
�À¡ ��÷���ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ��þ ø H � K �þ H �= K �þ K ø H À�÷�õ ö� ùøÂðÂþ¥ ø¢ Âû ý�Â� �î ý¤�Ï �� ´¨� ­øÂÔõ G üû��µõ ùøÂð (7.¢Âî À�ó�� �Ìä 2 Â·î�À� �� ö���üõ �¤ G ùøÂðÂþ¥ Âû À��î ´��� .K � H�Ìä 2 Í¨�� Àª�� ùÀª À�ó�� a; b; 
 �Ìä 3 Í¨�� �î G ¥� ùøÂðÂþ¥ Âû �î Ý�û¢ ö�È÷ ´¨� üê�î :¾¨��Àª�±÷ ß��� Âð� ø ´¨� Û� �ó�bÆõ Àª�� ý¤ø¢ H Âð� K = h
i ø H = ha; bi Ý�û¢üõ ¤�Âì .¢�ªüõ À�ó�� ÝûÅ� .Àª�� ý¤ø¢ Àþ�� ,ý¤ø¢ ùøÂð ×þ ùøÂðÂþ¥ ö�� H 6� K ß��»Þû .´¨� ý¤ø¢ K ö�� K 6�= H Å�.¢�ªüõ À�ó�� Ýû b ø a Í¨�� ha; b; 
i ùøÂðÂþ¥ �Áó ø 
 2 H ü�ãþ K � H ­Âê Õ±Ï



�ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ�?�Â� ?´¨� �ÂÚÞû +1Xn=1 
osnn (1+ 1p2 + � � � + 1pn) ýÂ¨ �þ� (8�¤�¬ ßþ� ¤¢ bn = 1n (1+ 1p2 + � � �+ 1pn) ø an = 
osn À�û¢ ¤�Âì .�Ü� :¾¨��j nXk=1 
os kj = jRe( nXk=1 eik)j= jRe(ei(n+1) � eiei � 1 )j� jei(n+1) � eiei � 1 j� 2jei � 1j= 2q(1� 
os1)2 + sin2 1 �Âþ¥ ´¨� üóø�÷ fbng üêÂÏ ¥�bn+1 = 1n+1(1+ 1p2 + � � �+ 1pn + 1pn+1)< 1n+1((1+ 1p2 + � � � + 1pn) + 1n(1+ 1p2 + � � � + 1pn)) = bnýÀ��âÞ� ñ�õÂê ¥� ÝØ� ö��î� .bn ! 0Å� ´¨� ö� ýø¤��� ý�ûß�Ú÷��õ �b ó�±÷¢ bn ø 1pn ! 0 ö��.¢�ªüõ �¹�µ÷ Û��



�ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ�?�Â� ?´¨� �ÂÚÞû +1Xn=1 
osnn (1+ 1p2 + � � � + 1pn) ýÂ¨ �þ� (8�¤�¬ ßþ� ¤¢ bn = 1n (1+ 1p2 + � � �+ 1pn) ø an = 
osn À�û¢ ¤�Âì .�Ü� : �ø¢ Û� ù�¤j nXk=1 
os kj = jRe( nXk=1 eik)j= jRe(ei(n+1) � eiei � 1 )j� jei(n+1) � eiei � 1 j� 2jei � 1j= 2q(1� 
os1)2 + sin2 1.bn ! 0Å� ´¨� ö� ýø¤��� ý�ûß�Ú÷��õ �b ó�±÷¢ bn ø 1pn ! 0 ö�� �Âþ¥ ´¨� üóø�÷ fbng üêÂÏ ¥�ÝØ� ö��î�bnbn+1 = n+ 1n : 1+ 1p2 + � � �+ 1pn1+ 1p2 + � � �+ 1pn + 1pn+ 1= n+ 1n+ n=pn+ 11+ 1p2 + � � � + 1pn üóønpn+ 11+ 1p2 + � � �+ 1pn = 1pn+ 1 + � � �+ 1pn+ 11+ 1p2 + � � �+ 1pn � 1
Å� ´¨� ö� ýø¤��� ý�ûß�Ú÷��õ �b ó�±÷¢ bn ø 1pn ! 0 ö�� .´¨� üóø�÷ fbng ü�ãþ , bnbn+1 � 1Å�.¢�ªüõ �¹�µ÷ Û�� ýÀ��âÞ� ñ�õÂê ¥� ÝØ� ö��î� .bn ! 0



�ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ�ø¢ �� �¤ ö� ý�û§�b¤ �÷�ðÂû �� �î Àª�� ü¨�b¤ 2n (�÷�ðÀ�� ñ�þ ø �ì�Ï öøÀ�) ù¢�¨ üê�Âð G À��î ­Âê (9Â��Â� V2 ý�û§�b¤ ß�� ý�ûñ�þ ¢�Àã� �� V1 ý�û§�b¤ ß�� ý�ûñ�þ ¢�Àã� Ý��î Ý�ÆÖ� V2 ø V1 ü¨�b¤ n �b µ¨¢.´¨� Â��Â� §��¤ �Þû ��¤¢ À�û¢ ö�È÷ .´¨�:¾¨��ü�ã þ Àª� ± ÷ ¤�Â ìÂ � ñ��b ¨ ÝØ� Â ð� .À � õ� � � V1; : : : ; V2n üóø� ÷ °� �Â � � � ö�ª��¤¢ §�¨� Â � �¤ §� �¤ß�� ý�ûñ�þ ¢�Àã� l Âð� .B = fVn+1; : : : ; V2ng ø A = fV1; : : : ; Vng À�û¢ ¤�Âì ñ�� .deg V1 > deg V2nB §��¤ ß�� ý�ûñ�þ ¢�Àã� ø A §��¤ ß�� ý�ûñ�þ ¢�Àã� °��Â� �� eB ø eA ø Àª�� B §��¤ ø A §��¤Ýþ¤�¢ ,Àª��deg V1 + � � �+ deg Vn = 2eA + ldeg Vn+1 + � � �+ deg V2n = 2eB + l�¹�µ÷ ¤¢ �î 2eA + l > 2eb + l Ýþ¤�¢ ,deg V1 > deg V2n �î ­Âê ßþ� ø ý¤�Áðù¤�Þª ùb�½÷ �� ���� ��.´¨� ñ��b¨ ­Âê é�¡ �î eA > eB



�ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ��b ä�Þ¹õ .Àª�� ö� ¥� ý��þ�� fe1; : : : ; eng ø F ö�À�õ ×þ ýø¤ ýÀã� n ý¤�¢Â� ý�Ìê ×þ V À��î ­Âê (10¥� W ýÀã� m ý�ÌêÂþ¥ Âû ý�Â� À�û¢ ö�È÷ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ P = f�1e1 + � � �+ �nen : �i = 0;1g.´¨� 2m �� ýø�Æõ �þ ÂµÞî W \ P �bä�Þ¹õ ý�Ìä� ¢�Àã� V�¤�¬ �� ö���üõ �¤ x 2W \ P �Ìä Âû .ÀþÂ�ð ÂÑ÷ ¤¢ �¤ W ¥� fw1; : : : ; wmg À�÷�õ ý��þ�� :¾¨��x = x1w1 + � � �+ xmwm ; xi 2 F (1)´ª�÷ ö���üõ ß��»Þû .´ª�÷wi = �i1 e1 + � � �+ �inen ; �ij 2 F; i = 1; : : : ;m (2)øx = �1e1 + � � �+ �nen; �i = 0;1 (3)��¢�ãõ ù�Úµ¨¢ �� (3) ø (2) ø (1) Í��ø ¤ ¥�8>>>>>><>>>>>>: �11x1 + �21x2 + � � �+ �m1xm = �1�12x1 + �22x2 + � � �+ �m2xm = �2...�1nx1 + �2nx2 + � � �+ �mnxm = �nßþ� ¥� � � m ¥� x1; : : : ; xm ßþ�Â �� � � .´¨� m � � Â ��Â � (2) Í��ø ¤ � � ��� � � � ù�Úµ¨¢ ßþ� �b ± �¤ .Ý�¨¤üõÂ·î�À� Å� ¢¤�¢ ��¿µ÷� 2m Â·î�À� �ó¢�ãõ m ßþ� �ø¢ éÂÏ ö�� ø À�þ�üõ ´¨¢ �� Ûõ�î ¤�Ï �� ��¢�ãõ.¢�ªüõ �¹�µ÷ ÝØ� (1) �Î��¤ ¥� ø Àþ�üõ ´¨¢ �� (x1; : : : ; xm) ý�Â� ���� 2m



�ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ�.
 = 3 À��î ´��� Àª�� ���� ý�¤�¢ üã�±Ï ¢�Àä� ¤¢ a2 + b2 + 1 = ab
 �b ó¢�ãõ Âð� (11:¾¨��´�Üî ö¢�¢ ´¨¢ ¥� öøÀ� a 6= b Âð� .
 = 3 ø a = 1 À�îüõ ��¹þ� �î 2a2 + 1 = 
a2 ù�Ú÷� ,a = b Âð�Âð� .Àª�� a+ b ý�Â� ßØÞõ ¤�ÀÖõ ßþÂµÞî �� ø b < a �� ü���� (a; b; 
) À��î ­Âê .b < a Ý��îüõ­ÂêÝþ¤�¢ üêÂÏ ¥� .¢�� Àû��¡ �ó¢�ãõ ¥� ü���� ��÷ (a0; b0; 
0) ù�Ú÷� b0 = b
� � ø a0 = b Ý�û¢ ¤�Âìb0 = b
� a = b2 + 1a � b(b+ 1)a � a0 (�)ßØÞõ ¤�ÀÖõ ßþÂµÞî a+ b �î ßþ� �� ���� �� ø a0+ b0 < a+ b ö�� .0 < a0 < b ø a0 = b < a ß��»Þû ø´¨� a0 = b0 �� �ó¢�ãõ ¥� ü���� (a0; b0; 
) ñ�� .b0 = a0 �î Àþ�üõ �¥� ´¨� ù¢�� b < a �� ý�û���� ß�� ¤¢.
 = 3 À�îüõ ��¹þ� ��� À�÷�õ �î



�ø¢ ´�����÷ ö�õ¥� ¾¨���b Ö������Æ�õ ß�ÞµÈû ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤93/2/25 �ø¢ �bÆÜ�U Â� f ø D = fz 2 C : jzj � 1g �b µÆ� �b Øþ «Âì Ûõ�ª ÍÜµ¿õ �b½Ô¬ ¥� ¥�� ý��ä�Þ¹õÂþ¥ U À��î ­Âê (12ÍÖê D ¤¢ f ù�ðö� 0 < Re (zf(z)) Ý�ª�� �µª�¢ jzj = 1 �î z Âû ý�¥� �� Âð� À�û¢ ö�È÷ .Àª�� üÜ�Ü½�.´¨� ù¢�¨ �Èþ¤ ö� ø ¢¤�¢ �Èþ¤ ×þ.0 < m := minfRe(zf(z)) : jzj = 1g Å� ´¨� �µ¨��� z 7! Re(zf(z)) â��� ø ù¢ÂÈê D ¥Âõ :¾¨��üó�� ¤¢ À÷Â��Â� üõ�û�õ ý�ûÇ¿� ý�¤�¢ �zf(z)�m ø �zf(z) ÍÜµ¿õ ¢�Àä� jzj = 1 �î z Âû ý�Â� ö��î�Å� .´¨� Â�×��î �ø¢ ¢Àä üÖ�Ö� Ç¿� �îjzf(z)�mj < jzf(z)j Ýþ¤�¢ jzj ¤¢ éÂÏ ø¢ �Â® ��jf(z)�mzj < jf(z)jg(z) = mz ý�û�Èþ¤ ¢�Àã� �� f(z) ý�û�Èþ¤ ¢�Àã� D öø¤¢ �ªø¤ �b �Ìì ����� ö��î� .jzj = 1 �î z Âû ý�Â�.´¨� ù¢�¨ �Èþ¤ ö� ø ¢¤�¢ �Èþ¤ ×þ �fÖ�ì¢ f ü�ãþ .´¨� Â��Â�


