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À��î ´��� .´¨� �þ�ð ö� �þ�Þµõ �Ìä ø¢ Âû á�Þ¹õ �î Àª�� Ù�ð ¢�Àä� ¥� �ä�Þ¹õ Âþ¥ ×þ A À��î ­Âê (1.´¨� ý�Ìä ø¢ Â·î�À� A� þ�Þµõ ý� �ø¢ Âû á�Þ¹õ �î À�ª� � Ù�ð ¢�Àä� x3 ø x2 ,x1 Ý��î ­Âê ÓÜ¡ ö�ûÂ � ©ø¤ �� :¾¨� �ö�� ´¨� �þ�ð Ýû x1 ßþ�Â���� .À�µÆû �þ�ð �¨ Âû x2 + x3 ø x1 + x3 ,x1 + x2 Å� .´¨� �þ�ð �ûö�.x1 = 12�(x1 + x2) + (x1 + x3)� (x2 + x3)�
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ö� ¥� ý��ÜÞ� ,�ÂÚÞû �b ó�±÷¢ Âû À� �î ý¤�Ï �� Àª�� üú��÷ À�±Þû ×þÂµõ ý�Ìê ×þ (X; d) À��î ­Âê (2.´¨� ý�Ìä ×� X À��î ´��� .Àª�� �ó�±÷¢:¾¨��Å� .x 2 A ø Àª�� X ¥� üû��¿ó¢ �b ä�Þ¹õÂþ¥ A Ý��î ­Âê .´¨� �µÆ� X ¥� �ä�Þ¹õÂþ¥ Âû Ý��îüõ �ä¢�. x 2 fxn : n � 1g � A Ýþ¤�¢ �ó�bÆõ ­Âê �� ���� �� �õ� .xn ! x �î ´Æû A ¤¢ fxng À�÷�õ ý��ó�±÷¢.´¨� �µÆ� A �Áó ø x 2 A �¹�µ÷ ¤¢À÷�ùÀª �À� Ýû ¥� Å� À�µÆû ��¹õ ø �µÆ� X n fx0g ø fx0g ö�� .Àª�� X ¥� ý�Ìä x0 Ý��î ­Âê ö��î�X = fx0g �¹�µ÷ ¤¢ .X n fx0g = ; Ý�ª�� �µª�¢ Àþ�� X ö¢�� À�±Þû �� ���� �� �Áó ø
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p ö� ¤¢ �î p3 � � Â ��Â � R ý�Ìä� ¢�Àã� �î ý��÷�ð �� Àª�� ¤�ÀØþ ø üþ�¹��� �ÖÜ� ×þ R À��î ­Âê (3ö� ¤¢ � î Àª� � p ¥� ü ÷�� � Ý û zd(R) �b ä�Þ¹õ ý�Ìä� ¢�À ã � Â ð� À � � î ´ �� � .Àª� � ,´¨� ñø� ý¢Àä.¢¤�¢ ñ�Þ�Æî�õ ñ�ùÀþ� ×þ �ú�� R ù�ðö� ,zd(R) = fa 2 Rj 9 0 6= b 2 R; ab = 0g:¾¨��üû��µõ R ö�� Ý�÷�¢üõ .Àª�� p ¥� ü÷��� Ýû jzd(R)j ø jRj = p3 ,¤�ÀØþ ø üþ�� �� �� R Ý��îüõ­ÂêM2 ø M1 Ý��îüõ ­Âê ÓÜ¡ ö�ûÂ � ©ø¤ �� .´¨� ÂÔ¬ ��Üä ��ÆÖõ � þ ´¨� �Øþ � þ �Ìä Âû ´¨�Â ð� .À � µÆû p ¥� ü ÷�� � ø¢ Âû jM2j � p2 ø jM1j � p2 �î ´¨� ¼®�ø À �ª� � R ñ�Þ �Æî� õ ñ�ùÀ þ� ø¢ý�û��Üä��ÆÖõ ¢�Àã� ´ó�� ßþ� ¤¢ �î R ' RM1 � RM2 ü��� ùÀ÷�Þ�ì�� ��Ìì �� ��� ù�Ú÷� M1 \M2 = (0)´ó�� ßþ� ¤¢ ö�� ¢�� Àû��¿÷ p ¥� ü÷��� jzd(R)j ü�ãþ R ÂÔ¬jzd(R)j = j RM1 � (0)j+ j(0)� RM1 j � 1ßþ�Â���� jM1j = jM2j = p2 �¹�µ÷ ¤¢ ø jM1 \M2j = p �Áó ø M1 \M2 6= (0) Å�jM1 [M2j = jM1j+ jM2j � jM1 \M2j = 2p2 � p = p(2p� 1) > p2. ´¨� Ëì��� �î À�µÆû ÂÔ¬ ��Üä��ÆÖõM1 [M2 ý�Ìä� �õ�
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Ý�ª�� �µª�¢ x; y 2 X Âû ý�Â� �î Àª�� ý¤�Ï f : X ! X â��� ø ×þÂµõ ý�Ìê ×þ (X; d) À��î ­Âê (4.d(f(x); f(y)) = d(x; y)f Æ f Æ � � � Æ f| {z }�±�Âõ n ö�Þû fn ö� ¤¢ �î ,´¨� ¢���õ limn!+1 d(x; fn(x))n , x 2 X Âû ý�¥� �� À��î ´��� (Óó�.´¨�.