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            A M E R I C A N  M A T H E M A T I C A L  S O C I E T Y



اعداد رمزی و نظریه جمعی اعداد





 در هر رنگ آمیزی از یال های گراف کامل به اندازه کافی بزرگ
nحتما یک خوشەی کامل تکرنگ به اندازه     به وجود می آید!

<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

1930



R(m,n)
<latexit sha1_base64="IiNDxJa/RpFOQDdXU3rlGP6NB1Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYxTwgWcLsZJKMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VxZwZ6/vfXm5ldW19I79Z2Nre2d0r7h80jEo0oXWiuNKtCBvKmaR1yyynrVhTLCJOm9HoZuo3n6g2TMkHO45pKPBAsj4j2DqpcV8WZ/K0Wyz5FX8GtEyCjJQgQ61b/Or0FEkElZZwbEw78GMbplhbRjidFDqJoTEmIzygbUclFtSE6ezaCTpxSg/1lXYlLZqpvydSLIwZi8h1CmyHZtGbiv957cT2r8KUyTixVJL5on7CkVVo+jrqMU2J5WNHMNHM3YrIEGtMrAuo4EIIFl9eJo3zSuBXgruLUvU6iyMPR3AMZQjgEqpwCzWoA4FHeIZXePOU9+K9ex/z1pyXzRzCH3ifP3L9jmA=</latexit><latexit sha1_base64="IiNDxJa/RpFOQDdXU3rlGP6NB1Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYxTwgWcLsZJKMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VxZwZ6/vfXm5ldW19I79Z2Nre2d0r7h80jEo0oXWiuNKtCBvKmaR1yyynrVhTLCJOm9HoZuo3n6g2TMkHO45pKPBAsj4j2DqpcV8WZ/K0Wyz5FX8GtEyCjJQgQ61b/Or0FEkElZZwbEw78GMbplhbRjidFDqJoTEmIzygbUclFtSE6ezaCTpxSg/1lXYlLZqpvydSLIwZi8h1CmyHZtGbiv957cT2r8KUyTixVJL5on7CkVVo+jrqMU2J5WNHMNHM3YrIEGtMrAuo4EIIFl9eJo3zSuBXgruLUvU6iyMPR3AMZQjgEqpwCzWoA4FHeIZXePOU9+K9ex/z1pyXzRzCH3ifP3L9jmA=</latexit><latexit sha1_base64="IiNDxJa/RpFOQDdXU3rlGP6NB1Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYxTwgWcLsZJKMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VxZwZ6/vfXm5ldW19I79Z2Nre2d0r7h80jEo0oXWiuNKtCBvKmaR1yyynrVhTLCJOm9HoZuo3n6g2TMkHO45pKPBAsj4j2DqpcV8WZ/K0Wyz5FX8GtEyCjJQgQ61b/Or0FEkElZZwbEw78GMbplhbRjidFDqJoTEmIzygbUclFtSE6ezaCTpxSg/1lXYlLZqpvydSLIwZi8h1CmyHZtGbiv957cT2r8KUyTixVJL5on7CkVVo+jrqMU2J5WNHMNHM3YrIEGtMrAuo4EIIFl9eJo3zSuBXgruLUvU6iyMPR3AMZQjgEqpwCzWoA4FHeIZXePOU9+K9ex/z1pyXzRzCH3ifP3L9jmA=</latexit><latexit sha1_base64="IiNDxJa/RpFOQDdXU3rlGP6NB1Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYxTwgWcLsZJKMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VxZwZ6/vfXm5ldW19I79Z2Nre2d0r7h80jEo0oXWiuNKtCBvKmaR1yyynrVhTLCJOm9HoZuo3n6g2TMkHO45pKPBAsj4j2DqpcV8WZ/K0Wyz5FX8GtEyCjJQgQ61b/Or0FEkElZZwbEw78GMbplhbRjidFDqJoTEmIzygbUclFtSE6ezaCTpxSg/1lXYlLZqpvydSLIwZi8h1CmyHZtGbiv957cT2r8KUyTixVJL5on7CkVVo+jrqMU2J5WNHMNHM3YrIEGtMrAuo4EIIFl9eJo3zSuBXgruLUvU6iyMPR3AMZQjgEqpwCzWoA4FHeIZXePOU9+K9ex/z1pyXzRzCH3ifP3L9jmA=</latexit>



R(m,n)  R(m� 1, n) +R(m,n� 1)
<latexit sha1_base64="haC1NYGZQoPzdvo0av3bMhkbC5w=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFaNGWiQi6LLpxWcVeoB1KJs20oZnMmGSEUrp046u4caGIWx/BnW9jZjoLrf4Q+PKfc0jO70WcKe04X1ZuYXFpeSW/Wlhb39jcsrd3miqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRpdJvXVPpWKhuNXjiLoBHgjmM4K1sXr2/k0pOBZl2OX0DhquoOR2BFO7gso9u+hUnVTwL6AMiiBTvWd/dvshiQMqNOFYqQ5yIu1OsNSMcDotdGNFI0xGeEA7BgUOqHIn6SJTeGicPvRDaY7QMHV/TkxwoNQ48ExngPVQzdcS879aJ9b+uTthIoo1FWT2kB9zqEOYpAL7TFKi+dgAJpKZv0IyxBITbbIrmBDQ/Mp/oXlSRU4VXZ8WaxdZHHmwBw5ACSBwBmrgCtRBAxDwAJ7AC3i1Hq1n6816n7XmrGxmF/yS9fENpNyV5A==</latexit><latexit sha1_base64="haC1NYGZQoPzdvo0av3bMhkbC5w=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFaNGWiQi6LLpxWcVeoB1KJs20oZnMmGSEUrp046u4caGIWx/BnW9jZjoLrf4Q+PKfc0jO70WcKe04X1ZuYXFpeSW/Wlhb39jcsrd3miqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRpdJvXVPpWKhuNXjiLoBHgjmM4K1sXr2/k0pOBZl2OX0DhquoOR2BFO7gso9u+hUnVTwL6AMiiBTvWd/dvshiQMqNOFYqQ5yIu1OsNSMcDotdGNFI0xGeEA7BgUOqHIn6SJTeGicPvRDaY7QMHV/TkxwoNQ48ExngPVQzdcS879aJ9b+uTthIoo1FWT2kB9zqEOYpAL7TFKi+dgAJpKZv0IyxBITbbIrmBDQ/Mp/oXlSRU4VXZ8WaxdZHHmwBw5ACSBwBmrgCtRBAxDwAJ7AC3i1Hq1n6816n7XmrGxmF/yS9fENpNyV5A==</latexit><latexit sha1_base64="haC1NYGZQoPzdvo0av3bMhkbC5w=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFaNGWiQi6LLpxWcVeoB1KJs20oZnMmGSEUrp046u4caGIWx/BnW9jZjoLrf4Q+PKfc0jO70WcKe04X1ZuYXFpeSW/Wlhb39jcsrd3miqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRpdJvXVPpWKhuNXjiLoBHgjmM4K1sXr2/k0pOBZl2OX0DhquoOR2BFO7gso9u+hUnVTwL6AMiiBTvWd/dvshiQMqNOFYqQ5yIu1OsNSMcDotdGNFI0xGeEA7BgUOqHIn6SJTeGicPvRDaY7QMHV/TkxwoNQ48ExngPVQzdcS879aJ9b+uTthIoo1FWT2kB9zqEOYpAL7TFKi+dgAJpKZv0IyxBITbbIrmBDQ/Mp/oXlSRU4VXZ8WaxdZHHmwBw5ACSBwBmrgCtRBAxDwAJ7AC3i1Hq1n6816n7XmrGxmF/yS9fENpNyV5A==</latexit><latexit sha1_base64="haC1NYGZQoPzdvo0av3bMhkbC5w=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFaNGWiQi6LLpxWcVeoB1KJs20oZnMmGSEUrp046u4caGIWx/BnW9jZjoLrf4Q+PKfc0jO70WcKe04X1ZuYXFpeSW/Wlhb39jcsrd3miqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRpdJvXVPpWKhuNXjiLoBHgjmM4K1sXr2/k0pOBZl2OX0DhquoOR2BFO7gso9u+hUnVTwL6AMiiBTvWd/dvshiQMqNOFYqQ5yIu1OsNSMcDotdGNFI0xGeEA7BgUOqHIn6SJTeGicPvRDaY7QMHV/TkxwoNQ48ExngPVQzdcS879aJ9b+uTthIoo1FWT2kB9zqEOYpAL7TFKi+dgAJpKZv0IyxBITbbIrmBDQ/Mp/oXlSRU4VXZ8WaxdZHHmwBw5ACSBwBmrgCtRBAxDwAJ7AC3i1Hq1n6816n7XmrGxmF/yS9fENpNyV5A==</latexit>



R(m,n) 
✓
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◆

<latexit sha1_base64="6pZMxD4+BqA+yz32J4u0h1NDleo=">AAACCHicbVA9SwNBEN2L3/Hr1NLCxSAoargLgpaijaWKiUIuhL3NJFmyH+funhCOlDb+FRsLRWz9CXb+GzfxCo0+GHi8N8PMvDjhzNgg+PQKE5NT0zOzc8X5hcWlZX9ltWZUqilUqeJK38TEAGcSqpZZDjeJBiJiDtdx73ToX9+BNkzJK9tPoCFIR7I2o8Q6qelvXG6LPbmDIw63OJO7Yr+CI9pVygCW++Gg6ZeCcjAC/kvCnJRQjvOm/xG1FE0FSEs5MaYeBoltZERbRjkMilFqICG0RzpQd1QSAaaRjR4Z4C2ntHBbaVfS4pH6cyIjwpi+iF2nILZrxr2h+J9XT237qJExmaQWJP1e1E45tgoPU8EtpoFa3neEUM3crZh2iSbUuuyKLoRw/OW/pFYph0E5vDgoHZ/kccyidbSJtlGIDtExOkPnqIooukeP6Bm9eA/ek/fqvX23Frx8Zg39gvf+BWvsl68=</latexit><latexit sha1_base64="6pZMxD4+BqA+yz32J4u0h1NDleo=">AAACCHicbVA9SwNBEN2L3/Hr1NLCxSAoargLgpaijaWKiUIuhL3NJFmyH+funhCOlDb+FRsLRWz9CXb+GzfxCo0+GHi8N8PMvDjhzNgg+PQKE5NT0zOzc8X5hcWlZX9ltWZUqilUqeJK38TEAGcSqpZZDjeJBiJiDtdx73ToX9+BNkzJK9tPoCFIR7I2o8Q6qelvXG6LPbmDIw63OJO7Yr+CI9pVygCW++Gg6ZeCcjAC/kvCnJRQjvOm/xG1FE0FSEs5MaYeBoltZERbRjkMilFqICG0RzpQd1QSAaaRjR4Z4C2ntHBbaVfS4pH6cyIjwpi+iF2nILZrxr2h+J9XT237qJExmaQWJP1e1E45tgoPU8EtpoFa3neEUM3crZh2iSbUuuyKLoRw/OW/pFYph0E5vDgoHZ/kccyidbSJtlGIDtExOkPnqIooukeP6Bm9eA/ek/fqvX23Frx8Zg39gvf+BWvsl68=</latexit><latexit sha1_base64="6pZMxD4+BqA+yz32J4u0h1NDleo=">AAACCHicbVA9SwNBEN2L3/Hr1NLCxSAoargLgpaijaWKiUIuhL3NJFmyH+funhCOlDb+FRsLRWz9CXb+GzfxCo0+GHi8N8PMvDjhzNgg+PQKE5NT0zOzc8X5hcWlZX9ltWZUqilUqeJK38TEAGcSqpZZDjeJBiJiDtdx73ToX9+BNkzJK9tPoCFIR7I2o8Q6qelvXG6LPbmDIw63OJO7Yr+CI9pVygCW++Gg6ZeCcjAC/kvCnJRQjvOm/xG1FE0FSEs5MaYeBoltZERbRjkMilFqICG0RzpQd1QSAaaRjR4Z4C2ntHBbaVfS4pH6cyIjwpi+iF2nILZrxr2h+J9XT237qJExmaQWJP1e1E45tgoPU8EtpoFa3neEUM3crZh2iSbUuuyKLoRw/OW/pFYph0E5vDgoHZ/kccyidbSJtlGIDtExOkPnqIooukeP6Bm9eA/ek/fqvX23Frx8Zg39gvf+BWvsl68=</latexit><latexit sha1_base64="6pZMxD4+BqA+yz32J4u0h1NDleo=">AAACCHicbVA9SwNBEN2L3/Hr1NLCxSAoargLgpaijaWKiUIuhL3NJFmyH+funhCOlDb+FRsLRWz9CXb+GzfxCo0+GHi8N8PMvDjhzNgg+PQKE5NT0zOzc8X5hcWlZX9ltWZUqilUqeJK38TEAGcSqpZZDjeJBiJiDtdx73ToX9+BNkzJK9tPoCFIR7I2o8Q6qelvXG6LPbmDIw63OJO7Yr+CI9pVygCW++Gg6ZeCcjAC/kvCnJRQjvOm/xG1FE0FSEs5MaYeBoltZERbRjkMilFqICG0RzpQd1QSAaaRjR4Z4C2ntHBbaVfS4pH6cyIjwpi+iF2nILZrxr2h+J9XT237qJExmaQWJP1e1E45tgoPU8EtpoFa3neEUM3crZh2iSbUuuyKLoRw/OW/pFYph0E5vDgoHZ/kccyidbSJtlGIDtExOkPnqIooukeP6Bm9eA/ek/fqvX23Frx8Zg39gvf+BWvsl68=</latexit>



