
¤�Èî üþ�¹È÷�¢ ü®�þ¤ �Ö��Æõ ß�Þú÷ ø ´Æ�� ����b¨ ¾¨��84/2/13 ñø� �ÆÜ�
À��î ´��� .Àª�� ´±·õ ø �µ¨��� üã��� f : [0; a℄! R À��î ­Âê (1�Z a0 f(x)dx��Z a0 dxf(x)� � a2:

.ñø� ©ø¤ :¾¨��:´ª�÷ ö���üõI = Z a0 f(x)dx Z a0 dxf(x) = Z a0 Z a0 f(x) 1f(y)dxdy = Z a0 Z a0 f(y) 1f(x)dxdyÝ�Æþ��� Ý�÷���üõ �¹�µ÷ ¤¢2I = I + I = Z a0 Z a0 �f(x)f(y) + f(y)f(x)� dxdy = Z a0 Z a0 f(x)2 + f(y)2f(x)f(y) dxdy.0 � x; y � a Âû ý�Â� f(x)2+f(y)2f(x)f(y) � 2 Ýþ¤�¢ ��®ø �� üêÂÏ ¥�Å�2I � Z a0 Z a0 2dxdy = 2a:a = 2a2.Ý�µ¨��¡ üõ �î ´¨� ö�Þû ßþ� ø I � a2 �¹÷� ¥� ø 2I � 2a2 ü�ãþ.�ø¢ ©ø¤Ý�Æþ��� Ý�÷���üõ Å�¤��ª �� üª�î ýÂ��Â��÷ �� ������� Z a0 qf(x)� 1pf(x)dx����2 � �Z a0 f(x)dx��Z a0 dxf(x)� �¹÷� ¥�a2 = ���� Z a0 dx����2 � �Z a0 f(x)dx��Z a0 dxf(x)�.Ý�û��¡üõ �î ´¨� ö�Þû ßþ� ø
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ýÂ¨ �î ý¤�Ï �� Àª�� n1 � 2 ¯Âª �� üã�±Ï ¢�Àä� ¥� (À�î� �fõø�ó �÷) ý¢�ã¬ ý��ó�±÷¢ fnig À��î ­Âê (2À�÷�õ üã�±Ï ý¢Àä Âð� �ú�� ø Âð� ´¨�þ�ð x À��î ´��� .´¨� x ö�� üÖ�Ö� ý¢Àä �� �ÂÚÞû P1i=1 1n1:::ni.ni = n` Ý�ª�� �µª�¢ i � ` Âû ý�Â� �î Àª�� ¢���õ `:¾¨���� .a; b 2 N ö� ¤¢ �î x = ab À��î ­Âê .Ý��îüõ ´��� �¤ Âð� �ú�� Ç¿� .Àª��üõ ö�¨� ÝØ� Â
ð� Ç
 ¿�À�û¢ ¤�Âì .nk+1 � 1 > b �î ý¤�Ï �� ´¨� ¢���õ k 2 N ÅþÀ÷� �¹�µ÷ ¤¢ .Ý��îüõ ÛÞä ÓÜ¡ ö
 �ûÂ�xk = kXi=1 1n1 � � �ni : Ý�Æþ��� Ý�÷���üõab � xk = x� xk = 1n1 � � �nk+1 + 1n1 � � �nk+1nk+2 + � � �< 1n1 � � �nk ( 1nk+1 + 1n2k+1 + 1n3k+1 + � � �)= 1n1 � � �nk : 1nk+1 � 1 �¹�µ÷ ¤¢0 < abn1 � � � nk � xkn1 � � � nk < 1nk+1 � 1 : �¹÷� ¥� ø0 < an1 � � � nk � bxkn1 � � �nk < bnk+1 � 1 < 1:.À÷�¨¤üõ ö�þ�� �� �¤ ö�ûÂ� ßþ� .an1 � � �nk � bxkn1 � � �nk 2 N �î �Â� ´¨� Ëì��� ×þ ��®ø �� �î
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:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Àª��üõ 1 �ú÷� ��ì¤� �bÞû �î üã�±Ï ¢�Àä� ��Þ� �b ó�±÷¢ (31;11;111;1111; : : :m Â� ë�ê �b ó�±÷¢ ��Þ� ¥� üû��µõ�÷ ý¢�Àã� ù�Ú÷� ,Àª�� ñø� 30 �� ´±Æ÷ m üã�±Ï ¢Àä Âð� À��î ´���.À÷ÂþÁ�Ç¿�:¾¨��¼�½¬ k Âû ý�Â� �¹÷� ¥� ø 10�(m) � 1 (mod m) Ýþ¤�¢ ,(m;10) = 1 �î m´±·õ ¼�½¬ ¢Àä Âû ý�Â�.m����10k�(m) � 1´±·õÂ ð� Å � .m����10k�(m)�110�1 = 1 + 10 + 102 + � � � + 10k�(m)�1 ù� Ú ÷� ,(m;3) = 1 ùø� ä � � Â ð� ñ� �.m���� 111 � � �1| {z }¤�� k'(m) ,üã�±Ï k Âû ý�Â� ù�Ú÷� ,(m;30) = 1
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´��� .Àª�� �µª�À÷ ÂÔ¬�÷ ö
 ��µ��� �b êÂÏ ø¢ ñ
 �ùÀþ� �î Àª�� (¤�ÀØþ �fõø�ó �÷) ù��¿ó¢ �b ÖÜ� ×þ R À��î ­Âê (4.´¨� ÂÔ¬�÷ â�Âõ �� ý�Ìä ý�¤�¢ R ¤¢ ÂÔ¬�÷ 
́ ¨�¤ ñ
 �ùÀþ� Âû À��î:¾¨���Ìä Âû â�Âõ �î Àª�� ¢���õ R ¤¢ I ö�� ýÂÔ¬�÷ ´¨�¤ ñ�ùÀþ� Ý��î ­Âê ,Ëì��� ×þ �� öÀ�¨¤ ý�Â�.xy = �yx ßþ�Â���� ø (x+ y)2 = 0´ª�¢ Ý�û��¡ I ¤¢ y ø x �Ìä ø¢ Âû ý�Â� �¤�¬ ßþ� ¤¢ .´¨� 0 ö�Å� .(RxI)(RxI) � (Rx)I(xI) = R(xI)(xI) = 0 �¹�þ� ¥� ø (xI)(xI) = 0 Ýþ¤�¢ x 2 I Âû ý�Â� Å�xI �î Àû¢üõ ö�È÷ ßþ� .RxI = 0´ª�¢ Ý�û��¡­Âê �� ��� �¹÷� ¥� ø ´¨� ö��µ��� RxI �b êÂÏø¢ ñ�ùÀþ��� ���� �� ßþ�Â���� ø ´¨� ö��µ��� �êÂÏø¢ ñ�ùÀþ� ×þ Â�¡� ¥�Æ��� �õ� .´¨� R ¤¢ R ´¨�¤ ¥�Æ��� ñ�ÞÈõø I2 = 0 Ý�ª�� �µª�¢ Àþ�� ,¢�� I ¥� üû��¿ó¢ �Ìä x ö�� ñ�� .xI = 0 �¹�µ÷¤¢ .´¨� ÂÔ¬ �ó�bÆõ­Âê�ó�bÆõ­Âê Â� ��� ö� ö¢�� ö��µ��� �î ´¨� R �b êÂÏø¢ ñ�ùÀþ� ×þ RI �õ� .(RI)(RI) � RI2 = 0 �¹÷� ¥�(Àª�� ÂÔ¬ Àþ�� Ý�µÔð �î) R ¤¢ R ´¨�¤ ¥�Æ��� ñ�ÞÈõ I �îßþ� ¥� ��¹÷�Â¨ .´¨� ö� ö¢�� ÂÔ¬ ��ÜµÆõ.´¨� Ëì��� ×þ ßþ� .I = 0 ¢�ªüõ ��Üãõ ,´¨�
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¼�½¬ ¢�Àä� �bä�Þ¹õ ø �ø¥ ¼�½¬ ¢�Àä� �bä�Þ¹õ ,¼�½¬ ¢�Àä� �bä�Þ¹õ °��Â��� ,O ø E ,Z À��î ­Âê (5À�û¢ ¤�Âì .À�ª�� ¢ÂêX := fA 2 P(Z)���� À�µÆû üû��µõ�÷ ø¢ Âû A \E ø A \O g;Y := fA 2 P(Z)����´¨� üû��µõ�÷ Ag:.f : X ! Y �ª�� â��� ×þ ¼þÂ¬ �bÎ��® �b þ�¤� ´¨� ��ÜÎõ .¢¤�¢ ¢��ø Y �� X ¥� üþ�¨ø¢ üã��� Ý�÷�¢üõ:¾¨��:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ f(A) ¤�ÀÖõ ,A 2 X Âû ý�Â�f(A) = fkjk 2 Z;2k 2 AgÀ�û¢ ¤�Âì .f(A) = B �î Ý��î �À�� A 2 X ×þ ,B 2 Y Âû ý�Â� ´¨� üê�î ñ��A := f2kjk 2 Bg [O .f(A) = B ø A 2 X �î ´¨� ¼®�ø
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ø Z2 ö�À�õ ýø¤ n ñ�Ï �� (×þ ø ÂÔ¬) üþø¢ø¢ ý�û�µª¤ ¥� ÛØÈµõ ý¤�¢Â� ý�Ìê ×þ S À��î ­Âê (6ÓþÂã� À��ø�Ôµõ Ýû �� �î �ûö� ¥� üþ�û�þ�¤¢ ¢�Àã� �� Â��Â� �¤ S ¥� Y ø X �Ìä ø¢ �b Ü¬�ê .Àª�� k Àã�e ¥��� ´¨� Â��Â� Y ø X �b Ü¬�ê ù�Ú÷� ,Y = (y1; : : : ; yn) ø X = (x1; : : : ; xn) Âð� Â�Õ�ì¢ �¤�±ä ��) Ý��îüõÀ��î ´��� .Àª�� d �� Â��Â� S �þ�Þµõ �Ìä ø¢ �b Ü¬�ê ßþÂµÞî À��î ­Âê .(xi 6= yi �î üþ�ûi ¢�Àã�d � n2k�12k � 1 : :¾¨��¤¢ 1 ý�û�þ�¤¢ ¢�Àã� ßþÂµÞî �� ´¨� Â��Â� d �Áó ´¨� ý¤�¢Â� ý�Ìê Z2 S ö�� �î Ý��îüõ �Ñ��õ ´Æ¿÷.S ÂÔ¬ Â�è �Ìä ×þ ö¥ø ßþÂµÞî ö�Þû �þ S ÂÔ¬ Â�è ý�û�µª¤ ß���b þ�¤� ×þ ° ó� ì ¤¢ ýÂÎ¨ �¤�¬ � � �¤ S Â Ô¬Â � è ý�Ìä� .´¨� �Ìä 2k ý�¤�¢ S � î ´¨� ¼®�øù¢�¢ Çþ�Þ ÷ � þ�¤� ö� ¥� ÂÎ¨ ×þ �¤�¬ � � S ¥� Â Ô¬ Â �è �Ìä Âû í Ý�û¢üõ ö�È ÷ (2k � 1 � n)�î À�û¢üõ S ý�Â� �þ�� ×þ Û�ØÈ� A �þ�¤� ñø� ÂÎ¨ k Ý��îüõ­Âê .Ý�õ�÷üõ A �¤ �þ�¤� ßþ� .¢�ªüõ¥� .´¨� d(2k � 1) Â��Â� Ûì�À� A ¤¢ 1 ý�û�þ�¤¢ Ûî ¢�Àã� .Ý�û¢üõ ö�È÷ B �� �¤ k � n �b þ�¤� Âþ¥ ßþ�´ª�¢ Ý�û��¡ ¢�ª ´��� °ÜÎõ ßþ� Âð� .´¨� n(2k�1) Â��Â� Â·î�À� ¢�Àã� ßþ� Ý��îüõ ´��� ÂÚþ¢ éÂÏ´¨� Â��Â� �þ A �b þ�¤� ¥� ö�µ¨ Âû ¤¢ �û×þ ¢�Àã� Ý�û¢üõ ö�È÷ .¢�ªüõ Û� �ó�bÆõ ø d(2k � 1) � n2k�1.2k�1 �fÖ�ì¢ �þ ø ÂÔ¬ ��A �b þ�¤� ¥� i ù��¿ó¢ ö�µ¨ ¤¢ �û×þ ¢�Àã� ßþ�Â���� .´¨� B �b þ�¤� ý�ûÂÎ¨ ¥� üÎ¡ °�îÂ� ×þ A ¥� ÂÎ¨ Âû:¢�ªüõ �±¨�½õ Âþ¥ �¤�¬ ��ÂÔ¬ ��÷ A �b þ�¤� ¥� ��i ö�µ¨ ö�Þû ¤¢ ¢�Àã� ß�Þû ù�Ú÷� Àª�� ÂÔ¬ B �b þ�¤� ¤¢ ��i ö�µ¨ ¤¢ �û×þ ¢�Àã� Âð�B ý�ûÂÎ¨ ¥� üÎ¡ °�îÂ� Âû ö�� .Ýþ¤�¢ B �b þ�¤� ¥� ��i ö�µ¨ ¤¢ ×þ �b þ�¤¢ t ¢�Àã� À��î ­Âê .Àª Àû��¡ý�û�ä�Þ¹õÂþ¥ �Þû ¢�Àã� �� ´¨� Â��Â� A ¥� ��i ö�µ¨ ¤¢ ×þ ý�û�þ�¤¢ ¢�Àã� �Áó Àû¢üõ �þ�¤� A ¥� ÂÎ¨ ×þ�¤ B �b þ�¤� ��i ö�µ¨ ¤¢ âì�ø ×þ �b þ�¤¢ ¢Âê ¢�Àã� �ä�Þ¹õÂþ¥ Âû �î ý¤�Ï �� f1;2; : : : ; kg �b ä�Þ¹õ ßØÞõ¢�Àã� �Áó ¢�ª ×þ Â��Â� i �b Ôó�b õ ¤¢ �ûÂÎ¨ ßþ� üÎ¡ °�îÂ� ¥� Û¬�� �b þ�¤¢ Ý�û��¡üõ ö��) ¢�ª Ûõ�ª.(Àª�� ¢Âê Àþ�� ¤�Î¨ ö� ¢�¡ ¤¢ �û×þ�� ´¨� Â��Â� Â�¡� ¢�Àã�� ¥� ý�Ìä ¢Âê ý�û�ä�Þ¹õÂþ¥ ¢�Àã�ý�Ìä t�ä�Þ¹õ ×þ �� � ý�û�ä�Þ¹õÂþ¥ ¢�Àã�ý�Ìä k � t�ä�Þ¹õ ×þ � = 2t�1 : 2k�t= 2k�1.´¨� n2k�1 Â·î�À� �û×þ Ûî ¢�Àã� �Áó ¢¤�¢ ö�µ¨ n ,A �b þ�¤� ö��6


