) = o(Ao), [4].

We also developed Theorem 2.1 for the set of completely positive matrices as follows:

Theorem 2.3. F(A) = AT — AY, where At is upper triangular part of A. If Ag
is symmetric and completely positive, then A(t) the solutions of the matriz flow (1) is
completely positive. Morover o(A(t)) = o(Ap).

3 Preliminaries and Definitions

In this section we introduce some preliminary materials used in the proof of the main
results.

Definition 3.1. Denote the set of eigenvalues of a matrix A by o(A). If A and B are
two square matrices with the same size such that o(A) = o(B) then A and B are called
isospectral.

For example if A is a given matrix then for eny nonsingular matrix P the matrices
PAP~! and A are isospectral. Note that the similarty transformation may change the
positivity propert of A.

Definition 3.2. The determinat of a square submatrix of a given matrix A with row
a={ag,az,--- ,ap} and column g = {f1, B2, -+, Bp} is denoted by A(«; 3). The matrix
A is called totally positive (TP) if all minors of A are positive. If all minors of A are
nonnegative then A is called totally nonnegative (TN).

Totall positivity arise in the study of in-line systems, rods, beams, Sturm-Liouville
differential equations, etc [5]. If we pick up a matrix randomly, it will NOT be TN or
TP, most probably. But there are some construction algorithms that we can construct TP
matrices using prescribed data (Inverse Eigenvalue Problems).

Definition 3.3. Matrix A is completely positive (CP) if it can be decomposed as A =
BBT, where B is a nonnegative matrix, i.e. all entries of B are nonnegative.

Definition 3.4. A semidefinite entrywise nonnegative matrix is called doubly nonnegatve.
It is clear that every completely positive matrix is doubly nonnegatve by definition.

Completely positive matrices arise in the study of block designs in combinatorics, in
probability, and in various applications of statistics, including a Markovian model for DNA
evolution [2].
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Definition 3.5. If A is an n x n matrix then comparision matrix of A is denoted by M (A)
and is defined as follows:

M(A)z{'“”"’ Woi=7
—laijl, if i#]

It is clear that every TP matrix is CP therefore we can construct CP matrices from
spectral data. But the reverse is not true. There are some criterion to detect TP and CP
matrices. For detailed and comprehensive knowledge on this topics refer to nice books [5]
for total positivity, and [2] for complete positivity. The number of minors to be checked
for totall positivity is too much. Ando [1] found a criterion that needs to check much
smaller set of minors for totall positivity. Let @, , denote the set of strictly increasing

sequence a = {1, @z, -+ ,ap} chosen from 1,2,3,--- ,n. Define
n—1
d(a) = Z(aiﬂ — Oy — 1),
i=1

and note that if &« € Qp, then d(o) = 0 iff 11 = ;s + 1, for i = 1,2,--- ,p — 1; i.e,
d(a) = 0 iff alphay,az, -+ ,qp consists of consecutive integers. We define Q9 = as the
subset of Q. consisting of those o with d(«) = 0. We state the following theorem of
Ando [1387].

Theorem 3.6. A € M, is TP if A(a;B) >0 foralla,F€ Q) , k=1,2,--- ,n.

k,n’

Theorem 3.7. If A is a symmetric and nonnegative and if its comparison matriz M(A)
18 positive semidefinite, then A is completely positive

It can be easily verified that a matrix isospectral flow may or may not preserve pos-
itivity property of the initial matrix Ag. We are interested in studying isospectral flows
that maintain poitivity properties of the initial matrix Ag.

Example 3.8. Consider the following isospectral flow where IV is a given constant matrix

dA(t
df‘) =[A,N]=AN — NA, A(0)= Ay, t>0.
It is clear that the solution is A(t) = e N Age!, so the flow is isospectral. If Ag is
positive semidefinite then so is A(). But for the case of Ag to be TP or CP then A(?) is
not TP or CP in general.

Example 3.9. [Toda Flow| Let Ay be a given completely positive having off-diagonal
entries positive that appear in discretization of Sturm-Liouville differential equation and
mass-spring vibrating system. By definition of completely positive matrix it is clear that
Ay is a doubly nonnegatve matrix. Consider the isospectral flow of the form (1) where A
is a tridiagonal matrix of the following form

aq bl 0
b1 a2 b2 O

A — 0 bg as b3 0
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The corresponding differential equation will be as follows:
ap = Q(bi—l - bi
bp = (aks1 — ap)be, k=1,2,---,n

where by and b, supposed to be zero. Let o(Ag) = {\i}l", thus all eigenvalues are
positive, therefore A(t) will be positive semidefinite since the flow is isospectral. Thus
ar > 0for k=1,2,--- ,n. Solving the second differential equation in the system above we
find

bi(t) = by, (0)el@+1(D=ax(®),

Computing the comparison matrix M (A) shows that M (A) is positive semeidefinite. Using
Theorem 3.7 shows that A(t) is completely positive. It can be checked that if Ay is TP
then A(t) also will be TP.

4 Conclusion

In this paper we introduced the concept of isospectral matrix flows. We presented an
isospectral flow that preserve the positivity property of the intial matix Aj.
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determinant’
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Abstract

In search of a method to generate matrices of order 2 with large positive integer
elements and having small determinant, we prove that for given positive integers d
and M there exist many infinitely matrices A = [a;;]1<i j<2 With integer elements
satisfying a;; > M and det A = d. Our proof, which is based on the theory of linear
Diophantine equations with two variables, has capacity to be followed numerically.
Hence, we present several practical examples of these conditional square matrices
running over a Maple code.

Keywords: Determinants, Linear Diophantine equation
Mathematics Subject Classification [2010]: 15A15, 15A12, 11Y50

1 Introduction

The question of the present paper arose to my mind when I was searching square matrices
with large positive integer elements and having small positive integer determinant. A
typical example is

det 10888869450418352160891456789 403291461126605623238321090 L)
20390342059236161031596777818  755197854045783718784086689|

Focusing on the case that matrices under study are of order 2, we prove the following
result.

Theorem 1.1. Given positive integers d and M there exists many infinitely matrices
A = [aj]1<ij<2 with integer elements satisfying a;; > M and det A = d.

We give the proof of Theorem 1.1 in the next section. Our proof based on the the-
ory of linear Diophantine equations with two variables, which is known in number theory
literatures (for example see Theorem 2.9 of [2]). The proof has capacity to be followed
numerically, hence we get a method to generate matrices with large positive integer ele-
ments and having small determinant. We will provide several methods of generation in
Section 3, running over a Maple code.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: mehdi.hassani@znu.ac.ir
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2 Proof of Theorem 1.1

Let

a a
A= 11 12 ]
a1 a2

We take a;; = M and a12 = M + 1, for which we observe that ged(M, M + 1) = 1 for

all integers M. Also, let ag; = y and age = x. Thus, the equality det A = d reads as the
following Diophantine equation

Mz —(M+ 1)y =d,

which has many infinitely solutions x = xg + (M + 1)t and y = yo + Mt with ¢t € Z, and
(x0,y0) is any particular solution of the equation. We observe that M (—d)—(M+1)(—d) =
d. Hence we may take xog = yo = —d. Thus, we obtain

r=(M+1)t—d, y=Mt—d, (teZ).

To realize the condition a;; > M, we take t > % to ensure that z,y > M. Hence, for
cach integer ¢ > 2 + | {2 | we have

M M+1
et —a (r+1y—d =
providing many infinitely matrices A = [a;;]1<; j<2 With integer elements satisfying a;; >
M and det A = d. Note that if d < M we can also take t = 1, still keeping positivity of
elements.

Remark 2.1. In the above proof, the generator elements a;; = M and a0 = M + 1
satisfy ged(ai1,ai2) = 1, to make sure that ged(M, M + 1)|d, and hence existing many
infinite solutions for the related Diophantine equation a11x — a10y = d. We may choose
generator elements a1 and a9 in other ways, for example as follows

(au =2M +1,a12 = 9M+4),
(@11 =5M +2,a12 = TM + 3),
(an =2M +3,a12 = 4M+5),

all satisfying the desired condition ged(ai1,a12) = 1. Another option to choose generator
elements a1; and a1z is to take two distinct large primes. Also, shifted factorials, n! £ m
for practical values of m,n € N are good choices to take large generator elements, but
here we should make sure that they are coprime.

3 Numerical Results

A Maple code to generate matrices A = [a;j]1<ij<2 With integer elements satisfying
a;; > M and det A = d is as follows.

restart:

with(LinearAlgebra) :

all:="here put the element all":
al2:="here put the element al2":
s:=[op(isolve(all*X-al2xY="here put d"))]:
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t:="here put t":
a21:=rhs(eval(s[2],_Z1=t)):
a22:=rhs(eval(s[1],_Z1=t)):
A:=Matrix([[al1,a12],[a21,a22]]);
Determinant (4) ;

As some numerical examples, we run the above Maple code with ¢t = 1, giving positive
elements, on several generator elements, mentioned in Remark 2.1.

Example 3.1. Let a11 = M and a0 = M + 1, with M = 299792458 and d = 2. We

obtain
dot 299792458 299792459 9
599584914 599584916
Example 3.2. Let a1 = 2M + 1 and a5 = 9M + 4, with M = 30! — 20! + 1398 and
d = 1. Note that we use factorials just to generate large numbers. We obtain

d 530505719624377251468600606722797 2387275738309697631608702730252586 1
530505719624377251468600606722799 2387275738309697631608702730252595|

Example 3.3. Let a;y =5M +2 and a12 = 7TM + 3, with M =27 — 1 and d = —1. We
mention that our method works for all integer values of d, including negative values. We
obtain

de 792281625142643375935439503357 1109194275199700726309615304700
792281625142643375935439503362 1109194275199700726309615304707

Example 3.4. Let a17 = 2M + 3 and a10 = 4M + 5, with M = 23" and d = 1. We obtain

de 4835703278458516698824707 9671406556917033397649413
4835703278458516698824708 9671406556917033397649415

We observe that in all of the above examples, elements in twice are close. To get
matrices with elements far from each other, we use shifted factorials n! + m for practical
values of m,n € N.

Example 3.5. Let a1 = 29! + 1398 and a9 = 30! — 13982020. We obtain

8841761993739841308210827683681  265252859812191058636308466017980

det 12122414446903775419930145354240 363672433407107530811944149365921

As another example, by taking a;; = 27! + 123456789 and a9 = 26! — 12345678910 we
obtain the equation (1).

4 Conclusion

In this paper we consider a kind of finding conditional square matrices, under certain given
conditions. Obtaining such conditional matrices seems to be useful to in specific problems,
when we wish to get expected results. Although, we considered matrices of order 2 with
large positive integer elements and having small determinant, the similar problem with
higher orders seems interesting and hard.
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Abstract

Let M,, be the algebra of all n-by-n real matrices. A matrix R € M, with
nonnegative entries is called row substochastic if each row sum is at most 1. For
z,y € R™, we say that x is row substochastic lower triangular majorized by y (write
as © <g y ) if there exists a row substochastic lower triangular matrix R such that
x = Ry. In this paper, the structure of all linear functions 7' : R? — R?, preserving
(strongly preserving) < are characterized.

Keywords: (Strong) linear preserver, Row substochastic matrices, Slt-majorization
Mathematics Subject Classification [2010]: 15A04, 15A51

1 Introduction

Recently, the concept generalized stochastic matrices has been attended specially and
many papers have been published in this topic. For example, one can see [1]- [3].
Throughout the article,
R™ denotes the set of all n-by-1 real vectors;
RS% denotes the collection of all n-by-n row substochastic lower triangular matrices;
{e1,...,en} denotes the standard basis of R";
A(ni,...,ngny,...,n;) denotes the submatrix of A obtained from A by deleting rows and
columns nq,...,n;
Ny, denotes the set {1,...,k} CN;
Al denotes the transpose of a given matrix A;
[T'] denotes the matrix representation of a linear function 7' : R” — R™ with respect to
the standard basis;
C(A) denotes the set {> /", Nia; |[meN, A\; >0, 37" N <1,a;, €A, ie Ny}, where
A CR"™
A linear function 7' : R™ — R" is said to be a linear preserver (strong linear preserver)
of ~ if T'(x) ~ T(y) whenever z ~y (T(z) ~ T(y) if and only if x ~ y).

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: a.ilkhani@vru.ac.ir
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2 Main results

In this section, we will characterize all linear functions that preserves (strongly preserves)
slt-majorization on R2.

Definition 2.1. A matrix R with nonnegative entries is called row substochastic if all its
row sums is less than or equal to one.

Definition 2.2. Let z,y € R". We say that z slt-majorized by y (in symbol z < y) if
x = Ry, for some R € RSY.

We bring the followings with no proof.

Lemma 2.3. Let x = (x1,...,2,)% vy = (Y1,..-,yn)t € R™. Then z <y y if and only if
z; € C{y1,...,yi}, for alli € N,,.

Lemma 2.4. Suppose T : R" — R” is a linear preserver of <g;. Assume that S : RF —
R* is the linear function with [S] = [T](k +1,...,n). Then S preserves <g; on RF.

Proof. Let 2’ = (z1,...,2)L9 = (y1,...,yx) € R¥ and let 2’ <y y'. Then, by Lemma
2.3, x:=(21,...,2%,0,...,0)" <sp v := (Y1,..,Yx,0,...,0)" € R" and hence Tx <y; Ty.
This implies that Sa’ < Sy’. Therefore, S preserves <g; on RF. O

Lemma 2.5. Let T : R" — R"™ be a linear preserver of <g;. Then [T is lower triangular.

Proof. Let [T] = [a;;]. Use induction on n. For n = 1, there is nothing to prove. For
n > 2, assume that the matrix representation of every linear preservers of <g; on R" ! is
an upper triangular matrix. Let S : R®™1 — R"! be the linear function with [S] = [T](n).
By Lemma 2.4, the linear function S preserves <g; on R"™!. The induction hypothesis
insures that [S] is an n — 1 x n — 1 lower triangular matrix. So it is enough to show that

A1y = A2 = +++ = Ap—1n, = 0. Put x = e, and y = e,,—1. Then z <4 y and hence
Tx = (a1n7a2na cee 7an71naann)t <sit (07 cee 7O>an71nflaannfl)t = Ty. By Lemma 2.3, it
implies that a1, = a9, = -+ = an—2, = 0. So it is enough to show that a,_1, = O.

Assume, if possible, that a,_1, # 0. Without loss of generality, suppose that a,_1, = 1.
We consider two cases.

Case 1. ap—1p—1 # 0. Let x = e, and y = ——e,_1 + e,. So x <g¢ y and hence
Gp—1n—1
Tx <4 Ty. It follows that 1 = 0, which is a contradiction.

Case 2. ap_1p-10. Let x = e, and y = e,,—1. We see x <4 y and hence Tx <y Ty. It
implies that 1 = 0, a contradiction. Thus a,_1, = 0 and hence the induction argument is
completed. Therefore, [T] is an lower triangular matrix. O

2.1 Slt-Majorization on R?

Here, we obtain the structure of all linear functions 7 : R? — R?, preserving <.

Theorem 2.6. Let T : R? — R? be a linear function. Assume [T] = [a;;]. Then T
preserves =gy if and only if one of the following holds.

@m= (49

asny 0

aill 0 t

(b) [T] = 0 q , aga # 0, and (0, az2,a11)" is monotone.
22
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Proof. If T preserves <, Lemma 2.5 ensures that [T is lower triangular. If age = 0, then
we have (a). If aga # 0; Without loss of generality assume that aze = 1. We cliam that

-1
as1 = 0. If as; # 0; Set * = e and y = —e; + e3. We observe that x < y, and then

a21
Tx <g¢ Ty. This shows that ac < 0.
We consider two steps.

Step 1. a;1 = 0. By putting x = e and y = —e1 + e, we obtain a contradiction.
a1

Step 2. a1; # 0. If ag; < 0 < ajp, set £ = (— — 1)e; —eg and y = —eg + agrea. We
a21

deduce that ajjag; > 0, a contradiction. If a;; < 0 < ag1, put © = (— + 1)e; + e2 and
a1
y = e; — ag1ea. We conclude that ajjae; > 0, a contradiction.

Thus, az; = 0. On the other hand, since ey <4 €1, we find 1 € C{0,a11}, and hence
(0,1,a11)! is monotone. We have (b).
To prove the sufficiency, let z = (z1,22)t,y = (y1,92)! € R? and let x <g; y. If (a)
holds, we see Tz <g; Ty. If (b) holds, we could suppose age—1. Then Tx = (a11$1,$2)t
and Ty = (a11y1,y2)!. As 9 € C{y1,y2}, there exist o, > 0, a + 3 < 1 such that
x9 = ay1 + Pyz. Thus, x9 = aar1(Ty)1 + B(Ty)2. We see that Tx <g; Ty. O

Lemma 2.7. Let T : R™ — R"™ be a linear function that strongly preserves <g¢. Then T
1s tnvertible.

Proof. Suppose that T(x) = 0, where x € R™. Notice that since T is linear, we have
T(0) =0 = T(x). Then it is obvious that T'(z) <z T(0). Therefore, z <4 0, because T'
strongly preserves slt-majorization. So = 0, and hence T is invertible. 0

The following theorem characterizes the linear functions 7' : R? — R? which strongly
preserves slt-majorization.

Theorem 2.8. A linear function T : R?> — R? strongly preserves <, if and only if
[T] = ala, for some a € R\ {0}.

Proof. First, suppose that T strongly preserves <g;. Lemma 2.7 ensures that T is invert-
ible and hence T'ea # 0. Theorem 2.6 ensures that

1= (0 )

and the vector (0,as2,a11)! is monotone.

One obtains
1 L0
7] =< )
0 &

Since T strongly preserves <, we conclude T~ is a linear preserver of <, and hence
the vector (0, é, ﬁ)t is monotone. Therefore, a1; = ags.
For the converse, assume that there exists o € R such that « # 0 and [T] = als. Thus,

[T)7! = L1I,. Then both of T and T~! preserve <g;, and therefore, T strongly preserves

T«

< glt- O

3 Conclusion

Recently, the concept generalized stochastic matrices has been attended specially and
many papers have been published in this topic. Due to the importance of the topic in this
article, we have focused on this topic.
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On semi-convergence of the improved symmetric successive
over-relaxation method for singular saddle point problems!

Mohammad Mahdi Izadkhah*

Department of Computer Science, Faculty of Computer and Industrial Engineering,
Birjand University of Technology, Birjand, Iran

Abstract

In this paper, we analyze the semi-convergence of the improved symmetric suc-
cessive over-relaxation method for singular saddle point problems. In fact, when the
(1,2)-block of the coefficient matrix is rank deficient, the saddle point problem is
singular. Here, we study sufficient conditions for semi-convergence of the improved
symmetric successive over-relaxation method.

Keywords: Saddle point problem, Iterative method, Semi-convergence, Improved
SSOR, Preconditioner

Mathematics Subject Classification [2010]: 65F08, 65F10

1 Introduction

Consider the following large and sparse saddle point problem

(B D)) o

where A € R™*™ ig a symmetric positive definite matrix, B € R™*™ is a rank deficient
matrix, p € R™, and ¢ € R™ with n < m. It follows that the coefficient matrix of the
saddle point problem (1) is singular.

The saddle point problems is crucially important in a variety of scientific and engineer-
ing applications [3]. Here we mention some applications of the saddle point problems like
mixed finite element approximation of elliptic partial differential equations, optimal con-
trol, computational fluid dynamics, weighted least-squares problems, electronic networks,
computer graphics and nonlinearly constrained optimization, and so forth [1,2,5].

When B in (1) is of full rank, a number of iteration methods and their numerical
properties have been discussed to solve the saddle point problem (1) in the literature,
such as SOR-like method presented in [1] and improved SSOR method given in [2].

Though most often the matrix B occur in the form of full column rank, but not
always in practise. For example, in the finite difference discretization of the Navier-Stokes
equation with periodic boundary conditions, B in (1) becomes singular [5]. In recent years,

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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there has been a surge of interest in solving singular saddle point problems (1), which some
of them are Uzawa-type method proposed in [5] and Uzawa-HSS method given in [4].

In this paper, the idea of the improved symmetric successive over-relaxation method is
established for the singular saddle point problems (ISSORS) of the form (1). We present
the semi-convergence conditions of the proposed ISSORS method. Finally, some conclu-
sions are presented.

2 Improved SSOR iteration method

In this section, we proposed improved symmetric successive over-relaxation method given
in [2] for solving saddle point problem (1). So, we consider the following splitting

A:D_Al_Aua (2)

A 0 -4 0 1A —-B
DZ(O @)’ Al:<32T ;Q)’ "‘“:<20 ;Q>’

for nonsingular and symmetric matrix ¢ € R™*™. Set

-1y 0 lr —_A-1p
L‘,:,DilAl: < _2 ), u:DilAu: < 2 )7 (3)
Q'BT iI 0 31

where

where [ is the identity matrix of the appropriate dimension.
Suppose that u*) = [m(k)T, y(k)T]T is the k-th approximation of the exact solution of
(1), then improved symmetric successive over-relaxation iterative method is obtained as

wkt3) = (I —wl) (1 — W) — wlh)u'® + w(l —wl)™'D7 1, (4)
w1 = (1 — @) (1 = w)T —wl)u®+2) 4 w(I —wtd) Db, (5)

So, based on Egs. (4) and (5) and assuming w # £2, the ISSORS method can be considered
as the following algorithm.

Algorithm 2.1. Improved SSOR iteration method

Given initial guess u(® = [T, (yONT|T. For k = 0,1,2,... until iteration se-
quence {[(z)T, (y*)T|T} is convergent, compute

1.yt = ) +2%r7waleT {$(k) +227%A71(p_3y(k))} _ %Q*lq.

9 k1) — %$(k) _ 22_%14—13 {y(k:+1) + %y(k)} + ﬁ—“’wA—lp.

3 Semi-convergence of the ISSORS

In this section, we discuss the semi-convergence of the ISSORS for solving singular saddle
point problem (1). The following Lemma provides the necessary and sufficient conditions
for semi-convergence of a stationary iterative method [4,5].

Lemma 3.1. Let G be a nonsingular matriz. Then, iteration scheme z*+1) = (k) 4
G(d — M;r(k)) used for solving singular linear system Mz = d is semi-convergent if and
only if the following two conditions are fulfilled
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(i) index(I — T) = 1, or equivalently, rank(I — T)? = rank(I — T), where T = I — GM
is the iteration matriz.

(i) The pseudo-spectral radius of T is less than 1, i.e.

v(T)=max{|A\|: AN € o(T) and \#1} <1,

where o(T) is the spectrum of the matriz T

Here we denote the null space of the matrix A by null(A). To analyze the semi-
convergence properties of the ISSORS iteration method for the singular saddle point
problem (1), we write the Algorithm 2.1 as

S(b+1) =) ()
(y“+” >::<y“)>_%g<b_J4<y@)>>’ (6)

G=w@-wI—-wld) (I -wL) D!

where

4w -1 16w2 -1 —1pT A4-1 _ _ 8w? -1 -1
— mA (2—0;)(4—0.}2)‘/4 BT B A (2—w)2A BQ (7)
48—ww2 Q_lBTA_l 24—7“2() -

By what mentioned above, we can obtain the iteration matrix of the scheme (6) as

T=1-GA
2—3w 8w? 4-1 —1pT 4o A—1 16w2 -1 —1pT 4-1
_ 2+w_f—4_w2A BQ~'B —mA B+WA BQ™*B*A™'B ‘
ﬁiww —lBT I — 48_ww2 Q—IBTA—IB

(8)

Now, we prove that the ISSORS iteration method is semi-convergent for solving the
singular saddle point problem (1) under some restrictions as in Lemma 3.1. It is neces-
sary to mention that, in this algorithm, the matrix ) is an approximation of the Schur
complement matrix BT A1 B [1,2].

Lemma 3.2. Let A € R™*™ be symmetric positive definite, B € R™*™ be rank deficient,
and QQ € R™"™ be nonsingular and symmetric. Then iteration matriz T of the ISSORS
method given in Eq. (8) satisfies

index(I —7T) = 1. 9)
Proof. Inasmuch as T =1 — GA in (8), so Eq. (9) holds if
null(G.A) = null((G.A)?),

where G is defined as in (7). It is obvious that null(G.A) C null((G.A)?).
Let z = [z], 2117 € R™*™ satisfies (GA)%x = 0. Denote y = (GA)z. So, we have

4w A-1 16w? -1 —1 T 4-1 8w? -1 -1
y = ( n ) _ mA o (27&22)(47(»2)‘/4 BQ™ B A _(27w)2A BQ x (10)
Yo 8w 2Q—IBTA—I Adw -1

(3 ()
-BT 0 xy )’
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This results in

_ [ 4 8w3 -1 —1RT
v = (3] - o AT BQ BT ) @y
4 -1 16w? -1 —1RT 4—1
2
yo = =522 Q 'BTr + £5Q 7' BT AT Bay.

Since G is invertible and (GA)y = (G.A)?z = 0, it holds that Ay = 0, i.e.,
Ayi +Bys =0, —BTy; =0. (13)

It is easy to get y1 = —A~'Bys. Then we obtain BT A™'Byy = 0. Therefore Bys = 0
and y; = 0. From Bys = 0, we attain x; = 22_—“’wA_1Bx2, that means yo = 0. Thus
y=(GA)x =0, ie.,

null((GA)?) C null(GA).

The proof is complete. O
Let the singular value decomposition of matrix B be as

Xy

B=U(B,,0)VT, &:(0

) 6:IRWLXT7 27‘ :diag(0'170'27...70'r) GRTXT‘, (14)

with U € R™*™ V € R™™ being two orthogonal matrices and o;(i = 1,2,...,7) being
singular values of B. We define
U 0
(U 0)

It is obvious that P is a (m + n) X (m + n) orthogonal matrix, and therefore we have the
orthogonal similarities

T=pPITP, A=UTAU, Q=V"QV. (15)

Hence 7 has the same spectrum as the matrix 7. Let [Qfl]i;m s stands for the submatrix
of @~! by considering rows i to j and columns from k to s(we use the notation [-], for the
case Hl:r,l:r)v

Lemma 3.3. Suppose A € R™™ be symmetric positive definite, B € R™*™ be rank
deficient. Let A and Q are defined as in (15). Assume that for B, defined in (14), all
etgenvalues of Q‘lBg’A_lBT are real and positive. Then, pseudo-spectral of the iteration
matriz T of the ISSORS method is less that one if

2
0<w< ——, 16
142/ (16)

where = p(Q 'BTA'B,).

Proof. Firstly, by definition of 7 in (15), it holds that

- T 732
T = A A , 17
( To1 T2 ) (7)
where
A 2 — 3w 8uw?
_ I, — T A-1o-1RBT
Th=gr g gV A BQTBU
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2 — 3w 8w? . A BT
= I, — ——— A7l B,,0 -1 r

2 — 3w 8w?
= Im—i

2+w (4—w?)

ATB Q7Y By, (18)

_— 16w?
2+ (2 —w)(4—w?)

2 R R T R
5 5)6(2 AT B0 ( % ) AY(B,,0)

dw - 16w? . . .
=(-———A"'B, A'B. O, BYA™'B,,0 19

UTA'BQ'BTA !BV

o dw 1T
= B
To1 5 + —VQ U

BT
:2—i—wQ < 0 >

= (G ), (20)

B 2+ w ]r+1,n,1:r Br

. 8w
_ -5 W 2VTQ_1BTA_1BV
—w

8uw? A BT a_
= n—mQ 1( OT >A 1(BTa0)

I — 25Q7",BYA7'B, 0
= 0 I . (21)

It follows from (18)-(21) that
) T 0
T = ( 0 ) / , (22)
[ Q_l]r—i—l,n,l:r BZ e

with

T:

24%)[@71]7“3? Ir g [Qil]TBrT;rlBr

Then from (22), v(T) = v(T) < 1 holds if and only if p(7) < 1. Note that 7 can be
viewed as the iteration matrix of the ISSOR iteration method [2] applied to the nonsingular
saddle point problem with the following coefficient matrix

A B,
-BI 0 )’
for the preconditioner Q = VZ'QV. One can finish the proof off by Theorem 2 in [2]. O

To present the semi-convergence properties of the ISSORS method, by making use of
the aforementioned Lemmas 3.2 and 3.3, we summarize and state following Theorem.

Theorem 3.4. Let A € R™*™ be symmetric positive definite, B € R™*™ be rank deficient,
and w fulfilled in (16) in Lemma 3.3. Then the ISSORS iteration method (6) is semi-
convergent for solving the singular saddle point problem (1).
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4 Conclusion

An extension of the improved symmetric successive over-relaxation method has been given
for singular saddle point problems. The method involves one preconditioning matrix for
clustering eigenvalues of the iteration matrix of ISSORS method. Furthermore, sufficient
conditions has been given for the semi-convergence of the proposed ISSORS method.
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Quasi invariant polynomials of a matrix!
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Abstract

Let n be a positive integer and A be a square matrix of size n, with entries in
a field F. A polynomial p € Flxy,...,2,] is called a quasi-invariant polynomial for
A if p(zA) is a constant multiple of p(x) where z is the vector (z1,...,2,). In this
article, we classify all quasi-invariant polynomials of a given non singular matrix A
when F' is algebraically closed and of characteristic zero. The classification is done by
constructing a canonical basis that will be made precise in the text.

Keywords: Linear algebra, Invariant polynomial, Jordan normal form, Quasi invari-
ant

Mathematics Subject Classification [2010]: 15A03, 15A23

1 Introduction

This article deals with the type of mathematics studied in 19th century by Cayely, Klein,
Hilbert, etc. see for example [2] and for a modern treatment [3].

Let F be a field and A is a square matrix of size n and entries in F', a polynomial
p € Flz1,...,xy,] is a quasi invariant for A if

p(zA) = cp(z)

for some fixed ¢ € F. For example a linear polynomial p(xz) = ajx1 + -+ + apx, is a
quasi invariant polynomial for A if and only if a = (a1, ...,a,)? is an eigen-vector for A,
that is Aa = ca for some ¢ € F. When A is a diagonalizabe matrix over F, then we will
get n linear quasi invariant polynomials pq, ..., p, this way corresponding respectively to
the eigen-values cy, . .., ¢, (with required multiplicities). It is easy to show that any quasi
invariant polynomial p, with p(zA) = ¢p(z), is written uniquely as

P=Y i it D
where for all (i1, ...,4,) that a;,_;, # 0, we have

Al =c
To classify all quasi invariant polynomials of a matrix A, one may replace A with a matrix

B = SAS~! similar to it. It is because, one has p(zA) = cp(x) if and only if ¢(xB) = cq(x)

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: ajafari@sharif.ir
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with ¢(z) = p(zS). Soif F is an algebraically closed field, we may without loss of generality
assume that A is in normal Jordan form. The examples below show that in absence of
diagonalizability, interesting phenomena can happen and we may get quasi invariants of
genuinely higher degrees. We use Jy, for the size n Jordan block with A on its main
diagonal and 1 on its off diagonal right below the main diagonal.

Example 1.1. If A = J, 3 then other than the obvious quasi invariant polynomial
p1(x1,x9,x3) = x3, the polynomial

p2(x1, w2, 73) = M3 — 21173) — T3
is also quasi invariant with pa(zA) = A\2pa(z).

Example 1.2. If A = J) 4 then other than the obvious quasi invariant polynomial p; = x4
and the polynomial py = (23 — 2z924) — ¥374 coming from Example 1.1, the polynomial

p3 = )\(—xg + 3xox314 — 3xlwi) — 21’2:@21 + x§x4
is quasi invariant with pz(zA) = A3p3(x).

Example 1.3. If A = diag(Jy, 2, J),2) is a square matrix of size 4 with two Jordan
blocks, then other than the obvious quasi invariant polynomials p; = z2 and ps = x4, the
polynomial pg = \jz124 — Aoxoxs is quasi invariant with ps(xA) = A Aaps(z).

Example 1.4. In Example 1.2 above, any polynomial p of the form
Z ai17i27i3p§1p22pé3

where i + 25 + 3i3 is a fixed integer k is quasi invariant with p(zA) = A*p(z). One might
conjecture that these are all quasi invariant polynomials for A, which is in fact wrong.
The following degree 4 polynomial p given by

)\3(—3x§x% — leazg + 833%304 — 18z 1202324 + 9$%$Z) + 3)\2(:5233% — 2:c§$3:1c4 - 3$1x§x4 + 6$1x2xi)
+ N(—braxiry + 8x327 + 3x12327) + 2002327

is quasi invariant with p(zA) = Ap(x). However it can not be written as a polynomial
in terms of p1,p2 and p3 . However it can be written as a rational function

=3+ pipaps + A3
p= 3 .
Ty

The goal of this article is to show that for a non-singular matrix, which we may assume
is in normal Jordan form

A =diag(Jx, mis- - Iagng)

withny > - >n >2>mn4 =---=mn =1and ! > 1, besides the obvious k£ quasi
invariant polynomials Ty, Tn,4nys - - - Tni+.tn, = Tn, one can add k — 1 extra explicitly
constructed quasi invariant polynomials of degrees 2 and 3 to get a set pi,...,pp—1 of
quasi invariant polynomials with p;(xA) = ¢;p;(x) for i = 1,...,n — 1 such that any quasi
invariant polynomial p(z) with p(zA) = c¢p(x) can be uniquely expressed as a rational
function . ,

DGy, i 1 PY Py

mi
Tnq

M
Tty

in—l

where for all 4y, ...,4,—1 with non zero a;, _;, , we must have ¢}' ...c,"7| are fixed inde-

pendent of 71,...,%,_1.
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2 Main results

In this section a canonical basis for a matrix A in a normal Jordan form will be constructed.
First we need few lemmas and conventions. The binomial coefficient (Z) is W
which is defined for all real numbers and n and all integers k£ > 0, we set (Z) to be zero if

k <O.

Lemma 2.1. Let A = Jy, and n > 1 is an odd number. Let m = "Tfl The polynomial

of degree 2

m 1
i
Pn—1= E E A N Ty 1 it jTn—j
i=0 j=0

Ay = (=) (2 @__jj__ll) " (m z_—]y_ 1>>

is a quasi invariant polynomial with p,_1(xA) = X2p,_1(z).

where

Proof. When A is applied to x, x; will be transformed to Az; + z;+1 where z,+1 := 0 by
convention. So in order to show p,_1(rA) = A?p(z) we need to show the following relation
holds for A; ;

Aij+ Aiv1j+1 + Aij1 =0

which is an easy consequence of the Pascal’s identity. O

Lemma 2.2. Let A= Jy, and n > 2 is an even number. Let m = ”TQ The polynomial
of degree 3

m

Pn—1= Z('rn*lgi - $nh1))‘Z
i=0
where
; m — m —
9i = (=1)'Tmy2n—i — ; ((l —j ﬁ1> + 2( i jj>> Tmt1l—itjTntl—j
and

i .
~ [T . ~fm—
hi=(m-+1+1) < ; >xm+1_ixn + E (m+14i—2j) ( i jﬁ]>xm+1_i+jxn_j

j=1
is quasi invariant for A, i.e. p,_1(zA) = Np,_1().

Proof. This is similar and a little more tedious than the previous lemma and will be left

to the reader. O
Lemma 2.3. Let A = diag(Jx, nys-- -, JIagn,) b€ a square matriz in Jordan normal form,
withny > - 2> >22>n41 =---=ni =1, then fori=1,...,l —1, the polynomials

Pn—i+i = Alxn171$n1+---+ni+1 - )\i+1xn1xn1+---+m+1fl
are quasi invariant polynomials for A with pp_i1;(xA) = MAip1p(z).

Proof. Easily checked by evaluating p,_;4;(zA). O
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Remark 2.4. These polynomials are extensions of the examples 1.1,1.2 and 1.3 of the
introduction.

To make the presentation a little easier, we will assume here after that all matrices are
non-singular, i.e. all eigen-values are non-zero. The ground field F' is also assumed to be
algebraically closed and of characteristic zero.

Theorem 2.5. If A is a Jordan block Jy, with X # 0, then if n = 1 or n = 2 and
quasi invariant polynomial p(x) with p(zA) = cp(x) is othe form > a;xi, where for all i
with a; # 0, X' = c. If n > 3, then we have invariant polynomials pa(Tn_2, Tn_2, Tn_3),
P3(Tp—3, Tn-2, Tn—1,Zn), dots, pn—1(x1,...,Ty) of degrees 2 and 3 alternatively constructed
from lemma 2.1 and lemma 2.2. for lower corner submatrices of A of sizes 3,4, ...,n that
together with p1 = x,, form a basis in the sense that any invariant polynomial p is uniquely
written as , }
2 Qityina P - Pt
z,

where —k + i1 + 2io + 3iz + 2i4 + 3i5 + ... is fized.

Proof. The case n = 1, is trivial. Now let n = 2. Assume that f(z1,22) =Y 1", aifcilxg”_i

is a quasi invariant polynomial of degree m, with f(Ax; + x2, Ax2) = cf(x1,x2). Assume
that the highest power of x1 in f is k. By comparing the coefficients of :U’fxgnfk of both
sides it follows that ¢ = A™. By comparing the coeffiecients of x’f_lwén_kﬂ of both sides
it follows that ar_1A\™ + kapA™ ! = ar_1A\™ and hence k = 0. This shows that z is a
basis for the space of all quasi invariant polynomials for A. Now we prove the theorem by
induction on n. It is easy to check that pi1,...,p,_1 are algebraically independent using
the fact each time a new variable appear in them. Let p(x1,...,2,) be a quasi invariant
polynomial, if x1 does not appear in p, then by induction p has the required represention
in term of p1,...,pp—2. If the power of z1 in pis m > 1, write p = > /" hi(z2, ..., zn)z]"
Then by comparing the highest power of 1 in both sides of p(xA) = cp(x) it follows that
hm(xA) = cA™™hy,(x). Note by the construction of p,—1 in lemmas 2.1 and 2.2, one has

Pn—1 = ax1z, + S(z2,...,Tp)

where 7 = 1 if n is odd and r = 2 if n is even, a is a non-zero element (since characteristic
is zero) and p,_1(xA) = A" p,_1(x). It follows that

q(z) = (azy)"p(x) = hin () (pn—1(2))™

is quasi invariant with g(xA) = ¢\"™"¢(z) and the power of z; is at most m — 1 in ¢(z).
So by induction (on highest exponent of x1), we can write ¢(z) in terms of py,...,p,—1 as
required in the theorem and then solving for p(x), the theorem will be proved.

O

Remark 2.6. There are many more examples of basis for A besides the one given in
Theorem 2.5. It can be shown that any basis can not have more than L"T_lj forms of
degree 2. In the construction given in the Theorem 2.5 this maximum number is achieved.

Theorem 2.7. Let A = diag(Jx, ny,---»Iaen,) b€ @ square matriz in Jordan normal
form, withn; > --->n >2>mn41 =---=n, =1 andl > 0. Then by the previous
theorem each Jordan block of size n; > 1 will give n; — 1 quasi invariant polynomials
and so together we get n — 1l quasi invartant polynomaials p1,...,pn—; and then by using
lemma 2.3 we construct [ —1 quasi invariant polynomials py_j11,...,pn—1 of degree 2. Let
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pi(xA) = ¢;ip(x). Any quasi invariant polynomial p(x) with p(xA) = ep(z) can be written
uniquely as
in—1

) ) i1
Z Qiyy.cin—1P1 -+ - Pp—1

mi my
R S

; ; ; ) ) i1 in-1 _ ymi my
where for all iy, ..., 1,—1 with non zero a;, .. ;,_, we must have ci' ...c"") = cA{"™" ...\

Proof. The proof of algebraic independence of p1,...,p,—1 is skipped. This can be done
using Jacobian criterion in [1]. Assume p(z) is a quasi invariant polynomial with p(zA) =
ep(z). If p(x) does not have x1, then by induction on n (size of the matrix), p(x) has
the desired rational expression. If n; > 2, then the same proof as before using p,,—1 will
reduce the power of z1 in p(x) and induction on the exponent of x; will finish the proof.
If nn =2, and all no = --- = ni = 1 then the statement of the theorem becomes trivial,
using a similar technique used in the previous theorem for n = 2. Finally if no = 2 (note
that n1 > na, so ng < 2) then one can use r = \jx124 — Aaxox3 to reduce the power of x;
in p(x). Let

m

p(x) = Z hi(xa, ... ,xn)xll

1=0

q(z) = (Mza)"p(z) — (Mz124 — A2T223)" I ()

is a quasi invariant polynomial whose z; variable has degree less than m. Due to the
restriction in space, we leave the details for a full version of this paper.
O

Remark 2.8. The introduction of quasi invariant instead of invariant has the benefit of
making the space in some sense finitely generated. Hilbert proved that for a finite group of
matrices the space of all invariant polynomials is finitely generated, however if the group is
not finite, for example a cyclic infinite order group generated by a non-singular matrix A,
this space is not in general finitely generated. A quasi invariant homogeneous polynomial
of degree d, is in fact an eigen-vector of the k fold Kronecker product of A with itself. So the
theory of quasi invariant polynomials is in fact an eigen-vector problem for all Kronecker
products of A with itself. In the literature there are results about the eigen-values of the
Kronecker products but very few results about the eigen-vector problem.
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Normalization method on max-plus algebra and its
application'

Sedighe Jmashidvand*, Fateme Olia and Shaban Ghalandarzadeh
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Abstract

In this paper, we introduce and analyze the normalization method for solving a
system of linear equations over max-plus algebra. We use this method to construct an
associated normalized matrix, which gives a technique for solving the linear system.
We present a procedure to determine the column rank and the row rank of a matrix.

Keywords: Semiring, Max-plus algebra, System of linear equations, Column rank,
Row rank

Mathematics Subject Classification [2010]: 16Y60, 65F05, 15A03

1 Introduction

Systems of linear equations play a fundamental role in mathematics problems. Solving
these systems is among the important tasks of linear algebra. We intend to present a
method for examining the behavior of linear systems and solving them over Max-plus
algebra. The first notion of a semiring was given by Vandiver [3] in 1934. A semiring
(S,4+,.,0,1) is an algebraic structure in which (S, +) is a commutative monoid with an
identity element 0 and (S, .) is a monoid with an identity element 1, connected by ring-like
distributivity. The additive identity 0 is multiplicatively absorbing, and 0 # 1. Note
that for convenience, we mainly consider S = (R U {—o0}, mazx, +, —00,0) which is called
“max —plus algebra” in this work. We want to solve the system AX = b, where A =
(aij) € Myxn(S), b € 8™ and X is an unknown vector of size n. To this end, we
present a necessary and sufficient condition based on the associated normalized matrix,
which is obtained from a proposed normalization method. Additionally, we introduce an
equivalent relation over matrices that implies the associated normalized matrix of a linear
system and each of its equivalent systems should be the same. As such, the solvability of
a linear system and its equivalent system depend on each other. Determining the column
rank and the row rank of a matrix is of particular interest in studying the behavior of
matrices. As a result of the normalization method, we are able to find the column rank
and the row rank of matrices over tropical semirings.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: sjamshidvand@mail.kntu.ac.ir
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2 Definitions and Preliminaries

Definition 2.1. (See [1]) Let S be a semiring. A left S-semimodule is a commutative
monoid (M, 4) with identity element 04 for which we have a scalar multiplication function
S x M — M, denoted by (s, m) — sm, which satisfies the following conditions for all
5,8 € S and m,m' € M:

1. (ss)Ym = s(s'm) ;
2. s(m+m/) =sm+ sm’;
3. (s+8)m=sm+ sm;
4. 1gm = m;
5. sOp = 0pg = Ogm.
Right semimodules over S are defined in an analogous manner.

Definition 2.2. A nonempty subset N of a left S-semimodule M is a subsemimodule of
M if N is closed under addition and scalar multiplication. The rank of a left S-semimodule
M is the smallest n for which there exists a set of generators of M with cardinality n.

Definition 2.3. (See [2]) Let M be a left S-semimodule. A nonempty subset A of M
is called linearly independent if o ¢ Span(A\ {a}) for any a € A. If A is not linearly
independent then it is called linearly dependent.

Definition 2.4. (See [4]) Let A € M;,x,(S). The right S-subsemimodule of M, «1(5)
generated by the columns of A is called column space and denoted by colrank(A). Sim-
ilarly, The left S-subsemimodule of Mj.,(S) generated by the rows of A is called row
space and denoted by rowrank(A).

The set of all m x n matrices over S denotes by My, «,(S). The matrix operations for
any A, B € My,xn(S), C € M,»;(S) and A € S can be considered as follows.

A+ B = (max(aij, bij))an, AC = (Iil%i((azk + ij))mxly and MA = ()\ + aij)an.

For convenience, we can denote the scalar multiplication AA by A+A. Moreover, max —plus
algebra is a commutative semiring, which implies A+ A = A + A.

we study the system of linear equations AX = b where A € M, (S5), b € S™ and X
is an unknown column vector of size n over max —pluse algebra, whose i—th equation is

max(a;1 + o1, a2 + T2, -+, i + Tp) = by

Definition 2.5. Let A, B € M, (S) such that A = (a;;) and B = (b;;). We say A < B if
and only if a;; < b;; for every i € m and j € n wheren = {1,--- ,n} and m = {1,--- ,m}.

Definition 2.6. A solution X* of the system AX = b is called maximal, if X < X* for
any solution X.

Definition 2.7. A vector b € S™ is called regular if b; # —oo for any i € m.
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3 Main results

In this section, we introduce a method, which we call the normalization method, for
solving a system of linear equations. Consider the system of linear equations AX = b,
where A = (a;;) € Myxn(S), b= (b;) is a regular m—vector over S and X is an unknown
n—vector. Let the j-th column of the matrix A be denoted by A;

Definition 3.1. (Normalization Method) Let A € M,,x,(S5) and A; € S™ be a regular
vector for any j € n. Then the normalized matrix of A is denoted by

A=A —A | A= Ao |- | A — 4, ],

where /Alj = W for every j € n.
Similarly, the normalized vector of the regular vector b € S™ is

~

b="b—b,

bitbo+-+bm
- .

As suc}l, we can rewrite the system AX = b as the normalized system AY = b, where
Y =(A; —b)+ X = (A; —b+x;)}_,, as follows.

where b =

AX =b = max(A1 + 21,42 +x0,--- , Ap, —i—l‘n):b

= max((A; — A1) + A} 4+ 21, (Ag — Ag) + Ay + 39, -+, (Ap — Ay) + Ay + 2,) =

= max (Al—b—i—fm) A2+(A2—i9+$2) , A +(A —b+$n)):5
= max A1+y1,A2+y2, ,fln—l—yn):i)

= AY =b.

(
(

= max(A; + Ay + 21, As + Ay + 19, A, + A, +xn):l§+l§
A, A
(

Hence y; < Ez — a;j for every i € m and j € n. Now, we define the associated normalized
matrix Q = (¢ij) € Mpmxn(S) where ¢;; = b; — a;j . We choose y; as the minimum element
of Q; (the j-th column of @), which we call the “j-th column minimum element”.

It should be noted that if a;; = —oo for some i € m and j € n, then we will not count a;;
in the normalization process of column A;, i.e.

A — ayj +agj + -+ ag-_1); + A1) T+ Ay
T m—1 :
As such, a;; = —oo and we set g;; := (—00)~ such that s < (—o00)~ for any s € S. Thus,

gi; does not affect the j—th column minimum element. Consequently and without loss of
generality, we assume that every column of the system matrix is regular.

Theorem 3.2. The linear system of equations AX = b has solutions if and only if there
exists at least one column minimum element in every row of Q.

Proof. Let the system AX = b has solutions. Suppose the i-th row of () has no column
minimum element for some ¢ €Em. That is y; < b; — a;; for every j € n, therefore the i-th
equation of the system AY =1b is

max(d;1 + Y1, @iz + Y2, - Gin + Yn) < bj.

Hence, the system AY = b and a fortiori the system AX = b have no solution, which is a
contradiction.
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Conversely, suppose that every row of the matrix () contains at least one column minimum
element, so for any ¢ € m there is some j € n such that y; = b; — @;;. Then

max(@;1 + Y1, @iz + Y2, 5 @ij Y, Gin + Yn) = bi

for every i € m. Thus, the system AY = b and consequently the system AX = b have
solutions. O

Remark 3.3. The solution of the system AX = b that is obtained from Theorem 3.2 is
maximal.

Example 3.4. Let A € My5(S). Consider the following system AX = b:

165 57 72 -7 0 102
141 64 48 3 -1 || "] | w®
137 101 46 0 2 BT 76

~9243 98 —206 156 -5 i‘; 160

By Definition 3.1, the system AX = b is rewritten as the normalized system AY = b:

115 —23 82 45 1 y1 )

91 —16 58 —35 0 20 26

87 21 56 —38 3 Y31 = | _o8
~293 18 —196 118 —4 zg 56

Note that the j-th column of A is A; = (a;; — A;)A,, forany 1 < j < 5and b = (b;—b)%,,
where Ay =50, Ay =80, A3 = —10, Ay =38, A5 = —1, b= 104. Now, we can build the
matrix Q = (gij) € Muxs(S), with ¢;; = b; — a;; as follows.

—117] 21 [-84] 43 -3
—117] —10 |-84] 9 = 26 |
—115 [—49] [-84] 10 [-=31] |’

349 38 252 | —62 60

where the minimum column elements are boxed. Since every row of @ contains at least
one of these minimum column elements, due to Theorem 3.2, the system AY = b has the

maximal solution Y*:
—117

—49
Y*=| -84
—62
-31

Hence, the system AX = b has the maximal solution X™*:

—63
—25

Wherea:;‘f:y;—/ij—i—l;, forany 1 <7 <5.
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Normalization method on max-plus algebra and its application

3.1 Solving equivalent systems of linear equations

Definition 3.5. Let A, A’ € M,,x,(S).We say A is equivalent to A’ if there exist nonzero
coefficients a1, ag, - -+, € S such that A;- = A; + «; for any j € n, and we write

A~ Al —= A =[A1+ | |An + an)

for some ay, 9, ,ay € S\{—00}.

The equivalence class of A is defined as follows.
[A] = {A" € Myxn(S)|A~ A}
Note that this equivalence relation also holds for vectors.

Theorem 3.6. Let A € My,xn(S) and b € S™ be a regular vector. Then the system
AX = b has solutions if and only if the equivalent system A’X’' =V has solutions for any
A" € [A] and V' € [b].

Proof. Suppose AX = b has solutions. By theorem 3.2, every row of its associated nor-
malized matrix, @ = (g;;), contains at least one column minimum element, where

gij = bi — ayj = (b — b) — (ai; — Ay).
On the other hand, since A" = (a;;) € [A] and b = (b]) € [b], there exist coefficients
a1, Qg+, 0, B € S\{—o0} such that aj; = a;; + a; and b, = b; + 3. Now, consider the
associated normalized matrix Q" = (q;;) of the system A’X" = b’ such that
gy =Vi—aiy =0 =V)— (af; = Ay)

= (bi+ B —V) — (a;j + aj — A1)

= (bi — b) — (ai; — 4;) (3.1)

= qij,
for any ¢ € m and j € n. It should be noted that the equality (3.1) is obtained from:

&:b@+~4w% (b1 +8)+ -+ (b + B)

m m

_ (bt tbe) g

m
=b+8

and similarly, A= /lj + a;. This means = Q" and consequently, the column minimum
elements of Q and @’ are the same. Hence, the proof is complete. Similarly, we can prove
the converse. ]

3.2 Determining the column rank by normalization method
We consider the following arbitrary matrix A:
A=[ A [ Az |- [ Aa ],

where A; is the j-th column of A.
We check the existence of solutions of the following system by the normalization method:

[Ar| Ao |- [ Anoy | X = A, (1)
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Here, we have two cases:

(a) If the system (1) has no solution, we conclude that A, is an independent column
of A. In this case, A, can not be removed from the set of generators of Col(A).
As such, we consider the following system by setting A, as the first column of the
coefficient matrix:

[An‘Al‘AQ"”‘An—Q]X:An—la (2)

(b)  If the system (1) has solutions, then A,, is dependent on the other columns of
matrix A. Hence, we remove the column A, from the set of generators of Col(A),
and colrank(A) < n — 1. Now, we can consider the new system as follows.

[A1| Ay |- | Ans | X = Apy, (3)

Next, we check both cases (a) and (b) for the systems (2) or (3) depending on which one
has happened. We repeat this until we get a linear system whose vector is A; and whose
matrix is the independent columns of matrix A which are obtained from the procedure.
Finally, we check both cases 1 and 2 for this last system. At this point, we can completely
determine the independent columns and the column rank of A.

Remark 3.7. Note that we can obtain the row rank of A by applying the above method
to the matrix A7 and finding the column rank of A7 i.e., rowrank(A) = colrank(AT).

Example 3.8. Consider the following matrix A € My«5(S);

4 -4 2 3 3
5 7 7T 2 6
10 12 12 8 11 |’
4 -3 2 3 3

by applying the above method, we can conclude that colrank(A) = 2.

4 Conclusion

In this paper, applying the normalization method to a linear system, we presented a
necessary and sufficient condition for the system to have a solution. In order to determine
the column rank and the row rank of an arbitrary matrix.
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Is the origin included in the polynomial numerical hulls of
direct sum of two Jordan blocks?!
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Abstract

Let J,(A) be the n x n Jordan block with a positive real eigenvalue A. In this
note, we give some sufficient conditions on A so that the origin is not included in the
polynomial numerical hull of degree 2 for the matrix J,,(A) & Jn(—A).

Keywords: Jordan block, Polynomial numerical hull, Stagnation, GMRES method
Mathematics Subject Classification [2010]: 15A03, 15A23, 15B36

1 Introduction

Let M, (C) be the set of all n x n complex matrices. The numerical range (or field of
values) of a matrix A € M,(C) is a convex and compact subset of the complex plane:
W(A) = {z*Ax : x € C",|z|| = 1}, where z* stands for transpose of the complex
conjugate of the vector z and ||z|| and ||A| represent the Euclidean 2-norm of a vector
x and a matrix A, respectively. By a Jordan block J,()\), we mean an n x n bidiagonal
upper triangular Toeplitz matrix with A on its main diagonal and 1 on its superdiagonal.
We use the notation J,, instead of J,,(0). It is known that the numerical range of a Jordan
block J,(A) is a closed circular disk with the center at A and the radius r = cos(;77) i.e.
W (Ja(3) = DA cos(57)) [3].

For any 1 < k < n, the polynomial numerical hull of degree k for A € M, (C) was
introduced and defined by Nevanlinna [6]

M (A) = {z € C: [p(2)] < |p(A)l; VP € P}, (1)

where &7, denotes the set of all polynomials of degree at most k, and ||.|| denotes the
2— matrix norm. Polynomial numerical hulls can be considered as a generalization of the
numerical range; 4 (A) = W(A). These sets have many useful properties in the studying
iterative methods such as Krylov subspace methods. Th following lemma, gives us some
basic properties of the polynomial numerical hulls.

Lemma 1.1. [2,6] Let A € M, (C). Then for any 1 < k < n the following properties
hold:

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: s.karami@iasbs.ac.ir
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1. 0(A) = A (A) C A1 (A) C - CHB(A) C H(A) = W(A).

