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.´¨� �µÆ� ö� ¥�� ý�ð Âû ø ´¨� ýÀ� �bÎÖ÷ ý�¤�¢ �î ´¨� ¢���õ ×þÂµõ ý�Ìê ×þ À�û¢ ö�È÷ (7:¾¨��ø X = {1

n
: n ∈ N} ∪ {0} À��î Âê

d(x, y) =















x+ y x 6= y Âð�0 x = y Âð�ý�ð ,r > 0 ø x ∈ X Âû ý�Â� ø ´¨� ö� ýÀ� �bÎÖ÷ 0 �î ´¨� ×þÂµõ ý�Ìê ×þ (X, d) �¤�¬ ßþ� ¤¢´ó�� Âû ¤¢ �î ´¨� {1
n
: n ≥ N} ∪ {0, x} �� Â��Â� 1 ≤ N ×þ ý�Â� �þ ø ´¨� ý�Ìä ×� �þ Br(x) ¥��.´¨� �µÆ� �bä�Þ¹õ ×þ
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À�û¢ ¤�Âì ø Àª�� ö�À�õ ×þ F À��î Âê (8

R = {a0 + a2x2 + · · ·+ anx
n | n ∈ N, n ≥ 2, ai ∈ F}×þ R À�û¢ ö�È÷ .´¨� ü��¹��� ø ¤�ÀØþ ý�ÖÜ� ×þ �ûý��ÜÞ�À�� üó�Þãõ �Â® ø âÞ� �� R ��®ø ��.Àª��üÞ÷ (PID) üÜ¬� ñ�ùÀþ� ù¥��:¾¨��üÜ¬� �î ´¨� R ñ�ùÀþ� ×þ I Ý�û¢üõ ö�È÷ .I = {a2x2 + · · · + anx