R(n, n)  (
1 + o(1)

4
p
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<latexit sha1_base64="fE2q7PPQ6XHb5oNBKtw7kVjaZc8=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgpSklKQZdFNy6r2Ac0sUymk3boZJLOTIQS4ne48VfcuFDEleDCv3HaZqGtBwYO59zDnXu8iFGpLOvbWFpeWV1bz23kN7e2d3YLe/tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnDy4nfuidC0pDfqnFE3AD1OfUpRkpL3ULlxuSnvAQdRkbQdHyBcGLDExiadilNqo4cCZU4EYU8TUvwAVbvdKhola0p4CKxM1IEGerdwqfTC3EcEK4wQ1J2bCtSboKEopiRNO/EkkQID1GfdDTlKCDSTaa3pfBYKz3oh0I/ruBU/Z1IUCDlOPD0ZIDUQM57E/E/rxMr/9xNKI9iRTieLfJjBlUIJ0XBHhUEKzbWBGFB9V8hHiDdj9J15nUJ9vzJi6RZKdtW2b6uFmsXWR05cAiOgAlscAZq4ArUQQNg8AiewSt4M56MF+Pd+JiNLhlZ5gD8gfH1A7fMnsE=</latexit><latexit sha1_base64="fE2q7PPQ6XHb5oNBKtw7kVjaZc8=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgpSklKQZdFNy6r2Ac0sUymk3boZJLOTIQS4ne48VfcuFDEleDCv3HaZqGtBwYO59zDnXu8iFGpLOvbWFpeWV1bz23kN7e2d3YLe/tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnDy4nfuidC0pDfqnFE3AD1OfUpRkpL3ULlxuSnvAQdRkbQdHyBcGLDExiadilNqo4cCZU4EYU8TUvwAVbvdKhola0p4CKxM1IEGerdwqfTC3EcEK4wQ1J2bCtSboKEopiRNO/EkkQID1GfdDTlKCDSTaa3pfBYKz3oh0I/ruBU/Z1IUCDlOPD0ZIDUQM57E/E/rxMr/9xNKI9iRTieLfJjBlUIJ0XBHhUEKzbWBGFB9V8hHiDdj9J15nUJ9vzJi6RZKdtW2b6uFmsXWR05cAiOgAlscAZq4ArUQQNg8AiewSt4M56MF+Pd+JiNLhlZ5gD8gfH1A7fMnsE=</latexit><latexit sha1_base64="fE2q7PPQ6XHb5oNBKtw7kVjaZc8=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgpSklKQZdFNy6r2Ac0sUymk3boZJLOTIQS4ne48VfcuFDEleDCv3HaZqGtBwYO59zDnXu8iFGpLOvbWFpeWV1bz23kN7e2d3YLe/tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnDy4nfuidC0pDfqnFE3AD1OfUpRkpL3ULlxuSnvAQdRkbQdHyBcGLDExiadilNqo4cCZU4EYU8TUvwAVbvdKhola0p4CKxM1IEGerdwqfTC3EcEK4wQ1J2bCtSboKEopiRNO/EkkQID1GfdDTlKCDSTaa3pfBYKz3oh0I/ruBU/Z1IUCDlOPD0ZIDUQM57E/E/rxMr/9xNKI9iRTieLfJjBlUIJ0XBHhUEKzbWBGFB9V8hHiDdj9J15nUJ9vzJi6RZKdtW2b6uFmsXWR05cAiOgAlscAZq4ArUQQNg8AiewSt4M56MF+Pd+JiNLhlZ5gD8gfH1A7fMnsE=</latexit><latexit sha1_base64="fE2q7PPQ6XHb5oNBKtw7kVjaZc8=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgpSklKQZdFNy6r2Ac0sUymk3boZJLOTIQS4ne48VfcuFDEleDCv3HaZqGtBwYO59zDnXu8iFGpLOvbWFpeWV1bz23kN7e2d3YLe/tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnDy4nfuidC0pDfqnFE3AD1OfUpRkpL3ULlxuSnvAQdRkbQdHyBcGLDExiadilNqo4cCZU4EYU8TUvwAVbvdKhola0p4CKxM1IEGerdwqfTC3EcEK4wQ1J2bCtSboKEopiRNO/EkkQID1GfdDTlKCDSTaa3pfBYKz3oh0I/ruBU/Z1IUCDlOPD0ZIDUQM57E/E/rxMr/9xNKI9iRTieLfJjBlUIJ0XBHhUEKzbWBGFB9V8hHiDdj9J15nUJ9vzJi6RZKdtW2b6uFmsXWR05cAiOgAlscAZq4ArUQQNg8AiewSt4M56MF+Pd+JiNLhlZ5gD8gfH1A7fMnsE=</latexit>
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�N
n