2. G,(U*AU) = 4,(A) for any unitary matriz U € M, (C).

3. A (aA+ BI) = adtG,(A) + B for all « and S in the complex plane C.
4. If A is a Hermitian matriz, then #5(A) = o(A).

Polynomial numerical hulls of a Jordan block has been studied in [1]. It is shown that
the polynomial numerical hull of degree k, 1 < k < n —1, is a circular disk with a positive
radius around the eigenvalue of Jordan block. In the paper, we consider the polynomial
numerical hull of degree 2 for the matrix A, where A = J,(\) @ J,(\). This subject
is related to the stagnation of order 2 of the Generalized Minimal Residual (GMRES)
method for solving the linear system Ax = b. For these types of matrices, 0 € J7,(A)
if and only if there exists a right hand side vector b such that the GMRES method for
solving the linear system Az = b (with the initial guess ¢ = 0) has stagnation of order
m [4]. Therefore, if 0 ¢ J#(A), then for any right hand side vector b, the GMRES method
does not stagnate. This provides a motivation for our work.

2 Main results

In this section, we study the conditions on A for which we have 0 ¢ % (A), where
A= J,(A\) @ Jp(—A) and A > 0. Please, note that the results of this section are different
of the ones stated in [5, Theorem 2.6]. According to Theorem 2.6 of [5], if A > /2, then
0¢ 5 (Jn(X) @ Jp(—A)), for any n > 2. However in this section, for any n > 2 we give a
positive scalar a,, such that if A\ > a, then 0 ¢ 5% (J,,(\) ® J,(—=\)). Our method, here,
is giving an including region for the numerical range of the matrices J,(\)*, k = 2, ...
independent of [5, Remark 4].

At the first, by using an orthogonal transformation, we determine the Jordan canonical
form of the matrix J*. Actually, for any 2 < k < n— 1, we use a permutation to gathering
Jordan sub-blocks of J¥. This permutation is determined in terms of remainders of division
of n — 1 by k. Note that, for any k > n, J*¥ = 0 and for any 1 < k < n — 1, the matrix J*
is an upper triangular matrix with 1’s on its k** superdiagonal and 0 in other places.

Lemma 2.1. Let n € N. Then for any 1 < k < n — 1, the matriz J* is orthogonal similar
to the matrix
Iy @ @I, BTy @ - B Ty

r1times rotimes

where my = [%72] + 1,mo = [%1], 11 = (n— 1) mod k) + 1 and ro =k — ry.

Example 2.2. The matrix Jf’G is orthogonal similar to the matrix Jg & J5 @ J5 and the
matrix Jig is orthogonal similar to Jo & Jo @ 012. Also the matrix J§, is orthogonal similar
to the matrix J35B J3sB J3 B 3D J3 D Jo D Jo @ Jo.

Next, we turn to our main result in this section. For this aim, we recall that for
any two matrices A and B, W(A & B) = Conv(W(A) U W(B)) [3]. Since, m; >
ma we get W(Jm,) 2 W(Jm,). Therefore W(JF) = W(Jy,) = D(0,cos(;7757)) =
'D(O,COS([%{H_Q)).

Now, we consider polynomial numerical hulls of the matrix J,(a) ® J,(b), where a,b €
C. By rotation and translation we need only to study these sets for the matrices of the form

Jn(N) @ Jp (=), where A € R, (see Lemma 1.1). We remember that for any 1 <k <n-—1,
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G,(Jn(X)) = D(\,1kp), the circle disk with the center A, and radius ry,, [1,2]. It is
known that 0 < 71 <rp_op < <1y = cos(niﬂ) < 1. Since Jp(\) and J,(—A\) are
principle sub-matrices of A, we obtain that

DA o) UD(=\, 7o) € . (Ju(N) ® Ju(=N)), k=2,...,n—1. 2)

Remark 2.3. By using the fact that the matrix A = J,,(\) ® J,(—2) is unitary equivalent
to the matrix A = J,(\) & —Jn()), we obtain that the sets 7, (A),k = 1,...,2n are
symmetric with respect to x and y axises.

Lemma 2.4. Let A = Jo(\) @ Jo(—N). Then the following statements are equivalent:
i) A <1,
(ii) 0 € H5(A),
(iii) 0 € H#3(A).

Proof. The equivalence of (i) and (iii) is due to [5, Theorem 2.1] and we need to prove the
equivalence of (i) and (ii). If 0 € J#%(A), then

0 € W(A%) = F(2(\)?® Jp(-)\)?)

= F(J2()\)?) € D(\%, |A)). )

Thus |A| < 1. For converse assume that || < 1 and let X = (z1,...,24)" € C*, where
/1— A2

T = x3 = %IH and x9 = —x4 = 4_2 It is readily seen that || X]| = 1 and

X*AX = X*A2X = 0. Therefore (0,0) € W (A, A?) and hence 0 € 4 (A). O

Now, we study polynomial numerical hull of degree 2 for general n. Note that as we
say in the introduction analytical computing of polynomial numerical hull for general n
represent a very difficult problem which leads to computing zeros of an complex polynomial
of order 2n. However, in the following we give an analytical conditions on A such that
origin lie in the polynomial numerical hull of degree 2.

Theorem 2.5. Let A = J,(A\) @ Jo(—A) where A € (0,+00) and n > 3. Let m = [%H]

2
and r1 = cos(;7),r2 = cos(57). Then:

i) If 0 < X\ <1, then 0 € J4(A). Moreover [—vV A2 + X\, VA2 + )] C J4(A).

i) If X\ > 11+ /17 + 12, then 6(A)N{z:|z| < a} =0, where a = (A2 — 2Ary — 7‘2)%
and therefore 0 ¢ #5(A).

Proof. Since the matrix Ja(A) @ Jo(—A) is a principle sub matrix of the matrix A, the
assertion in (i) follows by using Lemma 2.4. Now, we consider (ii). An observation shows
that A2 = B® O, where B = J,,(\)? = \2I,, + 2\ J,, + J2 and C = )21, — 2\J,, + J2. The
matrix C' is unitary similar to the matrix B. Therefore W (A2) = W (B) = W (J,()\)?). So

W(A?) = W2+ 20J; + J?)

4
C A+ 2X\D(0,71) + D(0,72) = DA, 2Xr1 + 79). W

Since A > 71 +4/r% + 72, we have A2 —2Ar; —rg > 0. If [2| < @, then [22 = X\?| > A2 —|2]? >
2)r1 + 9 and hence 22 ¢ W(A?). Therefore z ¢ 5#%(A) and the proof is completed. [
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Remark 2.6. Let A = J,,(A) ® Jy,(—A). By choosing n = max{ni,no} and letting
A = Jup(A) @ Jp(—A), we know that A is a principle sub-matrix of A. So if 0 ¢ J5(A),
then 0 ¢ % (A). Hence we can use Theorem 2.5 for A instead of A.

Example 2.7. Let A = J4(2) & J3(—2). Then n = 4 and by Theorem 2.5, we obtain
that #5(A) N{z € C: |2| < a} =0, where o = /4 —4cos T —cos § = 0.5137. There-
fore 0 ¢ 4 (A). Also note that by equation (2), D(2,7r24) U D(=2,7r23) = D(2,0.7) U
D(-2,0.6) C s#%(A). In Figure 1, we plot the set %(A) together with the circle
{z: |z| = 0.5137}(which is shown by dashed curve).

Figure 1: Polynomial numerical hull of degree 2

Now, let A = Jp, (A1) & Jny(A2), where A; € R,n; > 2,4 = 1,2 and without loss of
generality assume that Ay < A;. Here we investigate when 0 € 7#(A). If Ay < —cos(;;57)
or Ay > cos(;;77), then 0 ¢ W(A) = i (A) and so 0 ¢ 7#5(A). Also if [N < rop, for
i =1ori =2, then 0 € J45(A), where 1y, denotes the radius of the circular disk
6 (J,) (see eqaution (2)). The crucial case is when Ay < 0 < A\;. By using Theorem
2.5 and translation property of polynomial numerical hulls, in the following we give some

statements for this case, which help us to investigate whether 0 € J%4(A).

Theorem 2.8. Let A = Jp(A1) @ Jm(A2) where A\, 2 € R and \y > Ao, Let | =
max{n,m},m; = [HTI] T % and d — /\1§>\2. If

, 11 = cos(7%), 2 = cos(—2=), A =
d > 11+ /12 + 19, then S4(A)N{z € C: |z — | < a} =0 where « = V/d? — 2dr; — 2.

[+1 my+1

Example 2.9. Let A = J3(5) & Ja(—1). It is readily seen that 0 € s (A) = W(A). By
the previous theorem notations we have: d = 3, = 2,r; = 0.707, 72 = 0.5 and a = 2.0635.
Thus Re(74(A)) N (—0.0635,4.0635) = (. In particular we obtain that 0 ¢ % (A)(see
Figure 2).

3 Conclusion

For the matrix A = J,(A) @ J,(—A) the origin lies between A and —\. Thus 0 € W(A),
the numerical range of A. In this note, we gave some sufficient conditions on the positive
scalar A\ such that the origin is not included in the polynomial numerical hull of degree 2
of the matrix A.
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Figure 2
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Abstract

In this article we define and study a majorization relation on R", also we study its
linear preservers. Let x, y be in R”, we say z is majorized by y and write x < y when
x = Ty for some t-transform T. We say a linear transformation f is a linear preserver
of <; if x <; y implies that f(z) <: f(y).

Keywords: Majorization, T-transform, Linear preserver
Mathematics Subject Classification [2010]: 15A04, 15A21, 15A51

1 Introduction

We call a linear map T on R" a t-transform if there exists 0 < ¢ < 1 and indices 1 <
7, k < n such that

Ty= (Y1, Y-ty + (L= )Yk, Yjr1s - (L= Y5 + Yks Ykt 15 - - Yn),

for all y = (y1,...,yn) € R™.
If [T] is the matrix representation of a t-transform 7' with respect to the stundard basis
of R™ then

0 1
Also we can write [T] = tI + (1 — t)Q, where I is the n x n identity matrix and @
is a permutation matrix that Qe; = e, Qe = ¢; and Qe; = ¢; for all i # j, k, where

{e1,...,e,} is the stundard basis on R™. It is trivial that a t-transform is singular if and
only if t = 1/2.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: f_khalooei@Quk.ac.ir
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If z and y are nonincreasing vectors in R™ such that Z;C:l r; < Zle yfork=1,...,n
with equality for k = n, then we say that x is multivariate majorized by y and write x < y.
A linear operator T on R" is said to be a linear preserver of a given relation < on R™ if
x < y implies that Tx < Ty. For more information about other majorization and their
linear preservers we refer the reader to [3], [4] and [5].

An n x n matrix D = [d;;] is called doubly stochastic if d;j; > 0, > p_, di, and > ;. di;
are equal to 1 for all ¢, j. The set of doubly stochastic matrices is denoted by DS(n).
Also we can describe doubly stochastic matrices by

DS={DcM,:D >0, De=¢e, D'e=c},
where e € R" is the vector whose components are all +1.

Theorem 1.1. [2, Birkhoff’s Theorem] The set of n x n doubly stochastic matrices is a
convex set whose extreme points are the permutation matrices.

Theorem 1.2. [2]For xz, y € R", the following statements are equivalent
1. x <y,

2. x is obtained from y by a finite number of t-transforms,

3. © = Dy for some doubly stochastic matriz D.

2 Main results
In this section we define a majorization relation on R™ and study some of its properties.
Also by an example we show that < dose not imply it.

Definition 2.1. For z, y € R"™ we say z is t-majorized by y and write z <; y when
x = Ty for some t-transform 7.

Corollary 2.2. On R? the following statemants are true
1. A 2 X 2 matrix is doubly stochastic if and only if it is a t-transform.
2. If x, y € R? then x < y if and only if x <4 y.

Theorem 2.3. Forz, y € R

1. ifn>2,z <y andy <¢ = if and only if x = Py for some n X n permutation matric
P, which is the identity matrix or a permutation matriz that just interchanges two
coordinates.

2. forn =2, x <y y and y < = if and only if x = Py for some 2 x 2 permutation
matriz P.

Example 2.4. Multivariate majorization does not imply t-majorization on R". n > 3.
(3,2.5,1.5) < (4,2,1) but (3,2.5,1.5) £ (4,2,1).

Theorem 2.5. [1] A linear map T : R™ — R"™ preserves < if and only if one of the
following holds

1. Tx = (trz)a for some a € R",

2. Tx = aPx + BJz, for some a, B € R and n X n permutation matriz P.

Theorem 2.6. If T : R — R"™ has the form Tx = (trx)a for some a € R™ or Tx =
aPx + pJx, for some a, 8 € R and n x n permutation matriz P, then T is a linear
preserver of <.
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using symmetric and skew-symmetric iteration method'’
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Abstract

In the implementation of the symmetric and skew-symmetric splitting precondi-
tioner in a Krylov subspace method for generalized saddle point problems, a shifted
skew-symmetric system should be solved. In this paper, we propose an efficient it-
erative method for solving this system and investigate its convergence properties.
Numerical results are given to show the efficiency of the method.

Keywords: SSS, Iterative method, Preconditioner, Skew-symmetric, Generalized sad-
dle point
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1 Introduction

Benzi and Golub in [2] proposed using the symmetric and skew-symmetric (SSS) iteration
method for solving the generalized saddle point problems

e (4 1)) 0)

where A € R™*", C € R™*™ and B € R™*" f € R", g € R™ and m < n. According to
the SSS iteration, the matrix A is split as A = H + S, where

1 n_ (H 0 1 n_ (S BT
H—i(AJrA)—(O C) and S—i(A—A)—(_B 0),

in which H = (A+ AT)/2 and S = (A — AT)/2. For a > 0, both of the matrices aZ + H
and aZ + S are nonsingular, where Z is the identity matrix of order m + n. In this case,
the SSS iteration method for the saddle point problem (1) is written as

(aZ+H)x"2 = (oI —8)xF +b, @
(o +8)x"+! = (aZ —H)x""2 +b,
where x¥ is an initial guess. Computing x**2 from the first equation and substituting it

in the second one, gives the iteration x**1 = T, x* + ¢, where

To=(aZ+8) (aZ—-H)(aL+H) " (oI -S),

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: khojasteh@guilan.ac.ir
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and ¢ = 20 (aZ+8) ' (aZ+H) 'b. In [2], it was shown that if A is positive real
(zT Az > 0, for every nonzero vector € R"), C' is symmetric positive semidefinite and B
has full rank, then the iteration (2) is unconditionally convergent.

As the authors of [2] mentioned the iteration method (2) is typically show for the
method to be competitive and proposed using a nonsymmetric Krylov subspace method
like GMRES or its restarted version GMRES(m) [6] in conjunction with the SSS precon-
ditioner induced by the iteration method. It is known that there is a unique splitting
A= M, — N,, with M, being nonsingular and T, = MJN, =T — M_ 1A, where

A@:é%mz+m@ﬂ+s%J%:E%mz;m@ﬂ—sy (3)
If the SSS method is convergent then the eigenvalues of AM_! are included in the unit
circle centered at (1,0). Hence, it is expected that a Krylov subspace method like GM-
RES or its restarted version will be suitable for solving the right-preconditioned system
AMly = b with x = M;'y. The pre-factor % in M, has no effect on the precondi-
tioned system, hence it can be omitted and the matrix M, = (aZ + H) (aZ + S) can be
used as a preconditioner.

Application of the preconditioner M, within the GMRES method requires solving
linear systems of the form M,z = r which can be done by first solving (aZ +H)v = r, for
v and then (aZ+S8)z = v. System (aZ+7H)v = r can be reduced to two sub-systems of the
form (al, + H)vy = r1 and (al,, + C)vy = 1o, where vy, 71 € R, vy, 79 € R™, v = (v1;v2)
and r = (ry;72). Here, I, denotes the identity matrix of order r. Obviously, the coefficient
matrices of these systems are SPD. Hence, they can be solved exactly using the Cholesky
factorization or inexactly by the conjugate gradient (CG) method [6]. However, solving
Eq. (aZ 4+ 8)z = v is not trivial. This system can be equivalently rewritten as

(ol + S BT 21\ _ (v _
Ra= (M7 ) (2)= ()= @

where z; € R", zo € R™ and z = (21;22). As the authors of [2] suggested, the vector z
can be computed by first solving

1 1
(azlm + B(I, + aS)_lBT) 2 = B(I,, + aS)—lv1 + aws, (5)

for zy, followed by (al, +S)z1 = v1 — BTvy. Both of these systems can be solved directly
using the LU factorization or inexactly using a Krylov subspace matrix like GMRES.

In this paper, we present an efficient iterative method for solving the system (4) which
is unconditionally convergent. So, in the implementation of the SSS preconditioner within
a Krylov subspace method we can apply the proposed iteration method.

2 The new method

We split the coefficient matrix of Eq. (4) as R = R1 + Re, where

_f(al,+S 0 (0 BT
R1—< 0 OéIm> and RQ—(_B 0),

Obviously, R1 and Ry are shifted skew-symmetric and skew-symmetric matrices, respec-
tively. In fact, Eq. R = R1 + Ro presents a shifted skew-symmetric and skew-symmetric
splitting (SSSS). For 5 > 0, using the splittings

R=(BL+Ri1)— (BT —-R2)=(BL+R2)— (BT —R1),

79



On the preconditioning of generalized saddle point problems

we propose the SSSS iteration method for solving Eq. (4) as following

(BI+Ry)z"z = (BT —Ry)z" +v,
(BT +Ry) 2"t = (BT —Ry)z""2 +v.

The SSSS iteration method can be written as zFt! = gaﬁzk + d, where
Gap = (BT +Ra) (BT —R1) (BT +R1) (BT — Ry),
and d = 28 (87 +R2) ' (BZ +R1)"'v. On the other hand, we have R = Pos — Qups

where
1 1

28 26
Therefore, P, g can be used as a preconditioner for the system (4). We now state the
convergence of the SSSS iteration method for solving (4).

Theorem 2.1. Let S € R™*" be skew-symmetric matriz and B € R™*™. Then, the SS5S
iteration method is unconditionally convergent, i.e., p(Gog) < 1 for all o, 3 > 0.

Pap =75 (BLT+R2)(BL+R1), Qap= = (BT —R2) (BT —-TR1).

Proof. Evidently, the matrix G, g is similar to
Gop = (BT —R1) (BT +R1) ™" (BT — Ra) (BT +Ra) ™ = UV,

where U = (BT — R1) (BZ+R1) ' and V = (BT — Rs) (BT + Ra)~". Since Ry is a skew-
symmetric matrix, we deduce that the matrix V' is orthogonal and as a result we have
V|2 =1 (see [4, p. 68]). On the other hand, we have

U=(B-a)I-T)(B+)I+T)", (7)

where J = bldiag(S,0). Clearly, the matrix J is skew-symmetric and there is an orthogo-
nal matrix W, such that 7 = WDW? | where D = bldiag(D,0) with D = diag(\1, ..., \n)
and \; € 0(S), i =1,...,n. It is well-known that the eigenvalues of the matrix S can be
written as \; = iu;, where y; € R, i =1,2,...,nand i = v/—1 (see [5, p. 101]). Therefore,
it follows from (7) that

U=W((B-a)I-D)((B+a)I+D) W (8)
Hence,
p(Gas) = PGas) < IUV]l2 < [Ul2lV]2 = Il
= |[W(B-T-D)(B+a)T+D) W
= |(B-az-D)((B+a)T+D) 7,

B (((ﬁ—a)fn—D><<5+a>fn+D>—1 0 )H

/8_
0 Falm

- g (i G fa g
& B+a)+ip (Bt a)tip B+a’ T Bt
max p-a (B_a)z—i_'u?'i:l n
5val Y (Brapeu T

\/ (B—a)2+p(S)?

2

)

(B+a)+p(5)2 — 7

Obviously, 64,3 < 1, for all o, 3 > 0, which proves the convergence of the SSSS iteration
method. O
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Theorem 2.2. Under the assumptions of Theorem 2.1 and for a fived value of o, we have

pg* = argmﬂin(?aﬁ = /a2 + p(5)2.

Proof. Letting g(8) = 42 s We get

/(8) = da (B2 — (o + 0(5)22))'
((B+ @)+ p(5)?)
Therefore, the minimizer of §, 5 is given by 8* = /a2 + p(5)2. O

3 Inexact version of SSSS and its implementation issues

To compute z*+! from (6), we need to solve two subsystems with the coefficient matrices
BL + R and BZ + Ra, which are very costly. To improve the implementation of the SSSS
iteration method, we can employ iteration methods for solving the two subsystems. This,
results in the inexact version of the SSSS (ISSSS) iteration method.

Let ~% = Z83 — 7k In this case, we have Z" s =z ~*. Substituting ZF3 in the
first relation in Eq. (6), gives

(BZ+ RV =v— (R +Ra)z" =v - Rz" = rF. (9)

This system is equivalent to

<(B + a())]n + S . —|—Oa)Im> (éz) _ C’g) 7

where 7{“, r’f € R™ and 'yg, I"Q“ € R™. To solve the above system we first solve the system
((8+ )l +8)7f =11, (10)

for computing 7F, using a Krylov subspace method like GMRES or its restarted version
GMRES(¥). Then the vector 74 is simply computed via v = r§ /(5 + «).
kg — ghtl

Similarly, by setting -y — zk+%, from the second equation in (6) we get

1

(BT + Ra2) ’y]”% =v—(R1+R2) 2" = v — RzFtE = Mt (11)

After computin% the vector fyk’L% from the latter equation, the vector z**! is computed

via zFt1 = zFt2 'yl”%. In the ISSSS algorithm, the systems (9) and (11) are solved
inexactly using the iterative methods. System (11) is equivalent to

Bh BT (T _ (e
(—B 61m> e ) T\ ke )

2

k+1 ki k+1  k+3 .
where ’Y1+2 , r1+2 € R™ and 72+2 ) r2+2 € R™. For solving the above system, we first solve
the system
k+1 k+2 k+1 g4l
(8L, + BBT)y, 2 =Br| 2 4 fr, 2 = it3, (12)
1 1 1
2 2 2

k . k .
for computing 72+ using the CG method, and then simply compute v1+ via fyl+ =

1 1
(rlf+2 - BTfy;C 3 )/B. The resulting algorithm is summarized as follows.
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Algorithm 3.1. The ISSSS iteration method

1. Choose an initial guess z°.

2. For k=0,1,2,..., until convergence, Do
3. Compute r¥ = v — Rz".

Solve the system (10) approximately for % using GMRES.
Compute v5 =5 /(B + a).

Set 7* = (7:95) and 2542 = 2k 4+ 4%,
Compute 3 = v - RzF 3, X
2

Solve the system (12) 1approazz'mcuf{aly for 7§+ using CG.

k+i k+i ktd
C’omputle o kal(r1 P - BT~,72)/B. 1 )
10. Set y*2 = (71+§§’>’2+§) and zFt1 = gFta 4 AFts
11. EndDo

© 0 NS o

4 Numerical experiments

In order to show the effectiveness of the ISSSS iteration method we solve some generalized
saddle point problems by the flexible GMRES (FGMRES) method [6] in conjunction with
the SSS preconditioner. All numerical experiments were performed in MATLAB 2013a on
an Intel core i7 CPU (3.50 GHz) 16G RAM Windows 7 system. A zero vector was always
used as an initial guess and the stopping criterion ||b — Ax||2 < 107%||b||2 was used.

We consider the Oseen problem

{—VAu—i—W'Vu—f—Vp:f in Q, (13)

V-u=0 in €,

with suitable boundary conditions on 052, where Q C R? is a bounded domain and w is a
given divergence free field. The parameter v > 0 is the viscosity, the vector field u stands
for the velocity and p represents the pressure. The Oseen problem (13) is obtained from
the linearization of the steady-state Navier-Stokes equation by the Picard iteration where
the vector field w is the approximation of u from the previous Picard iteration. Nine
iterations of the Picard iteration were used and the generated generalized saddle point in
the ninth iteration was used. We use the stabilized Q1-P0 finite element method for the
leaky lid driven cavity problems on stretched grids on the unit square, with the viscosity
parameter v = 0.01. The stabilization parameter (8 = 0.25) was used in all cases. We use
the IFISS software package [3] to generate the linear systems corresponding to 32 x 32,
64 x 64 and 128 x 128 grids. We mention that the matrix A is non-symmetric positive
definite, however the matrix B and has rank m — 2. In this case the matrix A is singular.
To get a nonsingular matrix A we drop last two rows of B and last two rows and columns
of C. For all test problems the right-hand side vector b is set to be b = A[1,1,...,1]T.

In the implementation of the SSS preconditioner we used the following two methods.
In both methods and for all the subsystems a zero vector was used as an initial guess and
the maximum number of iterations were set to be 20.

Method 1: The subsystems (al, + H)v; = r1 and (al,, + C)ve = ry were solved using
the CG method. We also solved the system Rz = v using the GMRES(10). The iterations
of CG and GMRES(10) were stopped as soon as the residual 2-norm was reduced by a
factor of 103.

Method 2: Similar to Method 1, the systems (al, + H)vy = r1 and (al,, + C)ve = 79
were solved using the CG method. For solving the system Rz = v, the ISSSS algorithm
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was employed. For both the CG method and the ISSSS algorithm for solving the above
systems, the iterations were stopped as soon as the residual 2-norm was reduced by a factor
of 10%. In the kth iteration of the ISSSS algorithm the system ((8 + a)I,, + S) ¥ = r¥ was
solved using GMRES(10) with the stopping criterion |[v§f —((8 + @)L, + S) 75 ||l2 < ex/|r¥ |2,
where € = max{1073,0.1 x 0.9} (see [1]). Also, the system (12) was solved using CG

and the stopping criterion Hf‘kJr% — (8%, + BBT)’Y§+%“2 < eka'H% |2 was used.

For all the test problems we first choose an appropriate value of the parameter « for
Method 1 and the same value of « along with 8* was used for Method 2. Numerical
results are given in Tables 1. As we observe there is no significant difference between the
number of iterations (Iter) of two methods. However, the elapsed CPU time for Method
2 is always less than those of Method 1.

Table 1: Numerical results for the stretched grid and v = 0.01.

Metod 1 Metod 2

grid n m cond(A) | « Iter CPU | « B* Iter CPU
5x5 | 2178 1022 9.20x10* [ 0.1 257 296 [ 0.1 0.105 257 1.92
6x6 | 8450 4094 3.06 x 105 | 0.01 135 17.87 | 0.01 0.025 135 9.88
7x7|33282 16382 1.32x 10% | 0.01 167 54.09 | 0.01 0.018 167 24.84

5 Conclusion

We have presented the shifted skew-symmetric splitting (SSSS) method and its inexact
version, ISSSS, for solving the shifted skew-symmetric system appeared in the implementa-
tion of the SSS preconditioner for the generalized saddle point problems. We have shown
that the SSSS iteration method is unconditionally convergent. Numerical results have
shown that the new implementation of the SSS preconditioner significantly reduces the
CPU time of the classical implementation of the SSS preconditioner.
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Abstract

By applying the minimal residual technique to the Hermitian and skew-Hermitian
(HSS) iteration scheme, we introduce a non-stationary iteration method named mini-
mal residual Hermitian and skew-Hermitian (MRHSS) iteration method, to solve the
continuous Sylvester equation. Numerical results verify the effectiveness and robust-
ness of the MRHSS iteration method for the Sylvester equation.

Keywords: Sylvester equation, Hermitian and skew-Hermitian method, Minimal resid-
ual

Mathematics Subject Classification [2010]: 65F10, 65F30, 65F50

1 Introduction

In many problems in scientific computing we encounter with matrix equations. Nowa-
days, the continuous Sylvester equation is possibly the most famous and the most broadly
employed linear matrix equation, and is given as

AX + XB=C, (1)

where A € C™", B € C™*™ and C' € C™™ are defined matrices and X € C™*™ is
an unknown matrix. Equation (1) has a unique solution if and only if A and —B have
no common eigenvalues, which will be assumed throughout this paper. The Sylvester
equation appears frequently in many areas of applied mathematics and plays vital roles in
a number of applications such as control theory, model reduction and image processing,
see [1-3] and their references.

The matrix equation (1) is mathematically equivalent to the linear system of equations

Az = c, (2)

where the matrix A is of dimension nm x nm and is given by
A=I,9A+B' o1, (3)

where ® denotes the Kronecker product (A ® B = [a;; B]) and

T
c=vec(C) = (c11,€21, 1 Cnl, €12,€22,** ,Cn2s"** Cnm)

_ _ T
T = UeC(X) = (1311,9021, T, Tl L12, 22,0 0 5 T2, "t aivnm)

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: mo.khorsand@mail.um.ac.ir
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Of course, this is a numerically poor way to determine the solution X of the Sylvester
equation (1), as the linear system of equations (2) is costly to solve and can be ill-
conditioned.

When both coefficient matrices are (non-Hermitian) positive semi-definite, and at least
one of them is positive definite, the Hermitian and skew-Hermitian splitting (HSS) method
[1] and the nested splitting conjugate gradient (NSCG) method [2] are often the methods
of choice for efficiently and accurately solving the Sylvester equation (1).

Motivated by [4,5], we apply the minimal residual technique to the Hermitian and
skew-Hermitian iteration scheme and introduce a non-stationary iteration method named
minimal residual Hermitian and skew-Hermitian (MRHSS) iteration method to solve the
continuous Sylvester equation.

In the remainder of this paper, we use ||M||2, ||M||r and I, to denote the spectral
norm, the Frobenius norm of a matrix M € C"*", and the identity matrix with dimension
n, respectively. Note that ||.||2 is also used to represent the 2-norm of a vector. Fur-
thermore, we have the following equivalent relationships between the Frobenius norm of a
matrix R and the 2-norm of a vector r = vec(R):

mn

S Inl? & [1Rlle =

i=1

Irll2 =

2 Main results
For the linear system of equations (2), we consider the Hermitian and skew-Hermitian
splitting A = H + S, where

A+ AT A—AT
e ST @

are the Hermitian and skew-Hermitian parts of matrix A, respectively. Then, the iteration
scheme of the MRHSS iteration method [4,5] for system of linear equations (2) is

243 = g0 4 g 5k -
k) = pk+3) o 5kt3) (5)

> =

where, §*) = (&I +H)~1r(®), §kt2) = (d[—i—S)*lr(H%), r®) = ¢ — Az(®) and rt+3) =
c—Az*+2). Let My = A(GI+H)~! andMs = A(aI+S)~L. The residual form of iteration
scheme (5) can be written as

{ rk+3) = ) _ g MR

P41 = 3 oy My (t3), (6)

Denote M = (&I +H)~!. Then, an inner product can be defined as
(z,y)m = (Mz, My), Vz,y € C"™, (7)

where (-,-) denotes the [? inner product of two vectors. Thus, for x+ € C" and X €
crmxnm - the induced vector and the induced matrix norms can be defined as ||z||y =
||[Mz||2 and || X||ar = ||MXM™1||2, respectively. Now, the parameter 3 is determined
by the 2-norm of the residual, and we have

(r(k), er(k))

O = T ®|

(8)
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However, the parameter ~; will be determined by minimizing the M-norm of the residual
rather than the 2-norm, see [4]. Therefore, we have

(Mr#+2) MMy FE+2))

9
|| M Myr(k+3)| 2 ¥

Ve =

The iteration scheme (5) is an unconditionally convergent MRHSS iteration method [4].
For the Sylvester equation (1), according to iterative scheme (5), we have the following
iteration scheme

Xk+3) = xR 4 g AR
{ XD XU oy AGHD) (10)
where, A obtain from the Sylvester equation
Ha(a)A® + AOHg(a) = RO, (11)
and A®+3) obtain from the Sylvester equation
Sa(a)AE+2) 4 AT G () = RET2), (12)

with RO = ¢ — AX©® - XOB and R*+2) = ¢ — AX*+2) — x(*k+2) B We state how
to update AK*tD g few later.

If the Sylvester equation (1) has a unique solution, then under the assumption A and
B are positive semi-definite and at last one of them is positive definite, we can easily see
that there is no common eigenvalue between the matrices H4 and —Hpg (also for S4 and
—SB), so the Sylvester equations (11) and (12) have unique solution for all given right
hand side matrices.

Let Ha(a) = adyy + Ha, Sa(a) = aly, + Sa, Hgr(a) = aly, + Hpr, Sgr(a) = aly, +
Spr and Ha,Sa, Hgr, Sgr are the Hermitian and skew-Hermitian parts of A and BT,
respectively. From (3) and (4), by using the Kronecker product’s properties, we have

ol +H =1, Hsla) + Hgr(a) ® I, (13)

al + 8 =1, ® Sa(a) + Spr(a) ® I, (14)

where o = % Form relations (6), we can obtain
RU:+3) — R®) _ gk
ROHD = RUHD o pptetd) (15)

where WH®) = AA®) + AW B and Wk+3) = AAKR+3) 4 A+ B, Moreover, similar to
(8) and (9), we can obtain
(R®, W®)p

SRRUECRTCI

(16)

and ) )
— (Vita) glta)) (17)
! <U(k+%),U(k+%)>F,

where, V#+3) obtain from the Sylvester equation

1

Ha(a)V*+2) 4 v+ Hp(a) = RETD),
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and U*+2) obtain from the Sylvester equation
Ha(o)UkF 3) 4 ylk+s JHp(a) = wk+3)

On the surface, four systems of linear equations should be solved at each step of the
MRHSS method for system of linear equations (2). But it can be reduced to three. Denote

clhta) = (al + 7—[)_17"(]”%) and v(k+3) = (&l + H)_lAé(Hé), the vector 6(*t1) in Step
k + 1 can be calculated as follows

(@I +H) (e — Az ’f+1>)

= (@l +H) (e~ At ’)+7k5(’“+%)))
= (GI +H) T (r*TE) — o AsRH))
C(k—&-%) _ ,yk,u(k:-i-%)

§Uk+1)

where the ¢ (k+3) and v*+2) have been calculated in Step k. Therefore, in (10) we can
update AKTY a9
A(k+1) — V(kJr%) o ,YU(kJr%)

In addition, we choose the value of parameter « as in [1].
Therefore, an implementation of the MRHSS method for the continuous Sylvester
equation can be given by the following algorithm.

Algorithm 2.1. The MRHSS algorithm for the Sylvester equation
1. Select an initial guess X, compute R® =C — AX(© — xO B
2. Solve Ha(a)A® + A Hp(a) = RO
3. For k=0,1,2,---, until convergence, Do:

4. Wk = AAK) + AK) B

. (R(k),W(k)>F
5. 5 T (WE WE)N R

6. X*+3) = x®) 1 gAK)
7. R&®F2) = R® _ gk
8. Solve SA(a)A(kJF%) + A(H%)Sg(a) — RU+3)
9. Solve Ha(a)V#+3) 1 v+ g (a) = RE+3)
10. W) — AAG+3) 4 A+ B

11.  Solve Ha(a)U®+3) + UC+3) Hp(a) = Wk+3)

<V(k+%)1U(k+%)>F
(U<k+%>,U<k+%)>F

12. v =

13. x (k+1) — x(k+3) +7A(k+%)
14. Rk+1) — Rplk+3) _ 7W(H%)
15. AG+D) — y/(k+3) 7U(k:+§)
16. End Do
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Theorem 2.2. Suppose that the coefficient matrices A and B in the continuous Sylvester
equation (1) are non-Hermitian positive semi-definite, and at least one of them is positive
definite. Then the MRHSS iteration method (10) for solving the Sylvester equation (1) is
unconditionally convergent for any a > 0 and any initial guess X(©) e C"*™,

Proof. The continuous Sylvester equation (1) is mathematically equivalent to the linear
system of equations (2). Therefore, the proof is similar to that of Theorem 3.3 in [4] with
only technical modifications. O

3 Numerical results

All numerical experiments presented in this section were computed in double precision with
a number of MATLAB codes. All iterations are started from the zero matrix for initial

. . . k)
X and terminated when the current iterate satisfies HZ(O)Hi < 1078, where R*) =

C — AX® — X®) B is the residual of the kth iterate. Also we use the tolerance ¢ = 0.001
for inner iterations in corresponding methods. For each experiment we report the CPU
time, the number of total outer iteration steps and the norm of residual |R®*)|p, and
compare the HSS [1] iterative method with the MRHSS iterative method for solving the
continuous Sylvester equation (1).

Example 3.1. For this example, we use the matrices

100 100
A=M+2rN + ——1 d B=M+2rN+ ———51
+ 2r +(n+1)2 ; an +2r +(m+1)2

where M = tridiag(—1,2,—1), N = tridiag(0.5,0,—0.5) from suitable dimensions, and
r = 0.01 [2]. For this problem we consider n = 2048 and m = 8.

Example 3.2. We consider the continuous Sylvester equation (1) with n =m = 512 and
the coefficient matrices

A = diag(1,2,--- ,n) +rLT,
B =271, + diag(1,2,--- ,n) +rLT +27'L,

with L the strictly lower triangular matrix having ones in the lower triangle part [1].

Example 3.3. For this example, we use A = B = tridiag(—1, 4, —2) of dimension 1000 x
1000 instead the coefficient matrices A and B [2, 3].

We apply the iteration methods to these problems and the results are given in Table
1. Comparing the results in the Table 1, Shows that the MRHSS method is more efficient

Table 1: The results for the problems

HSS MRHSS
CPU  iteration res-norm CPU iteration res-norm
Example 3.1  0.65 20 1.44109e-5 0.48 12 8.4888¢-6
Example 3.2 210.01 99 0.0302 143.06 49 0.0304
Example 3.3 247.26 21 1.7697e-4 36.29 12 1.0527e-4

versus the HSS method.
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4

Conclusion

In this paper, we have proposed an efficient iterative method, which named the MRHSS
method, for solving the continuous Sylvester equation AX + X B = C. We have compared
the MRHSS method with the HSS method for some problems. We have observed that, for
these problems the MRHSS method is more efficient versus the HSS method.
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Abstract

In this paper, using some linear algebraic methods, we show that every latin tade
can be produced by intercalates (i.e. latin trades of volume 4). A similar result is
true for 4-cycle systems. That is, every 4-cycle system can be generated by double-
diamonds (4-cycle systems of volume 2).
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1 introduction

An interesting problem in combinatorics is that whether there can be defined some moves
(using trades of small volume or something else) between different elements of a class
of combinatorial objects with the same parameters, such as latin squares, Steiner triple
systems, etc. These moves must be such a way that each element has chance to be produced
by these moves.

By simulating an ergodic Markov chain whose stationary distribution is uniform over
the space of n x n latin squares, Mark T. Jacobson and Peter Matthews [4], have dis-
cussed elegant method by which they generate latin squares with a uniform distribution
(approximately). The central issue is construction of moves that connect the squares.

There does not exist a known move between Steiner triple systems as yet. Steiner
triple systems are 3-cycle systems.

In this note, we investigate two classes: latin squares and 4-cycle systems.

2 Latin square

A latin square L of order n is an n X n array with entries chosen from an n-set N =
{0,1,...,n — 1} in such a way that each element of N occurs precisely once in each row
and in each column of the array. For ease of exposition, a latin square L will be represented
by a set of ordered triples { (¢, j; L;j) : element L;; accures in cell (¢, j) of the array}.

A partial latin square P of order n is an nxn array in which some of the entries are filled
with elements from N in such a way that each element of IV occurs at most once in each

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Email address: khosravi-m@uk.ac.ir
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row and at most once in each column of the array. The set Sp = {(4,7) : (i,j; P;; € P}
is called the shape of P and the number of elements in Sp is called the volume of P.

In a latin square P, we define R},(C}) as the set of entries occurring in row (column)
r of P.

A latin trade T = (P, Q) of volume s is an ordered set of two partial latin squares of
volumes s and orders n, such that

1. Sp=5¢.
2. for each (i, ) € Sp, Pij # Qij.
3. foreach r, 0 <r <n-—1, Rp = R(, and C};:CZ?.

For example, the following tables show a latin trade of order 5 and volume 19:

.2 1 111213 12132 13
2 114 1 412 121 . |14 4o
1 0 3 131110 = 14 . 103141130
411 211112(0].]4 01|42 | 10| - | 24
41113210 412131 49 | 14| 32| 23| 04

A latin trade of volume 4 which is unique (up to isomorphism), is called an intercalate.

An interesting result about latin trades is as follows.
Theorem 2.1. Every latin trade can be written as a sum of intercalates.

In [4], the authors found a method by which they generate latin squares uniformly.
Although, most of their lengthy paper is to construct a latin square from another. This
method was rewitten by Aryapour and Mahmoodian [1] in a simple way using trades.
They noted that in this constraction, sometimes we generate an improper latin trade.

Finally, in [5], the authors defined an inclusion matrix M such that every latin trade
can be considered as a vector in kenel of M. They show that there exists a basis of kernel
of M consist of intercalates.

Of course, for each 1 < k < n —1and 2 < 4,5 < n, they defined an intercalate
P = {(1,1;0), (i, k), (1,4; k), (4,7;0)} and Q = {(1,1;k), (¢,1;0),(1,5;0), (4,5; k)} and
show that these intrcalates form a basis for latin trades.

3 4-cycle systems

Let T be a set of edge-disjoint 4—cycles on the vertex set {1,2,...,v}. Then T} is called
a 4—cycle trade, if there exists a set, T5, of edge-disjoint 4—cycles on the same vertex set
{1,2,...,v}, such that Ty N Ty = 0 and Ugep, E(C) = Uger, E(C).

We call Ty a disjoint mate of T and the pair (77,7%) is called a 4-cycle bitrade
of volume s = |T1| and foundation v = [Jgep, V(C)|. Here for them we use the term
“trade”.

A p-way 4-cycle trade is a collection of p disjoint collections {71, ...,7,} such that
(T3, Tj) forms a 4- cycle bitrade for each i # j.

The following well-known theorem states that for which values of n a 4-CS(n) exists.

Theorem 3.1. [2, Page 266] A necessary and sufficient condition for the existence of a
4-CS(n) is that n = 1(mod 8)
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A double-diamond is a trade of volume 2 which can be seen in the following graph:

Let M be a pair inclusion matrix whose rows are corresponded to the edges of the complete
graph K, and its columns are corresponded to all possible 4-cycles of the complete graph
K,.

Since by every four vertices a,b,c and d, we can construct three different 4-cycles
(a,b,c,d), (a,c,b,d) and (a,b,d,c), the matrix M has exactly 3(2) columns. Thus, the
matrix M is of size (g) X 3(2).

Also, for each trade (77, T%), we consider a “frequency” vector X with S(Z) components
with 1 for each cycle in 77 and —1 for each cycle in 75, other cycles are corresponded with
a 0 component. It is easy to see that every vector X corresponding to a trade, is a vector
in the kernel of M. We show that there exists a bases for the kernel of M, containing only
double-diamonds.

Theorem 3.2. The pair inclusion matriz M is a full rank matriz.

Corollary 3.3. The nullity of M is 3(}) — (5).

Theorem 3.4. The set of vectors corresponding with the double-diamonds is a generating
set for the kernel of M. In other words, for each n, there exists a set of 3(2) — (g)
linearly independent vectors in the kernel of M, where each of them is corresponded to a

double-diamond.

4 Conclusion

It seems that the linear algebra provides some useful tools to study the trades in different
combinatorial designs. Generating these designs with small trade, help us to know more
about big trades by studying small ones.
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Abstract

We present some norm inequalities related to the Kadison inequality. In particular,
we utilize the famous Furuta inequality to obtain some complements to the asymmetric
Kadison inequality for matrices.

Keywords: Positive linear map, Kadison inequality, Unitary matrix
Mathematics Subject Classification [2010]: 15A60, 15A45

1 Introduction

In the present article, Ml,, denotes the algebra of all nx n matrices with complex entries and
I denotes the identity matrix. We write A > 0 when A is a positive semidefnite matrix.
The well-known (Lowner) partial order on the real space of all Hermitian matrices is
defined by A < B if and only if B — A > 0. When mI < A < MI, we simply write
m < A< M. For J C R, we denoted by o(J) the set of all Hermitian matrices, whose
eigenvalues are contained in J. If f : J — R is a continuous function, then f(A) is defined
by the functional calculus for every A € o(J). A continuous function f : J — R is called
matrix convex (concave) if f (A"'TB) < (Z)M for all A,B € a(J).

A map ¢ defined on M, is called positive whenever it preserve the Lowner order. @ is
called unital if ®(I) = I.

The celebrated Kadison’s inequality asserts that ®(A2) > ®(A4)? holds for every unital
positive linear map ® and every Hermitian matrix A. It provides a non-commutative
extension for the positivity of the famous variance quantity of a random variable X

Var(X) = E(X?) — E(X)?,

where E is the expectation value.

In application of the probability theory, it is useful to have some lower bounds for the
variance. In the non-commutative setting, it is known that if m < A < M for two positive
scalars m < M, then

(M — m)?
4

(M +m)?

P(A%) — B(A)? < and ®(A%) < W@(A)? (1)

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: kian@ub.ac.ir

94



M. Kian

The Kadison inequality is equivalent to the positivity of the block matrix
1 d(A)
(A) (A%

The authors of [5] present a generalization of Kadison inequality by proving that the
operator matrix

I ®A) . B(AY)
B(A)  B(AZ) o b (ATH)
SO B4 B (47)

is positive.
Furuta gave a variant of the Kadison inequality as

|B(XP) R(X)| < D(XPTIT), (2)
when 0 < p < ¢q and ]%q <r< pZqu. In particular,
|D(XP)D(X)| < B(XPT) (3)
holds for every 0 < p < q or
[B(XT)P(X)| < O(X)"*" (4)

for every r € [0,1].

In this paper, we present some complementary inequalities to (3) and (4).

2 Main results

First we note that inequality (4) is equivalent to

1+r 1+r

|o00)=+ jo(xne(x) | 0(x) ¥

<1 (5)

that is valid for every r € [0, 1].

We need some facts about the Furuta inequality. If A > B > 0, the so-called Léwner—
Heinz inequality implies that A™ > B" for every r € [0,1]. If r & [0, 1], then this is not
true in general. The celebrated Furuta inequality provides an analogue order preserving
result by showing that if A > B > 0, then

147

AT (ABBPAR)TT (r20, p2 1), (6)

M. Fujii et. all presented the next result regarding the Furuta inequality in [3].

Lemma 2.1. Let A and B be positive definite matrices such that 0 < m < B < M for
two positive real numbers m < M. Then

1
< K (pr P2
- 147

1 _pts
HAi (a5Breoai)” a AT BTAT | ()

holds for allp > 1 and s > r > —1, in which

he—1 p—1hP —1\?
K(h’p):@—l)(h—l)( » h,,_h) o h=

1s the generalized Kantorovich constant.

RIS
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Now we present a complementary result to (4).

Theorem 2.2. Suppose that ® is a positive linear map and X is a positive definite matrix.
9
If m < |®(X)P(XP)|» < M for two positive scalars m, M, then

_atp
2p

K (152) 7 < oo e a(xn) o(x7) (8)

holds for all p < q < 2p.

1
Remark 2.3. Note that if we put r = % and put X7 instead of X in (8), then we have

K(h%,z)_

which gives obviously a counterpart to (5). Moreover, with » = 1 this gives a converse to
the Kadison inequality as

1+ 147

<[00 # o

D=

(9)

K(h,2)72 <||@(X)'e(X)*e(X) 7| < L.

In the next theorem, we give a difference counterpart to (3).

Theorem 2.4. Let A be a positive definite matriz such that sp(A) C [m, M]. If p,q > 0,
then there exists a unitary matrix U such that

D(APTY) — U |B(AP)B(AD)|U* < C(h9,1 + g) + (C(h*,2) — C(h™, g))%M‘Y

for every unital positive linear mapping ®, in which

D
MmP — mMP 1 MP —mP\pr1
Clh,p) = ——— +( —U() :

M—-m EM—m

Remark 2.5. It proof of Theorem 2.4, we use the fact that if X, Y are positive definite
matrices, then

(X +Y)? <UXU* + VY3 X* (10)

for some unitaries U and V. In [4], it was shown that the inequality (10) can be stated
without the presence of unitaries U and V if we restrict the spectrum of matrices X, Y
Theorem. [4, Corollary 2.9] If f is a continuous concave function with f(0) > 0, then
f(X+Y) < f(X)+ f(Y) for all positive definite matrices X,Y for which X < al < X+4Y
and Y < al < X +Y for some scalar a > 0.

Using this fact, Theorem 2.4 can be stated without presence of unitaries U and V.
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Abstract
In this paper, we generalize several Berezin number inequalities involving product

of operators, which act on a Hilbert space H(2).
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1 Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space H with an inner product (., .) and the corresponding norm ||.||. In the case when
dimH = n, we identify B(H) with the matrix algebra M, of all n x n matrices with entries
in the complex field. An operator A € B(H) is called positive if (Az,x) > 0 for all z € H,
and then we write A > 0.

A functional Hilbert space H = H(2) is a Hilbert space of complex valued functions on
a (nonempty) set 2, which has the property that point evaluations are continuous i.e.
for each A € Q the map f — f(\) is a continuous linear functional on H. The Riesz
representation theorem ensure that for each A € () there is a unique element k) € H such
that f(\) = (f, k) for all f € H. The collection {ky : A € Q} is called the reproducing
kernel of H. If {e,} is an orthonormal basis for a functional Hilbert space #, then the
reproducing kernel of H is given by kx(z) = >, en(N)en(2); (see [4, Problem 37]). For

A€ Q, let kA)\ = ﬁ be the normalized reproducing kernel of H. For a bounded linear

operator A on H, the function A defined on Q by A(X) = (Aky, ky) is the Berezin symbol
of A, which firstly have been introduced by Berezin [2]. The Berezin set and the Berezin
number of the operator A are defined by

Ber(4) := {A\): A€ Q} and  ber(A) :=sup{|A(\)| : A € Q},

respectively, (see [5]). The numerical radius of A € B(H) is defined by w(A) := sup{|(Az, x)| :
x € H,||lz|| = 1}. It is clear that

ber(4) <w(A) <|[|A] (1)
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for all A € B(H). Moreover, The Berezin number of an operator A, B satisfies the following
properties:

(i) ber(aA) = |a|ber(A) for all a € C.

(ii) ber(A + B) < ber(A) + ber(B).

The authors in [1] showed some Berezin number inequalities as follows:

1
ber(A*XB) < Eber(B*\X|B + A" | X" |A), (2)

ber(AX + X A) < berz (A*A + AA*)ber? (X*X + XX*),
and
ber(A*XB + B*Y A) < 2¢/| X|[Y[berz (B*B)berz (AA*) (3)

for any A, B, X,Y € B(H(Q2)).

In this paper, we would like to state more extensions of Berezin number inequalities.
Moreover, we obtain several Berezin number inequalities based on the 2 x 2 operator
matrices.

2 Main results

Lemma 2.1. Let T € B(H) and xz,y € H be any vectors.
(a) If0 < a <1, then

[(Tz,y) P< (| TPz, 2){| T PO y,y),
where |T| = (T*T)% is the absolute value of T'.

(b) If f, g are nonnegative continuous functions on [0, 00) which are satisfying the relation
F(0)g(t) =t (¢ € [0,00), then

| (T, y) <[ FAT D2 g T Dy |l

for all x,y € H.

Lemma 2.2. Let A € B(H1(Q)), B € B(H2(R2),H1(R2)), C € B(H1(Q),H2(2)) and
D € B(H2(2)). Then the following statements hold:

(a) ber([é Y D < max{ber(A), ber(D)};

0 B
@ ver(| &0 ]) < s+ icn.
Theorem 2.3. Let A, B, X € B(H(Q2)).
(i) ber' (A™XB) < |[X|"ber (L(A7A)% +

and pr,qr > 2.
(i) ber(A*XB) < 1ber(B*|X[**B + A*|X*2A=A) for every 0 < o < 1.

Theorem 2.4. Suppose that A, B, X € B(H(RY)) such that A, B are positive. Then

Then

é(B*B)%> forr >0 and p,q > 1 with %—I—% =1

ber” (A°XB'™) < | X|I" (ber(aAr +(1—a)B") — |/%ir|l|f1n(]%)\)> , (4)

in which n(ky) = TQ((AT]%)\,];Z)\>%—<BT]%)\, l?:>\>%)2, ro =min{o,1—a}, r >2and0 < a < 1.
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Remark 2.5. Putting A = B = [ in inequality (4), we get a generalization of the
inequality (1).

The Heinz mean is defined as Hy(a,b) = w for a,b > 0and 0 < o < 1.
The function H, is symmetric about the point a = % and Vab < Hy(a,b) < “TH’ for all
a € [0,1].

Theorem 2.6. Suppose that A, B, X € B(H(RY)) such that A, B are positive. Then

A®XBl-o 4 Al-ex po
2

ber” ( ) < ||);||r (ber(Ar + B") —2 inf 77(];7/\)>

llkall=1
X

(ber(am +(1—a)B") + ber((1 — a)A" + aB")

—2 inf 7](12:,\)),
lkall=1

in which n(ky) = TQ((ATIA{)\,]%)\>%—<BTIA€)\,iﬂ)\>%)2, ro = min{a, 1—a}, r >2and0 < a < 1.
For positive operators X,Y € L(H), the operator geometric mean is the positive
1

operator X{Y = X3 (X_%YX_%)5 X%, In the next theorem we can obtain an upper
bound for the Berezin number involving power geometric mean.
Theorem 2.7. Let X,Y,Z € B(H) be operators such that X,Y are positive. If p > q > 1
with 1 + 1 =1, then

p q

i (X ’ wYZ)?) L ([P - [Eva o))

2
for allr > 7

1 1
Corollary 2.8. Let X,Y € B (H) be positive operators and let p > q¢ > 1 with — + — = 1.
p

q
Then
ber” (X8Y) < ber <X + ’“) R, ([5(’ W] -7 )] ?)2

P q D AeQ
2
for all T > —.
q
Corollary 2.9. Let X, Y € B(H) be positive operators. Then
V2ber (X4Y) < bery (X,Y) < ber? (X2 + Y2) .

1 1
Proposition 2.10. Let X,Y,Z € B(H) such that X,Y are positie and let — + — = 1.
p q

Then
£l (2*Y Z)7
I(XEY) Zlper < || —— —
ber q ber
1 o\ a2
- it <<Xku, k)t = (2Y 2k ) >
K,
2
forallr > —.
q
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In the following we state some Berezin number inequalities for 2 x 2 matrices.

0 B
C 0
continuous functions on [0,00) satisfying the relation f(t)g(t) =t (t € [0,00)). Then

Proposition 2.11. Let T = [ ] € B(H1(Q) ® Ha(R2)) and f, g be nonnegative

ver' (1) < max{ ber (L€ 4 Lam( 50 D) ber (LU B D+ 2 D) L6

inwhichrzl,p2q>1suchthat%—i—%:l and pr > 2.

Proposition 2.12. Let T = [ 61 lO) ] € B(H1(Q2) @ H2(Q)). Then
1
ber' (T)) < 5 max{ber(|A[" +[A"["), ber(|D|" + |D*|")} (6)
forr>1.
A B

Corollary 2.13. Let T = c D

] with A, B,C, D € B(H). Then

1 * * 1 * *
ber(T) < 5 max{ber(|C| +[B"), ber(|B| +|C"[)} + 5 max{ber(|A| +[A7]), ber(| D] + [D"[)}.

ber([é ﬁDg
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Abstract

Several authors have proved inequalities on the spectral radius, operator norm
and numerical radius of Hadamard products and ordinary products of non-negative
matrices. The aim of this paper is to investigate and study the max-spectral radius
inequalities for Hadamard, conventional and max-products of non-negative matrices.
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1 Introduction

In recent years both industry and the academic world have become more and more inter-
ested in techniques to model, to analyse problems. One of these tools is max-algebra. The
max-algebra is a subdivision of mathematics, which has many applications. max-algebra
system has been studied in research papers and books from the early 1960’s. The max
algebra system consists of the non-negative real numbers R, equipped with the operation
of multiplication @ ® b = ab, and maximization a @ b = max{a,b}. Furthermore, the
max algebra is isomorphic to the maz-plus algebra, which consists of the set Ri{—oc}
with operations of maximization and addition [2,4,6].This algebra system and its isomor-
phic version raise the possibility of changing the non-linear phenomena in different areas
such as parallel computation, transportation networks, timetabled programs, I'T, dynamic
systems, combinatorial optimization, and mathematical physics to linear-algebra. Fur-
thermore, this algebra system has been used directly in areas such as algorithm,Vetrbi,
analysing DNA and in AHP for ranking matrices. In this algebra system, there is no
deduction but many of appeared problems in linear algebra like equation systems, eigen-
value, projections, subspaces, singular value decomposition, duality theory have developed
and have reached other areas like functional analysis, algebra topology and combinatorial
optimization.