n|n ≥ 2, ai ∈ F} Ý�û¢üõ ¤�Âì¢���õ g(x) ∈ R Å� x2 ∈ I = (f(x)) ö�� ø ¢�ª À�ó�� f(x) Í¨�� ø üÜ¬� I Âð� ´Ö�Ö� ¤¢ .´Æ�÷ßþ�Â���� x2 = af(x) �¹�µ÷ ¤¢ ø ´¨� ´��� g(x) = a �Áó , deg f(x) ≥ 2 ö�� .x2 = g(x)f(x) �î ´¨�.´¨� Ëì��� �î x3 ∈ I üóø x3 6∈ (x2) ��®ø �� �õ� .I = (x2)
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¤�� ×þ �fÖ�ì¢ ¢Àä Âû �î Ý�û¢ ¤�Âì ö��� �ó�±÷¢ ×þ ¤¢ Ý�÷���üõ �¤ ×þ ¥� Â�ï¤�� üã�±Ï ¢�Àä� À��î ´��� (9.À�ª�±÷ ñø� Ýû �� ´±Æ÷ üó��µõ �b ÜÞ� ø¢ º�û ø ¢�ª Âû�Ò:¾¨��Ý�û¢üõ ¤�Âì �Àµ�� �f ·õ .¢¤�¢ ¢��ø ¤�î ßþ� ý�Â� ý¤��Æ� ý�ûù�¤2!,2,3!,3,4!,4, . . .��Üãõ .¢�ªüõ ÓþÂã� n = 1,2,3, . . . ý�Â� a2n = n+ 1 ø a2n−1 = (n + 1)! �¤�Ê� �ó�±÷¢ ßþ� ü�ãþ�þ ø k!, k �¤�Ê� üó��µõ �ÜÞ�ø¢ �Âþ¥ ;À�µÆ�÷ ñø� Ýû �� ´±Æ÷ üó��µõ ý��ÜÞ� ø¢ º�û �ó�±÷¢ ßþ� ¤¢ �î ´¨�éÁ��¤ �ø¥ ��Þ� ¥� �ó�±÷¢Âþ¥ Âû ë�ê �b ó�±÷¢ ¤¢ �î Ý��îüõ ���� ß��»Þû .À�ª��üõ k ≥ 2 ,k, (k + 1)!éÁ� ¥� Å� �Âþ¥ .¢�� À�û��¿÷ ñø� Ýû �� ´±Æ÷ üó��µõ �b ÜÞ� ø¢ º�û ùÀ÷�Þ�ì�� �b ó�±÷¢ ¤¢ �f¢À¹õ ,Ý��îÛþ¤�µî�ê �¤�Ê� ,À÷Â�ðüõ ¤�Âì ÝûÂ¨ ´È� ö��î� �î {an} �b ó�±÷¢ ¥� ý¢Âê ��Þ� ,�ø¥ ��Þ� ¥� ý¢�Àã�.À�ª��üõ,Àª�� Ûþ¤�µî�ê �¤�Ê� Âð� ø ¤�±Øþ �ú�� Àª�±÷ Ûþ¤�µî�ê �¤�Ê� Âð� ,×þ ¥� Âµð¤�� üã�±Ï ¢Àä Âû ùø�ä ��.�ø¥ �b ÜÞ� ×þ ¤¢ ýÀã� ¤�� ø ¢Âê �b ÜÞ� ×þ ¤¢ ñø� ¤�� .¢�ªüõ Âû�Ò {an} �b ó�±÷¢ ¤¢ ¤��ø¢ �fÖ�ì¢Àþ� ´¨À� ý��ó�±÷¢ �� Ý��î éÁ� À�µÆû Ûþ¤�µî�ê �¤�¬ �� �î �¤ {an} �b ó�±÷¢ �ø¥ ��Þ� ´¨� üê�î ñ��.À�µÆ�÷ ñø� Ýû �� ´±Æ÷ üó��µõ ý��ÜÞ� ø¢ º�û ø ùÀª Âû�Ò ¤�±Øþ ö� ¤¢ ×þ ¥� Âµð¤�� üã�±Ï ¢Àä Âû �î
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ùøÂðÂþ¥ ×þ ý�¤�¢ G À��î Âê ùø�ä �� .Àª�� 4p �±�Âõ ¥� ùøÂð ×þ G ø ¢Âê ñø� ¢Àä ×þ p À��î Âê (10.´¨� 2 ¥� Â�ï¤�� �±�Âõ ¥� �Ìä 2p− 2 Ûì�À� ý�¤�¢ G À�û¢ ö�È÷ .Àª�� 4 �±�Âõ ¥� ý¤ø¢Â�èÛì�À� ø 2p �±�Âõ ¥� �Ìä ϕ(2p) = p − 1 Ûì�À� ù�Ú÷�Àª�� 2p �±�Âõ ¥� �Ìä ×þ ý�¤�¢ G Âð� :¾¨��º�û G �î ¢Âî Âê ö���üõ ßþ�Â���� .¢�ªüõ ´��� ÝØ� ø ´ª�¢ Àû��¡ p �±�Âõ ¥� �Ìä ϕ(p) = p − 1.¢¤�À÷ 2p �±�Âõ ¥� �Ìä
G ¤¢ P Âð� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ a �Ü�¨�� ùÀª À�ó�� P ùøÂð .Àª�� p �±�Âõ ¥� �Ìä ×þ a ∈ G À��î Âê�¤�¬ ßþ� ¤¢ .P 6= gPg−1 �Øþ¤�Î� ´ª�¢ Àû��¡ ¢��ø g ∈ G �Ìä ×þ �¤�¬ ßþ� ¤¢ Àª�±÷ ñ�õÂ÷

|P ∪ gPg−1| = |P |+ |gPg−1| − |P ∩ gPg−1| = 2p− 1À�û��¡ ¢��ø G ¤¢ p �±�Âõ ¥� �Ìä 2p−2 Ûì�À� ,Ýþ¤�ÁÚ� ¤��î �¤ P ∪ gPg−1 ¤¢ ü÷�Þû �Ìä Âð� ßþ�Â����.¢�ªüõ ´��� ÝØ� ø ´ª�¢ñ�õÂ÷ ¥� .Àª�� 2 �±�Âõ ¥� �Ìä ×þ b ∈ G À��î Âê .´¨� ñ�õÂ÷ G ¤¢ P �î ¢Âî Âê ö���üõ ßþ�Â����´¨À� �Î��¤ ßþ� ¥� .bab−1 = ai �Øþ¤�Î� ¢¤�¢ ¢��ø i ∈ {1,2, · · · , p − 1} �î ¢�ªüõ �¹�µ÷ P ö¢��×þ ab = ba �¤�Ê�þ� ¤¢ i = 1 Âð� .i = p− 1 �þ i = 1 �¹�µ÷ ¤¢ a = ai
2 ßþ�Â���� b2ab−2 = ai