�

2(
n
2)�1

< 1 =) R(n, n) > N
<latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="fJ1peQE9vW2bGZyrOvU+/jLntZo=">AAACH3icbZBLSwMxFIXv+La+qls3QREUtMx0owsRxY0rUbEqdGrJpHdsaCYZkoxQwvweN/4VNy4U8c+Y1iK+DgQO5yTk3i/JBTc2DN+CsfGJyanpmdnK3PzC4lJ1ef7KqEIzbDAllL5JqEHBJTYstwJvco00SwReJ73jQX99j9pwJS9tP8dWRu8kTzmj1kft6lGcasqcOyUx6yplkMiydPVb5+RXUi93orIk+yQiMc/8VGjIxabcllvkgJy2q+thLRyK/DXRyKzDSGft6nPcUazIUFomqDHNKMxty1FtORNYVuLCYE5Zj95h01tJMzQtN1y1JBs+6ZBUaX+kJcP0+wtHM2P6WeJvZtR2ze9uEP7XNQub7rUcl3lhUbLPj9JCEKvIgBvpcI3Mir43lGnuZyWsSz076+lWPITo98p/zVW9FoW16DyEGViFNdiECHbhEE7gDBrA4AGe4AVeg8fgOXj7xDUWjLitwA8F7x8/cKOn</latexit><latexit sha1_base64="fJ1peQE9vW2bGZyrOvU+/jLntZo=">AAACH3icbZBLSwMxFIXv+La+qls3QREUtMx0owsRxY0rUbEqdGrJpHdsaCYZkoxQwvweN/4VNy4U8c+Y1iK+DgQO5yTk3i/JBTc2DN+CsfGJyanpmdnK3PzC4lJ1ef7KqEIzbDAllL5JqEHBJTYstwJvco00SwReJ73jQX99j9pwJS9tP8dWRu8kTzmj1kft6lGcasqcOyUx6yplkMiydPVb5+RXUi93orIk+yQiMc/8VGjIxabcllvkgJy2q+thLRyK/DXRyKzDSGft6nPcUazIUFomqDHNKMxty1FtORNYVuLCYE5Zj95h01tJMzQtN1y1JBs+6ZBUaX+kJcP0+wtHM2P6WeJvZtR2ze9uEP7XNQub7rUcl3lhUbLPj9JCEKvIgBvpcI3Mir43lGnuZyWsSz076+lWPITo98p/zVW9FoW16DyEGViFNdiECHbhEE7gDBrA4AGe4AVeg8fgOXj7xDUWjLitwA8F7x8/cKOn</latexit><latexit sha1_base64="V5kFIXKSub2XQAH18DMZULON6xM="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit><latexit sha1_base64="hrNOuxk4G+egyWu5g1DnRmUf1hQ="></latexit>