Let M, (R) be the set of all n x n real matrices and M, (R) be the set of all n x n
non-negative matrices. Let A and B be two matrices in M, (Ry). We say that A < B if
a;; < by for all 4,57 =1,2,...,n. The max-product A® B and max-sum A @ B defined as
follows

(A ® B)ij = m}ixx aikbkj, (A D B)ij = max{aij, b”}

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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The notation A% denotes the k" power of A. For non-negative vector z € R™, the notation
A®x means (A®x); = MaxX i;T;. A non-negative scalar X is called a max-eigenvalue of
<k<n

Aif A® z = Az for some non-negative vector z # 0. The set of all max-eigenvalues of A
is denoted by og(A). let [|A]| = ||A|lc = max; ja;; and [|z| = ||z]/cc = max;z;. In linear
algebra, the spectral radius plays a key role in a variety of areas, including the stability
theory of difference and differential inclusions and wavelet analysis. In this paper, we
extend the work described and study properties of max-spectral radius inequality.

The max-spectral radius of A € M,(R;) is denoted by rg(A) and defined by the
maximum cycle geometric mean rg(A), which is defined by

re(A) = max{ iy, - Qiginini, * k <mn and iy,...,4, € {1,...,n} mutually distinct}.
It is known that rg(A) is the largest max-eigenvalue of A, that is

re(A) = max{A: X € og(A4)}.
The max version of the Gelfand formula holds for any A € M,, (R, ) which is

A) = lim [|[AL||Y7 = inf || AL |17,

re(A) = lim | Ag)| inf 4|
For vector € R"}, the local max-spectral radius of A at x is defined by
ro(A) = lim [|AL @ 2|/,
Jj—o0

Lemma 1.1. If A and B are two non-negative matrices with A < B and x € R"}, then

ro(A) <rg(B),  12(A) <7r2(B).
Proof. The proof is straightforward. O

Lemma 1.2. [5] Let A € RT*", j € {1,...,n}. Then re,(A) is mazimum of all t >0
with the following property (x):
there exist a > 0, b > 1 and mutually distinct indices g := 7,01, . ,0q,bqt1,-- -, batb-1 €

{1,...,n} such that
a+b—1

a—1
HAis+1,is 750 and H Ais+1,is :tb
s=0 s=a

where we set iqa1p = iq.
Theorem 1.3. [5] Let A € M,(R) and x € R} be a non-zero vector. Then
1. rg(A) =max{re;(A): 1<j<n, z;#0}.

2. 0g(A) ={re;(A): 1<j5<n}

2 Main results

The spectral radius p(A) of A € M, (C) is the largest modulus of o(A). The spectral radius
is not sub-multiplicative that is p(AB) < p(A)p(B) does not hold in general, not even for
non-negative matrices [1]. On the other hand, for non-negative A and B, the spectral
radius is sub-multiplicative with respect to the Hadamard product: p(Ao B) < p(A)p(B).
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In 2009, X. Zhan conjectured that for non-negative n x n matrices A and B, the spectral
radius p(A o B) of the Hadamard product satisfies

p(Ao B) < p(AB),

where AB denotes the conventional matrix product of A and B. This conjecture was
confirmed by K.M.R. Audenaert as follows

p(AoB) < p2((Ao A)(Bo B)) < p(AB).

These inequalities were established via a trace description of the spectral radius. Using
the fact that the Hadamard product is a principal sub matrix of the Kronecker product.
R.A. Horn and F. Zhang proved in 2010 the inequalities

p(Ao B) < p2(AB o BA) < p(AB).

We are interested in answering the following questions. From now we will use p(A) for
(4).
1. u(AB) < pu(A)u(B)?

2. p(AoB) < pu(A)u(B)?

(4
(
3. u(A® B) < u(A)u(B)?
4. u(A® B) < u(AB)?
5. u(Ao B) < w(AB)?
6. u(AoB) < w(A® B)?
7. w((AoB) < (A®@ Bo B® A)Y/2 < u(A® B)?
8. w(AoB) < u(ABo BA)'/? < u(AB)?

It is well known that p(AB) = p(BA) for every two n x n matrices A and B. The
following example shows that this not true for max-spectral radius.

1 2 1 2 5 8 1 2
Example 2.1. Let A = {0 O]’ and B = {2 4]. Then AB = [0 0], and BA = {2 4].
Thus, u(AB) =5 # u(BA) = 4.
Conjecture: Let A, B € M,(R"). Then (A ® B) = u(B® A).

In the following example we show that u(A® B) < u(A)u(B) does not hold. Of course,
1(AL) = u(A)* for every k € N.

Example 2.2. Let A = [1 25], B = {4 ] be given. Then A ® B = [

25 25
11 11 }’SO

4 1

w(A)pu(B) =5x4<25=pu(A® B).

Example 2.3. Let A = E ﬂ, B = E 3] be given. Then A ® B = {120 130}7 So

W(A)u(B)=5%3>5=u(A® B).
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The following examples show that there is no relation between p(AB) and pu(A)u(B).

Example 2.4. Let A = 0 O]’ B = [3 4] be given. Then AB = [0 0}’ So

p(A)p(B) =1 x4 <7=p(AB)

1

1 0 1 11
3],B:[ ]begiven. ThenAB:[S 2],So

1
— |2
Example 2.5. Let A 0 0 10 0

1 1
WAB) = 3 < 5 x1=u(A)u(B)
Theorem 2.6. Let A, B be n X n non-negative matrices, then
p(A® B) < u(AB).

Proof. The entries of ARQ B are as max{aikbkj} while entries of AB are as liner combination
of ajk, bi;. Since a;y, by; are non-negative, so a;,by; > max{a;, by; }. Therefore (A® B) <
u(AB) by Lemma 1.1. O

Theorem 2.7. Let A, B be n X n non-negative matrices. Then
W(AoB) < u(A e B).
Proof. 1t is direct result of definition Ao B, A® B and definition of max-spectral radius. [
Corollary 2.8. Let A, B € M,(R"). Then
u(A o B) < u(AB).
Theorem 2.9. [3] If A,B € M,(R}), then
((AoB) < u2(A® BoB® A) < y(A® B).
Question: Let A, B be n X n two non-negative matrices, then

(Ao B) < pz(AB o BA) < u(AB)?

4 2 4 1 . 16 4
Example 2.10. A = [1 1], B = [2 1]be given. Then A® B = [4 1], AB =
20 6 340 54
[6 2],andABoBA_[54 10}Thu5
(Ao B) =16 < V340 = u2 (AB o BA) < 20 = 1u(AB)
4 2 4 3 . 16 12
Example 2.11. A = {3 1], B = [2 1] be given. Then A ® B = [12 1], AB =

500 154

20 14
154 50

14 10},andABoBA:[

] . Thus

(Ao B) =16 < 20 = u(AB) < V/500 = pu2 (AB o BA),
but pu(AB) = 20.
Lemma 2.12. Let A, B be n x n two non-negative matrices and x € R, then
1
(Ao B) < u2(AB o BA), ry(AoB)<ri(ABoBA).

Proof. Since A and B are non-negative matrices, by definition Hadamard and conventional
products of matrices and definition max-spectral radius, we get the result by Lemma 1.1.
O
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Constructing cross sectional area of vibrating rod using two
spectra'
Hanif Mirzaei*

Department of Mathematics, Faculty of basic sciences, Sahand University of Technology,
Tabriz, Iran

Abstract

In this research, the construction of non-symmetric cross sectional area of vibrating
rod is proposed. For this purpose, using finite difference method, we discretized the
rod equation to a Jacobi matrix eigenvalue problem. Then, with correction of given
spectra and using Lancsoz method, we construct the Jacobi matrix. Finally, according
to the relation between the entries of Jacobi matrix and cross sectional area, we obtain
the cross sectional area at different points. Some numerical examples are given.

Keywords: Rod equation, Lancsoz method, Discretization, Jacobi matrix

1 Introduction

Free vibration of a free-fix straight rod of unit length is governed by the following eigenvalue
problem:

y'(0) =0, y(1) =0,

where a(z) > 0 is the cross sectional area at point x, A is the eigenvalue, y(x) is the
displacement of an element dz [5]. It is proved that, problem (1) has infinite number of
eigenvalues which are distinct, nonnegative and can be ordered as follows

{ (a(z)y'(z))" + Aa(z)y(z) =0, = € (0,1), (1)

0§A1§)\2§---,lim)\k:oo. (2)
k—o0

see [5]. The set of all eigenvalues of the problem (1) is called the spectrum and denoted
by o(a(x),00,0). The construction of a(x) from spectral data (eigenvalues, eigenfunctions
or both) are studied in different papers [2-4]. In general, if a(x) is symmetric respect
to mid point, then a(z) can be constructed using one spectrum. Otherwise, two spectra
corresponding to, two set of boundary conditions are needed. On the other words, for
constructing a non-symmetric a(x), we need two spectra o(a(z),00,0) and o(a(z),0,0).
The spectrum of the problem (1) is an infinite sequence of nonnegative real numbers, but
in practice, only the first few eigenvalues are given. In this paper, we try to solve the
following problem:

Main problem: Given two finite sequence {\;}Y, and {z1;})*7'. Construct the cross
sectional area a(x) such that, {\;}N, and {z;}1-," are primitive eigenvalues of the spectra
o(a(x),00,0) and o(a(x),0,0), respectively.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: h_mirzaei@sut.ac.ir
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2 Main results

In this section, we try to solve the Main problem. For this purpose, using the idea of [2,3],
we obtain the required data of well known Lancsoz method for approximating a(z). Using
finite difference method, problem (1) reduces to the following matrix eigenvalue problem:

KY =AMY, Y =[y, - ,yn), (3)
where,
I al —ai |
—a1 a1+ a2 as
K= )
—aN—2 QaN—_2+ anN_1 —anN-1
I —anN_1 anN-1+apn |
M = diag(7, M52 LT,

2' 2 2
and h = %, x; =ih, a; = a(x; — %), y; = y(x;). The cross sectional area a(x) is nonzero
thus, M is nonsingular and problem (4) can be written as follows:

JX =)\X, J=D'KD™', X=DY,D=Ms. (4)

For solving Main problem first, we construct the Jacobi matrix .J, then according to the
relations between the entries of J and cross sectional area, we obtain a;.

We denote the spectrum of J by o(J). For constructing J, two spectra o(J) and o(J1)
or o(Jy) are needed [5], where J; is the matrix obtained from J by deleting ith row and
column. Now, this question arise that: How we can obtain the spectra o(J) and o(.J1)
from the given data {\;}Y, and {u;} Y7

Problem (4) is the approximation of problem (1) thus, the eigenvalues of J can be ap-
proximated by the first N eigenvalues of the problem (1). But, it is observed in Tables 1
and 2 that only a few lower eigenvalues of the problem (1) are a good approximation for
the eigenvalues of matrices J and Jj. On the other words, if we denote the eigenvalues of
J and problem (1) by Af(a) and \;(a), respectively, then |\;(a) — Af(a)| is an increasing
sequence.

Let €, = A\i(a) — Af(a) and 6; = pi(a) — p)(a), where a(z) = a is a constant and p;, pf
are the eigenvalues of the problem (1) with fix-fix boundary conditions and corresponding
matrix Ji, respectively. We observe that A;(a(x)) —¢; and p;(a(x)) — 6; are good approxi-
mations for \f(a(z)) and p}(a(z)) , respectively via [1] and references there in, such that
we have

M- — N = OGh?), |y — 8 — il = O(h).
Thus, we can construct the matrix J using Lancsoz method [5] such that o(J) =
{Nia(x)) — e}, and o(J1) = {pi(a(x)) — 6;} X751 In the following example, we solve the
Main problem by our method for the cases a1(z) = €® and az(z) = (1 + )%

Example 2.1. Suppose that a;(z) = e* and az(z) = (1+x)2. We compute the eigenvalues
(NN, and {p; )Y using Matslise package [6]. For the case a(x) = constant, we have

. . 2 . . . 2 .
i = (i —0.5)% 1%, X = ﬁ(l —cos((i — 0.5)7h)), i =i*n%, ui = ﬁ(l — cos(imh)).
Thus we can compute o(J) = {\; — ¢} and o(J1) = {p; — d;}. The numerical results of
our method for a;(z) and ay(z) are given in the Table 3 and Figures 1 and 2.
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Table 1: Errors of the eigenvalues of problem (1) for a(z) = e* with N = 20

Ai i = AL A — e — A i i — pi| pi — 6 — pf|

3.6231 5.9¢e-3 4.6-3 10.1196 2.3e-2 3.1-3
23.4423 1.3e-1 3.5e-2 39.7284 3.3e-1 1.2-2
62.9297 8.8e-1 9.5e-2 89.0764 1.6e+0 2.7-2
122.1499 3.1e+0 1.8e-1 158.1637 5.1e+0 4.7-2
201.1078 8.4e+0 2.0e-1 246.9901 1.2e+1 7.3-2
299.8044 1.8e+1 4.3e-1 355.5558 2.5e+1 1.0-1
418.2400  3.5e+1 5.9e-1 483.8606  4.6e+1 1.4-1
556.4146 6.2e+1 7.7e-1 631.9046 7.9e+1 1.7-1
714.3284 1.0e+2 9.5e-1 799.6879 1.2e+2 2.1-1
891.9814 1.5e+2 1.1e+40 987.2104 1.8e+2 2.4-1
1089.3736  2.2e+2 1.3e+0 1194.4721  2.6e+2 2.8-1
1306.5049  3.2e+2 1.5e+0 1421.4730  3.7e+2 3.2-1
1543.3755  4.3e+2 1.7e+0 1668.2131  5.1e+2 3.6-1
1799.9852  5.8e+2 1.9e+0 1934.6924  6.6e+2 3.9-1
2076.3342  7.5e+2 2.0e+0 2220.9109  8.5e+2 4.2-1
2372.4223  9.6e42 2.1e4+0 2526.8687 1.le+3 4.5-1
2688.2497  1.2e+3 2.3e+0 2852.5656  1.3e+3 4.7-1
3023.8162  1.5e+3 2.4e+0 3198.0018  1.6e+3 4.8-1
3379.1220 1.8e+3 2.4e+0 3563.1771  1.9e+3 4.9-1
3754.1670  2.1e+3 2.4e+0

Table 2: Errors of the eigenvalues of problem (1) for a(z) = (1 + z)? with N = 20

Ai A — A7 A — e — A i i — | i — 6 — |
4.1158 8.7e-3 7.4-3 9.8696 2.0e-2 1.4-4
24.1393 1.5e-1 5.6e-2 39.4784 3.2e-1 1.6e-4
63.6591 9.4e-1 1.5e-1 88.8264 1.6e+0 1.5e-4

122.8891 3.3e+0 2.9e-1 157.9136 5.1e+0 1.4e-4
201.8512 8.6e+0 4.7e-1 246.74011 1.2e+1 1.2e-4
300.5499 1.8e+1 7.0e-1 355.3057 2.5e+1 1.1e-4
418.9868 3.5e+1 9.5e-1 483.6106 4.6e+1 8.1e-5
557.1622 6.2e+1 1.2e+0 631.6546 7.8e+1 5.5e-5

715.076 1.0e+2 1.5e+0 799.4379 1.2e+2 2.8e-5
892.7299 1.5e+2 1.8e+0 986.9604 1.8e+2 0
1090.1223  2.2e+2 2.1e+0 1194.2221  2.6e+2 2.8e-5
1307.2539  3.2e42 2.4e+0 1421.2230  3.7e+2 5.5e-5
1544.1246  4.4e+2 2.7e+0 1667.9631  5.0e+2 8.1e-5
1800.7344  5.8e+2 3.0e+0 1934.4424  6.6e+2 1.1e-4
2077.0835  7.6e+2 3.3e+0 2220.6609  8.be+2 1.2e-4
2373.1717  9.Te+2 3.5e+0 2526.6187 1.1le+3 1.4e-4
2688.9991 1.2e+3 3.7e+0 2852.3156  1.2e+3 1.5e-4
3024.5657  1.5e+3 3.8e+0 3197.7518  1.6e+3 1.6e-4
3379.8716  1.8e+3 3.9e+0 3562.9271  2.0e+3 1.4e-4
3754.9166  2.1e+3 3.6e+0
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Table 3: Numerical errors for aj(z) = e* and ag(x) = (1 + z)

N Jai(@) —ailleo || a2(z) — ai [loo
10 5.28e-02 1.06e-01
20 2.57e-02 5.16e-02
30 2.00e-02 3.40e-02
40 1.47e-03 2.53e-02
238
A
26 — — — Computed a, (x) with N=40 22
o4 o Exacta‘(x) ZZZ
2
22 2"
2
zfa}a
— 2t
o 18 ZZE{
xa
L
14t ZZD’DE
12t ZBDE
. =
0 01 02 03 04 05 06 07 08 09 1
X
Figure 1: Results for a;(x) with N = 40.
4 T =
— — — Computed a,(x) with N=40 Bﬁd[{
35F m] Exactaz(x) 4
”g
duzf
3t PEB
= D,D/DD
=, 25 4
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od
15F dea/
thm
0 01 02 03 04 05 06 07 08 09 1

Figure 2: Results for ag(x) with N = 40.
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3

Conclusion

In this paper, the cross sectional area of vibrating rod using two spectra and Lancsoz
method is constructed. We observe that the correction terms ¢; and J; play an important
role in the construction procedure.
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Abstract

The set of eigenvalues of a square matrix P is denoted by o(P), and the set of
eigenvalues of the submatrix obtained from P by deleting the first i rows and columns
of P is denoted by o;(P). In this paper we solve the inverse eigenvalue problem for
H-Symmetric pentadiagonal matrices, not necessarily symmetric. Using o, 01, 02, not
necessarily interlacing, we construct the solution by modified Lancsoz algorithm.

Keywords: Inverse eigenvalue problem, Modified Lanczos algorithm, H-symmetric
matrices

Mathematics Subject Classification [2010]: 15A18, 65F18

1 Introduction

Let H = diag(d1,62,--- ,0,) be a diagonal matrix such that H? = I, where I is identity
matrix. In C" we define the inner product [z,y]g = y*Hz. An square real matrix P is
said to be H-Symmetric if HPTH = P. The matrix HPT H is called H—adjoint of P and
it is denoted by P%. It is proved that if P is H-Symmetric and o(P) is real and disjoint,
then the eigenvectors are H-Orthonormal, i.e. there are eigenvectors wui,us,...,u, of P
such that

HUTHU =1, where U = [uy, ug, -, ty).

See [1,2]. It can be easily verified that the pentadiagonal real matrix P of the form

a; e1by ereacq
by az  eaby  e2e300
¢ by as .
P = . . . . ’ (1)
. . ‘. : €n—2€n—-1Cp—2
€n—1bn—1
Cn—2 bn—l an

for H = diag(1, €1, €169, - ,H?:_ll €;) is a H-Symmetric matrix. If H = I then P is penta-
diagonal symmetric matrix. Pentadiagonal symmetric matrices arise in discrete vibrating
beams, see [4] for more detals. Inverse eigenvalue problems for symmetric pentadiagonal

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: kghanbari@sut.ac.ir

112



H. Mirzaei and K. Ghanbari

matices are studied by many authors, for example see [3,4]. In most of the cases the recon-
struction procedure require three interlacing real spectra. Using finite difference metheod
for discretizing non-smooth beams may lead to a nonsymmetric stiffness matrix, see [6].
H-Symmetric pentadiagonal matrices of the form (1) appear in non-hermitian quantum
mechanics [5]. The objective of this paper is to study the inverse eigenvalue problem for
H-Symmetric pentadiagonal matrices. Indeed using three given spectrum that may or
may not have interlacing property, we construct H-Symmetric pentadiagonal matrices of
the form (1) such that o(P),o1(P) and o2(P) are the prescribed spectrums. We use the
modified form of Lancsoz algoritm to construct the solution and we prove that the solution
is not unique. The solution obtained by this algorithm produce eigenvectors that for large
size matrices may not be H-Orthonormal. To resolve this case we use a modified gram
schmidt orthogonalization procedure to make eigenvactors to be H-Orthonormal.

2 Construction of the solution

In this section, we state the main inverse eigenvalue problem and construct the solution.
We consider conditions on the given data for which this problem has solution

Inverse Problem. Given three real spectrum {\;}7_, {1 }7= !, {vi}7=2, construct a
H-Symmetric pentadiagonal matrix P of the form (1) such that

o(P)={\i}tie1, o1(P) = {ui}iZ 17 o2(P) = {Vi}?:_f

Theorem 2.1. Let P be a H-Symmetric matriz with H = diag(d1, 62, -+ ,6,). Let o(P) =
{\i}, and

uy = [un,uu, T >U1n], U = [Uzl,u22, T >U2n],

are the vectors of first and second components of the eigenvectors of P, respectively, such
that

[ur,uglg =0, [ur,ui]lg =061, [u2,ue]g = do.

Then the entries of P can be constructed as follows:

a; = (52)\5u1j, b, =¢; Z+1Z)\5uljuz+1j, cz—\/ﬁz,

J= 1 J=1
D; = 6y 5 95 g — Cimoli—oj — bi—1ui—1j — €ibiuir j]%
1
Uit2j = [(Aj — ai)uij — ci—oui—2j — bi—1ui—1,j — €:bjuit 5],
€i€it1C;

where cog = c_1 = by = 0.

Proof. Suppose U is a matrix that its columns are eigenvectors of P. If A = diag(A1, A2, -+, An)

then
AU =UA (2)
Writting the first row of the equation (2) impies that
ajuij + €1brug; + ereaciug; = Ajuq;j. (3)
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Multiplying both sides of (3) by d;ulj and summing up from j = 1 to j = n and using
H-Orthonormal properties of the vectors u; and us we find

a] — (51 Z /\jdju%j. (4)

j=1

Similarly, multiplying both sides of (3) by d;ulj and summing up from j =1 to j = n we
find

n
61()1(52 = Z )\j5ju1ju2j,
=1

Using the equation (3) implies that
6162U3j = ()\] — al)ulj — €1bl’LL2j. (5)

Taking to the power 2 and multiplying the last eqauation by d; and summing up from
j =1 to j =n implies that

2(5 ulj 61()1U2j]2, (6)

that concludes ¢; = /D1 where Dy = d3 ZJ 105 1(Aj —ar)urj — 61b1U2j]2. Again using the
equation (3) we find
1
ug = ol —an)urj — ebrug;. (7)

Continuing this procedure will produce all entries of the matrix P. Note that for solvibility
of the inverse problem by this Theorem the eigendata must be chosen such that D; given
by theorem to be nonnegative, otherwise the problem has no solution. O

Now we are ready to construct the solution of the inverse problems by three given
spectra. First, we compute the first entries of the eigenvectors of P by two given spectra.

Theorem 2.2. Let P be H-Symmetric and

o(P) = {\}io, ou(P) = {umi}is)
are real and distinct such that there exists a permutation of o(P), say {\g, }1— such that

Hn—l R
Si— =10t = M) >0, i=1,2,--,n.
Hg 1 j;él()\kj - )\kz)

Then the first entries of the eigenvectors of P i.e., ui; are computed as follows:

H’?_l( = Ak;)
I I#Z(/\k —Ak;) ®

Uty = 4|0

Theorem 2.3. Let Hy = diag(01,03,+++ ,6%_,) and Py be Hy—Symmetric matriz. Suppose
V = [v1,v9, -+ ,vn_1] is the matriz with columns consisting the eigenvectors of Py. Then
the eigenvalues of P are the roots of the following equation:

n—1 2
5 61 bﬂ)h + Clvgz)

~ 0. 9)
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Theorem 2.4. Let P be H-Symmetric and Py be Hi-Symmetric such that oo(P) =
{vi}'=2. Then
n—1 ¢1 1
6; €16 (b1v1; + crva;)
Uor — Vs E w;,
21 12 (Mj — )\1) 12

J=1

where bivy; + crve; is computed by
I (N — py)

1 ’
H?:I,i;éj(:ui = 1)

Now given the spectrum {\;}*; and having the first and second components of eigen-
vectors, i.e., u1; and ug; we can construct the matrix P using modified Lanczos algorithm

(Theorem 2.1).

(512}1]'—1-611}2]')2:—5]1'61 7=212,...,n—1.

3 Numerical Examples

Example 3.1. Cosider the H- symmetric pentadiagonal matrices of the form (1) with
entries

20, i=1, 1 i—1
a; = 6, i:2,...,n—1, bi:*4, Cizl, 6i:{1 ’ Z':_Qj n—1
5 i=mn, ’ AR

In Tables 1 and 2, for different values of n, we compared the spectra of computed matrix
P9 with the initial given matrix P.

Table 1: Numerical results for example 3.1 without Modified Gram-Schmit method

n Jo(P9) —oP)| [o1(P) — o1 (P)]| lo2(P)) — o(P)]

10 1.41e-07 1.37e-07 1.45e-07
50  165.59 166.77 166.88
100 337.07 338.06 338.20
200 374.86 375.99 375.72

Table 2: Numerical results for example 3.1 with applying Modified Gram-Schmit method

n Jo(PY) —o(P)| [o1(P) — o1 (P)]| lo2(P)) — oa(P)]

10 4.06e-14 1.19e-14 9.74e-15
50  1.35e-13 3.12e-14 3.50e-14
100 1.55e-13 4.12e-14 4.35e-14
200 4.30e-13 5.51e-14 5.7le-14

4 Concluding Remark

Using Lanczos algorithm we construct pentadiagonal matrix P and H-Orthonormal eigen-
vectors. For large scale matrices the constructed eigenvectors might not be H-Orthonormal.
To overcome this difficulty we use the modified Gram Schmidt orthogonalization. This
algorithm transforms the vectors uy, us,- - ,u, into H-Orthonormal vectors as follows:
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2. Fori=2,3,--- ,n define S; = u; — 23;11 0j[wi, ujlug,

3. Set u; = -
[uz}ui}H
Due to the fact that the components of uj; and vy; have signs +, —, also bjvy; + c1v2;
have signs +, —, therefore the solution matrix is not unique. To illustrate the efficiency

of the numerical examples we compare the prescribed eigenvalues with the eigenvalues of
the constructed matrix.
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Abstract

A reflection is a mapping from an Euclidean space to itself that is an isometry. In
this paper, we have outlined the concept of left majorization (resp. right majoriza-
tion) of the group of reflection matrices to the line passing through the origin of the
coordinates, and we have found all linear preserver transformations of this kind of
majorization.
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1 Introduction

Let X be a real vector space, W C X, conv(WW) be the convex hull of W and G be a left
action (right action) on X. The group G induces an equivalence relation on X, defined
by z ~ y if and only if © = gy (z = yg) for some g € G. The equivalence classes of this
relation are called the orbits of G. for each y € X the orbit of y is as follows:

Oc(y) = {gylg € G} (Oc(y) = {yglg € G}).

A vector z is said to be G-majorized of the left (of the right) by y and we write z <;5 y
(x <rq y) if © € conv(Og(y)). Let T : X — X be a mapping and ~ be a relation on X.
We say T is a preserver of ~ if Tx ~ Ty whenever x ~ y, it is called a strong preserver of
~ if it further satisfies x ~ y whenever Tx ~ TYy.

2 Main results

In this section section, the concept of majorization is studied and then the linear preservers
of this concept are characterized.

Definition 2.1. Let 6 be a real number, define

N

and Gy = {I2, Py}. Its obvious that Gy is a group.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: a.mohammadhasani53@gmail.com
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For each z the orbit of z = (,y)! € R? is a follows:

Og,(z) ={gz: g € Gp}.

Let 21,22 € R%2 We say that 23 = (z1,y1)" G-majorized of the left by 20 = (22,y2)"
(denote by z1 <jp 22) if 21 € conv(Og,(22)).

Theorem 2.2. Let z; and zy are two vectors of the R2.
1. z1 <9 22 if and only if the zy = tzg + (1 — ) Pyza, for some 0 <t < 1.
2. z1 ~yg 2o if and only if z1 = 29 or z1 = Pyzo.

Proof. O

Theorem 2.3. Let T be a linear operator on Ms. Then T preserves G-majorized <9 if
and only if one of the following holds:

1. 8 #nm and

7] = asiné bsin 0 7] = asinf a(l —cosf)
~ |bsin€ asinf — 2bcosd ~ |bsin€  b(1 — cosb)

for some real numbers a, b.

2. 0 =2nm and

for some real numbers a, b.

3. 0=02n+1)r and

for some real numbers a,b.

Proof. 1. If

A=[T) = [asin@ bsin 0 ]

bsinf asinf — 2bcos0

then

Aty + (1 —t)Pyy) = tAy + (1 — t)PyAy <9 Ay

for each y € R?, and if

o |asing  a(l —cosf)
A=1T= bsinf b(1 — cosf)

then

Aty + (1 —t)Pyy) = Ay <19 Ay
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for each y € R?, so T preservers <.

Now Let 6 # nmw and T preservers <y and

[T] — A= |:all 012:|
az; a2

Since e1 ~g (cos 6, sin §)t,

(a11,a21)" ~g (a11 cosf + aiasin b, asy cos  + azo sin H)
therefor

(a11 cos @ + a1z sin 6, as; cos O + agesin )’ = (a11,as )’
or

(a11 cos 8 4 a1 sin, asy cos @ + axesin ) = Py(a11, as )’

= (a1 cosf + ag1 sin 6, a1 sin @ — ag cos H)t.
Similarly, since es ~g (sin 6, — cos 0),

(alg, agg)t ~9 (a11 sin 6 — a192 COS 9, a1 sin 6 — 929 COS Q)t
therefor

(CLH sinf — a12 COS 9, a1 sin 6 — a9292 COS 9)t = (alg, agg)t
or

(a118in 60 — a1z cos 6, az; sin @ — agg cos)' = Py(ayz, a)’

= (@12 cos @ + aza sin ), ai2 sin O — asy cos )’

We consider four cases.

Casel: Let
(a11 cos @ + a1z sin 6, as; cos § + agsin )’ = (a11, a1 )’
and

(a11sinf — ayz cos @, asy sin @ — ags cos b))’

= (a12cos6 + agesin, a1z sin @ — asy cos Q)t
in this case a1s = a91 and ag9 = a11 — 2a1s cot 0 so

_ |asind bsin @
" |bsinf asinf — 2bcosh

Case2: Let
(a11 cos @ + a1z sin 6, as; cos § + agsin )’ = (a11, a1 )’
and

(a11sin 0 — a1 cos B, as sin — aga cos G)t = (a2, agg)t
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in this case ajp = %o;ean and agy = 1;’;‘);9&21 SO

_ lasin® a(l —cos0)
~ |bsinf  b(1 — cosf)

where a = 4L and b = 22L,

sin 6 sin 6
Case3: Let
(a11cos @ + ajasin 6, az; cos O + aggsin f)’
= (@11 cos @ + ag sin B, a1y sin @ — agy cos )
and

(a118in 0 — a3 cos ), az; sin @ — agy cos )’

= (@12 cos @ + aza sin ), a1 sin @ — agy cos )
in this case a1s = a9 and ag9 = a11 — 2a1s cot 8 so

_ |asin® bsin 0
" |bsinf asinf — 2bcosh

where ¢ = 3L and b = 22

sin 6 sin*
Cased: Let
(a11 cos O + a12sin @, agy cos @ + agy sin 0)
= (@11 cos  + as sin 6, ay1 sin @ — agy cos )’
and

(a11sin6 — a2 cos @, asy sin @ — ags cos ) = (a12, az)’
in this case a1s = a1 and ag9 = a11 — 2a1a cot . so

_ |asin® bsin 0
" |bsin® asinf — 2bcosb

where a = gy and b= 21l
. We only prove the necessary condition. The Relation (2) results that
(a12,a22)t ~p (—a12, —(122)t

SO

(—a12, —a22)t = (a127a22)t or

(—a12, —a2)" = Py(ar2, as)’ = (a12, —a)".

If (—alg, —agg)t = (alg, agg)t have a19 = a2 = 0. So

If

(—a12, —age)" = Py(aiz, azn)' = (a1, —an)’

120



Reflection matrices and linear preservers of G-majorization

we have aj2 = 0. On the other hand (1,1) ~p (1,—1) consequence that
(a11, @21 + az2) ~p (a11, a2 — az)

so (a11,a21 — age) = (a11,a21 + age) or (a1, a2 — az) = (a1, —ag1 — aze). Hence
ago = 0 or agl = 0. Thus

m=[on orm=[3 )

3. We only prove the necessary condition. The Relation (1) results that

(a11,a21)" ~p (—a11, —az)*

SO

(—au, —a21)t = (a117a21)t or

(—a11,—a21)" = Py(ar1,a91)" = (—a11,a21)".

If (—au, —agl)t = (au, agl)t have a1l = a1 = 0. SO

10 aqe
A= |:O CL22:|

If
(—a11, —az1)" = (—a11, a21)"
we have ag; = 0. On the other hand (1,1) ~y (—1,1) consequence that
(a11 + a2, ag2) ~p (—a11 + a1z, azz)
SO

(—a11 + a1z, a22) = (a11 + a2, az2)

or (—ai1 + a12,a2) = (—ai1 — aiz, az2).

Hence a11 = 0 or aj2 = 0. Thus

=0 e2orm= | 2

0 ano

Similarly, For each vector z = (z,y) € Ro the orbit of z is a follows:

Og,(z) ={zg9: g € Gy}.

Let 21,22 € Ry. We say that 23 = (z1,71)" G-majorized of the right by 20 = (z2,2)"
(denote by z1 <9 22) if 21 € conv(Og,(22)).

Theorem 2.4. Let z1 and zo are two vectors of the Ra.

1. z1 <y 22 if and only if the z1 = tzo + (1 — t)22 Py, for some 0 <t < 1.
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2. 21 ~pg 22 if and only if 21 = zo or z1 = 29P.

Theorem 2.5. Let T be a linear operator on My. Then T preserves G-majorized <,¢ if
and only if one of the following holds:

1. 8 #nm and

7] = asin @ bsin 6 or [T] = asin @ bsin 6
~ |bsinf asinf — 2bcosb ~ la(l —cos®) b(1—cosh)

2. 0 =2nm and

3. 0=02n+1)m and

for some real numbers a, b.
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Abstract

In this paper triangular functions (TF) and the related operational matrices of
fractional integration are applied to solve time-fractional Black-Sholes equation. By
using this equation, we are able to price an option, which is one of the most important
derivatives in financial markets. The numerical result confirms the efficiency and
accuracy of the proposed method.

Keywords: Operational matrix, Triangular functions, Option pricing
Mathematics Subject Classification [2010]: 91G80, 62P05, 26A33

1 Introduction

Options are usually used for risk reduction in stock markets and has been widely used by
traders and practitioners. One of the most important financial derivative pricing models
is BlackScholes model, which has been the basis of current financial models [1].

In recent years, many financial studies have been conducted on markets with fractional
models due to better and more acceptable results in real markets [2]. In the early 1970s,
Fisher Black, Miren Scholes and Robert Merton took a big step in option pricing. The
result was a model named Black-Scholes model. This model has had a great impact on
the option pricing and risk hedge methods. In this paper, we introduce a new opera-
tional method to solve a special differential equation of fractional order. The aim of this
work is to present an operational method (operational triangular functions method) for
approximating the solution of fractional Black-Scholes equation [3]:

0%(s,t) 1 4 50%c(s,t) Jc(s,t)
ate 277 Tas ds

such that when a = 1 is the classic Black-Scholes formula. For an option pricing problem,
the initial and boundary conditions of this equation are:

¢(Ba,t) = P(t),  c(Bu,t) =Q(t), (2)

c(s,T)=V(s), Bg<s<By,, (3)

+(r—2D)

= TC(S,t), (S,t) S (Bd,Bu) X (OaT)a (1)

where r is the rate of interest, o is volatility of stock price, D is the dividend yield, T is
the expire time, By is the lowest stock price in time interval [0, 7] with d probability and

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: n.mollahasani@math.uk.ac.ir
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B, is the highest stock price in time interval [0, 7] with u probability such that u+d = 1.
The conditions (2) and (3) for European call option are as:

c(s,T) = max{0, Smaz — k}, 0<s<oo, ¢(0,8)=0, 0<t<T,
c(8,t) = Smaz — ke, 5 — 00.
Also, the mentioned conditions for European put option are as follows:
c(s,T) = maz{0,k — Smaz}, 0<s<o00, ¢(0,t)=ke™, 0<t<T,

c(s,t) =0, s— 00.

2 Fractional Calculus

There are several definitions of a fractional derivative of order o > 0. The two most
commonly used definitions are the Riemann- Liouville and Caputo. Each definition uses
Riemann- Liouville fractional integration and derivatives of whole order. The Riemann-
Liouville fractional integration of order o > 0 of function f is defined as:

L
— [t —T)! d >0
Bty = T(a) B0 = 7T =0

f(0), a =0,
and the Caputo fractional derivative of order « is defined as Dg, f(z) = Iy} “D™ f(z),
where D™ is the usual integer differential operator of order m, Ig’:‘[a is the Riemann-
Liouville integral operator of order m —a and m — 1 < o« < m.

The relation between Riemann- Liouville operator and Caputo operator is given by the
following lemma:

Lemma 2.1. If m —1 <a <m, m €N, then .Dg,I§,f(z) = f(x), and:

3

I$, D§ f(x) = fz) = > fP(0h)
0

zk

E,$>O

£
I

3 Triangular Functions
In this section, first we introduce triangular functions, then using them and operational

matrices, the fractional Black-Scholes equation will be solved .

L
Definition 3.1. Divide [0, L) into m equal parts. Suppose that h = —. Triangular
m

functions are defined as:

t—ih
1 hZ, ih <t < (i+1)h;
0, otherwise,

and:

t—1h
< . _
TQ(t): h 5 Zh_t<(2+1)h,
0, otherwise,
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Let’s define the TF-vector as the following:

o= | 2 |

such that:
Tl(t) - [T(} (t)7 Tl1 (t>7 T21(t)7 e Trlnfl(t)]T7 TQ(t) = [T()Z(t)v T12(t)7 T22(t>7 L Tglfl(w]T'

For each continuous function f € L?[0, L], we have:

m—1 m—1
fl@) ~ > aTH) + Y diTh(t) = Fl Ty(t) + Fy Tu(t)
=0 i=0

- [_2 | %EQ_] = BT = fn),

where ¢; = f(t;) and d; = f(ti41) for i =0,1,...,m — 1 [4].

3.1 Operational Matrices of Triangular Functions
Now we investigate the operational matrix of fractional integral of triangular functions (of
order «).
Definition 3.2. Fractional integration of triangular functions of order « is defined as:
1 /t 1
—— [ (t—7) @ IT(r)dr ~ POT(t),
I'(a) Jo
where P is called the operational matrix of fractional integration of triangular functions
and derived according to the following theorem.

1°T(t) =

Theorem 3.3. [}/ The operational matriz of fractional integration of triangular functions,
PY, is defined as the following:

pe pa
I°T(t) ~ PT(t), P*= 1l 15] 4
() () |:P21 P22 ()
where:
[0 & & ... &n-a | [ & & & oo &t ]
0 0 & ... &Emes 0 & & .. Emeo
po — A : P = R : ,
"o oo o0 ... g 2 00 0 ... &
00 0 ... & 00 0 ... &
000 0 ... 0 | 00 0 ... &
hOé
such that §; = m[(j + )%« —j) —l—jo“H} for j =0,1,2,...,m — 1 and:
[0 o m ... Nm—2 | (0o m M2 ... M1
0 0 nmo ... 7Mm-3 0 o m .. Mm—2
peo |t i i e |t ]
1o o o ... m > 0 0 0 ... g
00 0 ... 0 0 0 ... m
00 0 ... 0 | L0 0 0 ... m |

such that m; = [(j+ D)t —j%(a+j+1)] forj=0,1,2,...,m — 1.

INa+2)
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4 TF-Method for Solving Fractional Black-Scholes Equation

Suppose that ¢(s,t) which shows option pricing in time ¢ by the price of s, can be written

as:
n m

826(S> t) o o' T
Tt o S S e T )T (1) = T ()CT(s),
i=0 j=0
where C is the coefficient matrix which is unknown.
Applying the fractional integration operator If; to the both sides of (5) and using the
operational matrix of (4), we get:

dc(s,t)
s

~ TT@)CP'T(t) + L(1), (5)

where L(t) will be calculated later. Again by applying the integration operator I& ¢ to the
both sides of (5) and using the operational matrix of (4), we have:

c(s,t) ~ TT()CP*T(s)+ sL(t) + Z(t). (6)

By the assumption By = 0, it is obvious that Z(t) = P(t). On the other hand, L(t) is
unknown in (5) and (6), which can be obtained by applying the condition ¢(B,,t) = Q(t)
in (6):

¢(By,t) = TT(t)CP?T(B,)+ B,L(t) + P(t).

Therefore: ! ]
L) = 5-(@(t) = P(1)) - ETT(t)CPQT(Bu)- (7)
Substituting (7) in (5) and (6), we get respectively:
Pl T @eP () + l;u(Q(t) _ () - ;uTT(t)CPQT(Bu), (8)

c(s,t) ~ TT(t)CP?T(s)+ Bi(Q(t) — P(t) - TT(t)CP?T(B,)) + P(t).  (9)

u

Now by replacing (5), (8) and (9) in (1), we have:

0%c(s,t)

1
o T (1) [rCP>T(s) — r%CPQT(Bu) — 50%5*CT(s)

—rsCPIT(s) + r%CPQT(Bu)] +rTT ()P,
where P(t) = T7(t)P. For simplicity, we define:
1
X := rCP*T(s) —T%CP2T(BU) — 5075 CT(s) —rsCPlT(5)+r%CP2T(Bu)] +rT ()P,

therefore: oo .
g(ti’) ~ 7T ()X + rT7 (t)P. (10)
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Figure 1: Fractional European Option Pricing for Different o and N = M = 50.

- -.___.d' =
" --____.-'-"'--
- f’f
7.6 [ - o
- o =25
- =
___.-"
- - - — -
7.4 i - ._____,_r"'
- it __'_'_,.H-"'—
.-"'--- -
7.2 ____.-"_.- .___.-'"- 1
.-—""-a - ol
7 o
i " i i -"TF--;. i i i
518 54 54.2 54.4 .6 .8 S5 55.2

Figure 2: The restriction of Figure 1 for 53.5 < s < 55.5.
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Applying I§; on both sides of (10) and using the operational matrix of triangular
functions, we get:

c(s,t) ~ TTR)YPYHYTX +rTT () (PP + w(s). (11)

To calculate w(s), we use the terminal condition ¢(s,T') = V(s) in (3):
w(s) =V(s) = THT)(PHTX —rTT(T)(P*)TP. (12)
substituting (12) in (11), we have:
(s, t) ~ (TT(t) = TT(T)P)'X +r(T"(t) = T(T)(P*)'P+V(s). (13)

By equating (11) and (13), we get:
(T7(t) = TH(T) (P X + r(TT(t) - THT) (PP + V(s) (14)
— T7(1)CP?T(s) + Bi(Q(t) — P(t) - TT(1)CP?T(B,)) + P(1).

In order to find the unknown C in (14), the collocation method is utilized. Thus, by
putting the collocation points (s;,t;) for i = 1,2,...,2n and j = 1,2,...,2m in (14), we
have a system of 2n x 2m equations with an unknown matrix Cay,x2m.

After finding the coefficient matrix C, using function approximation for two variables case,
European option pricing is as follows:

c(s,t) =TT (t)CT(s).

5 Numerical results

Example 5.1. Consider the following fractional Black-Scholes equation respect to time
for European option:

0%c(s,t 1 &%c(s,t Oc(s,t
a(ta Ly 27 6(32 Lor (as )
C(Bdat) = P(t)v C(Bm t) = Q(t)a C(SmamT) = V(S)v
where V(s) = maxz{0, sjaz — k}, P(t) = Q(t) = 0 for By = 0, B, = 100, k = 50, r =
0.05, o = 0.25, for the expire time T' = 1. Figures 1 and 2 demonstrate the application of
the presented method for N = M = 50 and some 0 < o < 1.

—rc(s,t) =0, (s,t) € (Bg,By) x (0,7),
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Fatemeh Motialah* and Mohammad Hassan Shirdareh Haghighi

Department of Mathematics, Shiraz University, Shiraz, Iran

Abstract

A generalized sun graph S(n,p) is the corona product of the cycle C,, and the
empty graph of order p. We study Laplacian spectral characterization of generalized
signed sun graphs and show that balanced generalized singed sun graphs can not be
characterized by their Laplacian spectra.

Keywords: Generalized sun graph, Laplacian spectrum
Mathematics Subject Classification [2010]: 05C50

1 Introduction

In this paper we assume that all graphs are simple, i.e. without any loops or multiple
edges.

Recall that a signed graph A = (G, o) is a simple graph G = (V(G), E(G)) equipped with
a signed function o : E(G) — {+, —}.

The adjacency matrix of a signed graph A = (G,0) is defined as A(A) = (af;) with
af; = o(ij)a;; where A(G) = (a;;) is the usual adjacency matrix of G. Also the Laplacian
matrix of A is defined as L(A) = D(G) — A(A). For a signed graph A = (G,0) and
U C V(G), let AU be the signed graph obtained from A by reversing the signatures of
the edges in the cut [U,V(G) \ U]. Namely o,v(e) = —oa(e) for any edge e between U
and V(G) \ U and o,v(e) = o(e) otherwise. The signed graph AY is called a switching
of A, and A and AV are called switching equivalent, for the following well-known and

easy-to-prove theorem.
Theorem 1.1. The adjacency (Laplacian) matrices of A and AY are similar.

Corollary 1.2. The adjacency (Laplacian) matrices of A and AU have the same charac-
teristic polynomials.

Definition 1.3. Two signed graphs are said to be A-cospectral (L-cospectral) if they have
the same adjacency (Laplacian) characteristic polynomials. Also we say that a signed
graph A is determined by its adjacency (Laplacian) spectrum if every graph that is A-
cospectral (L-cospectral) to A is switching isomorphic to A.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: fmotialah2011@yahoo.com
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The sign of a cycle in a signed graph is positive, if it contains an even number of
negative edges, otherwise it is negative.

Definition 1.4. A signed graph is said to be balanced if all of its cycles (if any) are
positive, otherwise it is unbalanced.

Therefore, by this definition and the notion of switching isomorphism, basically there
exists two non-switching isomorphic structures for a cycle C,,. One of them is (Cy,+)
in which all edges are positive, the other is (C),,—) in which just one edge is negative.
Also note that the signs of the edges of an induced tree in a signed graph is irrelevant,
since such edges can be changed to be positive by suitable switching. It follows that for a
unicyclic graph G,there exist two non-switching isomorphic signed G which is determined
by the sign of its cycle. We denote them by (G, +) (balanced) and (G, —) (unbalanced).

Lemma 1.5. [2, Lemma 4.4] For the cycle C,, we have:

2k
Specy(Cp,+) = {2cos Wﬁ,k =0,1,...,n—1},
2k +1

Specy(Cp,—) = {2cos mk=0,1,...,n— 1},

Definition 1.6. The corona of two graphs G; and Gs, denoted by G o Go is the graph
obtained from G1 and n disjoint copies of G2, where n is the order of GG1, such that each
vertex of (71 is adjacent to all vertices of a corresponding copy of G.

For example let G = C4 and Gy = K. The two different coronas G710 Gy and Gy o Gy
are shown in Figure 1.

GIL OGQ (_;\'2 OGJ_

Figure 1: Coronas of two graphs

The corona of a cycle and a single vertex is called a sun. Laplacian spectra character-
ization of signed sun graphs is given in [4].

A generalized sun graph S(n,p) is the corona product of the cycle C), and the empty
graph (graph with no edge) of order p.

When we have two signed graphs, for their corona to become a signed graph, different
ways exist to give signs to the additional connecting edges [1]. The graph S(n,p) is a
unicyclic graph, when it is signed it has only two non-switching isomorphic structures,
(S(n,p),+), the balanced one; and (S(n,p), —), the unbalanced one, in which in the latter
only one edge of the cycle (which can be any of its edges) is negative.

As in [4], we now consider generalized signed sun graphs and show that the balanced
generalized sun graph (S(n,p),+) can not be characterized by its Laplacian spectrum
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Figure 2: 5(4,2)

whenever n is even. Therefore we can say generalized signed sun graphs can not be
characterized by their Laplacian spectra.
We need the following well-known lemma, which can be proved plainly.

Lemma 1.7. Let G be a graph with p adjacent pendant edges (pendant edges with a
common vertex). Then it has 1 as a Laplacian eigenvalue with multiplicity at least p — 1.

By employing the proof of the Lemma above, we can easily conclude the following
proposition.

Proposition 1.8. The signed graph A = (S(n,p),o) has 1 as a Laplacian eigenvalue with
multiplicity at least n(p — 1).

2 Main results

First we derive the eigenvalues of A = (S(n,p), o), where o € {+, —}.

As we have seen in proposition 1.8, at least n(p—1) eigenvalues of the Laplacian matrix
of A are 1. Now we have to compute other Laplacian eigenvalues.

We consider the following labeling of vertices of A. First the vertices of the cycle come
as 1,2,...n. Then we pick one vertex attached to the vertex 1, one vertex attached to the
vertex 2, and so on; repeating this process p times to complete labeling. The Laplacian
matrix of A is then:

(p+ 2L, — A(Cp,0) —I, —Ip ... —I,
-1, I, 0, On
L(A) =
-1, 0y, 0y, I,

Theorem 2.1. Let A = (S(n,p),0). The Laplacian eigenvalues of A are

(B+p—pi) £ /B +p—pa)>— 42— ;)
2

fori=0,...,n—1; whereui:2cos%7r if o =+ and p; = 2cos

2it+1
n

Proof. Let ¥(A, z) be the characteristic polynomial of L(A) and ¢(C),, z) be the charac-

teristic polynomials of A(C),). If x # 1, then by an elementary row operation we get

YA, z) = det(xpqnp — L(A)) = det(T),

mifo=—.

where
(@ —=(+2) = 2 +AC:) Pl (p=DL ... I
On (x — I, On . On
T = .
On On, On, e (z =D,
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Therefore, (A, z) = (x — 1) det(((z — (p+2)) — (xp%l))ln + A(C)).

Since z # 1, (x"%l) — (x — (p+2)) is an eigenvalue of A(C),), provided that z is a root

of Y(A, ). If (xfl) —z+p+2=a, we have 22 — (3+p — a)z — (a — 2) = 0 and hence
(34 p—a)E/(B3+p—a)2—4(2—a)

x = 5 .

Thus, by Lemma 1.5, (3+p_“i)i\/(3J;p_”i)2_4(2_“i) are the Laplacian eigenvalues of A,

Where,ui:2cosmni17r for o = —, andui:2cos%7rforaz+,i:O,...,n—l.

O]

Corollary 2.2. The Laplacian eigenvalues of signed graph (S(n,p),o) are 1 with multi-
plicity n(p — 1) and

(B+p— i) £/B+p—pi)?— 42— 1)
2

2i+1

fori=0,...,n—1; whereui:2cos%7r if o =+ and p; = 2cos = =7 if o = —.

Proof. By Proposition 1.8 and Theorem 2.1, it is obvious. O

Theorem 2.3. Let A = (S(n,p),+) be a signed graph, where n > 6 is even. Then A is
L-cospectral with (S(5,p),+) U (S(5,p), —).

(3+p—pi) £/ (B+p—pi)2—4(2—ps)

Proof. By Theorem 2.1, Laplacian eigenvalues of A are 5 for
i=0,...,n—1; where u; = 2 cos %77 . For i even, they are the eigenvalues of (S(%,p),+),
and for 7 odd, they are the eigenvalues of (S(5,p), —). O

3 Conclusion

We showed that a generalized balanced sun graph S(n,p) cannot be characterized by its
Laplacian spectrum when n is even. This extends some results of [4].
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Abstract

In this paper, we introduce a novel fractional-order chaotic autonomous system.
Stability analysis of the fractional-order system is studied using the fractional Routh—
Hurwitz criteria. The nonstandard finite difference (NSFD) scheme is implemented to
study the dynamic behaviors in the novel fractional-order chaotic autonomous system.
The lowest order for the system to remain chaotic is found. The numerical results show
that the NSFD approach is easy and accurate when applied to fractional-order chaotic
system.

Keywords: Chaos, Grunwald-Letnikov derivative, Stability, Fractional calculus,
Nonstandard finite difference scheme

Mathematics Subject Classification [2010]: 60H15, 65M12

1 Introduction

In the recent years there is increasing interest in fractional calculus which deals with inte-
gration or differentiation of arbitrary orders. The list of applications of fractional calculus
has been evergrowing and includes control theory, viscoelasticity, diffusion, turbulence,
biology, economics, electromagnetism and many other physical processes. The interest in
the study of fractional-order nonlinear systems lies in the fact that fractional derivatives
provide an excellent tool for the description of memory and hereditary properties, which
are not taken into account in the classical integer-order models. Studying dynamics in
fractional-order nonlinear systems has become an interesting topic and the fractional cal-
culus is playing a more and more important role for analysis of the nonlinear dynamical
systems.

This paper is organized as follows: In next section, we give some basic definitions and
properties of the Griinwald-Letnikov (GL) approximation and provide a brief overview
of the important feature of the procedures for constructing NSFD schemes for ODEs.
In section 3, we introduce a novel fractional-order chaotic autonomous system and also
fractional Routh—Hurwitz stability conditions are given for the local asymptotic stability
of the fractional systems. In section 4, we will discuss the stability analysis of fractional
system. In addition, we present the idea of NSFD scheme for solving the novel fractional-
order chaotic autonomous system. Numerical results show that the NSFD approach is
easy to be implemented and accurated when applied to novel fractional-order autonomous
system.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: namjoo@vru.ac.ir
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2 NSFD scheme and Griinwald—Letnikov approximation

The initial foundation of NSFD schemes came from the exact finite difference schemes.
These schemes are well developed by Mickens [3] in the past decades. These schemes are
developed for compensating the weaknesses such as numerical instabilities that may be
caused by standard finite difference methods. Consider the autonomous ODE is given by

.I‘/:f(t,ﬂ?,)\), l‘(O):fL‘O, te [O’tf]7

where A is a parameter and f(¢,x,\) is, in general, a nonlinear function. For a discrete-
time grid with step size, At = h, we replace the independent variable ¢ by t ~ t,, = nh,
forn=20,1,2,..., N where h = tﬁf The dependent variable z(t) is replaced by x(t) ~ zp,
where x, is the approximation of z(¢,). The NSFD scheme requires that x’ has the
more general representation x’ = W, where the denominator function, i.e. ¢ has the
property ¢(h) = h+O(h?). Derivatives of fractional-order have been introduced in several
ways. In this paper we consider GL approach. The GL method of approximation for the
one—dimensional fractional derivative is as follows:

Dex(t) = f(t,z(t)), z(0) = zo, t € [0,ts], (1)
(7]

DPa(t) = lim h™ Y (~1)/ <‘;‘>x(t —jh),

o+

J=0

where 0 < a < 1, D® denotes the fractional derivative and h is the step size and [%]
denotes the integer part of % Therefore, Eq. (1) is discretized as follows:

n
cjxn—j = f(tn,Tn), n=123,..
7=0

where ¢, = nh and ¢} are the GL coefficients defined as:

1
C?:(l_ —.ij_ )C?—lﬂ g =h"", J=123,..

By applying this technique and using the GL discretization method, it yields the
following relations

n+1
_Zcﬁxrﬂrlfj + [ (tnt1, Tny1)
Jj=1
Tn+1 = = ) n=0,1,2,...

€o

where cff = ¢(h)™*.

3 The novel fractional-order chaotic autonomous system

Ref. [2] reported a three-dimensional autonomous system which relies on two multipliers
and one quadratic term to introduce the nonlinearity necessary for folding trajectories.
The chaotic attractor obtained from the new system according to the detailed numerical as
well as theoretical analysis is also the butterfly shaped attractor, exhibiting the abundant
and complex chaotic dynamics. This chaotic system is a new attractor which is similar
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to Lorenz chaotic attractor. The chaotic system is described by the following non-linear
integer-order differential equations

r = —ar+ fyz,
y = cy—dxz, (2)
2 = —bz+ey?

where z, y, and z are the state variables, and a, b, ¢, d, e, and f are positive constant
parameters. Now we introduce fractional-order into the system (2) of chaotic system. The
new system is described by the following set of fractional ODEs of order aq, ao, 3 > 0, in
the following form

DYgx = —ax + fyz,

Dy =cy — dxz,

D%z = —bz + ey?,

0<a; <1, i=1,2,3.

with initial condition

2(0) = o, y(0) =w0,  2(0) = 2.

In order to analyze the stability of the system, fractional Routh—Hurwitz stability condi-
tions for fractional-order differential equations are introduced. The Jacobian matrix J of
the system Egs. (3) at the equilibrium point E = (z*, y*, 2*) is computed as

—a 2 fy
JE)=| —dz* ¢ —dz* |, (4)
0 2ey* —b

The existence and local stability conditions of these equilibrium point are as follows:
Let D(P) denotes the discriminant of a polynomial P

PA\) =X+ a1 A2 + ag)\ + a3 =0, (5)

and
D(P) = 18ajasas + (a1a2)2 — 4a3(a1)3 — 4(@2)3 — 27(&3)2,

using the results of [1], we have the following Routh—Hurwitz stability conditions for FDEs:

(i) If D(P) > 0, then the necessary and sufficient condition for the equilibrium point
FE to be locally asymptotically stable is a1 > 0,a3 > 0,a1a9 — ag > 0.

(ii) If D(P) < 0, a1 > 0,a2 > 0,a3 > 0, then the equilibrium point FE is locally asymptot-
ically stable for a < 2/3. However, if D(P) < 0,a1 < 0,a2 < 0, > 2/3, then all roots of
polynomial (5) satisfy the condition |arg())| < 5.

(iii) If D(P) < 0, a1 > 0,a2 > 0,aja2 — az = 0, then the equilibrium point F is lo-
cally asymptotically stable for all « € [0, 1).

(iv) The necessary condition for the equilibrium point E to be locally asymptotically
stable is ag > 0.

In the next section we discuss the asymptotic stability of the equilibrium point E of
the system Eqgs. (3).
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4 Stability analysis of the fractional-order chaotic autonomous
system

When a =16, b=5,¢c=10,d =6, e = 18, and f = 0.5, the new system (2) has three real
equilibrium points F1(0,0,0), F2(0.325,1.4243,7.303), E3(—0.325,—1.4243,7.303). The
local stability conditions of these equilibrium points are as follows.

Theorem 4.1. For the parameters a =16, b=15, c=10,d =6, e = 18, and f = 0.5, the
equilibrium point Ey of system Eqs. (3) is unstable for any o € (0,1).

Theorem 4.2. When the parameters a = 16, b=5, c =10, d =6, e = 18, and f = 0.5,
if @ < 0.89, then equilibrium points Eo and Es of system Eqs. (3) are stable.

4.1 NSFD scheme for fractional-order system
By using definition of GL derivative and use NSFD for the system Egs. (3) we have:

n+1

fel
E lexn—i-l—j = —QaTp41 + JYnzn,
=0

n+1
(07
Y i1 = CYn — Tz, (6)
i=0
n+1
s . 2
Z C; Znt1—j = —bzng1 + eyp -
Jj=0

Doing some algebraic manipulation to Egs. (6) yields the following relations

n+1
= i1+ fynin
__J=l
Tn+l = ng T a )
n+1
_ZC?%JnJrlfj + cYn — dxpi12n
j=1
Yn+1 = 682 ’
n+1
—ZC?3Zn+1—j +eyn iy
__J=l
An+l = 033 b )
where
Cgl = (bl (h>_a17 C(a)(2 = ¢2(h)_a27 083 = ¢3(h)_a37
with [4-6]
ah ch bh
al)= Bl = el =

5 Simulation and results

Analytical studies always remain incomplete without numerical verification of the results.
In this section, numerical results from the implementation of NSFD scheme for the novel
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fractional-order autonomous system are presented. Using NSFD scheme, when a; = ag =
a3 = «, the simulation results demonstrate that the lowest order for the system (3) to
remain chaotic is @« = 0.89. The approximate solutions are displayed in Figs. 1-3 for
different 0 < o; < 1,7 =1,2,3.

In Fig. 1 is depicted phase trajectory of the classical novel autonomous system (2) for
commensurate order « = 1 and parameters a = 16, b = 5, ¢ = 10, d = 6, e = 18, and
f = 0.5 with the initial conditions (x(0),y(0), 2(0)) = (0.05.0.05,0.0001), for simulation
time 20s and step size h = 0.01.

Figure 1: The chaotic attractor and the equilibrium point of system (3)when a = 1.

In Fig. 2 is depicted phase trajectory of the fractional-order novel autonomous chaotic
system (3) for commensurate order v = 0.88 and parameters a = 16, b =5, ¢ = 10, d = 6,
e = 18, and f = 0.5 with the initial condition (x(0),y(0), 2(0)) = (0.05.0.05,0.0001), for
simulation time 20s and step size h = 0.01.

In Fig. 3 is depicted phase trajectory of the fractional-order novel autonomous chaotic
system (3) for incommensurate order ar; = 0.88, avg = 0.85, g = 0.80 and parameters a =
16, b=5,c=10,d =6, e = 18, and f = 0.5 with the initial condition (z(0),y(0), z(0)) =
(0.05.0.05,0.0001), for simulation time 20s and step size h = 0.01.
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Figure 3: Phase trajectory of the equilibrium point Fy when o = 0.88, ap = 0.85 and
ag = 0.80.
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Abstract

Warren Ambrose defined a general structure, namely H*-algebra. Saworotnow
discussed trace class on these structures. In this work, we investigate this algebra and
this trace class. Also, we mention some properties of trace functional. Finally, a norm,
based on the trace functional, and some examples on these subjects are described.
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1 Introduction

The word Algebra was first used by al-Khwarizmi in 780-850. Different structures are
derived from Algebra.

An algebra over field F is a vector space A over F that also has a multiplication defined
on it that makes A into a ring such that if « € F and a,b € A, a(ab) = (aa)b = a(ab).

A Banach algebra is an algebra A over field F that has a norm ||-|| 4 relative to which
A is a Banach space and such that for all a,b € A,

llabl| 4 < llall 4 1|P| 4 (Algebra norm)

For a Banach algebra A, an involution is a map a — a* from A into A such that the
following properties hold for a,b € A and « € C:

Each Banach algebra equipped with an involution is called Banach x-algebra or B*-algebra.

Definition 1.1. A C*-algebra is a Banach algebra A with an involution such that for
every a € A,

2
la*all 4 = [lall4 -

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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2 H*-Algebra

Warren Ambrose defined an H*-algebra structure in [1]. He defined H*-algebras as a
generalization of Ls-algebras. In continue, we survey on the definition and some properties
of these structures. Also present some examples for this algebra. Then checking the
difference between that and the similar algebra. Also, discuss on involution * and proper
H*-algebras. Finally express structure theorem for H*-algebra.

Definition 2.1 ( [1]). The Banach algebra A is called H*-algebra, if satisfies the following
conditions:

i. The underlying Banach space of A is Hilbert space of arbitrary dimention.

ii. For each a € A, there exist adjoint a* € A such that
(ab,c) 4 = (b,a"c) 4, and (ab,c) 4 = (a,cb*) 4 (1)
for all a,b,c € A.

This means, an H*-algebra A is a (real or complex) Banach algebra and a (real or
complex) Hilbert space with an inner product (a,b) 4 such that the algebra norm |lal| 4
1/2

and the Hilbert space norm (a,a) 4~ are equal for all @ € A. And also, for every element
a € A there is at least one adjoint element a* satisfies in (1).

Example 2.2. We explain two examples for H*-algebras and express relation between
these algebras and C*-algebras:

i. Complex number, C, with inner product («, ) = Re (af*) and induced norm by
this inner product, is an H*-algebra and C*-algebra, because (af,v) = Re (af7) =
(B,0y) = (a,7B*) and ||a*a| = |Ja|* where for every complex number 7, 7* =7
and || = m +m2il| = /{n,n) = /Re (n*) = nf + 13-

ii. The Clifford algebra A = Cly, is a finite-dimension real H*-algebra with respect to
i) 2= 27\ = 25 4 Aasia.
Let |A]3 :== (A\,A)y = 2"Y 4 A% be an induced norm by above inner product on
Clyy (ie. i? = j2 = —1). Consider A = i + j, then A\ = 2, [A\|p = 4 and
N3 = 22(12 + 12) = 8. Hence |AN|o # |A2.
Therefore Cly, with this inner product and induced norm is an H*-algebra and is
not a C*-algebra (For more information see [4]).

The adjoint a* of a is not unique. Consider any Hilbert space and make it into an
algebra by defining the (a,b) := 0. It is trivial that this is an H*- algebra in which every
element is an adjoint of every element.

For every H*-algebra A, aA = (0) is equivalent to Aa = (0), for all a € A.

Definition 2.3 ( [1]). An H*-algebra is proper or semi-simple if the only a € A satisfies
inaAd=(0)isa=0.

Theorem 2.4 ( [1]). An H*-algebra is proper if and only if every element has a unique
adjoint.

Definition 2.5. Let A be a proper H*-algebra and a,e, f € A. Then

i. a is self-adjoint member of A if a* = q;
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ii. a is positive member of A if (az, $>A >0 for all x € A;
iii. a is normal element if a*a = aa™;

iv. e is idempotent if e? = e # 0;

v. e is sa-idempotent or projection if e be an idempotent and self-adjoint, i.e. €2 = e =

e* # 0;
vi. The non-zero idempotents e, f are called doubly orthogonal if ef = fe = 0 and

<eaf>_A = Oa

vii. An idempotent is primitive if it can not be expressed as the sum of two doubly
orthogonal idempotents.

Theorem 2.6 ( [1]). Every proper H*-algebra contains an sa-idempotent.

Theorem 2.7 ( [1]). Every proper H*-algebra contains a (non-empty) mazimal family of
doubly orthogonal primitive sa-idempotents

Theorem 2.8 (First structure theorem, [ [5]). | Let {e;} be a mazimal family of doubly
orthogonal primitive sa-idempotents in a proper H*-algebra A. Then

A:ZeiA:ZAeia

that is, A is the direct sum of the minimal left ideals Ae; and A is a direct sum of the
minimal right ideals ¢; A.

2.1 Trace-Class for H*-Algebras

In this section, A is a proper H*-algebra. We describe definition of trace—class and trace—
functional for H*-algebras. After that, we explain some consequences and relations about
these.

Lemma 2.9 ( [6]). Let b be a normal element in A. Then there exists a projection base
{eataca for A and a family {\o},ep of scalars such that b= )"\ Aaea. The nonzero
numbers Ay are nonzero numbers in the spectrum of b.

If b = a*a for some a € A then every Ay > 0.

Corollary 2.10 ( [6]). For each a # 0 in A there exists a sequence {en} of mutually
orthogonal projections and a sequence {\,} of positive numbers such that

a‘a = Z An€n.- (2)

Note also that a*ae, = e,a*a = A\pe, for each n.

Define [a] := ), pnen, where p, := /A, > 0, For every n € N, in Equation (2) of
Corollary 2.10. Then for each k:

k k k
Z Hﬂnen”il = ZN €n, en Z Anén, en
n=1 n=1 n=1
k k
= Z (a*aen, en) 4 = Z aen, aey) 4
n=1 n=1
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k
2 2
= llaenl} < llall% -
n=1

Therefore ), unen is converges. Hence [a] =), pinen is well-define.

Lemma 2.11 ( [6]). For each a € A there exists a unique positive member [a] of A such
that [a)?> = a*a (note that [a]* = [a]).

The trace—class for A is the set
7(A) = {zy|z,y € A},

i.e. 7(A) be the set of all products zy of members z,y of A. Every trace—class is non—
empty, because each idempotent element ¢? = e € A is belong to 7(A), see Theorem
2.6.
If a € 7(A), then a = xy for some z,y € A. We define
tra:= (y,2%) 4.

In every proper H*-algebra tr (ab) = tr (ba), for each a,b € A. The trace tr is a positive
functional, i.e. tr (a) > 0, for every positive element a € A. There exists b € A such that
tr (b) < 0. Therefore in follow use “[a]” to build a norm according to the trace functional,
because [a] is a positive member of A, for every a.

Definition 2.12 ( [6]). We define 7(a) := tr ([a]) = tr (D 07| fnen) = > ooy in for every
ac A

Corollary 2.13 ( [6]). Suppose A be an H*-algebra. Then
i. T(a*a) = tr(a*a) = Ha||?4, for alla € A;
it. |tral < 7(a), for all a € T(A);

. ||al| 4 < 7(a), for all a € T(A);

s

. 7(ab) < ||la|| 4 - ||bll 45 for all a,b € A;

v. 7(ab) < 7(a)7(b), for all a,b € T(A).

3 Some Examples

Example 3.1. Consider a structure (¢2(N),+,-, (-,-)) with the standard addition and
scalar product. Suppose a = (a1,a2,---) = {ai}io;,b = (b1, b2, ) = {bi};2; € £2(N)
where a;,b; € F = C. We define

a-b=(ay-br,az by,--)={a;- bi};?il (product)

(a,b) 4 = Z ab; (inner product)
=1

a* = (ar,az, ) (adjoint)

where - is conjugate of a complex number. Then we know that (-,-) 4 is an inner product
1

and |lall 4 = (a,0)3 = 0,y |an|2)% is induced norm. So A is a Hilbert space and a
Banach algebra. Also x is an involution.
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A is an H*-algebra, because

(ab, C>A = Z a;b;c;,
(b,a*c) 4 = Z biaic; = Z a;bic;,
<a, Cb*>A = Z aicib7- = Z a;b;¢;,

are equal. But it has not C*-algebra structure. For check this, let a = (2,3,0,0,---).
Then Jlally  lla*al .
It is easy to show that 14 must be {1g};°, and it is not belong to ¢2(N).
Let §; = {5ij};’i17 i € N, where §;; is the Kronecker delta. Then {d;} is family of
doubly orthogonal primitive sa-idempotents.
For every a = {an}r-, [a] = {lan|},—;. Then tr(a) = tr ({an}rry) = Y opey an and
1

n=1°

7(a) =tr ([a]) = Zzozl |ay|. Therefore ||a||A = <a,a>?4 = \/tr (a*a) = \/T(CL*CL).

Example 3.2. Consider a structure (Mz(C), +, X, scalar product) with the common ma-
trix addition, matrix product and the scalar product. Also, involution on a matrix A be
conjugate transpose of A, i.e. A* = AT. Suppose A, B € M>(C) where a;5,b;; € F = C.
We define inner product

2 2

(A,B>A:ZZ(ZU E

i=1 j=1

Then (-,-) 4 is an inner product and A is a Hilbert space.

Induced norm is HHi =(A,A) 4= 2 25:1 aij - a@; = S0, 2521 la;j|?, and it is
Frobenius norm. So, A is a Banach algebra.

A is an H*-algebra, becuse

(Ax B,C) = (B, A* x C) = (A,C x BY)
= a11b11¢11 + a12ba1¢11 + a11b12¢12 + ai2beacia

+ a21b11C21 + a22b21C21 + a21b12C22 + a22b22¢22,

but it is not a C*-algebra, because |I*I|| # ||I]|*.
14 =Iax2 € A, but || 14] 4 # 1. Then A is not unital Banach algebra.
Now calculate trace functional tr for each A € A

tr(A) =tr (Al) = (A, I) = a11 + ag.

. o _fa b « 4 _ (Ga+cc ab+cd
For check the part(i) of Proposition 2.13, let A = (c d>' Then A*A = (ba—i— dc bh+ dd>'

And tr (A% 4) = [a” + [e]” + [b* + |d” = || 4]

4 Conclusion

An H*-algebra structure is a complete vector space with a multiplication on its elements
such that it has a particular inner product. Then investigate a trace-class sub-algebra of
this and a trace functional and a trace norm. Finally, we mentioned some properties of
these.
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Abstract

In this paper for a given set of real numbers ¢ via a special unit lower triangular
matrix, we find a symmetric matrix such that ¢ is its spectrum and in continue we
bring a conditon for solving symmetric inverse eigenvalue problem(SNIEP).
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1 Introduction

The nonnegative inverse eigenvalue problem (NIEP) asks for necessary and sufficient con-
ditions on a list o = (A1, A2, ..., Ap) of real or complex numbers in order to ¢ be a spectrum
of a nonnegative matrix A, we will say that o is realizable and that it is realization of o.
Since all eigenvalues of symmetric matrices are real, then if o = (A1, A2,..., \,) of real
numbers then (SNIEP) is symmetric nonnegative inverse eigenvalue problem and if we
find a symmetric matrix C' with eigenvalues o, then we will say that ¢ is symmetrically
realizable and that it is symmetric realization of o.

In [1] Fiedler obtained some necessary and some sufficient conditions for a set of n
real numbers o = {1, \a,..., A, } that it to be the set of eigenvalues of n x n symmetric
nonnegative matrix. Although nonsymmetric inverse eigenvalue problem (NIEP) has not
been solved in general, however sufficient conditions for the SNIEP have been obtained
in [3].

Some necessary conditions on the list of real number o = (A1, A2, ..., \,) to be the
spectrum of a nonnegative matrix are listed below.

(1) The Perron eigenvalue max{|\;|; A\; € o} belongs to ¢ (Perron-Frobenius theorem).
(2) sk = Y7 AF > 0.

(3)s" < n™7Lsy,, for k,m = 1,2,... (JLL inequality) [2,3]. One of the special and
interesting cases of SNIEP is inverse eigenvalues of Euclidean distance matrix (EDM). For
instance, T.L. Hayden, R. Reams and J. Wells have solved the inverse eigenvalue problem
for Euclidean distance matrices of order n = 3,4, 5,6, and any n for which there exists a
Hadamard matrix and also they solved this problem: If for n € N there exists a Hadamard
matrix of order n, then there is an (n 4+ 1) X (n + 1) and an (n + 2) x (n + 2) distance

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: a-nazariQaraku.ac.ir
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matrix with eigenvalues which hold under special conditions for n < 16 [5]. Nazari and
Mahdinasab solved this problem without using any Hadamard matrix [4].

A matrix L is called unit lower triangular if it is lower triangular matrix and all entries
on its main diagonal are one. The inverse such a matrix also is unit lower triangular. In
Gaussian elimination method and LU factorization unit lower triangular matrices play an
important role.

Recently, Nazari and Nezami were able to solve the inverse eigenvalue problem in
general by using unit lower triangular matrices [6]. In this paper for a given set of real
numbers by helping a special unit lower triangular matrix we find a symmetric matrix
C, such that o is its spectrum and in continue we find a sufficient condition that C is
nonnegative symmetric matrix.

2 Main results

In this paper for a given set of real numbers ¢ by helping of similarity of matrices and via a
special unit lower triangular matrices, we find a symmetric matrix that o is its spectrum.

Lemma 2.1. If

10 0
11 0
L =
11 1
1s k X k unit lower triangular matriz, then
1 0 0
-1 1 0
L7'=]0
0 -1 1
Proof. Tt is easy to see that LL™" = LL™! = I, that I, is k x k identity matrix. O
Theorem 2.2. Let 0 = {1, Ao, , Ay} is set of real numbers, then there exist a sym-
metric matrix that o is it’s spectrum.
Proof. Let
A1 a2 a1z - g
0 /\2 ag3 a2n
A= 0 0 /\3 asn ,
0 0 0 Ann
and
100 0
110 0
L=|111 0f,
111 1
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is unit lower triangular matrix. Now by Lemma 2.1, we compute

1 0 0 )\1 a2 aiz --- QA1n 1 00 0
-1 1 0 0 )\2 a3 a9n, 1 1 0 0
C=L'AL=10 0 0 A a3n 1 11 0
0 -1 1 0 O 0 Ann 1 11 1

(1)

Finally we find the entries ai2, - ,@1n,023, -+ ,G2n -+ , App—1 such that the matrix C' to

be symmetric. For this we select the elements on upper triangular matrix A as following
aij:i(/\j—)\j_l), i=1,---,n—-1,j=i+1,--- ,n. (2)
J

Then the matrix C is similar to matrix A and is symmetric because without lose of
generality we assume that ¢ < j, then

Cij = (aij — ai—15) + (@ij41 — ai—1j+1) + - - + (Qin — Gi—1n), (3)
if we substitute (2) in to (3) then after simplification we have

1 1 1 1
Cij=—=N1+ =N+ —— At
TG T GG ) (n—1)(n—2)

On the other hand we have

1
n— —\n- 4
A 1—|—n)\ ()

Cji = (aji—aj-1i)+(ajit1—aj—1i+1)+ - ~+(aji—aj—15)+(ajj+1—aj-1j+1)+ - -+(ajn—aj-1n)
(5)

Since i < j and A is upper triangular matrix, then from (5) we have
Cji = (a5 — aj-15) + (ajj+1 — aj-1j+1) + -+ + (@jn — @j1n)- (6)

It is easy to see that ralation (6) after replacing (2) and relation (4) are equal. Then
C;j = Cj; for all @ < j. Therefore the matrix C' is symmetric and has eigenvalues o. O

Theorem 2.3. The necessary and sufficient condition for the matriz C in (1) to be
nonnegative is that
1
L (- D) 2 0
Corollary 2.4. If o0 = {\1, A2, ..., Ay} C Q, then the symmetric matriz C with eigenval-

ues o lies in Q™*™.

Proof. Since o = {\1, A\a,..., A\p} C Q, then by (2) the matrix A € Q"*", and due to the
structure of the matrix C, this matrix has rational entries. O

Example 2.5. Consider o = {12, —4,—3, —2} then

1 0 0 0
L 1 1 0 0

0 -1 1 01}’

0 0 -1 1
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[ -2 —1/2 —1/3 4 ]
0 -3 -2/3 8

A=
0 0 —4 12
00 0 12|
and ~ _
1 0 0 O
1 1 0 0
L=
1110
111 1
then ~ _
7/6 2 11/3 4
19
= 7/6 11/3 4
C:=L AL =| ° / /
11/3 11/3 2/3 4
4 4 4 0]
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Abstract

Nowadays, certain problems in automata theory, control theory, manufacturing
systems and parallel processing systems are intimately linked to linear systems over
max-plus algebra. The main purpose of this paper is to introduce a method based on
the pseudo-inverse of a matrix for solving a linear system of equations over max-plus
algebra. To this end, we present a necessary and sufficient condition for the system
to have a maximal solution.
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1 Introduction

Solving systems of linear equations is an important aspect of linear algebra. We propose a
systematic method to understand the behavior of linear systems over max —plus algebra.
Systems of linear equations over semirings find applications in various areas of engineering,
computer science, optimization theory, control theory, etc (see e.g. [1,3]). Semirings are
algebraic structures similar to rings, but subtraction and division can not necessarily be
defined for them. The notion of a semiring was first introduced by Vandiver [5] in 1934.
A semiring (S, +, .,0,1) is an algebraic structure in which (S, +) is a commutative monoid
with an identity element 0 and (S, .) is a monoid with an identity element 1, connected by
ring-like distributivity. The additive identity 0 is multiplicatively absorbing, and 0 # 1.
For convenience, we mainly consider S = (R U {—o0}, maz,+, —00,0), which is called
max —plus algebra.

We intend to solve the system of linear equations AX = b, where A = (a;;) €
M, (S), b € S™ and X is an unknown vector over S. To this end, we present a necessary
and sufficient condition based on the “pseudo-inverse”, A~, of matrix A with determinant
det.(A) € U(S) to solve the system, where U(S) is the set of the unit elements of S. It is
shown that the proposed method is not limited to square matrices, and can be extended
to arbitrary matrices of size m x n as well. In such cases, we try to convert the non-square
system to a square one of size min{m, n}.

*Speaker. Email address: folya@mail kntu.ac.ir
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1.1 Definitions and preliminaries

Definition 1.1. (See [2]) A semiring (S, +,.,0,1) is an algebraic system consisting of a
nonempty set S with two binary operations, addition and multiplication, such that the
following conditions hold:

1. (S,+) is a commutative monoid with identity element 0;
2. (S,-) is a monoid with identity element 1;

3. Multiplication distributes over addition from either side, that is a(b + ¢) = ab + ac
and (b+ c¢)a = ba + ca for all a,b,c € S;

4. The neutral element of S is an absorbing element, that is a-0 =0 = 0 - a for all
a €S

5. 1#0.
A semiring is called commutative if a-b=0b-a for all a,b € S.

Let S be the max —plus algebra. We denote the set of all m x n matrices over S by
Man(S) For any A= (aij) € Man(S), B = (bl]) € Man(S), C = (Cij) S MnXZ(S)
and A € S, we define the matrix operations as follows.

A+ B = (max(ag, bij)),
AC = (Ig%f(aik + ¢kj)),

and

For convenience, we can denote the scalar multiplication AA by A+A. Moreover, max —plus
algebra is a commutative semiring which implies A + A = A+ A. It is easy to verify that
M, (S) := My xn(S) forms a semiring with respect to the matrix addition and the matrix
multiplication.

The concept of the determinant of a matrix over a commutative semiring requires the
definition of an e-function. (See [4] for more details.)

Definition 1.2. Let (S,+,.,0,1) be a commutative semiring. A bijection € on S is called
an e-function of S, if e(e(a)) = a, e(a+b) = e(a) + £(b), and e(ab) = €(a)b = ae(b) for all
a,b € S. Consequently, £(a)e(b) = ab and £(0) = 0.
The identity mapping: a + a is an e-function of S.

Definition 1.3. Let A € M,(S), S be the max —plus algebra and S,, be the symmetric
group of degree n > 2 . The e-determinant of A, denoted by det.(A), is defined by

det.(A) = maxe™ ) (a1, (1) + aap(2) +* + Ang(m)):

UGSTL

where 7(c) is the number of the inversions of the permutation o, and e*) is defined by
£ (a) = a and £ (a) = e*=V(g(a)) for all positive integers k.
In particular, let € be the identity function, since 5(2)(a) = a, we then have:

dete(A) = max(ai,(1) + a20(2) +** + Ano(n))-

O’ES’n
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Definition 1.4. Let A € M,(S) and ¢ be an e-function of S. The e-adjoint matrix A,
denoted by adje(A), is defined as follows.

adjs(A) = (£ (et (A(i]5)))nxn) "

where A(i|j) denotes the (n — 1) x (n — 1) submatrix of A obtained from A by removing
the ¢-th row and the j-th column.

Theorem 1.5. (See [}]) Let A € M, (S). We have
1. Aadje(A) = (det(Ar(i = 7)))nxn,
2. adj-(A)A = (det-(Ac(i = J)))nxn,

where Ay(i = j) (Ac(i = j)) denotes the matriz obtained from A by replacing the j-th
row (column) of A by the i-th row (column) of A.

Definition 1.6. Let A € M, (S) and det.(A) € U(S). The pseudo-inverse of A, denoted
by A7, is defined as A~ = (a;;) where a;; = (adj:(A))i; — det-(A).

Corollary 1.7. Let A € M, (S). Then the elements of the multiplication matrix AA~ are
(AA7);; = det(Ap(i = j)) — det(A).

In particular, the diagonal entries of the matrizx AA~ are 0. Furthermore, the entries of
the matriz A~ A are defined analogusly.

Proof. Clearly, the diagonal entries of the matrix AA™ are:

(AA_)M = (Aad]E(A))” — dets(A)
— det.(A,(i = 1)) — det.(A)
= det.(A) — det:(A)
=0

O]

Consider the system of linear equations AX = b where A € M,(S), b € S and X is
an unknown column vector of size n over S, whose i—th equation is

max(a;1 + o1, a2 + T2, -+, Qi + Tp) = by

Definition 1.8. Let A, B € My,xn(S) such that A = (a;;) and B = (b;;). We say A < B
if and only if a;; < b;; for every i € m,j € n.

Definition 1.9. A solution X™* of the system AX = b is called maximal if X < X* for
any solution X.

Definition 1.10. Let b € S™. Then b is called a regular vector if b; # —oo for any i € m.
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2 Main results

In this section, we present the pseudo-inverse method for solving a linear system of equa-
tions over max —plus algebra. The pseudo-inverse method determines the maximal solu-
tion of a linear system if solutions exist.

Theorem 2.1. Let A € M, (S) and b € S™ be a regular vector. Then the system AX =1b
has the mazimal solution X* = A7b with X* = (x})i, if and only if (AA™);; < b; — b,
foranyi,j € {1,--- n}.

Proof. Suppose that (AA™);; < b; —b; for any 4,5 € {1,--- ,n}. First, we show that
the system AX = b has the solution X* = A~b. Clearly, AX* = AA™D, so for any
ie{l,-,nk:

(AX™); = (AA7b); = max((AA7 )y + b))

1=

= max((AA™ ) + b, max((AAf)ij + bj)).

i#£]

Since for any i,j € {1,---,n}, (AA7);; +b; < b;, and (AA7); + b; = b;, we have
(AX™); = b;. As such, X* is a solution of the system AX =b.

Now, we prove X* = A7b is a maximal solution. Since, AX* = b, then A“AX* = X*. As
such, the k-th equation of the system A-AX™* = X* is

max((A"A)gr + a7,z (A7 A + 2) = a3,

that implies
(A" Ay < aj, —af for any L # k. (1)

Now, suppose that Y = (y;)7_; is another solution of the system AX = b. This means
AY =b, and (A~ A)Y = X*. Without loss of generality, we can assume there exists only
j € {1,---,n} such that y; # 7, i.e,, y; = x for any i # j. The j-th equation of the
ATAY = X* is

mam((A’A)jl +a7,- -, (AiA)jj + Y, (AiA)]n + iL‘:;) = l’;
This means (A7 A);; +y; < z7 which implies y; < z7. Moreover, if all inequalities (1) for
k = j are proper, then

maz((A”A)j1 + o, Y5, (A7 A)jn +a) < aj.

Hence, Y is not the solution of the system AX = b. That leads to a contradiction.
This happens if all inequalities in (1) are proper, so we can conclude that X* is a unique
solution of the system AX = b. Otherwise, if some of the inequalities are not proper, i.e.,
(A7A)j = x} — j for some [ # j, then Y is a solution of the system AX = b such that
Y < X*. Consequently, X* is a maximal solution.
Conversely, suppose that X* = A7b is a maximal solution of the system AX = b. Then
AA~b=0b. That implies (AA™);; < b; — b; for any i,j € n. O

In the following example, we show that (AA7);; < b; — b; is a sufficient condition for
the system AX = b to have the maximal solution X* = A7b.
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Example 2.2. Let A € My(S). Consider the following system AX = b:

1 -6 2 -5 [x= 2
4 5 1 =2 |a| | 7
7 -1 3 0 zs | | 3|7
-2 -9 -5 0 4 —4

where det.(A) = 14. Due to Theorem 2.1, we must check the condition (AA™);; < b; — b;
for any 4,5 € {1,---,4} where (AA7);; = (Aadjc(A));; — det-(A) = det(A (i = j)) —
det:(A) (see Theorem 1.5 ). As such, AA™ is

0 —-11 -6 -5
-1 0 -3 -2
1 -6 0 0
-7 =14 -9 0

AA™ =

Indeed, it is easier to check (AA™);; <b; —b; < —(AA7)j; for any 1 <i < j < 4.
Since these inequalities hold, for instance (AA7);2 < 2 —7 < —(AA7 )21, the system
AX = b has the maximal solution X* = A~ b:

—6 —13 -7 -7 2 —4
., | -6 -5 -8 -7 7] | 2
X=1 9 13 8 7 3 1] 0
7 —14 -9 0 —4 —4

2.0.1 Extension of the method to non-square linear systems

We are interested in studying the solution of a non-square linear system of equations as
well. Let A € My, xn(S) with m # n, and b € S™ be a regular vector. For solving the
non-square system AX = b by Theorem 2.1, we must consider a square linear system of
order min{m,n} corresponding to it. Since m # n, we have the following two cases:

1. If m < n, then we consider the square linear system of order m corresponding to the
system AX =b. Let X = ATY where Y is an unknown vector of size m. Then the
square linear system AATY = b is obtained from replacing X in AX = b. Suppose
that the conditions of Theorem 2.1 hold for the system AATY = b, so the system
AATY = b has the maximal solution Y* = (AAT)~b. If so, the system AX = b
has (at least) a solution in the form of X = ATY* = AT(AAT)~b, which is not
necessarily maximal.

2. If n < m, then we consider the square linear system of size n corresponding to the
system AX = b. Clearly, we have the square linear system AT AX = ATb of size n.
Assume that the conditions of Theorem 2.1 hold for the system AT AX = ATb. If so,
it has the maximal solution X* = (AT A)~ ATh. Note further that X* = (AT A)~ATb
is not necessarily the solution of the system AX = b unless b is an eigenvector of
A(AT A)~ AT corresponding to the eigenvalue 0, i.e.; AX* = A(ATA)~ATbh =1b.

Example 2.3. Let A € Myx5(S). Consider the following system AX = b:

4 7 12 -3 0 1 14

3 2 8 3 -1 |10

91 6 0 2 ST B

2 8 -5 1 -3 T4 11
x5
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Due to the extension method, the non-square system AX = b can be converted into
the following square system AATY = b, cosidering X = ATY:

24 20 18 15 n 14
20 16 14 10 o | ] 10
18 14 12 9 ys | | 8
15 10 9 16 Y 11

The conditions of Theorem 2.1 hold for the system AATY = b, that is ((AAT)(AAT)7);; <
bi — bj for any i,j € {1,---,4}, where (AAT)(AAT)~ is the following matrix:
0 4 6 -1
-4 0 2 =5
-6 -2 0 -7

-9 -5 =3 0
As such, the system AATY = b has the maximal solution Y* = (4AAT)b:
—24 —20 —18 —25] 14 —10
pe_ | 20 16 —14 21 | | 10| _| -6
| 18 —14 —-12 -19 8 N —4
-25 =21 —-19 —-16 | [ 11 )

Hence, X = ATY* is a solution of the non-square system AX = b:

-3
3

which is not necessarily maximal solution.

3 Conclusion

In this paper, we presented necessary and sufficient conditions for the linear systems of
equations to have a maximal solution using the pseduo-inverse of system matrices. We
also extended the idea to nonsquare systems.
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Abstract

In this work, we study the performance of a general class of preconditioners to
accelerate the convergence speed of iterative schemes for solving multi-linear systems
whose coefficient tensor is a strong M-tensor. Some comparison results are presented
between preconditioners extracted from the majorization matrix associated with the
coefficient tensor. Numerical experiments are reported for a test example to illustrate
the validity of theoretical discussions.
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1 Introduction

Consider the following multi-linear system
Az™ 1 =, (1)

where A = (aj,._;,,) is an order m dimension n real tensor, z and b are n dimensional real
vectors. Here the n dimensional vector Ax™~! is given by [6]:

n

m—1 .
(Az )i = E Qiig..imTis """ Tiy, =1,2,...,m.

W2, rim=1

In the sequel, we use RI™™ to denote the set of all order m dimension n real tensors
for notational simplicity. The following definition for the product between a matrix and
tensor is used throughout the paper which is a special case of the product between two
tensors given in [7].

Definition 1.1. If A € R2" and B = (biy..i,,) € RI™7) then the tensor € = AB belongs
to R™n and its entries are given as follows:

n

Cjin.jm = E 5y 0jnin. iy 1< Jyte <,
j2=1

forj=2,...,n.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: m.najafi.uk@gmail.com
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In this work, we consider the case that A is a strong M-tensor. In order to recall
the definition of an M-tensor, we need the following definition of tensor eigenvalues and
eigenvectors; see [6].

Definition 1.2. Let A € RI™™. A pair (\,2) € C x (C™\{0}) is called an eigenpair of A
if they satisfy the equation
Azm—1 = )\x[m_l],

[n=1] = (g1 m=1T The eigenpair (), z) is called and H-eigenpair if both

where z P

A and x are real.

The spectral radius of A is defined by p(A) = max{|\| | A € o(A)} in which o(A)
stands for the set of eigenvalues of A. In the sequel, the unit tensor in RI™" is denoted
by I, where J,,, = (6;,..4,,) such that

1, 1= =ip
iy iy = .

0, otherwise

Definition 1.3. Let A € R™" . The tensor A is called a Z-tensor if its off-diagonal
entries are non-positive. If there exists a nonnegative tensor B and a positive real number
n > p(B) such that

A=nl, — B,

then A is an M-tensor. If n > p(B), then A is called a strong M-tensor.

It is known that if A is a strong M-tensor then for every positive vector b the multi-
linear system Az™~! = b has a unique positive solution [4, Lemma 4.1].

For A € RI"™" | the majorization matrix M (A) of A is the n x n matrix with the entries
M(.A)U = Q4j...5 for i,j = 1, 2, ey

For a general M-tensor, the following lemma is proved by Liu et al. [4, Lemma 3.6].

Lemma 1.4. If A is a strong M-tensor, then M(A) is a nonsingular M -matriz.

Definition 1.5. Let A € RI™". If M(A) is a nonsingular matrix and A = M(A)J,,, the
matrix M(A)~! is called the order 2 left-inverse of A.

In [4], Liu et al. defined the concepts of left-invertibility of a tensor and tensor split-
ting. We also utilize the same definitions during this work given as follows:

Definition 1.6. Let A € R™" If A has an order 2 left-inverse, A is called a left-invertible
tensor or a left-nonsingular tensor.

The decomposition A = € — F is called tensor splitting if € is left-nonsingular. The
splitting A = & — F is said to be a regular splitting of A if M()~! > 0 and F > 0;
a weak regular splitting if M(€)™' > 0 and M(E)™'F > 0; a convergent splitting if
p(M(&)™1F) < 1.

A generic tensor splitting iterative scheme is given by

v = (M) Far + M)l k=12, (2)

where g is given. The tensor M (€)™1F is called the iteration tensor of iterative scheme
(2). Liu et al. [4] showed that p(M(€)~!'F) can be seen as an approximate convergence
rate of (2).

Throughout this paper, we assume that each diagonal entry of the tensor A in (1) is
equal to one. Also, we consider the decomposition A = J,,, — L — F where £L = LJ,, in
which —L is the strictly lower triangular part of M (A).
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2 A class of preconditioners

In order to accelerate the asymptotic convergence rate of (2), one can use preconditioners.
In fact, instead of (1), we solve the following preconditioned multi-linear

PAxz™"! = Pb,

for a given preconditioner P € R™*™,
More recently, the performance of the preconsitioner Ppax = I 4+ Smax was studied
in [1] in which,

i=1,....,n—1,k >i

0, otherwise

— Ak, k;
Smax = (Szrkll) — { 1K IR

where k; = min{j| max; |a;;.;|,7 <n,j > i}.
In this paper, we consider a class of preconditioners in the form

e Q
where
S=(S;) = {_Oéij(lij...j, z:,j : L., (i 4§)
0 L=17,
here the constants «;; € [0,1] are given for i,j = 1,2,...,n. Evidently, preconditioner P

reduces to Ppax for proper choices of a;; (1 <, < n).
For a given tensor A € RI™7 the following comparison result between two weak
regular splittings A = & — F; = €9 — Fy is proved in [2, Lemma 5.3].

Lemma 2.1. Let A € RImnl pe ¢ strong M-tensor and A = & — F1 = €9 — Fa be two
weak regular splittings with M (€)™ > M(€1)~L. If the Perron vector x of M(E) 1T,
satisfies Ax™ 1 >0 then p(M(&2)71Fs) < p(M(&1)1TF7).

We can show that the above result remains valid, if the assumption Az™~! > 0 hold
for the Perron vector x of M(&1)71F;. We state this fact as the following lemma which
its proof is omitted.

Lemma 2.2. Let A € RImnl pe ¢ strong M-tensor and A = & — F1 = €9 — Fa be two
weak regular splittings with M(E2)™1 > M(E1)~1. If the Perron vector x of M(&1)~'F
satisfies Ax™ 1 >0 then p(M(&2)71Fs) < p(M(&1)71TF7).

Now we present the following lemma without proof. Then a theorem is proved which
reveals that except the assumption of being strong M-tensor for A, other hypotheses
in [1, Theorems 1 and 2] are not required to be assumed. Basically, they could be concluded
from the fact that A is a strong M-tensor.

Lemma 2.3. Let A € RU™" pe ¢ Z-tensor. Assume that A =7,, — L —F where L = LI,
in which —L is the strictly lower part of M(A). The tensor A is a strong M-tensor if and
only if A = PA is a strong M-tensor.

The0r~em 2.4. Let A € ]R[m:”} be a strong M-tensor. Iff[ :f’, — F such that & =
I — D — L — L where D = DJ,, an~d L =17, in}uhich D and L are the diagonal and
strictly lower triangular parts of M (SL). Then M(E) is an M-matriz.
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Proof. It can be seen that M(é) =] —D— L— L. Evidently,
M(S5L)i; = (SM(L));  1<i,j<mn,
which results in
j—1

M(SL)ij = > Qijyijy._jp@jaj..j- (4)
Jo=1

Therefore the diagonal part of M (é) is given by

i—1
M(&)y =1~ § Qo Qigy....jo Wjgii = 1 — E Q5o Qigy...jo Ajoi...i = M('A)m
Jj2=1 Jjo=1

(d2#1)

fori=1,2,...,n. By Lemma 2.3, A is a strong M-tensor which ensures that M(f[) is an
M-matrix by Lemma 1.4. Consequently, the diagonal entries of M (€) are positive. Also,
since 0 < oy < 1, it is observed that

i—1

(L+L)ij = (i = Vaggj+ Y Qippijy_jpsjj > 0,

Jo=1

(j2#9)
for ¢ > j reminding that a;;. ; < 0 when ¢ # j. It is not difficult to verify that M(é) =
M; — Ny is a regNular convergent splitting with My =1 — D and Ny = L+ L > 0. This
ensures that M (&) is an M-matrix which completes the proof. O

Remark 2.5. Let A € R™7 be a strong M-tensor. If A = & — F such that & =
Im — D — L — L where D = Dﬂm and £ = Lﬂm in which D and L are the diagonal
and strictly lower triangular parts of M (SL) From [4, Theorem 3.18], Lemma 2.3 and
the above theorem, we deduce that if M(E) 1F > 0, then A = & — F is a weak regular
convergent splitting.

Proposition 2.6. Let P =1+ 5 and S be defined such that the nonzero entries of S and
Spax are equal. Assume that the remaining nonzero elements of S are defined as before
such that S > Spax. Then ]\/.I'(étl)_1 > M(Emax) ™' > 0 where & defined as in Theorem 2./,
Emax = Im — Dmax — L — Lmax n which Dpax = DmaxIm ond Lmax = LmaxIm such that
Dinax and Lyax are the diagonal and strictly lower triangular parts of M (SmaxL).

Proof. It can be observed that
M(SL) = M(SmaxL)- (5)

Let M(&) = (I — D) — (L + L) and M(Emax) = (I — Diax) — (Lmax + L) where D (Dyay)
and L (Lmayx) are respectively the diagonal and strictly lower part of M(SL) (M (SmaxL)).
Here —L denotes the strictly lower part of M(A). Evidently, I — D >0 (I — Dpax > 0)
which can be concluded from the fact that M(A) (M (Amax)) is an M-matrix. From (5),
we have D > Dpax and L> Lax > 0. Hence it can be verified that

(I—D) YL +L)>(I— Duayx) *(Lmax + L) >0,

which implies that

ME=T-D)y (I-D)YL+L)
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n—1
> (I - Dmax)_l Z (I - Dmax)_l(LmaX + L)l = M(Emax)_l-
1=0
Similar to the proof of Theorem 2.4, it can be observed that M (&)~ > 0 and M (Epayx) ™+ >
0 which completes the proof. O

Proposition 2.7. Let A € R[™" pe o strong . M-tensor and the e@genvalues of S are all
real. Let (p,x) be the Perron eigenpair of M(E)~'F. If ayj € [0,1] and P < then

72 < 15,
Az >0 where p = p(S).

Proof. The proof follows from similar strategy used in [2, Lemma 5.4]. O

Remark 2.8. In addition to the assumption of Proposition 2.6, if F — 59,, > 0 then A =
&—F is a convergent regular splitting. As a result, the splitting A = (I+S5) 1€ —(I+5)"1F
is weak regular. Let A = (I 4+ Smax) '€max — (I + Smax) ' Fmax. It is known that for the
Perron vector max of M (Emax) ' Fmax, by Proposition 2.7, we have Azpyay > 0. Using
Lemma 2.2, for the weak regular splittings

A=+ E=(I+8)7'F = (I + Smax) €max = (I + Stmax) ™ Fmax;

we deduce that p(M(E)71F) < p(M (Emax) ™ Fmax) < 1.

3 A test example

Numerical results in this part were computed using MATLAB version 9.4 (R2018a) running
on an Intel Core i5 CPU at 2.50 GHz with 8 GB of memory. We report total required num-
ber of iterations and consumed CPU-time (in seconds) under “Iter” and “CPU-times(s)”,
respectively. We set the maximum iteration number as 1000 and the stopping criterion is

Az~ b, <,

where z, is the kth approximate solution, e = 107'° and the initial vector is taken to be
zero. The spectral radius of the nonnegative iteration tensors are computed by the power
method given in [5].

Example 3.1. Let A € RB" and b € R™ with

(@111 = annn = 1,

agii = 4, i=2,3,....n—1

aji—1;=—1/2, 1=2,3,...,n—1

Qij1i-1=—1/2, i=2,3,...,n—1

Qiit1it1 = —1/2, i=2,3,...,n—1, and bizﬁ, 1=2,3,...,n—1,
n—2
n—2
n—>

) bl = 0(2)7
Qji—2i-—2=—1/2 i=23,4,..., , by = 2,
Qjiv2,i+2 = —1/2 i=3,4,...,

Qij—5i—5=—1/2 1=6,7,...,
Qjitsit5 = —1/2 i=6,7,...,n—5,

)

)

where ¢cp = 1/2,¢1 = 1/3 and a = 2. Since a;;; > 1 for i = 1,2,...,n, we solve the multi-
linear system D~ 'Az? = D~!b by iterative method (2); here D = diag(a111, - -, Gnnn)-
The corresponding results are reported in Table 1. We set P=1+SwithS=1-
triu(M(A)). As seen, the obtained results show the validity of our discussions in Remark
28and P=1+8 outperforms Ppax = I + Smax. We comment that for n = 300, 350, the

corresponding spectral radii of each (preconditioned) method are equal up to 4 digits.
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Table 1: Example 3.1: Numerical results for applying iterative method (2).

n  Preconditioner P e p(M(&)71F) CPU-times(s) Iter
(F=¢&—PA)

Ji I — L 0.7921 0.3156 73

150 Paax I — £ — Dinax — Lmax 0.7477 0.2509 59
P I —L—D—L 0.6684 0.1723 42

I I — L 0.7923 2.8292 72

300 Puax T — L — Dinax — Lmax 0.7482 2.2002 58
P I —L—D—L 0.6693 1.4740 41

Ji I — L 0.7923 4.2838 72

350 Phax I — £ — Dinax — Lmax 0.7482 3.9541 58
P I — L —D—L 0.6693 2.7067 41

4 Conclusions

In this work, we proposed a general class of preconditioners which incorporate some of
the recently examined preconditioners in the literature for solving multi-linear systems. It
should be commented that the idea of constructing such a kind of preconditioners is taken
from [3]. Numerical experiments were reported for a test problem to numerically confirm
the validity of presented results. The performance of preconditioners in conjunction with
Krylov subspace methods for solving the mentioned multi-linear systems is a project to
be currently undertaken.
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Abstract

In mathematical finance, the Black-Scholes equation is a backward parabolic par-
tial differential equation finding the price evolution of a European call/put options.
There are numerous numerical and analytical methods to solve Black-Scholes equation,
but most of these methods have computational complexity and so far these methods
could not present a general form to solve the Black-Scholes equation. In this paper by
using the spectral method and special linear operators, we obtain matrix form of the
Black-Scholes equation and matrix form of boundary conditions. Moreover, by using
these matrix forms, we present a linear system of equations which approximate the
solutions of the Black-Scholes equation.

Keywords: Black-Scholes equation, Finance mathematic, Spectral methods, Cheby-
shev polynomials
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1 Introduction

Black-Scholes equation is one of the most important differential equations with second-
order partial derivation in financial mathematics for estimating option price [1-4].
According the two variables of time t and price s this equation is defined as:

1
Vi + 50252%5 +rsVs—1rV =0 (1)

where V (s, 1) is the price of the option, r is the risk-free interest rate and o is the volatility
of the stock. Given that the Black-Scholes equation is a backward parabolic equation for
a unique solution, we must specify final and boundary conditions in as follows:

Typically we must pose two conditions in s, as we have a Vg, term in the equation,
but only one in ¢, as we only have a V; term in it. For example, we could specify that
V(s,t) = Vo(t) on s = a and V(s,t) = Vj(t) on s = b, where V,(t) and V,(t) are two
given functions of t. Also due to the backward of the equation, we must also impose a
final condition such as V' (s,T) = Vp(s), where Vp(s) is a known function. One of the best
boundary conditions induced for the Black-Scholes equation for call and put options is as
follows:

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: mrazavi@math.uk.ac.ir
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European call option:

c(0,t) =0 0<t<T, c(Mt)=M—ke T 0<t<T, cfs,T)=max{s—kO0} 0<s<M.

European put option:
p(0,t) =ke ™ 0<t<T, pM,t)=0 0<t<T, p(s,T)=max{k—s0} 0<s<M.

In this paper by using the spectral method and special linear operators, we obtain
matrix forms of the Black-Scholes equation and boundary conditions. Moreover, by
using these matrix forms, we present a linear system of equations which approximate
the solutions of Black-Scholes equation.

2 Preliminaries

In this section, we state some useful definitions and well-known results. Also, in this
section we assume that the function of approximation of the Black Scholes equation is

v=>"_oi3Ti(s)T;(t).

Definition 2.1. The Chebyshev polynomial T,,(x) of the first kind is a polynomial in
of degree n, defined by the relation

Tn(x) = cosnf  where x = cosf.

L:emma 2.2. If v(a://) =0 Osz]i(CL‘), then o' () = Sop o arTh(z) = Sy axTi(x) and
v (z) = YTy () = Yty arTi(z). Assume that o = [ag a1 -+ o)ty @ =
[ 61 -+ Q)b and & := [Gg &1 -+ Gt Therefore, there exists derivative matriz D

such that Y = Do and o® = D2%a, where

j—1 i14j14s odd, j>i=1,
D;; = 2] —2 t+jis odd, j>i>1,
0 other wise,

((jfl)t(i;l)Q)(jfl) i+ j is even, j>1i=1,
D=2 (—1)2=(@G-12(G—1) i+jiseven, j>i>1,
0 other wise.

Lemma 2.3. Let us = Y 0o ai3T; (s)T;(t) = S0 _ 6uBi Ti(s)T5(t),
uss = D50 0BTy ($)T5(t) = 320750 qaBi Ti(s)Tj(t), ue = 327750 ulB5Ti(s)T;(t) =
> im0 i Ti(s)Ty(t) and D, D?, be the matrices as in Lemma 2.2. Then

a)las] = (D® ))[af]. b)[ap] = (I ©D)as]. )[as] = (D> I)as).

where
[aB] :=[aoBo aoB1.--aoBm | ... | amBo amP1...amPBm], [&B]:=[&oBo &of1...G0Bm | ... | &mBo &mP1 ... A&mPBm],
[@B] := [a0Bo aofi .- c0Bm |- - | amBo ambBi ... amBm], [&B] :=[GoBo &1 .. -&0fm |-+ | &mBo &mBi ... a&mPBm].
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3 Matrix forms of the Black-Scholes equation with bound-
ary conditions

In this section, by using Lemmas 2.2 and 2.3, we present the matrix forms of the Black-
Scholes equation and boundary conditions. Given that Chebyshev polynomials are defined
in interval [—1, 1], we first need to transfer the variables of the Black-Scholes equation to
interval [—1,1]. So, we do the following steps respectively

step 1: In regard with the fact that variable t is bounded in [0, 7], by changing variable
t = 2t — 1, we convey variable ¢ to [—1,1].

step 2: In regard with the fact that variable s is bounded in [0, M], by changing variable
§ = Zs— 1, we convey variable s to [—1,1].

step 3: By exerting the changing variable of Steps (1) and (2) in the Black-Scholes equa-
tion by using chain derivation and relations:

2 2 4
Vt—f‘/}, V;—MVg VSS—WVgg,
we have:
AV + 0*T (5 +1)*Vaz + 2rT (5 + 1)Vz — 29TV = 0, (2)

M -
v(§,1)=max{7(§+1)—k,0} -1<5<1, v(-1,t)=0 —-1<t<1l (3)
v(1,0) = M — ke T3 1 <ig1

Now, by using the spectral method, we present the matrix forms of the Black-Scholes
equation and boundary conditions in Theorem 3.1 and 3.2.

Theorem 3.1. Ifv=>7"_, i B;Ti(3)T;(t), then matriz implementation collocation spec-
tral method of the Black-Scholes equation (2) is

Alap] =0, (4)
where
A=Apllg, Np:=4I®@D)+c’T(E+1)*D*@I1)+2rT(5+1)(DI)—2rT(I ® ),
and

Ap = [To(8)To () To(A)T1(#) ... To(A)Tm(@) | ... | Tm(B)To(@) Tm(B)T1(E) ... T (8)Twm(£)].

Theorem 3.2. Ifv=37"_, «iB3;Ti(3)T;(t), then the matriz implementation collocation
spectral method of the boundary conditions in Black-Scholes equation (3) is equal to

Alaf] = G, (5)
where
i (vec(T(3) x e))t ) max{& (5 +1) — k,0}
A= | (vec(é' x T(t)) | € M3 (11125 G = 0 ) ,
(vec(e! x T(#))! M — ke—m(T-3(+1)

T(t) := [To(t) Ti(t) - T(t)], E:=[1 —1 - (=)™, e:=[1 1-- 1]
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Remark 3.3. If p;,i = 1,2,...,m+ 1 are the roots of T,,,11(z), by replacing p; in relations
(4) and (5), we obtain two linear systems. By choosing (m + 1)? independent linear rows
from these systems and solving the new linear system, we can find unknown coefficients
a;fB for i,7 =0,1,2,...,m.

In the following, we obtain the matrix forms for m = 2. Then v = Z?,jzo i BT (3)T;(1).

We consider T3(x) = 423 — 3z, with roots p; = —@, p2 =0, p3= ? Now, by using

Theorem 3.1 and Theorem 3.2, we obtain the following;:

[ _2rr 4 0 2r(5 + 1)T 0 0 402(5+ 1) 0 0
0 —27T 16 0 2r(54+1)T 0 0 402 (5 + 1) 0
0 0 —2rT 0 0 2r(5 +1)T 0 0 402 (5 + 1)
0 0 0 —2rT 4 0 8r(5+ 1)T 0 0
Np = 0 0 0 0 —2rT 16 0 8r(5+ 1)T 0
0 0 0 0 0 —2rT 0 0 8r(3 +1)T
0 0 0 0 0 0 —2rT 4 0
0 0 0 0 0 0 0 —2rT 16
0 0 0 0 0 0 0 0 —2rT

Ap = [To(3)To(E) To(3)T1(E) To(3)Ta(E) Ta(5)To (D) Ta ()T (E) T1(3)Ta(E) Ta(3)To(E) Ta(3)T1(E) Ta(3)Ta(D)]
=[1 & 282—1 5 5 5022 —1) 232 -1 #25%2-1) (252 —1)(28* - 1)),

A=Aplp, [af]=[aBo aBi aoBz,a1Bo ai1fz azfo azfi azpBs]’,

11 1 5 5 3 252 -1 232-1 252-1 max{¥ (5+1) — k,0}
A=|1 § 2i2-1 -1 —i —(22-1) 1 i 22 -1 |, G= 0
~ ~ ~ - ~ T (7.
1 f 22-1 1 i 202 — 1 1 i 20 — 1 M — ke~ (T3 (1)

4 Conclusion

Implementation of the spectral method on Black-Scholes equation is complicated. Here we
are going to improve this problem by introducing matrix forms for Black-Scholes equation
and boundary conditions, which is an important step in reducing the calculation and
complexity of the implementation of the spectral method for this equation.
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We investigate all n-tuples which satisfy the generalized triangle inequality of the
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ciated with generalizations of the triangle inequality in quasi Banach spaces and we
confirm some already known results in a new approach.
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1 Introduction

The triangle inequality is considered to be one of the most fundamental inequalities in
mathematics. There are many interesting generalizations, refinements and reverses of the
triangle inequality in normed spaces, quasi normed spaces, inner product spaces, pre-
Hilbert C* moduals by some authors [3]. Some generalizations of the triangle inequality
are profitable to study the geometrical structure of Banach spaces. Espacially, based on
the triangle inequality of the second type

Iz +yll < 2 (lz[* + llylI*) (1)

and its generalizations in normed spaces. Takahasi et al. [6] obtained some conditions for
which the inequality

byl q q
|az + byl| < ]l n [yl (= pa® + B, Auw > 0)
A 7 v
holds For ¢ > 1. In [2] Dadipour et al. discussed the generalized triangle inequality of
the second type and its reverse in normed spaces. Also Izumida et al. presented another
approach to characterizations of the generalized triangle inequality by using -direct sums

of Banach spaces.

In this talk, we investigate all n-tuples which satisfy the generalized triangle inequality
of the second type
1 [l

q
||x1+---+xn||q§,u—1”+---+u—, (for all zy,...,2, € X, ¢ > 1), (2)
n

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: a.rezaei@student.kgut.ac.ir
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where (X, ||.||) is a quasi Banach space. As applications, we get some new results associated
with generalizations of the triangle inequality in quasi Banach spaces and we confirm some
already known results due to Belbachir et al. [1] and Dadipour et al. [2] in a new approach.

In the remainder of this section we recall some basic concepts, preliminary results and
symbols that are used throughout this note.
A quasi norm on a vector space X is a real valued function ||-|| : X — R with the following
properties:

(i) ||lz|]| >0, for all x € X and ||z|| = 0 if and only if x = 0,
(i) ||Az| = |A|[|z]|, for all A € R and all z € X,

(iii) There is a constant C' > 1 such that ||z +y| < C (||=|| + [|ly[), for all z,y € X.

The smallest possible C' in (iii) is called the modulus of concavity of || - || and the pair
(X, |- ) is called a quasi normed space. If it is possible to take C' = 1 we obtain a norm.
A quasi norm || - || is called a p-norm (0 < p < 1) if it satisfies

[l +yll” < llzll” + [lyll”  (z,y € X).

In this case, a quasi normed space is called a p-normed space.

There are many different equivalent metrics on a quasi normed space, one of these, is
given by Aoki and Rolewicz. The Aoki-Rolewicz theorem [4] states that if (X, |.||) is a
quasi normed space with the modulus of concavity C, then there is p € (0, 1] such that
the following

1
n P n
mxm := inf <2Hxl||p> 37’L>0, .Tl,...,.'BnGX,.’IJ:ZZEi )
i=1

i=1
defines a p-norm equivalent to quasi norm ||.||. Moreover |||z||| < [|z] < 2C ||| = ||| and
1
251 < C. So every quasi norm is equivalent to some p-norms (0<p<1)andd(z,y) =

lllx — y|||P defines a metric topology on X. A quasi normed space (p-normed space) is
called a quasi Banach space (p-Banach space) if every Cauchy sequence converges.

The notion of g-norm is a specification of a quasi norm that Belbachir et al. [1] introduced
it as follows:

A real valued function || - || on a vector space X is called a g-norm (g > 1) if it satisfies
(i), (ii) in the above and the following inequality

lz + I < 277 (ll= 7 + Iyl (2y € X). (3)

Considering the inequality ||z[|? + |ly||? < (||z|| + ||y||)¢, we deduce that every g-norm is a
21

quasi norm with the modulus of concavity C' < 2%

Let (X,].]]) be a quasi Banach space and ¢ > 1. By F(q) we denote all n-tuples
(1, ..., i) € R™ with positive coordinates for which inequality (2) holds for all z1, ..., z, €
X. Inequality (2) is also called the characteristic inequality of F'(g). We should notice that
there is no n-tuple (u1,..., pu,) € R™ with some negative coordinates satisfying inequality
(2) (To see this, assume that there exists (u1,...,41n) € R™ such that p; < 0 for some
j =1,...,n and inequality (2) holds for all 1, ...,2, € X. One can take z; € X\ {0} and
x; =0 (G =1,...,n,i # j) and get a contradiction.). So our main aim is to investigate
F(q) for all ¢ > 1.
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2 Main results

We obtain some regions of R which are contained in F(q) for all ¢ > 1 with the most
accurate as possible. So we can state the following theorem.

Theorem 2.1 ( [5, Theorem 2]). Let (X, ||.||) be a quasi Banach space with the modulus
of cancavity C and q > 1. Then the following hold:

1 \ae1 .
(1) F(q) 2 {(Mla s 7/~Ln) CHLy s i > 0 and <Z?:1 /Liq1> < C—q(1+10g2 l)} ;

(the case where n # 4,6);

1 \91 "
(ii) F(q) 2 {(,U«lvuw/in) L, e > 0 and <Z?:1/~Lf‘1> < C’f};
(the case where n =4,6).

In the next, as a reverse inclusion of the last result, we can get a region of R™ which
contains F'(q).

Proposition 2.2 ( [5, Proposition 1]). Let (X, |.||) be a quasi Banach space and g > 1.
Then the following inclusion holds:

LA
F(Q) C {(Mlv"'aun):ﬂla"w#n >07 Z,uiqil < 1}
=1

The results in the following corollaries are derived from Theorem 2.1 and Proposition
2.2 as some special cases.
Taking C = 1 and by using Theorem 2.1 and Proposition 2.2, we have the following
corollary which was proved by Dadipour et. al [2, Theorem 2.4(i) |.

Corollary 2.3 ( [2, Theorem 2.4(i) |). Let (X, ||.||) be a normed space and q > 1. Then

nooo_1
F(q) = {(/ﬂ,...,pn) Sy ey iy > 0, Z'uiq_l < 1}'
i=1
Finally with connection to the notion of g-norms, we get the following result which
was proved by Belbachir et. al [1, Proposition 2.1]
Corollary 2.4 ( [1, Proposition 2.1]). Every norm in a usual sense is a g-norm for all
qg>1.
3 Conclusion

In quasi Banach spaces, by using the well-known Holder inequality, some regions of R"
which are contained in the set of all n-tuples satisfying the generalized triangle inequality
are obtained. The results provide a better understanding of the behaviors of some inequal-
ities with the source of the triangle inequality in some vector spaces such as R™,[?,....
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In this paper, for any n x n matrix A with index «, the rank—k numerical range
of the matrix polynomial (A — AI)(®+1) is investigated. Also, some of algebraic and

geometrical properties of them, by focus on the nilpotent and Jordan matrices, are
studied.
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1 Introduction

Let M, . be the set of n x k matrices with complex entries and
L) = Ap N\ + A N AN+ A (1)

be a matrix polynomial with A; € M, , and A,, # 0. For a positive integer k > 1, the
rank—k numerical range of L()) is defined as

AR(L(N) ={A e C: Q"L(N\)Q = 0, for some Q € M, with Q*Q = I;}.

If L(A\) = AI — A, this set reduces to Ax(A). When k = 1, the rank—k numerical range is
W(L()N)), the classical numerical range of the polynomial L()). By a = ind(A), the index
of the matrix A € M, ,, we mean the size of the largest Jordan block corresponding to
the zero eigenvalue of A. It is obvious that if A is nonsingular, then ind(A) = 0. Recently
in [4], using the matrix polynomial (4 — A\I)**! the index numerical range of the matrix
A is defined and denoted by IW(A) = W((A — AX)**t) = {z € C: 2*(A — zI,)* 'z =
0, for some z € C"\ {0}}. In the following proposition, we list some properties of the
index numerical range useful in this paper; To see the proofs and more results see [4].

Proposition 1.1. Let A € M,,,,. Then
(i) If A is nonsingular, then IW(A) = W(A);
(1i) IW (A) is compact and connected subset of C;
(131) o(A) C IW(A);
() If B,y € C, then IW (BI, +vA) = B+ ~yIW(A).
In this paper, we introduce the notion of index rank—k numerical range of matrices.
In special case, we study some algebraic and geometrical properties of the Jordan matrix
Jn(n x n Jordan block with zero eigenvalue).

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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2 Main results

Using the same way of definition of the index numerical range, we have the following
definition.

Definition 2.1. Let A € M,,,, and o = ind(A). The index rank—k numerical range of A
is defined and denoted by

TAL(A) ={\ € C: Q*(A—A)*"Q = 0}, for some Q € M, with Q*Q = I}.

It is obvious that IA;(A) = IW(A), and so it is a generalization of index numerical
range. The following proposition lists some basic and useful properties of the rank—k
numerical range.

Proposition 2.2. Let A € M, ,,. Then the following statements are true
(1) If A is a nonsingular matriz, then IA;(A) = Ap(A);

(i7) If U € My, is a unitary matriz, then IA,(U*AU) = IAi(A);

(17i) TAR(A) C ITAp_1(A) C--- C TN (A);

(iv) If B,y € C, then IAk(BI, +vA) = B+ vIAx(A).

Proof. 1f A is nonsingular, then ind(A) = 0 and this shows that TAg(A) = Ax[A — \] =
Ak (A), where A— A is considered as a matrix polynomial. This shows (7); Let o = ind(A)
and X € M, be such that X*X = Iy and X*(A — M\)*"1X = 0I;. If U is a unitary
matrix, then the isometry matrix U*X € M, j helps us to conclude (i4); (4i7) is a coclusion
of [1, Proposition 3|; To see (iv), suppose that v # 0. IAx(BI, +vA) ={A € C:0 ¢
A((A = B =74} = (A e C: 0 € A( (A2 - AT} = {A e C: 0 €
7“+1Ak((¥ — A)“)1. So, A € TAR(BI, +~A) if and only if # € IAk(A). This shows
that TAg(B1I, +~vA) = B+ vIAk(A). For v = 0, the equality holds obviously O

Since (A — AI)®*! is a monic matrix polynomial, using [1, Propositions 1 and 10] we
have the following proposition.

Proposition 2.3. Let A € M, ,,. Then IA;(A) is a compact subset of C.
If k =1, we have the following corollary which is proved in [4] by another way.
Corollary 2.4. Let A € My, ,,. Then IW(A) is a compact subset of C.

For nilpotent matrices, if we use first & columns of I, respectively to costruct an
isometry matrix, one can see that zero is a member of index rank-k£ numerical range.
In the next theorem we see that index rank-k£ numerical range of nilpotent matrices is
connected.

Theorem 2.5. Let A € M,,,, be a nilpotent matriz. Then IAy(A) is connected.

Remark 2.6. Although we know that IW(A) is connected(Proposition 2.2(i7)), one can
use the above theorem in case £ = 1, to give another proof for connectedness of index
numerical range of nilpotent matrices.

To find the index higher numerical ranges of matrices, finding this set for J, can be
useful. The next theorem show the shape of the index higher numerical ranges of Jordan
matrices;

Theorem 2.7. Let J,, be the n x n Jordan matriz with zero eigenvalue. Then IA(Jy,) is
a closed disk.
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Proof. Let U = diag(1,e ", e29 ... e~ (=Di#) where § € R. It’s obvious that U is
a unitary matrix with the property U*J,U = e*J,. So, by Proposition 2.2(ii) and
(v), IAL(e?J,) = €TAy(J,), for all @ € R. By Proposition 2.5, IA(J,) is connected
and [4, Theorem 2] shows that it is compact. These shows that IA;(A) is a closed disk

around the origin. The special case is derived by choosing £ = 1 and using the fact that
0€oa(J,) CIW(A). O

By setting £ = 1 in the above theorem and using proposition 2.2(iii), we have the
following corollary.

Corollary 2.8. Let J, be the n x n Jordan matriz with zero eigenvalue. Then IW (A) is
a closed disk around the origin.

In [4, Theorem 7], we saw that {z € C : |z] < (n+1)/2} C IW(J,). Moreover, [4,
Example 1] shows that IW(J2) = {z € C: |2| < 3/2}, i.e., the radious of the mentioned
disk in the above theorem is exactly (2 4+ 1)/2. The following example show that the
mentioned disk radious may be bigger than (n + 1)/2.

Example 2.9. Let z € IW(J3). So, z4—4232* Js2+62%0* J2x = 0. Let x = (1/2,1/v/2,1/2)*.
Then 2* J3x = v/2/2 and 2*J2z = 1/4. So, z = v/2+1//2 € IW(J3), while |z| > (3+1)/2.

Corollary 2.10. Let J,, be the n x n Jordan matriz with zero eigenvalue. Then IAg(Jy)
is convex. In special case, IW (J,) is conver.

In the following example, we see that if A # J,,, then ITW(A) may not be convex.
Example 2.11. ( [4, Lemma?2]) Let A = diag(\,0) where 0 # A € R. Then
IW(A) ={z: [z = (A/2)] = A/2},

which is not convex.

3 Conclusion

The index rank—k numerical range of matrices may not be connected. We can find the
number of connected components of it for some special matrices exactly. The number of
connected components for nilpotent matrices is one, i.e., the index rank—k numerical range
of nilpotent matrices are connected. Using this fact, we find that the rank—k numerical
range of Jordan matrices is a closed disk around the origin.
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Abstract

In this paper, an operational wavelet method is introduced for finding an approx-
imate solution of a class of two-dimensional Volterra weakly integral equations (two-
dimensional Abel integral equations of the second kind). The presented method is a
spectral method based on Chelyshkov wavelets from operational matrices. Perspective
numerical examples show the efficiency and applicability of the proposed method in
smooth and nonsmooth cases.
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1 Introduction

Wavelet constitutes a family of functions constructed from dialation and translation of
a single function called the mother wavelet. When the dialation parameter a and the
translation parameter b vary continuously, we have the following family of continuous
wavelets as [2].
_1 t—b
lba,b(t) = ‘a| Qw(T)’ a,b € R,

where v is the mother wavelet.

Chelyshkov Wavelets (ChWs), 9, m(z) = ¢ (k,n,m,x), are defined on the interval
[0, L) by [2]:

Ynm(t) =

262m + 1) Pp(2Ft —n), L <t< ™l
0, otherwise.

where P,,(t) is the Chelyshkov polynomial, which is defined as follows:

M—-—m
Pu(t) = pmu(t) = > ajmt™, m=0,1,...,M, (1)
j=0

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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where:
ai = (1 (M) (MAm+1
S j M —m '

These polynomials are orthogonal over the interval [0, 1] with respect to the weight function

w(t) =1, ie. :
1 0
P,(t) P, t — *7
/0 (t) (t)d m+n+1

where d,,,,, is the Kronecker delta. According to the definition (1) it is obvious that for
a fixed integer M, the polynomials P, (t), m = 0,1,..., M are polynomials exactly of
degree M.

The ChWs {¢nm(t)|n=0,1,...28 =1, m =0,1,... M} forms an orthonormal basis
for L?[0,L]. By using the orthogonality of ChWs, any function f(¢) € L?[0, L] can be
expanded in terms of ChWs as:

= Z Z Cn,m wn,m(t)) (2)

n=0m=0

where ¢pm = (f(t), Yn,m) fo t) n,m(t) dt. If the infinite series in Eq. (2) is
truncated, then it can be written as:

2k—1 M

~ 3" cnm Ynm(t) = CTE(),

n=0 m=0

where C and ¥ are 7 = 2F(M + 1)-vectors, given by:

cT = [€0,0, €015+ COM,CLOs - -+ CLM -+, Cok_1.0 - - - » Cak_1 M)
= [c1,¢2, ..+, Cal, (3)
T(t)" = [oo(t), .- Yo (t), vro(t), ... Y1a(t), ..., Yok _10(t), -+ Yok _q pr ()]
= [Y1(t), 2(t), - - -, Y (B)]- (4)

The purpose of this paper is introducing an operational method for solving the following
two dimensional Abel equation, by using ChWs:

u(z,y) = f(z,y) + /Ox /Oy - §>(525)— 7 ds b (5)

where 0 < a < 1,0 < 8 <1, and f is a given function.

2 Main results

2.1 The fractional integration in the Riemann-Liouville sense

There are several definitions of a fractional integration of order o > 0, and not necessarily
equivalent to each other, [?]. The most used definition is due to Riemann-Liouville, which
is defined as:

15, f(t) =

ﬁfg(t—T)a_lf(T)dT, a>0,t>0, -
f(),

a=0.
One of the basic properties of the operator I, is:

F(ﬁ + 1) lﬂ—&—cx.

I8, 2P =
YT Tt atl)
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2.2 Fractional Integration of ChW Vector ¥(t)

Let W(t) be the ChW vector of size 1 = 2¥(M +1) defined in (4). The Reimann-Liouville
fractional integral of order « for vector ¥(¢) can be approximated by:

I°W (1) ~ P ®(1), (7)

where P(®) = [pgi)] is an M X 7h matrix, known as the fractional operational matrix for
the ChW, defined by:

Pl = (1 (t), 05(1).

After some calculations and simplifications we will have:

a; (m+ j)! k .
Iy m(t) = Am ) (t—by) J okt _ pymts
Ynim(?) w (f Z_: m+jtatnCi ™
Iy a;j (m+ j)!
— — by, J 2kt —n —1)!
Waa (D) € +1) jz()lz; m—l—j—l'F(H—a—l—l)( n-1)
(8)
in which u,(t) = u(t — a) and u(t) is the unit step function and b, = g L.
For example for k =1, M =2, and o« = %, P can be obtain as:
0.21415  0.21085 0.08753 0.05698  0.07211 0.07628
—0.05531 0.33159 0.33295 0.05732  0.11957 0.13728
0.00824 —0.03329 0.38685 0.22626  0.25063 0.22944
0. 0. 0. 0.21415  0.21085 0.08753
0. 0. 0. —0.05531 0.33159 0.33295
0. 0. 0. 0.00824 —0.03329 0.38685
If we consider definition (4) and define
W(z,y) = ¥(r) @ ¥(y), (9)

where, ® is the Kronecker product|?],
Now, let have a closer look at equation (5
formulas. First, note that, according to Egs. (

v f(t) _ — o l—« T
/0 oo e & =T - )l @),

) and its terms and use some other useful
2) and (7), we have:

Now, by using Eqs. (9) and (7) we get:

/Om /Oy — f)(jgz)_ 7 s di = /Ox /Oy (f)_(ss))izj}@t)ﬁ ds dt
v s y "
([ &) ([ o)

= (D(1 - ) I3 (@) ® (D1 - B) Iy, v (y))
= (01— a)I(1 - f)) (f&f <>) (15, ()
= (T(1—a)T(1 = B) (PU p(x)) ® (PTPyp(y))
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=Tl - )T = B)) (P10 PUD) (4(z) ®9(y))
= (T(1 = a)T(1 = §)) PU Dy (a, y). (10)

Let u(z,y) ~ CT ®(z,y) and f(z,y) ~ FT ¥ (x,y).
According to Eq. (10) it can be seen that Eq. (5) transforms to the following matrix
relation:

CTW(z,y) ~F W(z,y) + (T(1—)T(1 - B))CT PP W(zy).  (11)
Hence, Eq. (11) coverts to a linear system of equations, as:
CT =F" + (I'(1 —a)T(1 - B)) CT pi-a1-5),

or: C_F+ (I‘(l B a) I‘(l _ 5)) (P(1—a,1—ﬂ))T C,

and equivalently
(1 — (01— a)T(1 - B)) (P(l_f’“l_f’))T) C=F. (12)
By solving the system of linear equations (12), for unknown vector C, the approximate
solution of the main Eq. (5) can be obtained as: u(z,y) ~ CT ¥(z,y).
3 Numerical results

In this section, an example presented to verify the capability and efficiency of the proposed
method. In this example, we consider L1 = Ly = 1. To show the error, we use

e(z,y) = lulz,y) —a(z,y)], (13)

in which u(x,y) is the exact solution and 4(x,y) is the approximate solution given by the
suggested method.

Figure 1: Error Function of Example (3.1) for M =2 and k =3
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Figure 2: Error Function of Example (3.2) for M =3 and k=1

Example 3.1. Cosider the following two dimensional Abel equation:

v u(é, ¢)
ue) =S+ [ g dc. (14
o Jo (x=8y—¢)F
in which o = , 8 = 3 and f(z,y) = /Ty — B(%,%)B(}l,%)xy%, where B(a,b) is the
Beta Function. The exact solution of the problem is u(x,y) = \/zy. We implement the
proposed method with M = 2 and k = 3. Fig. (1) shows the error function introduced in
(13)

Example 3.2. Consider the following problem,

e [ e
ua) = faw)+ [ [ g deac,

36x4’0‘y4’l3
1-0a)(2—a)(3-a)(4—a)(1-p)(2—B)(3—B)(4—B)
The exact solution is u(x,y) = x3y3.
As can be seen, in comparison with example 1 of [4], for (relatively small) M = 3 and

k =1, approximate solution is very accurate.

where f(z,y) = 23y — 0 ,and a = 0.3, and 8 = 0.5.
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Abstract

In this paper, we investigate some properties of spectral functions from convex anal-
ysis and monotone operator theory point of view. Indeed, we study e-subdifferential
of spectral functions. Also, we present the Fitzpatrick function of the subdifferential
of a spectral function in terms of the Fitzpatrick function of the subdifferential of
corresponding symmetric function.
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tion
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1 Introduction and Preliminaries

There has been growing interest in the variational analysis of spectral functions. This
growing trend is due to spectral functions that have important applications to some fun-
damental problems in applied mathematics such as semi-definite programming and engi-
neering problems (see [2,3], and references therein).

A function F defined on S, is called spectral if

FUTAU)=F(A),YA€eS,, YU <€ O,

where &), is the vector space of all n x n real symmetric matrices and O,, is the group of
all real orthogonal matrices.

One can easily see [3] that every spectral function is the composition of a symmetric
function f defined on R™ and the eigenvalue function A : §,, — R", i.e.,

F(A) = (foA)(A), ¥ A€ S,.

Hence there exists a one-to-one correspondence between the spectral functions F' defined
on &, and the symmetric functions f defined on R™. In recent years a lot of research shows
that the properties of F' are inherited from the properties of f, and vice versa [2-5].

The notion of a maximal monotone operator is crucial in optimization as it captures both
the subdifferential operator of a convex, lower semicontinuous, and proper function and
any continuous linear positive operator. It was recently discovered that most fundamental

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email: arsattarzadeh@gmail.com
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results on maximal monotone operators allow simpler proofs utilizing Fitzpatrick func-
tions.

We consider the Euclidean space R with the inner product (.,.) and the induced norm
|.l. For a function f: R™ — R := [~00, +-00], define the domain of f by

dom(f) :={x e R": f(x) < 4+o0}.

We say that f is proper if dom(f) # 0 and f(x) > —oo for all z € R™. The set of all
proper lower semi-continuous (1.s.c) and convex functions defined on R" with values in R
is denoted by I'g(R™). The Fenchel-Moreau conjugate of a function f : R — R is defined

by f*:R" — R

f*(.%') = yseuﬂgt{<x7y> - f(y)}7 VzeR",

and the second conjugate (or bi-conjugate) of f is defined by

f*(@) = sup{(z.y) = W)} Yz R

Let f:R™ — R be a function and zp € dom(f). Recall [1] that the subdifferential of f
is the set valued mapping df : R™ = R" defined by

Of(xo) :={u e R": (u,x — x0) < fz) — f(x0), VazeR"},

and for given ¢ > 0, the e-subdifferential of f is the set valued mapping defined by

O-f(xo) :={u e R": (u,x — x9) < f(x) — f(xo) +¢, VazeR"}
For set valued mapping 7' : R” = R", we consider the graph of T by

G(T) :={(zx,u) e R" xR" : u € Tx}.
and T is called monotone, if
(x —y,u—v) >0, V(xr,u)eGT), V(yv)eGT).

A set valued mapping T : R® = R" is called maximal monotone, if 7" is monotone and
T =T’ for any monotone mapping 7" : R” = R™ such that G(T') C G(T").
Let T : R® = R™ be monotone. Correspondence to the mapping 7', the Fitzpatrick

function 7 : R” x R" — R is defined by [1]

or(z,u) = sup {(z,v) + (y,u) — (y,v)}, V (z,u) € R" x R". (1)
(y0)EG(T)

The following theorem is well known in convex analysis and monotone operator theory
[1,2].

Theorem 1.1. Let f € T'o(R™). Then, 0f : R® = R" is a maximal monotone operator.
Also, we have

vor(xz,u) > (x,u), V (z,u)cR" xR",

with equality holds if and only if (x,u) € G(9f).
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We endow S,, with the trace inner product [2,3]:
(A,B) :=tr(AB), YV A,B € S,.

This inner product induces the Frobenius norm [3], ie., ||A||p = +/tr(A?). For any
x € R™, we denote by the symbol Diag(x) the n x n matrix with components of z on its
diagonal and with zero off the diagonal. For z € R, we denote the vector zf € R", with
o= (2,2, -, 1)

Define the eigenvalue function A : S, — R™ by M(A) := (A1 (A4),A2(A), -, A\, (A)) for
each A € S,,, where \{(A4),A2(A), -, \,(A) are the eigenvalues of A and ordered in a
non-increasing order, i.e., Aj(A) > A2(A) > --- > A\, (A4). The following theorem due to
von Neumann plays a central role in the spectral variation analysis.

Theorem 1.2. [2,3] For any A, B € S,,, we have
IA(A) = AB)| < [|A = B,
and
(A, B) < (A(A4),A(B)). (2)

Every A € S,, admits a spectral decomposition of the form A = UDiag(A(A))UT for some
U € O,. For each A € S, define the set of all orthogonal matrices giving the ordered
spectral decomposition of A by

Oa:={U € O, : UL AU = Diag(\(A))}.

It is clear that O4 is non-empty for each A € S,,.
A function F : §,, — R is called spectral if F' is O,-invariant, i.e.,

F(UTAU) = F(A), Y A e dom(F), YU € O,.

It is not difficult to see [3] that any spectral function F' defined on S,, can be written as a
composition f o A for some symmetric function f defined on R™ (a function f : R* — R
is called symmetric if f(z) = f(Pz) for all permutation matrices P and for all z € R").
For instance, it is well-known that for each A € S,

n

1AIE =D (A = A%,

=1
[Allr = (- o A)(A).

The above relation shows that the Frobenius norm is a spectral function defined on S,
associated with the standard Euclidean norm on R™.

The following theorems present some properties of spectral functions in point of view
convex analysis.

Theorem 1.3. [2,3] Let f : R — R be a symmetric function. Then, f € I'o(R") if and
only if fo X € T'y(S,). Also, one has

(foN)*(A)=f"oAA), VAES,. (3)

Theorem 1.4. [2,3] Let f € I'o(R"™) be symmetric function. Let A € S,, be arbitrary.
Then,

A(f o N (A) = {UDiag(v)UT : v € df(A(A)), U € Oa}.
Also, if B € 9(f o X\)(A), Then A and B are simultaneously diagonalizable.
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2 Main results

We first present some properties of subdifferential of the spectral function. This properties
are immediate consequence of Theorem 1.4.

Lemma 2.1. Let f : R®™ — R be a symmetric function. Let A,B € S,,. Then the
following assertions are true:

1) If B€ d(foN)(A), then A(B) € 9f(A(A)).
2) If B€ d(foA)(A) and U € O, then UBUT € 9(f o \)(UAUT).
3) y € Of(x) if and only if Diag(y) € d(f o \)(Diag(z)).
The following theorem states properties of the e-subdifferential of the spectral function.

Theorem 2.1. Let f : R — R be a symmetric function. Let A, B € S,. Then the
following assertions hold:

1) If B€ 0-(f oA)(A), then A\(B) € d-f(A(A)).
2) Let v € 0-f(A(A)) and U € O4. Then, UDiag(v)UT € 0.(f o \)(A).

3) Suppose that \(B) € 0-f(A(A)), and A, B are simultaneously diagonalizable. Then,
B € 0-(foN)(A).

The following lemma is an immediate consequence of Theorem 1.1 and Theorem 1.3.

Lemma 2.2. Let f € T'o(R") be a symmetric function. Then, 9(f o A) is a maximal
monotone operator on S,.

Now, we investigate the Fitzpatrick function of the subdifferential of the spectral function.

Theorem 2.2. Let f: R”™ — R be a symmetric function. Let A, B € §,, be arbitrary.
Then

Po(for) (A, B) < @ar(A(A), A(B)). (4)

Furthermore, suppose that one of the following assertions holds:
(i) A and B are simultaneously diagonalizable.
(i) G@f) = {(zl,y1) : 2,y € RY.

Then, equality holds in (4).

Proof. First, note that it follows from (3) that

Co(fon)(A,B) = sup  {(AY)+(X,B) - (X,Y)},
Y Ea(for)(X)

and

wof(A(A), A(B)) = sup {(z,A(B)) + (A(A4),y) — (z,y)}.
y€Of(x)

Let Y € 9(f o A\)(X) be arbitrary. Theorem 1.4 implies that there exists U € Ox N Oy
such that

X = UDiag(\(X))UT, Y =UDiag(\(Y))U?.
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Now, consider

(AY)+ (X,B) —(X,Y) =

By taking supremum over all (X,Y) € G(9(f o X)), we get
Po(for) (A, B) < @ar(A(A), A(B)). ()
Now, suppose that assertion (i) holds. Let U € O,, be such that
A =UDiag(N(A)UT, B =UDiag(\(B))U".
Let y € 0f(z) be arbitrary. Consider

(2, A(B)) + (A(A), y) — (z,9)

= (Diag(z), Diag(A(B))) + (Diag(A(A)), Diag(y)) — (Diag(x), Diag(y))
= (Diag(z),UT BU) 4+ (UT AU, Diag(y)) — (Diag(z), Diag(y))

= (UDiag(z)UT, B) + (A, UDiag(y)UT) — (UDiag(z)UT, U Diag(y)UT)
< wa(fon) (4, B).

+
+

Taking supremum over all (z,y) € 0f. We conclude that the reverse of the inequality (4)
holds.

Now, assume that assertion (#i) holds. Let (zf,y) € G(0f) be arbitrary. Since

Yoy ci =1 Ai(C), for each C' = (¢45) € S, Hence

(@' A(B)) + (MA),y") — (h, 4T

= (Diag(z'), Diag(\(B))) + (Diag(\(A)), Diag(y")) — (Diag(z'), Diag(y))
= (Diag(z'), B) + (A, Diag(y")) — (Diag(z"), Diag(y"))

< wa(for) (A, B).

Now, by taking supremum over all (z',y") € G(9f), we have
vaf(A(A), A(B)) < pa(for) (4, B),
which completes the proof. ]

Corollary 2.1. Let f : R®™ — R be a symmetric and sublinear function. Let A and B
be simultaneously diagonalizable. Then,

Po(ror) (A, B) = (f o A)(A) + (f o A)*(B).
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Abstract

A rotation group is a group in which the elements are orthogonal matrices with
determinant 1. In this paper, we study the majorization of the group of rational rota-
tion around the origin of coordinate and identify the linear preserver transformations
of this type of majorization.
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1 Introduction

In this section we have defined the action on a group and expressed its relation to ma-
jorization.

Definition 1.1. Let G be a group (or semigroup) and X a set. Then G is said to act on
X on the left if there is a mapping 6 : G x X — X satisfying two conditions:

1. If e is the identity element of GG, then

O(e,z) =x forall x € X.

2. If g1,92 € G, then

0(g1,0(g2,x)) = 0(g192,x) for all z € X.

Similarly, G is said to act on X on the right if there is a mapping
0: X xG—X

satisfying two conditions:

1. If e is the identity element of G, then

O(xz,e) =z forall z € X.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: y.sayyari@gmail.com
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2. If g1,92 € G, then

0(0(z,g1), 92) = 0(x, g192) for all z € X.

If X is a real vector space, then each left action G (resp. right action G) creates a left
majorization relation <;g (resp. right majorization relation <,g) on X, which we will
describe below.

Let X be a real vector space, W C X, conv(W) be the convex hull of W and G be a
left action (right action) on X. The group G induces an equivalence relation on X, defined
by z ~ y if and only if x = gy (x = yg) for some g € G. The equivalence classes of this
relation are called the orbits of G. for each y € X the orbit of y is as follows:

Oc(y) = {gylg € G} (Oc(y) = {yglg € G}).

A vector z is said to be G-majorized of the left (of the right) by y and we write x <;5 y
(x <rg y) if z € conv(Og(y)). Let T : X — X be a mapping and ~ be a relation on X.
We say T is a preserver of ~ if Tx ~ Ty whenever x ~ y, it is called a strong preserver of
~ if it further satisfies x ~ y whenever Tz ~ TY.

2 Main results

In this section section, the concept of majorization is studied and then the linear preservers
of this concept are characterized.

Definition 2.1. Let n be a natural number, define

and Gy, = {R(, 1|0 < k < n — 1}. Its obvious that Gy, is a group.

We use the vectors symbol z = (x,)! or complex numbers symbol z = z+iy as needed
for each point on the zy-plane. For each z the orbit of z = (x,y)! is a follows:

O, (2) ={g92z:9 € Gn}.

We say that z; = (x1,y1)! G-majorized by 29 = (w2,%2)" (denote by 21 <, 29) if 21 €
conv(Og, (22)).

Theorem 2.2. Let z; and zo are two members of the xy-plane.

1. z1 <n 22 if and only if the z1 is located on or inside the regular n-polygon bound to
the origin center of the coordinates and the zo corner.
2. 21~y 22 if and only if 2 = 25
Proof. Since R(;, 1) rotates points in the xy-plane counterclockwise through an angle 27”
with respect to the x axis about the origin of a two-dimensional Cartesian coordinate
system, Parts 1 and 2 are easily proven. O

Corollary 2.3. Let z1 and z2 are two members of the xy-plane and zy ~y, z2 then |z1| =
|za].
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Theorem 2.4. Let T be a linear operator on R%2. Then T preserves ~, if and only if one
of the following holds:

1. n=2 and T is an arbitrary linear operator T on Ms.
2. n#2 and

n- [ Y om-[p

for some real numbers a,b. (i.e. T(z) = Az or T(z) = Az for some complex number

A=a—ib).
Proof. If

7] = {—ab ﬂ

then
T(z) = (a—1ib)z

so 2] = 2% results that ((a —ib)z1)" = ((a —ib)z2)". If

n-f !

then
T(z) = (a+1ib)z

so 2] = 2% results that ((a +ib)z1)" = ((a +ib)Zz2)". So, T preserves ~,.
If n =2, Go = {I2, — I} and every linear operator T preserves ~so.
Conversly, let T' preserves ~, and

[T] — A= |:a11 a12:|
a1 Q22

Since (1,0)! ~,, (cos(Zkm), sin(2km))t = R(n,1y(1,0)" for every 0 <k <n—1, s0

n n

2k 2k
A(l,O)t ~n A(cos(—ﬂ),sin(—ﬁ))t
n n
Hence,
2km . 2km 2km . 2km
a%l + a%l = (a1 cos(—) + a2 sm(—))2 + (a9 cos(—) + age sm(—))2
n n n n
SO
. 2km . 2km 2km
(a%l + a%l — a%Q — a§2) sm2(7) = 2(a11a12 + az1a22) sm(T) COS(T) (1)

for every 0 < k < n — 1. Since for n # 2,4 we can choise two k; # kg that cot(%Tl”) #

cot(227), thus

2 2 2 2 _
afy +aj —ajy —asz =0 2)
aiiai2 + aziaz =0
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Case 1: If ag; = a11 = 0 so (2) results that ajo = age = 0.
Case 2: If ag; = a2 = 0 so (2) results that a;; = tags.
Case 3: If ag; # 0 then (2) results that

a11a12
agy = —
ag1

and

2 2 2 a110412\2

aiy +ay —ajp — (= )*=0

az1
thus
2 2\, 2 2
(a1y + a3 )(ag; —ajp) =0

SO a1 = Faje. az; = +aje and (2) results that a1y = —age, and a9y = —aj and (2)

results that a1; = ags.
Case 4: If n =4, (1) results that

af; + a3 —aly — a3y =0 (3)
On the other hand have

(a11,a12)t ~4 (a12; —Gn)t

thus
(af; + aly, aziai1 + assa12)’ ~4 (0, a21a12 — assain)’ (4)
also
(az1,a)" ~4 (—as2, az)"
and

(a11a21 + a12a92,a3; + a3y)' ~4 (—agair + arzas;, 0)° (5)

of the (4) and (5) have
(a3, + aiy, az1a11 + az2a12)’ ~4 (a110a21 + a12a92, a3; + ajy)’
therfore
aiy + afy = a3y + ajy (6)
Equalities (3) and (6) yields that
a%l = G%Q and a%z = a%l

SO a11 = Fa9e and ajo = Faoq.

Now we prove that a1; = —a9s and ajo = 4a91 or a;; = +age and aj2 = —ao;.
If a11 = +a9 = a # 0 and a2 = a1 = b # 0, so
a b
=l
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Since (1,1)! ~4 (1,-1)%, (a + b,b + a)' ~4 (a — b,b — a)’. Thus |a + b* = |a — b|*

so a +b = £(a — b), this is a contradiction. Similarly, if a11 = —a = a # 0 and
aj2 = —az; = b#0, so
a b
=15 2
Since (1,1)! ~4 (1,=1)}, (a +b,—b —a)t ~4 (a — b, —b + a)’. Thus |a + b|* = |a — b|* so
a+ b= +(a —b), this is a contradiction. Thus a1; = —ag2 and a1 = +ag; or a;; = +age
and alp = —agy. O

In this section (m,n) is the largest divisor the common the two integers m,n. Let
§ = * be a rational number with (m,n) = 1, define

Roa s — cos(2kmf) — sin(2kn0)
(6.k) = sin(2kmwf)  cos(2km0)

and Gy = {Rgi|k = 0,1,2,...}. Tts obvious that Gy is a group. For each z the orbit of
z = (z,y)! is a follows:

Og,(z) = {9z : g € Gyg}.

We say that 21 = (z1,y1)" Gg-majorized by z3 = (wg,y2)! (denote by 21 <g 22) if 21 €
conv(Og,(22), where the notion conv(A) is the convex hull of a set A.

Theorem 2.5. Let 21 and z2 are two members of the xy-plane and 6 = ** be rational
number with (m,n) = 1.

1. z1 <g 2o if and only if the z1 is located on or inside the reqular n-polygon bound to
the origin center of the coordinates and the zo corner.

2. z1 ~g 22 if and only if 2" = 25

Corollary 2.6. Let z; and zy are two members of the xy-plane and z1 ~¢ z2 then |z1| =
|z2].

m

Corollary 2.7. Let T be a linear operator on R? and 6 = 7. Then T preserves Gg-
majorized ~g if and only if one of the following holds:

1. Any linear operator T preserves Gg-majorized ~q.

2. n#2 and

i.e. T(z) = Az or T(z) = AZ for some complex number A.
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Anti-pentadiagonal block band matrices with perturbed
corners'

Maryam Shams Solary*
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Abstract
In this paper, using a suitable modification technique, an orthogonal block diago-
nalization and a number of formulas for anti-pentadiagonal block band persymmetric
Hankel matrices with perturbed corners are shown. These formulas include block di-
agonalization, determinant, inverse, and eigenvalues of these matrices. Also, using an
orthogonal block diagonalization for Toeplitz-plus-Hankel matrices, these results are
presented. The validity of the approaches is illustrated by numerical experiments.

Keywords: Anti-pentadiagonal block band persymmetric Hankel matri, Inverse, De-
terminant, Eigenvalues

Mathematics Subject Classification [2010]: 15A18, 15B05

1 Introduction

Spectral and computational properties of persymmetric Hankel matrices have been stud-
ied by several authors such as Bini, Fasino and Lita da Silva in [1, 3, 5].

The proposed algorithms construct the fast computational methods for the evaluation of
the block diagonalization, the determinant and the characteristic for anti-pentadiagonal
block band persymmetric Hankel matrices with perturbed corners.

Block band symmetric Toeplitz matrices (BBST-matrices) and block band persymmetric
Hankel matrices (BBPSH-matrices) arise in a wide variety of applications such as the fi-
nite difference approximation, linear dynamical systems, multigrid techniques, algorithms
based on the cyclic reduction among others.

Here, we try to explain some statements that make fast computational methods for the
evaluation of block diagonalizations, determinants, and characteristic polynomial of per-
symmetric Hankel matrices with perturbed corners.

Let R, Ay, As, As be defined real matrices m x m and Hy be an N — block x N — block
anti-pentadiagonal BBPSH-matrices with perturbed corners:

Ay Ay R
Ay Ay A Ay
Ay Ay A} Ay A

Ay Ay A} Ay Ag

Ay Ay Ay Ag
R Ay A

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: shamssolary@pnu.ac.ir, shamssolary@gmail.com
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Throughout, I is the identity matrix and 0 is the zero matrix of any size to satisfy the
conformability requirement of a particular operation; the transpose of a matrix S is de-
noted by S7T.

The following N x N symmetric matrix

[Slij = \/NTHSin [z\;JIJ : (2)

is essential in the procedure due to its special properties, particularly ST =8 = S~
The symbol ® will denote the Kronecker product [2] and I,,, is an m x m identity matrix
and C = A3+ R — A;.

2 Main results

Theorem 2.1. Let Hy be an N — block x N — block anti-pentadiagonal BBPSH-matrices
with perturbed corners is given by (1) and

Fi = —A3VZ»2 — Aglji — (Al — 2A3), (3)
v; = 2cos (ﬁfﬂ) , ©=1,2,...,N that F;’s are invertible matrices with simple eigenval-
ues.
- D3 + uuT X C ‘ 0 T

that the following relation holds:

(a) If N is even,
D3 = diag(Fl, F3, ‘o ,FNfl), D4 = diag(Fg, F4, P ,FN),
P is the N — block x N — block block permutation matriz and u, v are defined by (19).

(b) If N is odd,
D3 = diag(Fl, Fg, “. ,FN), D4 = diag(FQ, F4, N 7FN—1)7
P is the N — block x N — block block permutation matriz and u, v are defined by (21).

U1 Vg
us V4
u = . s VvV = . s (5)
UN-1 UN
where
2 ((2i—1)7r> 2 ( 2in > -
Ugi_1 = in , Vg = ————sin
AT N1 N+1 T YN+ N1
1= 1,2,...,%, when N is even or (b).

Proof. We can find a class of simultaneously diagonalizable matrices which have a suitable
block submatrix generating by block band persymmetric Hankel matrices by bordering
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technique in [1]. Suppose that an N — block x N — block anti-pentadiagonal BBPSH-
matrices with perturbed corners similar (7) and a sparse matrix Ey similar (8):

As Ay Ay — Ag
As Ay A As
Az Ay A Ay Az

A3 A2 A1 A2 A3
Ag A As Az
A — A3 Ay As

and

0 0 As3+R-—- A

e}
o=}
=}

0 0 0
A3+ R—-—A4; 0 O
Then Hy = Hy + Ey, by Proposition 3.1 in [1] [S ® L,] PExPT [S ® I,,,], we get

S® L, PHNyPT[S®I,] = [S® L, PHy +EN)PT[S®1,].

If Ex = [Ey]

2 i Njn -
Eli; = i i 1+ (=1)"*
[Blig N+1sm<N+1>Sm<N+l>[ + (=),

then

T
PT[EN®C]P—< ua! 90 | 0 ):0,

0 ‘ —wligC
and
S®I,|Hy[S®1L,] =diag(Fy, Fs,...,Fy) + Ey.

By permuting rows and columns of Hy+Ey according to the permutation matrices which
yields

4 T _( Ds | 0O
[S®I,|PHNP" [S®I,] = ( 0 ‘ D, ) 9)
and ‘
T
ES— _ uu' ®C 0

From Equations (9) and (10) and by adding them with together, then deduce Equation
(4). O

Theorem 2.1 allows us to deduce the inverse and the determinant of the anti-pentadiagonal
block band persymmetric Hankel matrices with perturbed corners.
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Theorem 2.2. Let Hy be an N — block x N — block anti-pentadiagonal BBPSH-matrices
with perturbed corners (1) and F;, i = 1,2,...,N be given by (3), and relations in
Theorem 2.1, we can find val :

(1)

D;!'-uU,a+vy,up)tvyp;t ‘ 0
- - PTIS® 1]

Hy' =[S®InP
0 ‘ D'+ Uog(I - VoUg) 'voD !

Also, we have:

Theorem 2.3. Let Hy be an N — block x N — block anti-pentadiagonal BBPSH-matrices
with perturbed corners (1) and F;, 1 =1,2,...,N be given by (3), then by some relations
in Theorem 2.2, we have:

w0 X L/ @i-Dr\ o, w0 X,/ 2in .
det(Hy) = (Hdet(F )det|: +1;sm ( Nl >F21‘,—1 I— +1;SIH (N+1)F2i . (12)

From the generalized of the some results of this Section and the some results of Chapter
6 in [4] the following formula is explained:

ri—1
(AL — F)™! ZFU Z p— k—i—l (F; — v;I)F, (13)
7j=1 k=0

whenever A ¢ o(F;) and the minimal polynomial of Fj is p(t) = (t —v1)™ ... (t — vp)™,
v; # v; when ¢ # j.

Jordan canonical form of F; is F; = SiJZ-Si_I, then Fi(j) = SiDijSi_l, where D;; is a
block diagonal matrix that is conformal with J;; every block of J; that has eigenvalue v;
corresponds to an identity block in D;; and all other blocks of D;; are zero.

Theorem 2.4. Let Hy be an N — block x N — block anti-pentadiagonal BBPSH-matrices
with perturbed corners (16), F;, i =1,2,..., N be invertible matrices with simple eigen-
values are given by (3), then:

The eigenvalues of matrix Hy can be found by the roots of the following functions:

(20 — 1) 1 )
J

i=1 j=1

20w 1 ()
s =1 N+1ZZSI (N+1>)\— @ 2 (15)
J

(2i—1)

, 2i . .
where v; are eigenvalues of Fo; 1 and V](- ) are etgenvalues of Fo;, 1 =1,2,..., % for

N when N is even, and 1 =1,2,..., % for N when N is odd, whenever \ ¢ o(F}).
3 Final Comments
An orthogonal block diagonalization of pentadiagonal BBST-matrices and anti-pentadiagonal

BBPSH-matrices both having perturbed corners are valuable. So, solution of the inverse,
determinant and the characteristic polynomial is a fast way for next computations by this
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block diagonalization.
Let Tn be an N —block x N —block pentadiagonal BBST-matrices with perturbed corners:

R Ay Aj
Ay Ay Ay Aj
Az Ay A Ay As

-
=2

Il
—
2

Ag Ay Ay A2 A3
Az As A1 As
Ay Ay R

In [6], we have:

Theorem 3.1. Let Ty be an N — block x N — block pentadiagonal BBST-matrices with
perturbed corners is given by (16) and

B; = Ag,u? + Agu; + Ay — 2A3, (17)
i = 2cos (A}—L , ©1=1,2,...,N that B;’s are matrices with simple eigenvalues, S 1is
the N x N symmetric matriz (2) and C = A3 + R — Ay, then:
B D; +uul ®C ‘ 0 T

where (a) Dy = diag(B1, Bs,...,Bn_1), Dy = diag(Bs2, By, ..., By),
P is the N — block x N — block permutation matriz.

Ul ()
us V4
u= , , V= , (19)
UN-1 UN
where
2 . (2i — )7 2 ) 2 (20)
Ui_1 = sin Vo = sin
2i—1 /7N+1 N—|—1 ) 21 liN—i-l N—l—l
1= 1,2,...,%, when N is even or (b),

D1 == diag(Bl, Bg, ceey BN), D2 == diag(Bg, B4, e 7BN—1);
P is the N — block x N — block permutation matriz.

(75} V2
us V4
u= , V= , (21)
uN UN-1
where
2. ((2i—1)7r> 2 ( i > (22)
U1 = in , Vg = in
2T /N1 N+1 /N1 N+1
i=1,2,..., Y=L whenever N is odd.

2

195



M. Shams Solary

The same conditions apply in the case of block Tx + Hy matrices with perturbed
corners:

R A Aj As As R
Ay A Ay As As Ay A A
As Ay A1 Ay As A3 Ay A1 Ay Az
Ty + Hy = . . .. .. . . . . . . . (23)
Ag A2 A1 A2 Ag A3 A2 A1 A2 A3
Ay Ay Ay Az As Ay A1 A,
R A Aj As As R

These implements are constructive for finding the functions of matrices, eigenvalues, eigen-
vectors, integer powers and parallel computations in similar cases.
Now by Theorem 2.1 in the last section, we can derive:

Theorem 3.2. Let Ty + Hy be an N — block x N — block pentadiagonal Toeplitz-plus-
Hankel matrices with perturbed corners is given by (23), then:

D; + D3 +2uu’ ® C ‘ 0
0 |0

TN+HN:[S®Im]P( )PT[S®Im], (24)

that is used by the notations introduced in Theorem 2.1 and Theorem 5.1.
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Multivariate group majorization on M, ,, and its linear
preservers!

Mohammad Soleymani*
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Abstract

For X,Y € M, ,,, X is said to be multivariate majorized by Y, denoted by X <,,
Y, if there exists a doubly stochastic matrix D € M,, such that X = DY. In this
paper, we extend multivariate majorization as a group majorization on M,, ,,,. Let G
be a subgroup of orthogonal group O(R™). We say that X is GM-majorized by Y
(written as X <gp V), if X = Ele c;9;Y for some g; € G, ¢; > 0, and Ele c; = 1.
We state equivalent conditions for linear preservers of multivariate group majorization.

Keywords: Matrix majorization, Group majorization, Linear preserver
Mathematics Subject Classification [2010]: 15A86, 15A39, 15B51

1 Introduction

Definition 1.1. For z,y € R™, we say that y majorizes z and write z < y, if

k
St st
i=1 i=1
for k=1,...,n — 1 and equality holds for k = n, where 2+ = (w%, .. ,m%) is arrangement

of x in non-increasing order.

We say that a linear operator A : R — R™ preservers majorization, if Az < Ay
whenever x < y. The following theorem has an essential role to characterize linear pre-
servers of majorization, see [1].

Theorem 1.2. [1, Theorem 2.6] Let A be a linear map from R™ to R™. Then the
following conditions are mutually equivalent:

a A preserves majorization.
b Ax ~ Ay whenever x ~ y.

c For any permutation matriz 11 € M, there exists a permutation matrix Il e M., such

that ITA = Al

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: m.soleymani@uk.ac.ir
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By above theorem, we can characterize all linear preservers of majorization.

Theorem 1.3. [1, Corollary 2.7] Any linear operator A : R™ — R™ preserving majoriza-
tion has one of the following forms:

a A= ae' for some a € R".
b A= all + BJ, for some a, 5 € R and 11 € P,,.

A matrix D € M, is called doubly stochastic if De = e and D’e = e. We know that
x < y if and only if z = Dy for some doubly stochastic matrix D. Birkhoff theorem [3,
Theorem I1.2.3] says that the set of all nxn doubly stochastic matrices is the convex hull of
P,. On the other word, = < y if and only if = € conv{Px : P € P,}. By replacing P,, with
any subgroup of orthogonal group O(R™), we can define a new concept of majorization on
R™ which is called group majorization.

Definition 1.4. Let V be a finite dimensional inner product space and GG be a subgroup
of orthogonal group O(V). We say that = is group majorized by y, write z <g v, if
x € conv{gy : g € G}.

In this paper, as same as Theorem 1.2, we state an equivalent condition for matrix
representations of linear preservers T' : M,, ,, — My, ;, of G-majorizations, where G is a
finite subgroup of O(R™).

2 Main results

The concept of matrix majorization is defined by directional majorization [5] or multivari-
ate majorization [2] as follows:

Definition 2.1. For X,Y € M, ,,, we say that X is directional majorized by Y and write
X <4 Y if Xv < Yw for every v € R™.

Definition 2.2. For X,Y € M, ,,, we say that X is multivariate majorized by ¥ and
write X <,, Y if there exists doubly stochastic matrix D € M, such that X = DY

In [2], multivariate majorization defined as X = Y D. Since D! is doubly stochastic,
The definition of Beasley means X! <,, Y! with the above definition. The concept of
group majorization can be extended for matrices as follows.

Definition 2.3. For X,Y € M, ,,, X is said to be multivariate group majorized by Y
(written as X <gpr Y), if X € conv{gY : g € G} and G is a subgroup of O(R").

On the other word, X <gy Y if X = Zle c;g;Y where g; € G, ¢; > 0, Zle C =
1. Now, we prove an equivalent condition for linear preservers of GM-majorization as
Theorem 1.2. To do this, we need some preliminaries.
For every A = (ai;) € M, m, we associate the vector vec(A) € R™" defined by

vec(A) = [a11, .-+, A1, @12y« -y A2y v oy Qlimy - - - ,anm]t.

Let B be the standard basis for M, ,, . On the other word

B:{E117-~7En17E127---vEan”aElmw--aEnm}-
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Also let [T'|g be representation of 7" with respect to B. Then

Bi1 Bia -+ Binm
Bs1 By -+ DBap

= | Sl 1)
Bml Bm2 Bmm

where each Bj; € M, and vec(T(X)) = [T]g(vec(X)). Let A € Mpym, X € My,
B e My, and C € M, 4. By [4, Lemma 4.3.1], AXB = C if and only if

vec(C) = vec(AX B) = (B' ® A)vec(X). (2)

To verify linear preservers of multivariate group majorization, we deal with = ~gpr ¥y
means x <gpy ¥y and y <gar . The following theorem gives an equivalent condition for
~GM -

Theorem 2.4. Let X,Y € My, . Then X ~gn Y if and only if X = gY for some g € G.

Proof. By the definition of multivariate group majorization, X <qgy Y means that X =
S g Since g; € O(R"),

k k k
X[z =11 aegeYlla <Y arllgeY 2 =Y adllYll2 = [[Y 2. 3)
t=1 t=1 t=1

On the other hand, Y <gu X and then ||Y|| < || X]|. Hence, equality holds in (3). If
ay # 0 for some 1 <t/ <k, then

lawgeY + 22 = [lawgeY |2 + [[Z]]2,

where Z = Zf:l,t L ag:Y . Since equality holds in triangle inequality(cauchy-schwarz
inequality), Z = Aoy grY for some X € R. Therefore, X = (1 + X\)aygyY. Since || X||2 =
HYHQ, (1 + )\)Odt/ =1. O

The following theorem states an equivalent condition for matrix representations of
linear operator 1" : My, ,, = M, ,, which preserves G M-majorization, where G is a finite
subgroup of O(R™).

Theorem 2.5. Let G be a finite subgroup of O(R™), T : M, sy, = My, be a linear operator
and

Bi1 B2 -+ DBim

By By -+ DBay
[T]s = : : :

Bml Bm2 e Bmm

Then T preserves ~gar if and only if for every g € G there exists a matriz g € G such
that gBi; = Bijg for eachi=1,...,n andj=1,...,m.

Now, we will prove the follwing extention of [5, Theorem 2] as a result of Theorem 2.5.
Corollary 2.6. Let T' be a linear operator on My, . The following are equivalent:
1 T preserves multivariate majorization.

2 T preserves directional majorization.
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3 TX <4TY whenever X <, Y .
4 TX ~3TY whenever X ~3Y .

5 TX ~,, TY whenever X ~,, Y .
6 One of the following holds :

a There exist R, S € My, and P € P, such that T(X) = PXR+ J,XS.
b There exist A1, ..., Ay € Mym such that T(X) = Y0, tr(z;)A;.
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Abstract

Let A be an arbitrary *-algebra with unit I over the real or complex field F that
contains a nontrivial idempotent P; and n > 1 be a natural number. It is shown that
if a surjective map ¢ : A — A satisfies

o(P)ey_19p(P)ep(A)=Pe, 1 PeA,

for every A € A and projection P € {P, I — P}, where Ae, _; A denotes the Jordan
multiple *-product of n — 1 A’s, then ¢(A) = p(I)A for all A € A and ¢(I)?> =1.

Keywords: Maps preserving, Strong Jordan multiple, #-product
Mathematics Subject Classification [2010]: 15A03, 15A23, 15B36

1 Introduction

Let A be a x-algebra. For A, B € A, we define Jordan *-product and Lie *-product of
A, B respectively by Ae B = AB+ BA* and [A, B|, = AB — BA*, which are two different
kinds of new products. The products are found playing a more and more important role
in some researches (see [1-3]). Recently, many mathematicians focused on the study of the
new products. In [1] which M and N are two von Neumann algebras, it is proved that
a not necessarily linear bijective map ¢ : M — N satisfies ¢([S,T],) = [o(T), ©(9)]«
for all T, S € M if and only if ¢ is the direct sum of a linear *-isomorphism and a
conjugate linear x-isomorphism. Also in [4] where A and B are two factor von Neumann
algebras, it is characterized that a not necessarily linear bijective map ® : A — B satisfies
P(AeB)=>(A) e d(B) for all A, B € A if and only if ® is a *-ring isomorphism.

Let R be an associative ring (or an associative algebra over a field F). Then recall a
map ¢ : R — R preserves strong commutativity or strong Lie Product if [p(A), ¢(B)] =
[A, B], for each A, B € A that [A, B] is Lie product i.e. [A, B] = AB — BA. Similarly ¢
preserves strong Jordan product if ¢(A) o p(B) = Ao B, for each A, B € A that Ao B is
Jordan product i.e. Ao B = AB + BA. The structure of linear (or nonlinear) maps that
preserve strong commutativity and strong Jordan product have been investigated in [3].
Gonga et al [3] proved that every nonlinear map ¢ that preserves strong Jordan product
on any algebra R with unit I over a field F, has the form of ¢(A) = p(I)A, for all A € R,
where ¢(I) € R and ¢(1)? = 1.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: taghaviQumz.ac.ir
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For a ring R and a positive integer k, recall that the k-commutator of elements A, B €
R is defined by [A, Bl = [[A, Blx—1, B] with [A, B]o = A and [A, B = [A, B] = AB—BA,;
similarly we define Aoy B = (Aop_1 B)oB with AogB = A and Ao; B = AoB = AB+ BA.
A map ¢ : R — R is called strong k-commutativity preserver if [p(A), ¢(B)]r = [A, Bl
for all A,B € R and ¢ is called strong k-Jordan product if ¢(A) ox ¢(B) = A oy B for
each A, B € R. Qi [2], characterizes the structure of a strong 2-commutativity preserving
map on prime algebra. Also Lin and Hou [5] characterize the structure of a map that
preserves Strong 3-commutativity on standard algebras. Moreover recently in [6] authors
proved the concrete form of a map that preserves strong 2-Jordan product on standard
operator algebras, properly infinite von Neumann algebras and nest algebras.

The aim of this paper is to extend this work by studying surjective maps that preserves
strong skew Jordan multiple x-product on general x-algebras. We prove that if A be an
aribtrary s-algebra (with identity I) over the real or complex field F that contains a
nontrivial idempotent P; and ¢ : A — A satisfies condition

(P)en_1p(P)ep(A)=Pe, 1 PeA,

for every A € A and projection P € {P;, I — P}, then ¢(A) = ¢p(I)A for all A € A and
©(I)?> = I. Where, n > 1 a natural number and Ae,_; A with repeat n — 1 times A is the
Jordan multiple *-product.

We are now ready to state the main results of the paper.

2 Main results

We begin by showing a preliminary lemma.

Lemma 2.1. Let A be an arbitrary x-algebra over the real or complex field F that contains
a nontrivial idempotent P and n > 1 a natural number. If Pe, 1 Pe A = 0, then
PA=0=AP.

Following, we will state the main results and proofs.

Theorem 2.2. Let A be an arbitrary x-algebra with unit I over the real or complex field
F that contains a nontrivial idempotent Py and n > 1 a natural number. Assume that
v : A—> A is a surjective map satisfying the condition

o(P) o, 10(P) e p(A) = Pe,_1 P A, (1)

for all A € A and projection P € {Py, I — P1}. Then o(A) = o(I)A for all A € A and
p(1)? =1.

Proof. We assume P, = I — P; and organize the proof into several steps.
Step 1. ¢ is injective.

Step 2. i) p(A*) = p(A)* for all A € A.
ii) p(P)"*! = P for every P € {P;, P}.

Step 3. For every A € Aand P € {P,, P>}, we have
p(P)p(A) + p(A)p(P) = PA+ AP. (2)

We prove the result in two cases.
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Case 1. Let n =2k —1 and k£ € N.
Case 2. Let n =2k and k£ € N.
Step 4. PAp(P) = p(P)AP for all A€ Aand P € {P,, P,}.

Step 5. ¢(A) = p(I)A for all A € A.
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Abstract

In decision-making problems, the obvious or implicit effects of the experts on each
other can be used such that the final solution has a higher degree of consensus. Here we
introduce a consensus model based on the similarity between the experts’ preferences
and trust degree on each other, to reach a higher consensus. First, each experts’ profile
is specified based on trust degree, self-confidence, and consistency. Then, the experts
are clustered by using the cosine similarity measure. In a feedback mechanism, the
experts with the low-rank profile are receiving some advice from those experts who
are similar to and have a higher profile rank.

Keywords: Group decision making, Consensus, Feedback mechanism, Intuitionistic
fuzzy preference relation, Similarity

Mathematics Subject Classification [2010]: 15B15, 90B50

1 Introduction

In a group decision making scenario, GDM, a group of experts need to evaluate a set of
alternatives. One of the challenges is how to reach a solution with the maximum individ-
ual consistency and global consensus. Taking into account, the interpersonal relationships
of experts and their impact on each other’s views, we can increase the level of final con-
sensus [1,2]. In [3], a new feedback mechanism that works in large scale decision making
processes is proposed by bringing together both decision making approaches and opinion
dynamics. This mechanism involves experts’ classification based on Jaccard similarity and
also an inter-agent influence. As noted in [1], the Jaccard similarity function is slower than
other functions. It also reaches a lower level of consensus than others. Therefore, to im-
prove this, we could use the cosine similarity function, which is much faster than Jaccard
and also it could reach a higher level of consensus with almost a stable process. In this
contribution, according to the trust between the experts, their self-confidence and their
individual consistency, the experts’ profiles are identified; Then by using the cosine similar-
ity (which is stable in measuring consensus, regardless of the number of experts [1,4]), the
experts are clustered. This approach helps in reaching a higher final consensus by offering
recommendations for experts with low consensus degree by their higher level neighbors.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: taghavi.atefe@gmail.com
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2 Background

Normally, in decision making problems, a set of experts, E = {ey,...,en}, are asked to
declare their preferences on the set of available alternatives, X = {x1,...,x,}. It is shown
that the most effective method to express preferences is the pairwise comparison.

Definition 2.1 (Intuitionistic Fuzzy Preference Relation). ” An intuitionistic fuzzy prefer-
ence relation B on a finite set of alternatives X = {z1,...,z,} is characterised by a mem-
bership function up: X x X — [0, 1] and a non-membership function vg: X x X — [0, 1]
such that 0 < pp(xi, z;) + vp(zi,x;) <1 for all (z;,z;) € X x X, with pp(x;, x;) = pij
interpreted as the certainty degree up to which x; is preferred to z;; and vp(x;, ;) = v4j
interpreted as the certainty degree up to which z; is non-preferred to z; [5].”

In the case p; = v;; = 0.5 Vi € {1,...,n} and pj; = v;;Vi,j € {1,...,n} then B is
reciprocal.
To estimate the preference value between a pair of alternatives, (x;,z;) with (i < j),

when an intermediate alternative xp (k # i,j) is available, multiplicative consistency
property could be used; mrfj = W whereas the denominator should not be zero.

The total estimated value based chn Iflzlltiplicative transitivity is asseised by the average
I
#ngl; in which Rj; =

{k # i,j|(rig, ) & R}, R = {(1,0),(0,1)}, and #R?jl is the cardinality of R%l.
Therefor, M R = (mr;j), can be constructed.

of all possible mrfj of the pair of alternatives (z;,z;): mr;; =

Definition 2.2 (Multiplicative Consistency [5]). A fuzzy preference relation R = (r;;) is
multiplicative consistent if and only if R = M R.

The consistency of a fuzzy preference relation is measured at three different levels [5]:
Consistency Index of pair of alternatives: CL;; =1 — d(ri;, mr;;) Vi, j.
>, CLy

Consistency Level of alternatives: CL; = %

Consistency Level of a fuzzy preference relation.

n
et
CL="“=" . 1
. 1)
Given a reciprocal intuitionistic fuzzy preference relation, B = (b;;) = ({5, Vij)),

Urena et al. in [5] introduce the concept of experts’ confidence degree with three different
levels:

Definition 2.3 (Self-Confidence Degree [5]).

e For an given intuitionistic preference value b;; the confidence degree is measured as:
CFL;j =1 — 715, where 7;; = 1 — p;; — v4; is the hesitancy degree associated to b;;.

e The confidence degree associated to the alternative z; is defined as:

2 j=1,2i(CFLij + CFLji)
2(n—1)

CFL; =
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e For a reciprocal intuitionistic fuzzy preference relation B, the confidence degree is:

" OFL,
CFLB:Z”lnCZ 2)

Normally in a group decision-making real problem, the experts’ opinions affected with
the others based on their trust in them. Taking into account the trust between the experts,
the final solution would have higher consensus.

Definition 2.4 (Trust Function (TF) [2]). An ordered tuple v = (¢,d) where t,d € [0, 1]
and t,d are representing the trust and distrust degrees respectively, will be referred to as

a trust function value. The set of trust function values (TFs), or trust function, will be
denoted by I' = {y = (¢,d)|t,d € [0, 1]}.

Intuitionistic trust function (ITFs), which is more natural in real world, is defined by
adding the extra condition 0 <t+4d <1 to the TFs’ definition.

Definition 2.5 (Trust Score (TS) [2]). The trust score associated to an ordered pair of
trust/distrust values v = (¢,d) is:

TS(v) = t_dT“. (3)

3 Proposed algorithm

In Figure 1 a simple scheme of the algorithm is illustrated.

A Enperts
" classification %, Updating the
Preferences

\\\

Recommendation Proposal (Only for
HTCC and MTCC Experts)

..4.“4-“.._.“_,...,.‘.,\\:.,.:I_;":.....-u..u,_,..;.._h.._.“u“

Figure 1: The Proposal Algorithm Flowchart

Definition 3.1. Experts’ awareness degree: For each e, € E
AD" = (6,).TS" + (65).CL" + (65).CFL", (4)

In which the parameters T'S”, is the trust score; CL", is the consistency degree and C'FL"
is the confidence degree associated to Bj. Also, the parameters to control the weights of
those three criteria in the considered variable are §; € [0,1],7 = 1,2,3 and Z?Zl 0; = 1.

206



A. Taghavi, E. Eslami, E. Herrera Viedma and R. Urena

Given a Minimum AD Threshold AD7gpmin € [0,1] and a superior AD threshold
ADrHgsup € [0,1], the experts can be classified in the following profiles:

e Profile 1: The experts with high degree of awareness, HT'CC experts, Influencers.
An expert e, is considered as a HT'CC' expert if and only if AD" > AD7Hsup-

e Profile 2: Experts with medium level of awareness, MTCC' experts: ADrgmin <
ADh < ADTHsup-

e Profile 3: Experts with low degree of awareness, LT CC' experts: AD" < AD7min.

By using a suitable distance measure, we can evaluate the similarities between experts.
As investigated in [1] the cosine and dice distance functions result in fairly similar and
stable global consensus levels regardless of the number of experts. When the number of
experts is eight or higher, the Manhattan and the Euclidean distance functions tend to
produce higher values of consensus than the previous distance functions; while for lower
numbers of experts it is reverse. Besides all of these, it has been shown that the Jaccard
distance function always yields the lowest global consensus values. Urena et al. in [3],
used a similarity measure based on the Jaccard distance function which considered the
intersection between two experts’ preference relation as the number of same preferences
that both agents prefer. In [4] a cluster-based consensus measure with feedback mechanism
is proposed in which the experts are clustered by using the cosine similarity of preferences.
So, regard to the advantages of cosine similarity the experts are classified based on their
intuitionistic fuzzy preference similarity. Here, inspired by this similarity measure, we
introduce a new similarity measure between a pair of experts as follows:

Definition 3.2. Given two experts, eP, e?, with reciprocal intuitionistic fuzzy preference
relations RP, R, the similarity matrix is:

Sim(RP, R?) = CSP?
n—1 n
_ Doict Ej:iJrl(iu?j'ng)
n—1 n n—1 n
\/Zi:1 Zj:i+1(ﬂfj-ﬂfj)-\/zz’:1 Zj:i+1(ﬂgj-ﬂgj)

After computing the similarity matrix, C'SP?, by using previous definition, the experts
could be clustered.

Definition 3.3 (AD-IOWA operator). Using the reciprocal intuitionistic fuzzy preference
relations {B!,..., B™}, an awareness degree IOWA (AD-IOWA) operator of dimension
m; @t | is an IOWA operator whose set of order inducing values is the set of aware-
ness degree index values, {AD!, ..., AD™}, associated with the set of experts. Then, the

collective reciprocal intuitionistic fuzzy preference relation B¢ = (b?]d) = (<M?Jd,1/q~d))

?
. h
is computed as follows: /,ijd = @fud(<AD1,/,L21j>,...,<ADm,,u?;>) = >, wh.ufj( ) and,
h

vl = Bl ((ADY, L), oo, (AD™, v)) = S g
3 iy AD7
—#)_
Q( ) in which 7= """, AD" and @Q is the membership function of the lin-
guistic quantifier.

The average similarity between each expert’s preference relation and the global aggre-
gate one is considered as the global consensus. The global matrix G is computed using
the AD — IOW A operator. So the global consensus is defined as follows:

The weights of the AD-IOWA operator are obtained as follows: w;, = Q(
Sis AD?0
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Definition 3.4. For m experts involving in the decision making process, the overall con-

m hG
= M where CS"Y = Sim(R", G).

m

sensus level Cg, is: Cj

If this level of consensus does not reach the minimum threshold, 6, then an iterative
feedback process is activated. While C satisfy the minimum threshold, Cs > 0, the
consensus reaching process ends, and the selection process is activated to find the final
solution.

In the case Cs < 0, each expert with the LTCCprofile will receive some recommen-
dation from its neighbors’ with both HT'CCprofile and MTCCprofile. Each experts
with MTCCprofile will received some advice from its neighbor with HT'CCprofile and
MTCCprofile. The feedback recommendation spread is shown in Figure 2.

n
mTCC

mTCC

u\>.

Figure 2: Feedback Spreading Scheme

4 Example

Suppose eight experts, E = {ej,...,eg}, express their preferences to six alternatives,
X = {x1,...,z6} by using the reciprocal intuitionistic fuzzy preference relations, which
are converted to the following fuzzy preference relations according to [5]:

0.5 04 03 06 065 0.8 0.5 0.2 0.3 0.4 0.5 0.55
0.5 0.5 0.2 0.7 065 0.6 0.7 05 045 06 0.3 0.35
pt—- |07 0.7 05 04 0.2 0.25 p2—[065 05 05 05 04 0.1
— 1035 025 05 05 045 0.3 — 1055 03 04 05 06 0.7
0.25 0.1 0.7 0.5 0.5 0.7 0.45 0.7 0.55 03 05 04
0.1 0265 0.6 0.65 0.2 0.5 0.4 06 08 025 05 0.5
0.5 05 06 04 0.15 0.35 05 025 0.2 03 055 0.6
0.45 0.5 035 0.5 03 0.65 0.7 05 0.1 0.7 0.2 045
p3 04 06 05 07 0.1 0.6 pt— 0.75 0.8 05 0.6 0.3 0.35
— 105 04 025 05 0.7 0.4 — | 0.6 02 03 05 085 0.5
0.8 06 0.8 0.2 0.5 0.2 0.4 0.65 0.7 0.1 0.5 0.65
0.6 03 03 05 0.8 0.5 0.3 04 06 045 0.35 0.5
0.5 0.62 0.25 05 0.6 0.68 05 035 0.12 05 055 0.5
0.35 0.5 0.2 0.7 081 0.3 0.6 0.5 0.3 0.6 0.15 0.4
po 0.7 069 05 03 025 0.2 ps— |08 06 0.5 045 04 0.2
— 1045 0.25 0.68 0.5 0.45 0.15 — 1045 0.35 0.5 0.5 0.5 0.6
0.1 0.7 04 0.5 0.75 0.37 0.8 055 0.4 0.5 0.45
0.25 0.65 0.78 0.7 0.2 0.5 0.4 055 0.75 035 0.5 0.5
0.5 0.6 0.4 0.5 0.2 0.65 0.5 0.3 0.4 0.2 0.55 0.38
0.3 0.5 025 06 035 0.5 0.65 0.5 025 0.6 028 0.3
p7 0.55 0.7 0.5 0.5 0.15 0.6 P8 0.6 0.72 05 0.65 0.15 0.25
— 045 035 04 0.5 0.7 0.5 — 1075 035 0.3 0.5 0.7 0.6
0.7 0.6 0.8 0.25 0.5 0.25 0.45 0.7 082 0.25 0.5 0.55
0.2 0.4 035 045 0.72 0.5 0.55 0.63 0.7 035 0.4 0.5

To classify the experts by using cosine similarity we have following similarity matrix:

0.5 0.90 0.823 0.913 0.971 0.919 0.891 0.89

0.9 0.5 0.85 0.938 0.848 0.975 0.89 0.953

0.824 0.849 0.5 0.862 0.767 0.841 0.963 0.889

cS = 0.913 0.938 0.862 0.5 0.864 0.952 0.906 0.967
— 10971 0.848 0.767 0.864 0.5 0.868  0.85  0.852
0.919 0.975 0.84 0.952 0.868 0.5 0.901  0.937

0.891  0.89 0.963 0.906 0.85 0.901 0.5 0.9

0.89 0.953 0.889 0.967 0.852 0.937 0.9 0.5

Based on this similarity we obtain three clusters: {e1,es}, {e2,eu4, €6, es}, {es, er}.

Now, for identifying experts profiles, it need to have consistency, confidence and trust
degree, which are computed as follows: The consistency Level of the fuzzy preference re-
lations; using formula (1); first multiplicative transitivity matrices, M R, are obtained. So
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we have: CL' = 0.53, CL? = 0.32, CL? = 0.64, CL* = 0.59,CL° = 0.68, CL% = 0.25, CL" =
0.34, CL® =0.32.

The confidence degree associated to each reciprocal intuitionistic fuzzy preference re-
lation; formula (2) CFL' = 0.91, CFL? = 0.93, CFL? = 0.94, CFL* = 0.93,CFL' =
0.94, CFL? = 0.94, CFL3? = 0.93, CFL* = 0.96. Now, by considering the following
trust/distrust matrix, the trust score (T'S) of each expert is computed.

- (0.5,0.43 (0.6,0.4)  (0.8,0.19)  (0.7,0.2)  (0.34,0.45) (0.73,0.21)  (0.6,0.3)
0.8,0.17 - (0.44,0.55)  (0.7,0.3)  (0.6,0.35)  (0.73,0.2)  (0.58,0.4)  (0.76,0.2)
0.53,0.4 (0.7,0.3) — (0.32,0.65) 0.8,0.1)  (0.59,0.35) 0.9,0.1)  (0.64,0.32)

AT — 0.62,0.3 0.44,0.5 (0.29,0.7) - 0.7,0.2) (0.8,0.1) 0.6,0.3) (0.9,0.1)
= 0.7,0.25 0.8,0.15 0.5,0.4)  (0.45,0.5) - (0.65,0.3)  (0.7,0.15)  (0.68,0.27
0.45,0.5 (0.9,0.1) 0.7,0.2) 0.5,0.4)  (0.4,0.55) — (0.8,0.15)  (0.55,0.34
0.66,0.3)  (0.5,0.45) 0.8,0.15 0.7,0.2)  (0.55,0.35)  (0.47,0.5) — (0.7,0.27)

(0.8,0.3)  (0.62,0.53)  (0.6,0.29 0.5,0.2)  (0.7,0.25)  (0.68,0.22)  (0.4,0.55) —

By using formula (3), we have: T'S' = 0.65, T'S? =0.67, T'S® =0.66, T'S* =0.657S> =
0.68, TS =0.65, TS =0.65 TS®=0.64

Now, by considering 6; = 0.4, Jo = 0.3, 61 = 0.3, and using formula (4), the
trust /confidence/consistency index will be: AD' = 0.69, AD? =0.65, AD?®=0.74, AD*=
0.72AD% = 0.76, ADS =0.61, AD” =0.64, ADS® = 0.64.

Given the minimum and superior thresholds for AD; ADrHmin = 0.65, ADTHeup =
0.7}, the profiles will be: (i) Profile 1= HTCC experts = {es,e3,eq4}, (ii) Profile 2=
MTCC experts = {e1, ez}, (iii) Profile 3= LTCC experts = {er,es, €6}

So, based on this classification and the similarity between the experts, we have:

(I) ey receives advice from es, (II) es receives advice from eq,  (III) eg receives
advice from eg,eq, (IV) e7 receives advice from e3, (V) eg receives advice from eg, ey,

5 Conclusion

In this contribution we present a new consensus approach that includes a feedback mech-
anism in which, based on the similarity between the experts, and their interpersonal
relationships some recommendations are provided to the experts.
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Abstract

Additive results for the generalized Drazin inverse of Banach space operators are
presented. Under some conditions on generalized Drazin invertible operators a and
b, we give explicit representations of (a + b)?. Then we apply our results to 2 x 2
operator matrices.
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1 Introduction

Let X be an arbitrary complex Banach space and A denote the Banach algebra £(X) of
all bounded operators on X. The commutant of a € A is defined by comm(a) = {z €
A | za = ax}. Here, A = {a € A |1+ ax € U(A) for every x € comm(a)}. As is
well known, a € A" & nh_)ngo || a™ H%= 0. An element a in A has g-Drazin inverse, i.e.,

generalized Drazin inverse, provided that there exists b € A such that
b = bab, ab = ba,a — a’b € AT,

Such b, if exists, is unique, and is called the g-Drazin inverse of a, and denote it by a¢. We
use A% to stand for the set of all g-Drazin invertible a € A. The g-Drazin inverses have
various applications in singular differential and difference equations, Markov chains, and
iterative methods (see [1-3]).

Suppose the bounded linear operators a and b on an arbitrary complex Banach space have
g-Drazin inverses. In Section 2, we present new conditions on a, b, and prove that a+b has
g-Drazin inverse. These extend the results of Djordjevic and Wei [3, Theorem 2.3] and
Yang and Liu [6, Theorem 2.1]. They are also the main tool in our following development.
We next consider the g-Drazin inverse of a 2 x 2 operator matrix

A B
M= ( C D ) ()
where A € L(X),D € L(Y) are GD-invertible and X, Y are complex Banach spaces. Here,

M is a bounded operator on X &Y. In Section 3, we present some g-Drazin inverses for
a 2 x 2 operator matrix M under a number of different conditions.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: ftayebis@gmail.com
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2 Main results

The purpose of this section is to establish new conditions under which the sum of two
g-Drazin invertible operators has g-Drazin inverse. We begin with

Lemma 2.1. Leta,be A and ab=0. Ifa,b € A%, then a+ b € A% and

(a+b)=(1- bbd)(i " (a®)™)a + b( i(bd)”a") (1 — aa?).
n=0 n=0

Lemma 2.2. Leta € A and n € N. Then a” € A? if and only if a € A%,

Lemma 2.3. Let A € Myxn(A),B € Myym(A) and k € N. Then (AB)* € M, (A)? if
and only if (BA)* € M,,(A)%.

We are now ready to extend [6, Theorem 2.1 and Theorem 2.2] and prove:

Theorem 2.4. Let a,b € A% If aba =0 and ab®> =0, then a +b € A% and

(a+b)* = (1,b)M? ( | ) ,M?* =F' 4+ G(F?)?,

where
PO = (1= KO S5 KM (HOTH 4 KU 3 (KO HP) (1~ HHY):
= ( @ o ) 5= (e )G =0
Proof. Set \ ,
M= ( aa—tzb abaerb2 )
Then

ab  a%b a? 0
M_( ! ab>+<a+b b2>._G+F.

We see that G2 =0 and GF = 0.
a> 0 a’> 0 0 0
F_<a+b b2>_<a 0>+<b 62)'_H+K'
One easily check that
a2 0 a
(% 8) (5o

Since (a, 0) < Cll > = a? € A%, it follows by Cline’s formula (see [5, Theorem 2.1]), we see
that

mt= ()@= (1§ ) )ieo
= (e 0)= (e o)

Likewise, We have
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Clearly, HK = 0. In light of Lemma 2.1,
Fi=(1-KKY > K'HY|H'+ K Y (KY)"H"|(I - HH?)
n=0 n=0

In light of [6, Theorem 2.1], we see that

M= F 4 G(F9)?2

Clearly, M = ( ( > (1,b))2. By virtue of Lemma 2.1,

1
(a+b)* = ((1,b) ( i‘ ) ) = (1,b)Md< ib ) .
as asserted. 0

Corollary 2.5. Let a,b € A, If aba =0 and ab®> = 0, then a +b € A,

Proof. Since a,b € AT we see that a? = b¢ = 0. In light of Theorem 2.4, (a + b)¢ = 0,
and therefore a + b € A2 as required. ]

In [6], Sun et al. the Drazin inverse of P + @ in the case of PQ? = 0, P?QP =
0, (QP)? = 0 for two square matrices over a skew field. As is well known, every square
matrix over skew fields has Drazin inverse. We are now ready to extend [6, Theorem 3.1]
to g-Drazin inverses of bounded linear operators and prove:

Theorem 2.6. Let a,b € A%, If ab®> = 0,a’ba = 0 and (ba)? = 0, then a + b € A% and

(@t = ot (§ ) M= P GO+ G 4 AP
where
Fd=(I-KK%][ 20 K"(HY)"|H+ K] ZO(Kd)”H”] (I — HHY);
N2 N N
a_ [ (@)* 0 d_ 0 0 4_
H _<(ad)3 0>7K _<(bd)3 (bd)Q 7G =0.
Proof. Set
([ a®+a*b+aba a’b + abab
“\ a®+ab+ba+b> a’b+ bab+b?
Then
M= a’b+ aba  a3b+ abab n ad 0
- 0 a?b + bab a®+ab+ba+b* b
=G+ F.
We see that G* = 0, FGF = 0 and FG? = 0. Moreover, we have
a0 0 0
Fo= <a2+ba 0>+<b2+ab b3>
= H+ K.

One easily check that

a’ 0 a?
H_<a2+ba O)_(a—i-b)(a’o)'
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a2

Since (a,0) ( atb

> = a3 € A%, it follows by Cline’s formula, we see that

2

w0 )@= (%, ) @)

(ad 3 0
(a®* + b(a®)® 0 )

il _ < 2 > (bh)4(1,6) = < (bg)g (bg)z )

Clearly, HK = 0. In light of Lemma 2.1,

Likewise, We have

F?= (I - KK 5 K"(HN" H + K| 5 (KY"H"]|(I - HH?)

By Lemma 2.1 again, we have

Md — Fd + G(Fd)2 + G2(Fd)3 + G3(Fd)4.

Obviously, M = ( < CIL ) (1,b))3. By virtue of Cline’s formula,

(a+b)* = ((1,b) ( ? ) ) = (1,b)Md( CIL ) ,
as desired. B

Let a,b € A%, If a®b = 0,aba® = 0 and (ba)? = 0, then a +b € A%. This can be proved
i a symmetric way as in Theorem 2.6.

3 g-Drazin inverse of an operator matrix

Let A€ L(X),D € L(Y) be GD-invertible and M be given by (x). The aim of this section
s to consider a GD-invertible 2 x 2 operator matriz M. Using different splitting of the
operator matriz M as M = p+ q, we will apply Theorem 2.4 to obtain various conditions
for a GD-invertible M, which extend [6, Theorem 2.1 and Theorem 2.2].

Theorem 3.1. If BCA = 0,BCB = 0,DCA = 0 and DCB = 0, then M 1is GD-
invertible.

Proof. We easily see that

A B
M:(C D>=p+q,

r=(5p)e=(e0)

By virtue of [3, Lemma 2.2] p and ¢ are GD-invertible. O

where

Corollary 3.2. If BC =0 and DC = 0, then M is GD-invertible.
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Proof. If BC = 0 then BCA = 0 and BCB = 0. If DC = 0, then DCA = 0 and
DCB = 0. So we get the result by Theorem 3.1. O

Corollary 3.3. I[f CA=0 and CB =0, then M is GD-invertible.

Proof. If CA = 0 then BCA = 0 and DCA = 0. If CB = 0, then DCB = 0 and
BCB = 0. So we get the result by Theorem 3.1 O

Theorem 3.4. If ABC =0,ABD =0,CBC =0,CBD =0, then M is GD-invertible.
A B
M = ( C D ) =p+q

(5 (3

Then by Theorem 2.4, we complete the proof as in Theorem 3.1. O

Proof. Clearly, we have

where

Corollary 3.5. (1) If BC =0 and BD =0, then M is GD-invertible.
(2) If AB =0 and CB =0, then M 1is GD-invertible.

Example 3.6. Let A, B, C be operators, acting on separable Hilbert space l3(N), defined
as follows respectively:

L1, 21,3, T, ),

A(xy, 22,23, T4, - - (
(1, =21, 23,24, -+ ),
(
(

)
X1, X2, T3, Tg, "+ )
)
)

B(xy
C($1,$2,$3,$4, e
D(l‘17$2,$3,ﬂf4, e

$1+$2,$1—$2,0,0,"'),
*$2,$2,0,0,"').

Set M = ( g ZB; ) . Then BCA=0,BCB =0,DCA =0 and DCB = 0. By virtue of

Theorem 3.4, M is GD-invertible.
It is convenient this stage to include the following spiliting Theorem.

Theorem 3.7. If BCA=0,BCB = 0,BDC =0 and BD? = 0, then M is GD-invertible.

(4 )02 3)

Then M = p+ ¢. In view of [3, Lemma 2.2,] p and ¢ are GD-invertible. By hypothesis,
we easily verify that pgp = 0 and pg? = 0. This completes the proof, by Theorem 2.4. [

Proof. Let

Theorem 3.8. If ABC =0,ABD =0,DCB =0,BCBC =0 and BCBD =0, then M

has g-Drazin inverse.

Proof. Write M = p + q, where

(e )=(a7)

By using [3, Lemma 2.2] it is clear that p,q have g-Drazin inverses. Obviously, pg? = 0.
Also by the assumptions ABC = 0, ABD = 0, DCB = 0 we have p?’qp = 0. By using
BCBC = 0 and BCBD = 0, we have (gp)? = 0. Then we get the result by Theorem
2.6. O
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Corollary 3.9. If ABC =0,ABD =0,BCB =0 and DCB = 0, then M has g-Drazin
1nuverse.

Proof. 1t is special case of Theorem 3.8. O

If AB =0 and CB = 0, we claim that M has g-Drazin inverse (see [2, Theorem 2]).
This is a direct consequence of Corollary 3.9.

A B
Example 3.10. Let M = < c D >, where

000 1
A=|100 0 |,B= 1 |,C=(10 1)andD=0
1 01 -1

be complex matrices. Then ABC = 0,ABD =0, BCB =0 and DCB = 0. In this case,
AB,CB # 0.

4 Conclusion

The g-Drazin inverse of the sum of two GD-invertible operators was presented under some
conditions. These results are applied to obtain the g-Drazin inverse of 2 x 2 operator
matrices.
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Abstract

In this study, we obtain new lower bound for the ratio of the largest and smallest
components in a Perron vector for the weakly nonnegative irreducible tensors and
compare this bound to the known bounds. Numerical experiment are given to validate
the efficiency of our new bound.

Keywords: Weakly irreducible nonnegative tensors, Perron-Frobenius theorem, Per-
ron vector
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1 Introduction

Let C(R) be the set of all complex (real) numbers, Ry (R44) be the set of all nonneg-
ative (positive) numbers, C"(R"™) be the set of all dimension n complex (real) vectors,
and R (R" ) be the set of all dimension n nonnegative (positive) vectors. An order m
dimension n complex (real) tensor A = (ai,i,. 4,,), denoted by A € Clmnl (A € R
respectively), consists of n™ entries:

iy iy € (C(R), Vij =1,...n, j=1,....m.
A tensor A = (aiyiy..i,,) € RI™7 is called nonnegative (positive) if
iy i, >0 (ai”'?mim > 0), Vij = 1, L, j = 1, ce, M.

Tensors have many similarities with matrices and many related results of matrices
such as eigenvector and eigenvalue can be extended to higher order tensors [3]. Further-
more, structured matrices such as nonnegative matrices and weakly irreducible matrices
can also be extended to higher order tensors and these are becoming the focus of re-
cent tensor research [3]. In recent years, the maximal eigenvalue problem and the Per-
ron vector for nonnegative tensors has attracted special attention because it has many
important applications such as positive definiteness of a multivariate form, multilinear
pagerank, hypergraphs, higher-order Markov chains [3]. Chang et al. [1] generalized the
Perron-Frobenius theorem from irreducible nonnegative matrices to irreducible nonnega-
tive tensors. Friedland et al. [2] introduced weakly irreducible nonnegative tensors and

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: mohsentourang@gmail.com
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established the Perron-Frobenius theorem for them. A Perron vector can be used for co-
ranking schemes for objects and relations in multi-relational or tensor data, and higher-
order Markov chains [3]. In this note, we propose a new lower bound for the ratio of
the largest component and thesmallest component of a Perron vector for the weakly non-
negative irreducible tensors. And we show that the proposed result improves the bounds
in [4,5].

We continue this section with some fundamental notions and properties developed in
tensor analysis [3], which are needed in the subsequent section.

Definition 1.1. For a vector 2 € C", we use z; to denote its components and 2™~ to
denote a vector in C™ such that

xgm_” = xgn_l for all 1.

Az~ denotes a vector in C", whose i th component is

n

(.Al‘m_l)i = Z aiizmimxi?...;vim.

12,83, im=1

A pair (A, z) € C x (C™\ {0}) is called an eigenpair (eigenvalue - eigenvector pair) of A, if
they satisfy
Az = Aglm—1,

Specifically, (A, x) is called an H-eigenpair if (A, z) € R x R™\ {0}.
Definition 1.2. Let A be an m—order n—dimensional tensor.

(i) We call o(.A) as the set of all eigenvalues of A. Assume o(.A) # (. Then the spectral
radius of A is denoted by

p(A) = max {|A| : A€ a(A)}.

(ii) We call a tensor A reducible if there exists a nonempty proper index subset I C
(n) :={1,2,...,n} such that
Qi1 i, ZO, Vil EI, iQ,...,im ¢I.
If A is not reducible, then we call A irreducible.

(iii) We call a tensor A nonnegative weakly irreducible, if for any nonempty proper index
subset I C (n), there is at least an entry a;,4,. 4,, > 0, where i; € I, and at least an
ij¢], ]:2,,m

(iv) We denote by 6;,i,..i,,, the Kronecker symbol for the case of m indices, that is,

1122...1m 0’ otherWiSe-

Let us recall the Perron-Frobenius theorem for irreducible nonnegative tensors given
in [1].

Theorem 1.3. (see Theorem 1.4 of [1]) Suppose that A is an irreducible nonnegative
tensor of order m dimension n. Then p(A) > 0 is an eigenvalue of A with a positive
etgenvector x corresponding to it.

217



A new bound for the Perron vector of weakly irreducible nonnegative tensors

Remark 1.4. It is noted that the spectral radius p(.A) is the largest H-eigenvalue for the
nonnegative tensor [1].

Note that p(A) and = in Theorem 1.3 are called the Perron root and the Perron vector
of A, respectively, and (p(.A), z) is regarded as a Perron eigenpair. Subsequently, Friedland
et al. [2] generalized the result in Theorem 1.3 to weakly irreducible nonnegative tensors
as follows:

Theorem 1.5. Suppose that A is a weakly irreducible nonnegative tensor of order m
dimension n. Then p(A) is a positive H-eigenvalue X\, with a positive H-eigenvector .
Furthermore, X is the unique H-eigenvalue of with a positive H-eigenvector, and x is the
unique positive H-eigenvector associated with X\, up to a multiplicative constant.

2 Main results

In the fields of numerical analysis and social networks (for example, see [6]), it is important
to obtain estimates of the ratio of components of a Perron vector of A. The problem of
estimating the ratio
= max i
1<4,5<n Zj
for a maximal eigenvector of a positive tensor has been examined theoretically in [4,
Theorem 3.5] as follows:

Theorem 2.1. Let A be a positive tensor of order m dimension n with mazximal eigen-
vector x = (1,22, ...,x,) " . Then

m—1
\/E < <max x”) : (1)
r Pa T4

where i(A) = > Giiy..i,, R :=max r;(A), r:=min r;(A).

iQ,...’imZ]. J

Recently in [5, Theorem 3.2], by estimating the ratio of the largest component and the
smallest component of a Perron vector, Wang et al. gave the following bound for 7 of a
weakly irreducible nonnegative tensor and proved it is better than the bound in (1).

Theorem 2.2. Let A be a weakly irreducible nonnegative tensor of order m dimension n
with the spectral radius p(A) and the Perron vector x. Then

: -1
R — m‘ln (ai..q,a5..5) < (max £Ep>m '
7 —min (a;. i, a;. ;) P4 Xy
Now, we make a new lower bound of « for the weakly irreducible nonnegative tensor,
and show by example that the lower bound on + is sharp.

Theorem 2.3. Suppose that A is a weakly irreducible nonnegative temsor of order m
dimension n. Let T = {t € N : r4(A) < p(A)} and S = {s € N : r5(A) > p(A)}. Also, let
i € S such that r;(A) = R and j € T such that r;(A) =r. Then

ri(A)—p(A
R—as. i+ Y aik...kl)z&)lﬁ

S keS\{i} p(A) — ajj...j
¥ > max )
p(A) — aii.i r—ajiji— Y. a ~kl_.k7p(A)_rk(A)
3J---J e J p(A)—apk.. &

218



M. Tourang and M. Zangiabadi

Proof. Let A = p(A) be the Perron root with the Perron vector z, i.e.
Az™t = p(A)ztm=1,

Since A is a weakly irreducible, z is positive from Theorem 1.5 (Perron-Frobenius theorem
for weakly irreducible nonnegative tensor). By choosing z; = max z; and x; = min z;, for
(2 2

each k, we have

n

(p(A) - akk...k)xzn_l = Z QAkiy...igy Lig-+-Lip,

12,...0m=1
=0

Kig...im

> 2" (g (A) — agp k) 20

where the final expression is positive since A is nonnegative weakly irreducible and x is
positive. Thus, for each k,

(fb“k)m_l > Tk (A) — awk @)

Tt p(A) — apk.k
Since R = r;(A) := maxr,(.A), then

)
n
Y Gkk= Y, Gt Y Gk 3)
keS\{i} iz i =1 kES\{i}
Kig...im =0
Now by using (2) and (3), one has
n
(p(A) — ay._ )zt = Z Qiig..iy Tig---Liy,
iz, im=1

iig...im =0

1 m—1
> g ik, R T) —i—:rm E Qiig..imy, T Ty g Gik..k

keS\{d} B2 dm=1 kg S\{i}
kig...im —
57;7;22...im20
_ r —Q
> gt Z Aiko k= b(A) — akk.k + R —aj.; — Z ik, k
(A) — Qkk..k )
keS\{i} keS\{i}

Putting 7, (A) — agk.. .k = (1(A) — p(A)) + (p(A) — agk..k) and simplifying, we obtain the
first lower bound

ri(A)—p(A
(R—as.qi)+ > aik---kp(ligl)zﬁ

m—1 .
m-1 s (w ) - keS\(i) _ A
T\ - p(A) = aii._i )

To obtain the second lower bound on -, we note first that for each k,

n

0< (p(A) - akk...k)l';gn_l = Z Ali...ipy Lig -+ Ly,
ig, o im=1
=0

kig...im,

< (re(A) — app ) et
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and so )

s\ P(A) — agk i

— > ———=>0. 5

<$k> Tk<“4> — Qkk...k ( )
Since r = r;(A) := minr,(A), similarly by (5) we have
P
(p(A) — ajj‘..j)x;n_l = Z Qjig...ipn Lig -+ Liy,
iyerim=1

Ojisy...ig =0

n
-1 -1 -1
S a2l > aje ikt al > s

keT\{j} k¢T\{5} i62~-~im=1 0
kig...im =

Ojig...im=

m—1 Tk: — Agk.. .k
<z Z Qjk.. kp )_akkk+ — Q555 — Z Ajk..k

keT\{j} keT\{j}

Putting r(A) — agk..x = (rk(A) — p(A)) + (p(A) — agr..x) and simplifying, we obtain

(p(A) = ajj..5) 95?171 < (p(A) — ajj..5) l’;nil

A A
<zt Z Qjk.. krkil))_ ap( ) +r—ajj.
keT\{j} p kk...k
The previous inequality implies that
m—1
m—1 __ & > p('A> Ajg...g (6)
T\ TN gt b = agy
keT\{j} p(A)—akk...k
Finally, by (4) and (6), we have
ri(A)—p(A
R—aj.i+ ) aik...km%
mo1 keS\{i} ' pA) — ajj..j
7T 2 max o(A) — s O A ) 7R
133 heT () ke k(A =apk_x
The proof is completed. O

We now show the efficiency of the new bounds in Theorem 2.3 by the following example
which is considered in [5, Example 3.4].

Example 2.4. Let A = (a;j;) be an order 3 dimension 3 tensor with

i are=1; aizz=
;oagor =15 ag3 =
i ag31 =3; a3z =

aj;n =15 ape=1; aiz =
a1 =1; aoi2=1; asz=
azg;1 =1; azi3=3; age=
ajjr =0, otherwise.

1;
3.
Aijk = 12

For this tensor, it can be verified that

(p(A), z) = (6.6575, (0.5756,0.6826,0.7890)) .
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That is, the Perron root is 6.6575 and the Perron vector is (0.5756,0.6826,0.7890)7. We
compute the lower bound of v, (i.e. the ratio of the largest and smallest entries in a Perron
vector) for A given by Theorem 2.1, Theorem 2.2, and Theorem 2.3

9
Thoerem 2.1 : 2> \/; ~ 1.34164078649.
Thoerem, 2.2 : 7?2 > V2 ~ 1.41421356237.
Thoerem 2.3 : 72 > 1.42314551266.
Actual value : ~? = 1.87893793997.

This example shows that the lower bound of Theorem 2.3 is better than those of Theorem
2.1 in [4] and Theorem 2.2 in [5].

3 Conclusion

Here, a new ratio of the largest and smallest values of the Perron vector for the weakly
irreducible nonnegative tensors is presented. We demonstrated that the lower bound is
sharper than the conclusions of [4,5] by a running example.
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Abstract

In this paper, we propose a new projection method to solve large Sylvester ma-
trix equations. The new approach projects the problem onto extended global Krylov
subspace and gets a low dimensional equation. We use the global Golub-Kahan bidi-
agonalization procedure to construct the F-orthonormal basis for the extended Krylov
subspaces. Finally, we give some theoretical results and present numerical experi-
ments.

Keywords: Matrix equations, Golub-Kahan bidiagonalization, Extended global Krylov
subspace

Mathematics Subject Classification [2010]: 65F15, 65F10

1 Introduction

In this paper we will consider the Sylvester matrix equation of the form
AX +XB+CDT =0, (1)

where A € RV*YN ig assumed to be large, B € RM*M ¢ ¢ RVN*s D € RM*5 and X €
RNV*M is unknown matrix for equation (1). The matrix equation (1) plays the fundamental
role in many areas such as control and communications theory. Direct methods for solving
the matrix equation (1), are attractive if the matrices are of small size. These methods
are based on the Schur decomposition, by which the original equation is transformed into
a form that is easy to be solved by a forward substitution. Iterative projection methods
for solving large Sylvester matrix equations have been developed during the past years.

In this paper we present a new projection method that projects the initial problem
onto an extended global Krylov subspace. The new projection method builds the F-
orthonormal basis of enriched global Krylov subspaces and allows us to compute low rank
approximations to the solution of (1). The extended global Krylov subspaces are generated
by means of the new extended global Golub and Kahan procedure. We mention that the
Golub and Kahan process first introduced in [1]. In [4], the authors defined the global
bidiagonalization based on Golub and Kahan procedure.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: za.asgari93@gmail.com
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The outline of this paper is as follows. In Section 2, we give a quick overview of the
global Golub-Kahan procedure and its properties. In Section 3, we present the extended
version of global Golub-Kahan procedure and its properties. In Section 4, we show how to
apply the extended global Golub-Kahan procedure to obtain low rank approximate solu-
tions to the Sylvester equation (1). Section 5 is devoted to some numerical experimants.
Finally, we make some concluding remarks in Section 6.

2 The global Golub-Kahan procedure

In this section, we present a brief description of the Global Bidiag 1 algorithm [4]. This
algorithm is the basis for the extended global Golub-Kahan procedure.

The global Bidiag 1 procedure constructs the sets of the nxp block vectors Vi, Vs, ..., Vi
and Uy, Us, ..., Uy, such that (VI V))p = 0,(UL,U;)r = 0, for i # j, and |Vil|p =
|Usllz = 1 and after k steps they form the F-orthonormal bases of R™**P,

Global Bidiag 1 (Starting matriz G; reduction to lower bidiagonal form)

Bl =G, V=AU, (2)
Bix1Uit1 = AV; — oy U, } -

—1,2,.. .k 3

air1Viyr = ATU 41 — Biva Vi, ! ®)

The scalars o; > 0 and f3; > 0 are chosen so that ||U;||r = ||V;||r = 1. With the definitions

(03]
B2 az
UkE[U17U27"'7Uk]7 VkE[Vla‘/Q7"'7Vk]7 Tk

, (4
Br oy
Br+1

and using the Kronecker product ®, the recurrence relations (2) and (3) may be rewritten
as:
Upni(Brer® L) = G,
ATV = Upni(Tr @ 1), (5)
AT U1 = V(T @ L) + ap1 Vi (efyy © ),

where e; is the jth column of the identity matrix. We have (U;, Uj)r = (V;, Vj)r = 0 for
i # jand |Ui||r = |Vi]lF = 1. We can easily show that [Uy, Usa, - -+ , U] and [Vi, Vo, - -+, Vi]
are the F-orthonormal basis of the subspaces Kp(AAT, Uy) and K (AT A, V1), respectively.
More details about the global Golub-Kahan process can be found in [4].

3 The extended global Golub-Kahan process

In this section we present the extended version of global Golub-Kahan procedure applied
to the pair (A, C') where the matrix A € R™*" is assumed to be nonsingular and C' € R"*P.
The algorithm proceeds by first running k steps of the global Golub-Kahan process [4] with
A~T and then continuing with m iterations of the global Golub-Kahan process with A,
while maintaining F-orthogonalization among all generated vectors in the sequence. By
performing k steps of the Golub-Kahan procedure to the pair (A~7, (), we have

iU =C, a;Vi = AUy, (6)
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Bit1Uis1 = A7TV; — ouU;, } :
—1,2,.. .k, 7
it1Vigr = A7 WU — Biva Vi, ! @

where the scalars o; > 0, and 3; > 0 are chosen so that ||U;||r = ||Vi|llr = 1. With the

definitions

aq
P2 a2
UkE[Ul,UQ,...,Uk], VkE[Vl,VQ,...,Vk], Tk

Br oy
Br+1

and using the Kronecker product ®, the recurrence relations (6) and (7) may be rewritten
as:
Upni(Brer @ ) = C,
ATV = Upn(Tr @ 1), ()
A_lUki-l = Kk(zk; ® Ip) + Oék+1Vk+1(€£+1 & Ip)u
A_lUk = Vk(Tk & Ip),

where T, obtained from 7}, by deleting its last row and ej is the jth column identity
matrix. We have (U;,Uj)r = (V;,Vj)r = 0 for i # j and ||Uil|r = ||Villr = 1. We can
easily show that [Uy,Us,--- , U] and [V, Vs, -+, V] are the F-orthonormal basis of the
subspaces Kr((AAT)L,C) and K ((ATA)~L, A71C), respectively. Now we again use the
global Golub and Kahan bidiagonalization applied to the pair (A, U;) in order to construct
the matrices Q1,Q2,- - ,Qm and Py, Pa,--- |, P41 such that

Ups1m = U1, Uz, -+ U1, Q1,Q2, -+ , Q] and Vi1 = [Vi, Vo, -+, Vi, P, Pay -+ Py

form the F-orthonormal basis of the subspaces

K2+1,m(AAT7 Ul) = Span{(AAT)_kUla ) (AAT)_lUla Ula (AAT)Ula B (AAT)m_lUl}a
G i (AT A, VA) = span{ (AT A)F1VA, ... (ATA) 14, ATC, (AT AWVA, ..., (AT AY™Vi),

respectively. In order to have the F-orthonormal basis Uy 1 m, Vi,m+1, first we generate
the matrix P; satisfying

k
a Py =ATU =) haVi, (10)
i=1
where the scalars @; > 0 and h;1,7 = 1,2,--- |k, are chosen so that (P, V;)r = 0 and

|Pi||F = 1. Then, we generate the matrix @); satisfying

k+1

$1Q1 = AP, — Uy — Zgile‘7 (11)
i—2

where the scalars 8; > 0 and g;1 are chosen so that (Q1,U;)r =0 and ||Q1]|r = 1. Now
we construct Qo,Qs, ..., Qm+1 and P, Ps, ..., Py41 with the recurrence relations:
&P, = ATQ;_1 — Bi_1 P,

r L i=2.3 . .m+1. 12
BiQi = AP; — ¢;Qi—1, } (12)
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With the definitions g11 = &1 and

B
B B i ay P2

QmE [Q17Q27"'Qm]7 PmE[P17P27"'Pm]a Tm

C~‘4m+1_

the recurrence relations (12) may be rewritten as

AT@m = ?m-i-l(Tm ® Ip)a

=T (13)
APy, = Qm(Tm ® Ip) + Zi'cill gilUi(e{ ® Ip)7
where ?m is the matrix obtained from T}, by deleting its last row.
The main steps of the extended global Golub-Kahan algorithm to generate U1 ,,, and
Vi,m+1 may be summarized as follows.

Algorithm 3.1. The extended global Golub-Kahan algorithm
1. Inputs: A € R™*" C € R"*P k, and m.
2. Compute 51 = ”CHF, U, = C/ﬁl, (= ”AilUlHF, Vi= (AilUl)/Oél,

3. For i=1,....k
compute W = A1V, — Ui, Biy1 = |Wllp, Uis1 = W/Bis1,
compute W = A7 1 — BiaVi, ig1 = [Wllp, Vigr = W/auta,
End For.

4. Compute W = ATUy,
For i=1,...,k, compute hj;y = (V;, W)p, W =W — h;1V;, End For.
Compute a1 = |W||p, P =W/a.

5. Compute W = AP, — aqUq,
For i=2,...,k+ 1, compute g1 = (Ui, Whp, W =W —g1U;, End For.
Compute 8y = [|[W{|r, Q1 =W/p,

6. For i1 =2,... . m+1, B
compute W = ATQ; 1 — i 1Pio1, @i = |Wlr, Pi=W/d,
compute W = AP, — &;Qi—1, Bi = |Wlr, Qi=W/p;
End For.

In implementation of Algorithm 3.1, instead of using the matrix-vector products with
A~! we use the LU-decomposition of A for computing V; and W in steps 2 and 3.
For the extended global Golub-Kahan Algorithm, we have the following proposition.

Proposition 3.2. Suppose that (k,m) steps of Algorithm 1 have been carried out. Let

1 alﬁgl i .
1 awfyt Zn B oo
. 21 3
Frp1 = 1 - k= .
-1 . :
O‘kﬁlkﬂ hit Bt
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Then we have

JeF | Okxm
ATu =Y, T I ith 7, = | aefF! Bref
k+1,m k,erl( k+1m & p)7 Wi k+1,m ar1ey L1 | /8161 >
0m><(k+1) ’ I~’m
) } (14)
where T, is the matriz obtained from T, by deleting its first row and elT =[1,0,...,0] €
Rlxm.
Proof. From (10) and (7), we have
ATU, = P+ Zz 1 hilVi,
ATU 1 + ozZ,BZHATU 5Z+1 fori=1,...,k.

By using the definition of matrices Fj41 and Ji, these equations can be written as follows:

— J, = JoF
A1 = Vi P <[ '“T] ®fp> (Frpr ® 1) ™" = [V, P ([ e ]M)'
a1€y a6 Fk+1

This together with the first relation of (13) implies the desired relation (14). O

4 Low rank approximation solution to the Sylvester equa-
tion

As in [2], we define the o-product AT o B of the matrices A and B. The matrix A =
[A1, As, ..., A,] is F-orthonormal if and only if AT ¢ A = I,.. Using the o-product we have
UkTJer OUkt1,m = Imykt1 and V]ij+1 O Vim+1 = Imtkt1-

Now, we use the extended global Golub-Kahan Algorithm 1 to extract low rank ap-
proximate solution to the equation (1). Let U{* = C/||C||r, U = D/||D||r. Applying the
extended global Golub-Kahan Algorithm 1 to the pairs (A”, C) and (B”, D) gives us the F-

orthonormal basisulfﬂm =[Uf,--- UkA_H,QA Qa1 VA el = =V, VA PR, , Pal,
U1§+1m = [UlB’... Ulﬁ-laQB 7QB] and Vkm—l—l [Vl e 7VkB7P1 e Pm-i—l] of the
extended global Krylov subspaces Kj , ;. S(AAT C), K¢ mH(ATA, AT, K, (BBT D)

and K Jrl(BTB , BT D), respectively. In addition, by using Proposition 2, we can define
the matrices

A A T A A T A A
77€+1,m = (Uk;+1,m) < Auk;+1,m = ((Uk;+1,m) < Vk,m+1)]:k+1,ma

B B T B B T B B
77c+1,m = (uk+1,m) <>Buk+1,m = ((Uk+1,m) 0Vk,m+1)fk+1,ma

where the matrices .7-",;4Jrl m and .FkBH m can be obtained through the Algorithm 1. Using

the F-orthonormal basis L{,ﬁl,m and Ll,iLW as in [3], we look for low-rank approximate
solution that have the form

Xkt1,m = UI?Jrl,m (Yk-l-l,m ® Ip) (ukBJrl,m)Tv (15)

where Vi1, € REFIFmXEHEm) - 1ot Ry = AXji1m + Xpp1mB + CDT, be
the residual associated with the approximate solution Xj41,,. By incorporating (15)
in Rjy1,m and using the equation (14), we get

Rk+1,m = VI?,mH ('Flf—i—l,m ® Ip) (Yk—l-l,m ® Ip) (ulﬁ—l,m)T
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Uik 1 m Verrn @ ) (Fiyam)” @ 1) Vionsa) " + CDT.
The matrix Y1, can be obtained by imposing the orthogonality condition
ULrm)" o Ry m o UL, = 0. (16)
Using (16) and the fact that Z/{,;“H’m and Ll,ilym are F-orthonormal, we have

0= Uit1m)" © Riprm U m
= ((ul?—&—l,m)T < V]ém—i—l) ‘Fl?—&-l,m ((uch+l,m)T OUICB+1,m> Yk+1,m
T
+ ((ul;4+1,m)T 0“124+1,m) Yiti,m (((UICB+1,m)T © Vlfmﬂ) ]:kB+1,m) + (ulfﬂ,m)T oCDT <>u1§+1,m

= T m Y tm + Yerrm (T )T + B BPerel (17)

where e; is the first column of the identity matrix of order m 4+ k + 1. Assuming that the
matrices nﬁl’m and ﬁﬁl,m have no eigenvalue in common, then the unique solution of
the low-dimentional Sylvester equation (17) can be obtained by applying a direct solver
such as the Hessenberg-Schur method.

5 Numerical results

In this section we report some numerical results obtained by executing the new method for
computing the solution of the equation (1). The stop criterion is || Rg||7/|| Rollr < 10e—38,
where Ry = CD7 is the initial residual matrix and Ry, is the kth residual matrix.

Example 5.1. In this example, we use the matrices A = tridiag(—1+10/(N+1),2, -1+
10/(N + 1)), and B = tridiag(—1 + 10/(M +1),2,—1 + 10/(M + 1)), where N and M
are the order of matrices A and B, respectively. The entries of the matices C and D are
random values uniformly distributed on [0, 1]. The results were reported in Table 1.

Table 1: Numerical results for Example 1.

’ (N, M) ‘ k,m ‘ Residual norm
(800, 500) | k=40, m =60 8.1933e-06
(1000,500) | k=40, m =60 8.1933e-06
(1500,800) | & =40, m = 100 2.7758e-05

6 Conclusion

In this paper, we have described the extended version of global Golub-Kahan procedure.
By using this procedure, we have presented a new projection method for computing low
rank approximate solutions for Sylvester matrix equations. Finally, some numerical ex-
periments were given in order to show the efficiency of the proposed method.
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Abstract
In this paper, an efficient method based on fractional-order Bernoulli wavelet func-
tions (FBWFs) is presented for the numerical solution of a class of the fractional opti-
mal control problems (FOCPs). To solve the problem, first the FOCP is transformed
into an equivalent variational problem, then with the aid of FBWFs, operational ma-
trix of RiemannLiouville fractional integration and Gauss quadrature formula, the
problem is solved approximately.

Keywords: Fractional optimal control problems, Fractional-order Bernoulli wavelets,
Operational matrix

Mathematics Subject Classification [2010]: 15A03, 15A23, 15B36

1 Introduction

In the last decades, many numerical techniques have been developed for solving the frac-
tional optimal control problems. A fractional optimal control problem is a generalization
that requires minimizing a performance index governed by a fractional differential equa-
tions. The fractional optimal control problems have been applied in transportation, elec-
tronic, chemical and biological systems. Because of its importance, the numerical solution
of the FOCPs was investigated. In this paper, we consider a class of the fractional optimal
control problem and solve this problem.

2 Main results

2.1 Definitions and mathematical preliminaries

Definition 2.1. The Caputo fractional derivative of order v, when ¢ — 1 < v < ¢, of f(t)
is defined by [1]

1 b pla(s)
ds, ¢-1 , q€N,
CODé’f(t) = gq(;(;)ﬂ /0 (t— s)vti-0) S, q <v<gq, q€ "

dta

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: F.valian@math.uk.ac.ir

v=gq,
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where I'(+) denotes the gamma function.

Definition 2.2. The Riemann-Liouville fractional integral operator of order v > 0 of f(¢)
is defined by [2]

f(s v>0, t>0

175 = {f(t)’ﬂ whe v 20 @

The useful relation between the Riemann-Liouville operator and Caputo operator is
given by the following expression

DY) = f) =Y fD0)5, t>0, n—l<v<n, (3)

where n is an integer, and f € CT.

2.2 Fractional-order Bernoulli wavelets

The fractional-order Bernoulli wavelets of order v € Ry, ¢y ., n = 1,2,.. L2l m =
0,1,..., M, on the interval [0,1) defined by [3]
Bl 2 k-1 1
ety =4 27 Bm@TH A D), g S <y (4)
0, otherwise,
that k£ can assume any positive integer and
1, m =0,
5 — 1
ﬁm(Qk MY —n+ 1) = Bm (2k_1t°‘ —n+1), m > 0, (5)

(m 1) m!
SO,

where (,,,(t) are Bernoulli polynomials of order m on [0, 1].

2.3 The Functions approximation

An arbitrary function f(t) which is square integrable in the interval [0, 1] can be expanded

by FBWFs as [3]
= Z Z Cn,md}g,m(t)' (6)

n=1m=0

The infinite series in Eq. (6) is truncated to approximate f(¢) in terms of the FBWF's as

k=1 pp

Z Z Cnm¥n m CT\I]Q( t), (7)

n=1 m=0

where the unknown vector C and W (t) are 28=1(M + 1) column vectors and given by [3]

C = [Cl,Oacl,la -5 C1M,C20,C215---5,C2 M, - - .,CZk—lyo,C2k—1717 e ,Cgk—l’M]T7
\Ija(t) = [¢i0(t)v¢%1(t)’ T 7¢%M(t)v¢%0(t)’¢%1(t)v' : "wg,M(t)v ) (8)
1/131@—170@)7 7/131@—17105)7 e 7¢§k—17M(t)]T7
and
CT =FTD™,
D (U, ge) f T ()Wt (1)t tdt,
[fl(]vfll? "aflM7f205f217"‘7f2,Ma"'7f2k*1,07f2k*1717"')ka*I,M]Ta
fm_ (f:9) fO Hte—tdt, i=1,2,...,281 j=1,2,..., M.
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2.4 The operational matrix of fractional integration

The Riemann-liouville fractional integral of the vector ¥(¢) defined in Eq. (8) can be
obtained as

IV (t) ~ POOwe(y), (9)
where P*®) denotes the 25=1(M + 1) x 2=1(M + 1) operational matrix for Riemann-
liouville fractional integration defined by

r ok—1 B
> Bum¥inm(t)
n=1 m=0
2k—1 -
n=1 m=0
COIYRo(t) T o 1 [ (B ]
F¥E.0) PO EHING e
N n=1 m=0 .
: 2 M LM\ @
LYY (1) > Enntim(®) (B v
IV 50(t) Al (B ()
. (®) > S BRa() (B2 ()
e = o= - — plredger)
IY s ar(t) (E>M)Twe (1)
2k—1 M -
. Zl ZO En md)n m( ) .
v, o n m k—1 o
It ka’I,O(t) : (E2k71,0)T\IJ (t)
7/121%171(15) St k 1 (E2 ’I)T\I/a(t)
: S 3 L) :
L w(;k—l,]\/[(t) m ok—1 af 21‘ 1 i (EQk’I,Al)T\Ija(t) i
XX Eum i m(t)
n=1 m=0
2 2’; LM
Z Z En m wn,m(t)
L n=1 m=0 .
where
Ez‘,j _ EijD—l
A ’ ~ij 7 fi fi fi - T
B — [EI{),EM,...,Ei’JM, E2{),E21,...,E;JM,...,E;g,I’O,E;,f,171,...,E;£,17M] :

B, = (1Y (), 08 1 (1)), n=1,...,251 m=0,.... M

2.5 Numerical Method

In this study, we focus on the following fractional optimal control problems

min J = [/ F (t,2(t), u(t)) dt
GDya(t) = ( 2(1)) + b{b)u(?) (10)
v>0, tel0,1],

where z(t) and u(t) are state and control functions, respectively.
From the above equation, we can write

u(t) = 77 (SP{x(0 = 6 (1.2(0) (1)

Now, for solving our problem, we expand DYz (t) by the FBWFs as
CDYa(t) ~ CTwo(t). (12)
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Using operational matrix of fractional integration and the property of Riemann-Liouville
of integration, we have

(V] (V]
o "Eltz v, « ‘rltz v, o @
z(t) = IV (CTw(t +§: = CTPYw () + ) = - = TP w(t) + d" W (t),

= =0

(13)
where

By substituting Eqs. (12), (13) in Egs. (11), (10) our problem is converted to following
problem

min J = [} F ( (CTPE) 1 dT )W (1), ghs (CTW(t) — G (¢, (CTPE) +dT ) (1)) ) dt.

(14)
Using Gauss-Legendre quadrature rule to approximate integration on [0,1] in Eq. (14)
and following necessary conditions of optimization

2]

aC
we can determine C' by means of packages such as Matlab, and we obtain the approximate
solution of Eq. (10).

=0, (15)

3 Numerical results

In this section, some numerical examples are provided to demonstrate the efficiency and
reliability of the proposed method.

Example 3.1.
3
min J = fo — 2t2 x(t ) + u2(t) — %e*tu(t) + e—t+t7 (t) + 3 +2 97r o2t 3\56721«,“54_
i€—2t+2t2 +e2’5)dt,
c 3
o D7 z(t) = e 4 2¢tu(t),
z(0) = z(0) = 0.

(16)
The exact solution is J* = 3.194528049, z*(t) = t2 and u*(t) = %e‘t(—e% + %) Table
1 shows the results for J of the present method with £ = 1,2 and M = 1,2,3. In Table 2,

the results for J of the Legendre functions [4] and the present method are compared.

Example 3.2.

21
min J = fo <et x(t —t =12+ (L) (ut) +1—t+ 1 — 320&%0))2> dt,
10
oDMx(t) = x(t) +u (17)

z(0)=1, (0)=

The exact solution is J* = 0, 2*(t) = t* —t + 1 and u*(t) = —t* +t — 1 + 57“;1(1(2“0) In

Table 3, the results for J of the present method with k =1,2 and M =1,2,3 are hsted
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Table 1: The estimated values of J for Example 3.1

a=1 [ a=15 |
3.1963968 | 3.1948096
3.1945620 | 3.1945342
3.1945413 | 3.1945321
3.1946701 | 3.1945823
3.1945401 [ 3.1945324
3.1945301 | 3.1945298

B
OJ[\DP—‘Cl;!Jl\D}—‘

Table 2: The comparison of the estimated values of J with the other methods for Example
3.1

Legendre functions | Present method with | Present method with | The exact value
withn =m =3 with k=1, M =2 with k=2, M =3
y 3.19453 3.194534 \ 3.194529 | 3.194528

Table 3: The estimated values of J for Example 3.2

a=1 |a=19
5.1E-3 | 2.1E-3
3.4E-3 | 1.8E-3
1.07E-4 | 3.1E-5
7.6E-4 | 4.7E-4
8.6E-5 | 6.4E-6
5.3E-7 | 6.7TE-8

IR
NN DN =] =] =
I

zzz%zz

W‘W‘W.’TT“W‘W‘
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4 Conclusion

In this paper, by using the operational matrix of fractional integration and the fractional-
order Bernoulli wavelet functions, the fractional optimal control problems were reduced to
an equivalent variational problem. Then the approximate solution of variational problem
obtained approximately by Gauss quadrature formula and solving the nonlinear system
of equations. The numerical results demonstrate the validity and applicability of this
method.
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Abstract

This paper considers well-known least squares and multiobjective least squares
problems. It is shown that those problems can be solved equivalently by goal program-
ming models. Moreover, the proposed goal programming models are approximated by
linear optimization problems.

Keywords: Least squares problems, Goal programming, Linear optimization
Mathematics Subject Classification [2010]: 93E24, 90C29, 90C05

1 Introduction

Least squares problems are very famous and have many applications in many fileds
[1,2,5,6]. The method of least squares was first introduced by Legendre and Gauss
more than two hundred years ago. It has been one of the most used techniques in many
application fileds such as statistics [6], finance [5], machine learning [1], etc. Recently,
because of encountering with big data and big systems, multiobjective least squares are
also investigated [1,6]. In the case of multiobjective problems, different methods exist for
dealing with more than one objective function [4]. In this area, goal programming is one
of the popular methods which is widely used [3]. This paper introduces goal programming
models for solving least squares as well as multiobjective least squares problems. Moreover,
for better computational models, we approximate the goal programming models by linear
optimization ones. Linear optimization problems can be solved effectively in polynomial
times [5] by related softwares such as MATLAB, GAMS, LINGO, etc.

2 Goal Programming

Consider a multiobjective optimization problem as follows [4]:

min (fi(x), fa(x), ..., fr(x))
s.t. T € X, (1)

where f; : R™ — R is a real valued function for i = 1,..., k, and X C R" is called the feasible
region. The set X, usually, is given by X = {z e R" : g;(z) < b;, i =1,...,mq; hj(z) =
bj, j=1,...,ma}, where g; (j =1,...,m1) and h; (j = 1,...,ma) are real valued functions.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: yaghoobi@uk.ac.ir
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Goal programming conversts the problem (1) to the following optimization problem [3]:

min F(ny,...,nk, D1y Pk)
st.  fil@)+ni—pi=t;, i=1,..,k, (2)
x € Xing,p; >0, 1=1,...,k,

where n; and p; (i = 1,...,k) are called deviational variables, ¢; (i = 1,...,k) is a targret
value related to the function f;, and F' is a function of deviational variables that should
be minimized.

In goal programming the function F' has different structures and is called the achieve-
ment function. One of the famous achievement functions is as follows [3]:

k
F(nh ces Ny P1, 7pk) - Zwlnz + w;p’u (3)
i=1

where w; and w) (i =1, ..., k) are the relative weights assigned to the deviational variables
n; and p;, respectively, according to the importance of the function f;.

3 Solving least squares problems by goal programming

Consider a system of linear equations as follows [1]:
Az = b, (4)

where A is an m X n matrix, and x € R", b € R™ are the vectors of variables and right
hand side, respectively. The system (4) can be also written as a’x = b;, i = 1,...,m,
whenever a’ is the i-th row of the matrix A.

In least squares problems, we seek a solution z for the system (4) such that || Az — b||3
is as small as possible. Thus, the following optimization problem should be solved:

min || Az —b||3
s.t. x € R,

—

5)

which is a nonlinear (quadratic) optimization problem. Instead of solving the problem (5),
we can solve the following optimization problem, by use of goal programming problem (2):

m
min E nZQ + p?
i=1

s.t. dr4ni—pi=b, i=1,..,m, (6)
N, Pi 207 = 17"'7m7

where all weights w; and w] (i = 1, ...,m) are set equal to one, t; = b; for i = 1,...,m, and

m

F(n17 cees N, P1, 7p’m) = Zn% +p7,2
i=1

Theorem 3.1. The optimal solution of the optimization problems (5) and (6) are the
same.

236



Using goal programming to solve least squares problems

25

2

i

Figure 1: A piecewise approximation to the funtion n

Although Theorem 3.1 states that we can solve the problem (6) instead of the problem
(5), but the former problem is a nonlinear optimization problem. Indeed, the objective
function of the problem (6) is sum of quadratic functions n? and p?. The function n? can
be appoximated by a piecewise linear function. Figure 1 shows one of such approximations.

In fact, the piecewise linear function can be written as:
max{a;1n; + bi1, @i2n; + biz, ..., @iy + by }, (7)

where each a;;n; + b;j (j =1,...,v) is, in general, an affine function. The function p? can
be approximated similarly as:

max{c;1p; + di1, Ciapi + di2, ..., CivDi + diy } (8)

By using (7) and (8), the problem (6) is equivalent to the following linear programming
problem:

m
min Z Yi + 25
=1

s.t. dr4ni—pi=b, i=1,..,m,
ai;ng + by < i, i=1,..mj=1,..v, (9)
cijpi + dij < 2, i=1,....m,j=1,..,v,
N, Pi, Yi, 23 > 0, 1=1,....m,

where y; and z; are the new continuous variables for ¢ = 1, ..., m. Since linear programming
problems can be solved by polynomial algorithms, the problem (9) can be solved effectively
using commercial softwares such as MATLAB, GAMES, etc.
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3.1 Multiobjective least squares

In multiobjective least squares problems, we consider the following systems of linear equa-
tions simultaneously [1,6]:

Alx = bl, AQ.T = bQ, ceny Akx = bk,
where A; is an m; x n matrix (I =1,...,k), by € R™ (I =1,...,k), and = € R™. The goal

is finding a solution x such that all

A1z — b1[|3, || A2z — blf3, ..., [| Axz — bkl3,

are as small as possible. By applying the results of Section 3, we can use the following
multiobjective goal programming problem for solving this problem:

mi mo me
. 2 2 2 2 2 2
min (E ny; + Pii E No; + P2y oo E Ngi + Pki)
i—1 i=1 i—1

s.t. ety —pu=by, =1, ki=1,..mi, (10)
Niiy Pli 207 lzla"'vkai: 17"'7ml7
where a' is the i-th row of the matrix A;, and by; is the i-th component of the vector b
forl=1,..., k.
By using the well-known weighted sum method [4], the problem (10) can be converted
to a single optimization problem as follows:

k. my

min Zzwlini‘ +wipi;
=1 =1

st. drang—pi=by, =1, ki=1,..my, (11)
i, pii 2> 0, I=1,..ki=1,..,my,

where wy; and wj; are the weights assigned to the deviational variables nj; and py;, respec-
tively.

Finally, we use the linear approximation of Section 3 and propose a linear programming
problem related to the problem (11) as:

k my

min Z Z Yii + 21

=1 i=1
17 .
s.t. a*r+ny —py=0by, =1, ki=1,..my,

it + biig < Yui l=1,. ki=1..m,j=1.v, (12)
Cligpii + diiy < 2 =1, ki=1..m;,j=1..,0v,
Ny, Pli» Yiis 21i = 0, =1, ki=1,..,my.

4 Numerical results

Example 4.1. Consider the following system of linear equations:

3r1 +x2 = 4,
r1+2x9 = 3, (13)
—2x1+x9 = 2.

The exact solution of least squares problem for the system (13) is z; = 0.4 and z3 = 1.8
with || Az — b3 = 3. Table 1 shows the implementation results of the model (9).
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Table 1: Results of the model (9) for the system (13).

| # lincar picces x1 zo | [J[Az —b|]3 | CPU time (seconds) |
1 0.4002 | 1.7996 6 0.17
2 0.4 1.8 3 0.18

The model (9) was coded in MATLAB. In the next example, we consider a multiob-
jective least squares problem and solve it with the model (12).

Example 4.2. Consider a multiobjective least squares problem with two systems of linear
equations. The first system is the same as the system (13) and the second one is as follows:

41 +2x9 = 2,
xr1 — 21‘2 = —1, (14)
3r1+x2 = 3.

The exact solution of this multiobjective least squares problem with weights 0.6 and 0.4 for
the systems (13) and (14), respectively, is z1 = 0.4066 and x5 = 1.4091 with || Az — b||3 =
3.6222. Table 2 shows the implementation results of the model (12) in MATLAB.

Table 2: Results of the model (12) for the systems (13) and (14).

’ # linear pieces x ‘ T2 ‘ | Az — b|)3 ‘ CPU time (seconds) ‘
1 0.6 1.2 5.52 0.18
20 0.4 14 3.624 0.21
200 0.4071 | 1.4086 3.622 0.54
400 0.4070 | 1.4090 3.6222 1.39

5 Conclusion

This paper proposed two goal programming models for solving least squares and mul-
tiobjective least squares problems. Linear programming approximation of those models
were also introduced. Numerical examples showed that the approximated solutions were
acceptable. Moreover, the CPU times for computing the solutions were reasonable.
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Abstract

The energy E(G) of a graph G is the sum of the absolute values of all eigenvalues
of G. In this note, the authors are interested in the relation between the energy of a
graph G and the matching number u(G) of G. It is well-known that E(G) > 2u(G).
In this paper for a category of graphs, we improve the lower bound of the energy of
graphs to E(G) > 2u(G) + 2.

Keywords: Energy of graphs, Matching number, Bipartite graph, Eigenvalue
Mathematics Subject Classification [2010]: 05C50, 15A18

1 Introduction

Let G = (V(G), E(G))be a simple graph. The order of G denotes the number of vertices
of G. For two vertices x and y by e = xy we mean the edge e between x and y. For every
vertex v € V(G), the degree of v is the number of edges incident with v and is denoted
by dega(v). A k-regular graph is a graph such that every vertex of that has degree k.
By K, K, 4 and C,, we mean the complete graph with n vertices, the complete bipartite
graph with parts of sizes p, ¢, and the cycle with n vertices respectively.

For a subset U of V(G), denote by G — U the graph obtained from G by deleting the
vertices of U together with all edges incident to them. If H is an induced subgraph of G,
we will use G — H to denote the induced subgraph G — V(H). The subgraph G — H of G
is also called the complement of H in G. If F'is a set of edges of G such that G — F' is
the disjoint union of two complementary induced subgraphs H and K, then F' is called a
cut set of G, and we write G — F = H & K. A cycle of G is called a Hamiltonian cycle if
it contains all vertices of G, and G is called a Hamiltonian graph if a Hamiltonian cycle
lies in G. Let G and H be graphs with vertex sets V(G) and V(H), respectively.

The Kronecker product of G and H, denoted by G ® H, is the graph defined as follows.
The vertex set of G ® H is V(G) x V(H). The vertices (u,v) and (u',v’) are adjacent if
u is adjacent to v’ in G and v is adjacent to v' in H.

A matching M in G is a set of pairwise non-adjacent edges, that is, no two edges in M
share a common vertex. A Graph G has perfect matching if it has a matching in which the
edgesare collectively incident with all the vertices. A maximum matching is a matching
that contains the largest possible number of edges. The matching number of GG, denoted
by ©(G), is the edge number of a maximum matching,.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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The energy of graphs was defined by Ivan Gutman in 1978. The energy E(G) of a
graph G is defined to be the sum of the absolute values of all eigenvalues of A(G). The
motivation for the definition of E(G) comes from Chemistry, where the first results on
E(G) were obtained as early as the 1940s [3]. However, in the last two decades, research
on graph energy has much intensified, resulting in a very large number (over 150) of
publications.

Since the eigenvalues of the complete graph K, are n — 1 (with multiplicity 1) and —1
(with multiplicity n — 1), so E(K,) = 2n —2. Also E(K, ) = 2,/pq, since the eigenvalues
of the complete bipartite graph K,  are /pq (with multiplicity 1), 0 (with multiplicity
p+q—2) and —,/pq (with multiplicity 1).

In [5] the energy and the matching number of a graph were compared and it was proved
that E(G) > 2u(Q) for every graph G. In some special cases the equality condition was
mentioned.

Recently, in [1], the author show that the necessary and sufficient condition for equality
is that GG is union of some complete bipartition graph with equal parts and some isolated
vertices. Also, it was proved that for connected graphs without perfect matching, E(G) >
21(G) + 1, except for complete bipartite graphs of the form K, ;. Furthuremore, we
have the following bound for energy of graphs.

Theorem 1.1 ( [1, Theorem 12]). Let G be a graph whose cycles are vertex-disjoint. If
we denote the number of odd cycles of G with length at least 5 by co(G), then

E(G) > 2u(G) + co(G).

2 Main results

Given a graph G, its bipartite double G ® K5 is the Kronecker product of G and K. If G
is connected, then its bipartite double is connected and bipartite, and if G has spectrum
®, then G ® K3 has spectrum ® U —®. Thus E(G ® K2) = 2E(G). using this fact, we
have the following lemma.

Lemma 2.1 ( [2, Lemma 3.25]). Let A and B be symmetric matrices of order m x m and
n xn, respectively. If Ay, ..., Ay and pa, ..., by, are the eigenvalues of A and B, respectively,
then the eigenvalues of A® B are given by N\ipj3i=1,...,m;j =1,...,n.

Using this lemma and the fact that n — 1-regular bipartite graph with 2n vertices can
be written as K, , — T for some perfect matching 7" of K, ,, we can compute the energy
of n — 1-regular bipartite graph.

Theorem 2.2. Let G be n — 1-reqular bipartite graph with 2n vertices and n > 3, then we
have E(G) = 4n — 4.

In [1], the author, prove that E(Cy) > n+ 1 for odd n. The following lemma, gives a
simillar result for n = 2 (mod 4).

Lemma 2.3. Let G = C,, be a cycle of order n such that n =2 (mod 4) then
E(Cy) >n+2. (1)

Note that in this case C), has perfect maching and the previous lower bound for it was

As an anothor result, we obtain a refined lower bounds for the energy of Hamiltonian
graph. We need the following Lemma.
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Lemma 2.4 ( [4, Theorem 3.1]). Let H be an induced subgraph of a simple graph G. Then
E(H) < E(G) and equality holds if and only if E(H) = E(QG).

One can easily see that deleting some edges of graph can decrease or increase the
energy of graph. Although, the following lemma shows the graph energy changes when we
delete a cut set of edges from a graph.

Lemma 2.5 ( [4, Theorem 3.4]). If E is a cut set of a simple graph G then E(G — E) <
E(G).

Finally, our main result is as follows.

Theorem 2.6. If G is a (non-complete) Hamiltonian bipartite graph with n vertices and
n =2 (mod 4) then E(G) > n+ 2.

Since bipartite graphs have no odd cycle, the lower bound which is obtained from
Theorem 1.1, is n and this theorem improves this bound.

3 Conclusion

For some bipartite graph, we can improved the lower bound of energy of graph to 2u(G)+2.
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Abstract

In this paper, using the polynomial numerical hulls, a new upper bound for the
pseudospectrum of matrices is obtained. Also, some properties of the pseudospectrum
of matrices are investigated.
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1 Introduction and preliminaries

Let M,,(C) be the algebra of all n x n complex matrices, and A € M,,(C). The field of
values or the numerical range of A is defined as W(A) = {z*Ax : x € C", z*z = 1}
which is useful in studying and understanding of matrices and operators, and has many
applications in numerical analysis, quantum theory, etc; e.g., see [5] and its references. It
is known, e.g., see [1, Lemma 6.22.1], that

W(A) ={reC : A—p| <[[A—pll, VueC}, (1)

where ||.|| is the matrix norm subordinate to the Euclidean vector norm, and I is the n xn
identity matrix. For a positive integer k, we denote by P the set of all scalar polynomials
of degree k or less. Put P = UP> [P, which is the set of all scalar polynomials. By this
idea, the notion of numerical range W(A) as in (1) can be generalized to the notion of
polynomial numerical hull of order k of A, which is defined and denoted, e.g., see [4], by

VE(A) ={xeC: [p(V)]| < [lp(A)] for all p € Py}.

This set has many applications in the study of convergence of iterative methods in solv-
ing linear systems. In the following proposition, we state some properties of polynomial
numerical hulls of matrices which will be useful in our discussion. For more information,

see [3,4].

Proposition 1.1. Let A € M,,(C). Then

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
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1. VF(A) is a compact set in C;

2. 0(A) =V™(A) C--- CVFHL(A) CVEA) C ... CVA) = W(A), where m > n;

3. VF(aA+ BI) = aVF(A) + 3, where o, B € C;

4. VF(U*AU) = VF¥(A), where U € M, is unitary;

5 VEAT) = VF(A) and VF(A*) = VF(A) .= {)\ : A e VF(A)},

6. VE(A) = {\ € C: (M A2, .., 0\F) € conv(W (A, A%, ..., A¥))}, where conv(.) denotes
the convex hull, and W (Aq, ..., Ag) = {(z* A1z, ...,x* Agx) : © € C", x*x = 1} is the
joint numerical range of (A1, ..., Ag) € M, (C)¥;

A k=1
7. If A is Hermitian, then VF(A) = conv(o(4)) - for ’
o(A) for k>2;
8. If B is a principal submatriz of A, then V¥(B) C V¥(A);
9. VE(A) ={\ e C : p(\) € W(p(A)) Vp e Py}

For a given € > 0 and a matrix A € M, (C), the e—pseudospectrum (pseudospectrum
for short) of A is defined and denoted, see [6], by

o(4)= |J oA+E), (2)

EGMH7HE||§€

where the matrix A + E is a perturbation of A, and o(.) denotes the spectrum, i.e., the
set of all eigenvalues. During this paper, we denote by D¢(a) = {u € C : |u — a| < €} the
closed disk at centered a € C with radius € > 0. The following properties (see [6]) are
useful in our discussion.

Proposition 1.2. Let A € M,,(C) and € > 0. Then

1. oe(aA+ BI) = aoe)jo|(A) + B, where o, B € C and o # 0;

2. 0(A) = D(n) if and only if A = ul, where p € C;

A B .
3. IfA= 0 A , where Ay and Ay are square matrices, then o (A1) Uoe(As) C
2
0c(A). The equality holds if B = 0; i.e., 0c(A1 @& A2) = 0c(A1) Uo(Az).

Proposition 1.3. Let A € M,,(C). Then

1. for every e > 0, 0(A) + D(0) C o.(A);

2. A is normal if and only if 0.(A) = o(A) + Dc(0) for every e > 0.

In this paper, we are going to study some algebraic and geometrical properties of
pseudospectrum of matrices. Using the polynomial numerical hulls, we find a new upper
bound for pseudospectrum. We also give some facts about the pseudospectrum of 2 x 2
block triangular matrices.
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2 Main results

Let A € M,,(C). In [2, Theorem 2.1], the author found the following cover for the pseu-
dospectrum:
oe(A) S {A e C : dist(p(A), W(p(A))) < etp}, 3)

where p € P is an arbitrary polynomial, and ¢, is a positive constant depending on p. We
now are going to improve the bound in (3). For this, by the idea used in (2), we introduce
the notion of extended polynomial numerical hull of order k as follows:

Vi = | VMA+BE).
EeM,,, || F||<e

Note, by Proposition 1.1(9), that:

U N {recC : dist(p(\), W(p(A+ E))) =0} = VF(A). (4)

IE]<e pePs

Obviously and by a simple computation, we see, for every p € Py, A € C, and any F € M,
with ||E|| < e, that

dist(p(\), W (p(A)) < dist(p(\), W (p(A + E))) + ety.
This shows that the upper bound in (4) is an improvement of the bound mentioned in (3).
Theorem 2.1. Let € > 0 and A € M,,(C). Then

1. VF(U*AU) = VF(A), where U € M,,(C) is unitary;

2. 0.(A) =V™A) C--- CVF(A) CVFEA) C - CVHA) = W(A) + D(0), where
m > n;

3. VEaA+BI) = aVE/M( ) + B, where a # 0 and 8 are complex scalars;

4. VF(A) is a nonempty and compact set in C;

5.V ( Ty = VF(A) and VF(A*) = VF(A). Consequently, if A is Hermitian, then
VE(A) is symmetmc with respect to the real axis;

6. VF(A) = D(u) if and only if A = pl, where p € C;

7. If A = A1® Ay, where A; € M, (C) with ni+ng = n, then VF(A1)UVF(As) C VE(A).
The set equality holds if k = n.

In the following, we state a result about the pseudospectrum of matrices, i.e., for V*(.).

Theorem 2.2. Let € > 0, and A, B € M, be such that AB = BA. If A or A+ B is
normal, then
0 (A+ B) Co(A)+ oe(B).
The following example shows that the condition “A or A 4+ B is normal” in Theorem

2.2 is necessary.

Example 2.3. Let ¢ > 0, and A = B = < 01 ) . Clearly, A and A+ B are not normal.

0 0
Also, we have

0 (A+ B) =20,5(A) = D(0,V2e+ €2) £ D(0, Ve + €2) = 0(A) 4 a(B).
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Abstract

In this paper, a mathematical model has been developed for describing the be-
havior and interactions between B leukemia cells and three components of immune
system. The model has been presented using a system of fractional ordinary dif-
ferential equations (FODEs). Dynamics of the system are studied by determining
eigenvalues of Jacobian matrix of the system at equilibrium points and the stability
status of them. Bifurcation analysis showed that the use of the fractional-order model
figures out unpredictable behaviors of the system such as bistability and Hysteresis
Phenomenon.

Keywords: Fractional ordinary differential equations, Chronic lymphocytic leukemia,
Stability analysis, Bifurcation

Mathematics Subject Classification [2010]: 92XX, 92Bxx

1 Introduction

Since the early 1990s, mathematical models have been studied in the form of a variety
of ordinary differential equations in describing different aspects of cancer, such as tumor
growth dynamics and the interaction of immune cells and tumor cells [4, 5].

Another category of mathematical models is differential, fractional-order equations.
These fractional models are preferred over classic models for various reasons. Integrals and
fractional derivatives describe dynamic systems that have memory and inherited proper-
ties. Because of the integral in the definition of fractional derivatives, these derivatives are
non-local, that is, to calculate the fractional derivative at a given point, the points that
are located in the neighborhood of that poin are used. Therefore, fractional differential
equations are more suitable for models with rugged domains. The human immune system
is a biological system that has memory and rugged cell population. Fractional differential
equations act better than classical differential ones in explaining the behavior of immune
system diseases such as B cell chronic lymphocytic leukemia (B—CLL). The derivative or-
der in these equations serves as the memory of parameter of the system. These are some of
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the primary reasons why fractional differential equations models are increasingly applied
to dynamical systems.

Due to advantages of fractional-order equations, in this study we will develop the model
of Nanda et al. into a model that includes a system including fractional differential equa-
tions. We will show that the fractional model is better than the classical ODE model in
understanding of the interactions between immune system and B—CLL cells.

Definition 1.1. The fractional integral of order @ € R™ of the function g(¢), t > 0 is
defined by

t —s a—1
ot = [ “F(a))g@ds 1)

where the gamma function is defined, as usual, as I'(z) = fooo e tt*~1dt, and the Caputo
fractional derivative of order a € (n — 1,n) of g(t), t > 0 is defined by

da
D*=I"""D"g(t), D*= o, n=12... (2)

Theorem 1.2. [6] Fractional-order ordinary differential equations system

D%zi(t) = gi (21(t), 22(t), ..., za(t)) 3)
zi(0)=¢, i=1,2,...,n, ac(0,1), (4)
1s called asymptotically stable if all the eigenvalues A;, of the Jacobian matrixz J = g:gcz

T

computed at the equilibrium points satisfy |arg(\;)| > &,

i=1,2,...,n.

2 The fractional-order mathematical model

Here, we consider the B-CLL cell population, a cell population of the innate immune
system, natural killer (NK) cells, and two cell populations of the adaptive immune system:
cytotoxic T cells (C) and T-helper (H) cells. We also assume that ¢ represents the variable
time (day). We consider the following populations of cells, measured as concentrations of
cells per uliter are denoted by:

B(t) = B-CLL cells population,

N(t) = total NK cells population,

C(t) = total cytotoxic T cells (CD8"T) population,

H(t) = total helper T cells (CD4"T) population.

The system of fractional differential equations is given by

D*B =sp+(a—b)B—cBN —dBC,
DN =sy—eN — fNB,

_ ; B™
DaeC —scfngzCBqu:r?H_BmHC,
D*H =sy—jH+r; 25 H,

with initial conditions B(0) >0, N(0) >0, C(0) >0, H(0) >0 and 0 < o < 1.
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3 Analysis of the model

To analyze the model, first, using a non-dimensionalization technique, we transform the
model into a simpler form with fewer parameters:

t=et, B:iB, N:iN, C’:ia =S5
SB SN Sc SH

and the corresponding paremeters are:

a—b CSN dsc fsB g
a; = ) az = 2 a3 = 95 a4 = 2 a5 = —,
e e e e e
iSp rSH T 7 e
ag=—, ar=k—, ag=-, ag=7=, ai =10
e e e e s

Dropping the tilde for notational clarity, the resulting system is given by

D*B =1—-—a1B —asBN — a3BC,

DN =1-N—a4NB,

D*C =1-a5C —agCB + w%HC,
D*H =1-—agH + agawB%H,

3.1 Equilibrium points and their stability

By studying the long-term behavior of the fractional differential equations system, we
can obtain useful qualitative information from the progression of the disease. To better
understand the dynamics of the system, we first detect the equilibrium points, that is, we
should find values for which the changes of system are zero. To do this, we setting each
of the four equations in the system (6) equal to zero:

DB =D*N = D*T = D“H =0,

now, from the NK cell population equation, we obtain:

1
— S 7
1+ a4B ’ ( )
similarly, the fixed point of H cells
Bm
H= 410 + (8)

agalg + (ag — ag)Bm’
and, setting third equation of the (6) to zero gives

aip + B™

C= (9)

asaio + asB™ — ar HB™ + agaioB + agB™tL’

finally, we set the first equation of (6) equal to zero and by inserting the relationships (7)
and (9) in it, we have the following equation:

B(a1 + agN + agC) —1=0. (10)

By numerical solving of Eq. (10), equilibrium points of the system will be obtained. For
biological considerations, we only consider the non-negative equilibrium points. To de-
termine the behavior of the cells near the equilibrium points, we examine their stability.
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Suppose that F = (B,N,C’, ﬁ) be an equilibrium point of system 6. We linearize the
system by obtaining the Jacobian matrix of the system (6). The Jacobian matrix at E is
computed by

—a] — CLQN — CL3C CLQB —agB 0
—CL4N 1-— a4B 0 0
J|E = A azaiomHCB™! » arHB™ azCB™
—agC + A2 0 —as — agB + == S
6 (a10+Bm)2 > 6 ajo+B™ aio+B™
agajoHB™ 1 0 0 o agB™
(a10+B™)? + alo+B™

Now, we calculate the eigenvalues of this matrix.
Let J; be a submatrix which is given by

<—a1 — a2]\7 — agé GQB >
Jl = < S

(12)
—ayN 1—ayB

two eigenvalues A1, Ao of the matrix J are equal to eigenvalues of the J; which are obtained
by solving the characteristic equation

PA) =X —7A+A=0,

where 7 and A are trace and determinant of the matrix Jp, respectively. Other eigenvalues
of the J are

agB™ A arHB™
Ay =ag + ————, A =—a5—agB+ ———.
aio + BE ayp + B™

(as+aeB)(a10+B™) . agB™
If ar < 7 , then A3 < 0, also if ag > Y then Ay < 0.

Theorem 3.1. Assume that E be a non—negative equilibrium point of system 6 and let
A3 <0, A <0

1. If ay < é, then A < 0 and the equilibrium point of the E is saddle—node.

2. If ay > é, |arg(A3)| > S and |arg(A\y)| > &F then the equilibrium E is asymptoti-
cally stable.

4 Data fitting and estimation of parameters

The model (5) contains 17 parameters that should be determined. We obtain the values
of some of the parameters from available resources. However, their values may vary in
different types of cancers and in each patient. We use data fitting to estimate the values
of parameters that are unknown. To do this, we will use the data obtained from [4]. We
perform the estimation of the parameters based on the data of CLL109 patient that have
already been studied in [5]. By running the fminsearch, a MATLAB function, which
is a least squares algorithm, we determine the values of the parameters for the values of
a € (0,1). The estimated values of the parameters are presented in Table 1.

5 Numerical Simulation

The fractional form of the Adams-Bashforth-Moulton method will be used to numerically
solve the system. We use the FDE12 function for the different values of the estimated
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parameters corresponding to the patient CLL109.

For patient CLL109 with initial value (By, Ny, Co, Hy) = (38,517,2,1), the solutions of
the system (5) for different values of « is shown in Figure 1 (top-left). As shown in the
curves with decreasing the value of «, the convergence rate also decreases. For a = 1, the
number of B-CLL cell population reaches 780 cells/ul by 145th day, but then decreases.
For values of o < 1, this occurs later.

6 Bifurcation

The system (5) shows a substantial sensitivity to the values of certain parameters, that is,
changing the values of the parameters leads to significant changes in the behavior of the
system. With change in one parameter, the number of equilibrium points in the system
may decrease or increase, or location and the stability of these points may change. In
Section 3, the stability of equilibrium points was theoretically discussed. In this section,
we interpret the bifurcation analysis of several parameters.

For CLL109 patient, we performed the bifurcation analysis with respect to the parameter
r (recruitment rate of H cell by B-CLL cells). Figure 1 illustrates that bistability occurs
with changing the value of the parameter r. In Figure 1 (right-top), there are two stable
branches and one unstable branch. For r» < 0.00206, the B-CLL cell population converges
to a larger stable equilibrium point. For the values of 0.00206 < r < 0.00279, the system
contains an unstable equilibrium point and a small stable equilibrium point, in addition
to the large equilibrium point. For values of < 0.00279, there is a jump to a small stable
equilibrium point, which shows the existence of Hysteresis in the model.

Hysteresis is a phenomenon that shows the dependence of the current state of a system
on its previous state (pathway of changes). According to some evidence, re-activation of
T-cells that have already experienced active state requires a lower signal threshold. In
order to initiate the functions of the T-cell effector, first, a Reticular Activating System
(RAS) should be activated. It is also required to activate RAS at high levels to launch T
cell receptors [1]. This example illustrates the importance and application of the hysteresis
phenomenon in the immune system. The use of memory-containing models such as model
(5) clearly reveals the existence of this phenomenon.

This phenomenon has many uses in various fields such as physics, chemistry, engineering,
biology and economics.

As can be seen in the Figure 1(bottom), the solutions of B-CLL cell population for values
r = 0.005 and r = 0.0014 converges to stable equilibrium points B, = 3.77 and B, = 2366,
respectively.

Determining the parameters that lead to decrease in B-CLL cell population and their
bifurcation points are very effective in the treatment phase of the disease. In fact, in
treatments need to move the effective parameter values across the bifurcation values.
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Table 1: Parameter Values in the Model.

Parameter Description Units Value Source
sB Source term for new B-CLL (cells/ul) /day [6,2475] Fitted
(a —b) B-CLL density change rate 1/day [0.002,130] Estimated
c B-CLL kill by NK cells 1/(cells/pl)(day) [1.05e-06,9.56e-04] Estimated
d B-CLL kill by T cells 1/(cells/ul)(day) [3.07e-05,0.1320] Estimated
SN Source term for new NK cells 1/(cells/ul)(day) [1.56,7.632] [5]
e Natural death rate of NK cells 1/day 0.0159 [2,5]
f Deactivation rate of NK by B—CLL 1/(cells/ul)(day) 0.0001 [5]
so Source term for new T cells 1/(cells/ul)(day) [0,12.8] Estimated
g Natural death rate of T cells 1/day [0.000102,0.04] Estimated
i Inactivation of T-cells by B-CLL 1/day 0.0001 [5]
k Scaling factor<1 - 0.55 Estimated
r Activation rate of H cells by B-CLL 1/day [0.0015,0.0075] Estimated
m Power of B-CLL in term of T and H rec. 2 Estimated
n Half-saturation level in the rec. cells/pl 10000 Estimated
SH Source term for new H cells 1/(cells/pul)(day) [3.9,16.9] [3]
J Natural death rate of H cells 1/day [0.00135,0.0338] [3]
” Simulation of Patient 109 - Log Plot 0 Bifurication of Parameter r for Patient 109
- - - alpha=0.95 \ + Unstable
) : —

Figure 1: Numerical simulation result of cells population for Patient 109 (left-top), bi-
furcation analysis for parameter r (right-top), simulation of B-CLL for Patient 109 with
a = 0.9 and r = 0.005 (left-bottom), simulation of B-CLL for Patient 109 with « = 0.9
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Operational equations systems!
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Abstract

In this paper, using operator matrices representation, we investigate the explicit
solution of the operator equations and operational equations systems. In the general
setting of the adjointable modular operators between Hilbert C-modules framework,
this solution is expressed in terms of the Moore-Penrose inverses of the operators.
The obtained results extend and generalize some known operator equations studied
previously by a number of mathematicians.

Keywords: Hilbert C-module, Moore-Penrose inverse, Operator equation, Operator
matrix

Mathematics Subject Classification [2010]: 15A03, 15A23, 15B36

1 Introduction

The solving operator equations has recently been found in the work of many researchers
and even finding the exact solution for these equations has been interest. Since the matrix
space is finite dimensional, so if we extend these equations to the space of operators, then
also it will be able to solve equations in infinite dimensional cases. It may be assumed that
the applied equations have a matrix representation, and the generalization of equations
to higher spaces is studied merely for the abstract mathematical discussion. But there
are many cases of functional equations appeared in physics, for examples Kadomtsev-
Petviashvili operator equationv,; = %(szz +6v2), + %vyy + %(vyvxvxvy), which is different
from the finite case. Similar to the matrix form, here too many of the solutions are
found using general inverses, and in particular the Moore-Penrose inverse. In this paper,
we try to solve a some of equations in the Hilbert C*-modules. As we know, Hilbert
C*-modules are extension of Hilbert spaces with the same properties, nevertheless there
exist some basic differences. However, some well known properties of Hilbert spaces like
Pythagoras’ equality, self-duality, and even decomposition into orthogonal complements
do not hold in the framework Hilbert modules. Suppose that A is an arbitrary C*-algebra
and & is a linear space which is a right .A-module and the scalar multiplication satisfies
Aza) = z(Aa) = (Az)a for all x € X, a € A,A € C. The A-module X is called a pre-
Hilbert A-module if there exists an A-valued map (.,.) : X x X — A with the following
properties:

(i) (x,y+ Az) = (z,y) + Nz, 2); for all x,y,z € E,\ € C,

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: j.farrokhi@birjandut.ac.ir
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(ii) (x,ya) = (x,y)a; for all x,y € X and a € A,
(iii) (z,y)* = (y,xz); for all x,y € X,
(iv) (x,z) > 0 and (z,z) = 0 if and only if z = 0.

The A-module X is called a Hilbert C*-module if X is complete with respect to the norm
|z|| = ||(z,z)|"/?. Throughout this paper we assume that A is an arbitrary C*-algebra.
The notations Ker(-) and ran(-) stand for kernel and range of operators, respectively.
The set of all bounded adjointable operator from & to ) is shown by L(X,)).

Theorem 1.1. ( [4, Theorem 3.2]) Suppose that A € £(X,)) has closed range. Then
A* € L(Y,X) has closed range, and

)

1. ker(A) is orthogonally complemented in X, with (ker(4))% = ran(A*).

2. ran(A) is orthogonally complemented in ), with (ran(A))+ = ker(A*).

A generalized inverse of A € £L(X,)) is an operator A* € L(), X) such that
AA*A=A and A¥AA* = A", (1)

If the first part hold it is called inner inverse and if both equations hold A* called outer
inverse of A.

Definition 1.2. Let A € £(X,)). The Moore-Penrose inverse AT of A is unique solution
X of the following equvalent operational systems:

AXA=A
XAX =X
(AX)*=AX
(X A)* = XA

or
XAA* = A*
{xwmzx

Moreover, we know that a bounded adjointable operator may admit an unbounded
operator as its Moore-Penrose, see [4] for more detailed information. A matrix form of a
bounded adjointable operator A € L(X,)) can be induced by some natural decomposi-
tions of Hilbert C*-modules. Indeed, if M and N are closed orthogonally complemented

submodules of X and Y, respectively, and X = M @& M+, Y =N @GN, then T can be
written as the following 2 x 2 matrix

A= [ ji; jiz ] 2)

where, A1 € LM, N), Ay € LML, N), A3 € LM, N*) and Ay € LM, N1). Note
that Pa denotes the projection corresponding to M.

In fact Ay = PvAPyp, Ay = PvA(l — Py) Az = (1 — Py)APy and Ay =
(1 — Pyxr)A(1 — Ppy). The proof of the next important and widely used theorem can be
found in many articles including [2] and [5].
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Theorem 1.3. Let A € L(X,Y) has closed range. Then A has the following matriz
decomposition with respect to the orthogonal decompositions of submodules
(a) If X = ran(A*) @ ker(A) and Y = ran(A) @ ker(A*), then

=[5 o] e | i |

where Ay is invertible. Moreover,

o[ 2 [ - ]

(b) If X = X1 @ Xa and Y =ran(A) @ ker(A*), then:

A A | X ran(A)
A‘[o 0]'[2(2}—)[1@(14*) ! (3)
and in this case,
AsD™1 0
T _ 1
A_|:A§D_1 O:|a (4)

where D = A1 AT + A2A% € L(ran(A)) is positive and invertible.
(c) If X = ran(A*) @ ker(A) and Y = ran(A) @ ker(A*), then:

=l - B 2
and 4 [ Q—;AT @‘SAg } ’ (©)

where ® = ATA1 + A5A € L(ran(A*)) is positive and invertible.

Recall that if A € £(X,)) has closed range, then AAT = Pran(ay and ATA = Pran(a®)-
An operator A with closed range is called EP if ker(A) = ker(A*). It is easy to see
that,
Ais EP < ran(A) = ran(A*) & AAT = ATA.
The interested reader, for more detail and informations of this section, can be referred

to [6].

2 Main results

In this section, we investigate the explicit solution of the operational equations and also
modular operator equation systems.

Theorem 2.1. Let X be Hilbert C*-module and A and B € L(X) have closed ranges.
Then, AATB = A = BAYA if and only if AA* = AB*, A*A = A*B.

Theorem 2.2. Let X be Hilbert C*-module and A, B and C € L(X) have closed ranges,
with the following factorization A = BC. Then A is idempotent if and only if CB = 1.

Corollary 2.3. Let X be Hilbert C*-module and A € L(X) has inner inverse, then the
equation X (AX —I) =0 has unique solution.
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Theorem 2.4. Let X be Hilbert C*-module and A, B and C € L(X) have closed ranges.
If A, B is self-adjonit operators, then the modular operator equation AXB — X = C has
unique solution.

Theorem 2.5. Let X' be Hilbert C*-module and A, B, D and E € L(X) have closed ranges.
AX = B,
XD=F
if AE = BD. Moreover, in this case, X = X+ (I — ATA)Y (I — DD") for arbiterary
Y € L(X).

Theorem 2.6. Let X be Hilbert C*-module and A, B and D € L(X) have closed ranges.
The modular operator equation AX B = D has unique solution if and only if AATDBYB =
D. Moreover, in this case, X = ATDBT +Y — ATAY BBY, for arbiterary Y € L(X).

The modular operator equations system { have common solution if and only

Example 2.7. Let S = the real space L?[0,27] of real valued functions and S' = the
absolutly continuous functions A(t),0 < t < 7, whose derivatives A’ are in S; and S? =
{A € SY; A € S'}. If L be the differential operator with D(L) = {4 € S'; A(0) =
A(27) = 0}, then the equation X (I — X*XT) = 0 has unique solution.

Theorem 2.8. Let X be Hilbert C*-module and A, B € L(X) have closed ranges, whit
Ran(B) C Ran(A). If ATB is invertible, then (A+ B)T = (I + ATB)~1AT.

Proof. Since Ran(B) C Ran(A), A+ B = A+ AATB = A(I + A'B). So, it is suffices
to show that, A, (I + ATB) have the reverse order law property. i.e. (A(I + ATB))T =
(I +ATB)~1 AT

From the fact that Ran(ATA(I + ATB)) C Ran(I + A'B) and Ran((I + ATB)(I +
ATB)T) C Ran(A"), which is complete the proof. O
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A remark on Smith’s determinant!
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Abstract

In this paper we obtain a full asymptotic expansion for the logarithm of the gener-
alized Smith’s determinant Ay(n) = det [(gcd(i,j))k]lgmgn where ged(i, j) denotes
the greatest common divisor of ¢ and j. For any integer k > 2 we obtain the following
Stirling type approximation

n\ kn 1
_ (" n k il
Ae(m) = (2)7 Biy/(2mn) <1+0(n)>,
where i is an absolute constant defined by

1\7
=T (-5) "

P

and p runs over all primes.

Keywords: Determinants, Arithmetic functions, Prime numbers
Mathematics Subject Classification [2010]: 15A15, 11C20, 11A25

1 Introduction

In 1875 H.J.S. Smith? [4] considered the determinant of the matrix [aijli<ij<n With a;; =
ged(i, 7), the greatest common divisor of ¢ and j. He proved that

det [ged (3, j ]1<”<n H o(m (1)

where p(m) denotes the Euler function of m, counting the number of positive integers not
exceeding m and coprime to m. The above mentioned determinant is known as Smith’s
determinant. Among several generalizations of Smith’s determinant, it is known [3] that
if f is an arithmetic function (a function defined over N) then

det [f(ged(i, 5) ]1<z g<n = H ZM < ) (2)

m=1d|m

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: mehdi.hassani@znu.ac.ir
2Henry John Stephen Smith, 2 November 1826, Dublin, Ireland — 9 February 1883, Oxford, England
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where p(d) denotes the Mébius function of d, which is 1 if d = 1, is (—1)" if d is equal to
the product of k distinct primes, and is 0 otherwise. In this paper we are motivated by
the asymptotic growth of generalized Smith’s determinant (2) for f(n) = n* with k € N.
The case k = 1, admitting Smith’s determinant (1), has been studied in [1], where we have
proved that

1
log (det [gcd(i,j)]lgingn) =nlogn+ (a1 — 1)n+ B logn + O(loglogn),

such that oy =}, % log(1 — %) with p running over all primes, is an absolute constant.
In this paper we consider the case k > 2 by proving the following result.

Theorem 1.1. Let k > 2 is fized integer, and Ap(n) = det [(gcd(i,j))k]1<ij<n. Define
the absolute constant ay, by 7
1 1
ap = log<1—),

> 7

P
where p runs over all primes. Then, as n — oo we have

k kBy; 1

log A (n) = knlog n+(ay — k) n+3 log n-+klog v/2r-+ Zk @ — 1T +O<F),

1<k
where B; denotes the i-th Bernoulli number.

By taking exponent we obtain the following Stirling type approximation for Ag(n) for
each integer k > 2.

Corollary 1.2. Let k > 2 be a fized integer, and Ag(n) is defined as in Theorem 1.1.
Then, as n — oo we have

At = (1) izt (14.0(3)).

where By is an absolute constant defined by

)

p

3=

and p runs over all primes.

2 Proofs

Proof of Theorem 1.1. By using the relation (2) we have

n

Ag(n) = H m” gr.(m) = n!* H gr(m),
m=1 m=1

where gr(m) =g, p(d)d=*. Since gy is multiplicative, we get

o) = TT oty =TT (1= ) =TI (1- ).

p
pellm peflm
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where p?||m means that a is the largest power of the prime p for which p®|m. Thus,
)
m=1p|m
We take logarithm to get
log Ag(n) = klogn! + ZZlog (1—) (3)
m=1 p|m

Stirling’s approximation [2] for logn! asserts that given any positive integer r, as n — oo
we have

Bo; 1
logn! =nlogn —n+ = logn—Hogv —i—Z 22 —2]1)712] 1+O(W)' (4)

To approximate the double sum in (3), we change the order of summations to get

(S S S (0]

m=1 p|m p<n m|<n p<n
plm
= log <1 - > <n + (9(1)>
PN p
—nz log(1—>+0 Zlog( )
P<” p<n
1 1\ 1
:akn—knzflog 1—— +0 Zlog 1——
p>n p p<n p

Since —log(l —t) ~t as t — 0, we have
1 1\ = 1
Zlog(l—k> <<Z T <</ — < —
+1 k+1 k'
p>n p p p>n p x n
where f < ¢ has same meaning as f = O(g). Also,
> log <1> <<Z— <</
p<n p<n
Thus, we obtain

f:21og<1—pl>_akn+o< ;1) (5)

m=1 p|m

We take r = L%J in (4), and we note that 2L§j +1 > k — 1. Considering (3) and (5)
completes the proof. ]

Proof of Corollary 1.2. Theorem 1.1 implies that
k 1
log Ag(n) = knlogn + (a, — k)n + B logn + klog V27 + (9(;)

Taking exponent and considering the approximation G =1+ O(2) completes the
proof. ]
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3 Conclusion

Smith’s determinant and its generalization are interesting examples of number theoretic
determinants. Since the values of such determinants usually are given in terms of arith-
metic functions, it is interesting to approximate true order of them. In this paper we
obtain a Stirling type approximation for the generalization of Smith’s determinant.
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Abstract

In this paper, we give conditions under which the powers of the multiplication
operator M, are reflexive on a Banach space of functions analytic on a plane domain.
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1 Introduction

For any set E and any function f : E — C, define || f||g by

Iflle = sup{|f(2)| : =z € E}.

If B is bounded domain in the plane, then the Caratheodory hull(C—hull) of B is the
complement of the closure of the unbounded componet of the complement of the closure
of B. The C—hull of B is denoted by B*. Intuitively, B* can be described as the interior
of the outer boundary of B, and in analytic terms it can be defind as the interior of the
set of all points zp in the plane such that |p(zo)| < sup{|p(z)| : z € B} for all polynomails
p. The componets of B* are simply connected; in fact, one can easily see the each of these
components has a connected complement. The componets of B* that contains B is denoted
by Bj. Note that for all polynomials p, ||p|lz = ||p||B,- Since Bj is a Caraththeodory
domain, so by the Farrel-Rubel-Shields theorem [2], each bounded analytic function on
B can be approximated by a sequence of polynomials pointwise boundedly.

For the algebra B(X') of all bounded linear operators on a Banach space X', the weak
operator topology (WOT) is the one in which a net A, converges to A if A, — Ax weakly,
x € X. Also, the strong operator topology (SOT) is the one in which a net A, converges
to Aif A, —» Ax, x € X.

Recall that if A € B(X), then Lat(A) is by definition the lattice of all invariant
subspaces of A, and AlgLat(A) is the algebra of all operators B in B(X') such that
Lat(A) C Lat(B). An operator A in B(X) is said to be reflexive if AlgLat(A) = W(A),
where W(A) is the smallest subalgebra of B(X) that contains A and the identity I is
closed in the weak operator topology.

In [1], it is shown that any powers of the operator M, is reflexive on Banach spaces
of formal Laurent series. Also, reflexivity of the operator M, on Hilbert function spaces

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: p.heiatian.n@gmail.com
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has been investigated in [3,5] and for the case of Banach function spaces, see [6]. Here we
give some sufficient conditions so that the powers of the operator M,, acting on Banach
function spaces becomes reflexive. As, usual, for a good basic source of reflexivity we refer
to [1].

Consider a Banach space X of function analytic on a plane domain G, such that for
each A € G, the linear functional ey of evaluation at A (defined by ex(f) = f(A)) is
bounded on X. A complex-valued function ¢ on G for which ¢f € X for every f € X is
called a multiplier of X and the collection of all these multipliers is denoted by M(X).
Each multiplier ¢ on X determines a multiplication operator M, on X by M,f = ¢f,
f € X. It is well-known that each multiplier is bounded analytic function on G, in fact
llella < [|Myll. The notation |¢|le = [|[M,|| is usually used for the norm of the operator
M,.
By H(G) and H*(G) we will mean respectively the set of analytic functions on a
plane domain G and the set of bounded analytic functions on G. Also, by P(G) we mean
the uniform closure in C(G, C)(the space of continuous functions from G into C ) of the
polynomials. Note that f € P(G) if and only if there exists a sequence of polynomials
{pn}n that converges uniformly to f on every compact subset of G.

2 Main results

We investigate the reflexivity of the powers of the multiplication operator M, acting on a
Banach function space.

Recal that a sequence {x, }, in a Banach space X is called a Schauder basis of X if for
every & € X there is a unique sequence of scalars {a, } so that x = ) a,x,. In this case,
the closed linear span of {zy, }, in of all X'. Also, for every integer n, the linear functional x
on X defined by (3", aiz;) = a; is a bounded linear functional. These functional {7 },,
which are characterized by the relation z(z,,) = 0m,(n), are called the biorthogonal
functional associated to the basis {x,}. in the weak® topology, z* = > a*(z,)x}, for
z* € X*, and we have convergence in norm for every z* =) z*(z,)x;, if and inly if the
sequence {z}}, is a Schauder basis of X*. For this to happen, X* must, in particular be
separable. On the other hand this is always the case if X' is reflexive.

From now on, let € be a domain in the complex plane such that £ is equal to the
open unit disc . Also suppose that the Banach space X under consideration satisfy the
following axioms:

Axiom (1). X is a subspace of the space of all analytic functions on 2 that are continuous
on .

Axiom (2). For each A € Q, the linear functional of evaluation at ), ey, is bounded on X.

Axiom (3). The sequences { fi}r and {f;}1 are Schauder basis for X and X* respectively,
where fi.(z) = 2* for all integers k and { f7 }i is also the biorthogonal functionals associated
to {fr}r- R

For h =3 h(n)z" € HD) N M(X) and w € OD, define h,, by hy(z) = h(wz). Then

hy =3, he(n)2" where hy(n) = w™h(n) for all n. Note that H(ID) N M (X) is nonempty
since 1,z € H(D) N M(X).

Definition 2.1. We say that H(D)NM(X) is bi-isometrically rotation invariant whenever
p € H(D)NM(X), then ¢ —io € H(D)NM(X), [l¢lloc = [[pe-io]loo and [[o]| = [[pe—io]| for
all 6 € R.
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Furthermore, we assume that X holds in the following axioms:
Axiom (4). z € X and H(D) N M(X) is bi-isometrically rotation invariant.

The following Lemma extends a result obtained by Allen Shields [4] that have been
proved only for the special case where X is H?(/3), the Hilbert space of formal power series.

Lemma 2.2. Let ¢ € H(D)NM(X). Then for the sequence {rn =}, Tn(4)27} such that

(i) =(1- %){5(]) whenever j = o,...,n and is 0 otherwise, we have M., — M, in
n
the weak operator topology.

Theorem 2.3. If P(Q2) C M(X), then M,i is reflexive on X for all k > 1.

In the proof of Theorem 2.3, we used the assumption P(2) C M(X) to show that
H>®(Q)NX C M(X). So the following corollary is an immediate consequence of the
proof of Theorem 2.3.

Corollary 2.4. If z € M(X) and H>®(Q) N X C M(X), then M, is reflexive on X for
all k> 1.

Recall that M, is called polynomially bounded on X C H () if there exists ¢ > 0 such
that ||p(M.,)|| < ¢||p|lq for all pollynomials p.

Theorem 2.5. If M, is polynomially bounded on X, then M,k is reflexive on X for all
k> 1.

Proof. Since M, is polynomially bounded, there exists ¢ > 0 such that ||[p(M.)| < ¢|lp|la
for all polynomials p. By corollary 2.4, it is sufficient to show that H>(Q;)NX C M(X).
For this, let f € H>*(Q1)NX. By the Farrel-Rubel-Shields theorm, there exists a sequence
{pn} of polynomials converging to f such that for all n, ||p,|la = ||pnllo, < d. for some
d > 0. So we obtain

1M, || < cllpnlla, < cd

for all n. Since X is reflexive, the unit ball of X is weakly compact. Therefore ball
B(X) is compact in the weak operator topology and so by passing to a subsequence, if
necessary, we may assume that for some A € B(X), M,, — A in the weak operator
topology. Using the fact that M — A* in the weak operator topology and acting these
operators on ey we obtain
pn(Nex = My ey — A¥ey

wekly. Since p,(A\) — f(A), we see that
A%ey = f(N)en.
Because the closed linear span of {e) : A € Q} is weak star dense in X*, we conclude
that A= My and so f € M(X). Thus indeed H*(2;) N X C M(X).
O
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Abstract

An n-by-n real matrix (not necessarily nonnegative) R is g-row balanced (gener-
alized row balanced) if all its row sums are zero. Let A, B € M,, ,,. Then A is said
to be ub-majorized by B (denoted by A <., B) if A = RB, for some n-by-n upper
triangular g-row balanced matrix R. We wish to find the structure of all (strong)
linear preservers of <,; on R™ and strong linear preservers of <.; on M, ,,.
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1 Introduction

Let M, ,, be the set of all n-by-m real matrices, and let R be the set n-by-1 real vectors.
A matrix R = [rjj] € M, is called g-row balanced if >3%_; r;; = 0, for all i (1 <4 < n).
The collection of all n-by-n upper triangular g-row balanced matrices is denoted by RUP.
The standard basis of R™ is denoted by {ei,...,e,}, and e = (1,1,...,1)t € R™. Let [T
be the matrix representation of a linear function 7' : M,, ,, = M,, ,,, with respect to the
standard basis. For a subset A C R™ B(A) := {> 2 Njai |m e N, Y2, A\ =0, a €
A, i€ Ny} Let A(nqg,...,m|mi,...,mg) be the submatrix of A obtained from A by
deleting rows nq,...,n; and columns my, ..., myg, let A(ny,...,n;) be the abbreviation of
A(ni, ..., ngny,...,nyg).

Let V be a linear space of matrices, T' be a linear function on V, and R be a relation on
V. The linear function 7' is said to preserve R, if R(TX,T)Y) whenever R(X,)). Also, T
is said to strongly preserve R, if

R(TX,TY) < R(X, ).

Definition 1.1. For A, B € M,, ,,, it is said that A is ub-majorized by B, and denoted
by A <. B, if there exists R € ’Rgb such that A = RB.

In this paper, the linear preservers and strong preservers of <,; on R" and M,, ,,,
respectively, are fully characterized. For some deeper discussions of majorization and
linear preservers of majorization we refer the reader to [1]- [3].

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: a.ilkhani@vru.ac.ir
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An n-by-n real matrix (not necessarily nonnegative) A is g-row stochastic (generalized
row stochastic) if all its row sums are one. The collection of all n-by-n upper triangular
g-row stochastic matrices is denoted by RI".

The present paper continues in two further sections. Section 2 is devoted to a study of
<ub on R™. In this section an equivalent condition for ub-majorization on R" is obtained
and some preliminaries are presented. In particular, the structure of all linear functions
T : R™ — R"™ preserving (strongly preserving) ub-majorization are characterized. Section 3
is assigned to investigate this relation on M,, ;,,. In this section the strong linear preservers
of <up on M, ,,, is stated.

2 G-row balanced on R"

This section studies some facts of <,; that are necessary for studying the linear preservers
of <up on R™. Also, we characterize the (strong) linear preservers of this relation 7' : R™ —
R™.

The following proposition gives an equivalent condition for ub-majorization on R".

Proposition 2.1. Let x = (z1,...,2,)', v = (Y1,...,9yn)t € R®. Then x <y y if and
only if for each i (1 <i<n) x; € B{yi,...,¥yn}

Now we assert some preliminaries to express our main results.

Lemma 2.2. Let T : R® — R"™ be a linear preserver of <. Assume S : R*™F — Rk
is a linear function such that [S] = [T](1,2,...,k). Then S preserves <, on R"F.

Proof. Let @' = (Tpi1,-- s 20)'y = Wrat,- - Yn)t € R"F and let o' <y v'. Then
x = (0,...,0,2541, -, 20)" < v = (0,...,0,Yks1,---,yn)t, by Proposition 2.1, and
hence Ta <, Ty. That is, (x, S2')t <. (x,Sy')t. It ensures that Sz’ <., Sy’. Therefore,
S preserves <., on Rk, ]

Lemma 2.3. Let T : R™ — R"™ be a linear preserver of <uy. Then [T is upper triangular.

Proof. Let [T| = [a;j]. The proof is by induction on n. For n = 1, there is nothing to
prove. If n > 1; Assuming the statement to hold for n — 1, we will prove it for n. Let
S : R* 1 — R"! be the linear function with [S] = [T](1). Lemma 2.2 ensures that the
linear function S preserves <., on R?~!. The induction hypothesis insures that [S] is an

upper triangular matrix. We only need to show that as; = ag1 = -+ = a1 = 0. As
€1 <ub €2, it shows that Te; <, T'ea. Hence agy = aq; = -+ = ap1 = 0. Therefore, [T is
an upper triangular matrix. O

Lemma 2.4. Let T : R™ — R” be a linear function such that ag; # 0 for some k,t
(1 <k, t <n) where [T] = [a;;]. Suppose that ary1¢ = -+ = ans = 0 and there exists some
Jj(t+1<j<n—1) such that apy1; = -+ = an; = 0. Then T does not preserve <yp.

Proof. There is no loss of generality in assuming ay; = 1. Fix 2 = ¢; and y = —ay;e; + ¢;.

One can easily see that x <, y but Tz £, Ty. It follows that T" does not preserve <up,
as desired. O

The following theorem characterizes the structure of all linear functions 7' : R™ — R"”,
preserving <.
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Theorem 2.5. Let T : R® — R" be a linear function. Then T preserves <y if and only
if one of the following assertions holds.

(i) Te; =---=Tep—1 =0. In other words
0 ... 0 A1n
0O ... 0 aon
(] = S
0 ... 0 apn

(ii) There exist t (1 <t < n—1) and 1 < i3 < -+ < ip, < n — 1 such that

Qiyty Qigt41s- - -5 0i,n—1 7 0, and

0 *
At *
[T] = Qigt41 ;
0 Ajpn—1
0 *
where we have one of the following conditions.

card{ai_+1n,---,amn} > 2;

There are some k (2 < k <m) and some i (igx—1 <1 < i) such that r; #ri, =---=1yp;
Tiy = Tiy41 = -+ = Ty, where r; is the sum of entries on the ith row of [T).

Proof. We first suppose that T preserves <., and (i) does not hold. As T preserves <, on
R"™, Lemma 2.3 shows that [T is upper triangular. To prove (ii) we proceed by induction
on n. First, let n = 2. We just prove r; = ry. Without loss of generality assume that
a1; = 1. Choose x = e; and y = (aze — ajz)e; + ea. We see that © <, y, hence that
Tx <4 Ty, and finally that r; = ro. Now assume that n > 3 and the statement holds
for all linear preservers of <., on R* 1. Let S : R* ! — R" ! be the linear function
with [S] = [T](1). Lemma 2.2 ensures that S preserves <,, on R"~!. By applying the
induction hypothesis for S, we need only consider two steps.

Step 1. S satisfies (7). Lemma 2.4 ensures that the first nonzero column of 7" should

be its (n — 1)st column. So we have to just show that card{aj tin,...,am} > 2 or
ry, =71y = - = 1,. We may assume without loss of generality that a;,—1 = 1. If
card{ai_ +1n,---,ann} = 1, we claim that r; = r,. Consider x = (an, — G1p—1)en—1 and

Yy = (apn — a1p)en—1 + €. Observe that z <,p y, and then Tx <, Ty. It implies that
r =Tnp.
Step 2. S satisfies (i7). If the columns 1,...,t — 1 of T are zero, then there is noth-
ing to prove. Otherwise, Lemma 2.4 ensures that the first nonzero column of 7" should
be its (¢t — 1)st column. If card{ai,+in,..-,ann} > 2, there is nothing to prove. If
card{ai_+1n,---,ann} = 1; If for [S] there are some k (3 < k < m) and some i (ix—1 <
i < i) such that r; # r;, = --- = ry, then (#) holds for [T]. Otherwise, we have
Tiy = Tig41 = -+ = 1. If there is some i (1 < i < 43) such that r; # r,, then (i7)
holds for [T]. If not; Then ro = r3 = -+ = r,. We should prove ry = r,. With-
out loss of generality we may assume that ay;—1 = 1. If vy # r,; Define x = ;1 and
Y= (ann — D iy arj)er—1 + D5 ej. As @ <yp y, we see that Tz <, Ty, which would be
a contradiction. Hence r; = r,,.

For the converse, we prove the sufficiency of the conditions. Let z = (x1,...,2,)",
y = (y1,...,yn)" € R such that <y, y. We claim that Tz <y, Ty. If (i) holds, then
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Tx = (0,...,0), and so Tw < Ty. If (ii) holds; We proceed by induction on n. Suppose
that n > 2 and that the assertion has been established for all linear functions on R”?~!
with the conditions described in the hypothesis. Let S : R"~! — R"™! be the linear
function with [S] = [T](1). Set 2’ = (z2,...,2n)", ¥ = (y2,...,yn)". Then 2’/ <y ¢/, and
the induction hypothesis for S ensures that Sa’ <., Sy’. That is, ((Tx)2, ..., (T2)n)" <uw
(Ty)2, - -, (Ty)n)t. It remains to prove that (Tx); € B{(Ty)1,-..,(Ty)n}. Notice that
B{(Ty)1,--, (Ty)n} = {B1((Ty)1 —annyn) +B2((Ty)2 —amnyn) + - -+ Bipy (T¥ )i, — annyn) +
Bim+1(aim+1n - amn)}’n +...+ ﬁnfl(anfln - ann)}’n (B, Boot € R}

If card{ai, +1n,---,ann} > 2; Without loss of generality an—1, # ann.

If y, # 0; Set B—1 = (% and the other 8; = 0. Then (Tz); € B{(Ty)1,...,(Ty)n}.

an—ln*ann)yn )
(Tx)1

If y,, = 0; In this case if y,,_1 # 0, then by choosing 3;,, = Fr—T— and the other 5; = 0,
we obtain desired conclusion. By continuing this process, if y, = yp—1 = --- =y = 0,
then z, = x,_1 = -+ = 1 = 0, and so Tz = (0,...,0)!. It follows that (Tz); €
B{(Ty)1,- 5 (TY)n}-

If card{ai,, +1n, - - -, ann } = 1; With an argument almost identical to that of the above, the
theme can be proved.

Therefore, T preserves <. O

Lemma 2.6. Let T : M,,, — M,,, be a linear function that strongly preserves ub-
majorization. Then T is invertible.

Proof. Suppose that T'(A) = 0, where A € M,, ,,,. Notice that since T is linear, we have
T(0) =0=T(A). Then it is obvious that T'(A) <, T'(0). Therefore, A <, 0, because T'
strongly preserves ub-majorization. So A = 0, and hence T is invertible. O

The following theorem characterizes all the linear functions 7' : R™ — R™ which
strongly preserve ub-majorization.

Theorem 2.7. A linear function T : R™ — R™ strongly preserves <y if and only if
[T] = aA, for some o € R\ {0}, and an invertible matriz A € RI™.

Proof. First, assume that T strongly preserves <,;. Lemma 2.6 ensures that 7' is invertible.
Let [T] = [ai;]. Theorem 2.5 ensures that [T] is upper triangular, ry = --- = 7y, and
G11,-- -, Qnn # 0. So there exist an invertible matrix A € RI™ and « € R \ {0} such that
[T] = aA.

Next, assume that there exist an invertible matrix A € R%"” and o € R\ {0} such
that [T] = aA. Then both of T and T~! preserve <,; on R" and, therefore, T' strongly
preserves < p. ]

3 G-row balanced on M, ,,

In this section, we characterize strong linear preservers ub-majorization T' : M,, ,, —
M, m.
Let E be the n-by-n matrix with all of the entries of the last column equal to one and
the other entries equal to zero. Notice that for each R € R’ we have ER = RE = 0.
We need the following lemmas to prove the last result of the paper.

Lemma 3.1. Let A € M,,. Then the following conditions are equivalent.
a) For each matriz D € RY AD = DA.
b) For some a, € R A=al + BE.
¢) For each matriz D € R and for all z,y € R™ (Dz + ADy) ~y (z + Ay).
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Proof. (a — b) First by considering

1 -1
1 -1 0
D: I
0 1 -1
0
and next
0
0
0
D = 0 ,
2 0 =2
1 -1
0

we see that there exist some «, 8 € R such that A = af + SE.

(b—¢)If D € R® and 2,y € R"; Then Dx + ADy = D(x + Ay), and hence (Dz +
ADy) ~up (x + Ay).

(¢ »a) Fixi (1 <i<mn). Set z =e — Ae; and y = ¢;. By the hypothesis, (—DA +
AD)e; ~yp e, and then (DA + AD)e; = 0. Thus AD = DA. O

For each i,j (1 < i,j < m) consider the embedding E/ : R" — M, ,, and the
projection E; : My, , = R", where E’(z) = xe§- and E;(A) = Ae;. It is easy to show that
for every linear functipn T:Mym = My, TX =Ty | .. | @n] = D050 Tag |- |
>ty Tinj), where T = E;TE.

It is easy to see that if T : M, ,, — M,, ;,, is a linear preserver of ~,;, then TZ? preserves
~up on R™ forall 4,5 (1 <i4,5 <m).

Lemma 3.2. Let T : M, — M, ,, be a preserving of ~yp. If for some i (1 < i <
m) there exist some k (1 < k < m) such that TF is invertible, then Sy Alxy =

A¥ Z;”Zl a{xj +F ZTZI ngj for some ag, 55 € R, where Ag = [sz]

Proof. We may assume without loss of generality that i,k = 1 and j = 2. Let D €¢ R%
and z,y € R™. Then D[x|y|0]...|0] ~u [x|y|0]...|0], and so

T[Dz|Dy|0] ... |0] ~u T[z|y|0]...|0]. Tt implies that [A}Dx + A2Dy | * | *] ~up [Alz +
A3y | = | %], and thus A} Dz + A2Dy ~,, Atz + A?y. Lemma 3.1 ensures that there exist
a?, 7 € R such that A? = o2 Al + BIE. O

Lemma 3.3. If T : M, ,, — M, ,, strongly preserves ~, then for each i (1 <i < m)
there exists some j (1 < j < m) such that T} is invertible.

Proof. Consider I = {1 <i<m| Tz-jel =0, V1 <j <m}. We claim that I is empty. If
I is not empty; Without loss of generality I = {1,2,...,k}, where 1 <k <m. If k =m,
choose X =[e; | 0| ... | 0] € My, and conclude that X # 0 but TX = 0, which is
a contradiction, by Lemma 2.6. If k < m, by Lemma 3.3, for i (k+1 < i < m) and j
(1 < j < m), there exist invertible matrices A; and ozg , /Bf € R such that 377", Ag xTj =
A; Z;”Zl azxj + EZTZl Bgazj. Then there exist ¥1,...,vm € R, not all zero, such that

(g, ab) + o+ m(al .. am)t = 0. Let 2 = ;e for each j (1 < j < m)
and X = [z1 | ... | zm] € My m. We observe that X # 0, and TX = 0, a contradiction.
Therefore, I is empty. ]
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Theorem 3.4. Let T : M, ,, — M, be a linear function. Then T strongly preserves
~ub if and only if there exist R, S € M,,, R(R+ S) is invertible, and invertible matriz
A€ RY such that TX = AXR+ EXS.

Proof. First, we prove the sufficiency of the conditions. Let X,Y € M,, ,, such that X ~;,
Y. It means that X = DY for some D € R%. Then TX = AXR+ EXS = A(DY)R +
E(DY)S = A(DY)R = (ADA™Y)(AYR + EYS) = (ADA™)TY. As ADA™' ¢ R,
we see that TX ~,p TY. On the other hand, if TX ~; TY, then there exists some
D € RY such that TX = DTY. So AXR + EXS = D(AYR + EYS), and hence
XR+ EXS = (A"'DA)YR, because of A is invertible. Multiply this relation by E, and
since R + S is invertible, we conclude that EX = 0. Substitute £X = 0 in the relation
AXR+ EXS = D(AYR+ EYS), and as R is invertible, conclude that X = (A"1DA)Y.
Thus X ~, Y. Therefore, T' strongly preserves ~ ;.

Next, assume that T' strongly preserves ~,;. For m = 1 see Theorem 2.7. Let m > 1.
Lemma 3.3 enures that for each ¢ (1 <4 < m) there exists some j (1 < j < m) such
that Tij is invertible. Lemma 3.2 ensures that there exist invertible matrices A1,..., A, €
M,,, vectors ay,...,a,; € R™, and a matrix S’ € M,,, such that TX = [A1Xa; | ... |
ApXap]+EXS'. One can prove rank{ay, ..., a;,} > 2. Without loss of generality, assume
that {a1, a2} is a linearly independent set. It implies that for every x,y € R"™, there exists
B., € M,,, such that B, a1 = = and B,y a2 = y. Let X € M, ,, and invertible
matrix D € RY. So DX ~. X, and then TDX ~,, TX. Thus [A;DXa; | ... |
AnmDXapy| + EDXS ~yp [A1Xay | ... | AnXap] + EXS. Clearly, AyDXay + AsDXas
~ub A1 X a1+ Az Xas. So for each X € M,, ,,, and each invertible matrix D € Rgb we have

DXay + A7 AeDXag ~up Xay + AT Az X ay. (1)

By replacing X = B, , in (1) DerAflAgDy ~gut erAflAgy, for each invertible matrix
D € R, and for each z,y € R". Lemma 3.1 states that Ay = aA; + BE for some
a,B € R. For every i > 3 if a; = 0 we can choose A; = A;. If a; # 0, then {aj,a;} or
{az2,a;} is linearly independent. Similar to above 4; = ;A1 + §;F for some ;,d; € R.
Define A := Ajy. Then for every ¢ > 2, A; = a; A + (;F, for some «;, 5; € R. It implies
that TX = [AXa; | AX(r2a2) | ... | AX(rmam)] + EXS = AXR+ EXS, in which R =

[a1 | m2a2 | ... | rmam], for some ro, ..., 1 € Rand S =S5+ (0| faaz | ... | Bmam]. O

4 Conclusion

We know that majorization and linear preservers of a relationship are of particular impor-
tance. For this reason, in this article we define a new kind of relationship and we found
its linear preservers.

References

[1] L. B. Beasley, S-G. Lee and Y-H Lee, A characterization of strong preservers of matrix
majorization, Linear Algebra and its Applications, 367 (2003) 341-346.

[2] A. Ilkhanizadeh Manesh, On linear preservers of sgut-majorization on M,, ,,, Bulletin
of the Iranian Mathmatical Society, 42 (2) (2016) 470-481.

[3] A. Ilkhanizadeh Manesh, Right gut-Majorization on M,, ,,, Electronic Journal of Lin-
ear Algebra, 31 (1) (2016) 13-26.

272



Shahid Bahonar University of Kerman, Iran
seminar

and its Applications

s L

TP 315,50 P9 12.alil V5 August 16 - 19,2020

An extension of the numerical radius!
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Abstract

The matricial range has been introduced by W. Areveson as a matrix valued ex-
tension of the numerical range. Noting the connection between the numerical range
and numerical radius, we introduce a quantity related to the matricial range of a ma-
trix. We present some of its properties which are extensions of the results about the
numerical radius.

Keywords: Numerical range, Numerical radius, Matricial range
Mathematics Subject Classification [2010]: 15A60, 47A12

1 Introduction

Throughout this paper assume that M, is the algebra of all n x n matrices with complex
entries and I denotes the identity matrix in any size. We write A >0 (A > 0), when A is
a positive semidefnite (positive definite) matrix. The well-known (Léwner) partial order
on the real space of all Hermitian matrices is defined by A < B if and only if B — A > 0.

A well-known concept in the matrix theory is the numerical range. The numerical
range of a matrix A € M, is defined by W(A) = {z*Az; x € C", ||z|| = 1}. This set
has many applications, for example in numerical analysis and differential equations. The
numerical radius of a matrix A € M, is defined by

w(A) =sup{|z|; z € W(A)} = sup{|z*Azx|; x € C", ||z] = 1}.
Some basic properties of the numerical radius are as follows:
Theorem A. For every A, B € M,
(i) w(4) =w(A4") and w(U*AU) = w(A) for every unitary U € M,;
(i) %HAH < w(A) < ||A]l and w(A) = | A]l if A is normal;
(i) w(d) > 2[R+ AP 2 1Al

Moreover, it is known that w(A) < 1 if and only if there exits a Hermitian matrix H

such that [ I+ H T

T I_H ] is positive semi-definite.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: kian@ub.ac.ir
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A map ® : M,, — M,, is called positive if ®(M;) C M}, in which M} is the set of

m?
all positive semi-definite matrices in M,,. Moreover, for k € N, the mapping ® is called

k-positive if the mapping ®j : My(M,,) — M(M,,) defined by @ ([4i;]) = [P(A4;)] is
positive. If & : M,, — M,, is k-positive for every k € N, then ® is called completely
positive (CP for short). ® is called unital if &(I) = I.

As a matrix valued extension of the numerical range, W. Arveson introduced the k’th
matricial range of A € M, by

Wk(A) = {®(A); ®:C*(A) — My is a unital CP map},

where C*(A) is the unital C*-algebra generated by A. The matricial range has favourite
properties, some of them like those of the numerical range. As a well-known property of
the numerical range, the Toeplitz-Hausdorff result says that it is a convex set. Fortunately,
the matricial range enjoys this property in a stronger manner. It is known that the matri-
cial range of a matrix is C*-convex. A set K C M, is called C*-convex, if X1,...,X,, € K
and C1,...,Cp € M, with 3770, C7Cj = I imply that 770, ATX;A; € K. Indeed, this
is a noncommutative generalization of linear convexity. Some basic properties of the ma-
tricial range reads as follows:

Theorem B. If T' € Ml,, and k£ € N, then

(i) WHT*) =WHT);
(il) WKU*TU) = W*(T) for each unitay U € M,,;
(iii) W*(al,) = {ad} and WH(aT + BI) = aW*(T) + 81}, for all a, 3 € C.

It should be remarked that except in some special cases, it is not routine to obtain the
matricial ranges of a matrix.

The main aim of the preset work is to consider a related concept to the matricial range
in parallel to the connection of the numerical range and numerical radius.

2 Main results

Minding the matricial range, it is natural to think about a possible extension of the
numerical radius. However, a direct extension as max{||X||; X € W¥(A)} would not be
interesting, because it is exactly equal to || A]|.

We introduced the following quantity related to the matricial range.

Definition 2.1. For A € M,,, we define
wF(A) = sup {|Tr®(A)|; & : C*(A) — M, is unital CP map} .

where Tr(-) denotes the canonical trace.

It is easy to see that for every k € N,

(i) (A7) =wh(A);
(i) w*(U*AU) = w(A) for every unitary U;
(iii) w¥(A) < k||A| equality holds if A is normal.

We present some other properties of wk(A) which are extension of facts in Theorem A.
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Theorem 2.2. Let A € M, and k € N. Then w*(A) < k if and only if there exits a
I+H T

Hermatian matriz H € My, such that { T I

] is positive semi-definite.
Theorem 2.3. Let A, B € Ml,,. For every k € N
k k * |2 2
HF(AB) < o |14+ 1BP|.
The next theorem provides an extension of (iii) of Theorem A.

Theorem 2.4. Let A€ M, and k € N. Then

k .
WF(A) > 3 ([P + At
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Abstract

By applying the steepest descent technique to the nested splitting conjugate gradi-
ent (NSCGQG) iteration scheme, we introduce a non-stationary iteration method named
steepest descent nested splitting conjugate gradient (SDNSCG) iteration method to
solve non-symmetric positive definite linear systems. Numerical results verify the
effectiveness and robustness of the SDNSCG iteration method.
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1 Introduction

In many problems in scientific computing we encounter with a system of linear equations
such as
Az = b, (1)

where A € R™*" is a nonsingular matrix, x € R" is an unknown vector and b € R" is a
given vector. We consider a symmetric positive definite splitting

A=B-C, (2)

where B is a symmetric positive definite matrix and p(B~'C) < 1. Then the system of
linear equations (1) is equivalent to the fixed-point equation

Bx =Cx +b.

For a given initial guess z(9), suppose that we have computed approximations z(?), z(1)
, z(®) to the solution z* of the system of linear equations (1). Then the next approxi-
mation z(*™1 is obtain by solving the system of linear equations

Bz = Cz® 1+ b, (3)

by the conjugate gradient method. It is actually inner/outer iterations, which employees
the conjugate gradient method as inner iteration to approximate each outer iterate, while

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: mo.khorsand@mail.um.ac.ir
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outer iteration is induced by the (2) splitting. This is the initial idea of the nested splitting
conjugate gradient (NSCG) method.

Axelsson et al. [1] proposed a class of the NSCG method for solving linear systems
with a coefficient matrix with a dominant positive definite symmetric part. They proposed
some implementation strategies for choosing matrices B and C respect to the coeflicient
matrix A. In the special case for nonsymmetric and positive definite coefficient matrix A,
they choose B = H and C' = .5, When

AT+ A AT — A

H Y Y
2 2

(4)

are the symmetric and skew-symmetric parts of matrix A, respectively. Moreover, the
regularizing technique was proposed by using a quasi-Hermitian splitting

A= B(a) - C(a), (5)

where
B(a) = B+ al, Cla)=C+al, (6)

and o > 0 is a regularizing parameter [1].
For non-Hermitian positive definite coefficient matrix A, Li and Wu [3] proposed a
single step Hermitian and skew-Hermitian (SHSS) method described as

(oI + H)z® ) = (ol + 9)2® + b, k=0,1,---, (7)

where H and S are as in (4).
Wang et al. [4] proposed a single-step iteration method for non-Hermitian positive
definite linear systems which described as

(P + H)z® D) = (P + 8)2® 4+, k=0,1,---, (8)

where H and S are as in (4) and P is a given Hermitian positive definite matrix. When
P = al, this method reduced to the SHSS method [3]. As an other choice, we have
P = aH, see [4] for more details.

We can consider (7) and (8) as classes of the regularized NSCG method.

Recently, Yang et al. [6], by applying the minimum residual technique to the Hermitian
and skew-Hermitian (HSS) iteration scheme, proposed a non-stationary iteration method
named minimum residual HSS (MRHSS).

Motivated by [5,6], we apply the steepest descent technique to the nested splitting con-
jugate gradient iteration scheme and introduce a non-stationary iteration method named
steepest descent nested splitting conjugate gradient (SDNSCGQG) iteration method to solve
non-symmetric positive definite linear systems.

2 Main results
The linear system (3) can be rewritten as

z=2® 4+ k),

where 7*) = b — Az(*) is the kth residual of the linear system (1). Thus, the NSCG
iteration scheme (3) can be rewritten as

2D — k) | (k) ()
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where

58 — p1,0) (10)

can be consider as the search direction from z(¥) to z(*+1. The step size in (9) is unitary.
Thus, for improving the efficiency of the iteration scheme (9), we introduce an arbitrary
positive parameter 5 to control the step sizes, which leads to the following new iteration
scheme:

kD) = (k) 4 g, 5k, (11)

The residual form of the iteration (11) can be written as

pHD — () _ g A5H), (12)
From the steepest descent algorithm and the Petrov-Galerkin condition we have

(r®) — gL AK) Ry = 0,

and this yields
(k) (k)Y

B = a5 1y
Therefore, the SDNSCG algorithm can be describe as follows:

Algorithm 2.1. The steepest descent NSCG algorithm
1. Select an initial guess (9, compute 7(©) = b — Az
2. For k=0,1,2,---, until convergence, Do:
3. Solve system Bd*¥) = () by the CG method

4. w = A§K)

OO
5 P = Ty

7. rkt) — (k) — By
8. End Do

Remark 2.2. From relation (11), the iteration sequence of the SDNSCG method yields

20U+ = 20) ﬂjB_lr(j). (14)
Therefore, we can obtain
m—1
2 =0 4 g1 Z Br). (15)
§=0

Applying (12), with respect to (10), recursively for k = j —1,---,1,0, we obtain
. 0
rO = T[] -8B | . (16)

i=j—1
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By substituting (16) into (15), the approximate solution z(™) yields as

m—1 0
2™ =204+ | [ U-8B7" | r©
7=0 i=j—1

So, the approximate solution (™ does not belong to the affine space xg + Ky, where ICpp,
is a Krylov subspace. This means the SDNSCG iteration method is not a standard Krylov
subspace method.

3 Numerical results

In this section, we give two examples to demonstrate the performance of the SDNSCG
method for solving the linear system (1). Numerical comparisons with steepest descent
(SD) and NSCG methods are also presented to show the advantage of the SDNSCG
method.

Each iterations process is started from an initial vector having all entries equal to zero,
and terminated once either the iteration number is over 10000 or the current iteration
residual r*) = b — Az® satisfies ||r*)]|o/|[7D]]s < 10710, where () = b — Az is the
initial residual. In addition, we take the right hand side vector b such that the exact
solution of the system of linear equations (1) is #* = (1,1,---,1)T.

Example 3.1. Consider the non-symmetric positive definite linear system (1) with A =
tridiag(—2, 4, —1) as the coefficient matrix. We apply the methods for different dimensions
n to the linear system. For each method, we reported the number of iterations and CPU
time in second (in parentheses) in the Table 1. In the Table 1, we observe that for this

Table 1: Results for the Example 3.1

| Method | n=1000 | n =2000 | n=3000 [ n=4000 | n = 5000 |

SD 65(0.187) | 63(0.594) | 62(1.375) | 61(2.218) | 60(3.753)
NSCG | 19(0.531) | 18(2.102) | 18(4.943) | 18(6.531) | 18(9.671)
SDNSCG | 19(0.328) | 18(1.843) | 18(4.328) | 18(5.963) | 18(8.937)

example the SD method performs better than the other two methods in term of the CPU
time. Moreover, the NSCG and SDNSCG methods give similar results for this example.

Example 3.2. For the second example, we consider test matrix nos1 of dimension n = 237
from Harwell-Boeing collection as the coefficient matrix A in the linear system (1). The
results of this problem presented in the Table 2. In Table 2, the t sign for the CPU time

Table 2: Results for the Example 3.2

y | SD NSCG ~ SDNSCG |
CPU-time t 11.265 0.062
iterations > 10000 1753 2
([ ] 1.3387e+5  0.7697 0.0104
[|z®) — 2%y | 11.9520  9.5606e-4 1.56658¢-11

means that the method was not converged in 10000 iterations. The results in the Table
2 show the efficiency and advantage of the SDNSCG method versus the other methods.
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Figure 1: Convergence history of the methods for 100 first iterations

Moreover, we compare the convergence history of the methods for 100 first iterations in
the Figure 1. Figure 1 shows, for this example the residual norm of the SDNSCG method
decreases faster and sharper versus the other methods.

4 Conclusion

For non-symmetric positive definite system of linear equations, we present a kind of steep-
est descent NSCG (SDNSCG) iteration method to approximate its solution. Numerical
results showed that the SDNSCG iteration method is very efficient and robust, especially
for the second example.
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Abstract

The main aim of this article is to obtain numerical radius inequalities for the Young
and Heinz types of positive matrices A and B.
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1 Introduction

Suppose that (7, (., .)) is a complex Hilbert space and B(.#") denotes the C*-algebra
of all bounded linear operators on .#°. In the case when dim.J# = n, we identify B(.7¢)
with the matrix algebra M, (C) of all n x n matrices with entries in the complex field,
M (C) and M+ (C) are the cones of positive semidefinite and strictly positive semidefinite
matrices in M, (C). An operator T' € B(5) is called positive(positive semidefinite for a
matrix) if (Tx,xz) > 0 for all € S, then write T > 0. In M, (C), beside the usual
matrix product, the entrywise product of two matrices T' = (¢;;) and S = (s;5) is called
their Hadamard(Schur) product T o S = (t;js5), a principal submatrix of the tensor
product T'® S = (t;;5)1<i j<n. The Schur Theorem says that the Hadamard product
of two positive semidefinite matrices is positive semidefinite. Therefore, if T = (t;;)
is positive semidefinite and x1,z9, ..., T, are real numbers, then the matrices (tij)’~C and
(xijzjti;) = diag(z1, z, ..., xn)T'diag(x1, 2, ..., ) are positive semidefinite for any positive
integer k. We shall say two matrices X and Y are congruent if Y = S*X S for some
nonsingular matrix S(i.e. detS # 0). Note that congruence is an equivalence relation, so
if X is positive, then every congruence matrix to X is also positive.

The numerical range of an operator T' € B(¢) is the subset of the complex number C,
given by

W(T)={(Tz,z) : € H, | z|=1}

The following properties of W(T') are immediate:

(i) W(al 4+ BT) = a+ pW(T) for a, g € C;

(it) W(T™*) = {\ X € W(T)};

(iii) W(U*TU) = W(T) for any unitary U.
The following lemma and theorems can be found in [1].

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: f.goli@ pgs.usb.ac.ir
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Lemma 1.1. Let T be an operator on a two-dimensional space. Then W (T) is an ellipse
whose foci are the eigenvalues of T.

Theorem 1.2. The numerical range of an operator is convex.

Theorem 1.3. The spectrum of an operator is contained in the closure of its numerical
range.

The numerical radius w(T") of an operator 1" € B(.7) is given by
w(T) =sup{|A\| : Ae W(T)}.

The numerical radius is not unitarily invariant but it is weakly unitarily invariant.
This means that w(UTU*) = w(T') for any unitary matrix U. The numerical radius, w(-)
is a norm.

This norm is equivalent to the operator norm || - ||. Recall that the operator norm of an
operator T' € B() is defined as || T[] = sup|g=y [|[Tz[]. In fact for any T' € B(J¢), we

have
1T
S w(@) < [T (1)

The inequalities in (1) are sharp: The second inequality becomes an equality if T is normal,
while the first inequality becomes an equality if 72 = 0.

For any operator T € B(.) we have the following refinement of the seconed inequality
in (1):

w(T) < S(IT)+ 1721

Also, a considerable improvement of the first inequality in (1) is given as follows:

L T
171, 1ReT) =154 i) - S

< .
2 1 1 s wl)
Kittaneh proved that for any operator 1" € B(.7¢)
1 1
EHT*T—FTT*H < w?*(T) < §||T*T+TT*||. (2)

Since
1 2 L * 2 Lo * 2
T2 < NI T+ T < wA(T) < ST+ 1T < T,
then inequalities (2) improve the inequalities (1).
Similarly in [3] is shown for 7" € B(.#), r > 1 and 0 < a < 1, we have

1
W (T) = 5 TP + T 20er),

w?(T) = | TP + (1 — )| T
We recall the following result.

w(Y oZ) < mzaxyiiw(Z), (3)
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where Y € M[I(C) and Z € M,,(C). The numerical radius for 2 x 2 operator matrices has
the following well know properties.

wl(§ p )= maxtua)w(),
ol oo P=up oM
wl( g ) =gswlets+ee,
A
B

w(< i)) — max{w(A + B),w(A - B)}, (4)

and from (4), we get

Also, we have

“(en)=e(0p)
“(en)=elen)

Also, we have a numerical radius inequalities involving off diagonal operator matrix as

and

follows:
max{w(B + C),w(B - C)} 0 B w(B+C)+w(B - C)
2 = “’<< C 0 >) = 2

Consequently, we have

2

Recall that the celebrated Heinz inequality states that for A, B € M, (C), X € M, (C)
and 0 < v <1, we have

2[|AV2XBY|| < |||A“X B! + A XBY||| < [||AX + X B ()

B <u( g ¢ ) <um).

for any unitarily invariant norm ||| - ||| on M, (C).

Some mathematicians proved several refinements and extensions of this inequality. Sabab-

heh in [4] showed for any A > 0, X € M,,(C), a >0, 232 < v < 22 and —2 < ¢ < 2 the

following relation holds:

2w (A=)
2+t

Also, he showed the Young’s version of the numerical radius inequality for A > 0, X €

M, (C), v € R and —2 < t < 2 as follows:

w( A2u—1)

t+72w

In this paper, we extend this inequalites for positive matrices A and B.

w(A" XAV + ATV XAY) < w(AX +1A2 X A5 + X A%). (6)

w(AVXAY) < (AXAZ2 L 1ATX A2 4 XAT), (7)
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2 Main results

In the section we give some extensions of the previous inequalities which are given by some
authors.

Theorem 2.1. Let A,B > 0 and X € M, (C). Then for a > 0, % <rv< Q‘fT“ and
-2 <t <2, we have

w(A"XB'™ + A"V X BY)
4 o
< gy max (w(A' ) w(B ) w(A'X + tASX B + XBY).
Corollary 2.2. Let A,B > 0. Then

w(A+ B) < max (w(A%), w(B%)> w(A% +2A1B1 + B%)
Corollary 2.3. Suppose that A, B > 0 and X € M,,(C). Then
w(A*XB™ + A" XBY) < 2w(AX + XB).
In particular,
w(A2B?) < w(A + B).
Theorem 2.4. Let A,B >0 and X € M,,(C). Then forv eR and -2 <t <2,
w(AYXB¥™Y)

2
< g max (WA, w(B* ) w(AX BT + tASX B2 4 X B2 ).

Corollary 2.5. Suppose A, B >0 and X € M,,(C). For p,q > 1 such that % + % =1,
1 1 2 4 2_q 1—2 2
w(A? XB1) < max (w(Ap ), w(B? )) w(AXB'"» + XB1).
In particular,

w(A2XB?) < w(AX + XB).

3 Conclusion

By an example we show that the inequality w(A* X B + A XB") < w(AX + XB) is
not true in general. In this paper, we give an upper bound for w(A* X B!=" + A'=* X BY).
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Abstract

In this paper, Singular Value Decomposition is used to classify handwritten digits.
Handwritten digit classification is a subarea of pattern recognition. Digital images
have a basic matrix representation, which is used to detect different patterns of the
same digits using SVD. Afterwards, any new sample images can be classified with a
high accuracy level for recognition, which is reported.

Keywords: Singular Value Decomposition, Handwritten digits, Pattern recognition,
MNIST dataset
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1 Introduction

A classic problem in the field of pattern recognition is that of handwritten digit recognition.
Suppose that we have an image of a digit submitted by a user via a scanner, a tablet, or
other digital device. The goal is to design an algorithm that can correctly identify the
digit. The applications of such an algorithm are far reaching. With this technology, the
post office would be able to scan envelopes and effectively sort them by zip code and banks
would be able to process checks more efficiently.

In this paper, we present a simple yet effective algorithm which assumes that each set of
digits lies in subspace whose basis is obtained via the idea of Singular Value Decomposition
(SVD). When an unknown digit is read in, we project the digit onto each of the ten
subspaces and classify the digit according to the smallest residual vector under the 2-
norm.

Here vectors are used to represent digits. The image of one digit is a 28 x 28 matrix
of numbers, representing gray scale. It can also be represented as a vector in R7®, by
stacking the columns of the matrix. A set of n digits (handwritten 3’s, say) can then be
represented by matrix A™4*" and the columns of A can be thought of as a cluster. They
also span a subspace of R™%.

!Dedicated to Alireza Afzalipour and Fakhereh Saba, the founders of Kerman University
*Speaker. Email address: hosseinnaserasadi74@gmail.com
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2 Classification of Handwritten Digits using SVD bases

The Singular Value Decomposition is a standard technique used in data analysis for the
purpose of dimensionality reduction. Here it will be used as a tool for classification. Before
we delve into the details of its application, let us first review some of the theoretical
background about singular value decomposition.

Theorem 2.1. Let A be an mxn matriz (m > n) with nonzero singular values 1,09, - , 0y
then there exist orthogonal matriz U € R™*™ qalso V € R™™ such that:

D)

A=UsVT 2 = <0

> c Rmxn’ ZO — diag(gl, ...,(Tn), (1)

therefore rank of A is r and we can write:

_ T ~ (S 0\ (VT - T
A=UxV* =(U,U,) <0 0 ‘A/,,T =U,% V', (2)
where
U. € R™" %, = diag(o1,...,0,) € R"”" V. € R™*". (3)

The SVD can be used to compute the rank of a matrix. However, the zero singular
values usually appear as small numbers. Similarly, if A is made up from a rank k matrix
and additive noise of small magnitude, then it will have k singular values that will be
significantly larger than the rest. If trailing small diagonal elements of 3 are replaced by
zeros, then a rank k approximation Ay of A is obtained as

e (S O\ (VN e (T 0 (Vi T _
A—(UkUk)<0 Zk) <VkT ~ (U (g o yr = UiV, = Ay,

such that
X € Rka, ”ik” < €.

Theorem 2.2. Let ||.| denote any orthogonally invariant norm, and let the SVD of A €
R™*™ be given as in Theorem 2.1 Assume that an integer k is given with 0 < k < r =
rank(A). Then

i A-B|=]A-A
Lmin (A= Bl = A4~ A,

where

k
Ak = UkaVkT = Zaiuiv;f.
i=1
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2.1 Theory and Algorithm

The problem we face in this section is:

Given a set of of manually classified digits (the training set), classify a set of unknown
digits (the test set).

Each image of a handwritten digit can be considered as an m x m matrix where each
entry in the matrix is a gray scale pixel value. The columns of each image are stacked to
form a column vector of size m?*!. All the stacked images of a single digit are concatenated
to form a matrix A; € R™ X" with n being the number of training images for a particular
digit and 5 = 0,1,---,9 being the particular digit.

Figure 1: Handwritten digits from the US Postal Service Database.

The idea now is to model the variation within the set of training digits of one kind
using an orthogonal basis of the subspace. An orthogonal basis can be computed using
the SVD, and A can be approximated by a sum of rank 1 matrices Theorem2.2,

k
A= E aiuiviT,
i=1

for some value of k. Each column in A is an image of a digit 3, and therefore the
left singular vectors u; are an orthogonal basis in the image space of 3’s. We will refer to
the left singular vectors as singular images. From the matrix approximation properties of
the SVD (Theorem 2.2) we know that the first singular vector represents the dominating
direction of the data matrix. Therefore, if we fold the vectors u; back to images, we expect
the first singular vector to look like a 3, and the following singular images should represent
the dominating variations of the training set around the first singular image.

The SVD basis classification algorithm will be based on the following assumptions.

1. Each digit (in the training and test sets) is well characterized by a few of the first
singular images of its own kind.

2. An expansion in terms of the first few singular images discriminates well between
the different classes of digits.

3. If an unknown digit can be better approximated in one particular basis of singular
images, the basis of 3’s say, than in the bases of the other classes, then it is likely
that the unknown digit is a 3.

Thus we should compute how well an unknown digit can be represented in the ten different
bases. This can be done by computing the residual vector in least squares problems of the

type
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k
min ||P — Z a;uil|,
o i=1

where P represents an unknown digit, and wu; the singular images. We can write this
problem in the form
moin HP — UkOéHQ,
where Uy = (u1,u2, - ,u). Instead of solving this minimization problem, we can
equivalently solve for the square of the 2-norm.
min || P — Uya|3
«

= min(P — Upa)T (P — Upa)

= min(PT — oTU (P - Upa)

Y
= Hgn(UTP — PTUa — TUI'P + aTa)
Taking the derivative of the last expression with respect to a and setting it equal to
zero we get
27 —2PTU, =0
ol = Py,
a=UlP

and the norm of the residual vector of the least squares problems is

I(I = URUL) P

Intuitively, UkT P is the projection of P onto the digit space so the distance is just the
2-norm of the residual vector. In figure2, we have a geometric illustration of the scenario
where S = span(Uk).

P — ProjsP

S

Figure 2: The probe P, its projection onto S = span(Uk), and the residual.
The proposed algorithm is described in Algorithm 2.3. The key advantages of this algo-

rithm are simplicity and lower complexity in large sets of data, which is further discussed
in the next section.
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Algorithm 2.3. SVD Basis Classification Algorithm

1. Create matrices Xy, X1, ..., Xg from TrainingSet where
X, is a column matrix of all records belonging to class i, ¢ = 0,1, ..., 9.

2. Fori e {0,1,...,9} do

3. Compute the SVD of X;, U, %, VT = X;
4. D; + I - U UF

5. end for

6. For test vector P € TestSet do

7. j =argminig; o ||DiP|2

8. Classify vector P as belonging to class j
9. end for

10. return TestSet Labels

3 Numerical results

The results on a partial subset of the MNIST Digits dataset, containing 42,000 sample
28 x 28 dimensional gray scale images, are provided below. The method is compared to
three other classifiers: K-Nearest Neighbors classifier, a Linear Kernel Support Vector
Machine classifier and a Neural Network classifier. In order to evaluate the performance
of this classification algorithm, we used 5-fold cross-validation for train/test split. This
means that the entire dataset was shuffled and partitioned into 5 subsets. Then, for each
subset, a new model is created in which the rest of the subsets are the training data and
the subset itself is the test data. The parameter k£ was also set to 20 in these experiments.
The neural network was trained using Adam optimizer and consists of 1 hidden layer with
100 neurons. The parameter K for the nearest neighbors classifier was set to 5. The
linear SVM was set to [2 norm penalty and the regularization parameter was set to 1.0.
All implementations were done using Python and the three other classifiers were already
implemented by Scikit-Learn library. The SVD classifier was implemented using Numpy’s
SVD module. The results are provided in Table 1.

Table 1: Results of the 5-fold cross-validation on MNIST Digits

’ Method ‘ Mean Accuracy ‘ Computational Time (seconds) ‘
SVD Classifier 95.49 51
KNN Classifier 96.68 895
Support Vector Machine Classifier 90.60 231
Neural Network Classifier 95.67 96

As it can be seen, the proposed classifier comes very close to KNN and the neural
network which are some of the most widely used classifiers in terms of accuracy, while
carrying less computational burden. The proposed approach exceeds the linear SVM
classifier in terms of accuracy as well. The computational time provided is the mean time
taken at each fold to train on the training data and classify the test data. It is worth
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noting that while KNN has the longest computational time, almost 98 percent of this time
was spent for classifying test data, which points to its weakness. The neural network on
the other hand took less than a second to classify test data, while taking over 90 seconds
to train, which also points out its slower training phase when compared to the proposed
method. The same standard holds for the linear SVM which took over 230 seconds to
train on the dataset, but took only a fraction of a second to evaluate the test data. This
method however took only 21 seconds to train and 30 seconds to classify the test data,
which shows a more moderate time in both overall.

4 Conclusion

In this paper, a basic representation for digital images was presented, and singular value
decomposition was employed to extract patterns between images of the same class. These
patterns can help classify new images, and as the test results show, is quite accurate in
doing so, when provided with enough training data. When compared to other classifiers,
it can be seen that this method is more efficient in terms of complexity when considering
a large number of samples, which in this case was a total of 42,000 images. Possible future
extensions of this method may be an extension to other types of numerical data, as well
as colored images.
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