2 Àþ�üõ´ª�¢ Ý�û��¡ �¹�µ÷ ¤¢ i = p− 1Å� ´¨� Ëì��� �î ´¨� 2p �±�Âõ ¥� �Ìä
bab−1 = a−1 (∗).Àª�� G ¤¢ 4 �±�Âõ ¥� ý¤ø¢Â�è ùøÂðÂþ¥ ×þ H = {1, x, y, z} À��î Âê´ª�¢ Ý�û��¡ ßþ�Â���� zaz−1 = a−1 ø yay−1 = a−1 ,xax−1 = a−1 Ýþ¤�¢ (∗) �� ���� ��

a−1 = zaz−1 = (xy)a(xy)−1 = xa−1x−1 = a .´¨� Ëì��� �î
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À � û¢ ¤�Â ì .À � ª� � ¼ �½¬ Â þ¢� Ö õ � � â þ¥� � Ý û ø Û Ö µ Æ õ ü ê¢�Ê � ý� ûÂ � ç µ õ {Un}n∈Z À � � î Â ê (11.E[|A|] = 1 À�û¢ ö�È÷ .A = {n ∈ Z : f(n) = 0} ø f(n) = n+ Un:¾¨��À�û¢ ¤�Âì

Xn =







1 f(n) = 00 �¤�¬ßþ�Â�è¤¢ ßþ�Â����
E[|A|] = E[

∑

n∈Z

Xn] =
∑

n∈Z

E[Xn] =
∑

n∈Z

P(Xn = 1) = ∑

n∈Z

P[Un = −n] =
∑

n∈Z

P[U0 = −n] = 1
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A ⊆ X ý�ä�Þ¹õÂ þ¥ Â û ý�¥� � � � î ý¤�Ï � � Àª� � ù¢ÂÈ ê ×þÂ µ õ ý�Ìê ×þ (X, d) À � � î Â ê (12¥� r � î ¢¤�¢ ¢� �ø 0 < r ø a ∈ A ,´ ¨� � µ Æ � ý� ûý� ð ¥� ü î�Â µ ª� ø ¢¤�¢ � Î Ö ÷ × þ ¥� Ç � � � î.¢¤�¢ ´ �� � � Î Ö ÷ × þ f : X → X ýÂ µ õø� þ� Â û À � � î ´ �� � .A ⊆ Dr(a) ø ´ ¨� Â µ Þ î A Â Î ì.(Dr(a) = {x ∈ X; d(x, a) ≤ r}):¾¨��ý�ûý�ð ¥� üî�Âµª� A ø f(A) ⊆ A �î Àª�� A ⊆ X üú��÷ ý�û�ä�Þ¹õÂþ¥ ��Þ� �b ä�Þ¹õ A À��î Âê�¹� µ ÷ ¤� µ ÷� î üî�Â µª� � �Ìì ¥� ø ´¨� °�Â õ �f ��� �b ä�Þ¹õ ×þ ⊇ °��Â � � � A ùb¢�� ÷�¡ .Àª� � � µÆ �.´¨� ñ�Þ���õ �Ìä ý�¤�¢ A ö¤¥e Ýó ����� Å� .´¨� A �Ìä A ý�Ìä� ¥� Â�¹÷¥ Âû í�Âµª� �î ¢�ªüõ�b ÎÖ÷ f ü�ãþ ßþ� ø ´¨� ý�Ìä ×� A0 �î Ý��îüõ �ä¢� .Àª�� A ñ�Þ���õ �Ìä ×þ A0 À��î Âê�b ä�Þ¹õ �î ¢¤�¢ ¢��ø A0 ÂÎì ¥� Â µÞî 0 < r ×þ ,Àª� � �Ìä ×þ ¥� Ç�� ý�¤�¢ A0 Âð� .¢¤�¢ ´�� �¢�ªüõ �¹�µ÷ ´¨� ýÂµõø�þ� f �Ø�þ� ø ýÂ�ð�Ìä ×Þî �� .Àª�� üú��÷ A1 = {a ∈ A0 | A0 ⊆ Dr(a)}�î

A1 = A0 ∩ {Dr(a) | a ∈ A0}.A1 = A0 Å� A1 ∈ A ü�ãþ .f(A1) ⊆ A1 ø ´¨� �µÆ� ý�ûý�ð ¥� üî�Âµª� ��÷ A1 Å�ßþ� ø diamA1 ≤ r < diamA0 Å� d(x, y) ≤ r ü�ãþ x ∈ Dr(y) Ýþ¤�¢ x, y ∈ A1 Âû ý�Â� ÂÚþ¢ éÂÏ ¥�.´¨� Ëì��� ×þ