R(n, n) � (
1 + o(1)np

2e
)
p
2

n

<latexit sha1_base64="6fiL5lqZcIiDC+KNS5r5kweDb5k="></latexit><latexit sha1_base64="6fiL5lqZcIiDC+KNS5r5kweDb5k="></latexit><latexit sha1_base64="6fiL5lqZcIiDC+KNS5r5kweDb5k="></latexit><latexit sha1_base64="6fiL5lqZcIiDC+KNS5r5kweDb5k="></latexit>



p
2

n
 R(n, n)  4n

<latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit>

p
2

n
 R(n, n)  4n

<latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit>

p
2

n
 R(n, n)  4n

<latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit><latexit sha1_base64="7LR3zXZeRa94DioDwjAzI2hF8zc=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUpBV0W3bisYh/QpGUynbRDJ5N0ZiKUEPdu/BU3LhRx6we482+ctFlo64GBwznncuceN2RUKtP8NnIrq2vrG/nNwtb2zu5ecf+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJX67XsiJA34nZqGxPHRkFOPYqS01C+WbDkRKq4mvfgB8gTajEzgbZmf8dM5r/XSlFkxZ4DLxMpICWRo9Itf9iDAkU+4wgxJ2bXMUDkxEopiRpKCHUkSIjxGQ9LVlCOfSCeeHZPAE60MoBcI/biCM/X3RIx8Kae+q5M+UiO56KXif143Ut6FE1MeRopwPF/kRQyqAKbNwAEVBCs21QRhQfVfIR4hgbDS/RV0CdbiycukVa1YZsW6qZXql1kdeXAEjkEZWOAc1ME1aIAmwOARPINX8GY8GS/Gu/Exj+aMbOYQ/IHx+QPIWJoi</latexit>





1927



1 ,2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 ,10,11,12,13,14,15,16,…



1 ,2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 ,10,11,12,13,14,15,16,…



1 ,2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 ,10,11,12,13,14,15,16,…



W (r, k)
<latexit sha1_base64="FhM8PNJx9l3E7TzUcP6zAXO8nmw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNkVQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukZquiz0dnvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo+sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5UfW9qn9/Wa7d5HEU4BhOoAI+XEEN7qAODaDwCM/wCm9IoRf0jj7mrSsonzmCP0CfP32+jmc=</latexit><latexit sha1_base64="FhM8PNJx9l3E7TzUcP6zAXO8nmw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNkVQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukZquiz0dnvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo+sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5UfW9qn9/Wa7d5HEU4BhOoAI+XEEN7qAODaDwCM/wCm9IoRf0jj7mrSsonzmCP0CfP32+jmc=</latexit><latexit sha1_base64="FhM8PNJx9l3E7TzUcP6zAXO8nmw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNkVQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukZquiz0dnvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo+sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5UfW9qn9/Wa7d5HEU4BhOoAI+XEEN7qAODaDwCM/wCm9IoRf0jj7mrSsonzmCP0CfP32+jmc=</latexit><latexit sha1_base64="FhM8PNJx9l3E7TzUcP6zAXO8nmw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNkVQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukZquiz0dnvVLZq3oz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo+sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5UfW9qn9/Wa7d5HEU4BhOoAI+XEEN7qAODaDwCM/wCm9IoRf0jj7mrSsonzmCP0CfP32+jmc=</latexit>
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2 فصل

k = ۳ حالت در زمردي قضیه ي

این از دقیق صورت بندي دو ابتدا دهیم. شرح را k = ۳ حالت در زمردي قضیه ي براي راث اثبات می خواهیم فصل این در

هستند. معادل هم با که می کنیم مطرح را قضیه

زمردي قضیه ي از معادل بیان دو 1 . 2

کنیم تعریف A ⊂ N مجموعه ي براي اگر

D∗(A) := lim sup
N→∞

|A ∩ {۱, . . . , N}|
N

که زدند حدس توران و اردوش

،D∗(A) > ۰ که باشد چنان A ⊂ N مجموعه ي اگر اول). نسخه ي زمردي، قضیه ي اردوش-توران، (حدس 1 . 2 حدس

دارد. k طول به نابدیهی حسابی تصاعد A ،k طبیعی عدد هر براي آن گاه

معادلاً یا

دارد وجود N = N(k, δ) ،δ > ۰ و k ∈ N براي دوم). نسخه ي زمردي، قضیه ي اردوش-توران، (حدس 2 . 2 قضیه

دارد. k طول به نابدیهی حسابی تصاعد یک A ،|A| ≥ δN که A ⊂ {۱, . . . , N} مجموعه ي هر براي که

هستند. معادل هم با بیان دو این می دهیم نشان کنیم، بررسی را راث اثبات که این از قبل

کرد. اثبات را اول نسخه ي می توان زمردي، قضیه ي دوم نسخه ي فرض با راحتی به

براي که می گیریم نظر در طوري را δ > ۰ و k ≥ ۳ باشد. غلط دوم نسخه ي می کنیم فرض برعکس، جهت اثبات براي

نداشته باشد. k طول به حسابی تصاعد A اما ،|A| ≥ δN که باشد موجود A ⊂ [۱, N ] مجموعه  ،N ∈ N هر

می کنیم تعریف i ≥ ۲ براي و b۱ = ۰ و N۱ = k می دهیم قرار

Ni := Ni−۱ + bi−۱

4
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سرآغاز 1 فصل

دینامیکی سیستم یک در نقاط، همه ي تقریباً چندگانه ي بازگشت مورد در ادعایی با معادل زمردي قضیه ي داد نشان او

استفاده با جمعی10 ترکیبیات مسائل آن در که شد ارگادیک9 رمزي نظریه ي اساس فرستنبرگ ایده ي است. دل خواه

که آوردند دست به زمردي قضیه ي از عمیقی تعمیم هاي شاگردانش و فرستنبرگ می شوند. مطالعه ارگادیک نظریه ي از

نشده است. اثبات ترکیبیاتی روش هاي با تاکنون

بود استوار فوریه12 آنالیز بر که را راث اثبات ،[13] و [12] مقاله ي دو انتشار با گاورز11 ،2001 و 1998 سال هاي در

در زمردي قضیه ي براي دیگري اثبات شد موفق گاورز، نرم هاي مثل جدیدي آنالیزي ابزارهاي معرفی ضمن و داد تعمیم

بیابد. کلی حالت

براي زمردي نظم لم از مناسبی تعمیم هاي اثبات و یافتن زمردي، قضیه ي اثبات براي روي کرد آخرین حاضر، حال در

مقاله ي در 2007 سال در گاورز توسط متفاوتی گونه ي به و نفر چند توسط 2007 تا 2004 سال هاي بین که ابرگراف هاست

انجام شد. [14]

است؟ برقرار نیز زیرمجموعه ها از وسیع تري رده ي براي اردوش-توران حدس آیا که کرد مطرح را سوال این می توان حال

که زدند حدس توران و اردوش

طبیعی عدد هر براي صورت این در واگراست،
∑

i ni که باشد مجموعه اي A = {n۱ < n۲ < . . .} اگر .2 . 1 حدس

دارد. k طول به نابدیهی حسابی تصاعد یک حداقل A ،k

پاسخ هم چنان او، مرگ از سال 20 از بیش گذشت با اما کرد، تعیین جایزه دلار 5000 سوال این به پاسخ براي اردوش

مانده است. جواب بی تاکنون نیز k = ۳ حالت حتی می رسد. نظر به سخت بسیار

اردوش-توران حدس که دادند نشان 2004 سال در 14 تائو و 13 گرین باشد، اول اعداد مجموعه ي A اگر خاص حالت در

است[17]. برقرار

گرین-تائو) (قضیه ي .3 . 1 قضیه

است. k طول به حسابی تصاعدي شامل اول اعداد مجموعه ي ،k ∈ N هر براي

اول اعداد مجموعه ي چگالی اول(ث)، اعداد قضیه ي طبق چون گرفت. نتیجه زمردي قضیه ي از نمی توان را قضیه این

است. صفر برابر طبیعی اعداد در

اثبات سپس می کنیم. اثبات و بررسی را راث قضیه ي یا k = ۳ حالت در زمردي قضیه ي ابتدا نوشتار، این ادامه ي در

می پردازیم. گرین-تائو درخشان قضیه ي اثبات به پایان در و می دهیم شرح تفصیل به را گاورز
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اثبات سپس می کنیم. اثبات و بررسی را راث قضیه ي یا k = ۳ حالت در زمردي قضیه ي ابتدا نوشتار، این ادامه ي در

می پردازیم. گرین-تائو درخشان قضیه ي اثبات به پایان در و می دهیم شرح تفصیل به را گاورز
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k = ۳ حالت در زمردي قضیه ي 2 فصل

تصاعد هیچ A و |A| ≫ N exp(−c
√
logN) که دارد وجود A ⊂ [۱, N ] مجموعه .(2 براند (قضیه ي 5 . 2 قضیه
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مجموعه این می گیریم. نظر در را
{
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۲
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logN)
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√
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√
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سرآغاز 1 فصل
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∑
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10 Introduction

In this mathematical model, recommendations are thought of as
composing a matrix. The customers are represented by the rows, the
di�erent media are the columns, and at the entry corresponding to a
particular user/media pair we have a value scoring the preference of
the user for that particular media.

For example, for the case of binary recommendations for music,
we have a matrix X œ {0, 1}n◊m where n is the number of persons
considered, m is the number of songs in our library, and 0/1 signifies
dislike/like respectively:

Xij =

Y
_]

_[

0, person i dislikes song j

1, person i likes song j

.

In the online setting, for each iteration the decision maker outputs
a preference matrix Xt œ K, where K ™ {0, 1}n◊m is a subset of all
possible zero/one matrices. An adversary then chooses a user/song pair
(it, jt) along with a “real” preference for this pair yt œ {0, 1}. Thus, the
loss experienced by the decision maker can be described by the convex
loss function,

ft(X) = (Xit,jt ≠ yt)2.

The natural comparator in this scenario is a low-rank matrix, which
corresponds to the intuitive assumption that preference is determined
by few unknown factors. Regret with respect to this comparator means
performing, on the average, as few preference-prediction errors as the
best low-rank matrix.

We return to this problem and explore e�cient algorithms for it in
Chapter 7.

1.3 A gentle start: learning from expert advice

Consider the following fundamental iterative decision making problem:
At each time step t = 1, 2, . . . , T , the decision maker faces a choice

between two actions A or B (i.e., buy or sell a certain stock). The
decision maker has assistance in the form of N “experts” that o�er
their advice. After a choice between the two actions has been made,
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12 Introduction

sions on a continuous probability space. Henceforth we prove Lemmas
1.3 and 1.4 that show the following:

Theorem 1.2. Let Á œ (0, 1
2). Suppose the best expert makes L mis-

takes. Then:

1. There is an e�cient deterministic algorithm that can guarantee
less than 2(1 + Á)L + 2 log N

Á mistakes;

2. There is an e�cient randomized algorithm for which the expected
number of mistakes is at most (1 + Á)L + log N

Á .

1.3.1 The weighted majority algorithm
Simple observations: The weighted majority (WM) algorithm is in-
tuitive to describe: each expert i is assigned a weight Wt(i) at every
iteration t. Initially, we set W1(i) = 1 for all experts i œ [N ]. For all
t œ [T ] let St(A), St(B) ™ [N ] be the set of experts that choose A (and
respectively B) at time t. Define,

Wt(A) =
ÿ

iœSt(A)
Wt(i) Wt(B) =

ÿ

iœSt(B)
Wt(i)

and predict according to

at =

Y
]

[
A if Wt(A) Ø Wt(B)
B otherwise.

Next, update the weights Wt(i) as follows:

Wt+1(i) =

Y
]

[
Wt(i) if expert i was correct
Wt(i)(1 ≠ Á) if expert i was wrong

,

where Á is a parameter of the algorithm that will a�ect its performance.
This concludes the description of the WM algorithm. We proceed to
bound the number of mistakes it makes.

There is a deterministic algorithm that guarantees

mistakes.less than
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the decision maker receives feedback in the form of a loss associated
with each decision. For simplicity one of the actions receives a loss of
zero (i.e., the “correct” decision) and the other a loss of one.

We make the following elementary observations:

1. A decision maker that chooses an action uniformly at random
each iteration, trivially attains a loss of T

2 and is “correct” 50%
of the time.

2. In terms of the number of mistakes, no algorithm can do better
in the worst case! In a later exercise, we will devise a random-
ized setting in which the expected number of mistakes of any
algorithm is at least T

2 .

We are thus motivated to consider a relative performance metric:
can the decision maker make as few mistakes as the best expert in
hindsight? The next theorem shows that the answer in the worst case
is negative for a deterministic decision maker.

Theorem 1.1. Let L Æ T
2 denote the number of mistakes made by

the best expert in hindsight. Then there does not exist a deterministic
algorithm that can guarantee less than 2L mistakes.

Proof. Assume that there are only two experts and one always chooses
option A while the other always chooses option B. Consider the setting
in which an adversary always chooses the opposite of our prediction (she
can do so, since our algorithm is deterministic). Then, the total number
of mistakes the algorithm makes is T . However, the best expert makes
no more than T

2 mistakes (at every iteration exactly one of the two
experts is mistaken). Therefore, there is no algorithm that can always
guarantee less than 2L mistakes.

This observation motivates the design of random decision making
algorithms, and indeed, the OCO framework gracefully models deci-
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