¢¤�À÷ üÚµÆ� x ��¿µ÷� �� À� ßþ� ¤�ÀÖõ À��î ´��� (�Ýþ¤�¢ m;n 2 N Âû ý�Â� .an = d(x; fn(x)) À�û¢ ¤�Âì n 2 N ø x 2 X ý�Â� :¾¨��0 � am+n = d(x; fm+n(x)) � d(x; fn(x)) + d(fn(x); fn+m(x))= d(x; fn(x)) + d(x; fm(x)) = an + amÅ � .n = mq + r; 0 � r < m � î À ÷¢� �� õ r ø q ¼ � ½ ¬ ¢�À ä� m Â � n Ý � Æ Ö � � �an � qam + ar ) ann � qmn amm + arn´ª�¢ Ý�û��¡ ÝþÂ�Ú� À� n! +1 üµìø Âð� Å� ar � maxfa1; a2; : : : ; am�1g ø 0 � qmn � 1 ö��0 � lim supn!+1 ann � amm ; 8m � 1´ª�¢ Ý�û��¡ ÝþÂ�Ú� À� m! +1 üµìø Âð� ö��î�0 � lim supn!+1 ann � lim infm!+1 amm.´¨� ¢���õ '(x) := limn!+1 d(x; fn(x))n ü�ãþ ßþ� øÝþ¤�¢ n 2 N Âû ý�Â� ø x; y 2 X Âû ý�Â� (�d(x; fn(x)) � d(x; y) + d(y; fn(y)) + d(fn(y); fn(x)) = 2d(x; y) + d(y; fn(y))´ª�¢ Ý�û��¡ n! +1 üµìø ßµêÂð À� ø n Â� éÂÏø¢ Ý�ÆÖ� ��'(x) � '(y).'(x) = '(y) Å� '(y) � '(x) Ýþ¤�¢ x; y ý��Ëþ�ã� �� ø
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ý�ûüµ¿þÂÞû ¢�Àã� H üû��µõ ùøÂð Âû ý�Â� �î ý¤�Ï �� À�ª�� üû��µõ ùøÂð ø¢ G2 ø G1 À��î ­Âê (5´¿þÂØþ G2 ø G1 À�û¢ ö�È÷ .Àª�� Â��Â� H �� G2 ¥� üûøÂð ý�ûüµ¿þÂÞû ¢�Àã� �� H �� G1 ¥� üûøÂð.À�µÆû:¾¨���� �¤ H �� G ¥� ý�ª�� ý�ûüµ¿þÂÞû ¢�Àã� ø hG(H) �� �¤ H �� G ¥� ý�ûüµ¿þÂÞû ¢�Àã� H ø G ùøÂð ø¢ ý�Â�.Ý�û¢üõ Çþ�Þ÷ hsG(H)H �±�Âõ ýø¤ �ÂÖµ¨� �� �¤ ÝØ� ßþ� .hsG1(H) = hsG2(H) Àþ�üõ ´¨À� �ó�bÆõ ��®øÂÔõ ¥� Ý�û¢üõ ö�È÷ �Àµ��.Ý��îüõ ´���hsG1(H) = hsG2(H) = 1 �¤�¬ ßþ� ¤¢ jHj = 1 Âð�.ÀþÂ�Ú� H ùÂ¨ ý�ûùøÂðÂþ¥ �Þû �¤ H1;H2; : : : ;Hm �¤�¬ ßþ� ¤¢ jHj > 1 Âð�Ýþ¤�¢hG1(H) = hsG1(H) + mXi=1hsG1(Hi) (1)hG2(H) = hsG2(H) + mXi=1hsG2(Hi) (2)
ý�Â � hsG1(Hi) = hsG2(Hi) Ý þ¤�¢ �Â Ö µ ¨� ­Â ê ¥� ø hG1(H) = hG2(H) � ó�b Æ õ �� ®øÂ Ô õ � � � �� � � �.hsG1(H) = hsG2(H) À�û¢üõ �¹�µ÷ (2) ø (1) Í��ø ¤ ßþ�Â���� .i = 1; : : : ;mö�Þû Å� jG1j = jG2j ßþ�Â���� .¢¤�¢ ¢��ø ÅØäÂ� ø G2 �� G1 ¥� �ª�� üµ¿þÂÞû×þ ¢�ªüõ �¹�µ÷ ùÄþø ��.G1 ' G2 �¹�µ÷ ¤¢ ø ´¨� Ýû ×þ��×þ ,G2 �� G1 ¥� ý�ª�� üµ¿þÂÞû
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ö�È÷ .´¨� f1; : : : ; ng ¢�Àä� ¥� üÚÞû ö� ý�û�þ�¤¢ �î Àª�� n� n üÆþÂ��õ A = [aij ℄n�n À��î ­Âê (6�î üþ�� .K(B) � n �î À�¨¤ B = [bij ℄n�n À�÷�õ üÆþÂ��õ �� ö���üõ A ý�ûö�µ¨ üþ�� �� �� �� À�û¢.f(i; j) ; bij = jg �ä�Þ¹õ ý�Ìä� ¢�Àã� �� ´¨� Â��Â� K(B):¾¨��À�û¢ ¤�Âì Àª�� f1; : : : ; ng ¢�Àä� ýø¤ üê¢�Ê� üµÈÚþ�� � À��î ­Âê

Xij = 8<: 1 aij = �(j)0 aij 6= �(j)A �� � j ö�µ¨ �� Â��Â� A� �� - �(j) ö�µ¨ �î Àª�� ùÀª ÓþÂã� �÷�ð ßþ� A� ÅþÂ��õ Âð� �î Àþ¢ ö���üõÝþ¤�¢ Àª��
K(A�) = nXi;j=1Xij :Ýþ¤�¢ ü®�þ¤ À�õ� ö¢�� üÎ¡ Õ±Ï �¹�µ÷ ¤¢ ø E [Xij ℄ = P(Xi; j = 1) = 1n �õ�E [K(A� )℄ = nXi;j=1 E [Xij ℄ = n:.K(A�) � n �î ¢¤�¢ ¢��ø � À�÷�õ üµÈÚþ�� ßþ�Â����


